Precalculus 
Exponential and Logarithmic Equations Guided Notes
This tool is designed to work alongside your Study Plan and class sessions. Before class, you'll use it with the assigned readings by filling in key terms, noting examples, and writing down questions that arise. During class, you'll add to your notes as you deepen your understanding and instructors highlight important concepts. You'll find a mix of fill-in-the-blank sections, reflection spaces, and areas to record real-world examples. 

8.1 Properties of Logarithms

Basic Properties of Logarithms
We can express the relationship between logarithmic form and its corresponding exponential form as follows:
, b > 0, b ≠ 1

Key Takeaway: Zero Property of Logarithms

This holds because — any base b raised to the power of 0 equals 1.

Key Takeaway: Identity Property of Logarithms

This holds because  — any base b raised to the power of 1 equals itself.

Example
Use the fact that exponentials and logarithms are inverses to prove the zero and identity exponent rule for the following.
1. 

2. 
 

Try It
Evaluate the logarithm  
 
Try It
Evaluate the logarithm 
 

Key Takeaway: Inverse Property of Logarithms
The inverse property of logarithms shows how logarithms and exponents undo each other.



Example: 
Evaluate.
 						
Try It
 Evaluate the logarithm


Try It
Evaluate the logarithm

 

Using the Product Rule for Logarithms
Recall the product rule of exponents: . Logarithms have a similar property.
Key Takeaway: The Product Rule for Logarithms
The product rule for logarithms can be used to simplify a logarithm of a product by rewriting it as a sum of individual logarithms.
 for b > 0
Note that repeated applications of the product rule allow us to simplify the logarithm of the product of any number of factors.

Example: 
Expand 
 
 
 
Try It
Expand the logarithm
 
 

Try It
Write the sum as a single logarithm.
 
 

Using the Quotient Rule for Logarithms
Key Takeaway: The Quotient Rule for Logarithms
The quotient rule for logarithms can be used to simplify a logarithm of a quotient by rewriting it as the difference of individual logarithms.

Example
To expand , first express the quotient in lowest terms:




Question Help:
Given the logarithm of a quotient, use the quotient rule to write an equivalent difference of logarithms
1. Express the argument in lowest terms by factoring the numerator and denominator and canceling common terms.
2. Write the equivalent expression by subtracting the logarithm of the denominator from the logarithm of the numerator.
3. Check to see that each term is fully expanded. If not, apply the product rule to expand completely.

Example
Expand .
 
 
 

Try It
Write the following sum or difference as a single logarithm
 
 

Try It
Write the following as a sum and/or difference of logarithms
 
 
Using the Power Rule for Logarithms
Notice what happens when we take the log of a power such as x²:

Key Takeaway: The Power Rule for Logarithms
The power rule for logarithms can be used to simplify the logarithm of a power by rewriting it as the product of the exponent times the logarithm of the base.

Recall: The rules and properties of exponents that will appear frequently when manipulating logarithms:
· Product Rule: 
· Quotient Rule: 
· Power Rule: 
· Zero Exponent: 
· Negative Exponent: 
· Power of a Product: 
· Power of a Quotient: 

Question Help
Given the logarithm of a power, use the power rule to write an equivalent product of a factor and a logarithm
1. Express the argument as a power, if needed.
2. Write the equivalent expression by multiplying the exponent times the logarithm of the base.

Example
Rewrite 
 
Example
Rewrite  using the power rule for logs.
 
 

Try It
Rewrite exponents as factors using the power rule of logarithms.



Try It
Use the power rule for logarithms to expand 




Expanding Logarithms
Taken together, the product rule, quotient rule, and power rule are often called "properties of logs." Sometimes we apply more than one rule in order to expand an expression.
For example:

Remember: we can only expand logarithms involving products, quotients, powers, and roots — never with addition or subtraction inside the argument.
Example
Rewrite  as a sum or difference of logs with exponent of 1.


Try It
Expand  as a sum or difference of logs without exponents.





Example
Expand 
 
 

Try It
Use the power rule to rewrite the expression .




 
 Example
Expand 

 
 
 
 

Try It
Expand as a sum/difference/produce of logs with an exponent of 1.
 
 




Try It
Expand as a sum/difference/produce of logs with an exponent of 1.
 




Condensing Logarithms
We can use the rules of logarithms to condense sums, differences, and products with the same base as a single logarithm. The logarithms must have the same base to be combined.
Question Help
Given a sum, difference, or product of logarithms with the same base, write an equivalent expression as a single logarithm
1. Apply the power property first. Identify terms that are products of factors and a logarithm and rewrite each as the logarithm of a power.
2. From left to right, apply the product and quotient properties. Rewrite sums of logarithms as the logarithm of a product and differences of logarithms as the logarithm of a quotient.

Example
Use the power rule for logs to rewrite  as a single logarithm with a leading coefficient of 1.
 
 


Example
Write  as a single logarithm.
 
 
 

 
Try It
 Write the expression as a single logarithm




 

Example
Condense .
 
 

 


Example
Rewrite  as a single logarithm.
 
 
 

 
Try It
Write the expression as a logarithm of a single expression

 


Using the Change-of-Base Formula for Logarithms
Most calculators can only evaluate common logarithm (log) and natural logarithm (ln). To evaluate logarithms with any other base, we use the change-of-base formula.
Key Takeaway: Change-of-Base Formula
The change-of-base formula can be used to evaluate a logarithm with any base.
For any positive real numbers M, b, and n, where n ≠ 1 and b ≠ 1:

It follows that:


Question Help
Given a logarithm of the form , use the change-of-base formula to rewrite it as a quotient of logs with any positive base n, where n ≠ 1
1. Determine the new base n, remembering that the common log has base 10 and the natural log has base e.
2. Rewrite the log as a quotient using the change-of-base formula: 
· The numerator will be a logarithm with base n and argument M.
· The denominator will be a logarithm with base n and argument b
Example
Change  to a quotient of natural logarithms.
 
 

Try It
Use  to answer each question.
a) Use the change of base formula to rewrite the logarithm with the common logarithm.


b) Use a calculator to evaluate the logarithm 
 

Example
Evaluate  using the change-of-base formula with a calculator.
 
 

Try It
Evaluate with a calculator 

 
 
8.2 Exponential and Logarithmic Equations

Exponential Equations
The one-to-one property of exponential functions tells us that, for any real numbers b, S, and T, where b > 0, b ≠ 1:
 if and only if S = T
For example, to solve 
 Rewrite 3 as , use division property.
 Apply the one-to-one property.
 Subtract 2x and add 7.
 Divide by 2.

Key Takeaway: Using the One-to-One Property of Exponential Functions to Solve Exponential Equations
For any algebraic expressions S and T, and any positive real number b ≠ 1:
 if and only if S = T

Question Help
Given an exponential equation of the form , solve for the unknown
1. Use the rules of exponents to simplify, if necessary, so that the resulting equation has the form .
2. Use the one-to-one property to set the exponents equal to each other.
3. Solve the resulting equation S = T for the unknown.

Example
Solve .
 
 

Try It
Use the like-bases property and exponents to solve the equation


 
Try It
Use like bases to solve for x:	



Rewriting Equations So All Powers Have the Same Base
Sometimes the common base is not explicitly shown. We rewrite terms as powers with a common base and solve using the one-to-one property.
Example
Solve .
 
 
 
Try It
Solve for x:	






Example
Solve .
 
 
 


Example
For example, to solve :
	Rewrite each side as a power with base 2.
 		Distribute
 	Apply the one-to-one property.
			Solve
 
 
Question Help
Given an exponential equation with unlike bases, use the one-to-one property to solve it
1. Rewrite each side in the equation as a power with a common base.
2. Use the rules of exponents to simplify so the resulting equation has the form 
3. Use the one-to-one property to set the exponents equal to each other.
4. Solve the resulting equation S = T for the unknown.

Example
Solve .
 

 

Try It
Use the like-bases property to solve:
 
 


Try It
Use the like-bases property to solve:
 
 
 
Do all exponential equations have a solution?



Example
Solve .
 
 

Try It
Determine if a solution exists. If it does, solve for x.
 
 



Try It
Solve for x


 
 
Using Logarithms to Solve Exponential Equations
Sometimes the terms of an exponential equation cannot be rewritten with a common base. In these cases, we solve by taking the logarithm of each side.
Key Takeaway: Property of Logarithmic Equality
For any M > 0, N > 0, b > 0, and b ≠ 1:
If , then M = N

Question Help
Given an exponential equation where a common base cannot be found, solve for the unknown
1. Apply the logarithm to both sides of the equation. 
· If one of the terms has base 10, use the common logarithm.
· If none of the terms has base 10, use the natural logarithm.
2. Use the rules of logarithms to solve for the unknown.
Pro Tip
If the base in a given exponential equation is 10, use log. If the base is e, use ln. This takes advantage of the identity property of logarithms.

Example
Solve .
 
 
 
 
 
Example
Solve .
 
 

Try It
Solve the equation 


a) Find the exact solution:

b) Approximate the solution to 4 decimal places: 
 

Equations Containing e
Question Help
Given an equation of the form , solve for t
1. Divide both sides of the equation by A.
2. Apply the natural logarithm to both sides of the equation.
3. Divide both sides of the equation by k.

Example 
Solve .
 
 
Example
Solve .
 
 
 
 

Try It
Solve the equation. Round your answer to four decimal places.
 


 

Extraneous Solutions
Sometimes the methods used to solve an equation introduce an extraneous solution — one that is correct algebraically but does not satisfy the conditions of the original equation. Remember that the argument of a logarithm must be positive.
Example
Solve .
 
 
 
 
Try It
Solve .
 
 

Logarithmic Equations
Every logarithmic equation  is equal to the exponential equation . We can use this fact, along with the rules of logarithms, to solve logarithmic equations where the argument is an algebraic expression.
For example, to solve :
 	Apply the product rule.
 	Distribute.
 		Convert to exponential form.
			Solve


Key Takeaway: Using the Definition of a Logarithm to Solve Logarithmic Equations
For any algebraic expression S and real numbers b and c, where b > 0, b ≠ 1:
 if and only if 

Example:
a) Solve .
 
 
 
b)  Solve .
 
 
 

Try It
Solve .
 
 


Try It
Solve .
 
 


Using the One-to-One Property of Logarithms to Solve Logarithmic Equations
The one-to-one property of logarithmic functions tells us that, for real numbers x > 0, S > 0, T > 0, and positive real number b where b ≠ 1:
 if and only if S = T
For example: if , then x − 1 = 8, so x = 9.
Example
To solve :
 	Apply the quotient rule.
 		Apply the one-to-one property.
		Multiply both sides by 2.
 			Solve
Check by substituting x = 10:  ✓

Key Takeaway: One-to-One Property of Logarithmic Functions
For any real numbers x > 0, S > 0, T > 0, and any positive real number b where b ≠ 1:
 if and only if S = T
Note: When solving an equation involving logarithms, always check to see if the answer is correct or if it is an extraneous solution.

Question Help
Given an equation containing logarithms, solve it using the one-to-one property
1. Use the rules of logarithms to combine like terms, if necessary, so that the resulting equation is of the form .
2. Use the one-to-one property to set the arguments equal to each other.
3. Solve the resulting equation S = T for the unknown.

Example
Solve .

Example 
Solve .
 
 
 
 
 

Try It
Solve the equation
 
 



Try It
Solve the equation
 
 





8.3 Exponential and Logarithmic Models

Exponential Growth and Decay
In the case of rapid growth, we may choose the exponential growth function:

where A₀ is the value at time zero, e is Euler's constant, and r is a positive constant that determines the rate of growth.
For exponential decay, we use:

where k is a negative constant that determines the rate of decay.
An exponential function of the form  has the following characteristics:
· One-to-one function
· Horizontal asymptote: 
· Domain: 
· Range:
· x-intercept: 
· y-intercept: 
Pro Tip
Exponential growth and decay often involve very large or very small numbers, described using orders of magnitude — the power of ten when a number is expressed in scientific notation with one digit to the left of the decimal. For example, 40,113,497,200,000 km = 4.01 × 10¹³ km has order of magnitude 10¹³.

Example
A population of bacteria doubles every hour. If the culture started with 10 bacteria, graph the population as a function of time.
 
 
 

Calculating Doubling Time
Given the basic exponential growth equation , doubling time can be found by solving :

 Divide both sides by A₀.
 Take the natural logarithm of both sides.
 Divide by the coefficient of t.
Thus the doubling time is .

Example
According to Moore's Law, the doubling time for the number of transistors that can be put on a computer chip is approximately two years. Give a function that describes this behavior.
 
 
 
 
Try It
A certain bacteria population is known to triple every 90 minutes. Suppose that there are initially 140 bacteria. Write an expression that models the size of the population after t hours. 
 


Half-Life
Key Takeaway: Half-Life
Half-life is the length of time it takes an exponentially decaying quantity to decrease to half its original amount.

This can also be written as 
	Substance
	Use
	Half-life

	gallium-67
	nuclear medicine
	80 hours

	cobalt-60
	manufacturing
	5.3 years

	technetium-99m
	nuclear medicine
	6 hours

	americium-241
	construction
	432 years

	carbon-14
	archeological dating
	5,715 years

	uranium-235
	atomic power
	703,800,000 years


We can use the formula for radioactive decay:

where A₀ is the amount initially present, T is the half-life, t is the time period, and A(t) is the amount remaining after time t.

Question Help
Given the half-life, find the decay rate
1. Write 
2. Replace A by  and replace t by the given half-life.
3. Solve to find k. Express k as an exact value (do not round).
Note: It is also possible to find the decay rate using 

Example
Uranium-235 has a half-life of 703,800,000 years. How long will it take for 10% of a 1000-gram sample of uranium-235 to decay?
 
 
 
 
 

Example
The half-life of carbon-14 is 5,730 years. Express the amount of carbon-14 remaining as a function of time, t.
 
 
 
 

Radiocarbon Dating
Radiocarbon dating was discovered in 1949 by Willard Libby, who won a Nobel Prize for his discovery. It compares the ratio of two isotopes of carbon in an organic artifact to the ratio in the air. It is accurate to within about 1% error for plants or animals that died within the last 60,000 years.
Since the half-life of carbon-14 is 5,730 years, the formula for carbon-14 remaining after t years is:

To find the age of an object:

Question Help
Given the percentage of carbon-14 in an object, determine its age
1. Express the given percentage of carbon-14 as an equivalent decimal r.
2. Substitute for r in the equation  and solve for the age t.

Example
A bone fragment is found that contains 20% of its original carbon-14. To the nearest year, how old is the bone?
 
 
 
 
 

Try It
At the beginning of an experiment, a scientist has 328 grams of radioactive goo. After 90 minutes, her sample has decayed to 41 grams. 
a) What is the half-life of the goo in minutes?
b) Find a formula for G(t), the amount of goo remaining at time t
c) How many grams of goo will remain after 59 minutes?

Try It
A wooden artifact from an ancient tomb contains 30% of the carbon-14 that is present in living trees. If the half-life of carbon-14 is 5,730, when was the artifact made?


 

Newton's Law of Cooling
When a hot object is left in cooler surrounding air, the object's temperature decreases exponentially, leveling off as it approaches the surrounding air temperature.
Key Takeaway: Newton's Law of Cooling
The temperature of an object, T, in surrounding air with temperature Tₛ will behave according to the formula:

where:
· t is time
· A is the difference between the initial temperature of the object and the surroundings
· k is a constant, the continuous rate of cooling of the object
Question Help
Given a set of conditions, apply Newton's Law of Cooling
1. Set Tₛ equal to the y-coordinate of the horizontal asymptote (usually the ambient temperature).
2. Substitute the given values into the continuous growth formula  to find the parameters A and k. 
3. Substitute in the desired time to find the temperature, or the desired temperature to find the time.

Example
A cheesecake is taken out of the oven with an ideal internal temperature of 165°F and is placed into a 35°F refrigerator. After 10 minutes, the cheesecake has cooled to 150°F. If we must wait until the cheesecake has cooled to 70°F before we eat it, how long will we have to wait?

 
 
 

Try It
A thermometer reading 74 degrees F is placed in an oven preheated to a constant temperature. Through a glass window in the oven door, an observer records that the thermometer reads 309 degrees F after half a minute and 405 degrees after 1 minute.
How hot is the oven? 
 

Logistic Growth
Exponential growth cannot continue forever. The logistic growth model is approximately exponential at first, but it has a reduced rate of growth as the output approaches the model's upper bound called the carrying capacity.
Key Takeaway: Logistic Growth
The logistic growth model is:

where:
·  is the initial value
· c is the carrying capacity or limiting value
· b is a constant determined by the rate of growth

Example
At time t = 0 there is one person in a community of 1,000 people who has the flu. The logistic growth constant is b = 0.6030. Estimate the number of people who will have had this flu after ten days. Predict how many people will have had this flu after a long period of time has passed.
 
 

Try It
Biologists stocked a lake with 400 fish and estimated the carrying capacity (the maximal population for the fish of that species in that lake) to be 6700. The number of fish grew to 550 in the first year. 
 


Choosing an Appropriate Model for Data
Three kinds of functions that are often useful in mathematical models are linear functions, exponential functions, and logarithmic functions.
Concavity helps us choose between exponential and logarithmic models:
· If a line drawn between two data points has most data above the line, the curve is concave down → a logarithmic model.
· If most data falls below the line, the curve is concave up → an exponential model.
· A logistic curve changes concavity — it starts concave up and then switches to concave down at a point of inflection.

Example
Does a linear, exponential, logarithmic, or logistic model best fit the values listed below? Find the model and use a graph to check your choice.
	x
	1
	2
	3
	4
	5
	6
	7
	8
	9

	y
	0
	1.386
	2.197
	2.773
	3.219
	3.584
	3.892
	4.159
	4.394


 
 

Example
Does a linear, exponential, or logarithmic model best fit the data in the table below? Find the model.
	x
	1
	2
	3
	4
	5
	6
	7
	8
	9

	y
	3.297
	5.437
	8.963
	14.778
	24.365
	40.172
	66.231
	109.196
	180.034


 
 

8.4 Fitting Exponential Models to Data

Exponential Regression
Key Takeaway: Exponential Regression
Exponential regression is used to model situations in which growth begins slowly and then accelerates rapidly without bound, or where decay begins rapidly and then slows down to get closer and closer to zero. The exponential regression equation is of the form:

Note that:
· b must be non-negative.
· When b > 1, we have an exponential growth model.
· When 0 < b < 1, we have an exponential decay model.

Question Help
Given a set of data, perform exponential regression using a graphing utility
1. Use the STAT then EDIT menu to enter given data. Clear existing data, list input values in L1, and output values in L2.
2. Graph and observe a scatter plot using the STATPLOT feature. Use ZOOM [9] to adjust axes. Verify the data follow an exponential pattern.
3. Find the equation: Select "ExpReg" from the STAT then CALC menu. Use the values returned for a and b to record the model.
4. Graph the model in the same window as the scatterplot to verify it is a good fit.

Example
Let x represent the BAC level and let y represent the corresponding relative risk of crashing. Use exponential regression to fit a model to these data. After 6 drinks, a person weighing 160 pounds will have a BAC of about 0.16. How many times more likely is a person with this weight to crash if they drive after having a 6-pack of beer?
	BAC
	0
	0.01
	0.03
	0.05
	0.07
	0.09
	0.11
	0.13
	0.15
	0.17
	0.19
	0.21

	Relative Risk
	1
	1.03
	1.06
	1.38
	2.09
	3.54
	6.41
	12.6
	22.1
	39.05
	65.32
	99.78


 
 
 
 Try It
The number of polio cases in the world are shown in the table for various years.
	Year
	Number of Polio Cases (thousands)

	1988
	

	1992
	

	1996
	

	2000
	

	2005
	

	2007
	


a) Is it better to model the data usinga linear or exponential model?
b) Find an equation of f(t), the number of polio cases in the world since 1980.
c) Describe the growth in polio cases
d) Predict the number of polio cases in 2013
e) Predict in which year there will be 1 case of polio
f) Find the approximate half life of polio cases
Try It
The table below shows a recent graduate's credit card balance each month after graduation.
	Month
	1
	2
	3
	4
	5
	6
	7
	8

	Debt ($)
	620.00
	761.88
	899.80
	1039.93
	1270.63
	1589.04
	1851.31
	2154.92


a)  Use exponential regression to fit a model to these data.
 
 
b) If spending continues at this rate, what will the graduate's credit card debt be one year after graduating?
 


Build a Logarithmic Model from Data
Recall that logarithmic functions increase or decrease rapidly at first, then steadily slow. When performing logarithmic regression analysis, we use the form:

For this function:
· All input values x must be greater than zero.
· The point (1, a) is on the graph of the model.
· If b > 0, the model is increasing.
· If b < 0, the model is decreasing.
Key Takeaway: Logarithmic Regression
Logarithmic regression is used to model situations where growth or decay accelerates rapidly at first and then slows over time. We use the command "LnReg" on a graphing utility. This returns an equation of the form:

Note that:
· All input values x must be non-negative.
· When b > 0, the model is increasing.
· When b < 0, the model is decreasing.

Question Help
Given a set of data, perform logarithmic regression using a graphing utility
1. Use the STAT then EDIT menu to enter given data. Clear existing data, list input values in L1, and output values in L2.
2. Graph and observe a scatter plot using the STATPLOT feature. Use ZOOM [9] to adjust axes. Verify the data follow a logarithmic pattern.
3. Find the equation: Select "LnReg" from the STAT then CALC menu. Use the values returned for a and b to record the model 
4. Graph the model in the same window as the scatterplot to verify it is a good fit.

Example
The table below shows the average life expectancies, in years, of Americans from 1900–2010. Let x represent time in decades starting with x = 1 for the year 1900. Let y represent the corresponding life expectancy. Use logarithmic regression to fit a model to these data. Use the model to predict the average American life expectancy for the year 2030.
	Year
	1900
	1910
	1920
	1930
	1940
	1950
	1960
	1970
	1980
	1990
	2000
	2010

	Life Expectancy
	47.3
	50.0
	54.1
	59.7
	62.9
	68.2
	69.7
	70.8
	73.7
	75.4
	76.8
	78.7


 
 
 
 


Try It
Sales of a video game released in the year 2000 took off at first, but then steadily slowed. The table below shows the number of games sold, in thousands, from the years 2000–2010. Let x represent time in years starting with x = 1 for the year 2000. Let y represent the number of games sold in thousands.
	Year
	2000
	2001
	2002
	2003
	2004
	2005
	2006
	2007
	2008
	2009
	2010

	Number Sold (thousands)
	142
	149
	154
	155
	159
	161
	163
	164
	164
	166
	167


A) Use logarithmic regression to fit a model to these data.
 
 
b. If games continue to sell at this rate, how many games will sell in 2015? Round to the nearest thousand.
 
 

Build a Logistic Model from Data
Key Takeaway: Logistic Regression
Logistic regression is used to model situations where growth accelerates rapidly at first and then steadily slows to an upper limit. We use the command "Logistic" on a graphing utility. This returns an equation of the form:

Note that:
· The initial value of the model is 
· Output values grow closer and closer to  as time increases.

Question Help
Given a set of data, perform logistic regression using a graphing utility
1. Use the STAT then EDIT menu to enter given data. Clear existing data, list input values in L1, and output values in L2.
2. Graph and observe a scatter plot using the STATPLOT feature. Use ZOOM [9] to adjust axes. Verify the data follow a logistic pattern.
3. Find the equation: Select "Logistic" from the STAT then CALC menu. Use the values returned for a, b, and c to record the model 
4. Graph the model in the same window as the scatterplot to verify it is a good fit.

Example
The table below shows the percentage of Americans with cellular service between the years 1995 and 2012. Let x represent time in years starting with x = 0 for the year 1995. Let y represent the corresponding percentage of residents with cellular service.
	Year
	1995
	1996
	1997
	1998
	1999
	2000
	2001
	2002
	2003

	% with Cellular
	12.69
	16.35
	20.29
	25.08
	30.81
	38.75
	45.00
	49.16
	55.15



	Year
	2004
	2005
	2006
	2007
	2008
	2009
	2010
	2011
	2012

	% with Cellular
	62.852
	68.63
	76.64
	82.47
	85.68
	89.14
	91.86
	95.28
	98.17


a.  Use logistic regression to fit a model to these data.
 
 
b.  Use the model to calculate the percentage of Americans with cell service in the year 2013. Round to the nearest tenth of a percent.
 
 
c.  Discuss the value returned for the upper limit, c. What does this tell you about the model? What would the limiting value be if the model were exact?
 
 
Try It
The table below shows the population, in thousands, of harbor seals in the Wadden Sea over the years 1997 to 2012. Let x represent time in years starting with x = 0 for the year 1997. Let y represent the number of seals in thousands.
	Year
	1997
	1998
	1999
	2000
	2001
	2002
	2003
	2004

	Seal Pop. (thousands)
	3.493
	5.282
	6.357
	9.201
	11.224
	12.964
	16.226
	18.137



	Year
	2005
	2006
	2007
	2008
	2009
	2010
	2011
	2012

	Seal Pop. (thousands)
	19.590
	21.955
	22.862
	23.869
	24.243
	24.344
	24.919
	25.108


a.  Use logistic regression to fit a model to these data.
 
 
b.  Use the model to predict the seal population for the year 2020.
 
 
c.  To the nearest whole number, what is the limiting value of this model?

