Precalculus 
Parametric Functions and Vectors Guided Notes
This tool is designed to work alongside your Study Plan and class sessions. Before class, you'll use it with the assigned readings by filling in key terms, noting examples, and writing down questions that arise. During class, you'll add to your notes as you deepen your understanding and instructors highlight important concepts. You'll find a mix of fill-in-the-blank sections, reflection spaces, and areas to record real-world examples. 

18.1 Parametric Equations
Consider sets of equations given by  and  where t is the independent variable of time. 
Parameterizing a Curve
What do parametric functions typically describe?


Key Takeaway: Parameter
The variable that x and y are both dependent on.
Key Takeaway: Parametric Equations
[image: A blank coordinate plane is shown. The x-axis is labeled from −9 to 9, and the y-axis is labeled from −9 to 9. A grid covers the plane with evenly spaced horizontal and vertical lines. No points, lines, curves, or other graphs are plotted.]Suppose t is a number on an interval, I. The set of ordered pairs, , where  and , forms a plane curve based on the parameter t. The equations  and  are the parametric equations.
Example
Parameterize the curve  letting . Graph both equations.


Try It
Construct a table of values and plot the parametric equations: , ; .

[image: A blank coordinate plane is shown. The x-axis is labeled from −9 to 9, and the y-axis is labeled from −9 to 9. A grid covers the plane with evenly spaced horizontal and vertical lines. No points, lines, curves, or other graphs are plotted.]
Writing Parametric Equations
Example
Find a pair of parametric equations that models the graph of  using the parameter . Plot some points and sketch the graph.
[image: A blank coordinate plane is shown. The x-axis is labeled from −9 to 9, and the y-axis is labeled from −9 to 9. A grid covers the plane with evenly spaced horizontal and vertical lines. No points, lines, curves, or other graphs are plotted.]
Try It
Parameterize the curve given by .


Example
Find a set of equivalent parametric equations for 1.




Methods for Finding Cartesian and Polar Equations from Curves
Eliminating the Parameter from Polynomial, Exponential, and Logarithmic Equations
How do we eliminate the parameter in polynomial, exponential, or logarithmic equations?
1.  
2.   
Example
Given and , eliminate the parameter, and write the parametric equations as a Cartesian equation.






Try It
Given the equations below, eliminate the parameter and write as a rectangular equation for y as a function of x.




Try It
Eliminate the parameter to find a Cartesian equation in the form 




Example
Eliminate the parameter and write as a Cartesian equation:  and , t>0.



Example
Eliminate the parameter and write as a Cartesian equation:  and 



Try It
Eliminate the parameter and write as a rectangular equation for t>0.





Eliminating the Parameter from Trigonometric Equations
Eliminating the parameter from trigonometric equations isn’t a straightforward substitution. We can use a few of the familiar trigonometric identities and the Pythagorean Theorem.
First, we use the identities:

Solving for cos t and sin t, we have

Then, use the Pythagorean Theorem:

Substituting gives

Example
Eliminate the parameter from the given pair of trigonometric equations where 0≤t≤2π and sketch the graph.




Try It
Eliminate the parameter from the given pair of parametric equations and write as a Cartesian equation:  and .


Try It
Given the parametric equations below, eliminate the parameter 𝑡 to obtain a Cartesian equation. 




Example
Use two different methods to find the Cartesian equation equivalent to the given set of parametric equations.



Try It
Write the given parametric equations as a Cartesian equation:  and .




18.2 Graphing Parametric Equations
Question Help
Given a pair of parametric equations, sketch a graph by plotting points
1. Construct a table with three columns , , 
2. Evaluate x and y for values of t over the interval for which the functions are defined
3. Plot the resulting pairs 
Example
Sketch the graph of the parametric equations , 
[image: A blank coordinate plane is shown. The x-axis is labeled from −9 to 9, and the y-axis is labeled from −9 to 9. A grid covers the plane with evenly spaced horizontal and vertical lines. No points, lines, curves, or other graphs are plotted.]
Try It
Sketch a graph of , 
[image: A blank coordinate plane is shown. The x-axis is labeled from −9 to 9, and the y-axis is labeled from −9 to 9. A grid covers the plane with evenly spaced horizontal and vertical lines. No points, lines, curves, or other graphs are plotted.]
Example
Construct a table of values for the parametric equations and sketch the graph:


[image: A blank coordinate plane is shown. The x-axis is labeled from −9 to 9, and the y-axis is labeled from −9 to 9. A grid covers the plane with evenly spaced horizontal and vertical lines. No points, lines, curves, or other graphs are plotted.]
What is the orientation of the graph?

Try It
Sketch a graph of , , .
[image: A blank coordinate plane is shown. The x-axis is labeled from −9 to 9, and the y-axis is labeled from −9 to 9. A grid covers the plane with evenly spaced horizontal and vertical lines. No points, lines, curves, or other graphs are plotted.]
What is the orientation of the graph?
Rectangular vs. Parametric Graphs
Example
Graph the parametric equations and . First, construct the graph using data points generated from the parametric form. Then graph the rectangular form of the equation. Compare the two graphs.
[image: A blank coordinate plane is shown. The x-axis is labeled from −9 to 9, and the y-axis is labeled from −9 to 9. A grid covers the plane with evenly spaced horizontal and vertical lines. No points, lines, curves, or other graphs are plotted.]
Example
Graph the parametric equations  and , , and the rectangular equivalent  on the same coordinate system.
[image: A blank coordinate plane is shown. The x-axis is labeled from −9 to 9, and the y-axis is labeled from −9 to 9. A grid covers the plane with evenly spaced horizontal and vertical lines. No points, lines, curves, or other graphs are plotted.]

Try It
Graph the parametric curve defined by and 
[image: A blank coordinate plane is shown. The x-axis is labeled from −9 to 9, and the y-axis is labeled from −9 to 9. A grid covers the plane with evenly spaced horizontal and vertical lines. No points, lines, curves, or other graphs are plotted.]
What is the orientation of the graph?


18.3 Understanding Vectors
A Geometric View of Vectors
What are the various symbols that distinguish vectors from other quantities?
·  
·  
·  
Key Takeaway: Vector
A vector is a directed line segment with an initial point and a terminal point. Vectors are identified by magnitude, or the length of the line, and direction, represented by the arrowhead pointing toward the terminal point. The position vector has an initial point at (0,0) and is identified by its terminal point 

Example
Consider the vector whose initial point is P(2,3) and terminal point is Q(6,4). Find the position vector.

Example
Find the position vector given that vector v has an initial point at (−3,2) and a terminal point at (4,5), then graph both vectors in the same plane.

Try It
Draw a vector  that connects from the origin to the point (3,5).
[image: A blank coordinate plane is shown. The x-axis is labeled from −9 to 9, and the y-axis is labeled from −9 to 9. A grid covers the plane with evenly spaced horizontal and vertical lines. No points, lines, curves, or other graphs are plotted.]
Try It
Graph the vectors , , . They may start at any point.
[image: A blank coordinate plane is shown. The x-axis is labeled from −9 to 9, and the y-axis is labeled from −9 to 9. A grid covers the plane with evenly spaced horizontal and vertical lines. No points, lines, curves, or other graphs are plotted.]
Finding Magnitude and Direction
Key Takeaway: Vector Magnitude and Direction
Given a position vector , the magnitude is found by . The direction is equal to the angle formed with the x-axis, or with the y-axis, depending on the application. For a position vector, the direction is found by . 
What makes two vectors equal? 
[image: A blank coordinate plane is shown. The x-axis is labeled from −9 to 9, and the y-axis is labeled from −9 to 9. A grid covers the plane with evenly spaced horizontal and vertical lines. No points, lines, curves, or other graphs are plotted.]
Example
Find the magnitude and direction of the vector with initial point P(−8,1) and terminal point Q(−2,−5). Draw the vector.
[image: A blank coordinate plane is shown. The x-axis is labeled from −9 to 9, and the y-axis is labeled from −9 to 9. A grid covers the plane with evenly spaced horizontal and vertical lines. No points, lines, curves, or other graphs are plotted.]
Example
Show that vector v with initial point at (5,−3) and terminal point at (−1,2) is equal to vector u with initial point at (−1,−3) and terminal point at (−7,2). Draw the position vector on the same grid as v and u. Next, find the magnitude and direction of each vector.
[image: A blank coordinate plane is shown. The x-axis is labeled from −9 to 9, and the y-axis is labeled from −9 to 9. A grid covers the plane with evenly spaced horizontal and vertical lines. No points, lines, curves, or other graphs are plotted.]
Finding Component Form
Example
Find the components of the vector v with initial point (3,2) and terminal point (7,4).





Finding the Unit Vector in the Direction of v
Key Takeaway: Unit Vector
If v is a nonzero vector, then v/|v| is a unit vector in the direction of v. Any vector divided by its magnitude is a unit vector. Notice that magnitude is always a scalar, and dividing by a scalar is the same as multiplying by the reciprocal of the scalar.
Example
Find a unit vector in the same direction as .



Example
Given a vector v with initial point  and terminal point , v is written as

The position vector from (0,0) to (a,b), where  and , is written as . This vector sum is called a linear combination of the vectors i and j.
The magnitude of  is given as .
[image: Plot showing vectors in rectangular coordinates in terms of i and j. The position vector v (in orange) extends from the origin to some point (a,b) in Q1. The horizontal (ai) and vertical (bj) components are shown.]
Example
Given a vector v with initial point P=(2,−6) and terminal point Q=(−6,6), write the vector in terms of i and j.


Example
Given initial point P₁=(−1,3) and terminal point P₂=(2,7), write the vector v in terms of i and j.

Try It
Write the vector u with initial point P=(−1,6) and terminal point Q=(7,−5) in terms of i and j.



Calculating the Component Form of a Vector: Direction
Key Takeaway: Vector Components
Given a position vector  and a direction angle θ,
·  and 
·  and 
Thus, , and magnitude is expressed as 
Example
Write a vector with length 7 at an angle of 135° to the positive x-axis in terms of magnitude and direction.

Try It
A vector travels from the origin to the point (3,5). Write the vector in terms of magnitude and direction.

Try It
Given the vector , determine the magnitude and angle of the vector.



18.4 Operations with Vectors
Performing Vector Addition and Scalar Multiplication
Example
Given  and , find two new vectors , and .




Performing Operations on Vectors in Terms of i and j
When vectors are written in terms of i and j, we can carry out addition, subtraction, and scalar multiplication by performing operations on corresponding components.
Key Takeaway: Adding and Subtracting Vectors in Rectangular Coordinates
Given and , then

Example
Find the sum of  and .


Try It
Given the vectors  and , find
 
 

Multiplying By a Scalar
Key Takeaway: Scalar Multiplication
Scalar multiplication involves the product of a vector and a scalar. Each component of the vector is multiplied by the scalar. Thus, to multiply by k, we have

Only the magnitude changes, unless k is negative, and then the vector reverses direction.
Example
Given vector , find , , and .



Try It
Find the scalar multiple  given .


Example
Given  and , find a new vector .



Try It
Given the vectors  and , perform the operation 

Finding the Dot Product of Two Vectors
The dot product of two vectors involves multiplying two vectors together, and the result is a scalar.
Key Takeaway: Dot Product
The dot product of two vectors  and  is the sum of the product of the horizontal components and the product of the vertical components.

To find the angle between the two vectors, use the formula below.

Example
Find the dot product of  and .



Example
Find the dot product of  and . Then, find the angle between the two vectors.



Example
Find the angle between  and .
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