Precalculus 
Sequences and Series Guided Notes
This tool is designed to work alongside your Study Plan and class sessions. Before class, you'll use it with the assigned readings by filling in key terms, noting examples, and writing down questions that arise. During class, you'll add to your notes as you deepen your understanding and instructors highlight important concepts. You'll find a mix of fill-in-the-blank sections, reflection spaces, and areas to record real-world examples. 

11.1 Sequences and Their Notations
Sequences Defined by an Explicit Formula
A video game company predicts that the number of hits to their website will double each day, starting with 2 hits the first day:
	Day
	1
	2
	3
	4
	5
	…

	Hits
	2
	4
	8
	16
	32
	…


A sequence is a function whose domain is a subset of the counting numbers. An explicit formula defines the nth term of a sequence using its position in the sequence.
For the hits sequence: , so the explicit formula is 
	n
	1
	2
	3
	4
	5
	n

	aₙ
	2
	4
	8
	16
	32
	


We can write the sequence as . The ellipsis (…) indicates the sequence continues indefinitely — this is an infinite sequence. A finite sequence does not continue indefinitely:  .

Key Takeaway: Sequence
A sequence is a function whose domain is the set of positive integers. Each number in the sequence is called a term, and there's a rule or pattern that tells you how to find each term.

We call a₁ the first term, a₂ the second term, and so on. The term aₙ is called the nth term or general term of the sequence. An explicit formula defines the nth term of a sequence using the position of the term.
· A finite sequence has a domain consisting of only the first n positive integers.
· An infinite sequence continues indefinitely, indicated by the ellipsis (…).

Question Help
Given an explicit formula, write the first n terms of a sequence.
1. Substitute each value of n into the formula. Begin with n=1 to find the first term, a₁.
2. To find the second term, a₂, use n = 2.
3. Continue in the same manner until you have identified all n terms.

Example
Write the first five terms of the sequence defined by the explicit formula 
	n
	

	1
	

	2
	

	3
	

	4
	

	5
	




Try It
Find the first five terms for the sequence:

 
 


Investigating Explicit Formulas
Sequences can also be defined by piecewise functions, where a different formula might represent each individual subsection.
Question Help
Given an explicit formula for a piecewise function, write the first n terms of a sequence.
1. Identify the formula to which n=1 applies.
2. To find the first term, a₁, use n=1 in the appropriate formula.
3. Identify the formula to which n=2 applies.
4. To find the second term, a₂, use n=2 in the appropriate formula.
5. Continue in the same manner until you have identified all n terms.

Example
Write the first six terms of the sequence.
 if n is not divisible by 3, 
 if n is divisible by 3





Finding an Explicit Formula
To find an explicit formula from a given sequence, work backward by looking for patterns in the terms. Patterns might involve alternating signs, specific formulas for numerators, denominators, exponents, or bases.
Example
Write an explicit formula for the nth term of each sequence.
1. 


2. 







Try It
Find a formula for the general term of the sequence.

 

Try It
Find a formula for the general term of the sequence.

 
Alternating Sequences
Pro Tip
The sign of the term in the explicit formula is given by  if the first term is negative, and  if the first term is positive.

Example
Write the first five terms of the sequence 











Try It
Find the first four terms and the hundredth term of the sequence 
 







Example
Write an explicit formula for the nth term of each sequence.






Try It
Find the formula for the general term of the sequence.






Try It: Write an explicit formula for the nth term of the sequence.

 

 
Recursive Formula
Key Takeaway: Recursive Formula
A recursive formula is a formula that defines each term of a sequence using preceding term(s). Recursive formulas must always state the initial term, or terms, of the sequence.

Connect It
The Fibonacci Sequence
[image: What is the Fibonacci sequence? - BBC Science Focus Magazine]The Fibonacci sequence 1, 1, 2, 3, 5, 8, 13, 21, 34, … appears throughout nature — in the spirals of shells, the branching of trees, and the growth patterns of living things. Each number is the sum of the two preceding ones. Because each term depends on the ones before it, the Fibonacci sequence is best described by a recursive formula:
· 
· 
·  for n ≥ 3





Question Help
Given a recursive formula with only the first term provided, write the first n terms of a sequence.
1. Identify the initial term, a₁, which is given as part of the formula. This is the first term.
2. To find the second term, a₂, substitute the initial term into the formula for aₙ₋₁. Solve.
3. To find the third term, a₃, substitute the second term into the formula. Solve.
4. Repeat until you have solved for the nth term.

Example
Write the first five terms of the sequence defined by the recursive formula.
 
, for 










Try It
Find the first four terms of the sequence defined by  and 






11.2 Arithmetic Sequences
Terms of an Arithmetic Sequence
The truck depreciation example: a truck purchased for $25,000 loses $3,400 in value each year. Its values form a sequence: $21,600, $18,200, $14,800, $11,400, $8,000. This is an arithmetic sequence — the terms change by a constant amount called the common difference.

Key Takeaway: Arithmetic Sequence
An arithmetic sequence is a sequence where the difference between consecutive terms is always the same.

The difference between consecutive terms, d, is called the common difference, for n ≥ 2.

Example
Is each sequence arithmetic? If so, find the common difference.







Try It
Determine if the sequence is arithmetic. If it is, find the first term and common difference.

 

Try It
Which of the following is an arithmetic sequence?
· 
· 
· 
· 
Writing Terms of Arithmetic Sequences
Key Takeaway: General Term (nth Term) of an Arithmetic Sequence
The general term of an arithmetic sequence with first term a₁ and common difference d is:


Example
Write the first five terms of the arithmetic sequence with  and .








Try It
For the sequence  find the first five terms and the common difference.



 

Question Help
Given the first term and any other term in an arithmetic sequence, find a given term.
1. Substitute the values given for a₁, aₙ, n into the formula to solve for d.
2. Find a given term by substituting the appropriate values for a₁, n, and d into the formula .

Example
Given  and , find 





Try It
Find the fifth term of the arithmetic sequence: 
 


Using Explicit Formulas for Arithmetic Sequences
Key Takeaway: Explicit Formula for an Arithmetic Sequence
An explicit formula for the nth term of an arithmetic sequence is given by:

Question Help
Given the first several terms for an arithmetic sequence, write an explicit formula.
1. Find the common difference, 
2. Substitute the common difference and the first term into .

Example
Write an explicit formula for the arithmetic sequence .

Try It
Find the formula for the general term of the sequence

 

Using Recursive Formulas for Arithmetic Sequences
Key Takeaway: Recursive Formula for an Arithmetic Sequence
The recursive formula for an arithmetic sequence with common difference d is:
 

Question Help
Given an arithmetic sequence, write its recursive formula.
1. Subtract any term from the subsequent term to find the common difference.
2. State the initial term and substitute the common difference into the recursive formula.

Example
Write a recursive formula for the arithmetic sequence 





Try It
Write a recursive formula for the arithmetic sequence: 
 
Find the Number of Terms in an Arithmetic Sequence
Question Help
Given the first three terms and the last term of a finite arithmetic sequence, find the total number of terms.
1. Find the common difference d.
2. Substitute the common difference and the first term into .
3. Substitute the last term for aₙ and solve for n.

Example
Find the number of terms in the finite arithmetic sequence .









Try It
Given the sequence . What term number in the sequence is the term 385?
 



11.3 Geometric Sequences
Geometric Sequence
Key Takeaway: Geometric Sequence
A sequence is called a geometric sequence if the ratio between consecutive terms is always the same.
The ratio between consecutive terms is r, the common ratio, where n ≥ 2:



Question Help 
Given a set of numbers, determine if they represent a geometric sequence.
1. Divide each term by the previous term.
2. Compare the quotients. If they are the same, a common ratio exists and the sequence is geometric.

Example
Determine if the following sequences are geometric. If so, find the common ratio.

 
\



Try It
Determine if the sequence is geometric. If it is, find the common ratio.

 

Try It
Which of the following is a geometric sequence?
· 3, 5, 8, 11,…
· 3, 5, 7, 9, ….
· 64, 32, 16, 8,…
· -6,-8,-10,…

Writing Terms of Geometric Sequences
Question Help
Given the first term and the common factor, find the first four terms of a geometric sequence.
1. Multiply the initial term, a₁, by the common ratio to find the next term, a₂.
2. Repeat the process, using a₂ to find a₃ and then a₃ to find a₄, until all four terms have been identified.
3. Write the terms separated by commas within brackets.

Example
Write the first five terms of the geometric sequence with a₁ = 3 and r = −2.
 




Example
List the first four terms of the geometric sequence with a₁ = 5 and r = −2.







Try It
Give the first 4 terms of the geometric sequence with  and .
 

Try It
Find the next term of the sequence

 

Using Explicit Formulas for Geometric Sequences
Because a geometric sequence is an exponential function whose domain is the set of positive integers, and the common ratio is the base of the function:
Key Takeaway: Explicit Formula for a Geometric Sequence
The explicit formula of a geometric sequence with first term a₁ and common ratio r is:





Example
Describe the sequence .
[image: A scatter plot shows the first five terms of a sequence. The horizontal axis is labeled n, and the vertical axis is labeled a subscript n. The plotted points are (1, 18), (2, 36), (3, 72), (4, 144), and (5, 288). The points increase rapidly, with each term twice the previous one, illustrating a geometric sequence.]
Example
Given a geometric sequence with  and , find .






Example
Write an explicit formula for the nth term of the geometric sequence {2, 10, 50, 250, …}.




Example
Find the ninth term of the sequence 6, 18, 54, 162, 486, 1458, … Then find the general term for the sequence.






Try It
Find the nth term of the geometric sequence whose initial term is  and common ratio is 4.
 

Try It
Given the geometric sequence: 

 

Using Recursive Formulas for Geometric Sequences
Key Takeaway: Recursive Formula for a Geometric Sequence
The recursive formula for a geometric sequence with common ratio r and first term a₁ is:
 
The common ratio is also the base of an exponential function! Recall the form  — the geometric sequence aₙ = a₁(r)ⁿ⁻¹ has the same structure.
Example
Write a recursive formula for the following geometric sequence 




Try It
For the sequence  and , find the following:

 


Try It
Write a recursive formula for the sequence 
 




11.4 Series and Their Notations
Series and Summation Notation
While a sequence lists numbers in a specific order, a series is the sum of the terms in a sequence. Summation notation (also called sigma notation) uses the Greek letter Σ to represent a sum.
· The explicit formula for each term is to the right of the sigma.
· The variable below the sigma is the index of summation, set equal to the lower limit of summation.
· The number above the sigma is the upper limit of summation.

Example
Evaluate the summation notation shown in the diagram.
[image: A sigma notation expression is labeled to identify its parts. The expression is the summation from k equals 1 to 5 of 2k. Arrows label the upper limit of summation as 5, the lower limit of summation as 1, the index of summation as k, and the explicit formula for the kth term of the series as 2k.]







Key Takeaway: Summation Notation
The sum of the first n terms of a series can be expressed in summation notation as:

This tells us to find the sum of  from  to .
k is the index of summation, 1 is the lower limit of summation, and n is the upper limit of summation.

Question Help
Given summation notation for a series, evaluate the value.
1. Identify the lower limit of summation.
2. Identify the upper limit of summation.
3. Substitute each value of k from the lower limit to the upper limit into the formula.
4. Add to find the sum.
Example
Use summation notation to write the sum: .






Example 
Evaluate 








Try It
Evaluate the partial sums of the arithmetic sequence:


 

Arithmetic Series
The sum of the terms of an arithmetic sequence is called an arithmetic series.
Key Takeaway: Formula for the Partial Sum of an Arithmetic Series
The sum Sₙ of the first n terms of an arithmetic sequence is:

where a₁ is the first term and aₙ is the nth term.

Question Help
Given terms of an arithmetic series, find the partial sum.
1. Identify a₁ and aₙ.
2. Determine n.
3. Substitute values for a₁, aₙ, and n into the formula .
4. Simplify to find Sₙ.

Example
Find the sum of the first n terms of an arithmetic sequence.
· Find the sum of the first 30 terms of the arithmetic sequence: 7, 10, 13, 16, 19, …
 

· Find the sum of the first 50 terms of the arithmetic sequence whose general term is .
 

· Find the sum

Try It
Evaluate the partial sum of the series:

 

Try It
Find the sum:

 

Geometric Series
The sum of the terms of a geometric sequence is called a geometric series.
Key Takeaway: Formula for the Sum of the First n Terms of a Geometric Series
A geometric series is the sum of the terms in a geometric sequence. The formula for the sum of the first n terms of a geometric sequence is:
, r ≠ 1

Question Help
Given a geometric series, find the sum of the first n terms.
1. Identify a₁, r, and n.
2. Substitute values for a₁, r, and n into the formula 
3. Simplify to find Sₙ.
Example
Use the formula to find the indicated partial sum of each geometric series.
1.  for the series 

 
2. 




Try It
Find the sum  for the first 5 terms of 



 

Try It
Find the sum of the first 5 terms in this sequence: 

 


Infinite Geometric Series
An infinite series is the sum of the terms of an infinite sequence, written with ∞ as the upper limit of summation. When the sum is not a real number, we say the series diverges.
If the terms of an infinite geometric series approach 0, the sum can be defined. The terms of any infinite geometric series with −1 < r < 1 approach 0; the sum is defined when −1 < r < 1.
Key Takeaway: Determining Whether the Sum of an Infinite Geometric Series is Defined
If the terms of an infinite geometric series approach 0, the sum of an infinite geometric series can be defined.
The sum of an infinite series is defined if the series is geometric and −1 < r < 1.

Example

The terms in this series approach 0:

The common ratio is .

Question Help
Given the first several terms of an infinite series, determine if the sum of the series exists.
1. Find the ratio of the second term to the first term.
2. Find the ratio of the third term to the second term.
3. Continue this process to ensure the ratio of a term to the preceding term is constant throughout. If so, the series is geometric.
4. If a common ratio r was found in step 3, check to see if −1 < r < 1. If so, the sum is defined. If not, the sum is not defined.


Example
Determine whether the sum of each infinite series is defined.
1. 


2. 


3. 


4. 




Finding Sums of Infinite Series
As n gets large, rⁿ gets very small and approaches 0. This gives us the formula for the sum of an infinite geometric series.
Key Takeaway: Formula for the Sum of an Infinite Geometric Series
The formula for the sum of an infinite geometric series with −1 < r < 1 is:


Example
We will examine an infinite series with . What happens to rⁿ as n increases?




What about for greater values of n?



What pattern do you notice? 



Question Help
Given an infinite geometric series, find its sum.
1. Identify a₁ and r.
2. Confirm that −1 < r < 1.
3. Substitute values for a₁ and r into the formula 
4. Simplify to find S.
Example
Find the sum, if it exists, for the following.
1. 10 + 9 + 8 + 7 + …

 
2. 248.6 + 99.44 + 39.776 + …

 
3

 
4. 





Example 
Find the equivalent fraction for the repeating decimal .




Try It
 
Try It
Does the series converge or diverge? If it converges, find the sum.
 


Using Series for Real Life Scenarios
Example
At a new job, an employee's starting salary is $26,750. He receives a 1.6% annual raise. Find his total earnings at the end of 5 years.








Try It
At a new job, an employee's starting salary is $32,100. She receives a 2% annual raise. How much will she have earned by the end of 8 years?
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