Precalculus 
Matrices and Matrix Operations Guided Notes
This tool is designed to work alongside your Study Plan and class sessions. Before class, you'll use it with the assigned readings by filling in key terms, noting examples, and writing down questions that arise. During class, you'll add to your notes as you deepen your understanding and instructors highlight important concepts. You'll find a mix of fill-in-the-blank sections, reflection spaces, and areas to record real-world examples. 

10.1 Matrices and Matrix Operations
Matrices
Two club soccer teams, the Wildcats and the Mud Cats, are hoping to obtain new equipment for an upcoming season.
	
	Wildcats
	Mud Cats

	Goals
	6
	10

	Balls
	30
	24

	Jerseys
	14
	20


A goal costs $300; a ball costs $10; and a jersey costs $30. How can we find the total cost for the equipment needed for each team?
To solve a problem like this, we can use a matrix — a rectangular array of numbers. A row is a set of numbers aligned horizontally. A column is a set of numbers aligned vertically. Each number is an entry or element of the matrix.
For example, three matrices named A, B, and C:
, 	,	
A matrix is referred to by its dimensions:  indicates m rows and n columns. Matrix entries are defined first by row and then by column. For example, to locate the entry , we look for the entry in row i, column j.
Key Takeaway: Matrix
A matrix is a rectangular array of numbers arranged in rows and columns.
A matrix with m rows and n columns has dimension .
Each number in the matrix is called an element or entry in the matrix.
[image: Two matrices are shown to illustrate how rows and columns determine the size of a matrix.

On the left is a matrix with 2 rows and 3 columns. Red arrows label the two horizontal rows and the three vertical columns. The matrix contains the numbers:
Top row: negative 3, negative 2, 2.
Bottom row: negative 1, 4, 5.
The label below reads "2 by 3 matrix."

On the right is a matrix with 3 rows and 4 columns. Red arrows label the three horizontal rows and the four vertical columns. The matrix contains the numbers:
Top row: 2, negative 5, 3, negative 1.
Middle row: negative 4, 0, 2, negative 2.
Bottom row: 0, negative 2, negative 4, 1.
The label below reads "3 by 4 matrix."]
Type of Matrices:
· A square matrix has dimensions  (same number of rows as columns).
· A row matrix consists of one row with dimensions .
· A column matrix consists of one column with dimensions .

Example
Given matrix A

What are the dimensions of matrix A?
 
 
What are the entries at  and ?
 
 
Try It
Find the dimensions of the following matrix 
Adding and Subtracting Matrices
To add or subtract matrices, they must have the same dimensions. We perform the operation on each corresponding element.
Key Takeaway: Adding and Subtracting Matrices
Given matrices A and B of like dimensions, addition and subtraction of A and B will produce matrix C or matrix D of the same dimension.
 such that 		 such that 
Matrix addition is commutative: 
Matrix addition is associative: 

Example
Given A and B: 	 and 
Find the sum:
 
 
  
Find the difference:
 
 
Try It
Add:    
 

Try It
Subtract:    
 
 

Scalar Multiples of a Matrix
Scalar multiplication involves multiplying each entry in a matrix by a scalar (a real number quantity).
Example
Consider a real-world scenario in which a university needs to add to its inventory of computers, computer tables, and chairs in two of the campus labs due to increased enrollment from the fall 2013 semester to the fall of 2014. They estimate that 15% more equipment is needed in both labs. The school’s current inventory is displayed in the table below.
	
	Lab A
	Lab B

	Computers
	15
	27

	Computer Tables
	16
	34

	Chairs
	16
	34



Convert the data to a matrix:


Find .
Key Takeaway: Scalar Multiplication
Scalar multiplication involves finding the product of a constant by each entry in the matrix. Given

the scalar multiple cA is:

Scalar multiplication is distributive. For matrices A, B, and C with scalars a and b:



Example
Multiply matrix A by the scalar 3.

 
 
 

Try It
Given 

Find 

Example
Given
 and 
Find the sum .
 
 
 
 
 
 

Try It
Simplify the following:

 
 

Finding the Product of Two Matrices
Finding the product of two matrices is only possible when the inner dimensions are the same — the number of columns of the first matrix must equal the number of rows of the second matrix.
[image: A has two rows and three columns and B has three rows and three columns. Because the number of columns in A matches the number of rows in B, the product of A and B is defined.]
Example
Complete the example:
If A is an  matrix and B is an  matrix, show the process to find the product AB.
 and 












Key Takeaway: Matrix Multiplication
In matrix multiplication, we calculate each element of the resulting matrix by taking the dot product of the corresponding row from the first matrix and the column from the second matrix — multiplying corresponding entries and summing those products.
Properties of Matrix Multiplication:
Matrix multiplication is associative: 
Matrix multiplication is distributive: 
Note: Matrix multiplication is not commutative.
Example
Multiply matrix A and matrix B.
 and 
 
 
 

Example
 and 
Find AB:

 
 
 
 
Find BA:

 
 
 
 
Notice that AB ≠ BA — this illustrates that matrix multiplication is not commutative.
Try It
Find AB if possible:
  and 

 







Try It
Find AB if possible:
  and 
 


 



Is it possible for AB to be defined but not BA? Use an example to explain.





Try It
If matrix A has dimensions 2x3 and matrix B has dimensions 3x3, which products are defined? Select all that apply:
· AB
· BA
· AA
· BB
 
 

Example
Returning to the soccer equipment problem:
Equipment matrix  
Cost matrix 

Find CE and explain what it represents.
 



Question Help
Given a matrix operation, evaluate using a TI-84 calculator
1. Press [MATRIX] then enter the Edit menu.
2. Save each matrix as a matrix variable [A], [B], [C], ... by first entering the matrix dimensions.
3. Press [2nd] + [MODE] to exit the matrix menu.
4. Enter the operation into the calculator, calling up each matrix variable from the [MATRIX] menu as needed.
5. If the operation is defined, the calculator will present the solution matrix; if undefined, it will display an error message.

Example
Using a calculator, find AB − C given
,  , 
 
 
 

10.2 Solving Systems with Gaussian Elimination
Augmented Matrix of a System of Equations
[image: A diagram showing a system of two linear equations being rewritten as an augmented matrix. The coefficients of x form the first column, the coefficients of y form the second column, and the constants form the third column.]A matrix can serve as a device for representing and solving a system of equations. We extract the coefficients of the variables and the constants, and these become the entries of the matrix. A vertical line separates the coefficient entries from the constants, replacing the equal signs. This is called an augmented matrix.
· Each column contains the coefficients of one variable, or the constants.
· A vertical line replaces the equal signs.
Example
For example, consider the following 2 × 2 system of equations.


Augmented matrix:

Coefficient matrix:

A three-by-three system such as:

has coefficient matrix:



and is represented by the augmented matrix:



What do we do when there is a missing variable?



Question Help
Given a system of equations, write an augmented matrix
1. Write the coefficients of the x-terms as the numbers down the first column.
2. Write the coefficients of the y-terms as the numbers down the second column.
3. If there are z-terms, write the coefficients as the numbers down the third column.
4. Draw a vertical line and write the constants to the right of the line.

Example
Write the augmented matrix for the given system of equations.

 
 
 

Try It
Write the system as an augmented matrix:  
 


Try It
Write the system as an augmented matrix:  
 
 
Example
Find the system of equations from the augmented matrix.
 
 
 

Try It
Write the given augmented matrix as a system of three equations
 

 
 

Performing Row Operations on a Matrix
We use row operations to convert a matrix to row-echelon form, which has ones down the main diagonal (upper left to lower right) and zeros in every position below the main diagonal.
Key Takeaway: Row-Echelon Form
Row-echelon form is a specific arrangement of a matrix used to solve systems of linear equations. Each row has a leading entry of 1 (called a leading 1) that appears to the right of the leading 1 in the row above it. All entries below each leading 1 are zeros.
Row-echelon form:

Guidelines to obtain row-echelon form:
1. In any nonzero row, the first nonzero number is a 1 — a leading 1.
2. Any all-zero rows are placed at the bottom.
3. Any leading 1 is below and to the right of a previous leading 1.
4. Any column containing a leading 1 has zeros in all other positions in the column.

Key Takeaway: Gaussian Elimination
The Gaussian elimination method refers to a strategy used to obtain the row-echelon form of a matrix. The goal is to write matrix A with the number 1 as the entry down the main diagonal and have all zeros below.
The first step includes obtaining a 1 as the first entry, so that row 1 may be used to alter the rows below.

Question Help
Given an augmented matrix, perform row operations to achieve row-echelon form
1. The first equation should have a leading coefficient of 1. Interchange rows or multiply by a constant, if necessary.
2. Use row operations to obtain zeros down the first column below the first entry of 1.
3. Use row operations to obtain a 1 in row 2, column 2.
4. Use row operations to obtain zeros down column 2, below the entry of 1.
5. Use row operations to obtain a 1 in row 3, column 3.
6. Continue this process for all rows until there is a 1 in every entry down the main diagonal and only zeros below.
7. If any rows contain all zeros, place them at the bottom.



Example
Perform row operations on the given matrix to obtain row-echelon form.


 

 

 
 


 

 

 



 

Example
Solve the given system by Gaussian elimination.




















Try It
Use the Gaussian elimination method to solve:

 
 




Example
Solve the system of equations.


 
 


 

Solving a System of Linear Equations Using Matrices
Example
Solve the system of linear equations using matrices.
















Example
Solve the following system of linear equations using Gaussian Elimination.




















Try It
Write the augmented matrix of the system and use it to solve the system. If the system has an infinite number of solutions, express them in terms of the parameter z.
 
 



Try It
Write the augmented matrix of the system and use it to solve the system. If the system has an infinite number of solutions, express them in terms of the parameter z.
 
 
 












Question Help
Given a system of equations, solve with matrices using a calculator
1. Save the augmented matrix as a matrix variable [A], [B], [C], ...
2. Use the ref( function in the calculator, calling up each matrix variable as needed.

Example: 
Solve the system of equations using a calculator.













10.3 Solving Systems with Inverses
Finding the Inverse of a Matrix
The multiplicative inverse of a real number a is  and . Similarly, the product of matrix A and its inverse  equals the identity matrix.
The identity matrix Iₙ is a square matrix with ones down the main diagonal and zeros everywhere else:
 		
The identity matrix acts as a 1 in matrix algebra: 
A matrix with a multiplicative inverse satisfies: 
Such a matrix is called an invertible matrix. Only a square matrix may have a multiplicative inverse, and not all square matrices have one.
Key Takeaway: The Identity Matrix and Multiplicative Inverse
The identity matrix, , is a square matrix containing ones down the main diagonal and zeros everywhere else.
If A is an  matrix and B is an  matrix such that ₙ, then  the multiplicative inverse of matrix A.

Try It
True or false: every  matrix has an inverse?


Example
Given matrix A, show that .

 
 
 




Question Help
Given two matrices, show that one is the multiplicative inverse of the other
1. Given matrix A of order  and matrix B of order , multiply AB.
2. If , then find the product BA. If , then  and 
Example
Show that the given matrices are multiplicative inverses of each other.

Find AB:
 
 
Find BA:
 
 

Try It
Multiply
a) 









b) 

 
 
Try It
a) 









b) 
 


 

Finding the Multiplicative Inverse
Example
Use matrix multiplication to find the inverse of the given matrix.



 
 
 
Example
Use augmented matrices to find the inverse matrix.









Example
Find the inverse of the given matrix by augmenting with the identity.









Key Takeaway: Multiplicative Inverse of 2 × 2 Matrices Formula
If  the multiplicative inverse of A is given by:

where 
If , then A has no inverse.

Example
Use the formula to find the multiplicative inverse of

 
 



Try It
Find the inverse of the matrix 
 






Try It
Find the inverse of 




Multiplicative Inverse of 3 × 3 Matrices
For  matrices, there is no simple formula. Instead, we augment the matrix with the identity and perform row operations to transform the original matrix into the identity. The result on the right is the inverse.
Question Help
Given a 3 × 3 matrix, find the inverse
1. Write the original matrix augmented with the identity matrix on the right.
2. Use elementary row operations so that the identity appears on the left.
3. What is obtained on the right is the inverse of the original matrix.
4. Use matrix multiplication to show that  and .

Example
Given the 3 × 3 matrix A, find the inverse.

 
 
 

Example
Given the matrix A, find the inverse.

 
 
 
 




Question Help: 
Finding an inverse using a TI-84 calculator
1. Enter the matrix in the [MATRIX] menu.
2. Find the inverse by entering [A]⁻¹ into the calculator.
3. Use [MATH] + Frac to convert the inverse into fraction form.

Try It
Find the inverse of the following matrix.



 

Try It
Find the inverse of 

 







Solving a System of Linear Equations Using the Inverse of a Matrix
Key Takeaway: System of Equations in Matrix Form
To solve a system of linear equations using an inverse matrix, let A be the coefficient matrix, X be the variable matrix, and B be the constant matrix. Thus, we want to solve .
For a system  and 
, , 
Then  looks like: 
Multiply both sides by 

Note: We cannot solve for X by finding BA⁻¹ because matrix multiplication is not commutative.

Example
Solve the given system of equations using the inverse of a matrix.








Try It
Consider the system of equation

a) Write the system as a matrix equation 






b) The inverse of the coefficient matrix 



c) Find 


d) Solve the system for (x,y)
Example
Solve the following system using the inverse of a matrix.



 
 
 










Question Help
Given a system of equations, solve with matrix inverses using a calculator
1. Save the coefficient matrix and the constant matrix as matrix variables  and .
2. Enter the multiplication  into the calculator.
3. If the coefficient matrix is invertible, the calculator will present the solution matrix; if not invertible, it will display an error message.
Example
Solve the system of equations with matrix inverses using a calculator.












Try It
 Solve the system of equations:












10.4 Solving Systems with Cramer's Rule
Evaluating the Determinant of a 2 × 2 Matrix
A determinant is a real number with multiple applications, including calculating area and volume. Here, we use determinants to reveal whether a matrix is invertible.
Key Takeaway: Determinant of a 2 × 2 Matrix
The determinant of a  matrix, given , is defined as:
[image: A diagram showing that the determinant of a 2-by-2 matrix is found by multiplying the top-left and bottom-right entries, then subtracting the product of the top-right and bottom-left entries.]
Notation:  or (straight lines replacing brackets).

Example
Find the determinant of the given matrix.

 
 

Try It
Find the determinant of matrix 


 

Evaluating the Determinant of a 3 × 3 Matrix
One method is to augment the  matrix with a repetition of the first two columns (creating a  matrix), then calculate the sum of the products of entries down each of the three diagonals (upper left to lower right) and subtract the products of entries up each of the three diagonals (lower left to upper right).
[image: A diagram illustrating the diagonal method for finding the determinant of a 3-by-3 matrix. It shows the three downward diagonals whose products are added, and the three upward diagonals whose products are subtracted.]
The algebra is:


Example
Find the determinant of the  matrix given






 
 
 

Try It
Given the matrix , find the determinant.
 






Try It
Given the matrix , find its determinant.







Can we use the same method to find the determinant of a larger matrix?



Using Cramer's Rule to Solve a System of Two Equations in Two Variables
Cramer's Rule uses determinants to solve systems of equations. The key is replacing the variable column of interest with the constant column and calculating the determinants.
Notation:
· D: determinant of the coefficient matrix
· Dₓ: determinant of the numerator in the solution of x
· Dᵧ: determinant of the numerator in the solution of y
Key Takeaway: Cramer's Rule for 2 × 2 Systems
Consider a system of two linear equations in two variables:


The solution using Cramer's Rule is:
 , 	and 	 , 
If solving for x, the x column is replaced with the constant column. If solving for y, the y column is replaced with the constant column.

Example
Solve the following system using Cramer's Rule.


 





Example
Use Cramer's Rule to solve the 2 × 2 system of equations.


 
 



Try It
Solve the system using Cramer’s Rule.





 
Example
Solve the system of equations using Cramer's Rule.



Using Cramer's Rule to Solve a System of Three Equations in Three Variables
For a system, we extend Cramer's Rule consistently:
[image: A system of three linear equations in three variables is shown. The equations are:
a subscript 1 times x plus b subscript 1 times y plus c subscript 1 times z equals d subscript 1.
a subscript 2 times x plus b subscript 2 times y plus c subscript 2 times z equals d subscript 2.
a subscript 3 times x plus b subscript 3 times y plus c subscript 3 times z equals d subscript 3.
The constants d subscript 1, d subscript 2, and d subscript 3 are highlighted to distinguish them from the coefficients.]
[image: Four determinants used in Cramer's Rule for a system of three equations are shown. The first determinant, labeled D, contains the coefficients a, b, and c in three rows. The second determinant, labeled D subscript x, is formed by replacing the first column of D with the constants d while leaving the other two columns unchanged. The third determinant, labeled D subscript y, is formed by replacing the second column with the constants d. The fourth determinant, labeled D subscript z, is formed by replacing the third column with the constants d. In each determinant, the substituted column of constants is highlighted.]
, , , D ≠ 0
· Dₓ: replace the x column with the constant column
· Dᵧ: replace the y column with the constant column
· Dz: replace the z column with the constant column

When the determinant D = 0, Cramer's Rule gives no indication of whether the system has no solution or infinite solutions. Use elimination to determine which case applies.







Example
Find the solution to the given  system using Cramer's Rule.



 
 
 
 
 


Try It
Use Cramer's Rule to solve the 3 × 3 matrix.



 
 


 


Example
Solve the system with an infinite number of solutions.



















Try It
Solve the system using Cramer’s rule
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