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		Algebra Essentials: Background You'll Need 1

								

	
				 	Use prime factorization techniques to break down numbers into their prime factors.
 
  What are Prime and Composite Numbers?
 prime numbers
 Prime Numbers are natural numbers greater than [image: 1] that have only two distinct positive divisors: [image: 1] and themselves.
  This means they can only be divided evenly (without leaving a remainder) by 1 and the number itself. Prime numbers are the building blocks of all natural numbers because every number can be expressed as a product of primes.
 Examples of Prime Numbers:[image: 2] (note: it is the only even prime number), [image: 3, 5, 7, 11, 29]. composite numbers
 Composite Numbers are natural numbers that have more than two positive divisors.
  In other words, aside from being divisible by [image: 1] and the number itself, composite numbers can be divided evenly by at least one other number.
 Examples of Composite Numbers:[image: 4] (divisors: [image: 1, 2, 4]) and [image: 15] (divisors: [image: 1, 3, 5, 15]) The number [image: 1] is neither prime nor composite! It is unique in that it has only one positive divisor (itself). An interactive online homework element has been excluded from the printed version of the text. To see the interactive element that was excluded, please visit the courseware online.
 
  Prime Factorization
 The prime factorization of a number is the product of prime numbers that equals the number. You may want to refer to the following list of prime numbers less than [image: 50] as you work through this section.
 [image: 2,3,5,7,11,13,17,19,23,29,31,37,41,43,47]
 Memorizing the first five prime numbers —[image: 2, 3, 5, 7, 11]— will coming in handy when reducing fractions. Prime Factorization Using the Factor Tree Method
 One way to find the prime factorization of a number is to make a factor tree. We start by writing the number, and then writing it as the product of two factors. We write the factors below the number and connect them to the number with a small line segment—a “branch” of the factor tree. If a factor is prime, we circle it (like a bud on a tree), and do not factor that “branch” any further. If a factor is not prime, we repeat this process, writing it as the product of two factors and adding new branches to the tree. We continue until all the branches end with a prime. When the factor tree is complete, the circled primes give us the prime factorization. For example, let’s find the prime factorization of [image: 36]. We can start with any factor pair such as [image: 3] and [image: 12]. We write [image: 3] and [image: 12] below [image: 36] with branches connecting them.
 [image: A factor tree with the number 36 at the top. Two branches are splitting out from under 36. The right branch has a number 3 at the end with a circle around it. The left branch has the number 12 at the end.] 
 The factor [image: 3] is prime, so we circle it. The factor [image: 12] is composite, so we need to find its factors. Let’s use [image: 3] and [image: 4]. We write these factors on the tree under the [image: 12].
 [image: A factor tree with the number 36 at the top. Two branches are splitting out from under 36. The right branch has a number 3 at the end with a circle around it. The left branch has the number 12 at the end. Two more branches are splitting out from under 12. The right branch has the number 4 at the end and the left branch has the number 3 at the end.] 
 The factor [image: 3] is prime, so we circle it. The factor [image: 4] is composite, and it factors into [image: 2\cdot 2]. We write these factors under the [image: 4]. Since [image: 2] is prime, we circle both [image: 2\text{s}].
 [image: A factor tree with the number 36 at the top. Two branches are splitting out from under 36. The right branch has a number 3 at the end with a circle around it. The left branch has the number 12 at the end. Two more branches are splitting out from under 12. The right branch has the number 4 at the end and the left branch has the number 3 at the end with a circle around it. Two more branches are splitting out from under 4. Both the left and right branch have the number 2 at the end with a circle around it.] 
 The prime factorization is the product of the circled primes. We generally write the prime factorization in order from least to greatest.
 [image: 2\cdot 2\cdot 3\cdot 3]
 In cases like this, where some of the prime factors are repeated, we can write prime factorization in exponential form.
 [image: \begin{array}{c}2\cdot 2\cdot 3\cdot 3\\ \\ {2}^{2}\cdot {3}^{2}\end{array}]
 Note that we could have started our factor tree with any factor pair of [image: 36]. We chose [image: 12] and [image: 3], but the same result would have been the same if we had started with [image: 2] and [image: 18,4] and [image: 9], or [image: 6] and [image: 6].
 How to: Find the prime factorization of a composite number using the tree method
 	Find any factor pair of the given number, and use these numbers to create two branches.
 	If a factor is prime, that branch is complete. Circle the prime.
 	If a factor is not prime, write it as the product of a factor pair and continue the process.
 	Write the composite number as the product of all the circled primes.
 
  Let’s take a look at the number [image: 48].Note: We can also visualize the decomposition of a composite number into its prime components, much like creating a blueprint for a building but with numbers, using a factor tree. Each ‘branch’ of our factor tree represents a division by a prime factor. 	Ask yourself, ‘What prime number is a factor of [image: 48]?’ 	Well, the smallest prime number is [image: 2].
 	Divide [image: 48] by [image: 2], giving you [image: 24].
 
  	[image: .] 
 	Next, consider [image: 24]. 	It’s not a prime number, so what two numbers multiply to get[image: 24]?
 	One option is [image: 4] and [image: 6].
 
  	[image: .] 
 		Notice that [image: 4] is not a prime number, but can be broken down further into [image: 2] and [image: 2].
 	[image: 6] can also be decomposed. Break it down into [image: 2] and [image: 3], with 3 being a prime number.
 
  	[image: .] 
 	We have fully factored down [image: 48] into its prime factors.
 Let’s write the product of all of the prime factors from least to greatest. 	[image: 48 = 2\cdot 2\cdot 2\cdot 2\cdot 3] In exponential form: [image: 48 = 2^4 \cdot 3]
 
  
  An interactive online homework element has been excluded from the printed version of the text. To see the interactive element that was excluded, please visit the courseware online.
 
  An interactive online homework element has been excluded from the printed version of the text. To see the interactive element that was excluded, please visit the courseware online.
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		Algebra Essentials: Background You'll Need 2

								

	
				 	Add, subtract, multiple and divide fractions
 
  Fractions
 A fraction is written [image: \dfrac{a}{b}], where [image: a] and [image: b] are integers and [image: b \ne 0].
 In a fraction, [image: a] is called the numerator and [image: b] is called the denominator.
 
 A fraction is a way to represent parts of a whole. The denominator [image: b] represents the number of equal parts the whole has been divided into, and the numerator [image: a] represents how many parts are included. The denominator, [image: b], cannot equal zero because division by zero is undefined. Adding Fractions
 The first step in adding fractions is to check if they have the same bottom number, also known as a ‘common denominator.’ When the two fractions have a common denominator, then adding the two numbers is straightforward – add the numerators, and then place that value in the numerator and the common denominator in the denominator. When the fraction does not have common denominators, then we have to transform the fractions so that they do have common denominators. This is technically called finding the least common multiple (LCM).
 We can find the least common multiple using the prime factorization method.
 How To: Finding the Least Common Multiple Through Prime Factorization 	Find the prime factors of each denominator. You can use a factor tree or division method to break down each number into its prime factors.
 	List down all the unique prime factors that appear in the prime factorization of each number.
 	For each unique prime factor, identify the highest power to which it is raised in any of the given numbers.
 	Multiply together the highest powers of all the unique prime factors. The result is the least common multiple (LCM) of the given numbers.
 
  Now that we know how to find the least common multiple, adding fractions with unlike denominators becomes easier.
 How To: Adding Fractions With Unlike Denominators 	Find a common denominator.
 	Rewrite each fraction using the common denominator.
 	Now that the fractions have a common denominator, you can add the numerators.
 	Simplify by canceling out all common factors in the numerator and denominator.
 
  Add [image: \Large\frac{3}{7}+\Large\frac{2}{21}]. Show Solution Since the denominators are not alike, find the least common denominator by finding the least common denominators (LCD) of 7 and 21.
 Multiples of [image: 7: 7, 14, \textbf{21}]
 Multiples of [image: 21:\textbf{21}]
 Rewrite the first fraction to have a denominator of [image: 21]. Since [image: 21 = 7*3], we want to multiply the first fraction by [image: \frac{3}{3}]:
 [image: \Large(\frac{3}{7})(\frac{3}{3})+\Large\frac{2}{21}=\Large\frac{9}{21}+\Large\frac{2}{21}]
 Add the fractions by adding the numerators and keeping the denominator the same.
 [image: \Large\frac{9}{21}+\Large\frac{2}{21}=\Large\frac{11}{21}]
 Answer
 [image: \Large\frac{3}{7}+\Large\frac{2}{21}=\Large\frac{11}{21}]
   An interactive online homework element has been excluded from the printed version of the text. To see the interactive element that was excluded, please visit the courseware online.
 
  Subtracting Fractions
 When you subtract fractions, you must think about whether they have a common denominator, just like with adding fractions. When the two fractions have a common denominator, then subtracting the two numbers is straightforward – subtract the numerators, and then place that value in the numerator and the common denominator in the denominator.
 Just like when adding fractions, when subtracting fractions that do not have common denominators, we have to transform the fractions so that they do have common denominators. This can be done the same way we did when adding fractions.
 How To: Subtracting Fractions With Unlike Denominators 	Find a common denominator.
 	Rewrite each fraction using the common denominator.
 	Now that the fractions have a common denominator, you can subtract the numerators.
 	Simplify by canceling out all common factors in the numerator and denominator.
 
  Calculate [image: \frac{14}{25}-\frac{9}{70}]. Show Solution The denominators of the fractions are [image: 25] and [image: 70]. We need to find the LCM of [image: 25] and [image: 70].
 [image: LCM(25,70)=350]
 Next, we rewrite each fraction with [image: 350] as the common denominator.
 [image: \frac{14}{25}=\frac{14×14}{350}]
 [image: \frac{9}{70}=\frac{9×5}{350}]
 Now, we can subtract the two fractions together.
 [image: \frac{14×14}{350}-\frac{9×5}{350}]
 [image: \frac{196}{350}-\frac{45}{350}]
 [image: \frac{196-45}{350}]
 [image: \frac{151}{350}]
 [image: \frac{14}{25}-\frac{9}{70}=\frac{151}{350}]
   An interactive online homework element has been excluded from the printed version of the text. To see the interactive element that was excluded, please visit the courseware online.
 
  Multiplying Fractions
 Just as you add, subtract, multiply, and divide when working with whole numbers, you also use these operations when working with fractions. Multiplying fractions is less complicated than adding or subtracting fractions, as there is no need to find common denominators. To multiply fractions, multiply the numerators, then multiply the denominators, and write the numerator product divided by the denominator product.
 Calculate [image: \frac{12}{25} \times \frac{10}{21}]. Show Solution Multiply the numerators and place that in the numerator, and then multiply the denominators and place that in the denominator.
 [image: \frac{12}{25} \times \frac{10}{21}=\frac{12 \times 10}{25 \times 21}=\frac{120}{525}]
 Once we have that result, reduce to lowest terms, which gives
 [image: \frac{120}{525}=\frac{15 \times 8}{15 \times 35}=\frac{\cancel{15}×8}{\cancel{15}×35}=\frac{8}{35}]
  An interactive online homework element has been excluded from the printed version of the text. To see the interactive element that was excluded, please visit the courseware online.
 
  Dividing Fractions
  Before discussing division of fractions, we should look at the reciprocal of a number. The reciprocal of a number is [image: 1] divided by the number. For a fraction, the reciprocal is the fraction formed by switching the numerator and denominator.  An important feature for a number and its reciprocal is that their product is [image: 1]. Sometimes we call the reciprocal the “flip” of the other number: flip [image: \frac{2}{5}] to get the reciprocal [image: \frac{5}{2}].
 When dividing two fractions, find the reciprocal of the divisor (the number that is being divided into the other number). Next, replace the divisor by its reciprocal and change the division into multiplication. Then, perform the multiplication.
 Any easy way to remember how to divide fractions is the phrase “keep, change, flip.” This means to KEEP the first number, CHANGE the division sign to multiplication, and then FLIP (use the reciprocal) of the second number. Divide [image: \frac{2}{3}\div \frac{1}{6}]. Show Solution KEEP [image: \frac{2}{3}] CHANGE  [image: \div] to  [image: \times] FLIP  [image: \frac{1}{6}]
 [image: \frac{2}{3} \times \frac{6}{1}]
 Multiply numerators and multiply denominators.
 [image: \frac{2 \times 6}{3 \times 1}=\frac{12}{3}]
 Simplify.
 [image: \frac{12}{3}=4]
 Answer
 [image: \frac{2}{3}\div \frac{1}{6}=4]
  An interactive online homework element has been excluded from the printed version of the text. To see the interactive element that was excluded, please visit the courseware online.
 
  [image: Caution]Caution! Division by zero is undefined and so is the reciprocal of any fraction that has a zero in the numerator. For any real number [image: a], [image: \frac{a}{0}] is undefined. Additionally, the reciprocal of [image: \frac{0}{a}] will always be undefined.
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				 	Learn to spot the difference between letters and numbers in math expressions and combine similar terms to simplify them.
 
  Simplifying Algebraic Expressions
 Algebraic expressions are combinations of variables, constants, and mathematical operations. Simplifying these expressions is a fundamental skill in algebra that helps us solve equations more easily and understand mathematical relationships better.
 Before we begin simplifying, it’s crucial to understand the difference between variables and constants.
 Constant and Variables
 In the study of mathematics and programming, two fundamental concepts that frequently arise are constants and variables. Constants are elements that remain unchanged within a given scenario, providing a stable and known value that can simplify calculations and coding. On the other hand, variables represent elements whose values can change, depending on the conditions of the problem or the inputs to a program. These concepts are crucial for developing equations, functions, and algorithms that accurately model real-world phenomena. Understanding the differences between constants and variables is key to mastering mathematical expressions and enhancing problem-solving skills.
 	Aspect 	Constant 	Variable 
 	Value Stability 	Remain fixed and unchanging. 	Can change based on context or conditions. 
 	Representation 	Fixed numerical values (e.g., [image: 5, -3, \frac{1}{2}]) 	Letters or symbols that represent unknown or changing values (e.g., [image: x, y, z]) 
 	Role 	Known values in calculations and programming. 	Unknown or variable quantities to be determined. 
  
 Identify the constant and variables of the following algebraic expressions. 	[image: 3x+4]
 
 Show Answer Here, [image: x] is the variable as it represents an unknown value that can change. The number [image: 4] is the constant because it is a specific, unchanging value added to the variable part.
 Note: [image: 3] is the coefficient of the variable [image: x]. It multiplies the variable. However, when discussing algebraic expressions, the term “constant” typically refers to standalone values, not coefficients.
 	[image: x^2 +3x+4]
 
 Show Answer Here, [image: x] is the variable, appearing in two terms with different powers. The number [image: 4] is the constant because it is a specific, unchanging value added to the variable part. 
 	[image: 2xy]
 
 Show Answer 	Variables: [image: x] and [image: y] are both variables. They represent quantities that can vary.
 	Coefficient: [image: 2] is the coefficient. It multiplies the product of two variables, [image: x] and [image: y].
 	There is no constant term in this algebraic expression.

  Combining Like Terms
 Combining like terms is an essential technique in simplifying algebraic expressions. To combine like terms, first identify terms within the expression that have identical variables raised to the same power. Once identified, you can add or subtract their coefficients while keeping the variable part unchanged.
 Characteristics of Like Terms:
 	Same Variables: Like terms must involve the exact same variables. For example, [image: 2x] and [image: 5x] are like terms because both contain the variable [image: x].
 	Same Exponents: The variables in like terms must be raised to the same power. For instance, [image: 3x^2] and [image: -7x^2] are like terms because both terms include [image: x] squared.
 	Coefficients Can Vary: The coefficients (numerical values multiplying the variables) can be different. In the examples above, [image: 2] and [image: 5] are different coefficients for terms involving [image: x], and [image: 3] and [image: -7] are different coefficients for terms involving [image: x^2].
 
 How to: Simplify Algebraic Expressions by Combining Like Terms
 	Identify variables and constants in the expression.
 	Group like terms together.
 	Combine like terms by adding or subtracting their coefficients.
 	Write the simplified expression with unlike terms separated.
 
  Simplify the following algebraic expression:[image: 5x-2y-8x+7y] Show Solution The like terms in this expression are:
 	[image: 5x] and [image: -8x]
 	[image: -2y] and [image: 7y]
 
 Note how we kept the sign in front of each term.
 Combine like terms:
 	[image: 5x-8x = (5-8)x = -3x]
 	[image: -2y+7y = (-2+7)y = 5y]
 
 Note how signs become operations when you combine like terms.
 Simplified Expression:
 [image: 5x-2y-8x+7y=-3x+5y]
  An interactive online homework element has been excluded from the printed version of the text. To see the interactive element that was excluded, please visit the courseware online.
 
  An interactive online homework element has been excluded from the printed version of the text. To see the interactive element that was excluded, please visit the courseware online.
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		Introduction to Real Numbers: Learn It 1

								

	
				 	Categorize real numbers as counting numbers, whole numbers, rational numbers, irrational numbers, or integers
 	Recognize and use the properties of real numbers
 	Simplify and evaluate an algebraic equation
 
  Classifying a Real Number
 Categories of Real Numbers
 Whole, Counting Numbers, and Integers
 In elementary mathematics, we frequently use the most fundamental set of numbers, which we typically employ for counting objects: [image: 1, 2, 3, 4, 5, ...] and so forth. These numbers are referred to as the counting numbers. The discovery of the number zero was a big step in the history of mathematics. Including zero with the counting numbers gives a new set of numbers called the whole numbers.
 Integers are counting numbers, their opposites, and zero.
  
 [image: \dots{-3,-2,-1,0,1,2,3}\dots]
 whole, counting numbers, and integers
 Counting numbers start with [image: 1] and continue.
  
 [image: 1,2,3,4,5\dots] 
 Whole numbers are the counting numbers and zero.
  
 [image: 0,1,2,3,4,5\dots]Integers are counting numbers, their opposites, and zero.
  
 [image: \dots{-3,-2,-1,0,1,2,3}\dots]

  Rational Numbers
 What type of numbers would you get if you started with all the integers and then included all the fractions? The numbers you would have form the set of rational numbers. A rational number is a number that can be written as a ratio of two integers.
 rational number
 A rational number is a number that can be written in the form [image: {\Large\frac{p}{q}}], where [image: p] and [image: q] are integers and [image: q\ne 0].
  
 All fractions, both positive and negative, are rational numbers.
 
  We can write each of the following as a rational number. 	[image: 7=\dfrac{7}{1}].
 	[image: 0=\dfrac{0}{1}].
 	[image: -8=-\dfrac{8}{1}].
 
 Because they are fractions, any rational number can also be expressed in decimal form. Any rational number can be represented as either:
 	a terminating decimal: [image: \frac{15}{8}=1.875], or
 	a repeating decimal: [image: \frac{4}{11}=0.36363636\dots =0.\overline{36}]
 
 We use a line drawn over the repeating block of numbers instead of writing the group multiple times.
  Are Integers Rational Numbers?
  
 To decide if an integer is a rational number, we try to write it as a ratio of two integers. An easy way to do this is to write it as a fraction with denominator one.
 [image: 3=\Large\frac{3}{1}\normalsize ,\space-8=\Large\frac{-8}{1}\normalsize ,\space0=\Large\frac{0}{1}]
 Since any integer can be written as the ratio of two integers, all integers are rational numbers. Remember that all the counting numbers and all the whole numbers are also integers, and so they, too, are rational.
 What about decimals? Are they rational? Let’s look at a few to see if we can write each of them as the ratio of two integers. We’ve already seen that integers are rational numbers. The integer [image: -8] could be written as the decimal [image: -8.0]. So, clearly, some decimals are rational.
 Think about the decimal [image: 7.3]. Can we write it as a ratio of two integers? Because [image: 7.3] means [image: 7\Large\frac{3}{10}], we can write it as an improper fraction, [image: \Large\frac{73}{10}]. So [image: 7.3] is the ratio of the integers [image: 73] and [image: 10]. It is a rational number. In general, any decimal that ends after a number of digits such as [image: 7.3] or [image: -1.2684] is a rational number. We can use the place value of the last digit as the denominator when writing the decimal as a fraction.
  Irrational Numbers
 We defined rational numbers as numbers that could be expressed as a fraction of two integers. Irrational numbers are numbers that cannot be expressed as a fraction of two integers. So irrational numbers must be those whose decimal representations do not terminate or become a repeating pattern.
 irrational number
 An irrational number is a number that cannot be written as the ratio of two integers. Its decimal form does not stop and does not repeat.
 
  Let’s summarize a method we can use to determine whether a number is rational or irrational. If the decimal form of a number, 	stops or repeats, the number is rational.
 	does not stop and does not repeat, the number is irrational.
 
  Identify each of the following as rational or irrational: 	[image: 0.58\overline{3}]
 	[image: 0.475]
 	[image: 3.605551275\dots]
 
 Show Solution 	[image: 0.58\overline{3}] The bar above the [image: 3] indicates that it repeats. Therefore, [image: 0.58\overline{3}] is a repeating decimal, and is therefore a rational number.
 	[image: 0.475] This decimal stops after the [image: 5], so it is a rational number.
 	[image: 3.605551275\dots] The ellipsis [image: (\dots)] means that this number does not stop. There is no repeating pattern of digits. Since the number doesn’t stop and doesn’t repeat, it is irrational.
 
   Another collection of irrational numbers is based on the special number, pi, denoted by the Greek letter [image: \pi], which is the ratio of the circumference of the diameter of the circle. Any multiple or power of [image: \pi] is an irrational number.
 Real Numbers
 We have seen that all counting numbers are whole numbers, all whole numbers are integers, and all integers are rational numbers. Irrational numbers are a separate category of their own. When we put together the rational numbers and the irrational numbers, we get the set of real numbers.
 real numbers
 Real numbers are numbers that are either rational or irrational.
 
  This diagram illustrates the relationships between the different types of real numbers.
  
 [image: The image shows a large rectangle labeled real numbers. Inside this rectangle, there are two more rectangles labeled rational numbers and irrational numbers. Inside the rational numbers rectangle, there is a rectangle labeled integers. Inside of that rectangle, there is another rectangle labeled whole numbers. Inside of that rectangle is a square labeled counting numbers.]
 The real numbers can be visualized on a horizontal number line with an arbitrary point chosen as [image: 0], with negative numbers to the left of [image: 0] and positive numbers to the right of [image: 0]. A fixed unit distance is then used to mark off each integer (or other basic value) on either side of [image: 0]. Any real number corresponds to a unique position on the number line. The converse is also true: each location on the number line corresponds to exactly one real number. This is known as a one-to-one correspondence. We refer to this as the real number line.
 [image: A number line that is marked from negative five to five]The real number line Does the term “real numbers” seem strange to you? Are there any numbers that are not “real”, and, if so, what could they be?For centuries, the only numbers people knew about were what we now call the real numbers. Then mathematicians discovered the set of imaginary numbers.An imaginary number is a number that, when squared, has a negative result, typically expressed as a real number multiplied by the imaginary unit [image: i], where [image: i^2=−1]. We won’t discuss imaginary numbers in this section, but you may encounter them in other places in this course. Determine whether each of the numbers in the following list is a 	whole number
 	integer
 	rational number
 	irrational number
 	real number
 
 [image: -7], [image: \frac{14}{5}], [image: 8], [image: \sqrt{5}], [image: 5.9], [image: -\sqrt{64}]
 Show Solution 	The whole numbers are [image: 0,1,2,3\dots] The number [image: 8] is the only whole number given.
 	The integers are the whole numbers, their opposites, and [image: 0]. From the given numbers, [image: -7] and [image: 8] are integers. Also, notice that [image: 64] is the square of [image: 8] so [image: -\sqrt{64}=-8]. So the integers are [image: -7,8,-\sqrt{64}].
 	Since all integers are rational, the numbers [image: -7,8,] and [image: -\sqrt{64}] are also rational. Rational numbers also include fractions and decimals that terminate or repeat, so [image: \Large\frac{14}{5}] and [image: 5.9] are rational.
 	The number [image: 5] is not a perfect square, so [image: \sqrt{5}] is irrational.
 	All of the numbers listed are real.
 
 We’ll summarize the results in a table.
 	Number 	[image: -7] 	[image: \frac{14}{5}] 	[image: 8] 	[image: \sqrt{5}] 	[image: 5.9] 	[image: -\sqrt{64}] 
  	Whole 	 	 	[image: \quad\checkmark] 	 	 	 
 	Integer 	[image: \quad\checkmark] 	 	[image: \quad\checkmark] 	 	 	[image: \quad\checkmark] 
 	Rational 	[image: \quad\checkmark] 	[image: \quad\checkmark] 	[image: \quad\checkmark] 	 	[image: \quad\checkmark] 	[image: \quad\checkmark] 
 	Irrational 	 	 	 	[image: \quad\checkmark] 	 	 
 	Real 	[image: \quad\checkmark] 	[image: \quad\checkmark] 	[image: \quad\checkmark] 	[image: \quad\checkmark] 	[image: \quad\checkmark] 	[image: \quad\checkmark] 
  
   An interactive online homework element has been excluded from the printed version of the text. To see the interactive element that was excluded, please visit the courseware online.
 
  Sets of Numbers as Subsets
 Beginning with the natural numbers, we have expanded each set to form a larger set, meaning that there is a subset relationship between the sets of numbers we have encountered so far. These relationships become more obvious when seen as a diagram.
 [image: A large box labeled: Real Numbers encloses five circles. Four of these circles enclose each other and the other is separate from the rest. The innermost circle contains: 1, 2, 3… N. The circle enclosing that circle contains: 0 W. The circle enclosing that circle contains: …, -3, -2, -1 I. The outermost circle contains: m/n, n not equal to zero Q. The separate circle contains: pi, square root of two, etc Q´.]Sets of numbers.   N: the set of natural numbers   W: the set of whole numbers   I: the set of integers   Q: the set of rational numbers   Q´: the set of irrational numbers sets of numbers
 	The set of natural numbers includes the numbers used for counting: [image: \{1,2,3,\dots\}].
 	The set of whole numbers is the set of natural numbers plus zero: [image: \{0,1,2,3,\dots\}].
 	The set of integers adds the negative natural numbers to the set of whole numbers: [image: \{\dots,-3,-2,-1,0,1,2,3,\dots\}].
 	The set of rational numbers includes fractions written as [image: \{\frac{m}{n}|m\text{ and }n\text{ are integers and }n\ne 0\}].
 	The set of irrational numbers is the set of numbers that are not rational, are nonrepeating, and are nonterminating: [image: \{h|h\text{ is not a rational number}\}].
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				Order of Operations
 To evaluate a mathematical expression, we perform the various operations. However, we do not perform them in any random order. We use the order of operations. This is a sequence of rules for evaluating such expressions.
 order of operations
 The order of operations is a set of rules used in mathematics to determine the sequence in which operations should be performed to correctly solve an expression.
  
 The standard order in which these operations must be carried out is often remembered by the acronym PEMDAS:
 	P(arentheses): First, perform all operations inside parentheses ( ) or other grouping symbols like brackets [ ] and braces { }. Additionally, fraction bars, radicals, and absolute value bars are treated as grouping symbols.
 	E(xponents): Next, solve any exponents ([image: a^n = a \cdot a \cdot ... \cdot a]) and roots.
 	M(ultiplication) and D(ivision): Then, perform all multiplication and division from left to right, as they appear in the expression. These operations are of equal precedence and are carried out in the order they occur from left to right.
 	A(ddition) and S(ubtraction): Lastly, perform all addition and subtraction from left to right, as they appear. Like multiplication and division, these operations are of equal precedence and should be carried out from left to right.
 
 This order of operations is true for all real numbers.
  How to: Given a mathematical expression, simplify it using the order of operations. 	Simplify any expressions within grouping symbols.
 	Simplify any expressions containing exponents or radicals.
 	Perform any multiplication and division in order, from left to right.
 	Perform any addition and subtraction in order, from left to right.
 
  Simplify the expression [image: 8+(3\cdot2^2)-3]. Show Answer 	Parentheses: First, solve the expression inside the parentheses. 	Inside the parentheses: [image: 3\cdot 2^2]
 
 
 	Exponents: Solve any exponents. 	[image: 2^2 = 2 \cdot 2 = 4], so the expression inside the parentheses becomes [image: 3\cdot 4].
 
 
 	Multiplication: Then, perform the multiplication. 	[image: 3\cdot4 =12], so now the expression is [image: 8+12-3].
 
 
 	Addition and Subtraction: Finally, perform the addition and subtraction from left to right. 	[image: 8+12-3]
 	[image: 20-3]
 	[image: 17]
 
 
 
 Therefore, [image: 8+(3\cdot2^2)-3 = 17].
   For some complicated expressions, several passes through the order of operations will be needed. For instance, there may be a radical expression inside parentheses that must be simplified before the parentheses are evaluated. Following the order of operations ensures that anyone simplifying the same mathematical expression will get the same result.
 Use the order of operations to evaluate each of the following expressions. 	[image: {\left(3\cdot 2\right)}^{2}-4\left(6+2\right)]
 	[image: \dfrac{{5}^{2}-4}{7}-\sqrt{11 - 2}]
 	[image: 6-|5 - 8|+3\left(4 - 1\right)]
 	[image: \dfrac{14 - 3\cdot 2}{2\cdot 5-{3}^{2}}]
 	[image: 7\left(5\cdot 3\right)-2\left[\left(6 - 3\right)-{4}^{2}\right]+1]
 
 Show Solution 1.
 [image: \begin{align}\left(3\cdot 2\right)^{2} & =\left(6\right)^{2}-4\left(8\right) && \text{Simplify parentheses} \\ & =36-4\left(8\right) && \text{Simplify exponent} \\ & =36-32 && \text{Simplify multiplication} \\ & =4 && \text{Simplify subtraction}\end{align}]
 2.
 [image: \begin{align}\frac{5^{2}-4}{7}-\sqrt{11-2} & =\frac{5^{2}-4}{7}-\sqrt{9} && \text{Simplify grouping systems (radical)} \\ & =\frac{5^{2}-4}{7}-3 && \text{Simplify radical} \\ & =\frac{25-4}{7}-3 && \text{Simplify exponent} \\ & =\frac{21}{7}-3 && \text{Simplify subtraction in numerator} \\ & =3-3 && \text{Simplify division} \\ & =0 && \text{Simplify subtraction}\end{align}]
 Note that in the first step, the radical is treated as a grouping symbol, like parentheses. Also, in the third step, the fraction bar is considered a grouping symbol so the numerator is considered to be grouped.
 3.
 [image: \begin{align}6-|5-8|+3\left(4-1\right) & =6-|-3|+3\left(3\right) && \text{Simplify inside grouping system} \\ & =6-3+3\left(3\right) && \text{Simplify absolute value} \\ & =6-3+9 && \text{Simplify multiplication} \\ & =3+9 && \text{Simplify subtraction} \\ & =12 && \text{Simplify addition}\end{align}]
 4.
 [image: \begin{align}\frac{14-3\cdot2}{2\cdot5-3^{2}} & =\frac{14-3\cdot2}{2\cdot5-9} && \text{Simplify exponent} \\ & =\frac{14-6}{10-9} && \text{Simplify products} \\ & =\frac{8}{1} && \text{Simplify quotient} \\ & =8 && \text{Simplify quotient}\end{align}]
 In this example, the fraction bar separates the numerator and denominator, which we simplify separately until the last step.
 5.
 [image: \begin{align}7\left(5\cdot3\right)-2[\left(6-3\right)-4^{2}]+1 & =7\left(15\right)-2[\left(3\right)-4^{2}]+1 && \text{Simplify inside parentheses} \\ & 7\left(15\right)-2\left(3-16\right)+1 && \text{Simplify exponent} \\ & =7\left(15\right)-2\left(-13\right)+1 && \text{Subtract} \\ & =105+26+1 && \text{Multiply} \\ & =132 && \text{Add}\end{align}]
   An interactive online homework element has been excluded from the printed version of the text. To see the interactive element that was excluded, please visit the courseware online.
 
  An interactive online homework element has been excluded from the printed version of the text. To see the interactive element that was excluded, please visit the courseware online.
 
  An interactive online homework element has been excluded from the printed version of the text. To see the interactive element that was excluded, please visit the courseware online.
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				Properties of Real Numbers
 For some activities we perform, the order of certain operations does not matter, but the order of other operations does. For example, it does not make a difference if we put on the right shoe before the left or vice-versa. However, it does matter whether we put on shoes or socks first. The same thing is true for operations in mathematics.
 Commutative Properties
 The commutative property of addition states that numbers may be added in any order without affecting the sum.
 [image: a+b=b+a]
 For example: [image: \left(-2\right)+7=5\text{ and }7+\left(-2\right)=5]
  
 Similarly, the commutative property of multiplication states that numbers may be multiplied in any order without affecting the product.
 [image: a\cdot b=b\cdot a]
 For example: [image: \left(-11\right)\cdot\left(-4\right)=44\text{ and }\left(-4\right)\cdot\left(-11\right)=44]
 commutative properties
 	Property 	Example 	In Words 
 	Commutative Property of Addition
 [image: a + b = b + a] 	[image: 3 + 7 = 7 + 3] 	Numbers can be added in any order 
 	Commutative Property of Multiplication
 [image: a \times b = b \times a] 	[image: 10 \times 4 = 4 \times 10] 	Numbers can be multiplied in any order 
  
 
  It is important to note that neither subtraction nor division is commutative. For example, [image: 17 - 5] is not the same as [image: 5 - 17]. Similarly, [image: 20\div 5\ne 5\div 20]. An interactive online homework element has been excluded from the printed version of the text. To see the interactive element that was excluded, please visit the courseware online.
 
  An interactive online homework element has been excluded from the printed version of the text. To see the interactive element that was excluded, please visit the courseware online.
 
  Associative Properties
 The associative property of multiplication tells us that it does not matter how we group numbers when multiplying. We can move the grouping symbols to make the calculation easier, and the product remains the same.
 [image: a\left(bc\right)=\left(ab\right)c]
 Consider this example: [image: \left(3\cdot4\right)\cdot5=60\text{ and }3\cdot\left(4\cdot5\right)=60]
  
 The associative property of addition tells us that numbers may be grouped differently without affecting the sum.
 [image: a+\left(b+c\right)=\left(a+b\right)+c]
 This property can be especially helpful when dealing with negative integers.
 Consider this example: [image: [15+\left(-9\right)]+23=29\text{ and }15+[\left(-9\right)+23]=29]
  associative properties
 	Property 	Example 	In Words 
 	Associative Property of Addition
 [image: a + (b + c) = (a + b) + c] 	[image: 4 + (3 + 8) = (4 + 3) + 8] 	Doesn’t matter which pair of numbers is added first 
 	Associative Property of Multiplication
 [image: a \times (b \times c) = (a \times b) \times c] 	[image: 2 \times (5 \times 7) = (2 \times 5) \times 7] 	Doesn’t matter which pair of numbers is multiplied first 
  
  Are subtraction and division associative?To answer this, review these examples. [image: \begin{align}8-\left(3-15\right) & \stackrel{?}{=}\left(8-3\right)-15 \\ 8-\left(-12\right) & \stackrel{?}=5-15 \\ 20 & \neq 20-10 \\ \text{ }\end{align}]
 [image: \begin{align}64\div\left(8\div4\right)&\stackrel{?}{=}\left(64\div8\right)\div4 \\ 64\div2 & \stackrel{?}{=}8\div4 \\ 32 & \neq 2 \\ \text{ }\end{align}]
 As we can see, neither subtraction nor division is associative.
  An interactive online homework element has been excluded from the printed version of the text. To see the interactive element that was excluded, please visit the courseware online.
 
  An interactive online homework element has been excluded from the printed version of the text. To see the interactive element that was excluded, please visit the courseware online.
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				Properties of Real Numbers Cont.
 Distributive Property
 The distributive property states that the product of a factor times a sum is the sum of the factor times each term in the sum.
 [image: a\cdot \left(b+c\right)=a\cdot b+a\cdot c]
 This property combines both addition and multiplication (and is the only property to do so).
 distributive property
 	Property 	Example 	In Words 
 	Distributive Property
 [image: a \times (b + c) = a \times b + a \times c] 	[image: 5 \times (3 + 4) = 5 \times 3 + 5 \times 4] 	Multiplication distributes across addition 
  
 
  Let us consider an example.[image: The number four is separated by a multiplication symbol from a bracketed expression reading: twelve plus negative seven. Arrows extend from the four pointing to the twelve and negative seven separately. This expression equals four times twelve plus four times negative seven. Under this line the expression reads forty eight plus negative twenty eight. Under this line the expression reads twenty as the answer.]Note that [image: 4] is outside the grouping symbols, so we distribute the [image: 4] by multiplying it by [image: 12], multiplying it by [image: –7], and adding the products. To be more precise when describing this property, we say that multiplication distributes over addition. The reverse is not true, as we can see in this example.
 [image: \begin{align} 6+\left(3\cdot 5\right)& \stackrel{?}{=} \left(6+3\right)\cdot \left(6+5\right) \\ 6+\left(15\right)& \stackrel{?}{=} \left(9\right)\cdot \left(11\right) \\ 21& \ne 99 \end{align}]
 Multiplication does not distribute over subtraction, and division distributes over neither addition nor subtraction.
 A special case of the distributive property occurs when a sum of terms is subtracted. [image: a-b=a+\left(-b\right)]
 For example, consider the difference [image: 12-\left(5+3\right)]. We can rewrite the difference of the two terms 12 and [image: \left(5+3\right)] by turning the subtraction expression into addition of the opposite. So instead of subtracting [image: \left(5+3\right)], we add the opposite.
 [image: 12+\left(-1\right)\cdot \left(5+3\right)]
 Now, distribute [image: -1] and simplify the result.
 [image: \begin{align}12+\left(-1\right)\cdot\left(5+3\right)&=12+[\left(-1\right)\cdot5+\left(-1\right)\cdot3] \\&=12+(-5-3) \\&=12+\left(-8\right) \\&=4 \end{align}]
 This seems like a lot of trouble for a simple sum, but it illustrates a powerful result that will be useful once we introduce algebraic terms. To subtract a sum of terms, change the sign of each term and add the results. With this in mind, we can rewrite the last example.
 [image: \begin{align}12-\left(5+3\right) &=12+\left(-5-3\right) \\ &=12+\left(-8\right) \\ &=4\end{align}]
  An interactive online homework element has been excluded from the printed version of the text. To see the interactive element that was excluded, please visit the courseware online.
 
  Identity Properties
 The identity property of addition states that there is a unique number, called the additive identity ([image: 0]) that, when added to a number, results in the original number.
  [image: a+0=a]
 The identity property of multiplication states that there is a unique number, called the multiplicative identity ([image: 1]) that, when multiplied by a number, results in the original number.
 [image: a\cdot 1=a]
  identity properties
 	Property 	Example 	In Words 
 	Additive Identity Property
 [image: a + 0 = a] 	[image: 17 + 0 = 17] 	Any number plus [image: 0] is the number 
 	Multiplicative Identity Property
 [image: a \times 1 = a] 	[image: 21 \times 1 = 21] 	Any number times one is the number 
  
 
  For example, we have [image: \left(-6\right)+0=-6] and [image: 23\cdot 1=23]. There are no exceptions for these properties; they work for every real number, including [image: 0] and [image: 1].
 Inverse Properties
 The inverse property of addition states that, for every real number a, there is a unique number, called the additive inverse (or opposite), denoted−a, that, when added to the original number, results in the additive identity, 0.
 [image: a+\left(-a\right)=0]
 For example, if [image: a=-8], the additive inverse is 8, since [image: \left(-8\right)+8=0].
 The inverse property of multiplication holds for all real numbers except 0 because the reciprocal of 0 is not defined. The property states that, for every real number a, there is a unique number, called the multiplicative inverse (or reciprocal), denoted [image: \frac{1}{a}], that, when multiplied by the original number, results in the multiplicative identity, 1.
 [image: a\cdot \dfrac{1}{a}=1]
 For example, if [image: a=-\frac{2}{3}], the reciprocal, denoted [image: \frac{1}{a}], is [image: -\frac{3}{2}] because
 [image: a\cdot \dfrac{1}{a}=\left(-\dfrac{2}{3}\right)\cdot \left(-\dfrac{3}{2}\right)=1]
 inverse properties
 	Property 	Example 	In Words 
 	Additive Inverse Property
 [image: a + (-a) = 0] 	[image: 14 + (-14) = 0] 	Every number plus its negative is [image: 0] 
 	Multiplicative Inverse Property
 [image: a \times \frac{1}{a} = 1], provided [image: (a \neq 0)] 	[image: 3 \times \frac{1}{3} = 1] 	Every non-zero number times its reciprocal is [image: 1] 
  
 
 
  Use the properties of real numbers to rewrite and simplify each expression. State which properties apply. 	[image: 3\cdot 6+3\cdot 4]
 	[image: \left(5+8\right)+\left(-8\right)]
 	[image: 6-\left(15+9\right)]
 	[image: \dfrac{4}{7}\cdot \left(\frac{2}{3}\cdot \dfrac{7}{4}\right)]
 	[image: 100\cdot \left[0.75+\left(-2.38\right)\right]]
 
 Show Solution 1.
 [image: \begin{align}3\cdot6+3\cdot4 &=3\cdot\left(6+4\right) && \text{Distributive property} \\ &=3\cdot10 && \text{Simplify} \\ & =30 && \text{Simplify}\end{align}]
 2.
 [image: \begin{align}\left(5+8\right)+\left(-8\right) &=5+\left[8+\left(-8\right)\right] &&\text{Associative property of addition} \\ &=5+0 && \text{Inverse property of addition} \\ &=5 &&\text{Identity property of addition}\end{align}]
 3.
 [image: \begin{align}6-\left(15+9\right) & =6+(-15-9) && \text{Distributive property} \\ & =6+\left(-24\right) && \text{Simplify} \\ & =-18 && \text{Simplify}\end{align}]
 4.
 [image: \begin{align}\frac{4}{7}\cdot\left(\frac{2}{3}\cdot\frac{7}{4}\right) & =\frac{4}{7} \cdot\left(\frac{7}{4}\cdot\frac{2}{3}\right) && \text{Commutative property of multiplication} \\ & =\left(\frac{4}{7}\cdot\frac{7}{4}\right)\cdot\frac{2}{3} && \text{Associative property of multiplication} \\ & =1\cdot\frac{2}{3} && \text{Inverse property of multiplication} \\ & =\frac{2}{3} && \text{Identity property of multiplication}\end{align}]
 5.
 [image: \begin{align}100\cdot[0.75+\left(-2.38\right)] & =100\cdot0.75+100\cdot\left(-2.38\right) && \text{Distributive property} \\ & =75+\left(-238\right) && \text{Simplify} \\ & =-163 && \text{Simplify}\end{align}]
   An interactive online homework element has been excluded from the printed version of the text. To see the interactive element that was excluded, please visit the courseware online.
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				Algebraic Expressions
 Now that we’ve got the hang of using real numbers and the order of operations, let’s step up our game! So far, the mathematical expressions we have seen have involved real numbers only.
 In mathematics, we may see expressions such as [image: x+5,\frac{4}{3}\pi {r}^{3}], or [image: \sqrt{2{m}^{3}{n}^{2}}]. In the expression [image: x+5, 5] is called a constant because it does not vary and x is called a variable because it does. An algebraic expression is a collection of constants and variables joined together by the algebraic operations of addition, subtraction, multiplication, and division. For example, [image: 3x + 2y - 7] is an algebraic expression that contains two variables [image: x] and [image: y] and three constants [image: 3], [image: 2], and [image: 7].
 constant, variable, algebraic expression
 	A constant is a fixed value or a number that does not change in a particular context.
 	A variable is a symbol that represents a value or quantity that can change or vary in a given situation or context.
 	An algebraic expression is a mathematical phrase or combination of numbers, variables, and arithmetic operations such as addition, subtraction, multiplication, and division.
 
  Evaluating Algebraic Expressions
 Evaluation of an algebraic expression involves a specific process where we replace each variable in the expression with a given number, and then calculate the result using the established order of operations.
 How To: Evaluate Algebraic ExpressionsUse the following steps to evaluate an algebraic expression: 	Replace each variable in the expression with the given value
 	Simplify the resulting expression using the order of operations
 
 Note: If the algebraic expression contains more than one variable, replace each variable with its assigned value and simplify the expression as before.
  Evaluate the expression [image: 2x - 7] for each value for [image: x=1]. Show Answer Here’s how it works:
 	Substitute the Variable: Replace [image: x] with [image: 1] in the expression, turning [image: 2x - 7] into [image: 2(1)-7]
 	Perform Calculations: Next, follow the order of operations. First, multiply [image: 2] by [image: 1]to get [image: 2], and then subtract [image: 7] to get [image: -5].
 
   An interactive online homework element has been excluded from the printed version of the text. To see the interactive element that was excluded, please visit the courseware online.
 
  Evaluate each expression for the given values. 	[image: x+5] for [image: x=-5]
 	[image: \frac{t}{2t - 1}] for [image: t=10]
 	[image: \dfrac{4}{3}\pi {r}^{3}] for [image: r=5]
 	[image: a+ab+b] for [image: a=11,b=-8]
 	[image: \sqrt{2{m}^{3}{n}^{2}}] for [image: m=2,n=3]
 
 Show Solution 	Substitute [image: -5] for [image: x]. [image: \begin{align}x+5 &=\left(-5\right)+5 \\ &=0\end{align}]
 
 	Substitute 10 for [image: t]. [image: \begin{align}\frac{t}{2t-1} & =\frac{\left(10\right)}{2\left(10\right)-1} \\ & =\frac{10}{20-1} \\ & =\frac{10}{19}\end{align}]
 
 	Substitute 5 for [image: r]. [image: \begin{align}\frac{4}{3}\pi r^{3} & =\frac{4}{3}\pi\left(5\right)^{3} \\ & =\frac{4}{3}\pi\left(125\right) \\ & =\frac{500}{3}\pi\end{align}]
 
 	Substitute 11 for [image: a] and –8 for [image: b]. [image: \begin{align}a+ab+b & =\left(11\right)+\left(11\right)\left(-8\right)+\left(-8\right) \\ & =11-8-8 \\ & =-85\end{align}]
 
 	Substitute 2 for [image: m] and 3 for [image: n]. [image: \begin{align}\sqrt{2m^{3}n^{2}} & =\sqrt{2\left(2\right)^{3}\left(3\right)^{2}} \\ & =\sqrt{2\left(8\right)\left(9\right)} \\ & =\sqrt{144} \\ & =12\end{align}]
 
 
   An interactive online homework element has been excluded from the printed version of the text. To see the interactive element that was excluded, please visit the courseware online.
 
  An interactive online homework element has been excluded from the printed version of the text. To see the interactive element that was excluded, please visit the courseware online.
 
  An interactive online homework element has been excluded from the printed version of the text. To see the interactive element that was excluded, please visit the courseware online.
 
  Algebraic Formulas
 An equation is a mathematical statement indicating that two expressions are equal. The expressions can be numerical or algebraic. The equation is not inherently true or false, but only a proposition. The values that make the equation true, the solutions, are found using the properties of real numbers and other results. For example, the equation [image: 2x+1=7] has the unique solution [image: x=3] because when we substitute [image: 3] for [image: x] in the equation, we obtain the true statement [image: 2\left(3\right)+1=7].
 A formula is an equation expressing a relationship between constant and variable quantities. Very often the equation is a means of finding the value of one quantity (often a single variable) in terms of another or other quantities. One of the most common examples is the formula for finding the area [image: A] of a circle in terms of the radius [image: r] of the circle: [image: A=\pi {r}^{2}]. For any value of [image: r], the area [image: A] can be found by evaluating the expression [image: \pi {r}^{2}].
 Equations and formulas
 	An equation is a mathematical statement that shows the equality of two expressions, typically separated by an equal sign. It states that the two expressions have the same value, and the values of variables that make the equation true are called solutions.
 	A formula is a mathematical expression that represents a relationship or a rule between variables or quantities. It usually contains variables, constants, and arithmetic operations, and is used to calculate or derive a particular result or value.
 
 
  A right circular cylinder with radius [image: r] and height [image: h] has the surface area [image: S] (in square units) given by the formula [image: S=2\pi r\left(r+h\right)]. Find the surface area of a cylinder with radius 6 in. and height 9 in. Leave the answer in terms of [image: \pi]. [image: A right circular cylinder with an arrow extending from the center of the top circle outward to the edge, labeled: r. Another arrow beside the image going from top to bottom, labeled: h.]Right circular cylinder Show Solution Evaluate the expression [image: 2\pi r\left(r+h\right)] for [image: r=6] and [image: h=9].
 [image: \begin{align}S&=2\pi r\left(r+h\right) \\ & =2\pi\left(6\right)[\left(6\right)+\left(9\right)] \\ & =2\pi\left(6\right)\left(15\right) \\ & =180\pi\end{align}]
  
 The surface area is [image: 180\pi] square inches.
   An interactive online homework element has been excluded from the printed version of the text. To see the interactive element that was excluded, please visit the courseware online.
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				Simplifying Algebraic Expressions
 Sometimes we can simplify an algebraic expression to make it easier to evaluate or to use in some other way. To do so, we use the properties of real numbers. We can use the same properties in formulas because they contain algebraic expressions.
 When simplifying algebraic expressions, we may sometimes need to add, subtract, simplify, multiply, or divide fractions. It is important to be able to do these operations on the fractions without converting them to decimals.To multiply fractions, multiply the numerators and place them over the product of the denominators. [image: \dfrac{a}{b}\cdot\dfrac{c}{d} = \dfrac {ac}{bd}]
 To divide fractions, multiply the first by the reciprocal of the second.
  [image: \dfrac{a}{b}\div\dfrac{c}{d}=\dfrac{a}{b}\cdot\dfrac{d}{c}=\dfrac{ad}{bc}]
 To simplify fractions, find common factors in the numerator and denominator that cancel.
  [image: \dfrac{24}{32}=\dfrac{2\cdot2\cdot2\cdot3}{2\cdot2\cdot2\cdot2\cdot2}=\dfrac{3}{2\cdot2}=\dfrac{3}{4}]
 To add or subtract fractions, first rewrite each fraction as an equivalent fraction such that each has a common denominator, then add or subtract the numerators and place the result over the common denominator.
  [image: \dfrac{a}{b}\pm\dfrac{c}{d} = \dfrac{ad \pm bc}{bd}]
  Simplify each algebraic expression. 	[image: 3x - 2y+x - 3y - 7]
 	[image: 2r - 5\left(3-r\right)+4]
 	[image: \left(4t-\dfrac{5}{4}s\right)-\left(\dfrac{2}{3}t+2s\right)]
 	[image: 2mn - 5m+3mn+n]
 
 Show Solution 	[image: \begin{align}3x-2y+x-3y-7 & =3x+x-2y-3y-7 && \text{Commutative property of addition} \\ & =4x-5y-7 && \text{Simplify} \\ \text{ }\end{align}]
 	[image: \begin{align}2r-5\left(3-r\right)+4 & =2r-15+5r+4 && \text{Distributive property}\\&=2r+5r-15+4 && \text{Commutative property of addition} \\ & =7r-11 && \text{Simplify} \\ \text{ }\end{align}]
 	[image: \begin{align} 4t-\frac{5}{4}s -\left(\frac{2}{3}t+2s\right) &=4t-\frac{5}{4}s-\frac{2}{3}t-2s &&\text{Distributive property}\\&=4t-\frac{2}{3}t-\frac{5}{4}s-2s && \text{Commutative property of addition}\\&=\frac{12}{3}t-\frac{2}{3}t-\frac{5}{4}s-\frac{8}{4}s && \text{Common Denominators}\\ & =\frac{10}{3}t-\frac{13}{4}s && \text{Simplify} \\ \text{ }\end{align}]
 	[image: \begin{align}mn-5m+3mn+n & =2mn+3mn-5m+n && \text{Commutative property of addition} \\ & =5mn-5m+n && \text{Simplify}\end{align}]
 
   An interactive online homework element has been excluded from the printed version of the text. To see the interactive element that was excluded, please visit the courseware online.
 
  An interactive online homework element has been excluded from the printed version of the text. To see the interactive element that was excluded, please visit the courseware online.
 
  An interactive online homework element has been excluded from the printed version of the text. To see the interactive element that was excluded, please visit the courseware online.
 
  Now that we’ve gained a good handle on simplifying algebraic equations by combining like terms and using the order of operations effectively, let’s broaden our skills to include simplifying formulas. Just like with equations, simplifying formulas helps us to see the underlying structure more clearly and makes them easier to use.
 A rectangle with length [image: L] and width [image: W] has a perimeter [image: P] given by [image: P=L+W+L+W]. Simplify this expression. Show Solution [image: \begin{align}&P=L+W+L+W \\ &P=L+L+W+W && \text{Commutative property of addition} \\ &P=2L+2W && \text{Simplify} \\ &P=2\left(L+W\right) && \text{Distributive property}\end{align}]
 
 
 Whether it’s a formula for calculating the area of a shape, the interest on an investment, or the speed of an object, making these formulas simpler can make our calculations quicker and our results easier to understand and apply in practical situations.
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				 	Categorize real numbers as counting numbers, whole numbers, rational numbers, irrational numbers, or integers
 	Use the properties of real numbers and the order of operations to accurately calculate and manipulate algebraic expressions.
 	Evaluate and simplify algebraic expressions to enhance problem-solving efficiency in mathematics.
 
  Real Numbers: The Game Developer’s Toolkit
 Jordan, a game developer, is creating a new mobile game that involves building and managing a virtual city. The game uses real numbers in various ways, from population counts to resource management. Jordan needs your help to categorize numbers and apply the properties of real numbers to ensure the game mechanics are accurate and educational.
 Jordan presents you with a list of numbers that will appear in the game. Your task is to categorize each number as counting (natural), whole, rational, irrational, or integer.
 An interactive online homework element has been excluded from the printed version of the text. To see the interactive element that was excluded, please visit the courseware online.
 
  Jordan asks you to demonstrate a puzzle where players must identify the commutative property with addition and multiplication.
 An interactive online homework element has been excluded from the printed version of the text. To see the interactive element that was excluded, please visit the courseware online.
 
  In this scenario, Jordan wants to ensure that players have a solid understanding of how real numbers are applied within the game. This includes tasks like managing population growth, tracking energy usage, and resource allocation in a way that feels realistic and logical to the player. Help Jordan by solving the following problems.
 An interactive online homework element has been excluded from the printed version of the text. To see the interactive element that was excluded, please visit the courseware online.
 
  An interactive online homework element has been excluded from the printed version of the text. To see the interactive element that was excluded, please visit the courseware online.
 
  An interactive online homework element has been excluded from the printed version of the text. To see the interactive element that was excluded, please visit the courseware online.
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				 	Understand and use the rules for exponents
 	Change numbers between scientific notation and standard notation
 	Solve calculations using scientific notation
 
  Exponential Notation
 Exponential notation is a compact way to represent repeated multiplication of the same number. It’s a fundamental concept in mathematics that has significant implications across various disciplines, including science, finance, and technology.
 In exponential notation, a number written with an exponent, like [image: a^m], succinctly expresses that the base [image: a] is multiplied by itself [image: m] times. This notation is not only a shorthand for extensive multiplication but also a gateway to understanding more complex mathematical concepts like exponential functions and logarithms.
 exponential notation
 [image: On the left side, a raised to the m is shown. The m is labeled in blue as an exponent. The a is labeled in red as the base. On the right, it says a to the m means multiply m factors of a. Below this, it says a to the m equals a times a times a times a, with m factors written below in blue.] 
 This is read [image: a] to the [image: {m}^{\mathrm{th}}] power.
  
 In the expression [image: {a}^{m}], the exponent tells us how many times we use the base [image: a] as a factor.
 
  An interactive online homework element has been excluded from the printed version of the text. To see the interactive element that was excluded, please visit the courseware online.
 
  Negatives and exponents
 [image: Caution]
 Caution! Whether to include a negative sign as part of a base or not often leads to confusion. To clarify whether a negative sign is applied before or after the exponent, here is an example.
  
 What is the difference in the way you would evaluate these two terms?
 	[image: -{3}^{2}]
 	[image: {\left(-3\right)}^{2}]
 
 To evaluate 1), you would apply the exponent to the three first, then apply the negative sign last, like this:
  
 [image: \begin{array}{c}-\left({3}^{2}\right)\\=-\left(9\right) = -9\end{array}]
  
 To evaluate 2), you would apply the exponent to the 3 and the negative sign:
  
 [image: \begin{array}{c}{\left(-3\right)}^{2}\\=\left(-3\right)\cdot\left(-3\right)\\={ 9}\end{array}]
  
 The key to remembering this is to follow the order of operations. The first expression does not include parentheses so you would apply the exponent to the integer [image: 3] first, then apply the negative sign. The second expression includes parentheses, so hopefully you will remember that the negative sign also gets squared.
 
  An interactive online homework element has been excluded from the printed version of the text. To see the interactive element that was excluded, please visit the courseware online.
 
  Evaluate Expressions With Exponents
 Evaluating expressions containing exponents is the same as evaluating the linear expressions from earlier in the course. You substitute the value of the variable into the expression and simplify. So, when you evaluate the expression [image: 5x^{3}] if [image: x=4], first substitute the value [image: 4] for the variable [image: x]. Then evaluate, using order of operations.
 Evaluate [image: 5x^{3}] if [image: x=4]. Show Solution Substitute [image: 4] for the variable [image: x].
 [image: 5\cdot4^{3}]
 Evaluate [image: 4^{3}]. Multiply.
 [image: 5\left(4\cdot4\cdot4\right)=5\cdot64=320]
 Answer
 [image: 5x^{3}=320] when [image: x=4]
   In the example below, notice the how adding parentheses can change the outcome when you are simplifying terms with exponents.
 Evaluate [image: \left(5x\right)^{3}] if [image: x=4]. Show Solution Substitute [image: 4] for the variable [image: x].
 [image: \left(5\cdot4\right)^3]
 Multiply inside the parentheses, then apply the exponent—following the rules of PEMDAS.
 [image: 20^{3}]
 Evaluate [image: 20^{3}].
 [image: 20\cdot20\cdot20=8,000]
 Answer
 [image: \left(5x\right)^3=8,000] when [image: x=4]
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				The Product Rule for Exponents
 The Product Rule for Exponents is one of the essential rules in algebra that simplifies the process of working with powers. This rule is pivotal when dealing with exponential expressions, particularly when multiplying them. In essence, it tells us that when we multiply two exponents with the same base, we can simply add the exponents to get the new power of the base.
 This rule is extremely useful in various mathematical and real-world applications, such as calculating compound interest, understanding scientific notation, or solving problems in physics and engineering. By using the Product Rule, we can manage and simplify complex expressions without the need for lengthy multiplication.
 the product rule for exponents
 For any number [image: x] and any integers [image: a] and [image: b], [image: \left(x^{a}\right)\left(x^{b}\right) = x^{a+b}].
 To multiply exponential terms with the same base, add the exponents.
 
  [image: Caution]Caution! When you are reading mathematical rules, it is important to pay attention to the conditions on the rule. For example, when using the product rule, you may only apply it when the terms being multiplied have the same base and the exponents are integers. Conditions on mathematical rules are often given before the rule is stated, as in this example it says “For any number [image: x] and any integers [image: a] and [image: b].”
 Simplify the following: [image: (a^{3})(a^{7})]
 Show Solution The base of both exponents is [image: a], so the product rule applies.
 [image: \left(a^{3}\right)\left(a^{7}\right)]
 Add the exponents with a common base.
 [image: a^{3+7}]
  
 Answer: [image: \left(a^{3}\right)\left(a^{7}\right) = a^{10}]
  When multiplying more complicated terms, multiply the coefficients and then multiply the variables.
 Simplify the following: [image: 5a^{4}\cdot7a^{6}]
 Show Solution Multiply the coefficients.
 [image: 35\cdot{a}^{4}\cdot{a}^{6}]
 The base of both exponents is [image: a], so the product rule applies. Add the exponents.
 [image: 35\cdot{a}^{4+6}]
 Add the exponents with a common base.
 [image: 35\cdot{a}^{10}]
  
 Answer: [image: 5a^{4}\cdot7a^{6}=35a^{10}]
  An interactive online homework element has been excluded from the printed version of the text. To see the interactive element that was excluded, please visit the courseware online.
 
  The Quotient (Division) Rule for Exponents
 The Quotient Rule for Exponents is as crucial as the Product Rule and serves as its counterpart for division. This rule assists in simplifying expressions where we have exponential terms with the same base being divided. It states that when you divide exponents with the same base, you can subtract the exponents.
 This rule has significant practical applications, especially in fields that involve calculations of rates of change, decay, or growth when they are decreasing, such as in the case of depreciation in finance or radioactive decay in physics.
 the quotient (division) rule for exponents
 For any non-zero number [image: x] and any integers [image: a] and [image: b]:
 [image: \displaystyle \frac{{{x}^{a}}}{{{x}^{b}}}={{x}^{a-b}}]
 To divide exponential terms with the same base, subtract the exponents.
 
  Evaluate the following:[image: \displaystyle \frac{{{4}^{9}}}{{{4}^{4}}}] Show Solution These two exponents have the same base, [image: 4]. According to the Quotient Rule, you can subtract the power in the denominator from the power in the numerator.
 [image: \displaystyle {{4}^{9-4}}]
  
 [image: \displaystyle \frac{{{4}^{9}}}{{{4}^{4}}}=4^{5}]
  When dividing terms that also contain coefficients, divide the coefficients and then divide variable powers with the same base by subtracting the exponents.
 Simplify the following:[image: \displaystyle \frac{12{{x}^{4}}}{2x}] Show Solution Separate into numerical and variable factors.
 [image: \displaystyle \left( \frac{12}{2} \right)\left( \frac{{{x}^{4}}}{x} \right)]
 Since the bases of the exponents are the same, you can apply the Quotient Rule. Divide the coefficients and subtract the exponents of matching variables.
 [image: \displaystyle 6\left( {{x}^{4-1}} \right)]
  
 [image: \displaystyle \frac{12{{x}^{4}}}{2x}]=[image: \displaystyle 6{{x}^{3}}]
  An interactive online homework element has been excluded from the printed version of the text. To see the interactive element that was excluded, please visit the courseware online.
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				Raise Powers to Powers
 The Power Rule for Exponents
 Another word for an exponent is power. You have likely seen or heard an example such as [image: 3^5] can be described as [image: 3] raised to the [image: 5]th power. In this section, we will further expand our capabilities with exponents. We will learn what to do when a term with a power is raised to another power, what to do when two numbers or variables are multiplied and both are raised to an exponent, and what to do when numbers or variables that are divided are raised to a power. We will begin by raising powers to powers.
 the power rule for exponents
 For any positive number [image: x] and integers [image: a] and [image: b]: [image: \left(x^{a}\right)^{b}=x^{a\cdot{b}}].
 
  An interactive online homework element has been excluded from the printed version of the text. To see the interactive element that was excluded, please visit the courseware online.
 
  Raise a Product to a Power
 Raising a product to a power is a fundamental operation in algebra that demonstrates how exponents interact with multiplication. This operation is widely used across various mathematical disciplines, including geometry, where it might be used to calculate the volume of shapes, and in finance, where it can be used to calculate compounded interest over multiple periods.
 The rule simplifies the process of working with powers of products. Instead of multiplying the base numbers repeatedly, we apply the exponent to each factor individually. This is based on the distributive property of exponents over multiplication.
 a product raised to a power
 For any nonzero numbers [image: a] and [image: b] and any integer [image: x], [image: \left(ab\right)^{x}=a^{x}\cdot{b^{x}}].
 
  Simplify the following: [image: \left(2yz\right)^{6}] Show Solution Apply the exponent to each number in the product.[image: 2^{6}y^{6}z^{6}]
 Answer: [image: \left(2yz\right)^{6}=64y^{6}z^{6}]
  If the variable has an exponent with it, use the Power Rule: multiply the exponents.
 Simplify the following:[image: \left(−7a^{4}b\right)^{2}] Show Solution Apply the exponent [image: 2] to each factor within the parentheses.[image: \left(−7\right)^{2}\left(a^{4}\right)^{2}\left(b\right)^{2}]Square the coefficient and use the Power Rule to square [image: \left(a^{4}\right)^{2}].
 [image: 49a^{4\cdot2}b^{2}]
 Simplify.
 [image: 49a^{8}b^{2}]
  
 Answer: [image: \left(-7a^{4}b\right)^{2}=49a^{8}b^{2}]
  Raise a Quotient to a Power
 Raising a quotient to a power is another key concept in algebra that involves exponents. This operation is essential when dealing with division in the context of exponential expressions. The power of a quotient rule tells us that when you raise a quotient to an exponent, you raise both the numerator and the denominator to that exponent separately.
 This rule is incredibly useful for simplifying complex algebraic expressions, solving equations, and understanding geometric growth or decay when dealing with fractions or ratios
 a quotient raised to a power
 For any number [image: a], any non-zero number [image: b], and any integer [image: x], [image: \displaystyle {\left(\frac{a}{b}\right)}^{x}=\frac{a^{x}}{b^{x}}].
 
  Simplify the following:[image: \displaystyle {{\left( \frac{2{x}^{2}y}{x} \right)}^{3}}] Show Solution Apply the power to each factor individually.
 [image: \displaystyle \frac{{{2}^{3}{\left({x}^{2}\right)}^{3}{y}^{3}}}{{{x}^{3}}}]
 Separate into numerical and variable factors.
 [image: \displaystyle {{2}^{3}}\cdot \frac{{{x}^{3\cdot2}}}{{{x}^{3}}}\cdot \frac{{{y}^{3}}}{1}]
 Simplify by taking [image: 2] to the third power and applying the Power and Quotient Rules for exponents—multiply and subtract the exponents of matching variables.
 [image: \displaystyle 8\cdot {{x}^{(6-3)}}\cdot {{y}^{3}}]
 Simplify.
 [image: \displaystyle 8{{x}^{3}}{{y}^{3}}]
  
 Answer: [image: \displaystyle {{\left( \frac{2{x}^{2}y}{x} \right)}^{3}}=8{{x}^{3}}{{y}^{3}}]
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				The Zero Exponent Rule
 The Zero Exponent Rule is a somewhat counterintuitive yet fundamental rule in mathematics. It tells us that any nonzero number raised to the power of zero is equal to one. This might seem strange at first because multiplying a number by itself zero times is an abstract concept. However, this rule is consistent with the patterns observed when decreasing the exponent by one and dividing by the base each time.
 The rule that any number to the power of one is the number itself reinforces the identity property of exponentiation. It is crucial to understand these rules thoroughly as they form the basis for more complex operations in algebra, calculus, and beyond.
 exponents of [image: 0] or [image: 1]
 Any number or variable raised to a power of [image: 1] is the number itself.
  
 [image: n^{1}=n]
  
 Any non-zero number or variable raised to a power of [image: 0] is equal to [image: 1]
  
 [image: n^{0}=1]
  
 The quantity [image: 0^{0}] is undefined.
 
  An interactive online homework element has been excluded from the printed version of the text. To see the interactive element that was excluded, please visit the courseware online.
 
  The Negative Exponent Rule
 The Negative Exponent Rule is another vital concept in mathematics, particularly when working with powers and roots. This rule tells us that any nonzero number raised to a negative exponent is equal to the reciprocal  of that number raised to the corresponding positive exponent. It’s a way of expressing division as an exponentiation operation, and it’s particularly useful when simplifying expressions that involve division of variables with exponents.
 the negative rule of exponents
 With [image: a], [image: b], [image: m], and [image: n] not equal to zero, and [image: m] and [image: n] as integers, the following rules apply:
 [image: a^{-m}=\frac{1}{a^{m}}]
  
 [image: \frac{1}{a^{-m}}=a^{m}]
  
 [image: \frac{a^{-n}}{b^{-m}}=\frac{b^m}{a^n}]
 
  An interactive online homework element has been excluded from the printed version of the text. To see the interactive element that was excluded, please visit the courseware online.
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				Scientific Notation
 Scientific notation is a way of writing numbers that are very large or very small in a compact and convenient form. It is widely used in the sciences, engineering, and mathematics, and is especially useful for dealing with numbers that have a lot of zeros.
 scientific notation
 In scientific notation, a number is written as a product of two parts: a coefficient and a power of [image: 10].
  
 It is written in the form [image: a\times {10}^{n}], where [image: 1\le |a|<10] and [image: n] is an integer.
  
 [image: n] can be positive or negative depending on whether a small or large number is being converted to scientific notation.
 
  When converting large numbers, [image: n] is positive. When converting small numbers, [image: n] is negative. Consider the number [image: 2,780,418], which is currently written in standard notation. How do you think it is expressed in scientific notation? Show Solution The number [image: 2,780,418] in standard notation can be written in scientific notation as [image: 2.780418 x 10^6], where [image: 2.780418] is the coefficient and [image: 10^6] represents [image: 10] multiplied by itself [image: 6] times [image: (1,000,000)]This was obtained by moving the decimal left until it is to the right of the first nonzero digit, which is [image: 2].[image: The number 2,780,418 is written with an arrow extending to another number: 2.780418. An arrow tracking the movement of the decimal point runs underneath the number. Above the number a label on the number reads: 6 places left.]We obtain [image: 2.780418] by moving the decimal point [image: 6] places to the left. [image: 6] is positive because we moved the decimal point to the left. This is what we should expect for a large number.
  How to: Convert Numbers from Standard Notation to Scientific NotationAlthough scientific notation can look confusing, we can follow a few simple steps to convert numbers in standard notation to scientific notation. 	Count the number of places that the decimal point needs to be moved to the right or left so that the coefficient is between [image: 1] and [image: 9].
 	Move the decimal point the appropriate number of places to the right or left, and adjust the power of [image: 10] accordingly.
 	Write the result as the coefficient followed by [image: x 10^n], where [image: n] represents the number of times that the decimal point was moved.
 
 Remember the sign on [image: n] depends on if you are converting a small or large number to scientific notation. A rule to remember is if you move your decimal to the left [image: n] is positive and if you move your decimal to the right [image: n] is negative.
  An interactive online homework element has been excluded from the printed version of the text. To see the interactive element that was excluded, please visit the courseware online.
 
  How to: Convert Numbers from Scientific Notation to Standard NotationTo convert from scientific notation to standard notation, we simply need to do the reverse of the steps given before. 	Write the coefficient and the power of [image: 10] separately.
 	Move the decimal point in the coefficient the same number of places to the left or right as the power of [image: 10] suggests.
 	Combine the coefficient and the decimal point to get the standard notation representation of the number.
 
  An interactive video picker element has been excluded from the printed version of the text. To see the interactive element that was excluded, please visit the courseware online.
 
 You can view the transcript for “How to convert a number to scientific notation” here (opens in new window).
 You can view the transcript for “Converting to Scientific Notation Examples!” here (opens in new window).
 You can view the transcript for “Math Antics – Scientific Notation” here (opens in new window).
 An interactive online homework element has been excluded from the printed version of the text. To see the interactive element that was excluded, please visit the courseware online.
 
  An interactive online homework element has been excluded from the printed version of the text. To see the interactive element that was excluded, please visit the courseware online.
 
  
	

			All rights reserved content
	How to convert a number to scientific notation . Provided by: Kick My Math. Retrieved from: https://www.youtube.com/watch?v=J-eQb7NMJFA. License: All Rights Reserved. License Terms: Standard YouTube License
	Converting to Scientific Notation Examples! . Provided by: Mashup Math. Retrieved from: https://www.youtube.com/watch?v=Wf-HlVqZPHY. License: All Rights Reserved. License Terms: Standard YouTube License
	Math Antics - Scientific Notation . Provided by: mathantics. Retrieved from: https://www.youtube.com/watch?v=bXkewQ7WEdI. License: All Rights Reserved. License Terms: Standard YouTube License



			


		
	
		
			
	
		16

		Exponents and Scientific Notation: Learn It 6

								

	
				Multiplying and Dividing Numbers in Scientific Notation
 When multiplying and dividing numbers in scientific notation, we apply the basic principles of exponents, which streamline these operations and prevent errors that could arise from manual calculation with long numbers. Understanding how to correctly multiply and divide in scientific notation is crucial for maintaining precision and efficiency in scientific calculations.
 multiplying and dividing numbers in scientific notation
 	To multiply numbers in scientific notation, we need to multiply the coefficients and add the powers of [image: 10].
 	To divide numbers in scientific notation, we need to divide the coefficients and subtract the powers of [image: 10].
 
 
  You might be wondering “How are we are able to simply multiply the decimal terms and add the exponents? What properties of numbers enable this?”Recall that multiplication is both commutative and associative – this means, as long as multiplication is the only operation being performed, we can move the factors around to suit our needs. Lastly, the product rule for exponents, [image: {a}^{m}\cdot {a}^{n}={a}^{m+n}], allows us to add the exponents on the base of [image: 10].  In April 2014, the population of the United States was about [image: 308,000,000] people. The national debt was about [image: $17,547,000,000,000]. Write each number in scientific notation, rounding figures to two decimal places, and find the amount of the debt per U.S. citizen. Write the answer in both scientific and standard notations. Show Solution The population was [image: 308,000,000=3.08\times {10}^{8}].The national debt was [image: \$ 17,547,000,000,000 \approx \$1.75 \times 10^{13}].To find the amount of debt per citizen, divide the national debt by the number of citizens.
 [image: \begin{align} \left(1.75\times {10}^{13}\right)\div \left(3.08\times {10}^{8}\right)& = \left(\frac{1.75}{3.08}\right)\cdot \left(\frac{{10}^{13}}{{10}^{8}}\right) \\ & \approx 0.57\times {10}^{5}\hfill \\ & = 5.7\times {10}^{4} \end{align}]
 The debt per citizen at the time was about [image: \$5.7\times {10}^{4}], or [image: $57,000].
   An interactive online homework element has been excluded from the printed version of the text. To see the interactive element that was excluded, please visit the courseware online.
 
  An interactive online homework element has been excluded from the printed version of the text. To see the interactive element that was excluded, please visit the courseware online.
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				Using Scientific Notation in Applications
 Now that we’ve mastered converting between standard and scientific notation, let’s explore how this skill can be applied in real-world scenarios.
 An interactive online homework element has been excluded from the printed version of the text. To see the interactive element that was excluded, please visit the courseware online.
 
  Let’s dive into some practical exercises to see scientific notation in action, helping us solve problems efficiently in science, engineering, and beyond. An interactive online homework element has been excluded from the printed version of the text. To see the interactive element that was excluded, please visit the courseware online.
 
  Suppose we are asked to calculate the number of atoms in 1 L of water. Each water molecule contains 3 atoms (2 hydrogen and 1 oxygen).The average drop of water contains around [image: 1.32\times {10}^{21}] molecules of water and 1 L of water holds about [image: 1.22\times {10}^{4}] average drops.Therefore, there are approximately [image: \left(3\right)\cdot\left(1.32\times {10}^{21}\right)\cdot \left(1.22\times {10}^{4}\right)=\left(3\cdot1.32\cdot1.22\right)\times\left({10}^{4}\cdot{10}^{25}\right)\approx 4.83\times {10}^{25}] atoms in 1 L of water.We simply multiply the decimal terms and add the exponents. Imagine having to perform the calculation without using scientific notation! Note: How are we are able to simply multiply the decimal terms and add the exponents? What properties of numbers enable this?
 Recall that multiplication is both commutative and associative. That means, as long as multiplication is the only operation being performed, we can move the factors around to suit our needs. Lastly, the product rule for exponents allows us to add the exponents on the base of [image: 10].
  Perform the operations and write the answer in scientific notation. 	[image: \left(8.14\times {10}^{-7}\right)\left(6.5\times {10}^{10}\right)]
 	[image: \left(4\times {10}^{5}\right)\div \left(-1.52\times {10}^{9}\right)]
 	[image: \left(2.7\times {10}^{5}\right)\left(6.04\times {10}^{13}\right)]
 	[image: \left(1.2\times {10}^{8}\right)\div \left(9.6\times {10}^{5}\right)]
 	[image: \left(3.33\times {10}^{4}\right)\left(-1.05\times {10}^{7}\right)\left(5.62\times {10}^{5}\right)]
 
 Show Answer 	[image: \begin{align}\left(8.14 \times 10^{-7}\right)\left(6.5 \times 10^{10}\right) & =\left(8.14 \times 6.5\right)\left(10^{-7} \times 10^{10}\right) && \text{Commutative and associative properties of multiplication} \\ & =\left(52.91\right)\left(10^{3}\right) && \text{Product rule of exponents} \\ & =5.291 \times 10^{4} && \text{Scientific notation} \\ \text{ } \end{align}]
 	[image: \begin{align} \left(4\times {10}^{5}\right)\div \left(-1.52\times {10}^{9}\right)& = \left(\frac{4}{-1.52}\right)\left(\frac{{10}^{5}}{{10}^{9}}\right)&& \text{Commutative and associative properties of multiplication} \\ & = \left(-2.63\right)\left({10}^{-4}\right)&& \text{Quotient rule of exponents} \\ & = -2.63\times {10}^{-4}&& \text{Scientific notation} \\ \text{ } \end{align}]
 	[image: \begin{align} \left(2.7\times {10}^{5}\right)\left(6.04\times {10}^{13}\right)& = \left(2.7\times 6.04\right)\left({10}^{5}\times {10}^{13}\right)&& \text{Commutative and associative properties of multiplication} \\ & = \left(16.308\right)\left({10}^{18}\right)&& \text{Product rule of exponents} \\ & = 1.6308\times {10}^{19}&& \text{Scientific notation} \\ \text{ } \end{align}]
 	[image: \begin{align} \left(1.2\times {10}^{8}\right)\div \left(9.6\times {10}^{5}\right)& = \left(\frac{1.2}{9.6}\right)\left(\frac{{10}^{8}}{{10}^{5}}\right)&& \text{Commutative and associative properties of multiplication} \\ & = \left(0.125\right)\left({10}^{3}\right)&& \text{Quotient rule of exponents} \\ & = 1.25\times {10}^{2}&& \text{Scientific notation} \\ \text{ } \end{align}]
 	[image: \begin{align} \left(3.33\times {10}^{4}\right)\left(-1.05\times {10}^{7}\right)\left(5.62\times {10}^{5}\right)& = \left[3.33\times \left(-1.05\right)\times 5.62\right]\left({10}^{4}\times {10}^{7}\times {10}^{5}\right) \\ & \approx \left(-19.65\right)\left({10}^{16}\right) \\ & = -1.965\times {10}^{17} \end{align}]
 
   An interactive online homework element has been excluded from the printed version of the text. To see the interactive element that was excluded, please visit the courseware online.
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				 	Understand and use the rules for exponents
 	Change numbers between scientific notation and standard notation
 	Solve calculations using scientific notation
 
  Plastic Pollution
 [image: ]
 [1]The world produces around [image: 400] million metric tons of plastic waste each year. Every day, [image: 2,000] truckloads of it is dumped into the ocean, rivers and lakes.
 Despite global efforts to give plastic products longer lives, only [image: 9\%] of them are actually recycled. Most plastic waste goes into landfills or is shipped to places like Indonesia and other Southeast Asian nations, many of which are already drowning in their own plastic pollution.
 An interactive online homework element has been excluded from the printed version of the text. To see the interactive element that was excluded, please visit the courseware online.
 
  An interactive online homework element has been excluded from the printed version of the text. To see the interactive element that was excluded, please visit the courseware online.
 
   An interactive online homework element has been excluded from the printed version of the text. To see the interactive element that was excluded, please visit the courseware online.
 
  As the world grapples with the plastic pollution crisis, innovative solutions are being developed. New recycling technologies are emerging, and researchers are studying the impact of microplastics on our environment. Let’s explore some of these aspects using scientific notation.
 An interactive online homework element has been excluded from the printed version of the text. To see the interactive element that was excluded, please visit the courseware online.
 
  An interactive online homework element has been excluded from the printed version of the text. To see the interactive element that was excluded, please visit the courseware online.
 
  Media Attributions
	Plastic Pollution © CNN 



	https://www.cnn.com/interactive/2024/04/climate/plastic-pollution-ocean-cnnphotos/ ↵
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				 	Calculate square roots and apply them in basic operations like addition, subtraction, and rationalizing the denominators.
 	Use the product and quotient rules to simplify expressions that include square roots.
 	Understand how to use rational exponents in expressions and recognize their connection to roots for simplifying calculations.
 
  [image: ]
 A hardware store sells [image: 16]-ft ladders and [image: 24]-ft ladders. A window is located [image: 12] feet above the ground. A ladder needs to be purchased that will reach the window from a point on the ground [image: 5] feet from the building. To find out the length of ladder needed, we can draw a right triangle as shown, and use the Pythagorean Theorem.
 [image: \begin{align} {a}^{2}+{b}^{2}& = {c}^{2} \\ {5}^{2}+{12}^{2}& = {c}^{2} \\ 169& = {c}^{2} \end{align}]
 Now we need to find out the length that, when squared, is [image: 169,] to determine which ladder to choose. In other word we need to find a square root. In this section we will investigate methods of finding solutions to problems such as this one.
 Square Roots
 When the square root of a number is squared, the result is the original number. Since [image: {4}^{2}=16], the square root of [image: 16] is [image: 4]. The square root function is the inverse of the squaring function just as subtraction is the inverse of addition. To undo squaring, we take the square root.
 Square Root
 The square root of a number [image: a] refers to any number [image: x] such that [image: x^2 = a].
 For positive number [image: a], there are always two square roots: one positive and one negative.
 
  For example, both [image: +4] and [image: -4] are square roots of [image: 16] because both square to give [image: 16].That is, [image: (+4)^2 = 16] and [image: (-4)^2 = 16]. When we talk about square roots in math, we usually mean both the positive and negative numbers that, when multiplied by themselves, give us the original number. In math classes, especially when you’re solving problems or learning algebra, it’s important to think about both these answers unless we’re told to find just one. This helps us understand all the possible solutions to an equation, which is a big part of learning how to solve math problems correctly.
 As we explore square roots further, there’s a special version we often use called the principal square root. This refers specifically to the positive square root of a number. It’s helpful to know about this because it’s commonly used in many situations.
 principal square root
 The principal square root of [image: a] is the nonnegative number that when multiplied by itself equals [image: a].
  
 The principal square root of [image: a] is written as [image: \sqrt{a}]. The symbol is called a radical, the term under the symbol is called the radicand, and the entire expression is called a radical expression.
 [image: The expression: square root of twenty-five is enclosed in a circle. The circle has an arrow pointing to it labeled: Radical expression. The square root symbol has an arrow pointing to it labeled: Radical. The number twenty-five has an arrow pointing to it labeled: Radicand.]
  
 The square root obtained using a calculator is the principal square root.
  Evaluate [image: \sqrt{25}]. Show Answer To evaluate [image: \sqrt{25}], you are looking for the principal square root of [image: 25], which is the positive number that, when squared (multiplied by itself), equals [image: 25].To find this:
 	Identify a number that when multiplied by itself gives [image: 25].
 	Since [image: 5 \cdot 5 = 25], and also [image: -5 \cdot -5 = 25], there are two square roots: [image: +5] and [image: -5].
 	However, we are referring to the principal square root, which is the positive value, when we are finding [image: \sqrt{25}].
 
 Thus, [image: \sqrt{25} = 5].
   The radical symbol of a number implies only a nonnegative root, the principal square root. Evaluate each expression. 	[image: \sqrt{100}]
 	[image: \sqrt{\sqrt{16}}]
 	[image: \sqrt{25+144}]
 	[image: \sqrt{49}-\sqrt{81}]
 
 Show Solution 	[image: \sqrt{100}=10] because [image: {10}^{2}=100]
 	[image: \sqrt{\sqrt{16}}=\sqrt{4}=2] because [image: {4}^{2}=16] and [image: {2}^{2}=4]
 	[image: \sqrt{25+144}=\sqrt{169}=13] because [image: {13}^{2}=169]
 	[image: \sqrt{49}-\sqrt{81}=7 - 9=-2] because [image: {7}^{2}=49] and [image: {9}^{2}=81]
 
  Question! For [image: \sqrt{25+144}], can we find the square roots before adding?
 Show Answer No!! If we take the square root of each number first: [image: \sqrt{25}+\sqrt{144}=5+12=17]. This is not equivalent to [image: \sqrt{25+144}=13]. The order of operations requires us to add the terms in the radicand before finding the square root.
  An interactive online homework element has been excluded from the printed version of the text. To see the interactive element that was excluded, please visit the courseware online.
 
  An interactive online homework element has been excluded from the printed version of the text. To see the interactive element that was excluded, please visit the courseware online.
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				Simplifying Square Roots and Expressing Them in Lowest Terms
 To simplify a square root means that we rewrite the square root as a rational number times the square root of a number that has no perfect square factors. The act of changing a square root into such a form is simplifying the square root. Before discussing how to simplify a square root, we need to introduce a rule about square roots.
 the product rule for square roots
 The square root of a product of numbers equals the product of the square roots of those number.
 Given that [image: a] and [image: b] are nonnegative real numbers,
 [image: \sqrt{a \times {b}}=\sqrt{a} \times \sqrt{b}]

  Using this formula, we can factor an integer inside a square root into a perfect square times another integer. Then the square root can be applied to the perfect square, leaving an integer times the square root of another integer. If the number remaining under the square root has no perfect square factors, then we’ve simplified the irrational number into lowest terms.
 A perfect square is an integer that can be expressed as the square of another integer. For example, [image: 16], [image: 25], and [image: 36] are perfect squares because they are [image: 4^2], [image: 5^2], and [image: 6^2], respectively. How to: Simplify square roots into lowest terms when [image: n] is an integer 	Step 1: Determine the largest perfect square factor of [image: n], which we denote [image: a^2].
 	Step 2: Factor [image: n] into [image: a^2×b].
 	Step 3: Apply [image: \sqrt{a^2 \times b} =\sqrt{a^2} \times \sqrt{b}].
 	Step 4: Write [image: \sqrt{n}] in its simplified form, [image: a\sqrt{b}].
 
  To simplify the given radical expressions, we’ll break down the numbers into their prime factors and simplify the radicals accordingly, while also considering the powers of the variables. Here are the steps:First, factor [image: 300] into its prime factors: [image: 300 = 2^2 \cdot 3 \cdot 5^2]
 Now, extract the square roots of the perfect squares:
 [image: \begin{align} \sqrt{300} &= \sqrt{2^2 \cdot 3 \cdot 5^2} && \text{Factor the number into prime factors.} \\ &= \sqrt{2^2} \cdot \sqrt{3} \cdot \sqrt{5^2} && \text{Separate each factor under its own square root.} \\ &= 2 \cdot \sqrt{3} \cdot 5 && \text{Simplify the square roots of perfect squares.} \\ &= 10\sqrt{3} && \text{Multiply the results to get the simplified form.} \end{align}]
  Simplify [image: \sqrt{162{a}^{5}{b}^{4}}]. Show Answer \begin{align} \sqrt{162a^5b^4} &= \sqrt{2 \cdot 3^4 \cdot a^5 \cdot b^4} && \text{Factor the number into prime factors and express variables.} \\ &= \sqrt{2 \cdot (3^2)^2 \cdot a^4 \cdot a \cdot (b^2)^2} && \text{Break down the expression to show squares for clarity.} \\ &= \sqrt{2} \cdot \sqrt{(3^2)^2} \cdot \sqrt{a^4} \cdot \sqrt{a} \cdot \sqrt{(b^2)^2} && \text{Separate each factor under its own square root.} \\ &= \sqrt{2} \cdot 3^2 \cdot a^2 \cdot \sqrt{a} \cdot b^2 && \text{Simplify the square roots of perfect squares.} \\ &= 9a^2b^2 \cdot \sqrt{2a} && \text{Combine the constants and simplify further to finalize.} \end{align}
 
 An interactive online homework element has been excluded from the printed version of the text. To see the interactive element that was excluded, please visit the courseware online.
 
  For the variable [image: x], [image: \sqrt{x^2} = |x|] , but why is that?When you square any values, the result is always non-negative, meaning it’s either positive or zero. Then, when you take the square root of this non-negative squared value, you get back the original number without its sign—just its size or magnitude. Thus, taking the square root of [image: x^2] always yields the absolute value of [image: x] ensuring that we consider [image: x] in its non-negative form. An interactive online homework element has been excluded from the printed version of the text. To see the interactive element that was excluded, please visit the courseware online.
 
  Given the product of multiple radical expressions, we can use the product rule to combine them into one radical expression and then simplify as we did above.
 Simplify the following radical expression. 	[image: \sqrt{12}\cdot \sqrt{3}]
 	[image: \sqrt{50x}\cdot \sqrt{2x}]
 
 Show Solution 	[image: \begin{align}\sqrt{12}\cdot \sqrt{3} & = \sqrt{12\cdot 3} && \text{Express the product as a single radical expression}. \\ &= \sqrt{36} && \text{Simplify}. \\ &= 6 \end{align}]
 	[image: \begin{align*} \sqrt{50x} \cdot \sqrt{2x} &= \sqrt{50x \cdot 2x} & \text{Multiply under the radicals} \\ &= \sqrt{100x^2} & \text{Simplify the product inside the radical} \\ &= 10|x| & \text{Take the square root of <img src="https://atu0g9ctah.execute-api.ca-central-1.amazonaws.com/latest/latex?latex=MTAw&fg=000000&isBase64=1" alt="100" title="100" class="latex mathjax" /> and <img src="https://atu0g9ctah.execute-api.ca-central-1.amazonaws.com/latest/latex?latex=eF4y&fg=000000&isBase64=1" alt="x^2" title="x^2" class="latex mathjax" />} \end{align*}]
 
   An interactive online homework element has been excluded from the printed version of the text. To see the interactive element that was excluded, please visit the courseware online.
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				Using the Quotient Rule to Simplify Square Roots
 Just as we can rewrite the square root of a product as a product of square roots, so too can we rewrite the square root of a quotient as a quotient of square roots, using the quotient rule for simplifying square roots. It can be helpful to separate the numerator and denominator of a fraction under a radical so that we can take their square roots separately. We can rewrite [image: \sqrt{\frac{5}{2}}] as [image: \frac{\sqrt{5}}{\sqrt{2}}].
 The Quotient Rule for Simplifying Square Roots
 The square root of the quotient [image: \dfrac{a}{b}] is equal to the quotient of the square roots of [image: a] and [image: b], where [image: b\ne 0].
 [image: \sqrt{\dfrac{a}{b}}=\dfrac{\sqrt{a}}{\sqrt{b}}]
  How To: Given a radical expression, use the quotient rule to simplify it.
  	Write the radical expression as the quotient of two radical expressions.
 	Simplify the numerator and denominator.
 
  Simplify the following radical expressions. 	[image: \sqrt{\dfrac{5}{36}}]
 	[image: \sqrt{\dfrac{2{x}^{2}}{9{y}^{4}}}]
 
 Show Answer 	[image: \begin{align*} \sqrt{\frac{5}{36}} &= \frac{\sqrt{5}}{\sqrt{36}} & \text{Separate the square root of the numerator and the denominator.} \\ &= \frac{\sqrt{5}}{6} & \text{Simplify the square root of the denominator.} \end{align*}]
 	[image: \begin{align*} \sqrt{\frac{2x^2}{9y^4}} &= \frac{\sqrt{2x^2}}{\sqrt{9y^4}} & \text{Separate the square root of the numerator and the denominator.} \\ &= \frac{\sqrt{2} \cdot \sqrt{x^2}}{\sqrt{9} \cdot \sqrt{y^4}} & \text{Separate the square roots of the factors.} \\ &= \frac{\sqrt{2} \cdot |x|}{3 \cdot y^2} & \text{Simplify each square root, where } \sqrt{x^2} = |x| \text{ and } \sqrt{y^4} = |y|^2 = y^2. \\ &= \frac{|x|\sqrt{2}}{3y^2} & \text{Rearrange the terms for clarity.} \end{align*}]
 
   An interactive online homework element has been excluded from the printed version of the text. To see the interactive element that was excluded, please visit the courseware online.
 
  Simplify the expression: [image: \dfrac{\sqrt{234{x}^{11}y}}{\sqrt{26{x}^{7}y}}]
 
 Show Answer [image: \begin{align*} \frac{\sqrt{234x^{11}y}}{\sqrt{26x^7y}} &= \sqrt{\frac{234x^{11}y}{26x^7y}} & \text{Combine the radicals over the fraction.} \\ &= \sqrt{\frac{234}{26} \cdot \frac{x^{11}}{x^7} \cdot \frac{y}{y}} & \text{Separate the terms for simplification.} \\ &= \sqrt{9 \cdot x^{11-7} \cdot y^{1-1}} & \text{Simplify each fraction.} \\ &= \sqrt{9 \cdot x^4} & \text{Simplify powers and constants.} \\ &= 3x^2 & \text{Take the square root of 9 and <img src="https://atu0g9ctah.execute-api.ca-central-1.amazonaws.com/latest/latex?latex=eF40&fg=000000&isBase64=1" alt="x^4" title="x^4" class="latex mathjax" />.} \end{align*}]
  An interactive online homework element has been excluded from the printed version of the text. To see the interactive element that was excluded, please visit the courseware online.
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				Adding and Subtracting Square Roots
 To add or subtract square roots, the expressions involved must have identical radicands and the same type of roots, like square roots. When these conditions are met, you can combine the expressions.
 For example, consider the expressions [image: \sqrt{2}] and [image: 3\sqrt{2}]. Since they both contain the square root of 2, they can be combined:[image: \sqrt{2} + 3\sqrt{2} = (1 + 3)\sqrt{2} = 4\sqrt{2}]Similarly, [image: 3\sqrt{2} - 2\sqrt{2}] results in [image: (3 - 2)\sqrt{2} = \sqrt{2}]. Notice that simplifying radical expressions is a critical step. The expression [image: \sqrt{18}] can be simplified to [image: 3\sqrt{2}], because [image: \sqrt{18} = \sqrt{9 \times 2} = 3\sqrt{2}]. Simplifying each term ensures that you are working with the simplest form, making it easier to add or subtract the radicals. How To: Given a radical expression requiring addition or subtraction of square roots, solve. 	Simplify each radical expression: Convert each term to its simplest radical form.
 	Combine terms with matching radicands: Add or subtract the coefficients of the radicals.
 
  Simplify the expression:
 [image: 5\sqrt{12}+2\sqrt{3}] Show Answer [image: \begin{align*} 5\sqrt{12} + 2\sqrt{3} &= 5\sqrt{4 \cdot 3} + 2\sqrt{3} & \text{Factor 12 into 4 and 3.} \\ &= 5\cdot 2\sqrt{3} + 2\sqrt{3} & \text{Simplify }\sqrt{4} \text{ to } 2. \\ &= 10\sqrt{3} + 2\sqrt{3} & \text{Multiply } 5 \text{ and } 2. \\ &= (10 + 2)\sqrt{3} & \text{Combine like terms.} \\ &= 12\sqrt{3} & \text{Finally, simplify the expression.} \end{align*}]
  An interactive online homework element has been excluded from the printed version of the text. To see the interactive element that was excluded, please visit the courseware online.
 
  Simplify the expression:[image: 20\sqrt{72{a}^{3}{b}^{4}c}-14\sqrt{8{a}^{3}{b}^{4}c}] Show Answer First, let’s rewrite each term so they have equal radicands.
 [image: \begin{align*} 20\sqrt{72a^3b^4c} &= 20\sqrt{36 \cdot 2 \cdot a^3 \cdot b^4 \cdot c} & \text{Factor out the square of 36 from 72.} \\ &= 20 \cdot 6 \sqrt{2a^3b^4c} & \text{Simplify } \sqrt{36} \text{ to } 6. \\ &= 120 \sqrt{2a^3b^4c} & \text{Combine constants.}\\ 14\sqrt{8a^3b^4c} &= 14\sqrt{4 \cdot 2 \cdot a^3 \cdot b^4 \cdot c} & \text{Factor out the square of 4 from 8.} \\ &= 14 \cdot 2 \sqrt{2a^3b^4c} & \text{Simplify } \sqrt{4} \text{ to } 2. \\ &= 28 \sqrt{2a^3b^4c} & \text{Combine constants.} \\\end{align*}]Now the terms have the same radicand so we can subtract.[image: \begin{align*}20\sqrt{72a^3b^4c} - 14\sqrt{8a^3b^4c} &= 120 \sqrt{2a^3b^4c} - 28 \sqrt{2a^3b^4c} & \text{Subtract the simplified terms.} \\ &= (120 - 28) \sqrt{2a^3b^4c} & \text{Factor out the common radical term.} \\ &= 92 \sqrt{2a^3b^4c} & \text{Final expression.} \end{align*}]Do you notice that we can simplify it further?[image: \begin{align*} 92 \sqrt{2a^3b^4c} &= 92 \sqrt{2 \cdot a^2 \cdot a \cdot b^4 \cdot c} & \text{Express } a^3 \text{ as } a^2 \cdot a. \\ &= 92 \cdot \sqrt{a^2} \cdot \sqrt{b^4} \cdot \sqrt{2ac} & \text{Separate terms under the radical.} \\ &= 92 \cdot |a| \cdot b^2 \cdot \sqrt{2ac} & \text{Simplify } \sqrt{a^2} \text{ to } |a| \text{ and } \sqrt{b^4} \text{ to } b^2. \\ &= 92|a|b^2 \sqrt{2ac} & \text{Combine the simplified terms.} \end{align*}]Thus, [image: 20\sqrt{72a^3b^4c} - 14\sqrt{8a^3b^4c}= 92|a|b^2 \sqrt{2ac}].
 
 A different way of simplifying:
 We can simplify each square root first to its most simplified term.
 [image: \begin{align*} 20\sqrt{72a^3b^4c} &= 20\sqrt{36 \cdot 2 \cdot a^2 \cdot a \cdot b^4 \cdot c} & \text{Factor <img src="https://atu0g9ctah.execute-api.ca-central-1.amazonaws.com/latest/latex?latex=NzI&fg=000000&isBase64=1" alt="72" title="72" class="latex mathjax" /> and <img src="https://atu0g9ctah.execute-api.ca-central-1.amazonaws.com/latest/latex?latex=YV4z&fg=000000&isBase64=1" alt="a^3" title="a^3" class="latex mathjax" /> into squares and other parts.} \\ &= 20\sqrt{36} \cdot \sqrt{2} \cdot \sqrt{a^2} \cdot \sqrt{a} \cdot \sqrt{b^4} \cdot \sqrt{c} & \text{Separate each term under the square root.} \\ &= 20 \cdot 6 \cdot \sqrt{2} \cdot |a| \cdot b^2 \cdot \sqrt{a} \cdot \sqrt{c} & \text{Simplify each square root, where } \sqrt{b^4} = b^2 \text{ and } \sqrt{a^2} = |a|. \\ &= 120|a|b^2 \sqrt{2ac} & \text{Combine constants and simplify terms.} \\ 14\sqrt{8a^3b^4c} &= 14\sqrt{4 \cdot 2 \cdot a^2 \cdot a \cdot b^4 \cdot c} & \text{Factor <img src="https://atu0g9ctah.execute-api.ca-central-1.amazonaws.com/latest/latex?latex=OA&fg=000000&isBase64=1" alt="8" title="8" class="latex mathjax" /> and <img src="https://atu0g9ctah.execute-api.ca-central-1.amazonaws.com/latest/latex?latex=YV4z&fg=000000&isBase64=1" alt="a^3" title="a^3" class="latex mathjax" /> similarly.} \\ &= 14\sqrt{4} \cdot \sqrt{2} \cdot \sqrt{a^2} \cdot \sqrt{a} \cdot \sqrt{b^4} \cdot \sqrt{c} & \text{Separate terms similarly.} \\ &= 14 \cdot 2 \cdot \sqrt{2} \cdot |a| \cdot b^2 \cdot \sqrt{a} \cdot \sqrt{c} & \text{Simplify.} \\ &= 28|a|b^2 \sqrt{2ac} & \text{Combine constants and terms.} \\\end{align*}]
 Now we can subtract:
 [image: \begin{align*}20\sqrt{72a^3b^4c} - 14\sqrt{8a^3b^4c} &= 120|a|b^2 \sqrt{2ac} - 28|a|b^2 \sqrt{2ac} & \text{Now subtract the simplified expressions.} \\ &= (120 - 28)|a|b^2 \sqrt{2ac} & \text{Factor out the common terms.} \\ &= 92|a|b^2 \sqrt{2ac} & \text{Final simplified expression.} \end{align*}]
  An interactive online homework element has been excluded from the printed version of the text. To see the interactive element that was excluded, please visit the courseware online.
 
  Rationalizing Denominators
 When an expression involving square root radicals is written in simplest form, it will not contain a radical in the denominator. We can remove radicals from the denominators of fractions using a process called “rationalizing the denominator.”
 Recall the identity property of MultiplicationWe leverage an important and useful identity in this section in a technique commonly used in college algebra: rewriting an expression by multiplying it by a well-chosen form of the number 1.
 Because the multiplicative identity states that [image: a\cdot1=a], we are able to multiply the top and bottom of any fraction by the same number without changing its value. We use this idea when we rationalize the denominator.
  How to Rationalize the Denominator?
 To rationalize a denominator that contains a square root (or any radical), you multiply both the numerator and the denominator of the fraction by a suitable expression that will eliminate the radical in the denominator.
 	Single Term Denominator: For a single radical term like [image: b\sqrt{c}] in the denominator, multiply both numerator and denominator by [image: \sqrt{c}] to eliminate the radical.
 	Complex Denominator: If the denominator includes both rational and irrational terms, such as [image: a + b\sqrt{c}], multiply the fraction by the conjugate [image: a - b\sqrt{c}] to eliminate the radical. This changes the sign of the radical portion of the denominator.
 
 The process of rationalizing a denominator that includes a sum or difference of a rational and an irrational term (like a square root or another radical) involves using the conjugate of the denominator. The conjugate is simply the same terms with the opposite sign between them.If the denominator is [image: a+\sqrt{b}], then the conjugate is [image: a-\sqrt{b}]. Multiplying by the conjugate effectively eliminates the radical from the denominator. 	Term 	Conjugate 	Product 
 	[image: a+\sqrt{b}] 	[image: a-\sqrt{b}] 	[image: (a+\sqrt{b})(a-\sqrt{b}) = (a)^2 - (\sqrt{b})^2 = a^2-b] 
 	[image: \sqrt{2}-3] 	[image: \sqrt{2}+3] 	[image: (\sqrt{2}-3)(\sqrt{2}+3) = (\sqrt{2})^2 - (3)^2 = 2-9 = -7] 
  
  To rationalize the denominator of [image: \dfrac{1}{\sqrt{a}}]:[image: \begin{align*} \frac{1}{\sqrt{a}} &= \frac{1}{\sqrt{a}} \times \frac{\sqrt{a}}{\sqrt{a}} & \text{Multiply by } \frac{\sqrt{a}}{\sqrt{a}} \text{ to rationalize the denominator.} \\ &= \frac{\sqrt{a}}{\sqrt{a} \times \sqrt{a}} & \text{Multiply the numerators and the denominators.} \\ &= \frac{\sqrt{a}}{a} & \text{Simplify } \sqrt{a} \times \sqrt{a} \text{ to } a. \end{align*}] Write [image: \dfrac{2\sqrt{3}}{3\sqrt{10}}] in simplest form. Show Solution The radical in the denominator is [image: \sqrt{10}]. So multiply the fraction by [image: \dfrac{\sqrt{10}}{\sqrt{10}}]. Then simplify.
 [image: \begin{align}\frac{2\sqrt{3}}{3\sqrt{10}}\cdot \frac{\sqrt{10}}{\sqrt{10}} &= \frac{2\sqrt{30}}{30} \\ &= \frac{\sqrt{30}}{15}\end{align}]
 
  An interactive online homework element has been excluded from the printed version of the text. To see the interactive element that was excluded, please visit the courseware online.
 
  Rationalize the denominator and simplify the expression:[image: \dfrac{4}{1+\sqrt{5}}] Show Answer [image: \begin{align*} \frac{4}{1+\sqrt{5}} &= \frac{4}{1+\sqrt{5}} \times \frac{1-\sqrt{5}}{1-\sqrt{5}} & \text{Multiply by the conjugate to rationalize the denominator.} \\ &= \frac{4(1-\sqrt{5})}{(1+\sqrt{5})(1-\sqrt{5})} & \text{Apply the conjugate.} \\ &= \frac{4 - 4\sqrt{5}}{1^2 - (\sqrt{5})^2} & \text{Expand the numerator and apply the difference of squares.} \\ &= \frac{4 - 4\sqrt{5}}{1 - 5} & \text{Simplify the squares and calculate the difference.} \\ &= \frac{4 - 4\sqrt{5}}{-4} & \text{Combine like terms in the denominator.} \\ &= -1 + \sqrt{5} & \text{Divide each term in the numerator by -4.} \end{align*}]
  An interactive online homework element has been excluded from the printed version of the text. To see the interactive element that was excluded, please visit the courseware online.
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				Rational Roots
 Although square roots are the most commonly recognized, we can also find cube roots, fourth roots, fifth roots, and beyond. Just as the square root function reverses the squaring function, these higher-order roots are the inverses of their corresponding power functions. These root functions are particularly useful when you need to identify the number that, when raised to a specific power, results in a given number.
 [image: \text{n}^{\text{th}}] Root
 The [image: \text{n}^{\text{th}}] root of [image: a], denoted as [image: \sqrt[n]{a}], is a number that, when raised to the nth power, equals [image: a].
  For example, if you are looking for the cube root ([image: 3^{\text{rd}}] root) of [image: 8], you need to find a number that, when multiplied by itself three times, gives [image: 8]. In this case, [image: 2 \cdot 2 \cdot 2 = 8], so the cube root of [image: 8] is [image: 2]. That is, [image: \sqrt[3]{8} = 2]. Now that we’ve explored [image: \text{n}^{\text{th}}] roots, let’s look into a specific type of [image: \text{n}^{\text{th}}] root known as the principal [image: \text{n}^{\text{th}}] root. When we talk about the principal [image: \text{n}^{\text{th}}] root, we’re focusing on the most common or main root that we use in math, especially when the root needs to be positive.
 principal [image: \text{n}^{\text{th}}] root
 If [image: a] is a real number with at least one [image: \text{n}^{\text{th}}] root, then the principal [image: \text{n}^{\text{th}}] root of [image: a], written as [image: \sqrt[n]{a}], is the number with the same sign as [image: a] that, when raised to the [image: \text{n}^{\text{th}}] power, equals [image: a].
  Here, [image: n] is what we call the index of the radical, which tells us the degree of the root. Simplify each of the following: 	[image: \sqrt[5]{-32}]
 	[image: \sqrt[4]{4}\cdot \sqrt[4]{1,024}]
 	[image: -\sqrt[3]{\dfrac{8{x}^{6}}{125}}]
 	[image: 8\sqrt[4]{3}-\sqrt[4]{48}]
 
 Show Answer 	[image: \sqrt[5]{-32}=-2] because [image: {\left(-2\right)}^{5}=-32 \\ \text{ }]
 	First, express the product as a single radical expression. [image: \sqrt[4]{4\text{,}096}=8] because [image: {8}^{4}=4,096]
 	[image: \begin{align} -\sqrt[3]{\frac{8x^6}{125}} &= \frac{-\sqrt[3]{8x^6}}{\sqrt[3]{125}} && \text{Write as quotient of two radical expressions.} \\ &= \frac{-2x^2}{5} && \text{Simplify.} \end{align}]
 	[image: \begin{align}\\ 8\sqrt[4]{3}-\sqrt[4]{48} & = 8\sqrt[4]{3}-2\sqrt[4]{3} && \text{Simplify to get equal radicands}. \\ & = 6\sqrt[4]{3} && \text{Add}. \end{align}]
 
   An interactive online homework element has been excluded from the printed version of the text. To see the interactive element that was excluded, please visit the courseware online.
 
  An interactive online homework element has been excluded from the printed version of the text. To see the interactive element that was excluded, please visit the courseware online.
 
  Rational Exponents
 Radical expressions can also be written without using the radical symbol. We can use rational (fractional) exponents. The index must be a positive integer. If the index [image: n] is even, then [image: x] cannot be negative.
 	Radical Form 	Exponent Form 
 	[image: \sqrt{x}] 	[image: x^{\frac{1}{2}}] 
 	[image: \sqrt[3]{x}] 	[image: x^{\frac{1}{3}}] 
 	[image: \sqrt[4]{x}] 	[image: x^{\frac{1}{4}}] 
 	… 	… 
 	[image: \sqrt[n]{x}] 	[image: x^{\frac{1}{n}}] 
  
 We can also have rational exponents with numerators other than 1. Rational Exponents
 Rational exponents are another way to express principal [image: \text{n}^{\text{th}}] roots.
  
 The general form for converting between a radical expression with a radical symbol and one with a rational exponent is
 [image: \begin{align}{a}^{\frac{m}{n}}={\left(\sqrt[n]{a}\right)}^{m}=\sqrt[n]{{a}^{m}}\end{align}]
 [image: ]
  Write [image: {343}^{\frac{2}{3}}] as a radical and then simplify.
  Show Answer [image: {343}^{\frac{2}{3}} = \sqrt[3]{343^2}] or [image: {343}^{\frac{2}{3}} = (\sqrt[3]{343})^2]To simplify the radical, we know that [image: 343 = 7^3]. This means: [image: 343^{\frac{2}{3}} = \left(\sqrt[3]{343}\right)^2 = \left(\sqrt[3]{7^3}\right)^2 = 7^2 = 49]
  An interactive online homework element has been excluded from the printed version of the text. To see the interactive element that was excluded, please visit the courseware online.
 
  Write [image: \dfrac{4}{\sqrt[7]{{a}^{2}}}] using a rational exponent.
  Show Answer [image: \begin{align*} \text{Start with:} & \quad \frac{4}{\sqrt[7]{a^2}} & \text{Original expression.} \\ \text{Rewrite the radical:} & \quad \frac{4}{a^{\frac{2}{7}}} & \text{Express the 7th root of } a^2 \text{ as } a^{2/7}. \\ \text{Apply the negative exponent rule:} & \quad 4a^{-\frac{2}{7}} & \text{Transform } \frac{1}{a^{\frac{2}{7}}} \text{ to } a^{-\frac{2}{7}} \text{ using the rule } \frac{1}{a^x} = a^{-x}. \end{align*}]
  An interactive online homework element has been excluded from the printed version of the text. To see the interactive element that was excluded, please visit the courseware online.
 
  Simplify: 	[image: 5\left(2{x}^{\frac{3}{4}}\right)\left(3{x}^{\frac{1}{5}}\right)]
 	[image: {\left(\dfrac{16}{9}\right)}^{-\frac{1}{2}}]
 
 Show Solution 	[image: \begin{align}5\left(2{x}^{\frac{3}{4}}\right)\left(3{x}^{\frac{1}{5}}\right) & = 30{x}^{\frac{3}{4}}{x}^{\frac{1}{5}}&& \text{Multiply the coefficients}. \\ & = 30{x}^{\frac{3}{4}+\frac{1}{5}}&& \text{Use properties of exponents}. \\ & = 30{x}^{\frac{19}{20}}&& \text{Simplify}. \end{align}]
 	[image: \begin{align}{\left(\dfrac{16}{9}\right)}^{-\frac{1}{2}} & = {\left(\frac{9}{16}\right)}^{\frac{1}{2}}&& \text{Use definition of negative exponents}. \\ & = \sqrt{\frac{9}{16}}&& \text{Rewrite as a radical}. \\ & = \frac{\sqrt{9}}{\sqrt{16}}&& \text{Use the quotient rule}. \\ & = \frac{3}{4}&& \text{Simplify}. \end{align}]
 
   An interactive online homework element has been excluded from the printed version of the text. To see the interactive element that was excluded, please visit the courseware online.
 
  Media Attributions
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				 	Calculate square roots and apply them in basic operations like addition, subtraction, and rationalizing the denominators.
 	Use the product and quotient rules to simplify expressions that include square roots.
 	Understand how to use rational exponents in expressions and recognize their connection to roots for simplifying calculations.
 
  Quilt blocks are fabric components sewn together to make a quilt.
 [image: ]Photo by Ibrahim Rifath on Unsplash The quilt block design of a square within a square is called an “economy quilt block.” A textile artist is making a quilt using economy quilt blocks of varying sizes, so he makes a sketch of the design with side length [image: w] as shown below.
 [image: The image shows a geometric diagram with two parts. On the left is a square with width "w" containing nested shapes: a purple square rotated 45 degrees (appearing as a diamond) inside a blue square, all set against a green background. Each shape is labeled with measurements showing "w/2" for various dimensions. On the right side is a smaller right triangle in green with sides labeled "w/2", followed by a question mark]
 The artist needs to calculate how many square inches of fabric he will need for each orange triangle. First, he will need to determine an expression for the hypotenuse.
 An interactive online homework element has been excluded from the printed version of the text. To see the interactive element that was excluded, please visit the courseware online.
 
  An interactive online homework element has been excluded from the printed version of the text. To see the interactive element that was excluded, please visit the courseware online.
 
  [image: The image shows a green isosceles triangle with a dashed vertical line down its middle, dividing it into two equal parts. The triangle's base is labeled "base" across the bottom, its height is labeled "height" along the middle dashed line, and both sides are labeled "w/2". A small curved arrow is drawn inside the triangle near the dashed line, indicating an angle.]
 An interactive online homework element has been excluded from the printed version of the text. To see the interactive element that was excluded, please visit the courseware online.
 
  An interactive online homework element has been excluded from the printed version of the text. To see the interactive element that was excluded, please visit the courseware online.
 
  An interactive online homework element has been excluded from the printed version of the text. To see the interactive element that was excluded, please visit the courseware online.
 
  An interactive online homework element has been excluded from the printed version of the text. To see the interactive element that was excluded, please visit the courseware online.
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		Polynomial and Rational Expressions: Background You'll Need 1

								

	
				 	Learn how to find the smallest shared denominator for two fractions and adjust them to have the same denominator.
 
  Fractions are an essential part of mathematics, representing parts of a whole. When working with fractions, we often need to compare or combine them. However, this can be challenging when the fractions have different denominators. That’s where the concept of the least common denominator (LCD) comes in handy.
 Before we dive into finding the least common denominator, let’s quickly review the components of a fraction:
 	Numerator: The number above the fraction line, representing the number of parts we have.
 	Denominator: The number below the fraction line, representing the total number of equal parts in the whole.
 
  What is the Least Common Denominator (LCD)?
 The least common denominator is the smallest positive number that is divisible by the denominators of all the fractions in question. Finding the LCD is crucial when we want to add, subtract, or compare fractions with different denominators. To find the LCD of two fractions, we’ll use the concept of the least common multiple (LCM) of their denominators.
 The Least Common Multiple (LCM) of two or more numbers is the smallest number that is a multiple of all the numbers in question. It’s an important concept that’s particularly useful when solving problems involving fractions, ratios, or when finding equivalent fractions.
 How To: Find the Least Common Multiple (LCM) 	List the Multiples: Start by listing a set of multiples for each number. Remember, multiples are what you get when you multiply the number by [image: 1, 2, 3,] and so on.
 	Scan for Common Ground: Look for multiples that appear in both lists. These are the common multiples. If you don’t find any, continue listing more multiples for each number until you do.
 	Identify the Least: Among the common multiples, pinpoint the smallest one. This is the LCM. It’s the “least common” because it’s the smallest number that all the original numbers can divide into without leaving a remainder.
 	Confirmation: Ensure the number you’ve identified as the LCM is the smallest common multiple. There can be larger common multiples, but the LCM is always the smallest of these
 
  Another method than can be used to find the least common multiple is the prime factorization method.
 How To: Finding the Least Common Multiple Through Prime Factorization 	Find the prime factors of each denominator. You can use a factor tree or division method to break down each number into its prime factors.
 	List down all the unique prime factors that appear in the prime factorization of each number.
 	For each unique prime factor, identify the highest power to which it is raised in any of the given numbers.
 	Multiply together the highest powers of all the unique prime factors. The result is the least common multiple (LCM) of the given numbers.
 
  Now that we know how to find the least common multiple, we can apply this to find the least common denominator of fractions.
 How To: Find the Least Common Denominator (LCD)
 	Identify the denominators of the fractions you’re working with.
 	Find the least common multiple (LCM) of these denominators using either the listing method or prime factorization method described above.
 	The LCM you’ve found is the least common denominator (LCD) of the fractions.
 
  An interactive online homework element has been excluded from the printed version of the text. To see the interactive element that was excluded, please visit the courseware online.
 
  Converting Fractions to Equivalent Fractions
 Once we have the LCD, we can use it to convert our original fractions to equivalent fractions with the same denominator. Equivalent fractions are fractions that represent the same value or portion of a whole, even though they may look different. For example, [image: \frac{1}{2}],[image: \frac{2}{4}], and [image: \frac{3}{6}] are all equivalent fractions because they all represent the same amount – half.
 Converting fractions to equivalent forms with a common denominator allows us to:
 	Add or subtract fractions easily
 	Compare fractions accurately
 	Simplify complex fraction expressions
 
 The key principle in creating equivalent fractions is that we can multiply or divide both the numerator and denominator by the same non-zero number without changing the value of the fraction. This is because we’re essentially multiplying the fraction by 1 in a different form.
 Equivalent Fraction Property: For [image: b \ne 0] and [image: c \ne 0], [image: \dfrac{a}{b} = \dfrac{a \cdot c}{b \cdot c}] How to: Convert Fractions to Equivalent Fractions with a Common Denominator
 	Find the LCD of the fractions you’re working with.
 	For each fraction:
 a. Calculate the “multiplier” by dividing the LCD by the fraction’s current denominator.
 b. Multiply both the numerator and denominator of the fraction by this multiplier.
 c. The denominator becomes the LCD.
 	Verify that all fractions now have the LCD as their denominator.
 
  Find the LCD for the fractions [image: \dfrac{3}{4}] and [image: \dfrac{5}{6}]. Then, convert both fraction to their equivalent fractions using the LCD.LCD: 	The denominators are [image: 4] and [image: 6].
 	The multiples of [image: 4] are: [image: 4, 8, 12, 16, 20, 24, ...]
 	The multiples of [image: 6] are: [image: 6, 12, 18, 24, 30, ...]
 	The least common multiple of [image: 4] and [image: 6] is [image: 12].
 
 Thus, the LCD for the fractions [image: \dfrac{3}{4}] and ​[image: \dfrac{5}{6}] is [image: 12].
 Convert each fraction: Adjust the numerator of each fraction so that the denominator equals the LCD [image: =12].
 	[image: \dfrac{3}{4} = \dfrac{3 \cdot 3}{4 \cdot 3} = \dfrac{9}{12}]
 	[image: \dfrac{5}{6} = \dfrac{5 \cdot 2}{6 \cdot 2} = \dfrac{10}{12}]
 
 Now that the fractions have the same denominator, you can easily add, subtract, or compare them.
  An interactive online homework element has been excluded from the printed version of the text. To see the interactive element that was excluded, please visit the courseware online.
 
  Let’s consider a scenario where you need to find the least common denominator (LCD) for fractions that have denominators involving a single variable.
 Find the LCD for the fractions [image: \dfrac{5}{6x^3}] and [image: \dfrac{7}{8x^5}]. Then, convert both fraction to their equivalent fractions using the LCD.LCD:  To find the LCD, we need to consider both the numeric coefficients and the variable parts:
 	Coefficient: The LCD of [image: 6] and [image: 8] can be found by determining their least common multiple. The factors of [image: 6] are [image: 1, 2, 3, 6] and the factors of [image: 8] are [image: 1, 2, 4, 8]. The smallest number that appears as a multiple of both is [image: 24].
 	Variable Factor: The variable [image: x] appears as [image: x^3] and [image: x^5]. The highest power of [image: x] is [image: 5], so [image: x^5] will be part of the LCD.
 
 Combining these findings, the LCD is [image: 24x^5].
 Convert each fraction: Adjust the numerator of each fraction so that the denominator equals the LCD [image: 24x^5].
 	The first fraction’s denominator is [image: 6x^3]. To match [image: 24x^5], we need to multiply by [image: \dfrac{24x^5}{6x^3} = 4x^2].
 
 [image: \dfrac{5}{6x^3} = \dfrac{5 \cdot 4x^2}{6x^3 \cdot 4x^2} = \dfrac{20x^2}{24x^5}]
 	The second fraction’s denominator is [image: 8x^5]. To match [image: 24x^5], we need to multiply by [image: \dfrac{24x^5}{8x^5} = 3].
 
 [image: \dfrac{7}{8x^5} = \dfrac{7 \cdot 3}{8x^5 \cdot 3} = \dfrac{21}{24x^5}]
  An interactive online homework element has been excluded from the printed version of the text. To see the interactive element that was excluded, please visit the courseware online.
 
  
	

			
			


		
	
		
			
	
		26

		Polynomial and Rational Expressions: Background You'll Need 2

								

	
				 	Find the largest factor that common terms in an algebraic expression share.
 
  Greatest Common Factor (GCF)
 In algebra, simplifying expressions is a crucial skill that helps us solve complex problems more easily. One important technique in simplification is finding the largest common factor (LCF) of terms in an algebraic expression. This process allows us to factor out the greatest shared component, making the expression more compact and often easier to work with.
 Factors are the building blocks of multiplication. They are the numbers that you can multiply together to produce another number. For example, [image: 2] and [image: 10] are factors of [image: 20], as are [image: 4, 5, 1, 20]. To factor a number is to rewrite it as a product. [image: 20=4\cdot{5}] or [image: 20=1\cdot{20}]. In algebra, we use the word factor as both a noun – something being multiplied – and as a verb – the action of rewriting a sum or difference as a product. Factoring is very helpful in simplifying expressions and solving equations involving polynomials.
 Common factors are factors that are shared by two or more terms in an expression. The largest factor that is common to all terms in an expression is called the Greatest Common Factor (GCF).
 greatest common factor (GCF)
 The Greatest Common Factor (also known as the Greatest Common Divisor, or GCD) is the largest factor that two or more numbers have in common. It’s the highest number that divides each of the numbers without leaving a remainder.
  How to: Find the greatest common factor of terms in an algebraic expression
  	Factor each coefficient into primes. Write all variables with exponents in expanded form. 	Use factor trees to break down each number into its prime factors.
 	For variables, write out each instance (e.g., [image: x^2] as [image: x \cdot x]).
 
 
 	List all factors – matching common factors in a column. 	Write out the prime factorization for each term.
 
 
 	In each column, circle the common factors that are shared by all terms.
 	Multiply the factors to get the final GCF.
 
  	Find the GCF for the numbers [image: 30] and [image: 45.]
 
 Show Answer For the numbers [image: 30] and [image: 45], the GCF is [image: 15].
 	The factors of [image: 30] are [image: 1, 2, 3, 5, 6, 10, 15, 30].
 	The factors of [image: 45] are [image: 1, 3, 5, 9, 15, 45].
 
 Notice that [image: 15] is the greatest common factor.
 	Find the greatest common factor of [image: 24] and [image: 36].
 
 Show Answer 	Step 1: Factor each coefficient into primes. Write all variables with exponents in expanded form. 	Factor [image: 24] and [image: 36]. 	[image: .] 
 	Step 2: List all factors–matching common factors in a column. 	 	[image: .] 
 	In each column, circle the common factors. 	Circle the [image: 2, 2], and [image: 3] that are shared by both numbers. 	[image: .] 
 	Step 3: Bring down the common factors that all expressions share. 	Bring down the [image: 2, 2, 3] and then multiply. 	 
 	Step 4: Multiply the factors. 	 	The GCF of [image: 24] and [image: 36] is [image: 12]. 
  
  	Find the GCF for the expressions [image: 16x] and [image: 20x^2].
 
 Show Answer [image: \begin{align*} \text{Expressions: } & 16x \text{ and } 20x^2 \\ \text{Numerical coefficients: } & 16 \text{ and } 20 \\ \text{Factors of 16: } & 1, 2, 4, 8, 16 \\ \text{Factors of 20: } & 1, 2, 4, 5, 10, 20 \\ \text{Greatest common factor (numerical): } & 4 \\ \text{Variable parts: } & x \text{ in } 16x \text{ (or } x^1\text{)} \text{ and } x^2 \text{ in } 20x^2 \\ \text{Greatest common factor (variables): } & x \\ \text{GCF of expressions: } & 4x \end{align*}]
 	Find the greatest common factor of [image: 14{x}^{3},8{x}^{2},10x].
 
 Show Answer 	Factor each coefficient into primes and write the variables with exponents in expanded form.
 Circle the common factors in each column.
 Bring down the common factors.
 Multiply the factors.
 	[image: .] 
 	 	The GCF of [image: 14{x}^{3}] and [image: 8{x}^{2}] and [image: 10x] is [image: 2x] 
  
   An interactive online homework element has been excluded from the printed version of the text. To see the interactive element that was excluded, please visit the courseware online.
 
  An interactive online homework element has been excluded from the printed version of the text. To see the interactive element that was excluded, please visit the courseware online.
 
  An interactive online homework element has been excluded from the printed version of the text. To see the interactive element that was excluded, please visit the courseware online.
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				 	Recognize polynomial functions, noting their degree and leading coefficient
 	Add, subtract, and multiply polynomials using different methods, including the FOIL method for two-term polynomials
 	Work with polynomials that have more than one variable, understanding how to combine and simplify them
 
  Identifying Polynomial Functions
 An oil pipeline bursts in the Gulf of Mexico causing an oil slick in a roughly circular shape. The slick is currently [image: 24] miles in radius, but that radius is increasing by [image: 8] miles each week. We want to write a formula for the area covered by the oil slick by combining two functions. The radius [image: r] of the spill depends on the number of weeks [image: w] that have passed. This relationship is linear.
 [image: r\left(w\right)=24+8w]
 We can combine this with the formula for the area [image: A] of a circle.
 [image: A\left(r\right)=\pi {r}^{2}]
 Composing these functions gives a formula for the area in terms of weeks.
 [image: \begin{array}{l}A\left(w\right)=A\left(r\left(w\right)\right)\\ A\left(w\right)=A\left(24+8w\right)\\ A\left(w\right)=\pi {\left(24+8w\right)}^{2}\end{array}]
 Multiplying gives the formula below.
 [image: A\left(w\right)=576\pi +384\pi w+64\pi {w}^{2}]
 This formula is an example of a polynomial function. A polynomial function consists of either zero or the sum of a finite number of non-zero terms, each of which is a product of a number, called the coefficient of the term, and a variable raised to a non-negative integer power.
 polynomial functions
 Let [image: n]  be a non-negative integer. A polynomial function is a function that can be written in the form
  
 [image: f\left(x\right)={a}_{n}{x}^{n}+\dots+{a}_{2}{x}^{2}+{a}_{1}x+{a}_{0}]
  
 This is called the general form of a polynomial function.
  
 Each [image: {a}_{i}] is a coefficient and can be any real number.
  
 Each product [image: {a}_{i}{x}^{i}] is a term of a polynomial function.
  A polynomial can have different names based on the number of terms it contains:
 	A polynomial containing only one term, such as [image: 5x^4], is called a monomial.
 	A polynomial containing two terms, such as [image: 2x-9], is called a binomial.
 	A polynomial containing three terms, such as [image: 3x^2 -8x+5], is called a trinomial.
 
 Which of the following are polynomial functions? [image: \begin{array}{c}f\left(x\right)=2{x}^{3}\cdot 3x+4\hfill \\ g\left(x\right)=-x\left({x}^{2}-4\right)\hfill \\ h\left(x\right)=5\sqrt{x}+2\hfill \end{array}]
 Show Solution The first two functions are examples of polynomial functions because they can be written in the form [image: f\left(x\right)={a}_{n}{x}^{n}+\dots+{a}_{2}{x}^{2}+{a}_{1}x+{a}_{0}], where the powers are non-negative integers and the coefficients are real numbers.
 	[image: f\left(x\right)] can be written as [image: f\left(x\right)=6{x}^{4}+4].
 	[image: g\left(x\right)] can be written as [image: g\left(x\right)=-{x}^{3}+4x].
 	[image: h\left(x\right)] cannot be written in this form and is therefore not a polynomial function.
 
   An interactive online homework element has been excluded from the printed version of the text. To see the interactive element that was excluded, please visit the courseware online.
 
  Defining the Degree and Leading Coefficient of a Polynomial Function
 Because of the form of a polynomial function, we can see an infinite variety in the number of terms and the power of the variable. Although the order of the terms in the polynomial function is not important for performing operations, we typically arrange the terms in descending order based on the power on the variable. This is called writing a polynomial in general or standard form.
 terminology of polynomial functions
 [image: Diagram to show what the components of the leading term in a function are. The leading coefficient is a_n and the degree of the variable is the exponent in x^n. Both the leading coefficient and highest degree variable make up the leading term. So the function looks like f(x)=a_nx^n +…+a_2x^2+a_1x+a_0.] 
 The degree of the polynomial is the highest power of the variable that occurs in the polynomial; it is the power of the first variable if the function is in general form.
  
 The leading term is the term containing the variable with the highest power, also called the term with the highest degree.
  
 The leading coefficient is the coefficient of the leading term.
  How To: Given a Polynomial Function, Identify the Degree and Leading Coefficient 	Find the highest power of [image: x] to determine the degree of the function.
 	Identify the term containing the highest power of [image: x] to find the leading term.
 	The leading coefficient is the coefficient of the leading term.
 
  Identify the degree, leading term, and leading coefficient of the following polynomial functions. [image: \begin{array}{l} f\left(x\right)=3+2{x}^{2}-4{x}^{3} \\g\left(t\right)=5{t}^{5}-2{t}^{3}+7t\\h\left(p\right)=6p-{p}^{3}-2\end{array}]
 Show Solution For the function [image: f\left(x\right)], the highest power of [image: x] is [image: 3], so the degree is [image: 3]. The leading term is the term containing that degree, [image: -4{x}^{3}]. The leading coefficient is the coefficient of that term, [image: –4].
 For the function [image: g\left(t\right)], the highest power of [image: t] is [image: 5], so the degree is [image: 5]. The leading term is the term containing that degree, [image: 5{t}^{5}]. The leading coefficient is the coefficient of that term, [image: 5].
 For the function [image: h\left(p\right)], the highest power of [image: p] is [image: 3], so the degree is [image: 3]. The leading term is the term containing that degree, [image: -{p}^{3}]; the leading coefficient is the coefficient of that term, [image: –1].
   An interactive online homework element has been excluded from the printed version of the text. To see the interactive element that was excluded, please visit the courseware online.
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				Adding and Subtracting Polynomials
 Add and Subtract Monomials
 When you are adding or subtracting monomials, think of it as grouping together similar items. These ‘like terms’ are expressions that have the same variable raised to the same power. It’s essential to ensure that both the variable and its exponent match before combining them.
 When you’re bringing like terms together, remember that only the coefficients (the numbers in front of the variables) get added or subtracted. The exponents (the powers to which the variables are raised) always remain unchanged. Add: [image: 17{x}^{2}+6{x}^{2}] Show Answer 	 	[image: 17{x}^{2}+6{x}^{2}] 
 	Combine like terms. 	[image: 23{x}^{2}] 
  
   Subtract: [image: 11n-\left(-8n\right)] Show Answer 	 	[image: 11n-\left(-8n\right)] 
 	Combine like terms. 	[image: 19n] 
  
   Add and Subtract Polynomials
 Adding and subtracting polynomials can be thought of as just adding and subtracting like terms. Look for like terms—those with the same variables with the same exponent. The Commutative Property allows us to rearrange the terms to put like terms together. It may also be helpful to underline, circle, or box like terms.
 Find the sum: [image: \left(4{x}^{2}-5x+1\right)+\left(3{x}^{2}-8x - 9\right)]. Show Answer 	 	[image: \left(4{x}^{2}-5x+1\right)+\left(3{x}^{2}-8x - 9\right)] 
 	Identify like terms. 	[image: 4x^2-5x+1+3x^2-8x-9 where 4x^2 has a double underline, 5x has a single underline, 1 has a box around it, 3x^2 has a double underline, 8x has a single underline and a 9 has a box around it.] 
 	Rearrange to get the like terms together. 	[image: 4x^2+3x^2-5x-8x+1-9 where 4x^2+3x^2 has a double underline, 5x-8x has a single underline, 1 and 9 area each boxed individually.] 
 	Combine like terms. 	[image: 7x^2-13x-8] 
  
   An interactive online homework element has been excluded from the printed version of the text. To see the interactive element that was excluded, please visit the courseware online.
 
  Subtract [image: \left(9{m}^{2}-7m+4\right) - \left({m}^{2}-3m+8\right)] Show Answer 	 	[image: (9{m}^{2}-7m+4)-({m}^{2}-3m+8)] 
 	Distribute and identify like terms. 	[image: 9m^2-7m+4-m^2+3x-8 where 9m^2 has a double underline, 7m has a single underline, 4 has a box around it, m^2 has a double underline, 3m has a single underline, and 8 has a box around it.] 
 	Rearrange the terms. 	[image: 9m^2-m^2-7m+3m+4+8 where 9m^2-m^2 has a double underline, 7m+3m has a single underline and 4 and 8 each have their own box around each number.] 
 	Combine like terms. 	[image: 8m^2-4m-4] 
  
   Be careful When subtracting polynomials
 [image: \\]
 When subtracting a polynomial from another, be careful to subtract each term in the second from the first. That is, use the distributive property to distribute the minus sign through the second polynomial.[image: \begin{array}{cc}\left(3x^2-2x+9\right)-\left(x^2-4x+5\right)\text{}\hfill &\text{Distribute the negative in front of the parenthesis} \hfill \\ 3x^2-2x+9 -x^2 -\left(-4x\right) - 5\hfill & \text{Be careful when subtracting a negative}.\hfill \\ 3x^2 - x^2 -2x+4x+9-5\hfill & \text{Rearrange terms in descending order of degree} \hfill \\ 2x^2 +2x +4 \hfill & \text{Combine like terms}. \hfill \end{array}] An interactive online homework element has been excluded from the printed version of the text. To see the interactive element that was excluded, please visit the courseware online.
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				Multiplying Polynomials
 Multiplying polynomials is a step up from adding and subtracting them, but once you get the hang of it, it’s pretty straightforward!
 To multiply polynomials, we use what’s called the distributive property. This means we take each term from the first polynomial and multiply it by every term in the second polynomial. After that, we just combine any like terms we find.
 Distributive Property: [image: a\cdot(b+c) = a\cdot b+a\cdot c] How To: Given the multiplication of two polynomials, use the distributive property to simplify the expression 	Multiply each term of the first polynomial by each term of the second.
 	Combine like terms.
 	Simplify.
 
  Find the product and simplify:[image: \left(2x+1\right)\left(3{x}^{2}-x+4\right)] Solution 
 [image: \begin{align*} (2x+1)(3x^2-x+4) & = 2x(3x^2-x+4) + 1(3x^2-x+4) & \text{Use the distributive property} \\ & = (6x^3-2x^2+8x) + (3x^2-x+4) & \text{Multiply each term} \\ & = 6x^3 + (-2x^2+3x^2) + (8x-x) + 4 & \text{Combine like terms} \\ & = 6x^3 + x^2 + 7x + 4 & \text{Simplify to final form} \end{align*}]
 Analysis of multiplication using a table We can use a table to keep track of our work, as shown in the table below. Write one polynomial across the top and the other down the side. For each box in the table, multiply the term for that row by the term for that column. Then add all of the terms together, combine like terms, and simplify.
 	 	[image: 3{x}^{2}] 	[image: -x] 	[image: +4] 
 	[image: 2x] 	[image: 6{x}^{3}\\] 	[image: -2{x}^{2}] 	[image: 8x] 
 	[image: +1] 	[image: 3{x}^{2}] 	[image: -x] 	[image: 4] 
  
   Find the product. [image: \left(3x+2\right)\left({x}^{3}-4{x}^{2}+7\right)]
 Show Solution [image: 3{x}^{4}-10{x}^{3}-8{x}^{2}+21x+14]
 Analysis of the Solution
 We can use a table to keep track of our work as shown below. Write one polynomial across the top and the other down the side. For each box in the table, multiply the term for that row by the term for that column. Then add all of the terms together, combine like terms, and simplify.
 	 	[image: 3{x}^{2}] 	[image: -x] 	[image: +4] 
 	[image: 2x] 	[image: 6{x}^{3}\\] 	[image: -2{x}^{2}] 	[image: 8x] 
 	[image: +1] 	[image: 3{x}^{2}] 	[image: -x] 	[image: 4] 
  
   An interactive online homework element has been excluded from the printed version of the text. To see the interactive element that was excluded, please visit the courseware online.
 
  Using FOIL to Multiply Binomials
 For quicker multiplication, especially with binomials, we can use a handy shortcut called the FOIL method.
 It is called FOIL because we multiply the First terms, the Outer terms, the Inner terms, and then the Last terms of each binomial.[image: Two quantities in parentheses are being multiplied, the first being: a times x plus b and the second being: c times x plus d. This expression equals ac times x squared plus ad times x plus bc times x plus bd. The terms ax and cx are labeled: First Terms. The terms ax and d are labeled: Outer Terms. The terms b and cx are labeled: Inner Terms. The terms b and d are labeled: Last Terms.] The FOIL method is simply just the distributive property. We are multiplying each term of the first binomial by each term of the second binomial and then combining like terms.
 How To: Given two binomials, Multiplying Using FOIL 	Multiply the first terms of each binomial.
 	Multiply the outer terms of the binomials.
 	Multiply the inner terms of the binomials.
 	Multiply the last terms of each binomial.
 	Add the products.
 	Combine like terms and simplify.
 
  Use the FOIL method to find the product of the polynomials:[image: \left(2x-18\right)\left(3x + 3\right)] Solution 
 Find the product of the First terms:
 [image: ]
 Find the product of the Outer terms:[image: ]
 Find the product of the Inner terms:[image: ]Find the product of the Last terms:[image: ]
 Now combine all the terms obtained from the FOIL method:
 [image: 6x^2+6x-54x-54]
 Combine like terms ([image: 6x-54x = -48x]) and we have found our final simplified product:
 [image: \left(2x-18\right)\left(3x + 3\right) = 6x^2-48x-54]
  Use FOIL to find the product.[image: \left(x+7\right)\left(3x - 5\right)] Show Solution [image: 3{x}^{2}+16x - 35]
  An interactive online homework element has been excluded from the printed version of the text. To see the interactive element that was excluded, please visit the courseware online.
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				Special Cases of Polynomials
 Special cases of polynomials are specific types of polynomial expressions that have distinct characteristics or follow certain patterns, making it easier to work with them, especially when you’re multiplying or factoring. Knowing these special cases is really helpful because it can simplify and speed up the process of solving polynomial equations and carrying out algebraic operations.
 Perfect Square Trinomials
 Certain binomial products have special forms. When a binomial is squared, the result is called a perfect square trinomial. We can find the square by multiplying the binomial by itself. However, there is a special form that each of these perfect square trinomials takes, and memorizing the form makes squaring binomials much easier. Let’s look at a few perfect square trinomials to familiarize ourselves with the form.
 [image: \begin{array}{ccc}\hfill \text{ }{\left(x+5\right)}^{2}& =& \text{ }{x}^{2}+10x+25\hfill \\ \hfill {\left(x - 3\right)}^{2}& =& \text{ }{x}^{2}-6x+9\hfill \\ \hfill {\left(4x - 1\right)}^{2}& =& 4{x}^{2}-8x+1\hfill \end{array}]
 Notice that the first term of each trinomial is the square of the first term of the binomial and, similarly, the last term of each trinomial is the square of the last term of the binomial. The middle term is double the product of the two terms. Lastly, we see that the first sign of the trinomial is the same as the sign of the binomial.
 Perfect Square Trinomials
 A perfect square trinomial is a type of polynomial that results from squaring a binomial. It is called a “perfect square” because it is the exact square of a binomial expression.
  
 The general form of a perfect square trinomial is:
 [image: (a+b)^2 = a^2+2ab+b^2]
  Characteristics of perfect square trinomials: 	First and Last Terms: The first and last terms are perfect squares of the terms in the original binomial.
 	Middle Term: The middle term is twice the product of the two terms in the binomial.
 
  Expand [image: {\left(3x - 8\right)}^{2}].Solution [image: \begin{align*} \text{Original expression:} & \quad (3x - 8)^2 \\ \text{Apply the formula } (a+b)^2 = a^2 + 2ab + b^2, & \quad \text{where } a = 3x \text{ and } b = -8: \\ \text{Square the first term (}a^2\text{):} & \quad (3x)^2 = 9x^2 \\ \text{Double the product of the two terms (}2ab\text{):} & \quad 2 \cdot (3x) \cdot (-8) = -48x \\ \text{Square the last term (}b^2\text{):} & \quad (-8)^2 = 64 \\ \text{Combine all terms:} & \quad 9x^2 - 48x + 64 \\ \end{align*}]
 FOIL method [image: \begin{align*} \text{Original expression:} & \quad (3x - 8)^2 & \text{Starting point} \\ & = (3x - 8)(3x - 8) & \text{Write out the square as a product} \\ & = 3x(3x) + 3x(-8) + (-8)(3x) + (-8)(-8) & \text{Apply the FOIL method: First, Outer, Inner, Last} \\ & = 9x^2 - 24x - 24x + 64 & \text{Multiply each term} \\ & = 9x^2 - 48x + 64 & \text{Combine like terms} \\ \end{align*}]
  Expand [image: {\left(4x - 1\right)}^{2}]. Show Solution [image: 16{x}^{2}-8x+1]
  An interactive online homework element has been excluded from the printed version of the text. To see the interactive element that was excluded, please visit the courseware online.
 
  Difference of Squares
 Another special product is called the difference of squares which occurs when we multiply a binomial by another binomial with the same terms but the opposite sign. Let’s see what happens when we multiply [image: \left(x+1\right)\left(x - 1\right)] using the FOIL method.
 [image: \begin{array}{ccc}\hfill \left(x+1\right)\left(x - 1\right)& =& {x}^{2}-x+x - 1\hfill \\ & =& {x}^{2}-1\hfill \end{array}]
 The middle term drops out resulting in a difference of squares. Just as we did with the perfect squares, let’s look at a few examples.
 [image: \begin{array}{ccc}\hfill \left(x+5\right)\left(x - 5\right)& =& {x}^{2}-25\hfill \\ \hfill \left(x+11\right)\left(x - 11\right)& =& {x}^{2}-121\hfill \\ \hfill \left(2x+3\right)\left(2x - 3\right)& =& 4{x}^{2}-9\hfill \end{array}]
 Because the sign changes in the second binomial, the outer and inner terms cancel each other out, and we are left only with the square of the first term minus the square of the last term.
 difference of squares
 When you multiply a binomial by another binomial that contains the same terms but with opposite signs, the result is known as the difference of squares.
 [image: (a+b)(a-b) = a^2 - b^2]
  Is there a special form for the sum of squares?No. The difference of squares occurs because the opposite signs of the binomials cause the middle terms to disappear. There are no two binomials that multiply to equal a sum of squares. Multiply [image: \left(9x+4\right)\left(9x - 4\right)].Solution [image: \begin{align*} \text{Original expression:} & \quad (9x + 4)(9x - 4) \\ \text{Apply the difference of squares formula, where } a = 9x, \text{ and } b = 4: & \\ \text{Use the formula } (a+b)(a-b) = a^2 - b^2: & \quad a^2 - b^2 \\ \text{Substitute } a = 9x \text{ and } b = 4: & \quad (9x)^2 - (4)^2 \\ \text{Simplify each term:} & \quad 81x^2 - 16 \end{align*}]
 FOIL Method [image: \begin{align*} \text{Original expression:} & \quad (9x + 4)(9x - 4) & \text{Identify as a difference of squares} \\ & = 9x(9x) + 9x(-4) + 4(9x) + 4(-4) & \text{Apply the FOIL method} \\ & = 81x^2 - 36x + 36x - 16 & \text{Multiply each term} \\ & = 81x^2 - 16 & \text{Combine like terms (middle terms cancel out)} \end{align*}]
  An interactive online homework element has been excluded from the printed version of the text. To see the interactive element that was excluded, please visit the courseware online.
 
  An interactive online homework element has been excluded from the printed version of the text. To see the interactive element that was excluded, please visit the courseware online.
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				Performing Operations with Polynomials of Several Variables
 We have looked at polynomials containing only one variable. However, a polynomial can contain several variables. All of the same rules apply when working with polynomials containing several variables. Consider an example:
 [image: \begin{array}{cc}\left(a+2b\right)\left(4a-b-c\right)\hfill & \hfill \\ a\left(4a-b-c\right)+2b\left(4a-b-c\right)\hfill & \text{Use the distributive property}.\hfill \\ 4{a}^{2}-ab-ac+8ab - 2{b}^{2}-2bc\hfill & \text{Multiply}.\hfill \\ 4{a}^{2}+\left(-ab+8ab\right)-ac - 2{b}^{2}-2bc\hfill & \text{Combine like terms}.\hfill \\ 4{a}^{2}+7ab-ac - 2bc - 2{b}^{2}\hfill & \text{Simplify}.\hfill \end{array}]
 Multiply [image: \left(x+4\right)\left(3x - 2y+5\right)].Follow the same steps that we used to multiply polynomials containing only one variable. [image: \begin{array}{cc}x\left(3x - 2y+5\right)+4\left(3x - 2y+5\right) \hfill & \text{Use the distributive property}.\hfill \\ 3{x}^{2}-2xy+5x+12x - 8y+20\hfill & \text{Multiply}.\hfill \\ 3{x}^{2}-2xy+\left(5x+12x\right)-8y+20\hfill & \text{Combine like terms}.\hfill \\ 3{x}^{2}-2xy+17x - 8y+20 \hfill & \text{Simplify}.\hfill \end{array}]
  An interactive online homework element has been excluded from the printed version of the text. To see the interactive element that was excluded, please visit the courseware online.
 
  An interactive online homework element has been excluded from the printed version of the text. To see the interactive element that was excluded, please visit the courseware online.
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				 	Recognize polynomial functions, noting their degree and leading coefficient
 	Add, subtract, and multiply polynomials using different methods, including the FOIL method for two-term polynomials
 	Work with polynomials that have more than one variable, understanding how to combine and simplify them
 
  A woodcraft artisan’s most popular items are her pairs of cedar nesting boxes. Her craftsmanship is so precise that one open-topped box fits perfectly inside another. The outer box is a cube with side length [image: x] cm. The box that nests inside of it is a rectangular prism with its open face lying flush with the open face of the outer box. Both boxes, including their bottoms, are made with cedar that is [image: 1] cm thick. The outer box (left) and the inner box (right) are depicted below.
 [image: ]
 To help her customize her nesting boxes to her patrons’ volume needs, the artisan uses polynomial expressions to represent the various volumes involved.
 An interactive online homework element has been excluded from the printed version of the text. To see the interactive element that was excluded, please visit the courseware online.
 
  An interactive online homework element has been excluded from the printed version of the text. To see the interactive element that was excluded, please visit the courseware online.
 
  An interactive online homework element has been excluded from the printed version of the text. To see the interactive element that was excluded, please visit the courseware online.
 
  An interactive online homework element has been excluded from the printed version of the text. To see the interactive element that was excluded, please visit the courseware online.
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		Factoring Polynomials: Learn It 1

								

	
				 	Factor polynomial expressions using the Greatest Common Factor (GCF) and by grouping to simplify expressions.
 	Factor trinomials and perfect square trinomials into binomials.
 	Break down expressions like differences of squares and cubic equations into their simpler factors.
 	Use specific methods to factor expressions that contain fractional or negative exponents.
 
  Factoring polynomials is like breaking down a complex mathematical phrase into simpler parts that are easier to handle. Many polynomial expressions, which are combinations of numbers and variables raised to various powers, can often be rewritten in simpler forms by factoring. This process involves finding numbers or expressions that, when multiplied together, produce the original polynomial.
 Factoring is not just a mathematical trick; it’s a fundamental tool that helps in solving equations, simplifying expressions, and understanding algebraic structures more deeply.
 Factoring the Greatest Common Factor (GCF)
 When factoring a polynomial expression, our first step is to check to see if each term contains a common factor. If so, we factor out the greatest amount we can from each term. Finding and factoring out a greatest common factor from a polynomial is the first skill involved in factoring polynomials.
 Recall that the greatest common factor (GCF) of two numbers is the largest number that divides evenly into both numbers. For example, [image: 4] is the GCF of [image: 16] and [image: 20] because it is the largest number that divides evenly into both [image: 16] and [image: 20]. GCF of Polynomials
 The greatest common factor (GCF) of polynomials is the largest polynomial that divides evenly into the polynomials.
  
 Identifying and factoring out the GCF involves recognizing the highest degree of any common variables and the largest factor common to all numerical coefficients.
 
 
 
 
  To factor out a GCF from a polynomial, first identify the greatest common factor of the terms. You can then use the distributive property “backwards” to rewrite the polynomial in a factored form.
 Distributive Property: [image: a\left(b+c\right)=ab+ac].
 Backward: Let’s factor [image: a] out of [image: ab+ac].
 [image: ab+ac=a\left(b+c\right)].
 We have seen that we can distribute a factor over a sum or difference. Now we see that we can “undo” the distributive property with factoring.
 How To: Given a polynomial expression, factor out the greatest common factor
  	Identify the GCF of the coefficients.
 	Identify the GCF of the variables.
 	Combine to find the GCF of the expression.
 	Determine what the GCF needs to be multiplied by to obtain each term in the expression.
 	Write the factored expression as the product of the GCF and the sum of the terms we need to multiply by.
 
  Factor [image: 25b^{3}+10b^{2}].Solution 	Identify the GCF of the Coefficients: The coefficients are [image: 25] and [image: 10]. The GCF of [image: 25] and [image: 10] is [image: 5].
 	Identify the GCF of the Variables: The terms include [image: b^3] and [image: b^2]. The GCF of [image: b^3] and [image: b^2] is [image: b^2](the term with the lowest power).
 	Combine the GCFs: Combine the GCF of the coefficients with the GCF of the variables. The overall GCF is [image: 5b^2].
 	Determine what the GCF needs to be multiplied by to obtain each term in the expression: 	[image: 25b^3 = 5b^2 \cdot 5b]
 	[image: 10b^2 = 5b^2 \cdot 2]
 
 
 	Write the Factored Form:
 
 [image: 25b^{3}+10b^{2} = 5b^2 \cdot 5b + 5b^2 \cdot 2 = 5b^2(5b+2)]
  Factor [image: 6{x}^{3}{y}^{3}+45{x}^{2}{y}^{2}+21xy]. Show Solution First find the GCF of the expression. The GCF of [image: 6,45], and [image: 21] is [image: 3]. The GCF of [image: {x}^{3},{x}^{2}], and [image: x] is [image: x]. (Note that the GCF of a set of expressions of the form [image: {x}^{n}] will always be the lowest exponent.) The GCF of [image: {y}^{3},{y}^{2}], and [image: y] is [image: y]. Combine these to find the GCF of the polynomial, [image: 3xy].Next, determine what the GCF needs to be multiplied by to obtain each term of the polynomial. We find that [image: 3xy\left(2{x}^{2}{y}^{2}\right)=6{x}^{3}{y}^{3}, 3xy\left(15xy\right)=45{x}^{2}{y}^{2}], and [image: 3xy\left(7\right)=21xy].
 Finally, write the factored expression as the product of the GCF and the sum of the terms we needed to multiply by.
 [image: \left(3xy\right)\left(2{x}^{2}{y}^{2}+15xy+7\right)]
 Analysis of the Solution
 After factoring, we can check our work by multiplying. Use the distributive property to confirm that [image: \left(3xy\right)\left(2{x}^{2}{y}^{2}+15xy+7\right)=6{x}^{3}{y}^{3}+45{x}^{2}{y}^{2}+21xy].
 
 
  The GCF may not always be a monomial. Here is an example of a GCF that is a binomial.
 Factor [image: x\left({b}^{2}-a\right)+6\left({b}^{2}-a\right)] by pulling out the GCF. Show Solution [image: \left({b}^{2}-a\right)\left(x+6\right)]
  An interactive online homework element has been excluded from the printed version of the text. To see the interactive element that was excluded, please visit the courseware online.
 
  An interactive online homework element has been excluded from the printed version of the text. To see the interactive element that was excluded, please visit the courseware online.
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		Factoring Polynomials: Learn It 2

								

	
				Factoring a Trinomial with Leading Coefficient of 1
 Although we should always begin by looking for a GCF, pulling out the GCF is not the only way that polynomial expressions can be factored. The polynomial [image: {x}^{2}+5x+6] has a GCF of 1, but it can be written as the product of the factors [image: \left(x+2\right)] and [image: \left(x+3\right)].
 Factoring a Trinomial (Leading Coefficient  [image: = 1])
 A trinomial of the form [image: {x}^{2}+bx+c] can be written in factored form as [image: \left(x+p\right)\left(x+q\right)] where [image: pq=c] and [image: p+q=b].
  Some polynomials cannot be factored. These polynomials are said to be prime. How To: Given a trinomial in the form [image: {x}^{2}+bx+c], factor it 	List factors of [image: c].
 	Find [image: p] and [image: q], a pair of factors of [image: c] with a sum of [image: b].
 	Write the factored expression [image: \left(x+p\right)\left(x+q\right)].
 
  Factor [image: {x}^{2}+2x - 15]. 
 Solution
 	We have a trinomial with leading coefficient [image: 1,b=2], and [image: c=-15].
 	We need to find two numbers with a product of [image: -15] and a sum of [image: 2].
 
 In the table, we list factors until we find a pair with the desired sum.
 	Factors of [image: -15] 	Sum of Factors 
  	[image: 1,-15] 	[image: -14] 
 	[image: -1,15] 	[image: 14] 
 	[image: 3,-5] 	[image: -2] 
 	[image: -3,5] 	[image: 2] 
  
 	Now that we have identified [image: p] and [image: q] as [image: -3] and [image: 5], write the factored form as [image: \left(x - 3\right)\left(x+5\right)].
 
 Thus, [image: {x}^{2}+2x - 15 = \left(x - 3\right)\left(x+5\right)]
 Does the order of the factors matter? No. Multiplication is commutative, so the order of the factors does not matter. [image: {x}^{2}+2x - 15 = \left(x - 3\right)\left(x+5\right) = \left(x+5\right)\left(x - 3\right)]
  An interactive online homework element has been excluded from the printed version of the text. To see the interactive element that was excluded, please visit the courseware online.
 
  Factoring by Grouping (Factoring a Trinomial with Leading Coefficient of Not 1)
 Trinomials with leading coefficients other than 1 are slightly more complicated to factor. For these trinomials, we can factor by grouping by dividing the [image: x] term into the sum of two terms, factoring each portion of the expression separately, and then factoring out the GCF of the entire expression.
 Factoring Trinomial (Leading Coefficient [image: \ne 1])
 Factoring by grouping is a method used to decompose a trinomial of the form [image: ax^2+bx+c] into a product of two binomials.
  
 This method involves finding two numbers that combine to give the product of the leading coefficient and the constant term ([image: a \times c]) and the sum of the middle coefficient ([image: b]). We use these numbers to divide the [image: x] term into the sum of two terms and factor each portion of the expression separately then factor out the GCF of the entire expression.
  How To: Given a trinomial in the form [image: a{x}^{2}+bx+c], factor by grouping 	List factors of [image: a \times c].
 	Find [image: p] and [image: q], a pair of factors of [image: a \times c] with a sum of [image: b].
 	Rewrite the original expression as [image: a{x}^{2}+px+qx+c].
 	Pull out the GCF of [image: a{x}^{2}+px].
 	Pull out the GCF of [image: qx+c].
 	Factor out the GCF of the expression.
 
  Factor [image: 5{x}^{2}+7x - 6]. 
 Solution
 	List factors of [image: a \times c]. 	Calculate [image: a \times c]: [image: a = 5] and [image: c = -6], so [image: a \times c = -30].
 	Factors of [image: -30]:
 	Factors of [image: -30] 	Sum of Factors 
  	[image: 1,-30] 	[image: -29] 
 	[image: -1,30] 	[image: 29] 
 	[image: 2,-15] 	[image: -13] 
 	[image: -2,15] 	[image: 13] 
 	[image: 3,-10] 	[image: -7] 
 	[image: -3,10] 	[image: 7] 
  
 
 
 
 	Find [image: p] and [image: q], a pair of factors of [image: a \times c] with a sum of [image: b]. 	Based on the table above, the correct pair is [image: p = -3] and [image: q = 10].
 
 
 	Rewrite the original expression as [image: a{x}^{2}+px+qx+c].
 
 [image: 5{x}^{2}+7x - 6 = 5{x}^{2} -3x+10x-6]
 	Group the first 2 terms and the last 2 terms. Then, pull out the GCF of each group.
 
 [image: 5{x}^{2}+7x - 6 = (5{x}^{2} -3x)+(10x-6) = x(5x-3)+2(5x-3)]
 	Factor out the GCF of the expression.
 
 [image: 5{x}^{2}+7x - 6 = (x+2)(5x-3)]
  Factor the following. 	[image: 2{x}^{2}+9x+9]
 	[image: 6{x}^{2}+x - 1]
 
 Show Solution 	[image: \left(2x+3\right)\left(x+3\right)]
 	[image: \left(3x - 1\right)\left(2x+1\right)]

  An interactive online homework element has been excluded from the printed version of the text. To see the interactive element that was excluded, please visit the courseware online.
 
  An interactive online homework element has been excluded from the printed version of the text. To see the interactive element that was excluded, please visit the courseware online.
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				Factoring a Perfect Square Trinomial
 A perfect square trinomial is a trinomial that can be written as the square of a binomial. Recall that when a binomial is squared, the result is the square of the first term added to twice the product of the two terms and the square of the last term.
 [image: \begin{array}{ccc}\hfill {a}^{2}+2ab+{b}^{2}& =& {\left(a+b\right)}^{2}\hfill \\ & \text{and}& \\ \hfill {a}^{2}-2ab+{b}^{2}& =& {\left(a-b\right)}^{2}\hfill \end{array}]
 We can use this equation to factor any perfect square trinomial.
 perfect square trinomial
 A perfect square trinomial can be written as the square of a binomial:
 [image: {a}^{2}+2ab+{b}^{2}={\left(a+b\right)}^{2}]
  How To: Given a perfect square trinomial, factor it into the square of a binomial
  	Confirm that the first and last term are perfect squares.
 	Confirm that the middle term is twice the product of [image: ab].
 	Write the factored form as [image: {\left(a+b\right)}^{2}].
 
  Factor [image: 25{x}^{2}+20x+4].Solution To factor the quadratic expression [image: 25{x}^{2}+20x+4], recognizing it as a perfect square trinomial will streamline the process. This type of expression comes from squaring a binomial and has a special format, [image: a^2 +2ab+b^2], where it can be rewritten as [image: (a+b)^2].[image: \begin{align*} \text{Original expression:} & \quad 25x^2 + 20x + 4 \\ \text{Identify square terms:} & \quad 25x^2 = (5x)^2 \quad \text{and} \quad 4 = 2^2 \\ \text{Check middle term:} & \quad 2 \times 5x \times 2 = 20x \\ \text{Write as a square of a binomial:} & \quad (5x + 2)^2 \end{align*}]
  Factor [image: 49{x}^{2}-14x+1]. Show Solution [image: {\left(7x - 1\right)}^{2}]
  An interactive online homework element has been excluded from the printed version of the text. To see the interactive element that was excluded, please visit the courseware online.
 
  An interactive online homework element has been excluded from the printed version of the text. To see the interactive element that was excluded, please visit the courseware online.
 
  Factoring a Difference of Squares
 A difference of squares is a perfect square subtracted from a perfect square. Recall that a difference of squares can be rewritten as factors containing the same terms but opposite signs because the middle terms cancel each other out when the two factors are multiplied.
 [image: {a}^{2}-{b}^{2}=\left(a+b\right)\left(a-b\right)]
 We can use this equation to factor any differences of squares.
 difference of squares
 A difference of squares can be rewritten as two factors containing the same terms but opposite signs.
 [image: {a}^{2}-{b}^{2}=\left(a+b\right)\left(a-b\right)]
  How To: Given a difference of squares, factor it into binomials 	Confirm that the first and last term are perfect squares.
 	Write the factored form as [image: \left(a+b\right)\left(a-b\right)].
 
  Factor [image: 9{x}^{2}-25].Solution To factor the quadratic expression [image: 9{x}^{2}-25], we recognize that it is a difference of squares.[image: \begin{align*} \text{Original expression:} & \quad 9x^2 - 25 \\ \text{Identify square terms:} & \quad 9x^2 = (3x)^2 \quad \text{and} \quad 25 = 5^2 \\ \text{Apply difference of squares formula:} & \quad (3x + 5)(3x - 5) \end{align*}]
  Factor [image: 81{y}^{2}-100]. Show Solution [image: \left(9y+10\right)\left(9y - 10\right)]
  An interactive online homework element has been excluded from the printed version of the text. To see the interactive element that was excluded, please visit the courseware online.
 
  An interactive online homework element has been excluded from the printed version of the text. To see the interactive element that was excluded, please visit the courseware online.
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				Factoring the Sum and Difference of Cubes
 Now we will look at two new special products: the sum and difference of cubes. Although the sum of squares cannot be factored, the sum of cubes can be factored into a binomial and a trinomial.
 Sum and Difference of Cubes
 The sum and difference of cubes are algebraic formulas used to factor and solve polynomial equations involving cubic terms.
 	Sum of Cubes: [image: {a}^{3}+{b}^{3}=\left(a+b\right)\left({a}^{2}-ab+{b}^{2}\right)]
 	Difference of Cubes: [image: {a}^{3}-{b}^{3}=\left(a-b\right)\left({a}^{2}+ab+{b}^{2}\right)]
 
  We can use the acronym SOAP to remember the signs when factoring the sum or difference of cubes. The first letter of each word relates to the signs: Same Opposite Always Positive. How To: Given a sum of cubes or difference of cubes, factor it 	Confirm that the first and last term are cubes, [image: {a}^{3}+{b}^{3}] or [image: {a}^{3}-{b}^{3}].
 	For a sum of cubes, write the factored form as [image: \left(a+b\right)\left({a}^{2}-ab+{b}^{2}\right)]. For a difference of cubes, write the factored form as [image: \left(a-b\right)\left({a}^{2}+ab+{b}^{2}\right)].
 
  Factor [image: {x}^{3}+512].Solution To factor the cubic expression [image: {x}^{3}+512], we recognize that [image: 512] is a perfect cube, specifically [image: 8^3]. This allows us to apply the sum of cubes formula.
 [image: \begin{align*} \text{Original expression:} & \quad x^3 + 512 \\ \text{Identify cubes:} & \quad x^3 \text{ and } 512 = 8^3 \\ \text{Apply sum of cubes formula:} & \quad x^3 + 8^3 = (x + 8)(x^2 - 8x + 64) \\ \text{Factored form:} & \quad (x + 8)(x^2 - 8x + 64) \end{align*}]
  Factor [image: 8{x}^{3}-125].
  Show Answer [image: \begin{align*} \text{Original expression:} & \quad 8x^3 - 125 \\ \text{Identify cubes:} & \quad 8x^3 = (2x)^3, \quad 125 = 5^3 \\ \text{Apply difference of cubes formula:} & \quad (2x)^3 - 5^3 = (2x - 5)(4x^2 + 10x + 25) \\ \text{Factored form:} & \quad (2x - 5)(4x^2 + 10x + 25) \end{align*}]
  An interactive online homework element has been excluded from the printed version of the text. To see the interactive element that was excluded, please visit the courseware online.
 
  Factoring Expressions with Fractional or Negative Exponents
 Expressions with fractional or negative exponents can be factored by pulling out a GCF. Look for the variable or exponent that is common to each term of the expression and pull out that variable or exponent raised to the lowest power. These expressions follow the same factoring rules as those with integer exponents. For instance, [image: 2{x}^{\frac{1}{4}}+5{x}^{\frac{3}{4}}] can be factored by pulling out [image: {x}^{\frac{1}{4}}] and being rewritten as [image: {x}^{\frac{1}{4}}\left(2+5{x}^{\frac{1}{2}}\right)].
 Factor [image: 3x{\left(x+2\right)}^{\frac{-1}{3}}+4{\left(x+2\right)}^{\frac{2}{3}}]. Show Solution Factor out the term with the lowest value of the exponent. In this case, that would be [image: {\left(x+2\right)}^{-\frac{1}{3}}].
 [image: \begin{array}{cc}{\left(x+2\right)}^{-\frac{1}{3}}\left(3x+4\left(x+2\right)\right)\hfill & \text{Factor out the GCF}.\hfill \\ {\left(x+2\right)}^{-\frac{1}{3}}\left(3x+4x+8\right)\hfill & \text{Simplify}.\hfill \\ {\left(x+2\right)}^{-\frac{1}{3}}\left(7x+8\right)\hfill & \end{array}]
 
  An interactive online homework element has been excluded from the printed version of the text. To see the interactive element that was excluded, please visit the courseware online.
 
  An interactive online homework element has been excluded from the printed version of the text. To see the interactive element that was excluded, please visit the courseware online.
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				 	Factor polynomial expressions using the Greatest Common Factor (GCF) and by grouping to simplify expressions.
 	Factor trinomials and perfect square trinomials into binomials.
 	Break down expressions like differences of squares and cubic equations into their simpler factors.
 	Use specific methods to factor expressions that contain fractional or negative exponents.
 
  Mastering Advanced Factoring Techniques
 Let’s tackle some tricky expressions that really test your factoring skills! Whether you’re dealing with polynomials that have higher degrees, unique coefficients, or require a mix of different factoring tricks, this section is all about leveling up your factoring game and getting you ready to solve real-world problems.
 	Perfect Square Trinomials:
 
 [image: \begin{array}{ccc}\hfill {a}^{2}+2ab+{b}^{2}& =& {\left(a+b\right)}^{2}\hfill \\ & \text{and}& \\ \hfill {a}^{2}-2ab+{b}^{2}& =& {\left(a-b\right)}^{2}\hfill \end{array}]
 	Difference of Squares:
 
 [image: {a}^{2}-{b}^{2}=\left(a+b\right)\left(a-b\right)]
 	Sum of Two Cubes:
 
 [image: {a}^{3}+{b}^{3}=\left(a+b\right)\left({a}^{2}-ab+{b}^{2}\right)]
 	Difference of Two Cubes:
 
 [image: {a}^{3}-{b}^{3}=\left(a-b\right)\left({a}^{2}+ab+{b}^{2}\right)]
  An interactive online homework element has been excluded from the printed version of the text. To see the interactive element that was excluded, please visit the courseware online.
 
  An interactive online homework element has been excluded from the printed version of the text. To see the interactive element that was excluded, please visit the courseware online.
 
  An interactive online homework element has been excluded from the printed version of the text. To see the interactive element that was excluded, please visit the courseware online.
 
  An interactive online homework element has been excluded from the printed version of the text. To see the interactive element that was excluded, please visit the courseware online.
 
  An interactive online homework element has been excluded from the printed version of the text. To see the interactive element that was excluded, please visit the courseware online.
 
  An interactive online homework element has been excluded from the printed version of the text. To see the interactive element that was excluded, please visit the courseware online.
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				 	Simplify rational expressions
 	Practice how to multiply, divide, add, and subtract rational expressions
 
  Rational Expressions
 A pastry shop has fixed costs of [image: \$280] per week and variable costs of [image: \$9] per box of pastries. The shop’s costs per week in terms of [image: x], the number of boxes made, is [image: 280+9x]. We can divide the costs per week by the number of boxes made to determine the cost per box of pastries.
 [image: \Large{\dfrac{280+9x}{x}}]
 Notice that the result is a polynomial expression divided by a second polynomial expression. This is known as a rational expression.
 rational expressions
 Rational expressions are formed when one polynomial is divided by another, resulting in a fraction-like form where the numerator and the denominator are both polynomials.
 [image: \dfrac{P(x)}{Q(x)}] where [image: P(x)] and [image: Q(x)] are polynomials.
  The domain of a rational expression includes all real numbers except those that make the denominator equal to zero. When the denominator equals zero, the expression is undefined. This concept is rooted in the fundamental principle that division by zero is impossible in mathematics.
 rational expressions and undefined values
 A rational expression is undefined when its denominator equals zero.
  How to: Find the undefined values of a rational expression 	Isolate the denominator.
 	Set the denominator equal to zero.
 	Solve the resulting equation.
 
 The solutions to this equation are the values that make the rational expression undefined.
  Determine the value(s) of [image: x] for which the following rational expression is undefined:
 [image: \frac{x^2 - 4}{x - 2}]
 Show Answer 	Identify the denominator: [image: (x - 2)]
 	Set the denominator to zero: [image: x - 2 = 0]
 	Solve for [image: x]:
 [image: x = 2]
 
 Therefore, the expression is undefined when [image: x = 2].
 Note: At [image: x = 2], both the numerator and denominator equal zero, creating an indeterminate form [image: \frac{0}{0}].
   Find the values of [image: x] that make the following rational expression undefined:
 [image: \frac{x^2 + 3x}{x^2 - 4}]
 Show Answer 	Identify the denominator: [image: (x^2 - 4)]
 	Set the denominator to zero: [image: x^2 - 4 = 0]
 	Factor the equation: [image: (x + 2)(x - 2) = 0]
 	Solve for [image: x]:
 [image: x + 2 = 0] or [image: x - 2 = 0]
 [image: x = -2] or [image: x = 2]
 
 Therefore, the expression is undefined when [image: x = 2] or [image: x = -2].
   Determine all values of [image: x] for which the following rational expression is undefined:
 [image: \frac{2x^2 - 5}{x^3 - x}]
 Show Answer 	Identify the denominator: [image: x^3 - x]
 	Factor the denominator: [image: x(x^2 - 1) = x(x + 1)(x - 1)]
 	Set each factor to zero and solve: 	 [image: x = 0]
 	[image: x + 1 = 0], so [image: x = -1]
 	[image: x - 1 = 0], so [image: x = 1]
 
 
 
 Therefore, the expression is undefined when [image: x = 0], [image: x = 1], and [image: x = -1].
   We can apply the properties of fractions to rational expressions such as simplifying the expressions by canceling common factors from the numerator and the denominator. To do this, we first need to factor both the numerator and denominator. Let’s start with the rational expression shown.
 [image: \dfrac{{x}^{2}+8x+16}{{x}^{2}+11x+28}]
 We can factor the numerator and denominator to rewrite the expression as [image: \dfrac{{\left(x+4\right)}^{2}}{\left(x+4\right)\left(x+7\right)}].
 Then we can simplify the expression by canceling the common factor [image: \left(x+4\right)] to get [image: \dfrac{x+4}{x+7}].
 
 How To: Given a rational expression, simplify it 	Factor the numerator and denominator.
 	Cancel any common factors.
 
  
 Simplify [image: \dfrac{{x}^{2}-9}{{x}^{2}+4x+3}]. Show Solution [image: \begin{array}{lllllllll}\dfrac{\left(x+3\right)\left(x - 3\right)}{\left(x+3\right)\left(x+1\right)}\hfill & \hfill & \hfill & \hfill & \text{Factor the numerator and the denominator}.\hfill \\ \dfrac{x - 3}{x+1}\hfill & \hfill & \hfill & \hfill & \text{Cancel common factor }\left(x+3\right).\hfill \end{array}]Analysis of the SolutionWe can cancel the common factor because any expression divided by itself is equal to 1.
   Can the [image: {x}^{2}] term be cancelled in the above example?No. A factor is an expression that is multiplied by another expression. The term [image: x^2] is part of the polynomial terms in both the numerator and denominator, but it is not a standalone factor.Polynomial expressions need to be fully factored, and only common binomial or monomial factors that appear as a product in both the numerator and denominator can be canceled. Canceling should only occur with factors, not terms that are part of a sum or difference in the polynomials, as altering these without proper factoring could change the value of the expression. An interactive online homework element has been excluded from the printed version of the text. To see the interactive element that was excluded, please visit the courseware online.
 
  An interactive online homework element has been excluded from the printed version of the text. To see the interactive element that was excluded, please visit the courseware online.
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				Multiplying Rational Expressions
 Multiplication of rational expressions works the same way as multiplication of any other fractions. We multiply the numerators to find the numerator of the product, and then multiply the denominators to find the denominator of the product. Before multiplying, it is helpful to factor the numerators and denominators just as we did when simplifying rational expressions. We are often able to simplify the product of rational expressions.
 How To: Given two rational expressions, multiply them 	Factor the numerator and denominator.
 	Multiply the numerators.
 	Multiply the denominators.
 	Simplify.
 
  Multiply the rational expressions and show the product in simplest form: [image: \dfrac{{x}^{2}+4x-5}{3x+18}\cdot \dfrac{2x - 1}{x+5}]
 
 Show Solution [image: \begin{array}{cc}\dfrac{\left(x+5\right)\left(x - 1\right)}{3\left(x+6\right)}\cdot \dfrac{\left(2x - 1\right)}{\left(x+5\right)}\hfill & \text{Factor the numerator and denominator}.\hfill \\ \dfrac{\left(x+5\right)\left(x - 1\right)\left(2x - 1\right)}{3\left(x+6\right)\left(x+5\right)}\hfill & \text{Multiply numerators and denominators}.\hfill \\ \dfrac{\cancel{\left(x+5\right)}\left(x - 1\right)\left(2x - 1\right)}{3\left(x+6\right)\cancel{\left(x+5\right)}}\hfill & \text{Cancel common factors to simplify}.\hfill \\ \dfrac{\left(x - 1\right)\left(2x - 1\right)}{3\left(x+6\right)}\hfill & \hfill \end{array}]
   An interactive online homework element has been excluded from the printed version of the text. To see the interactive element that was excluded, please visit the courseware online.
 
  Dividing Rational Expressions
 Division of rational expressions works the same way as division of other fractions.
 To divide one fraction by another, you multiply the first fraction by the reciprocal (inverse) of the second. This method simplifies the process and avoids direct division: [image: \dfrac{a}{b}\div\dfrac{c}{d}=\dfrac{a}{b}\cdot\dfrac{d}{c}=\dfrac{ad}{bc}]
  How To: Given two rational expressions, divide them 	Rewrite as the first rational expression multiplied by the reciprocal of the second.
 	Factor the numerators and denominators.
 	Multiply the numerators.
 	Multiply the denominators.
 	Simplify.
 
  Divide the rational expressions and express the quotient in simplest form: [image: \dfrac{2{x}^{2}+x - 6}{{x}^{2}-1}\div \dfrac{{x}^{2}-4}{{x}^{2}+2x+1}]
 Show Solution [image: \begin{array}\text{ }\dfrac{2x^{2}+x-6}{x^{2}-1}\cdot\dfrac{x^{2}+2x+1}{x^{2}-4} \hfill& \text{Rewrite as the first fraction multiplied by the reciprocal of the second fraction.} \\ \dfrac{\left(2x-3\right)\cancel{\left(x+2\right)}}{\cancel{\left(x+1\right)}\left(x-1\right)}\cdot\dfrac{\cancel{\left(x+1\right)}\left(x+1\right)}{\cancel{\left(x+2\right)}\left(x-2\right)} \hfill& \text{Factor and cancel common factors.} \\ \dfrac{\left(2x-3\right)\left(x+1\right)}{\left(x-1\right)\left(x-2\right)} \hfill& \text{Multiply numerators and denominators.} \\ \dfrac{2x^{2}-x-3}{x^{2}-3x+2} \hfill& \text{Simplify.}\end{array}]
   An interactive online homework element has been excluded from the printed version of the text. To see the interactive element that was excluded, please visit the courseware online.
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				Adding and Subtracting Rational Expressions
 Adding and subtracting rational expressions works just like adding and subtracting numerical fractions. To add or subtract fractions, we need to find a common denominator.
 Let’s look at an example of fraction addition.
 [image: \begin{array}{ccc}\hfill \dfrac{5}{24}+\dfrac{1}{40}& =& \dfrac{25}{120}+\dfrac{3}{120}\hfill \\ & =& \dfrac{28}{120}\hfill \\ & =& \dfrac{7}{30}\hfill \end{array}]
 We have to rewrite the fractions so they share a common denominator before we are able to add. We must do the same thing when adding or subtracting rational expressions.
 How did we know what number to use for the denominator?In the example above, we rewrote the fractions as equivalent fractions with a common denominator of 120. Recall that we use the least common multiple of the original denominators.To find the LCM of 24 and 40, rewrite 24 and 40 as products of primes, then select the largest set of each prime appearing.[image: 24 = 2^3\cdot3][image: 40=2^3\cdot5] We choose [image: 2^3\cdot3\cdot5=120] as the LCM, since that’s the largest number of factors of 2, 3, and 5 we see. The LCM is 120.
 We multiply each numerator with just enough of the LCM to make each denominator 120 to get the equivalent fractions.
 When referring to fractions, we call the LCM the least common denominator, or the LCD. 
  The LCD is the smallest multiple that the denominators have in common. To find the LCD of two rational expressions, we factor the expressions and multiply all of the distinct factors.For instance, if the factored denominators were [image: \left(x+3\right)\left(x+4\right)] and [image: \left(x+4\right)\left(x+5\right)], then the LCD would be [image: \left(x+3\right)\left(x+4\right)\left(x+5\right)]. How To: Given two rational expressions, add or subtract them 	Factor the numerator and denominator.
 	Find the LCD of the expressions.
 	Multiply the expressions by a form of 1 that changes the denominators to the LCD.
 	Add or subtract the numerators.
 	Simplify.
 
  Although any common denominator will work for adding or subtracting rational expressions, using the least common denominator (LCD) is typically the easiest method. Add the rational expressions: [image: \dfrac{5}{x}+\dfrac{6}{y}]
 Show Solution First, we have to find the LCD. In this case, the LCD will be [image: xy]. We then multiply each expression by the appropriate form of 1 to obtain [image: xy] as the denominator for each fraction.
 [image: \begin{array}{l}\dfrac{5}{x}\cdot \dfrac{y}{y}+\dfrac{6}{y}\cdot \dfrac{x}{x}\\ \dfrac{5y}{xy}+\dfrac{6x}{xy}\end{array}]
 Now that the expressions have the same denominator, we simply add the numerators to find the sum.
 [image: \dfrac{6x+5y}{xy}]
  
 Analysis of the Solution
 Multiplying by [image: \dfrac{y}{y}] or [image: \dfrac{x}{x}] does not change the value of the original expression because any number divided by itself is 1, and multiplying an expression by 1 gives the original expression.
   Subtract the rational expressions: [image: \dfrac{6}{{x}^{2}+4x+4}-\dfrac{2}{{x}^{2}-4}]
 Show Solution [image: \begin{array}{cc}\dfrac{6}{{\left(x+2\right)}^{2}}-\dfrac{2}{\left(x+2\right)\left(x - 2\right)}\hfill & \text{Factor}.\hfill \\ \dfrac{6}{{\left(x+2\right)}^{2}}\cdot \dfrac{x - 2}{x - 2}-\dfrac{2}{\left(x+2\right)\left(x - 2\right)}\cdot \dfrac{x+2}{x+2}\hfill & \text{Multiply each fraction to get the LCD as the denominator}.\hfill \\ \dfrac{6\left(x - 2\right)}{{\left(x+2\right)}^{2}\left(x - 2\right)}-\dfrac{2\left(x+2\right)}{{\left(x+2\right)}^{2}\left(x - 2\right)}\hfill & \text{Multiply}.\hfill \\ \dfrac{6x - 12-\left(2x+4\right)}{{\left(x+2\right)}^{2}\left(x - 2\right)}\hfill & \text{Apply distributive property}.\hfill \\ \dfrac{4x - 16}{{\left(x+2\right)}^{2}\left(x - 2\right)}\hfill & \text{Subtract}.\hfill \\ \dfrac{4\left(x - 4\right)}{{\left(x+2\right)}^{2}\left(x - 2\right)}\hfill & \text{Simplify}.\hfill \end{array}]
   An interactive online homework element has been excluded from the printed version of the text. To see the interactive element that was excluded, please visit the courseware online.
 
  An interactive online homework element has been excluded from the printed version of the text. To see the interactive element that was excluded, please visit the courseware online.
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				Simplifying Complex Rational Expressions
 Imagine a fraction within a fraction—sounds complicated, right? That’s exactly what a complex rational expression looks like! It could have fractions in the numerator, the denominator, or even both. But don’t worry, simplifying them isn’t as tricky as it might seem.
 To make these expressions easier to work with, your goal is to combine everything in the numerator into one single fraction, and do the same for the denominator. Once you have one fraction over another, you can simplify the expression just like you would divide any two fractions: by multiplying the top fraction by the reciprocal (or the flip) of the bottom fraction.
 How To: Given a complex rational expression, simplify it 	Combine the expressions in the numerator into a single rational expression by adding or subtracting.
 	Combine the expressions in the denominator into a single rational expression by adding or subtracting.
 	Rewrite as the numerator divided by the denominator.
 	Rewrite as multiplication.
 	Multiply.
 	Simplify.
 
  Simplify: [image: \dfrac{a}{\dfrac{1}{b}+c}]Solution
 
 Step 1: Rewrite the Numerator
 The numerator [image: a] can be expressed as [image: \dfrac{a}{1}] to facilitate operations.
 
 Step 2: Combine Expressions in the Denominator
 The denominator contains [image: \dfrac{1}{b}+c]. Find a common denominator, which is [image: b], resulting in: [image: \dfrac{1+bc}{b}].
 
 Step 3: Rewrite as Multiplication
 Use the reciprocal of the combined denominator to convert the division into multiplication: [image: \dfrac{a}{1}\cdot \dfrac{b}{1+bc}]
 Step 4: Simplify
 The multiplication of the fractions simplifies to:
 [image: \dfrac{ab}{1+bc}]
  Can a complex rational expression always be simplified?Yes. We can always rewrite a complex rational expression as a simplified rational expression. Simplify: [image: \dfrac{y+\dfrac{1}{x}}{\dfrac{x}{y}}] . Show Solution Begin by combining the expressions in the numerator into one expression.
 [image: \begin{array}{cc}y\cdot \dfrac{x}{x}+\dfrac{1}{x}\hfill & \text{Multiply by }\dfrac{x}{x}\text{to get LCD as denominator}.\hfill \\ \dfrac{xy}{x}+\dfrac{1}{x}\hfill & \\ \dfrac{xy+1}{x}\hfill & \text{Add numerators}.\hfill \end{array}]
 Now the numerator is a single rational expression and the denominator is a single rational expression.
 [image: \dfrac{\dfrac{xy+1}{x}}{\dfrac{x}{y}}]
 We can rewrite this as division and then multiplication.
 [image: \begin{array}{cc}\dfrac{xy+1}{x}\div \dfrac{x}{y}\hfill & \\ \dfrac{xy+1}{x}\cdot \dfrac{y}{x}\hfill & \text{Rewrite as multiplication}\text{.}\hfill \\ \dfrac{y\left(xy+1\right)}{{x}^{2}}\hfill & \text{Multiply}\text{.}\hfill \end{array}]
 
  An interactive online homework element has been excluded from the printed version of the text. To see the interactive element that was excluded, please visit the courseware online.
 
  An interactive online homework element has been excluded from the printed version of the text. To see the interactive element that was excluded, please visit the courseware online.
 
  An interactive online homework element has been excluded from the printed version of the text. To see the interactive element that was excluded, please visit the courseware online.
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				 	Simplify rational expressions
 	Practice how to multiply, divide, add, and subtract rational expressions
 
  Tim FitzHigham is an English comedian who is best known for his ridiculous feats that have broken or set world records all while raising money and awareness for humanitarian and environmental causes. His feats include paddling a paper boat for [image: 160] miles down the River Thames, crossing the English Channel by rowing in a bathtub, and blowing up the world’s largest man-inflated balloon.[1]
 [image: ]Source: https://www.fitzhigham.com/live/in-the-bath/ An interactive online homework element has been excluded from the printed version of the text. To see the interactive element that was excluded, please visit the courseware online.
 
  An interactive online homework element has been excluded from the printed version of the text. To see the interactive element that was excluded, please visit the courseware online.
 
  An interactive online homework element has been excluded from the printed version of the text. To see the interactive element that was excluded, please visit the courseware online.
 
  An interactive online homework element has been excluded from the printed version of the text. To see the interactive element that was excluded, please visit the courseware online.
 
  Media Attributions
	tim_fitzhigham 



	https://londonist.com/2006/11/yesterday_londo; https://londonist.com/2007/01/back_in_2006_we ↵
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		Linear Equations and Inequalities: Background You'll Need 1

								

	
				 	Understand how to use a number line to place numbers and figure out which numbers are bigger or smaller using signs like [image: <] and [image: >]
 
  Using Number Lines to Compare Numbers
 Number lines are powerful tools that help us visualize numbers and their relationships. They’re especially useful for understanding which numbers are bigger or smaller, and for using comparison symbols like [image: <] (less than) and [image: >] (greater than).
 Number Line
 A number line is a straight line where each point represents a number. Here are some key features:
 	The line extends infinitely in both directions.
 	Numbers increase as you move right and decrease as you move left.
 	The space between each whole number is divided into equal parts.
 
 Number Line
 A number line is a visual representation of numbers on a straight line, typically drawn horizontally.
  
 Each point on the line corresponds to a number, with equal spacing between consecutive numbers, which allows for accurate measurement and comparison of the size of numbers.
  
 The line includes a central point, typically marked as zero, with positive numbers extending infinitely to the right and negative numbers extending infinitely to the left.
  
 [image: ]
  How to: Place Numbers on a Number Line To place a number on a number line:
 	Identify the nearest whole numbers.
 	Count the spaces between those whole numbers.
 	Place your number in the correct position between them.
 
  Plot the numbers on a number line: [image: 4, -3, -1.2 \text{ and } \frac{1}{2}] Show Answer 	To plot [image: 4], start at [image: 0] and count four units to the right.
 	To plot [image: -3], start at [image: 0] and count three units to the left.
 	To plot [image: -1.2], start at [image: 0] and count one units to the left. From [image: -1], move slightly further left. Since [image: -1.2] is [image: 0.2] units less than [image: -1], you move[image: 0.2] units towards [image: -2]. The precise spot is [image: 20\%] of the way from [image: -1] to [image: -2].
 	The number [image: \frac{1}{2}] lies halfway between [image: 0] and [image: 1]. Identify the halfway mark and place the point there.
 
 [image: ]
   An interactive online homework element has been excluded from the printed version of the text. To see the interactive element that was excluded, please visit the courseware online.
 
  An interactive online homework element has been excluded from the printed version of the text. To see the interactive element that was excluded, please visit the courseware online.
 
  An interactive online homework element has been excluded from the printed version of the text. To see the interactive element that was excluded, please visit the courseware online.
 
  Comparing Numbers Using a Number Line
 We can use the number line to compare and order positive and negative numbers. Going from left to right, numbers increase in value. Going from right to left, numbers decrease in value.
 [image: This figure is a number line. Above the number line there is an arrow pointing to the right labeled increasing. Below the number line there is an arrow pointing to the left labeled decreasing.]
 We can use inequality symbols to show the ordering of positive and negative numbers.
 	[image: a < b]: [image: a] is less than [image: b] 	Use [image: <] when the first number is to the left of the second number on the number line.
 
 
 	[image: a > b]: [image: a] is greater than [image: b] 	Use [image: >] when the first number is to the right of the second number on the number line.
 
 
 
 The same principles apply to negative numbers, but remember:
 	Negative numbers are to the left of zero.
 	The more negative a number, the smaller it is.
 
  Order each of the following pairs of numbers using [image: <] or [image: >]. 	[image: 14 \text{ and }6]
 	[image: -1 \text{ and }9]
 	[image: -1 \text{ and }-4]
 	[image: 2 \text{ and }-20]
 
 Show Answer [image: ]
 
 	1. Compare [image: 14] and [image: 6] 	 
 	[image: 14] is to the right of [image: 6] on the number line. 	[image: 14>6] 
  
 	2. Compare [image: -1] and [image: 9] 	 
 	[image: -1] is to the left of [image: 9] on the number line. 	[image: -1<9] 
  
 	3. Compare [image: -1] and [image: -4] 	 
 	[image: -1] is to the right of [image: -4] on the number line. 	[image: -1>-4] 
  
 	4. Compare [image: 2] and [image: -20] 	 
 	[image: 2] is to the right of [image: -20] on the number line. 	[image: 2>-20] 
  
   An interactive online homework element has been excluded from the printed version of the text. To see the interactive element that was excluded, please visit the courseware online.
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				 	Use the order of operations – PEMDAS
 
  Order of Operations
 You may or may not recall the order of operations for applying several mathematical operations to one expression. Just as it is a social convention for us to drive on the right-hand side of the road, the order of operations is a set of conventions used to provide order when you are required to use several mathematical operations for one expression.
 How to: Perform the Order of Operations 	Perform all operations within grouping symbols first. Grouping symbols include parentheses ( ), brackets [ ], braces { }, and fraction bars.
 	Evaluate exponents or square roots.
 	Multiply or divide, from left to right.
 	Add or subtract, from left to right.
 
 This order of operations is true for all real numbers.
  Some people use a saying to help them remember the order of operations. This saying is called PEMDAS or Please Excuse My Dear Aunt Sally. The first letter of each word begins with the same letter of an arithmetic operation. 	Please [image: \displaystyle \Rightarrow] Parentheses (and other grouping symbols)
 	Excuse [image: \displaystyle \Rightarrow] Exponents
 	My Dear [image: \displaystyle \Rightarrow] Multiplication and Division (from left to right)
 	Aunt Sally [image: \displaystyle \Rightarrow] Addition and Subtraction (from left to right)
 
 Even though multiplication comes before division in the saying, division could be performed first. Which is performed first, between multiplication and division, is determined by which comes first when reading from left to right. The same is true of addition and subtraction. Don’t let the saying confuse you about this!
  Simplify the following:[image: 7–5+3\cdot8] Show Answer According to the order of operations, multiplication comes before addition and subtraction.Multiply [image: 3\cdot8]
 [image: \begin{array}{c}7–5+3\cdot8\\7–5+24\end{array}]
 Now, add and subtract from left to right. [image: 7–5] comes first.
 [image: 2+24]
 Finally, add.
 [image: \begin{array}{c}2+24=26\\7–5+3\cdot8=26\end{array}]
   [ohm_question hide_question_numbers=1]290016[/ohm_question] [ohm_question hide_question_numbers=1]290015[/ohm_question] 
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				 	Extract relevant information from word problems and interpret mathematical notation in real-world contexts
 
  In previous math courses, you’ve no doubt run into the infamous “word problems.” Unfortunately, these problems rarely resemble the type of problems we actually encounter in everyday life. In math books, you usually are told exactly which formula or procedure to use, and are given exactly the information you need to answer the question. In real life, problem solving requires identifying an appropriate formula or procedure, and determining what information you will need (and won’t need) to answer the question.
 Strategies for Reading and Understanding Math Problems
 Reading and understanding math problems is an essential skill for successful problem-solving. Let’s explore effective strategies to help you navigate and comprehend math problems with ease. By applying these strategies, you will develop the ability to extract key information, identify problem objectives, and confidently solve mathematical problems.
 		Read Carefully: Begin by reading the problem statement attentively. Understand the context, identify the problem’s objective, and note any important details or constraints. Pay close attention to numerical values, units of measurement, and keywords that indicate mathematical operations.
 	Identify the Question: Determine what the problem is asking you to find or solve. Look for phrases like “Find,” “Calculate,” or “Determine.” Understanding the question will guide your approach and help you focus on the relevant information.
 	Highlight Key Information: Identify and highlight the essential details and quantities provided in the problem. This includes numerical values, units, and any other relevant data. Use labels or variables to represent unknowns or quantities that need to be calculated. Highlighting the key information allows you to focus on what is important information and ignore unimportant distracting information.
 	Visualize the Problem: Create mental or written representations of the problem to aid your understanding. Draw diagrams, charts, or graphs if appropriate. Visualizing the problem can help you see the relationships between quantities and identify potential solution paths.
 	Break It Down: Break the problem into smaller parts or steps. Analyze each part individually to understand its purpose and how it contributes to the overall solution. Identify the mathematical operations or concepts required for each step.
 	Use Problem-Solving Strategies: Familiarize yourself with problem-solving strategies, such as working backward, making a table or chart, using logical reasoning, or applying relevant formulas or equations. Choose the strategy that best suits the problem at hand. We will explore problem-solving strategies more later in this section.
 	Solve Step-by-Step: Once you have a plan in mind, solve the problem step-by-step. Show your work and perform the necessary calculations, ensuring accuracy and attention to detail.
 	Check Your Answer: After finding a solution, verify if it makes sense in the given context. Re-read the problem, check your calculations, and assess whether the answer aligns with the question’s requirements. If possible, use estimation or alternative methods to confirm the reasonableness of your answer.
 	Reflect on the Solution: Take a moment to reflect on the problem-solving process. Evaluate the effectiveness of your strategy and identify any insights or learnings that can be applied to similar problems in the future.
 
 
 
 By employing these strategies, you can improve your ability to read and understand math problems, identify relevant information, and approach problem-solving with clarity and confidence. Regular practice with a variety of problems will enhance your skills and deepen your mathematical understanding.
 Classifying the Types of Problems
 In mathematics, different types of problems require distinct approaches and techniques to arrive at a solution. Are we trying to solve for an unknown variable? Maybe we need to simplify a complex expression. Or perhaps, we’re asked to calculate a certain quantity. Sometimes, we might even need to graph a function or navigate a multi-step problem with multiple operations and parts to consider. Let’s look at various problem classifications to help you identify the nature of a problem and apply the appropriate problem-solving strategies.
 	Solve: In these problems, we’re typically trying to find the value of an unknown. For example, “solve for [image: x] in the equation [image: 2x + 3 = 7]“. To solve it, we’ll need to isolate [image: x] on one side of the equation.
 	Simplify: In a simplification problem, we might be given a complicated expression, like [image: (3x^2)^2]. Here, our job is to simplify it to a more manageable form, in this case, [image: 9x^4].
 	Calculate: Calculation problems ask us to compute a specific numerical value. “Calculate the area of a circle with radius [image: 3]” is an example. Here, we need to use the formula for the area of a circle ([image: πr^2]) to get our answer.
 	Graph: Graphing problems usually involve plotting a function or equation on a coordinate plane. For example, “Graph the function [image: y = 2x - 1]“. We would find several values of [image: y] for different [image: x]-values and plot those points on the graph.
 	Multi-step: These problems are a mix of the above types and involve multiple steps. They often require careful planning and understanding of the order of operations. For instance, “Solve for [image: x] in the equation [image: 2x + 3 = 7], then calculate the value of [image: y] in the equation [image: y = 3x - 2]“.
 
 It’s important to remember that these types aren’t mutually exclusive. A problem can have elements of more than one type. For example, a multi-step problem may require us to solve an equation, simplify an expression, and then calculate a final value. Remember, the key to conquering any math problem is understanding what it’s asking you to do. Once you’ve got that down, you’re halfway there!
 Strategy Makes The Difference
 In many problems, it is tempting to take the given information, plug it into whatever formulas you have handy, and hope that the result is what you were supposed to find. Chances are, this approach has served you well in other math classes. This approach does not work well with real-life problems. Instead, problem-solving is best approached by first starting at the end: identifying exactly what you are looking for. From there, you then work backward, asking “what information and procedures will I need to find this?”
 How To: Problem-Solving Process 	Identify the question you’re trying to answer.
 	Work backward, identifying the information you will need and the relationships you will use to answer that question.
 	Continue working backward, creating a solution pathway.
 	If you are missing any necessary information, look it up or estimate it. If you have unnecessary information, ignore it.
 	Solve the problem, following your solution pathway.
 
  Now that we have a process for problem-solving, let’s talk about the different approaches we can take to solve a problem.
 	Break It Down: Complex problems can often be daunting. But here’s a secret – they’re just a bunch of simple problems grouped together. Our first approach should always be to break down complex problems into smaller, more manageable parts. 	For example, if you are asked “”A farmer has chickens and cows in his farm. He counts [image: 50] heads and [image: 140] legs. How many chickens and cows does he have?” you may think this sounds super complex but if we break it down we see it isn’t so bad 	All animals have [image: 1] head. So, the [image: 50] heads mean we have [image: 50] animals.
 	Chickens have [image: 2] legs, cows have [image: 4]. So if all [image: 50] animals were chickens, we would have [image: 100] legs.
 	But we have [image: 140] legs, which is [image: 40] more than [image: 100]. Since each cow has [image: 2] extra legs compared to a chicken, the [image: 40] extra legs mean we have [image: 20] cows ( [image: 40 ÷ 2 = 20]).
 	Finally, since we have [image: 50] animals in total, the remaining [image: 30] must be chickens.
 
 
 
 
 	Trial and Error: Sometimes, problems don’t have a clear path to the solution. In these cases, good old trial and error can come to our rescue. 	For example, if you are asked “What is the value of [image: x] in the equation [image: 2^x = 32?]” it may be tempting to jump right into logarithms, but if you try a few values for [image: x] first it may help to find the answer. 	If [image: x = 4], then [image: 2^x = 2^4 = 16]. Too small.
 	If [image: x = 5], then [image: 2^x = 2^5 = 32]. Bingo!
 
 
 
 
 	Pattern Recognition: In mathematics, patterns are everywhere! Recognizing these patterns can make problem-solving a breeze. 	For example, if you are asked “What is the [image: 5]th term in the sequence: [image: 2, 4, 8, 16,]…?” looking for a pattern will help solve the problem. 	Here, we can see that each term is twice the previous one. So, the [image: 5]th term is [image: 16*2 = 32].
 
 
 
 
 	Logical Reasoning: using logical reasoning can be a powerful problem-solving strategy. This involves creating a logical sequence of steps to solve the problem. 	For example, if you are asked “If all squares are rectangles, and all rectangles have four sides, do all squares have four sides?” you can use logic to find a solution 	We can logically reason that since every square is a rectangle, and every rectangle has four sides, it must be that every square has four sides too.
 
 
 
 
 
 Let’s try using our problem-solving process and the approaches we just learned to solve a few examples. In the first example, we will need to think about time scales, we are asked to find how many times a heart beats in a year, but usually we measure heart rate in beats per minute.
 How many times does your heart beat in a year? Show Solution This question is asking for the rate of heart beats per year. Since a year is a long time to measure heart beats for, if we knew the rate of heart beats per minute, we could scale that quantity up to a year. So the information we need to answer this question is heart beats per minute. This is something you can easily measure by counting your pulse while watching a clock for a minute. Suppose you count [image: 80] beats in a minute. To convert this to beats per year:[image: \displaystyle\frac{80\text{ beats}}{1\text{ minute}}\cdot\frac{60\text{ minutes}}{1\text{ hour}}\cdot\frac{24\text{ hours}}{1\text{ day}}\cdot\frac{365\text{ days}}{1\text{ year}}=42,048,000\text{ beats per year}]
  The technique that helped us solve the last problem was to get the number of heartbeats in a minute translated into the number of heartbeats in a year. Converting units from one to another, like minutes to years is a common tool for solving problems.
 In the next example, we show how to infer the thickness of something too small to measure with every-day tools. Before precision instruments were widely available, scientists and engineers had to get creative with ways to measure either very small or very large things. Imagine how early astronomers inferred the distance to stars, or the circumference of the earth.
 How thick is a single sheet of paper? How much does it weigh? Show Solution While you might have a sheet of paper handy, trying to measure it would be tricky. Instead we might imagine a stack of paper, and then scale the thickness and weight to a single sheet. If you’ve ever bought paper for a printer or copier, you probably bought a ream, which contains [image: 500] sheets. We could estimate that a ream of paper is about [image: 2] inches thick and weighs about [image: 5] pounds. Scaling these down,[image: \displaystyle\frac{2\text{ inches}}{\text{ream}}\cdot\frac{1\text{ ream}}{500\text{ pages}}=0.004\text{ inches per sheet}] [image: \displaystyle\frac{5\text{ pounds}}{\text{ream}}\cdot\frac{1\text{ ream}}{500\text{ pages}}=0.01\text{ pounds per sheet,}]or [image: 0.16\text{ ounces per sheet.}]
  We can infer a measurement by using scaling.  If [image: 500] sheets of paper is two inches thick, then we could use proportional reasoning to infer the thickness of one sheet of paper.
 In the next example, we use proportional reasoning to determine how many calories are in a mini muffin when you are given the amount of calories for a regular sized muffin.
 A recipe for zucchini muffins states that it yields [image: 12] muffins, with [image: 250] calories per muffin. You instead decide to make mini-muffins, and the recipe yields [image: 20] muffins. If you eat [image: 4], how many calories will you consume? Show Solution There are several possible solution pathways to answer this question. We will explore one.To answer the question of how many calories [image: 4] mini-muffins will contain, we would want to know the number of calories in each mini-muffin. To find the calories in each mini-muffin, we could first find the total calories for the entire recipe, then divide it by the number of mini-muffins produced. To find the total calories for the recipe, we could multiply the calories per standard muffin by the number per muffin.Notice that this produces a multi-step solution pathway. It is often easier to solve a problem in small steps, rather than trying to find a way to jump directly from the given information to the solution. We can now execute our plan:[image: \displaystyle{12}\text{ muffins}\cdot\frac{250\text{ calories}}{\text{muffin}}=3000\text{ calories for the whole recipe}][image: \displaystyle\frac{3000\text{ calories}}{20\text{ mini-muffins}}=\text{ gives }150\text{ calories per mini-muffin}][image: \displaystyle4\text{ mini-muffins}\cdot\frac{150\text{ calories}}{\text{mini-muffin}}=\text{totals }600\text{ calories consumed.}]View the following video for more about the zucchini muffin problem.
 https://youtube.com/watch?v=NVCwFO-w2z4%3Fenablejsapi%3D1+
 
 
You can view the transcript for “Multistep proportions / problem solving process” here (opens in new window).
   We have found that ratios are very helpful when we know some information but it is not in the right units, or parts to answer our question we have to make comparisons. Making comparisons mathematically often involves using ratios and proportions. In the next examples we will will use proportions and rates to make a comparison.
 You need to replace the boards on your deck. About how much will the materials cost? Show Solution There are two approaches we could take to this problem:
 	Estimate the number of boards we will need and find the cost per board
 	Estimate the area of the deck and find the approximate cost per square foot for deck boards.
 
 We will take the latter approach.For this solution pathway, we will be able to answer the question if we know the cost per square foot for decking boards and the square footage of the deck. To find the cost per square foot for decking boards, we could compute the area of a single board, and divide it into the cost for that board. We can compute the square footage of the deck using geometric formulas.
 So first we need information: the dimensions of the deck, and the cost and dimensions of a single deck board. Suppose that a rectangular deck measures [image: 16] ft by [image: 24] ft, for a total area of [image: 384] ft2. From a visit to the local home store, you find that an [image: 8] foot by [image: 4] inch cedar deck board costs about [image: $7.50]. The area of this board, doing the necessary conversion from inches to feet, is:
 [image: \displaystyle{8}\text{ feet}\cdot4\text{ inches}\cdot\frac{1\text{ foot}}{12\text{ inches}}=2.667\text{ft}^2{.}]The cost per square foot is then
 [image: \displaystyle\frac{\$7.50}{2.667\text{ft}^2}=\$2.8125\text{ per ft}^2{.}]This will allow us to estimate the material cost for the whole [image: 384] ft2 deck
 [image: \displaystyle\$384\text{ft}^2\cdot\frac{\$2.8125}{\text{ft}^2}=\$1080\text{ total cost.}]Of course, this cost estimate assumes that there is no waste, which is rarely the case. It is common to add at least [image: 10\%] to the cost estimate to account for waste.
 This example is worked through in the following video.
 https://youtube.com/watch?v=adPGfeTy-Pc%3Fenablejsapi%3D1+
 
 
You can view the transcript for “Estimating the cost of a deck” here (opens in new window).
   Is it worth buying a Hyundai Sonata hybrid instead the regular Hyundai Sonata? Show Solution To make this decision, we must first decide what our basis for comparison will be. For the purposes of this example, we’ll focus on fuel and purchase costs, but environmental impacts and maintenance costs are other factors a buyer might consider.It might be interesting to compare the cost of gas to run both cars for a year. To determine this, we will need to know the miles per gallon both cars get, as well as the number of miles we expect to drive in a year. From that information, we can find the number of gallons required from a year. Using the price of gas per gallon, we can find the running cost.From Hyundai’s website, the 2013 Sonata will get [image: 24] miles per gallon (mpg) in the city, and [image: 35] mpg on the highway. The hybrid will get [image: 35] mpg in the city, and [image: 40] mpg on the highway. An average driver drives about [image: 12,000] miles a year.Suppose that you expect to drive about [image: 75\%] of that in the city, so [image: 9,000] city miles a year, and [image: 3,000] highway miles a year. We can then find the number of gallons each car would require for the year.Sonata: [image: \displaystyle{9000}\text{ city miles}\cdot\frac{1\text{ gallon}}{24\text{ city miles}}+3000\text{ highway miles}\cdot\frac{1\text{ gallon}}{35\text{ highway miles}}=460.7\text{ gallons}]Hybrid: [image: \displaystyle{9000}\text{ city miles}\cdot\frac{1\text{ gallon}}{35\text{ city miles}}+3000\text{ highway miles}\cdot\frac{1\text{ gallon}}{40\text{ highway miles}}=332.1\text{ gallons}]If gas in your area averages about [image: $3.50] per gallon, we can use that to find the running cost:Sonata: [image: \displaystyle{460.7}\text{ gallons}\cdot\frac{\$3.50}{\text{gallon}}=\$1612.45]Hybrid: [image: \displaystyle{332.1}\text{ gallons}\cdot\frac{\$3.50}{\text{gallon}}=\$1162.35]The hybrid will save [image: $450.10] a year. The gas costs for the hybrid are about [image: \displaystyle\frac{\$450.10}{\$1612.45} = 0.279 = 27.9\%] lower than the costs for the standard Sonata.While both the absolute and relative comparisons are useful here, they still make it hard to answer the original question, since “is it worth it” implies there is some tradeoff for the gas savings. Indeed, the hybrid Sonata costs about [image: $25,850], compared to the base model for the regular Sonata, at [image: $20,895].To better answer the “is it worth it” question, we might explore how long it will take the gas savings to make up for the additional initial cost. The hybrid costs [image: $4,965] more. With gas savings of [image: $451.10] a year, it will take about [image: 11] years for the gas savings to make up for the higher initial costs.We can conclude that if you expect to own the car [image: 11] years, the hybrid is indeed worth it. If you plan to own the car for less than [image: 11] years, it may still be worth it, since the resale value of the hybrid may be higher, or for other non-monetary reasons. This is a case where math can help guide your decision, but it can’t make it for you.To see this example worked out in a video, watch the following:
 https://youtube.com/watch?v=HXmc-EkOYJE%3Fenablejsapi%3D1+
 
 
You can view the transcript for “Guiding decision using math: Sonata vs Hybrid” here (opens in new window).
   Try using the problem-solving process and the approaches you learned to solve some questions on your own.
 An interactive online homework element has been excluded from the printed version of the text. To see the interactive element that was excluded, please visit the courseware online.
 
  An interactive online homework element has been excluded from the printed version of the text. To see the interactive element that was excluded, please visit the courseware online.
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				 	Learn to plot points and draw lines on a graph using a set of coordinates.
 	Find the x-intercept and y-intercept of graphs.
 	Determine the slope based on the steepness and direction of a line.
 	Use formulas to calculate the distances and midpoints between points.
 
  An old story describes how seventeenth-century philosopher/mathematician René Descartes invented the system that has become the foundation of algebra while sick in bed. According to the story, Descartes was staring at a fly crawling on the ceiling when he realized that he could describe the fly’s location in relation to the perpendicular lines formed by the adjacent walls of his room. He viewed the perpendicular lines as horizontal and vertical axes. Further, by dividing each axis into equal unit lengths, Descartes saw that it was possible to locate any object in a two-dimensional plane using just two numbers—the displacement from the horizontal axis and the displacement from the vertical axis.
 While there is evidence that ideas similar to Descartes’ grid system existed centuries earlier, it was Descartes who introduced the components that comprise the Cartesian coordinate system, a grid system having perpendicular axes. Descartes named the horizontal axis the x-axis and the vertical axis the y-axis.
 The Cartesian coordinate system, also called the rectangular coordinate system, is based on a two-dimensional plane consisting of the x-axis and the y-axis.
 Perpendicular to each other, the axes divide the plane into four sections. Each section is called a quadrant; the quadrants are numbered counterclockwise as shown in the figure below.
 [image: This is an image of an x, y plane with the axes labeled. The upper right section is labeled: Quadrant I. The upper left section is labeled: Quadrant II. The lower left section is labeled: Quadrant III. The lower right section is labeled: Quadrant IV.]
 The center of the plane is the point at which the two axes cross. It is known as the origin or point [image: \left(0,0\right)]. From the origin, each axis is further divided into equal units: increasing, positive numbers to the right on the x-axis and up the y-axis; decreasing, negative numbers to the left on the x-axis and down the y-axis. The axes extend to positive and negative infinity as shown by the arrowheads in the figure below.
 [image: This is an image of an x, y coordinate plane. The x and y axis range from negative 5 to 5.]
 Cartesian coordinate system
 A two-dimensional plane where the
 	[image: x]-axis is the horizontal axis
 	[image: y]-axis is the vertical axis
 
 A point in the plane is defined as an ordered pair, [image: (x,y)], such that [image: x] is determined by its horizontal distance from the origin and [image: y] is determined by its vertical distance from the origin.
  [ohm_question hide_question_numbers=1]293759[/ohm_question] Plotting Points
 Each point in the plane is identified by its x-coordinate, or horizontal displacement from the origin, and its y-coordinate, or vertical displacement from the origin. Together we write them as an ordered pair indicating the combined distance from the origin in the form [image: \left(x,y\right)].
 For example, we can represent the point [image: \left(3,-1\right)] in the plane by moving three units to the right of the origin in the horizontal direction and one unit down in the vertical direction. [image: This is an image of an x, y coordinate plane. The x and y axis range from negative 5 to 5. The point (3, -1) is labeled. An arrow extends rightward from the origin 3 units and another arrow extends downward one unit from the end of that arrow to the point.]An illustration of how to plot the point (3,-1).  Plot the points [image: \left(-2,4\right)], [image: \left(3,3\right)], and [image: \left(0,-3\right)] in the coordinate plane. Show Answer 	To plot the point [image: \left(-2,4\right)], begin at the origin. The x-coordinate is [image: –2], so move two units to the left. The y-coordinate is [image: 4], so then move four units up in the positive y direction.
 	To plot the point [image: \left(3,3\right)], begin again at the origin. The x-coordinate is [image: 3], so move three units to the right. The y-coordinate is also [image: 3], so move three units up in the positive y direction.
 	To plot the point [image: \left(0,-3\right)], begin again at the origin. The x-coordinate is [image: 0]. This tells us not to move in either direction along the x-axis. The y-coordinate is [image: –3], so move three units down in the negative y direction.
 
 [image: This is an image of a graph on an x, y coordinate plane. The x and y axes range from negative 5 to 5. The points (-2, 4); (3, 3); and (0, -3) are labeled. Arrows extend from the origin to the points.]
   Note that when either coordinate is zero, the point must be on an axis. If the x-coordinate is zero, the point is on the y-axis. If the y-coordinate is zero, the point is on the x-axis. An interactive online homework element has been excluded from the printed version of the text. To see the interactive element that was excluded, please visit the courseware online.
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				Graphing Equations by Plotting Points
 We can plot a set of points to represent an equation. When such an equation contains both an x variable and a y variable, it is called an equation in two variables. Its graph is called a graph in two variables. Any graph on a two-dimensional plane is a graph in two variables.
 How to: Given an equation, graph by plotting points. 	Make a table with one column labeled [image: x], a second column labeled with the equation, and a third column listing the resulting ordered pairs.
 	Enter [image: x]–values down the first column using positive and negative values. Selecting the [image: x]–values in numerical order will make the graphing simpler.
 	Select [image: x]–values that will yield [image: y]–values with little effort, preferably ones that can be calculated mentally.
 	Plot the ordered pairs.
 	Connect the points if they form a line.
 
  Graph the equation [image: y=2x - 1].We can begin by substituting a value for [image: x] into the equation and determining the resulting value of [image: y]. Each pair of [image: x] and [image: y]-values is an ordered pair that can be plotted. The table below lists values of [image: x] from [image: –3] to [image: 3] and the resulting values for [image: y]. 	[image: x] 	[image: y=2x - 1] 	[image: \left(x,y\right)] 
 	[image: -3] 	[image: y=2\left(-3\right)-1=-7] 	[image: \left(-3,-7\right)] 
 	[image: -2] 	[image: y=2\left(-2\right)-1=-5] 	[image: \left(-2,-5\right)] 
 	[image: -1] 	[image: y=2\left(-1\right)-1=-3] 	[image: \left(-1,-3\right)] 
 	[image: 0] 	[image: y=2\left(0\right)-1=-1] 	[image: \left(0,-1\right)] 
 	[image: 1] 	[image: y=2\left(1\right)-1=1] 	[image: \left(1,1\right)] 
 	[image: 2] 	[image: y=2\left(2\right)-1=3] 	[image: \left(2,3\right)] 
 	[image: 3] 	[image: y=2\left(3\right)-1=5] 	[image: \left(3,5\right)] 
  
 We can plot these points from the table. The points for this particular equation form a line, so we can connect them. This is not true for all equations.
 [image: This is a graph of a line on an x, y coordinate plane. The x- and y-axis range from negative 8 to 8. A line passes through the points (-3, -7); (-2, -5); (-1, -3); (0, -1); (1, 1); (2, 3); and (3, 5).]
  Note that the x-values chosen are arbitrary, regardless of the type of equation we are graphing. Of course, some situations may require particular values of x to be plotted in order to see a particular result. Otherwise, it is logical to choose values that can be calculated easily, and it is always a good idea to choose values that are both negative and positive.There is no rule dictating how many points to plot, although we need at least two to graph a line. Keep in mind, however, that the more points we plot, the more accurately we can sketch the graph. Graph the equation [image: y=-x+2]. Show Answer First, we construct a table similar to the one below. Choose x values and calculate y.
 	[image: x] 	[image: y=-x+2] 	[image: \left(x,y\right)] 
 	[image: -5] 	[image: y=-\left(-5\right)+2=7] 	[image: \left(-5,7\right)] 
 	[image: -3] 	[image: y=-\left(-3\right)+2=5] 	[image: \left(-3,5\right)] 
 	[image: -1] 	[image: y=-\left(-1\right)+2=3] 	[image: \left(-1,3\right)] 
 	[image: 0] 	[image: y=-\left(0\right)+2=2] 	[image: \left(0,2\right)] 
 	[image: 1] 	[image: y=-\left(1\right)+2=1] 	[image: \left(1,1\right)] 
 	[image: 3] 	[image: y=-\left(3\right)+2=-1] 	[image: \left(3,-1\right)] 
 	[image: 5] 	[image: y=-\left(5\right)+2=-3] 	[image: \left(5,-3\right)] 
  
 Now, plot the points. Connect them if they form a line.
 [image: This image is a graph of a line on an x, y coordinate plane. The x-axis includes numbers that range from negative 7 to 7. The y-axis includes numbers that range from negative 5 to 8. A line passes through the points: (-5, 7); (-3, 5); (-1, 3); (0, 2); (1, 1); (3, -1); and (5, -3).]
   An interactive online homework element has been excluded from the printed version of the text. To see the interactive element that was excluded, please visit the courseware online.
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				Using Intercepts to Plot Lines in the Coordinate Plane
 The intercepts of a graph are points where the graph crosses the axes. The [image: x]–intercept is the point where the graph crosses the x-axis. At this point, the y-coordinate is zero. The [image: y]–intercept is the point where the graph crosses the [image: y]–axis. At this point, the [image: x]–coordinate is zero.
 intercepts
 The intercepts of a graph are points at which the graph crosses the axes.
 	The [image: x]-intercept is the point at which the graph crosses the [image: x]-axis. At this point, the [image: y]-coordinate is zero.
 	The [image: y]-intercept is the point at which the graph crosses the [image: y]-axis. At this point, the [image: x]-coordinate is zero.
 
 
  	Find the [image: x]-intercept by setting [image: y=0] and solving for [image: x].
 	Find the [image: y]–intercept by setting [image: x=0] and solving for [image: y].
 
  Find the intercepts of the equation [image: y=3x - 1]. 	To find the [image: x]–intercept, set [image: y=0].
 
 [image: \begin{array}{llllll}y=3x - 1\hfill & \hfill \\ 0=3x - 1\hfill & \hfill \\ 1=3x\hfill & \hfill \\ \frac{1}{3}=x\hfill & \hfill \\ \left(\frac{1}{3},0\right)\hfill & x\text{-intercept}\hfill \end{array}]
 	To find the [image: y]–intercept, set [image: x=0].
 
 [image: \begin{array}{lllll}y=3x - 1\hfill & \hfill \\ y=3\left(0\right)-1\hfill & \hfill \\ y=-1\hfill & \hfill \\ \left(0,-1\right)\hfill & y\text{-intercept}\hfill \end{array}]
 Graph of the linear equation. You can now graph the equation using the intercepts. All you need to do is plot both points and draw a line passing through them.
 [image: This is an image of a line graph on an x, y coordinate plane. The x and y-axis range from negative 4 to 4. The function y = 3x – 1 is plotted on the coordinate plane]
  
  Find the intercepts of the equation [image: y=-3x - 4]. Then sketch the graph using only the intercepts. Show Solution Set [image: y=0] to find the [image: x]–intercept.
 [image: \begin{array}{l}y=-3x - 4\hfill \\ 0=-3x - 4\hfill \\ 4=-3x\hfill \\ -\frac{4}{3}=x\hfill \\ \left(-\frac{4}{3},0\right)x\text{-intercept}\hfill \end{array}]
 Set [image: x=0] to find the [image: y]–intercept.
 [image: \begin{array}{l}y=-3x - 4\hfill \\ y=-3\left(0\right)-4\hfill \\ y=-4\hfill \\ \left(0,-4\right)y\text{-intercept}\hfill \end{array}]
 Plot both points and draw a line passing through them.
 [image: This is an image of a line graph on an x, y coordinate plane. The x-axis ranges from negative 5 to 5. The y-axis ranges from negative 6 to 3. The line passes through the points (-4/3, 0) and (0, -4).]
   An interactive online homework element has been excluded from the printed version of the text. To see the interactive element that was excluded, please visit the courseware online.
 
  Using a Graphing Utility to Plot Lines Graphing utilities are powerful tools that allow you to visualize mathematical concepts and plot lines quickly and accurately. Whether you’re checking your work, exploring different equations, or just trying to understand how changes in variables affect a graph, these online tools can help. Below are some popular graphing utilities you can use to plot lines and analyze functions. Simply enter your equation, and the utility will generate the graph for you.
 https://www.geogebra.org/graphing
 https://www.desmos.com/calculator
 https://www.mathway.com/Graph
 https://www.symbolab.com/graphing-calculator
 Try it now
 These graphing utilities have features that allow you to turn a constant (number) into a variable. Follow these steps to learn how:
 	Graph the line [image: y=-\frac{2}{3}x-\frac{4}{3}].
 	On the next line enter [image: y=-a x-\frac{4}{3}]. You will see a button pop up that says “add slider: a”, click on the button. You will see the next line populated with the variable a and the interval on which a can take values.
 	What part of a line does the variable a represent? The slope or the y-intercept?
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				Slope of a Linear Equation
 The slope of a line refers to the ratio of the vertical change in y over the horizontal change in x between any two points on a line. It indicates the direction in which a line slants as well as its steepness. Slope is sometimes described as rise over run.
 [image: m=\dfrac{{y}_{2}-{y}_{1}}{{x}_{2}-{x}_{1}}]
 If the slope is positive, the line slants upward to the right. If the slope is negative, the line slants downward to the right. As the slope increases, the line becomes steeper. Some examples are shown below. The lines indicate the following slopes: [image: m=-3], [image: m=2], and [image: m=\frac{1}{3}].
 [image: Coordinate plane with the x and y axes ranging from negative 10 to 10. Three linear functions are plotted: y = negative 3 times x minus 2; y = 2 times x plus 1; and y = x over 3 plus 2.]
 Slope of a Line
 The slope of a line is a measure of its steepness or the angle at which it tilts, expressed as the ratio of the rise (the vertical change) to the run (the horizontal change) between any two points on the line. It quantifies how much the line goes up or down as it moves from left to right.
 	A positive slope means that the line rises from left to right.
 	A negative slope means that the line falls from left to right.
 	A slope of zero means the line is flat.
 
 Mathematically, the slope is calculated by its rise-to-run ratio:
 [image: \text{slope} = \dfrac{\text{rise}}{\text{run}}]
  
 [image: A graph illustrating a straight, diagonal line. Points 1 and 2 are labeled, with how to find the measurements for rise and run detailed.]
  
 Given two points, [image: \left({x}_{1},{y}_{1}\right)] and [image: \left({x}_{2},{y}_{2}\right)], the following formula determines the slope of a line containing these points:
 [image: m=\dfrac{{y}_{2}-{y}_{1}}{{x}_{2}-{x}_{1}}]
  Find the slope of the line:[image: ] Show Answer 	Start from a point on the left side of line, such as [image: (2, 1)] and move vertically until in line with another point on the line, such as [image: (6, 3)]. The rise is [image: 2] units. It is positive because you go up. If it is going down, use a negative to represent that.
 	Next, move horizontally to the point [image: (6, 3)], a point that is to the right of the first point you picked. Count the number of units. The run is [image: 4] units. Always make sure that you count to the right.
 
 Then, solve using the formula:
 [image: \text{slope} = \dfrac{\text{rise}}{\text{run}} = \dfrac{2}{4} = \dfrac{1}{2}].
   When you need to calculate the slope of a line, remember that you can select any two points along the line to perform your calculation. 	Choose points that are clear and easy to identify on the graph. This often means selecting points where the line crosses grid lines, as the coordinates are straightforward to read.
 	Start by selecting the clearest leftmost point where the line intersects the grid, then choose a second point to the right, ensuring it also clearly falls on a grid intersection.
 	Measure the vertical change (rise), noting if it increases (positive) or decreases (negative), then measure the horizontal distance (run), which is always positive as you move from left to right, to calculate the slope.
 
  Find the slope of a line that passes through the points [image: \left(2,-1\right)] and [image: \left(-5,3\right)]. Show Solution We substitute the y-values and the x-values into the formula.
 [image: \begin{array}{l}m\hfill&=\frac{3-\left(-1\right)}{-5 - 2}\hfill \\ \hfill&=\frac{4}{-7}\hfill \\ \hfill&=-\frac{4}{7}\hfill \end{array}]
 The slope is [image: -\frac{4}{7}].
 Analysis of the Solution
 It does not matter which point is called [image: \left({x}_{1},{y}_{1}\right)] or [image: \left({x}_{2},{y}_{2}\right)]. As long as we are consistent with the order of the y terms and the order of the x terms in the numerator and denominator, the calculation will yield the same result.
 
  An interactive online homework element has been excluded from the printed version of the text. To see the interactive element that was excluded, please visit the courseware online.
 
  Media Attributions
	IMG_Econ_01_008 
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				Distance Formula
 Building on our understanding of how to measure changes on a graph, let’s now shift our focus to the distance formula, a powerful tool for calculating the precise distance between any two points on a graph.
 [image: This is an image of a triangle on an x, y coordinate plane. The x and y axes range from 0 to 7. The points (x sub 1, y sub 1); (x sub 2, y sub 1); and (x sub 2, y sub 2) are labeled and connected to form a triangle. Along the base of the triangle, the following equation is displayed: the absolute value of x sub 2 minus x sub 1 equals a. The hypotenuse of the triangle is labeled: d = c. The remaining side is labeled: the absolute value of y sub 2 minus y sub 1 equals b.]Derived from the Pythagorean Theorem, the distance formula is used to find the distance between two points in the plane. The Pythagorean Theorem, [image: {a}^{2}+{b}^{2}={c}^{2}], is based on a right triangle where [image: a] and [image: b] are the lengths of the legs adjacent to the right angle, and [image: c] is the length of the hypotenuse.
 The relationship of sides [image: |{x}_{2}-{x}_{1}|] and [image: |{y}_{2}-{y}_{1}|] to side d is the same as that of sides a and b to side c. We use the absolute value symbol to indicate that the length is a positive number because the absolute value of any number is positive. (For example, [image: |-3|=3]. ) The symbols [image: |{x}_{2}-{x}_{1}|] and [image: |{y}_{2}-{y}_{1}|] indicate that the lengths of the sides of the triangle are positive. To find the length c, take the square root of both sides of the Pythagorean Theorem.
 [image: {c}^{2}={a}^{2}+{b}^{2}\rightarrow c=\sqrt{{a}^{2}+{b}^{2}}]
 It follows that the distance formula is given as
 [image: {d}^{2}={\left({x}_{2}-{x}_{1}\right)}^{2}+{\left({y}_{2}-{y}_{1}\right)}^{2}\to d=\sqrt{{\left({x}_{2}-{x}_{1}\right)}^{2}+{\left({y}_{2}-{y}_{1}\right)}^{2}}]
 distance formula
 The distance formula is a mathematical equation used to determine the exact distance between two points ([image: \left({x}_{1},{y}_{1}\right)] and [image: \left({x}_{2},{y}_{2}\right)]) on a coordinate plane.
 [image: \text{Distance}: d=\sqrt{{\left({x}_{2}-{x}_{1}\right)}^{2}+{\left({y}_{2}-{y}_{1}\right)}^{2}}]
  Find the distance between the points [image: \left(-3,-1\right)] and [image: \left(2,3\right)]. Show Answer Let us first look at the graph of the two points. Connect the points to form a right triangle.[image: This is an image of a triangle on an x, y coordinate plane. The x-axis ranges from negative 4 to 4. The y-axis ranges from negative 2 to 4. The points (-3, -1); (2, -1); and (2, 3) are plotted and labeled on the graph. The points are connected to form a triangle]Then, calculate the length of d using the distance formula.
 [image: \begin{array}{l}d=\sqrt{{\left({x}_{2}-{x}_{1}\right)}^{2}+{\left({y}_{2}-{y}_{1}\right)}^{2}}\hfill \\ d=\sqrt{{\left(2-\left(-3\right)\right)}^{2}+{\left(3-\left(-1\right)\right)}^{2}}\hfill \\ =\sqrt{{\left(5\right)}^{2}+{\left(4\right)}^{2}}\hfill \\ =\sqrt{25+16}\hfill \\ =\sqrt{41}\hfill \end{array}]
 
  An interactive online homework element has been excluded from the printed version of the text. To see the interactive element that was excluded, please visit the courseware online.
 
  Midpoint Formula
 When the endpoints of a line segment are known, we can find the point midway between them. This point is known as the midpoint and the formula is known as the midpoint formula.
 midpoint formula
 Given the endpoints of a line segment, [image: \left({x}_{1},{y}_{1}\right)] and [image: \left({x}_{2},{y}_{2}\right)], the midpoint [image: M] can be calculated using the formula:
 [image: M=\left(\frac{{x}_{1}+{x}_{2}}{2},\frac{{y}_{1}+{y}_{2}}{2}\right)]
 
 [image: This is a line graph on an x, y coordinate plane with the x and y axes ranging from 0 to 6. The points (x sub 1, y sub 1), (x sub 2, y sub 2), and (x sub 1 plus x sub 2 all over 2, y sub 1 plus y sub 2 all over 2) are plotted. A straight line runs through these three points. Pairs of short parallel lines bisect the two sections of the line to note that they are equivalent.]
  Find the midpoint between the points [image: \left(-3,-1\right)] and [image: \left(2,3\right)]. Show Solution Use the formula to find the midpoint of the line segment.
 [image: M = \left( \frac{-3 + 2}{2}, \frac{-1 + 3}{2} \right) = \left( -0.5, 1 \right)]
 
 [image: ]
 
  An interactive online homework element has been excluded from the printed version of the text. To see the interactive element that was excluded, please visit the courseware online.
 
  
 The diameter of a circle has endpoints [image: \left(-1,-4\right)] and [image: \left(5,-4\right)]. Find the center of the circle. Show Solution The center of a circle is the center or midpoint of its diameter. Thus, the midpoint formula will yield the center point.
 [image: \begin{array}{l}\left(\frac{{x}_{1}+{x}_{2}}{2},\frac{{y}_{1}+{y}_{2}}{2}\right)\\ \left(\frac{-1+5}{2},\frac{-4 - 4}{2}\right)=\left(\frac{4}{2},-\frac{8}{2}\right)=\left(2,-4\right)\end{array}]
 
  [ohm_question hide_question_numbers=1]110938[/ohm_question] 
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				 	Learn to plot points and draw lines on a graph using a set of coordinates.
 	Find the x-intercept and y-intercept of graphs.
 	Determine the slope based on the steepness and direction of a line.
 	Use formulas to calculate the distances and midpoints between points.
 
  Loading Dock Safety: Analyzing Ramp Slopes
 The safety specifications for a semi-truck loading ramp can be modeled by the linear equation [image: y = (-\frac{1}{4})x + 4.25], where [image: x] represents the horizontal distance in feet from the back of the truck, and [image: y] represents the height of the ramp in feet above the ground. For practical purposes, we’ll focus on the portion of the graph in Quadrant I, where both [image: x] and [image: y] are positive.
 [image: The image shows a coordinate plane with arrows extending along both the x and y axes. On the left side of the y-axis, there is a simple gray silhouette of a delivery truck or van. From the back of the truck, a thin blue line extends downward and to the right, creating a negative slope that continues to the edge of the image.]
 An interactive online homework element has been excluded from the printed version of the text. To see the interactive element that was excluded, please visit the courseware online.
 
  An interactive online homework element has been excluded from the printed version of the text. To see the interactive element that was excluded, please visit the courseware online.
 
  An interactive online homework element has been excluded from the printed version of the text. To see the interactive element that was excluded, please visit the courseware online.
 
  An interactive online homework element has been excluded from the printed version of the text. To see the interactive element that was excluded, please visit the courseware online.
 
  An interactive online homework element has been excluded from the printed version of the text. To see the interactive element that was excluded, please visit the courseware online.
 
  An interactive online homework element has been excluded from the printed version of the text. To see the interactive element that was excluded, please visit the courseware online.
 
  An interactive online homework element has been excluded from the printed version of the text. To see the interactive element that was excluded, please visit the courseware online.
 
  An interactive online homework element has been excluded from the printed version of the text. To see the interactive element that was excluded, please visit the courseware online.
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				 	Find the value of a variable that satisfies an equation
 	Write equations for lines using different forms: slope-intercept, point-slope, and standard form
 	Recognize and write equations for horizontal and vertical lines
 	Determine if lines are parallel or perpendicular, and write equations for lines parallel or perpendicular to a given line
 
  Solving Linear Equations in One Variable
 A linear equation is an equation of a straight line, written in one variable. The only power of the variable is 1. Linear equations in one variable may take the form [image: ax + b = 0] and are solved using basic algebraic operations.
 An equation will always contain an equal sign with an expression on each side. Think of an equal sign as meaning “the same as.” Some examples of equations are [image: y = mx + b], [image: \Large\frac{3}{4}\normalsize x = v + {3} - r], and [image: 2(6-d) + f(3+k) = \Large\frac{1}{4}\normalsize d].
 We can classify linear equations in one variable as one of three types:
 	Identity equation: True for all values of the variable. 	Example: [image: 3x = 2x + x] The solution set is all real numbers.
 
 
 	Conditional equation: True for only some values of the variable. 	Example: [image: 5x + 2 = 3x - 6] Solution: [image: x = -4]
 
 
 	Inconsistent equation: Results in a false statement. 	Example: [image: 5x - 15 = 5(x - 4)] This leads to [image: -15 \neq -20], which is a false statement.
 
 
 
 The following figure shows how coefficients, variables, terms, and expressions all come together to make equations. In the equation [image: 2x-3^2=10x], the variable is [image: x], a coefficient is [image: 10], a term is [image: 10x], and an expression is [image: 2x-3^2].
 [image: Equation made of coefficients, variables, terms and expressions.] 
 Solving linear equations involves the fundamental properties of equality and basic algebraic operations. Some equations can be solved quickly in your head. For example, what is the value of [image: y] in the equation [image: 2y=6]? You can easily determine that [image: y=3] by dividing both sides by [image: 2].
 Other equations are more complicated. Solving [image: \displaystyle 4\left(\frac{1}{3}\normalsize t+\frac{1}{2}\normalsize\right)=6] without writing anything down is difficult! That is because this equation contains not just a variable but also fractions and terms inside parentheses. This is a multi-step equation, one that takes several steps to solve. Although multi-step equations take more time and more operations, they can still be simplified and solved by applying basic algebraic rules.
 Remember that you can think of an equation as a balance scale, with the goal being to rewrite the equation so that it is easier to solve but still balanced. The addition property of equality and the multiplication property of equality explain how you can keep the scale, or the equation, balanced. Whenever you perform an operation to one side of the equation, if you perform the same exact operation to the other side, you will keep both sides of the equation equal.
 How To: Solving Multi-Step Equations 	(Optional) Multiply to clear any fractions or decimals.
 	Simplify each side by clearing parentheses and combining like terms.
 	Add or subtract to isolate the variable term—you may have to move a term with the variable.
 	Multiply or divide to isolate the variable.
 	Check the solution.
 
  Solve the following for [image: x]:[image: 3x+5x+4-x+7=88] Show Solution There are three like terms involving a variable: [image: 3x], [image: 5x], and [image: –x]. Combine these like terms. [image: 4] and [image: 7] are also like terms and can be added.
 [image: \begin{array}{r}\,\,3x+5x+4-x+7=\,\,\,88\\\,\,\,\,\,\,\,\,\,\,\,\,\,\,\,\,\,\,\,\,\,\,\,7x+11=\,\,\,88\end{array}]
 The equation is now in the form [image: ax+b=c], so we can solve as before.
 Subtract [image: 11] from both sides.
 [image: \begin{array}{r}7x+11\,\,\,=\,\,\,88\\\,\,\,\,\,\,\,\,\,\,\,\,\,\,\,\,\,\,\,\,\,\,\,\,\,\,\,\,\,\,\,\,\underline{-11\,\,\,\,\,\,\,-11}\\\,\,\,\,\,\,\,\,\,\,\,\,\,\,\,\,\,\,\,\,\,\,\,\,\,\,\,\,\,\,\,\,\,7x\,\,\,=\,\,\,77\end{array}]
 Divide both sides by [image: 7].
 [image: \begin{array}{r}\,\,\,\,\,\,\,\,\,\,\,\,\,\,\,\,\,\,\,\,\,\,\,\,\,\,\,\,\,\,\,\,\,\underline{7x}\,\,\,=\,\,\,\underline{77}\\7\,\,\,\,\,\,\,\,\,\,\,\,\,\,\,\,\,7\,\\\,\,\,\,\,\,\,\,\,\,\,\,\,\,\,\,\,\,\,\,\,\,\,\,\,\,\,\,\,\,\,\,\,\,\,\,\,x\,\,\,=\,\,\,11\end{array}]
   Some equations may have the variable on both sides of the equal sign, as in this equation: [image: 4x-6=2x+10].
 To solve this equation, we need to “move” one of the variable terms. This can make it difficult to decide which side to work with. It does not matter which term gets moved, [image: 4x] or [image: 2x]; however, to avoid negative coefficients, you can move the smaller term.
 Solve the following for [image: x]:[image: 4x-6=2x+10] Show Solution Choose the variable term to move—to avoid negative terms choose [image: 2x]
 [image: \begin{array}{r}4x-6=2x+10\,\\\underline{-2x\,\,\,\,\,\,\,\,\,\,\,\,-2x\,\,\,\,\,\,\,\,\,\,\,\,\,}\\2x-6=10\end{array}]
  
 Now add [image: 6] to both sides to isolate the term with the variable.
 [image: \begin{array}{r}2x-6=10\\\underline{\,\,\,\,+6\,\,\,+6}\\2x=16\end{array}]
 Now divide each side by [image: 2] to isolate the variable [image: x].
 [image: \begin{array}{c}\Large\frac{2x}{2}\normalsize=\Large\frac{16}{2}\\\\\normalsize{x=8}\end{array}]
   An interactive online homework element has been excluded from the printed version of the text. To see the interactive element that was excluded, please visit the courseware online.
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				Finding a Linear Equation
 Building on our understanding of solving equations with a single variable and our introduction to slope, we now turn our attention to linear equations involving two variables. These equations allow us to model relationships between two changing quantities and form the basis for many real-world applications. By exploring the slope-intercept form of linear equations, we’ll connect our algebraic knowledge with graphical representations, providing a powerful tool for analyzing and predicting linear relationships.
 Slope-Intercept Form
 Perhaps the most familiar form of a linear equation is the slope-intercept form, written as [image: y=mx+b], where [image: m=\text{ slope }] and [image: b=y-\text{intercept}].
 slope-intercept form
 The slope-intercept form of a line is written as:
 [image: y = mx+b]
 where:
 	[image: m] is the slope of the line, representing the rate of change or steepness of the line.
 	[image: b] is the y-intercept, which is the point where the line crosses the y-axis. This value indicates where the line will pass through the y-axis when [image: x=0].
 
 
  To calculate slope given two points, [image: \left({x}_{1},{y}_{1}\right)] and [image: \left({x}_{2},{y}_{2}\right)], [image: m=\frac{\text{rise}}{\text{run}} = \frac{{y}_{2}-{y}_{1}}{{x}_{2}-{x}_{1}}]. Find the equation of the line for the graph below.[image: This is an image of a graph on an x, y coordinate plane. The x and y-axis range from negative 5 to 5. A line passes through the points (-2, 1); (-1, 3/2); (0, 2); (1, 5/2); and (2, 3).]
 Step 1: Calculate the Slope ([image: m])The slope of a line is calculated using the formula [image: m=\frac{\text{rise}}{\text{run}} = \frac{{y}_{2}-{y}_{1}}{{x}_{2}-{x}_{1}}]. 	Selecting two points from the graph: [image: (-2, 1)] and [image: (2, 3)].
 	Using these points, we can calculate the slope:
 
 [image: m = \dfrac{y_2 - y_1}{x_2 - x_1} = \dfrac{3 - 1}{2 - (-2)} = \dfrac{2}{4} = \dfrac{1}{2}]
 Step 2: Find the [image: y]-intercept ([image: b])
 The [image: y]-intercept is the value of [image: y] when [image: x=0]. From the graph, it is apparent that when [image: x=0, y=2]. Therefore, [image: b=2].
 Step 3: Write the Equation
 Now that we have the slope and [image: y]-intercept, we can write the equation of the line:
 [image: y = \dfrac{1}{2}x+2]
  An interactive online homework element has been excluded from the printed version of the text. To see the interactive element that was excluded, please visit the courseware online.
 
  Identify the slope and y-intercept given the equation [image: y=-\frac{3}{4}x - 4]. Show Solution As the line is in [image: y=mx+b] form, the given line has a slope of [image: m=-\frac{3}{4}]. The y-intercept is [image: b=-4], or, [image: (0, -4)] in ordered pair format.Analysis of the SolutionThe y-intercept is the point at which the line crosses the y-axis. On the y-axis, [image: x=0]. We can always identify the y-intercept when the line is in slope-intercept form, as it will always equal b. Or, just substitute [image: x=0] and solve for y.
  An interactive online homework element has been excluded from the printed version of the text. To see the interactive element that was excluded, please visit the courseware online.
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				Finding a Linear Equation
 The Point-Slope Formula
 Given the slope and one point on a line, we can find the equation of the line using point-slope form.
 [image: y-{y}_{1}=m\left(x-{x}_{1}\right)]
 point-slope form
 The point-slope form of the equation of a line is:
 [image: y-{y}_{1}=m\left(x-{x}_{1}\right)]
 where:
 	[image: m] is the slope of the line
 	[image: (x_1, y_1)] are the coordinates of any point on the line.
 
  This is an important formula, as it will be used in other areas of College Algebra and often in Calculus to find the equation of a tangent line. We need only one point and the slope of the line to use the formula. After substituting the slope and the coordinates of one point into the formula, we simplify it and re-write it in slope-intercept form [image: y = mx+b].
 Write the equation of the line with slope [image: m=-3] and passing through the point [image: \left(4,8\right)] in point-slope form and in slope-intercept form.
  	Point-Slope Form: Substituting the given point [image: \left(4,8\right)] and slope [image: m=-3], we have:
 
 [image: y-{y}_{1}=m\left(x-{x}_{1}\right)]
 [image: y-8=3\left(x-4\right)]
 	Slope-Intercept Form: To convert the point-slope form to slope-intercept form, we can expand and simplify out point-slope form.
 
 [image: \begin{align*} \text{Point-Slope Form:} & \quad y - 8 = -3(x - 4) \\ \text{Expand and Simplify:} & \quad y - 8 = -3x + 12 \\ \text{Slope-Intercept Form:} & \quad y = -3x + 20 \end{align*}]
  Find the equation of the line passing through the points [image: \left(3,4\right)] and [image: \left(0,-3\right)]. Write the final equation in slope-intercept form. Show Solution First, we calculate the slope using the slope formula and two points.
 [image: \begin{array}{l}\hfill \\ m=\frac{-3 - 4}{0 - 3}\hfill \\ =\frac{-7}{-3}\hfill \\ =\frac{7}{3}\hfill \end{array}]
 Next, we use point-slope form with the slope of [image: \frac{7}{3}] and either point. Let’s pick the point [image: \left(3,4\right)] for [image: \left({x}_{1},{y}_{1}\right)].
 [image: \begin{array}{l}y - 4=\frac{7}{3}\left(x - 3\right)\hfill \\ y - 4=\frac{7}{3}x - 7\hfill& \hfill \\ y=\frac{7}{3}x - 3\hfill \end{array}]
 In slope-intercept form, the equation is written as [image: y=\frac{7}{3}x - 3].
 Analysis of the Solution
 To prove that either point can be used, let us use the second point [image: \left(0,-3\right)] and see if we get the same equation.
 [image: \begin{array}{l}y-\left(-3\right)=\frac{7}{3}\left(x - 0\right)\hfill \\ y+3=\frac{7}{3}x\hfill \\ y=\frac{7}{3}x - 3\hfill \end{array}]
 We see that the same line will be obtained using either point. This makes sense because we used both points to calculate the slope.
 
   An interactive online homework element has been excluded from the printed version of the text. To see the interactive element that was excluded, please visit the courseware online.
 
  An interactive online homework element has been excluded from the printed version of the text. To see the interactive element that was excluded, please visit the courseware online.
 
  Standard Form of a Line
 Another way that we can represent the equation of a line is in standard form. Standard form is given as
 [image: Ax+By=C]
 where [image: A], [image: B], and [image: C] are integers. The x and y-terms are on one side of the equal sign and the constant term is on the other side.
 standard form
 The standard form of a line equation is written as:
 [image: Ax+By=C]
 where:
 	[image: A], [image: B], and [image: C] are integers,
 	[image: A] and [image: B] not both zero.
 
  Write the equation of the line with slope [image: m=-3] and passing through the point [image: \left(4,8\right)] in standard form.To find the standard form of a line, first, you should find the slope-intercept form [image: y =mx+b]. 	In the example above, we have found the the slope-intercept form of this line is: [image: y = -3x + 20].
 
 Once the slope-intercept form is established, rearrange the equation by moving all variable terms to one side and the constant term to the other to achieve the standard form:
 [image: \begin{align*} \text{Slope-Intercept Form:} & \quad y = -3x + 20 \\ \text{Add } 3x \text{ to both sides:} & \quad 3x + y = 3x - 3x + 20 \\ \text{Simplify:} & \quad 3x + y = 20 \end{align*}]
  Find the equation of the line with [image: m=-6] and passing through the point [image: \left(\frac{1}{4},-2\right)]. Write the equation in standard form. Show Solution We begin by using point-slope form.
 [image: \begin{array}{l}y-\left(-2\right)=-6\left(x-\frac{1}{4}\right)\hfill \\ y+2=-6x+\frac{3}{2}\hfill \end{array}]
 From here, we multiply through by 2 as no fractions are permitted in standard form. Then we move both variables to the left aside of the equal sign and move the constants to the right.
 [image: \begin{array}{l}2\left(y+2\right)=\left(-6x+\frac{3}{2}\right)2\hfill \\ 2y+4=-12x+3\hfill \\ 12x+2y=-1\hfill \end{array}]
 This equation is now written in standard form.
   An interactive online homework element has been excluded from the printed version of the text. To see the interactive element that was excluded, please visit the courseware online.
 
  An interactive online homework element has been excluded from the printed version of the text. To see the interactive element that was excluded, please visit the courseware online.
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				Vertical and Horizontal Lines
 Most of the lines we have worked with so far have been slanted, or oblique. In other words, they were neither horizontal nor vertical lines. The equations of vertical and horizontal lines do not require any of the preceding formulas, although we can use the formulas to prove that the equations are correct. The equation of a vertical line is given as
 [image: x=c]
 where [image: c] is a constant. The slope of a vertical line is undefined, and regardless of the [image: y]–value of any point on the line, the [image: x]–coordinate of the point will be [image: c].
 vertical line
 The equation of a vertical line is given as
 [image: x=c]
 where [image: c] is a constant. The slope of a vertical line is undefined, and regardless of the y-value of any point on the line, the x-coordinate of the point will be [image: c].
  Suppose that we want to find the equation of a line containing the following points: [image: \left(-3,-5\right),\left(-3,1\right),\left(-3,3\right)], and [image: \left(-3,5\right)]. First, we will find the slope. [image: m=\frac{5 - 3}{-3-\left(-3\right)}=\frac{2}{0}]
 Zero in the denominator means that the slope is undefined and, therefore, we cannot use point-slope form. However, we can plot the points. Notice that all of the [image: x]–coordinates are the same and we find a vertical line through [image: x=-3].
  The equation of a horizontal line is given as
 [image: y=c]
 where [image: c] is a constant. The slope of a horizontal line is zero, and for any [image: x]–value of a point on the line, the [image: y]–coordinate will be [image: c].
 horizontal line
 The equation of a horizontal line is given as
 [image: y=c]
 where [image: c] is a constant. The slope of a horizontal line is zero, and for any x-value of a point on the line, the y-coordinate will be [image: c].
  Suppose we want to find the equation of a line that contains the following set of points: [image: \left(-2,-2\right),\left(0,-2\right),\left(3,-2\right)], and [image: \left(5,-2\right)]. We can use point-slope form. First, we find the slope using any two points on the line. [image: \begin{array}{l}m=\frac{-2-\left(-2\right)}{0-\left(-2\right)}\hfill \\ =\frac{0}{2}\hfill \\ =0\hfill \end{array}]
 Use any point for [image: \left({x}_{1},{y}_{1}\right)] in the formula, or use the [image: y]-intercept.
 [image: \begin{array}{l}y-\left(-2\right)=0\left(x - 3\right)\hfill \\ y+2=0\hfill \\ y=-2\hfill \end{array}]
 The graph is a horizontal line through [image: y=-2].
  Find the equation of a line containing the following points: 	[image: \left(-3,-5\right),\left(-3,1\right),\left(-3,3\right)], and [image: \left(-3,5\right)].
 	[image: \left(-2,-2\right),\left(0,-2\right),\left(3,-2\right)], and [image: \left(5,-2\right)].
 
 Show Answer 	Let’s use the point-slope form: [image: y-y_1 = m(x-x_1)].
 First, we need to find the slope:
 [image: m=\frac{5 - 3}{-3-\left(-3\right)}=\frac{2}{0}]Zero in the denominator means that the slope is undefined and, therefore, we cannot use point-slope form. However, we can plot the points. Notice that all of the x-coordinates are the same and we find a vertical line through [image: x=-3].
 	Let’s use the point-slope form again: [image: y-y_1 = m(x-x_1)].
 First, we need to find the slope:
 [image: \begin{array}{l}m=\frac{-2-\left(-2\right)}{0-\left(-2\right)}\hfill \\ =\frac{0}{2}\hfill \\ =0\hfill \end{array}]Use any point for [image: \left({x}_{1},{y}_{1}\right)] in the formula, or use the y-intercept.
 [image: \begin{array}{l}y-\left(-2\right)=0\left(x - 3\right)\hfill \\ y+2=0\hfill \\ y=-2\hfill \end{array}]The graph is a horizontal line through [image: y=-2]. Notice that all of the y-coordinates are the same.
 
 [image: Coordinate plane with the x-axis ranging from negative 7 to 4 and the y-axis ranging from negative 4 to 4. The function y = negative 2 and the line x = negative 3 are plotted.]The line x = −3 is a vertical line. The line y = −2 is a horizontal line.   An interactive online homework element has been excluded from the printed version of the text. To see the interactive element that was excluded, please visit the courseware online.
 
  An interactive online homework element has been excluded from the printed version of the text. To see the interactive element that was excluded, please visit the courseware online.
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		Equations of Lines: Learn It 5

								

	
				Parallel and Perpendicular Lines
 Parallel lines are a key idea in geometry. They are lines that stay the same distance apart over their entire length and never cross each other, no matter how long they extend. This consistent distance between them is called equidistance. In simpler terms, no matter how far you extend parallel lines, they will always run alongside each other and never meet. This makes them an important concept to understand, especially when studying shapes, angles, and various design and engineering principles.
  
 [image: Coordinate plane with the x-axis ranging from negative 8 to 8 in intervals of 2 and the y-axis ranging from negative 7 to 7. Three functions are graphed on the same plot: y = 2 times x minus 3; y = 2 times x plus 1 and y = 2 times x plus 5.]Parallel lines have slopes that are the same. All of the lines shown in the graph are parallel because they have the same slope and different y-intercepts.
 parallel lines
 Parallel lines are defined as lines in a plane that do not intersect because they have the same slope, maintaining a consistent direction and steepness.
  Lines that are perpendicular intersect to form a [image: {90}^{\circ }] angle. The slope of one line is the negative reciprocal of the other. We can show that two lines are perpendicular if the product of the two slopes is [image: -1:{m}_{1}\cdot {m}_{2}=-1].
 For example, the figure below shows the graph of two perpendicular lines. One line has a slope of [image: 3]; the other line has a slope of [image: -\dfrac{1}{3}]. [image: \begin{array}{l}\text{ }{m}_{1}\cdot {m}_{2}=-1\hfill \\ \text{ }3\cdot \left(-\dfrac{1}{3}\right)=-1\hfill \end{array}]
 [image: Coordinate plane with the x-axis ranging from negative 3 to 6 and the y-axis ranging from negative 2 to 5. Two functions are graphed on the same plot: y = 3 times x minus 1 and y = negative x/3 minus 2. Their intersection is marked by a box to show that it is a right angle.]Perpendicular lines have slopes that are negative reciprocals of each other.  perpendicular lines
 Lines that are perpendicular intersect to form a [image: {90}^{\circ }] angle.
  
 This relationship occurs when the slopes of two lines are negative reciprocals of each other, meaning if one line has a slope of [image: m], the perpendicular line will have a slope of [image: -\dfrac{1}{m}].
  Graph the equations of the given lines and state whether they are parallel, perpendicular, or neither: [image: 3y=-4x+3] and [image: 3x - 4y=8]. Show Solution The first thing we want to do is rewrite the equations so that both equations are in slope-intercept form.First equation:
 [image: \begin{array}{l}3y=-4x+3\hfill \\ y=-\frac{4}{3}x+1\hfill \end{array}]
 Second equation:
 [image: \begin{array}{l}3x - 4y=8\hfill \\ -4y=-3x+8\hfill \\ y=\frac{3}{4}x - 2\hfill \end{array}]
 See the graph of both lines in the graph below.
 [image: Coordinate plane with the x-axis ranging from negative 4 to 5 and the y-axis ranging from negative 4 to 4. Two functions are graphed on the same plot: y = negative 4 times x/3 plus 1 and y = 3 times x/4 minus 2. A box is placed at the intersection to note that it forms a right angle.]
 From the graph, we can see that the lines appear perpendicular, but we must compare the slopes.
 [image: \begin{array}{l}{m}_{1}=-\frac{4}{3}\hfill \\ {m}_{2}=\frac{3}{4}\hfill \\ {m}_{1}\cdot {m}_{2}=\left(-\frac{4}{3}\right)\left(\frac{3}{4}\right)=-1\hfill \end{array}]
 The slopes are negative reciprocals of each other confirming that the lines are perpendicular.
   An interactive online homework element has been excluded from the printed version of the text. To see the interactive element that was excluded, please visit the courseware online.
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				Parallel and Perpendicular Lines Cont.
 Writing Equations of Parallel Lines
 Suppose we are given the following equation:
 [image: y=3x+1]
 We know that the slope of the line formed by the function is 3. We also know that the y-intercept is (0, 1). Any other line with a slope of 3 will be parallel to [image: y=3x+1]. So all of the following lines will be parallel to the given line.
 [image: \begin{array}{lll}y=3x+6\hfill & \\ y=3x+1\hfill & \\ y=3x+\frac{2}{3}\hfill \end{array}]
 Suppose then we want to write the equation of a line that is parallel to [image: y=3x+6] and passes through the point (1, 7). We already know that the slope is 3. We just need to determine which value for b will give the correct line. We can begin with point-slope form of a line and then rewrite it in slope-intercept form.
 [image: \begin{array}{llll}y-{y}_{1}=m\left(x-{x}_{1}\right)\hfill & \\ y - 7=3\left(x - 1\right)\hfill & \\ y - 7=3x - 3\hfill & \\ \text{}y=3x+4\hfill \end{array}]
 So [image: y=3x+4] is parallel to [image: y=3x+1] and passes through the point (1, 7).
 How To: Given the equation of a LINE, write the equation of a line parallel to the given line that passes through A given point 	Find the slope of the line.
 	Substitute the given values into either point-slope form or slope-intercept form.
 	Simplify.
 
  Find a line parallel to the graph of [image: y=3x+6] that passes through the point [image: (3, 0)]. Show Solution The slope of the given line is [image: 3]. If we choose to use slope-intercept form, we can substitute [image: m = 3], [image: x = 3], and [image: y = 0] into slope-intercept form to find the [image: y]–intercept.
 [image: \begin{array}{lll}y=3x+b\hfill & \\ \text{}0=3\left(3\right)+b\hfill & \\ \text{}b=-9\hfill \end{array}]
 The line parallel to [image: y=3x+6] that passes through [image: (3, 0)] is [image: y=3x - 9].
 Analysis of the Solution
 We can confirm that the two lines are parallel by graphing them. The graph below shows that the two lines will never intersect.
 [image: Graph of two functions where the blue line is y = 3x + 6, and the orange line is y = 3x - 9.]
   [ohm_question hide_question_numbers=1]293763[/ohm_question] Writing Equations of Perpendicular Lines
 We can use a very similar process to write the equation for a line perpendicular to a given line. Instead of using the same slope, however, we use the negative reciprocal of the given slope. Suppose we are given the following line:
 [image: y=2x+4]
 The slope of the line is 2 and its negative reciprocal is [image: -\frac{1}{2}]. Any function with a slope of [image: -\frac{1}{2}] will be perpendicular to [image: y=2x+4]. So all of the following lines will be perpendicular to [image: y=2x+4].
 [image: \begin{array}{lll}y=-\frac{1}{2}x+4\hfill & \\ y=-\frac{1}{2}x+2\hfill & \\ y=-\frac{1}{2}x-\frac{1}{2}\hfill \end{array}]
 As before, we can narrow down our choices for a particular perpendicular line if we know that it passes through a given point. Suppose then we want to write the equation of a line that is perpendicular to [image: y=2x+4] and passes through the point (4, 0). We already know that the slope is [image: -\frac{1}{2}]. Now we can use the point to find the y-intercept by substituting the given values into slope-intercept form and solving for b.
 [image: \begin{array}{lllll}y=mx+b\hfill & \\ 0=-\frac{1}{2}\left(4\right)+b\hfill & \\ 0=-2+b\hfill \\ 2=b\hfill & \\ b=2\hfill \end{array}]
 The equation for the function with a slope of [image: -\frac{1}{2}] and a y-intercept of 2 is [image: y=-\frac{1}{2}x+2].
 So [image: y=-\frac{1}{2}x+2] is perpendicular to [image: y=2x+4] and passes through the point (4, 0). Be aware that perpendicular lines may not look obviously perpendicular on a graphing calculator unless we use the square zoom feature.
 A horizontal line has a slope of zero and a vertical line has an undefined slope. These two lines are perpendicular, but the product of their slopes is not –1. Doesn’t this fact contradict the definition of perpendicular lines? 
 No. For two perpendicular linear functions, the product of their slopes is –1. As you will learn later, a vertical line is not a function so the definition is not contradicted.
 How To: Given the equation of a LINE, write the equation of a line Perpendicular to the given line that passes through A given point 	Find the slope of the given line.
 	Determine the negative reciprocal of the slope.
 	Substitute the slope and point into either point-slope form or slope-intercept form.
 	Simplify.
 
  Find the equation of a line perpendicular to [image: y=3x+3] that passes through the point [image: (3, 0)]. Show Solution The original line has slope [image: m = 3], so the slope of the perpendicular line will be its negative reciprocal or [image: -\frac{1}{3}]. Using this slope and the given point, we can find the equation for the line.
 [image: \begin{array}y=-\frac{1}{3}x+b\hfill & \\ \text{}0=-\frac{1}{3}\left(3\right)+b\hfill & \\ \text{}1=b\hfill \\ \text{ }b=1\hfill \end{array}]
 The line perpendicular to [image: y=3x+3] that passes through [image: (3, 0)] is [image: y=-\frac{1}{3}x+1].
 Analysis of the Solution
 A graph of the two lines is shown below.
 [image: Graph of two functions where the blue line is g(x) = -1/3x + 1, and the orange line is f(x) = 3x + 6.]
   An interactive online homework element has been excluded from the printed version of the text. To see the interactive element that was excluded, please visit the courseware online.
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		Equations of Lines: Apply It 1

								

	
				 	Find the value of a variable that satisfies an equation
 	Write equations for lines using different forms: slope-intercept, point-slope, and standard form
 	Recognize and write equations for horizontal and vertical lines
 	Determine if lines are parallel or perpendicular, and write equations for lines parallel or perpendicular to a given line
 
  The chief financial officer, or CFO, of a company is in charge of financial planning, risk management, budgeting, record keeping, and reporting. Dhakiya is the CFO of a non-profit community arts center.
 [image: ]Photo by Microsoft 365 on Unsplash One of Dhakiya’s responsibilities is to track the sales of fundraising merchandise. She is hoping to raise [image: $2000] in the month of February with sales of merchandise averaging [image: $75] a day. If [image: y] represents the total money raised in [image: x] days of sales, Dhakiya can use a linear equation to model the fundraiser.
 An interactive online homework element has been excluded from the printed version of the text. To see the interactive element that was excluded, please visit the courseware online.
 
  An interactive online homework element has been excluded from the printed version of the text. To see the interactive element that was excluded, please visit the courseware online.
 
  The fundraising merchandise was created by volunteers using mostly repurposed or donated materials. This way, Dhakiya was able to keep the overhead costs for this fundraiser fairly low. The [image: y]-intercept indicates the overhead cost of materials for the merchandise that will be deducted from the total sales.
 An interactive online homework element has been excluded from the printed version of the text. To see the interactive element that was excluded, please visit the courseware online.
 
  An interactive online homework element has been excluded from the printed version of the text. To see the interactive element that was excluded, please visit the courseware online.
 
  An interactive online homework element has been excluded from the printed version of the text. To see the interactive element that was excluded, please visit the courseware online.
 
  [image: ]Photo by Ekaterina Novitskaya on Unsplash Another one of Dhakiya’s responsibilities is applying for grants to fund activities for the youth programs at the community arts center. Dhakiya is applying to two grants that each offer a starting amount and additional funds based on the number of participants in the youth programs. The following equations represent the total funding provided, [image: y], given [image: x] participants in the youth programs.
 	Grant 1: [image: y=40(x+25)]
 	Grant 2: [image: -80x+2y=1600]
 
 An interactive online homework element has been excluded from the printed version of the text. To see the interactive element that was excluded, please visit the courseware online.
 
  [image: ]Photo by Annie Spratt on Unsplash After analyzing the community art center’s energy bills, Dhakiya determined the best plan for the polymer clay workshops that conserves energy. Ovens are used to bake the sculptures created in the workshops, and if all of the baking is done consecutively, the ovens only have to preheat once. Also, if the workshops are held in months with cooler temperatures, the ovens will contribute to heating the sculpture studio to a comfortable temperature, reducing the energy that the studio’s heaters will need to use. She found that the total kilowatt-hours of energy, [image: y], used by the ovens for [image: x] hours of baking time is given by
 [image: y=2x+0.5]
 The equation for the kilowatt-hours of energy, [image: y], that the heaters would use to maintain a comfortable ambient temperature in the studio after [image: x] hours of baking time is perpendicular to the equation above.
 An interactive online homework element has been excluded from the printed version of the text. To see the interactive element that was excluded, please visit the courseware online.
 
  Media Attributions
	Dhakiya_3.2 Equations of Lines 
	painting_3.2 Equations of Lines 
	blue_clay_3.2 Equations of Lines 
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		Modeling with Linear Equations: Learn It 1

								

	
				 	Create and use linear equations and formulas to solve practical problems involving unknown quantities, dimensions, and distances.
 
  Setting up a Linear Equation to Solve a Real-World Application
 Many real-world applications can be modeled by linear equations. For example: Josh is hoping to get an A in his college algebra class. He has scores of [image: 75, 82, 95, 91,] and [image: 94] on his first five tests. Only the final exam remains, and the maximum of points that can be earned is [image: 100]. Is it possible for Josh to end the course with an A? A linear equation will give Josh his answer.
 To set up a linear equation that models a real-world situation, we must first determine the known quantities and define the unknown quantity as a variable. Then, we interpret the words as mathematical expressions using mathematical symbols. If a quantity is independent of a variable, we usually just add or subtract it according to the problem.
 When dealing with real-world applications, there are certain expressions that we can translate directly into math. The table below lists some common verbal expressions and their equivalent mathematical expressions.
 	Verbal 	Translation to Math Operations 
  	One number exceeds another by a 	[image: x,\text{ }x+a] 
 	Twice a number 	[image: 2x] 
 	One number is a more than another number 	[image: x,\text{ }x+a] 
 	One number is a less than twice another number 	[image: x,2x-a] 
 	The product of a number and a, decreased by b 	[image: ax-b] 
 	The quotient of a number and the number plus a is three times the number 	[image: \Large\frac{x}{x+a}\normalsize =3x] 
 	The product of three times a number and the number decreased by b is c 	[image: 3x\left(x-b\right)=c] 
  
 Consider a car rental agency that charges [image: $150] per week plus [image: $0.10] per mile driven to rent a compact car. We can use these quantities to write an equation that models the cost of renting the car for a week [image: C] given a certain number of miles [image: x] driven. [image: C=150+0.10x]
 In this case, a known cost, such as [image: $0.10] per mile, is multiplied by an unknown quantity, the number of miles driven. Therefore, we can write [image: 0.10x] to model the portion of the weekly cost generated by miles driven. This expression represents a variable cost because it changes according to the number of miles driven. There is a flat fee of [image: $150] to rent the car, independent of the number of miles driven. In applications involving costs, amounts such as this flat fee that do not change are often called fixed costs.
 
  In this example, we identified the unknown quantity as the number of miles driven and assigned it the variable [image: x]. Next, we identified the known quantities and translated the given information into an equation that models the total weekly cost. The equation [image: C=150+0.10x] shows the relationship between the fixed cost of [image: $150] to rent the car and the additional cost of [image: $0.10] per mile driven. With this model, we can answer questions like how much it would cost to drive [image: 500] miles in a week or how many miles you could drive on a [image: $375] budget.
 How To: Given a real-world situation, write a linear equation to model it 	Identify known and unknown quantities.
 	Assign a variable to represent the unknown quantity.
 	If there is more than one unknown quantity, find a way to write the second unknown in terms of the first.
 	Write an equation interpreting the words in the problem as mathematical operations.
 	Solve the equation, check to be sure your answer is reasonable, and give the answer using the language and units of the original situation.
 
  Find a linear equation to solve for the following unknown quantities:
 One number exceeds another number by [image: 17] and their sum is [image: 31].
 Then, find the two unknown values. 
 Step 1: Define the variable.
 	Let [image: x] equal the first number.
 	Since the second number exceeds the first by [image: 17], we write the second number as [image: x+17].
 
 Step 2: Set up the equation.
 The sum of the two numbers is [image: 31], which leads us to the equation:
 [image: \begin{align*} \text{First number} + \text{Second number} &= 31 \\ x + (x + 17) &= 31 \end{align*}]Step 3: Simplify and solve the equation.
 [image: \begin{align*} x + (x + 17) &= 31 & \text{Add the first and second number} \\ 2x + 17 &= 31 & \text{Combine like terms} \\ 2x &= 14 & \text{Subtract 17 from both sides} \\ x &= 7 & \text{Divide both sides by 2} \end{align*}]
 	The first number is [image: x=7].
 	The second number would then be [image: x+17=7+17=24].
 
  An interactive online homework element has been excluded from the printed version of the text. To see the interactive element that was excluded, please visit the courseware online.
 
  An interactive online homework element has been excluded from the printed version of the text. To see the interactive element that was excluded, please visit the courseware online.
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				Setting up a Linear Equation to Solve a Real-World Application Cont.
 When faced with a real-world problem, it’s often helpful to define the unknown quantities using variables. By analyzing the relationships between these unknowns and any given information, we can construct a mathematical model in the form of a linear equation. In most cases, this involves identifying fixed and variable components, which correspond to the slope and [image: y]-intercept in a linear equation.
 In the previous example about renting a car, the weekly cost to rent a compact car was modeled by identifying both fixed and variable costs. This same approach can be applied in many other real-world situations, such as calculating monthly expenses, managing inventory costs, or predicting future earnings.
 To build a linear equation, start by identifying how the total cost or outcome changes with respect to the variable, which often involves determining a rate of change (the slope). Once this is established, you can add any fixed costs (the y-intercept) to complete the model.
 Slope-intercept form:
 [image: y=mx+b], where: 	[image: x \text{ and } y] represent the coordinates of any point on the line
 	[image: m] represents the slope of the line
 	[image: b] represents the initial value, or the y-intercept
 
 You can solve for [image: b] by substituting a known point for [image: x \text{ and } y] and the slope of the line for [image: m]. The point-slope form, [image: y-{y}_{1}=m\left(x-{x}_{1}\right)] simplifies to slope-intercept form when solved for [image: y]. Substitute the coordinates of a point for [image: {y}_1 \text{ and } {x}_1] and the slope for [image: m] then simplify.
  Find a linear equation to model this real-world application: It costs ABC electronics company [image: $2.50] per unit to produce a part used in a popular brand of desktop computers. The company has monthly operating expenses of [image: $350] for utilities and [image: $3,300] for salaries. Show Solution Step 1: Identify Costs:
 	Variable Costs: [image: $2.50] per unit. This cost increases linearly with each additional unit produced.
 	Fixed Costs: Monthly utilities are [image: $350] and monthly salaries are [image: $3,300]. Therefore, the total fixed monthly costs is [image: $350 + $3,300 = $3,650].
 
 Step 2: Develop the Linear Equation:
 	Let [image: x] represents the number of units produced each month.
 	[image: $2.50] is the slope of the equation, representing the additional cost per unit produced.
 	[image: $3,650] is the y-intercept, representing the fixed costs that are constant regardless of production volume.
 
 The total monthly expense ([image: C]) for ABC Electronics can be modeled as:
 [image: C = $2.50x+$3,650]
 The equation helps the company forecast financial outcomes based on production levels, assisting in budgeting, pricing strategies, and profit analysis.
   An interactive online homework element has been excluded from the printed version of the text. To see the interactive element that was excluded, please visit the courseware online.
 
  There are two cell phone companies that offer different packages. Company A charges a monthly service fee of [image: $34] plus [image: $.05]/min talk-time. Company B charges a monthly service fee of [image: $40] plus [image: $.04]/min talk-time. 	Write a linear equation that models the packages offered by both companies.
 	If the average number of minutes used each month is [image: 1,160], which company offers the better plan?
 	If the average number of minutes used each month is [image: 420], which company offers the better plan?
 	How many minutes of talk-time would yield equal monthly statements from both companies?
 
 Show Solution 	The model for Company A can be written as [image: A=0.05x+34]. This includes the variable cost of [image: 0.05x] plus the monthly service charge of [image: $34].
 Company B’s package charges a higher monthly fee of [image: $40], but a lower variable cost of [image: 0.04x]. Company B’s model can be written as [image: B=0.04x+40].
 	If the average number of minutes used each month is [image: 1,160], we have the following:
 [image: \begin{array}{l}\text{Company }A\hfill&=0.05\left(1,160\right)+34\hfill \\ \hfill&=58+34\hfill \\ \hfill&=92\hfill \\ \hfill \\ \text{Company }B\hfill&=0.04\left(1,160\right)+40\hfill \\ \hfill&=46.4+40\hfill \\ \hfill&=86.4\hfill \end{array}]
 So, Company B offers the lower monthly cost of [image: $86.40] as compared with the [image: $92] monthly cost offered by Company A when the average number of minutes used each month is [image: 1,160].
 	If the average number of minutes used each month is [image: 420], we have the following:
 [image: \begin{array}{l}\text{Company }A\hfill&=0.05\left(420\right)+34\hfill \\ \hfill&=21+34\hfill \\ \hfill&=55\hfill \\ \hfill \\ \text{Company }B\hfill&=0.04\left(420\right)+40\hfill \\ \hfill&=16.8+40\hfill \\ \hfill&=56.8\hfill \end{array}]
 If the average number of minutes used each month is [image: 420], then Company A offers a lower monthly cost of [image: $55] compared to Company B’s monthly cost of [image: $56.80].
 	To answer the question of how many talk-time minutes would yield the same bill from both companies, we should think about the problem in terms of [image: \left(x,y\right)] coordinates: At what point are both the [image: x]–value and the [image: y]–value equal? We can find this point by setting the equations equal to each other and solving for [image: x]. [image: \begin{array}{l}0.05x+34=0.04x+40\hfill \\ 0.01x=6\hfill \\ x=600\hfill \end{array}]
 Check the [image: x]–value in each equation.
 [image: \begin{array}{l}0.05\left(600\right)+34=64\hfill \\ 0.04\left(600\right)+40=64\hfill \end{array}]
 Therefore, a monthly average of [image: 600] talk-time minutes renders the plans equal.

 
 [image: Coordinate plane with the x-axis ranging from 0 to 1200 in intervals of 100 and the y-axis ranging from 0 to 90 in intervals of 10. The functions A = 0.05x + 34 and B = 0.04x + 40 are graphed on the same plot]
  An interactive online homework element has been excluded from the printed version of the text. To see the interactive element that was excluded, please visit the courseware online.
 
  We can also use a linear equation in one variable to solve a problem with two unknowns by writing an expression for one unknown in terms of the other. A bag is filled with green and blue marbles. There are [image: 77] marbles in the bag. If there are [image: 17] more green marbles than blue marbles, find the number of green marbles and the number of blue marbles in the bag. How many marbles of each color are in the bag? Show Solution Let [image: G] represent the number of green marbles in the bag and [image: B] represent the number of blue marbles. We have that [image: G + B = 77]. But we also have that there are [image: 17] more green marbles than blue. That is, the number of green marbles is the same as the number of blue marbles plus [image: 17]. We can translate that as [image: G = B+17]. Since we’ve found a way to express the variable [image: G] in terms of [image: B], we can write one equation in one variable:
 [image: B+17+B=77], which we can solve for [image: B].
 [image: 2B=60]
 So [image: B=30]. There are [image: 30] blue marbles in the bag and [image: 30+17 = 47] is the number of green marbles.
   [ohm_question hide_question_numbers=1]293766[/ohm_question]  
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				Using a Formula to Solve a Real-World Application
 Many applications are solved using known formulas. The problem is stated, a formula is identified, the known quantities are substituted into the formula, the equation is solved for the unknown, and the problem’s question is answered. Sometimes, these problems involve two equations representing two unknowns, which can be written using one equation in one variable by expressing one unknown in terms of the other.
 Examples of formulas include the perimeter of a rectangle, [image: P=2L+2W]; the area of a rectangular region, [image: A=LW]; and the volume of a rectangular solid, [image: V=LWH]. The distance [image: d] covered when traveling at a constant rate [image: r] for some time [image: t] is given by the formula [image: d=rt]. It takes Andrew [image: 30] minutes to drive to work in the morning. He drives home using the same route, but it takes [image: 10] minutes longer, and he averages [image: 10] mi/h less than in the morning. How far does Andrew drive to work? Show Answer Step 1: Define the Variables
 Let:
 	[image: d] be the distance to work (in miles).
 	[image: r] be the morning driving speed (in miles per hour).
 	Morning trip time: [image: 30] minutes.
 	Afternoon trip time, which is [image: 10] minutes longer: [image: 40] minutes.
 
 Step 2: Convert Times to Hours
 Since the rate is in miles per hour, convert the time from minutes to hours:
 	Morning trip time [image: = \frac{30}{60} = \frac{1}{2}] hours
 	Afternoon trip time [image: = \frac{40}{60} = \frac{2}{3}] hours
 
 Step 3: Set Up Equations
 	 	[image: d] (miles) 	[image: r] (mph) 	[image: t] (hours) 
  	Morning Trip 	[image: d] 	[image: r] 	[image: \frac{1}{2}] 
 	Afternoon Trip 	[image: d] 	[image: r - 10] 	[image: \frac{2}{3}] 
  
 	Morning trip equation: [image: d=r(\frac{1}{2})]
 	Afternoon trip equation: [image: d=(r - 10)(\frac{2}{3})]
 
 Step 4: Equate and Solve for [image: r]
 Since the distance ([image: d]) is the same for both trips, set the equations equal to each other:
 [image: r(\frac{1}{2}) =(r - 10)(\frac{2}{3})]
 Solve for [image: r]:
 [image: \begin{align*} \text{Given equation:} && r\left(\frac{1}{2}\right) &= (r - 10)\left(\frac{2}{3}\right) \\ \text{Distribute the } \frac{2}{3}: && \frac{1}{2}r &= \frac{2}{3}r - \frac{20}{3} \\ \text{Subtract } \frac{2}{3}r \text{ from both sides:} && \frac{1}{2}r - \frac{2}{3}r &= -\frac{20}{3} \\ \text{Combine like terms:} && \left(\frac{1}{2} - \frac{2}{3}\right)r &= -\frac{20}{3} \\ \text{Get common denominators for coefficients of } r: && \left(\frac{3}{6} - \frac{4}{6}\right)r &= -\frac{20}{3} \\ \text{Simplify:} && -\frac{1}{6}r &= -\frac{20}{3} \\ \text{Divide both sides by } -\frac{1}{6}: && r &= \left(-\frac{20}{3}\right) \cdot \left(-6\right) \\ \text{Simplify:} && r &= 40 \end{align*}]
 Step 5: Calculate distance [image: d] and write your conclusion.
 Substitute [image: r = 40] back into the morning trip equation:
 [image: d = 40(\frac{1}{2}) = 20 \text{ miles}]
 Thus, Andrew drives [image: 20] miles to work.
   How were the fractions handled in the example above?
  
 Recall that when solving multi-step equations, it is helpful to multiply by the LCD to clear the denominators from the equation. But it is also permissible to use operations on fractions to combine like terms. The example above demonstrates both.
 more 	In the text of the solution when solving for [image: r] the first time, the parentheses were eliminated using the distributive property, then operations on fractions were used to combine like terms.
 
 [image: \begin{array}{c}r\left(\frac{1}{2}\right)=\left(r - 10\right)\left(\frac{2}{3}\right)\hfill \\ \frac{1}{2}r=\frac{2}{3}r-\frac{20}{3}\hfill \\ \frac{1}{2}r-\frac{2}{3}r=-\frac{20}{3}\hfill \\ -\frac{1}{6}r=-\frac{20}{3}\hfill \\ r=-\frac{20}{3}\left(-6\right)\hfill \\ r=40\hfill \end{array}]
 	Later, in the analysis of the solution, the LCD between the denominators [image: 2 \text{ and } 3] was multiplied on both sides of the equation to cancel out the denominators so that operations on fractions were not necessary. Do you see how the LCD wasn’t actually multiplied through on both sides, but that the denominators cancelled out, resulting in a linear equation in one variable without denominators?
 
 [image: \begin{array}{l}r\left(\frac{1}{2}\right)=\left(r - 10\right)\left(\frac{2}{3}\right)\hfill \\ 6\times r\left(\frac{1}{2}\right)=6\times \left(r - 10\right)\left(\frac{2}{3}\right)\hfill \\ 3r=4\left(r - 10\right)\hfill \\ 3r=4r - 40\hfill \\ -r=-40\hfill \\ r=40\hfill \end{array}]
 Both methods are equally correct unless your instructor requires you to specifically demonstrate knowledge of one or the other.
 Which do you prefer?
   How To: Solve Multi-Step Equations 	(Optional) Multiply to clear any fractions or decimals.
 	Simplify each side by clearing parentheses and combining like terms.
 	Add or subtract to isolate the variable term—you may have to move a term with the variable.
 	Multiply or divide to isolate the variable.
 	Check the solution.
 
  An interactive online homework element has been excluded from the printed version of the text. To see the interactive element that was excluded, please visit the courseware online.
 
  The perimeter of a rectangular outdoor patio is [image: 54] ft. The length is [image: 3] ft. greater than the width. What are the dimensions of the patio? Show Answer Given: [image: P = 54]ft. and [image: L = W+3] ft.[image: A rectangle with the length labeled as: L = W + 3 and the width labeled as: W.]The relationship can be expressed and solved as follows:
 [image: \begin{align*} \text{Given the perimeter formula:} && P &= 2L + 2W \\ \text{Substitute } P=54 \text{ and } L = W + 3: && 54 &= 2(W + 3) + 2W \\ \text{Expand and simplify:} && 54 &= 2W + 6 + 2W \\ \text{Combine like terms:} && 54 &= 4W + 6 \\ \text{Solve for } W: && 48 &= 4W \\ && W &= 12 \\ \text{Solve for } L: && L &= W + 3 = 12 + 3 = 15 \end{align*}]
 Thus, the dimensions are [image: L=15] ft and [image: W=12] ft.  An interactive online homework element has been excluded from the printed version of the text. To see the interactive element that was excluded, please visit the courseware online.
 
  The perimeter of a tablet of graph paper is [image: 48] inches[image: ^2]. The length is [image: 6] inches more than the width. Find the area of the graph paper. Show Solution The standard formula for area is [image: A=LW]; however, we will solve the problem using the perimeter formula. The reason we use the perimeter formula is because we know enough information about the perimeter that the formula will allow us to solve for one of the unknowns. As both perimeter and area use length and width as dimensions, they are often used together to solve a problem such as this one.
 [image: \\]
 We know that the length is [image: 6] inches more than the width, so we can write length as [image: L=W+6].
 [image: \\]
 Substitute the value of the perimeter and the expression for length into the perimeter formula and find the length.
 [image: \begin{array}{l}P=2L+2W\hfill \\ 48=2\left(W+6\right)+2W\hfill \\ 48=2W+12+2W\hfill \\ 48=4W+12\hfill \\ 36=4W\hfill \\ 9=W\hfill \\ \left(9+6\right)=L\hfill \\ 15=L\hfill \end{array}]
 Now, we find the area given the dimensions of [image: L=15] in. and [image: W=9] in.
 [image: \begin{array}{l}A\hfill&=LW\hfill \\ A\hfill&=15\left(9\right)\hfill \\ \hfill&=135\text{ in}^{2}\hfill \end{array}]
 The area is [image: 135] inches[image: ^2].
   [ohm_question hide_question_numbers=1]293768[/ohm_question] Find the dimensions of a shipping box given that the length is twice the width, the height is [image: 8] inches, and the volume is [image: 1,600] in.3. Show Solution The formula for the volume of a box is given as [image: V=LWH], the product of length, width, and height. We are given that [image: L=2W], and [image: H=8]. The volume is [image: 1,600] cubic inches.
 [image: \begin{array}{l}V=LWH \\ 1,600=\left(2W\right)W\left(8\right) \\ 1,600=16{W}^{2} \\ 100={W}^{2} \\ 10=W \end{array}]
 The dimensions are [image: L=20] in., [image: W=10] in., and [image: H=8] in.
 Analysis of the Solution
 Note that the square root of [image: {W}^{2}] would result in a positive and a negative value. However, because we are describing width, we can use only the positive result.
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				 	Create and use linear equations and formulas to solve practical problems involving unknown quantities, dimensions, and distances.
 
  Darren, a registered nurse, has received offers from two potential employers with different starting wages and guaranteed annual bonuses.
 [image: ]Photo by Lucas Vasques on Unsplash Horton Health offers [image: $33.96] per hour and a year-end bonus of [image: $6,000]. Qualls Care offers [image: $36.32] per hour and a year-end bonus of [image: 2.5\%] of the year’s total wages.
 An interactive online homework element has been excluded from the printed version of the text. To see the interactive element that was excluded, please visit the courseware online.
 
  An interactive online homework element has been excluded from the printed version of the text. To see the interactive element that was excluded, please visit the courseware online.
 
  An interactive online homework element has been excluded from the printed version of the text. To see the interactive element that was excluded, please visit the courseware online.
 
  An interactive online homework element has been excluded from the printed version of the text. To see the interactive element that was excluded, please visit the courseware online.
 
  An interactive online homework element has been excluded from the printed version of the text. To see the interactive element that was excluded, please visit the courseware online.
 
   
 Media Attributions
	3.3_science_guy 
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				 	Use interval notation to show solutions to inequalities.
 	Solve linear inequalities by applying their properties.
 
  [image: Several red winner’s ribbons lie on a white table.]
 Using Interval Notation
 In many academic institutions, student performance is evaluated using a Grade Point Average (GPA) system where scores range from [image: 0] to [image: 4]. This scale can be represented using linear inequalities to define the complete range of possible GPAs. How could these GPA scores be expressed mathematically?
 	Set-Builder Notation: [image: \{x \mid 0 \leq x \leq 4\}], where [image: x] represents a student’s GPA.
 The inequality [image: 0 \leq x \leq 4] encapsulates the idea that a GPA can be as low as [image: 0], which might indicate failing grades or no coursework completed, and as high as [image: 4], representing perfect academic performance.
 	Interval Notation: [image: [0, 4]].
 This notation correctly specifies that the GPA can be any value including and between [image: 0] and [image: 4].
 	Number Line: The number line below illustrates that the solution set includes all real numbers between [image: 0] and [image: 4].
 [image: ]
 
 Interval Notation: 	Parentheses represent solutions greater or less than the number.
 	Brackets represent solutions that are greater than or equal to or less than or equal to the number.
 	Use parentheses to represent infinity or negative infinity, since positive and negative infinity are not numbers in the usual sense of the word and, therefore, cannot be “equaled.”
 
  What is an Inequality?An inequality is a mathematical statement that compares two expressions using symbols such as: 	[image: <] (less than)
 	[image: >] (greater than)
 	[image: \leq] (less than or equal to)
 	[image: \geq] (greater than or equal to)
 
 Inequalities show that one side of the statement is not equal to the other. Instead, it describes a range of possible values. For example, the inequality [image: x > 3] means that [image: x] can be any number greater than 3.
  	Inequality 	Words 	Interval Notation 	Number Line 
 	[image: {a}\lt{x}\lt{ b}] 	all real numbers between a and b, not including a and b 	[image: \left(a,b\right)] 	[image: ] 
 	[image: {x}\gt{a}] 	All real numbers greater than a, but not including a 	[image: \left(a,\infty \right)] 	[image: ] 
 	[image: {x}\lt{b}] 	All real numbers less than b, but not including b 	[image: \left(-\infty ,b\right)] 	[image: ] 
 	[image: {x}\ge{a}] 	All real numbers greater than a, including a 	[image: \left[a,\infty \right)] 	[image: ] 
 	[image: {x}\le{b}] 	All real numbers less than b, including b 	[image: \left(-\infty ,b\right]] 	[image: ] 
 	[image: {a}\le{x}\lt{ b}] 	All real numbers between a and b, including a 	[image: \left[a,b\right)] 	[image: ] 
 	[image: {a}\lt{x}\le{ b}] 	All real numbers between a and b, including b 	[image: \left(a,b\right]] 	[image: ] 
 	[image: {a}\le{x}\le{ b}] 	All real numbers between a and b, including a and b 	[image: \left[a,b\right]] 	[image: ] 
 	[image: {x}\lt{a}\text{ or }{x}\gt{ b}] 	All real numbers less than a or greater than b 	[image: \left(-\infty ,a\right)\cup \left(b,\infty \right)] 	[image: ] 
 	All real numbers 	All real numbers 	[image: \left(-\infty ,\infty \right)] 	[image: ] 
  
 Using interval notation to express the inequalities. 	All real numbers greater than or equal to [image: -2].
 	All real numbers between and including [image: -3] and [image: 5].
 	All real numbers less than or equal to [image: -1] or greater than or equal to [image: 1].
 	All real numbers less than [image: -2] or greater than or equal to [image: 3].
 
 Show Answer 	[image: \left[-2,\infty \right)]
 	[image: \left[-3,5\right]]
 	[image: \left(-\infty ,-1\right]\cup \left[1,\infty \right)]
 	[image: \left(-\infty ,-2\right)\cup \left[3,\infty \right)]

  Represent the number line below in words, inequality, and an interval notation.[image: An open circle on 10 and a line going from 10 to all numbers below 10.] Show Answer 	Words: all real numbers less than [image: 10]
 	Interval Notation: [image: (-\infty, 10)]
 	Inequality: [image: x<10]

  An interactive online homework element has been excluded from the printed version of the text. To see the interactive element that was excluded, please visit the courseware online.
 
  An interactive online homework element has been excluded from the printed version of the text. To see the interactive element that was excluded, please visit the courseware online.
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				Using the Properties of Inequalities
 When we work with inequalities, we can usually treat them similarly to but not exactly as we treat equations. We can use the addition property and the multiplication property to help us solve them. The one exception is when we multiply or divide by a negative number, we must reverse the inequality symbol.
 properties of inequalities
 [image: \begin{array}{ll}\text{Addition Property}\hfill& \text{If }a< b,\text{ then }a+c< b+c.\hfill \\ \hfill & \hfill \\ \text{Multiplication Property}\hfill & \text{If }a< b\text{ and }c> 0,\text{ then }ac< bc.\hfill \\ \hfill & \text{If }a< b\text{ and }c< 0,\text{ then }ac> bc.\hfill \end{array}]
  
 These properties also apply to [image: a\le b], [image: a>b], and [image: a\ge b].
  Illustrate the addition property for inequalities by solving each of the following: 	[image: x - 15<4]
 	[image: 6\ge x - 1]
 	[image: x+7>9]
 
 Show Solution The addition property for inequalities states that if an inequality exists, adding or subtracting the same number on both sides does not change the inequality.
 	[image: \begin{array}{ll} \text{Given inequality:} & x - 15 < 4 \\ \text{Add 15 to both sides:} & x - 15 + 15 < 4 + 15 \\ \text{Simplify:} & x < 19 \end{array}]In interval notation, the solution is expressed as: [image: (-\infty, 19)].
 	[image: \begin{array}{ll} \text{Given inequality:} & 6 \geq x - 1 \\ \text{Add 1 to both sides:} & 6 + 1 \geq x - 1 + 1 \\ \text{Simplify:} & 7 \geq x \\ \text{or equivalently:} & x \leq 7 \end{array}]In interval notation, the solution is expressed as: [image: (-\infty, 7]]
 	[image: \begin{array}{ll} \text{Given inequality:} & x + 7 > 9 \\ \text{Subtract 7 from both sides:} & x + 7 - 7 > 9 - 7 \\ \text{Simplify:} & x > 2 \end{array}]In interval notation, the solution is expressed as: [image: (2, \infty)]
 
   An interactive online homework element has been excluded from the printed version of the text. To see the interactive element that was excluded, please visit the courseware online.
 
  Illustrate the multiplication property for inequalities by solving each of the following: 	[image: 3x<6]
 	[image: -2x - 1\ge 5]
 	[image: 5-x>10]
 
 Show Answer 	[image: \begin{array}{ll} \text{Given inequality:} && 3x &< 6 \\ \text{Multiply both sides by} \frac{1}{3} \text{or divide by 3:} && x &< \frac{6}{3} \\ \text{Simplify:} && x &< 2 \end{array}]
 In interval notation, the solution is expressed as: [image: (-\infty, 2)]
 	[image: \begin{array}{ll} \text{Given inequality:} && -2x - 1 &\geq 5 \\ \text{Add 1 to both sides:} && -2x - 1 + 1 &\geq 5 + 1 \\ \text{Simplify:} && -2x &\geq 6 \\ \text{Divide both sides by -2 (reverse inequality):} && x &\leq -3 \end{array}]
 In interval notation, the solution is expressed as: [image: (-\infty, -3]]
 	[image: \begin{array}{ll} \text{Given inequality:} & 5 - x > 10 \\ \text{Subtract 5 from both sides:} & 5 - x - 5 > 10 - 5 \\ \text{Simplify:} & -x > 5 \\ \text{Multiply both sides by -1 (reverse inequality):} & x < -5 \end{array}]
 In interval notation, the solution is: [image: (-\infty, -5)]
 
   An interactive online homework element has been excluded from the printed version of the text. To see the interactive element that was excluded, please visit the courseware online.
 
  An interactive online homework element has been excluded from the printed version of the text. To see the interactive element that was excluded, please visit the courseware online.
 
  We can perform the same operations on both sides of an inequality, just as we do with equations; we combine like terms and perform operations. To solve, we isolate the variable.
 Solve the following inequality:[image: 13 - 7x\ge 10x - 4] Show Solution Solving this inequality is similar to solving an equation up until the last step.
 [image: \begin{array}{ll}13 - 7x\ge 10x - 4\hfill & \hfill \\ 13 - 17x\ge -4\hfill & \text{Move variable terms to one side of the inequality}.\hfill \\ -17x\ge -17\hfill & \text{Isolate the variable term}.\hfill \\ x\le 1\hfill & \text{Dividing both sides by }-17\text{ reverses the inequality}.\hfill \end{array}]
 The solution set is given by the interval [image: \left(-\infty ,1\right]], or all real numbers less than and including [image: 1].
   Solve the following inequality and write the answer in interval notation:[image: -\dfrac{3}{4}x\ge -\dfrac{5}{8}+\dfrac{2}{3}x] Show Solution We begin solving in the same way we do when solving an equation.
 [image: \begin{array}{ll}-\frac{3}{4}x\ge -\frac{5}{8}+\frac{2}{3}x\hfill & \hfill \\ -\frac{3}{4}x-\frac{2}{3}x\ge -\frac{5}{8}\hfill & \text{Put variable terms on one side}.\hfill \\ -\frac{9}{12}x-\frac{8}{12}x\ge -\frac{5}{8}\hfill & \text{Write fractions with common denominator}.\hfill \\ -\frac{17}{12}x\ge -\frac{5}{8}\hfill & \hfill \\ x\le -\frac{5}{8}\left(-\frac{12}{17}\right)\hfill & \text{Multiplying by a negative number reverses the inequality}.\hfill \\ x\le \frac{15}{34}\hfill & \hfill \end{array}]
 The solution set is the interval [image: \left(-\infty ,\frac{15}{34}\right]].
   [ohm_question hide_question_numbers=1]293769[/ohm_question] 
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				Compound Inequalities
 A compound inequality includes two inequalities in one statement. A statement such as [image: 4 < x\le 6] means [image: 4 < x] and [image: x\le 6]. There are two ways to solve compound inequalities: separating them into two separate inequalities or leaving the compound inequality intact and performing operations on all three parts at the same time. We will illustrate both methods.
 compound inequality
 A compound inequality is a mathematical statement that combines two inequalities into one expression using the words “and” or “or”. These are used to express a range of possible solutions or conditions that satisfy more than one requirement simultaneously.
 	“And” Compound Inequality (Conjunction): 	This type connects two inequalities where both conditions must be true simultaneously.
 	For example: [image: a < x < b]
 
 
 	Or” Compound Inequality (Disjunction) 	This type connects two inequalities where at least one of the conditions must be true. It is used to express that solutions may satisfy any one of multiple criteria.
 	For example: [image: x < a \text{ or } x > b]
 
 
 
 
  Solve the compound inequality: [image: 3\le 2x+2 < 6]
 [image: \begin{array}{ll} \text{Given inequality:} & 3 \leq 2x + 2 < 6 \\ \text{Subtract 2 from all parts:} & 3 - 2 \leq 2x + 2 - 2 < 6 - 2 \\ \text{Simplify:} & 1 \leq 2x < 4 \\ \text{Divide all parts by 2:} & \frac{1}{2} \leq x < 2 \end{array}]
 In interval notation, the solution is: [image: [\frac{1}{2}, 2)]
  Solve the compound inequality: [image: \begin{align*} 7x + 1 & > 3x + 5 \\ \text{OR} \\ 3(-4x + 5) + 15 &\geq -6x + 54 \end{align*}]
 Show Answer [image: \begin{array}{ll} \text{First inequality:} & 7x + 1 > 3x + 5 \\ \text{Subtract } 3x \text{ and } 1: & 4x > 4 \\ \text{Divide by 4:} & x > 1 \\\end{array}][image: \begin{array}{ll} \text{Second inequality:} & 3(-4x + 5) + 15 \geq -6x + 54 \\ \text{Expand and simplify:} & -12x + 15 + 15 \geq -6x + 54 \\ \text{Combine terms:} & -12x + 30 \geq -6x + 54 \\ \text{Add } 12x \text{ and subtract 54:} & 30 - 54 \geq 6x \\ \text{Simplify:} & -24 \geq 6x \\ \text{Divide by 6 and reverse inequality:} & x \leq -4 \\ \end{array}]
 In interval notation, the solution is: [image: (-\infty, -4] \cup (1, \infty)]
   Solve the compound inequality: [image: 3+x > 7x - 2 > 5x - 10]
 Show Answer To solve the compound inequality with variables on all 3 parts, we’ll handle it in parts to isolate [image: x] in both sections of the inequality. We can follow the steps methodically to ensure each part of the compound inequality is addressed correctly.
 [image: \begin{array}{rcl} 3 + x > 7x - 2 & \quad\text{and}\quad & 7x - 2 > 5x - 10 \\ 3 + x + 2 > 7x -2 +2 & \quad\text{Add 2}\quad & 7x - 2 + 2 > 5x - 10 + 2 \\ 5 + x > 7x & \quad\text{Simplify}\quad & 7x > 5x - 8 \\ 5 > 6x & \quad\text{Isolate } x \text{ to one side}\quad & 2x > -8 \\ \frac{5}{6} > x & \quad\text{Divide by the coefficient of }x \quad & x > -4 \\ x < \frac{5}{6} & \quad\text{Rewrite}\quad & -4 < x \end{array}]
 	Combining the two parts: [image: -4 < x < \frac{5}{6}]
 	In interval notation, the solution is: [image: (-4, \frac{5}{6})]
 	Number Line: [image: A number line with the points -4 and 5/6 labeled. Dots appear at these points and a line connects these two dots.]
 
 Notice that when we write the solution in interval notation, the smaller number comes first. We read intervals from left to right as they appear on a number line.
  An interactive online homework element has been excluded from the printed version of the text. To see the interactive element that was excluded, please visit the courseware online.
 
  An interactive online homework element has been excluded from the printed version of the text. To see the interactive element that was excluded, please visit the courseware online.
 
  An interactive online homework element has been excluded from the printed version of the text. To see the interactive element that was excluded, please visit the courseware online.
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				 	Use interval notation to show solutions to inequalities.
 	Solve linear inequalities by applying their properties.
 
  Proper storage conditions are crucial for maintaining paint quality. Monterey Spray provides specific temperature guidelines for their spray paint cans: between [image: 10] and [image: 25] degrees Celsius.
 [image: ]Photo by Joey Huang on Unsplash Let’s explore how to convert this range to Fahrenheit for customers using that temperature scale.
 To convert between Celsius and Fahrenheit, we use the formula [image: F = \frac{9}{5}C + 32]. When paint is stored outside the recommended temperature range, it can affect the paint’s consistency, drying time, and overall performance.
 An interactive online homework element has been excluded from the printed version of the text. To see the interactive element that was excluded, please visit the courseware online.
 
  When storing spray paint, temperature control isn’t just about maintaining paint quality – it’s also about safety. High temperatures can create dangerous pressure inside spray paint cans, leading to potential hazards.
 According to safety guidelines, temperatures exceeding [image: 120.2] degrees Fahrenheit create dangerous storage conditions.
  An interactive online homework element has been excluded from the printed version of the text. To see the interactive element that was excluded, please visit the courseware online.
 
  Proper storage isn’t just about temperature – humidity also plays a crucial role in preserving spray paint. High humidity levels can cause metal cans to rust, potentially compromising both the container and the paint inside.
 Monterey Spray provides specific guidelines for humidity control during storage. To prevent rust formation, they recommend maintaining relative humidity below [image: 60%].
  An interactive online homework element has been excluded from the printed version of the text. To see the interactive element that was excluded, please visit the courseware online.
 
  Media Attributions
	3.4_rolls 
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				 	Simplify and rewrite rational exponents.
 
  Rational Exponents
 Radical expressions can also be written without using the radical symbol. We can use rational (fractional) exponents. The index must be a positive integer. If the index [image: n] is even, then [image: x] cannot be negative.
 	Radical Form 	Exponent Form 
 	[image: \sqrt{x}] 	[image: x^{\frac{1}{2}}] 
 	[image: \sqrt[3]{x}] 	[image: x^{\frac{1}{3}}] 
 	[image: \sqrt[4]{x}] 	[image: x^{\frac{1}{4}}] 
 	… 	… 
 	[image: \sqrt[n]{x}] 	[image: x^{\frac{1}{n}}] 
  
 We can also have rational exponents with numerators other than 1. rational exponents
 Rational exponents are another way to express principal [image: \text{n}^{\text{th}}] roots.
  
 The general form for converting between a radical expression with a radical symbol and one with a rational exponent is
 [image: \begin{align}{a}^{\frac{m}{n}}={\left(\sqrt[n]{a}\right)}^{m}=\sqrt[n]{{a}^{m}}\end{align}]
 [image: ]
  Write [image: {9}^{\frac{5}{2}}] as a radical and then simplify. Show Answer [image: \begin{align*} \text{Convert exponent to radical} &: & 9^{5/2} &= \left(9^{1/2}\right)^5 & \\ \text{Simplify the square root} &: & &= (\sqrt{9})^5 & \\ \text{Calculate <img src="https://atu0g9ctah.execute-api.ca-central-1.amazonaws.com/latest/latex?latex=XHNxcnR7OX0&fg=000000&isBase64=1" alt="\sqrt{9}" title="\sqrt{9}" class="latex mathjax" />} &: & &= 3^5 & \\ \text{Compute the power} &: & &= 243 & \end{align*}]
  When a base has a negative exponent, you can rewrite it as the reciprocal of the base with a positive exponent. In mathematical terms:[image: a^{-x} = \frac{1}{a^x}]This rule helps simplify expressions where negative exponents are present by turning them into fractions with positive exponents. Write [image: \dfrac{4}{\sqrt[7]{{a}^{2}}}] using a rational exponent.
  Show Answer [image: \begin{align*} \text{Start with:} & \quad \frac{4}{\sqrt[7]{a^2}} & \text{Original expression.} \\ \text{Rewrite the radical:} & \quad \frac{4}{a^{\frac{2}{7}}} & \text{Express the 7th root of } a^2 \text{ as } a^{2/7}. \\ \text{Apply the negative exponent rule:} & \quad 4a^{-\frac{2}{7}} & \text{Transform } \frac{1}{a^{\frac{2}{7}}} \text{ to } a^{-\frac{2}{7}} \text{ using the rule } \frac{1}{a^x} = a^{-x}. \end{align*}]
 
 
 
 
  Simplify: 	[image: 5\left(2{x}^{\frac{3}{4}}\right)\left(3{x}^{\frac{1}{5}}\right)]
 	[image: {\left(\dfrac{16}{9}\right)}^{-\frac{1}{2}}]
 
 Show Solution 	[image: \begin{align}5\left(2{x}^{\frac{3}{4}}\right)\left(3{x}^{\frac{1}{5}}\right) & = 30{x}^{\frac{3}{4}}{x}^{\frac{1}{5}}&& \text{Multiply the coefficients}. \\ & = 30{x}^{\frac{3}{4}+\frac{1}{5}}&& \text{Use properties of exponents}. \\ & = 30{x}^{\frac{19}{20}}&& \text{Simplify}. \end{align}]
 	[image: \begin{align}{\left(\dfrac{16}{9}\right)}^{-\frac{1}{2}} & = {\left(\frac{9}{16}\right)}^{\frac{1}{2}}&& \text{Use definition of negative exponents}. \\ & = \sqrt{\frac{9}{16}}&& \text{Rewrite as a radical}. \\ & = \frac{\sqrt{9}}{\sqrt{16}}&& \text{Use the quotient rule}. \\ & = \frac{3}{4}&& \text{Simplify}. \end{align}]
 
   An interactive online homework element has been excluded from the printed version of the text. To see the interactive element that was excluded, please visit the courseware online.
 
  An interactive online homework element has been excluded from the printed version of the text. To see the interactive element that was excluded, please visit the courseware online.
 
  An interactive online homework element has been excluded from the printed version of the text. To see the interactive element that was excluded, please visit the courseware online.
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		Non-Linear Equations: Background You'll Need 2

								

	
				 	Rearrange formulas to solve for one variable
 
  Many real-world applications (problems that can be modeled by a mathematical equation and solved for an unknown quantity) involve formulas that describe relationships between quantities.
 Examples of formulas that commonly occur in applications include:
 	the perimeter of a rectangle of length L and width W 	[image: P=2L+2W]
 
 
 	the area of a rectangular region of length L and width W 	[image: A=LW]
 
 
 	the volume of a rectangular solid with length L, width W, and height H 	[image: V=LWH]
 
 
 	the distance [image: d] covered when traveling at a constant rate [image: r] for some time [image: t] 	[image: d=rt].
 
 
 
 Formulas such as these may be used to solve problems by substituting known values and solving for an unknown value. You should know these formulas and be able to recognize when to apply them to a problem.
 We often need to rearrange formulas to isolate a particular variable. This process is crucial for solving equations and expressing relationships between variables in a more useful form.
 How to Isolate a Variable:
  	Identify the target variable: Determine which variable you want to isolate.
 	Use inverse operations: Apply the opposite of each operation affecting your target variable, working from the outside in.
 	Perform the same operations on both sides: Remember, what you do to one side of the equation, you must do to the other to maintain equality.
 	Simplify: Combine like terms and simplify expressions as you go.
 
  Isolate the variable for width [image: w] from the formula for the perimeter of a rectangle:   [image: {P}=2\left({l}\right)+2\left({w}\right)]
 Show Answer [image: \begin{align*} \text{Perimeter formula} & : & P &= 2l + 2w & \\ \text{Subtract <img src="https://atu0g9ctah.execute-api.ca-central-1.amazonaws.com/latest/latex?latex=Mmw&fg=000000&isBase64=1" alt="2l" title="2l" class="latex mathjax" /> from both sides} & : & P - 2l &= 2w & \\ \text{Divide both sides by 2} & : & w &= \frac{P - 2l}{2} & \end{align*}]This results in [image: w], the width, being expressed solely in terms of the perimeter [image: P] and the length [image: l].
   Isolate the variable for height, [image: h], from the formula for the surface area of a cylinder,[image: s=2\pi rh+2\pi r^{2}] Show Answer [image: \begin{align*} \text{Surface area formula} & : & S &= 2\pi rh + 2\pi r^2 & \\ \text{Subtract the area of the bases} & : & S - 2\pi r^2 &= 2\pi rh & \\ \text{Divide both sides by } 2\pi r & : & h &= \frac{S - 2\pi r^2}{2\pi r} & \end{align*}]This equation now expresses [image: h], the height of the cylinder, in terms of the surface area [image: S] and the radius [image: r].
  An interactive online homework element has been excluded from the printed version of the text. To see the interactive element that was excluded, please visit the courseware online.
 
  An interactive online homework element has been excluded from the printed version of the text. To see the interactive element that was excluded, please visit the courseware online.
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				 	Break down polynomial expressions into simpler parts by factoring.
 
  Factoring a polynomial is a method used to break down the polynomial into simpler terms (factors) that, when multiplied together, give back the original polynomial.
 Here’s a general approach to factoring different types of polynomials:
 1. Factor Out the Greatest Common Factor (GCF)
 	Step 1: Identify the greatest common factor among the coefficients and variables in all terms of the polynomial.
 	Step 2: Factor out the GCF from each term.
 
 2. Factoring by Grouping (for polynomials with four or more terms)
 	Step 1: Group terms that have common factors.
 	Step 2: Factor out the common factor from each group.
 	Step 3: If the remaining terms inside the parentheses are the same, factor them out.
 
 3. Factoring Trinomials
 	For trinomials of the form [image: ax^2+bx+c]: 	Step 1: Look for two numbers that multiply to [image: ac] (the product of the coefficient of [image: x^2] and the constant term) and add to [image: b] (the coefficient of [image: x]).
 	Step 2: Use these numbers to split the middle term and factor by grouping.
 
 
 
 4. Factoring Differences of Squares
 	For expressions like [image: a^2 - b^2]: 	Step 1: Recognize the pattern [image: a^2 - b^2 = (a+b)(a-b)].
 	Step 2: Substitute back the values of [image: a] and [image: b] to factorize.
 
 
 
 5. Factoring Perfect Square Trinomials
 	For trinomials like [image: a^2+2ab+b^2]: 	Step 1: Identify the square roots of the first and last terms.
 	Step 2: Ensure the middle term is twice the product of these roots, then factor as [image: (a+b)^2] or [image: (a-b)^2].
 
 
 
 6. Factoring Cubes
 	For expressions like [image: a^3+b^3] or [image: a^3 - b^3]: 	Apply the sum or difference of cubes formula: [image: (a^3+b^3) = (a+b)(a^2+ab+b^2)] and [image: a^3-b^3 = (a-b)(a^2+ab+b^2)]
 
 
 
 Factor the following expression: [image: 6x^2+11x+3] Show Answer [image: \begin{align*} \text{Given polynomial} & : & 6x^2 + 11x + 3 & & \\ \text{Product \& Sum} & : & \text{Find numbers that multiply to } 18 \text{ and add to } 11. & & \\ & & \text{These numbers are } 9 \text{ and } 2. & & \\ \text{Rewrite the polynomial} & : & 6x^2 + 9x + 2x + 3 & & \\ \text{Group and factor} & : & (6x^2 + 9x) + (2x + 3) & & \\ & & = 3x(2x + 3) + 1(2x + 3) & & \\ \text{Factor out the common term} & : & (3x + 1)(2x + 3) & & \end{align*}]
  An interactive online homework element has been excluded from the printed version of the text. To see the interactive element that was excluded, please visit the courseware online.
 
  An interactive online homework element has been excluded from the printed version of the text. To see the interactive element that was excluded, please visit the courseware online.
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				 	Solve quadratic equations by factoring.
 	Solve quadratic equations by square root property.
 	Solve quadratic equations by completing the square.
 	Solve quadratic equations by using quadratic formula.
 
  Quadratic Equations
 An equation containing a second-degree polynomial is called a quadratic equation. For example, equations such as [image: 2{x}^{2}+3x - 1=0] and [image: {x}^{2}-4=0] are quadratic equations. They are used in countless ways in the fields of engineering, architecture, finance, biological science, and, of course, mathematics.
 quadratic equations
 A quadratic equation is a type of polynomial equation of the second degree, which means it involves at least one term that is squared (i.e., raised to the power of two).
  
 The standard form of a quadratic equation is:
 [image: ax^2+bx+c = 0]
 where [image: a, b, \text{ and }c] are real numbers and [image: a \ne 0].
  Solving Quadratic Equations by Factoring
 Often the easiest method of solving a quadratic equation is factoring. Factoring a quadratic equation involves expressing it as a product of simpler polynomials, typically two binomials.
 If a quadratic equation can be factored, it is written as a product of linear terms. Solving by factoring depends on the zero-product property which states that if [image: a\cdot b=0], then [image: a=0] or [image: b=0], where a and b are real numbers or algebraic expressions. In other words, if the product of two numbers or two expressions equals zero, then one of the numbers or one of the expressions must equal zero because zero multiplied by anything equals zero.
 Multiplying the factors expands the equation to a string of terms separated by plus or minus signs. So, in that sense, the operation of multiplication undoes the operation of factoring.
 zero-product property
 The zero-product property states
 [image: \text{If }a\cdot b=0,\text{ then }a=0\text{ or }b=0],
 where [image: a] and [image: b] are real numbers or algebraic expressions.
  For example, expand the factored expression [image: \left(x - 2\right)\left(x+3\right)] by multiplying the two factors together. [image: \begin{array}{l}\left(x - 2\right)\left(x+3\right)\hfill&={x}^{2}+3x - 2x - 6\hfill \\ \hfill&={x}^{2}+x - 6\hfill \end{array}]
 The product is a quadratic expression. Set equal to zero, [image: {x}^{2}+x - 6=0] is a quadratic equation. If we were to factor the equation, we would get back the factors we multiplied.
  The process of factoring a quadratic equation depends on the leading coefficient, whether it is 1 or another integer.
 How To: Given a quadratic equation with the leading coefficient of 1, factor it 	Find two numbers whose product equals c and whose sum equals [image: b].
 	Use those numbers to write two factors of the form [image: \left(x+k\right)\text{ or }\left(x-k\right)], where [image: k] is one of the numbers found in step 1. Use the numbers exactly as they are. In other words, if the two numbers are [image: 1] and [image: -2], the factors are [image: \left(x+1\right)\left(x - 2\right)].
 	Solve using the zero-product property by setting each factor equal to zero and solving for the variable.
 
  Factor and solve the equation:[image: {x}^{2}+x - 6=0] 	Factor the quadratic expression.
 [image: x^2+x - 6 = (x+2)(x-3)] Factoring steps 	We have a trinomial with leading coefficient [image: 1], [image: b = 1], and [image: c = -6].
 	We need to find two numbers with a product of [image: -6] and a sum of [image: 1].
 
 	Factors of [image: -6] 	Sum of Factors 
 	[image: 1, -6] 	[image: -5] 
 	[image: -1, 6] 	[image: 5] 
 	[image: 2, -3] 	[image: -1] 
 	[image: -2, 3] 	[image: 1] 
  
 	Now that we have identified [image: p] and [image: q] as [image: -2] and [image: 3], we can write the factored form as [image: (x-(-2))(x-3) = (x+2)(x-3)].

 
 	Apply the Zero-Product Property to find [image: x].[image: \begin{align*} \text{Equation:} && x^2 + x - 6 &= 0 \\ \text{Factored form:} && (x - 2)(x + 3) &= 0 \\ \text{Apply zero product property:} && x - 2 &= 0 \quad \text{or} \quad x + 3 = 0 \\ \text{Solution:} && x &= 2 \quad \text{or} \quad x = -3  \end{align*}]
 
  An interactive online homework element has been excluded from the printed version of the text. To see the interactive element that was excluded, please visit the courseware online.
 
  When the leading coefficient is not [image: 1], we factor a quadratic equation using the method called grouping, which requires four terms.
 With the equation in standard form, let’s review the grouping procedures: 	With the quadratic in standard form, [image: ax^2 + bx + c = 0], multiply [image: a \cdot c].
 	Find two numbers whose product equals [image: a \cdot c] and whose sum equals [image: b].
 	Rewrite the equation replacing the [image: bx] term with two terms using the numbers found in step 2 as coefficients of [image: x].
 	Factor the first two terms and then factor the last two terms. The expressions in parentheses must be exactly the same to use grouping.
 	Factor out the expression in parentheses.
 	Set the expressions equal to zero and solve for the variable.
 
  Use grouping to factor and solve the quadratic equation: [image: 4x^2 + 15x + 9 = 0] Show Answer First, multiply [image: a \cdot c]: [image: 4 \cdot 9 = 36]. Then list the factors of [image: 36].
 [image: \begin{array}{c c} 1 \cdot 36 \\ 2 \cdot 18 \\ 3 \cdot 12 \\ 4 \cdot 9 \\ 6 \cdot 6 \\ \end{array}]
 The only pair of factors that sums to [image: 15] is [image: 3 + 12]. Rewrite the equation replacing the [image: b] term, [image: 15x], with two terms using [image: 3] and [image: 12] as coefficients of [image: x]. Factor the first two terms, and then factor the last two terms.
 [image: \begin{array}{r c l} 4x^2 + 3x + 12x + 9 & = & 0 \\ x(4x + 3) + 3(4x + 3) & = & 0 \\ (4x + 3)(x + 3) & = & 0 \\ \end{array}]
 Solve using the zero-product property.
 [image: \begin{array}{r c l} (4x + 3)(x + 3) & = & 0 \\ 4x + 3 & = & 0 \quad \Rightarrow \quad x = -\frac{3}{4} \\ x + 3 & = & 0 \quad \Rightarrow \quad x = -3 \\ \end{array}]
 The solutions are [image: x = -\frac{3}{4}] and [image: x = -3].
 [image: Coordinate plane with the x-axis ranging from negative 6 to 2 with every other tick mark labeled and the y-axis ranging from negative 6 to 2 with each tick mark numbered. The equation: four x squared plus fifteen x plus nine is graphed with its x-intercepts: (-3/4,0) and (-3,0) plotted as well.]
   An interactive online homework element has been excluded from the printed version of the text. To see the interactive element that was excluded, please visit the courseware online.
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				Using the Square Root Property
 When there is no linear term in the equation, another method of solving a quadratic equation is by using the square root property, in which we isolate the [image: {x}^{2}] term and take the square root of the number on the other side of the equal sign. Keep in mind that sometimes we may have to manipulate the equation to isolate the [image: {x}^{2}] term so that the square root property can be used.
 square root property
 With the [image: {x}^{2}] term isolated, the square root property states that:
 [image: \text{if }{x}^{2}=k,\text{then }x=\pm \sqrt{k}]
 where [image: k] is a non-negative real number.
  Recall that the princicpal square root of a number such as [image: \sqrt{9}] is the non-negative root, [image: 3]. Note that there is a difference between [image: \sqrt{9}]  and [image: {x}^{2}=9]. In the case of [image: {x}^{2}=9], we seek all numbers whose square is [image: 9], that is [image: x=\pm 3]. This means that if the square of a variable equals a number, then the variable itself is the positive or negative square root of that number. How To: Given a quadratic equation with an [image: {x}^{2}] term but no [image: x] term, use the square root property to solve it 	Isolate the [image: {x}^{2}] term on one side of the equal sign.
 	Take the square root of both sides of the equation, putting a [image: \pm] sign before the expression on the side opposite the squared term.
 	Simplify the numbers on the side with the [image: \pm] sign.
 
  Solve the quadratic using the square root property:[image: {x}^{2}=8].[image: \begin{align*} \text{Given equation:} & \quad x^2 = 8 \\ \text{Apply the square root property:} & \quad x = \pm \sqrt{8} \\ \text{Simplify the square root:} & \quad \sqrt{8} = \sqrt{4 \times 2} = 2\sqrt{2} \\ \text{Thus, the solution is:} & \quad x = \pm 2\sqrt{2} \end{align*}] Solve the quadratic equation using the square root property:[image: 3{\left(x - 4\right)}^{2}=15] Show Answer [image: \begin{align*} \text{Isolate the squared term:} & \quad (x - 4)^2 = \frac{15}{3} \\ & \quad (x - 4)^2 = 5 \\ \text{Apply the square root property:} & \quad x - 4 = \pm \sqrt{5} \\ \text{Solve for } x: & \quad x = 4 \pm \sqrt{5} \\ & \quad x = 4 + \sqrt{5} \quad \text{or} \quad x = 4 - \sqrt{5} \end{align*}]
  Solve the quadratic equation using the square root property:[image: x^2+4=0] Show Answer To apply the square root property, isolate the [image: x^2] term on one side: [image: x^2=-4].Applying the square root property: [image: x = \pm \sqrt{-4}]Since the square root of a negative number is not defined in the real number system, there are no real solutions to this equation.
  An interactive online homework element has been excluded from the printed version of the text. To see the interactive element that was excluded, please visit the courseware online.
 
  Using the Pythagorean Theorem
 One of the most famous formulas in mathematics is the Pythagorean Theorem. It is based on a right triangle and states the relationship among the lengths of the sides as [image: {a}^{2}+{b}^{2}={c}^{2}], where [image: a] and [image: b] refer to the legs of a right triangle adjacent to the [image: 90^\circ] angle, and [image: c] refers to the hypotenuse. It has immeasurable uses in architecture, engineering, the sciences, geometry, trigonometry, and algebra, and in everyday applications.
 We use the Pythagorean Theorem to solve for the length of one side of a triangle when we have the lengths of the other two. Because each of the terms is squared in the theorem, when we are solving for a side of a triangle, we have a quadratic equation. We can use the methods for solving quadratic equations that we learned in this section to solve for the missing side.
 The Pythagorean Theorem is given as
 [image: {a}^{2}+{b}^{2}={c}^{2}]
 where [image: a] and [image: b] refer to the legs of a right triangle adjacent to the [image: {90}^{\circ }] angle, and [image: c] refers to the hypotenuse.
 [image: Right triangle with the base labeled: a, the height labeled: b, and the hypotenuse labeled: c]
 Find the length of the missing side of the right triangle.[image: Right triangle with the base labeled: a, the height labeled: 4, and the hypotenuse labeled 12.] Show Solution As we have measurements for side [image: b] and the hypotenuse, the missing side is [image: a].
 [image: \begin{array}{l}{a}^{2}+{b}^{2}={c}^{2}\hfill \\ {a}^{2}+{\left(4\right)}^{2}={\left(12\right)}^{2}\hfill \\ {a}^{2}+16=144\hfill \\ {a}^{2}=128\hfill \\ a=\sqrt{128}\hfill \\ a=8\sqrt{2}\hfill \end{array}]
 
  An interactive online homework element has been excluded from the printed version of the text. To see the interactive element that was excluded, please visit the courseware online.
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				Completing the Square
 Not all quadratic equations can be factored or can be solved in their original form using the square root property. In these cases, we may use other methods for solving a quadratic equation. One method of solving quadratic equation is known as completing the square.
 Using this process, we add or subtract terms to both sides of the equation until we have a perfect square trinomial on one side of the equal sign. We then apply the square root property. To complete the square, the leading coefficient, [image: a], must equal [image: 1]. If it does not, then divide the entire equation by [image: a]. Then, we can use the following procedures to solve a quadratic equation by completing the square.
 completing the square
 The goal of completing the square is to transform a quadratic equation of the form [image: ax^2+bx+c = 0] into a perfect square trinomial:
 [image: (x-h)^2 = k],
 which can easily be solved by taking square roots.
  How to: Solve a quadratic equation by completing the square 	Rearrange your equation so that it is in standard form: [image: ax^2 + bx + c = 0]. Divide by [image: a] if [image: a \neq 1].
 	Isolate the constant term by moving it to the right side of the equation.
 	Add [image: (\frac{b}{2})^2] on both sides of the equation.
 	Form the perfect square trinomial.
 	Solve for [image: x] using the square root property.
 
  Perfect Square Trinomials: 	[image: a^2 + 2ab + b^2 = (a + b)^2]
 	[image: a^2 - 2ab + b^2 = (a - b)^2]
 
  We will use the example [image: {x}^{2}+4x+1=0] to illustrate each step. 	Given a quadratic equation that cannot be factored and with [image: a=1], first add or subtract the constant term to the right sign of the equal sign. [image: {x}^{2}+4x=-1]
 
 	Multiply the b term by [image: \frac{1}{2}] and square it. [image: \begin{array}{l}\frac{1}{2}\left(4\right)=2\hfill \\ {2}^{2}=4\hfill \end{array}]
 
 	Add [image: {\left(\frac{1}{2}b\right)}^{2}] to both sides of the equal sign and simplify the right side. We have [image: \begin{array}{l}{x}^{2}+4x+4=-1+4\hfill \\ {x}^{2}+4x+4=3\hfill \end{array}]
 
 	The left side of the equation can now be factored as a perfect square. [image: \begin{array}{l}{x}^{2}+4x+4=3\hfill \\ {\left(x+2\right)}^{2}=3\hfill \end{array}]
 
 	Use the square root property and solve. [image: \begin{array}{l}\sqrt{{\left(x+2\right)}^{2}}=\pm \sqrt{3}\hfill \\ x+2=\pm \sqrt{3}\hfill \\ x=-2\pm \sqrt{3}\hfill \end{array}]
 
 	The solutions are [image: x=-2+\sqrt{3}], [image: x=-2-\sqrt{3}].
 
  Remember that we are permitted, by the properties of equality, to add, subtract, multiply, or divide the same amount to both sides of an equation. Doing so won’t change the value of the equation but it will enable us to isolate the variable on one side (that is, to solve the equation for the variable).The square root property gives us another operation we can do to both sides of an equation, taking the square root. We just have to remember when taking the square root (or any even root, as we’ll see later), to consider both the positive and negative possibilities of the constant. Solve the quadratic equation by completing the square:[image: {x}^{2}-3x - 5=0] Show Answer First, move the constant term to the right side of the equal sign by adding [image: 5] to both sides of the equation.
 [image: {x}^{2}-3x=5]
 Then, take [image: \frac{1}{2}] of the [image: b] term and square it.
 [image: \begin{array}{l}\frac{1}{2}\left(-3\right)=-\frac{3}{2}\hfill \\ {\left(-\frac{3}{2}\right)}^{2}=\frac{9}{4}\hfill \end{array}]
 Add the result to both sides of the equal sign.
 [image: \begin{array}{l}\text{ }{x}^{2}-3x+{\left(-\frac{3}{2}\right)}^{2}=5+{\left(-\frac{3}{2}\right)}^{2}\hfill \\ {x}^{2}-3x+\frac{9}{4}=5+\frac{9}{4}\hfill \end{array}]
 Factor the left side as a perfect square and simplify the right side.
 [image: {\left(x-\frac{3}{2}\right)}^{2}=\frac{29}{4}]
 Use the square root property and solve.
 [image: \begin{array}{c}\sqrt{{\left(x-\frac{3}{2}\right)}^{2}}=\pm \sqrt{\frac{29}{4}}\hfill \\ \left(x-\frac{3}{2}\right)=\pm \frac{\sqrt{29}}{2}\hfill \\ x=\frac{3}{2}\pm \frac{\sqrt{29}}{2}\hfill \end{array}]
 The solutions are [image: x=\frac{3}{2}+\frac{\sqrt{29}}{2}], [image: x=\frac{3}{2}-\frac{\sqrt{29}}{2}].
   Solve the quadratic equation using completing the square:[image: 3x^2-6x-9=0] Show Answer [image: \begin{align*} \text{Divide by the coefficient of } x^2: & \quad \frac{3x^2 - 6x - 9}{3} = 0 \\ & \quad x^2 - 2x - 3 = 0 \\ \text{Isolate the constant term:} & \quad x^2 - 2x = 3 \\ \text{Add } \left(\frac{-2}{2}\right)^2 = (-1)^2 = 1 \text{ on both sides}: & \quad x^2 - 2x + 1 = 3 +1 \\ \text{Form the perfect square trinomial:} & \quad (x - 1)^2 = 3 +1 \\ \text{Simplify and solve:} & \quad (x - 1)^2 = 4 \\ & \quad x - 1 = \pm 2 \\ & \quad x = 1 \pm 2 \\ & \quad x = 1 + 2 = 3 \text{ and } x = 1 - 2 = -1 \end{align*}]
  Note that when solving a quadratic by completing the square, a negative value will sometimes arise under the square root symbol. Later, we’ll see that this value can be represented by a complex number (as shown in the video help for the problem below). We may also treat this type of solution as unreal, stating that no real solutions exist for this equation, by writing DNE. An interactive online homework element has been excluded from the printed version of the text. To see the interactive element that was excluded, please visit the courseware online.
 
  An interactive online homework element has been excluded from the printed version of the text. To see the interactive element that was excluded, please visit the courseware online.
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				Quadratic Formula
 The fourth method of solving a quadratic equation is by using the quadratic formula, a formula that will solve all quadratic equations. Although the quadratic formula works on any quadratic equation in standard form, it is easy to make errors in substituting the values into the formula. Pay close attention when substituting, and use parentheses when inserting a negative number.
 quadratic formula
 Written in standard form, [image: a{x}^{2}+bx+c=0], any quadratic equation can be solved using the quadratic formula:
 [image: x=\frac{-b\pm \sqrt{{b}^{2}-4ac}}{2a}]
 where [image: a, b,] and [image: c] are real numbers and [image: a\ne 0].
  We can derive the quadratic formula by completing the square. We will assume that the leading coefficient is positive; if it is negative, we can multiply the equation by [image: -1] and obtain a positive a. Given [image: a{x}^{2}+bx+c=0], [image: a\ne 0], we will complete the square as follows: 	First, move the constant term to the right side of the equal sign: [image: a{x}^{2}+bx=-c]
 
 	As we want the leading coefficient to equal 1, divide through by a: [image: {x}^{2}+\frac{b}{a}x=-\frac{c}{a}]
 
 	Then, find [image: \frac{1}{2}] of the middle term, and add [image: {\left(\frac{1}{2}\frac{b}{a}\right)}^{2}=\frac{{b}^{2}}{4{a}^{2}}] to both sides of the equal sign: [image: {x}^{2}+\frac{b}{a}x+\frac{{b}^{2}}{4{a}^{2}}=\frac{{b}^{2}}{4{a}^{2}}-\frac{c}{a}]
 
 	Next, write the left side as a perfect square. Find the common denominator of the right side and write it as a single fraction: [image: {\left(x+\frac{b}{2a}\right)}^{2}=\frac{{b}^{2}-4ac}{4{a}^{2}}]
 
 	Now, use the square root property, which gives [image: \begin{array}{l}x+\frac{b}{2a}=\pm \sqrt{\frac{{b}^{2}-4ac}{4{a}^{2}}}\hfill \\ x+\frac{b}{2a}=\frac{\pm \sqrt{{b}^{2}-4ac}}{2a}\hfill \end{array}]
 
 	Finally, add [image: -\frac{b}{2a}] to both sides of the equation and combine the terms on the right side. Thus, [image: x=\frac{-b\pm \sqrt{{b}^{2}-4ac}}{2a}]
 
 
  How To: Given a quadratic equation, solve it using the quadratic formula 	Make sure the equation is in standard form: [image: a{x}^{2}+bx+c=0].
 	Make note of the values of the coefficients and constant term, [image: a,b], and [image: c].
 	Carefully substitute the values noted in step 2 into the equation. To avoid needless errors, use parentheses around each number input into the formula.
 	Calculate and solve.
 
  Solve the quadratic equation:[image: {x}^{2}+5x+1=0] Show Solution Identify the coefficients: [image: a=1,b=5,c=1]. Then use the quadratic formula.
 [image: \begin{array}{l}x\hfill&=\frac{-\left(5\right)\pm \sqrt{{\left(5\right)}^{2}-4\left(1\right)\left(1\right)}}{2\left(1\right)}\hfill \\ \hfill&=\frac{-5\pm \sqrt{25 - 4}}{2}\hfill \\ \hfill&=\frac{-5\pm \sqrt{21}}{2}\hfill \end{array}]
 
  [ohm_question hide_question_numbers=1]293772[/ohm_question] 
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				 	Solve quadratic equations by factoring.
 	Solve quadratic equations by square root property.
 	Solve quadratic equations by completing the square.
 	Solve quadratic equations by using quadratic formula.
 
  When it comes to solving quadratic equations, you have learned four powerful methods: factoring, using the square root property, completing the square, and the quadratic formula. Each method has its unique advantages and is suited for different types of quadratic equations. It’s important to understand that you are not restricted to using just one method exclusively for all problems. Instead, think of these methods as tools in your mathematical toolkit.
 As you gain experience with these techniques, you’ll start to see which ones are the most efficient or straightforward for a given equation. For example, factoring might be the quickest way if the equation simplifies neatly, but the quadratic formula is a reliable all-purpose tool when factoring is complex or unclear.
 The key is to assess the equation you are working with and choose the method that simplifies your problem-solving process the most. Don’t hesitate to try a different approach if one method seems cumbersome or inadequate. Over time, you’ll develop a sense of which method to use based on the specific characteristics of the equation and the context in which you’re working.
 Solve [image: x^2-6x+9 = 0] using factoring, completing the square, square root method, and the quadratic formula. Factoring This equation factors as it is a perfect square: [image: x^2 - 6x + 9 = (x - 3)(x - 3) = (x - 3)^2]Setting the factor equal to zero gives:
 [image: x - 3 = 0]
 [image: x = 3]
 
 Square Root Property First, observe that the equation is already a perfect square: [image: (x - 3)^2 = 0]
 Take the square root of both sides:
 [image: x - 3 = \pm 0 = 0]
 [image: x = 3]
  Completing the Square The equation is presented as a completed square, but let’s illustrate the steps:
 [image: x^2 - 6x = -9]
 Add [image: (\frac{-6}{2})^2 = 3^2 = 9] to both sides:
 [image: x^2 - 6x + 9 = -9 + 9]
 [image: (x - 3)^2 = 0]
 Take the square root of both sides: [image: x = 3]
  Quadratic Formula Applying the quadratic formula where [image: a=1, b=-6, c=9]:
 [image: x = \frac{-b \pm \sqrt{b^2 - 4ac}}{2a}]
 [image: x = \frac{-(-6) \pm \sqrt{(-6)^2 - 4 \cdot 1 \cdot 9}}{2 \cdot 1}]
 [image: x = \frac{6 \pm \sqrt{36 - 36}}{2}]
 [image: x = \frac{6 \pm 0}{2}]
 [image: x=3]
  The solution to the equation by all four methods—factoring, using the square root property, completing the square, and the quadratic formula—is [image: x=3].
 This demonstrates the versatility and connectivity of different algebraic methods in solving quadratic equations.
  An interactive online homework element has been excluded from the printed version of the text. To see the interactive element that was excluded, please visit the courseware online.
 
  An interactive online homework element has been excluded from the printed version of the text. To see the interactive element that was excluded, please visit the courseware online.
 
  An interactive online homework element has been excluded from the printed version of the text. To see the interactive element that was excluded, please visit the courseware online.
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				 	Solve equations that include fractions with variables.
 	Solve equations with roots and fractional powers.
 	Use factoring to find solutions to polynomial equations.
 	Find solutions to equations that involve absolute values.
 	Solve absolute value inequalities.
 
  Solving a Rational Equation
 A rational equation is an equation that contains at least one rational expression—a fraction where the numerator, denominator, or both are polynomials. Although these equations may appear more complex at first glance, many can be manipulated to reveal a underlying linear structure.
 rational equation
 A rational equation contains at least one rational expression where the variable appears in at least one of the denominators.
  Recall that a rational number is the ratio of two numbers, such as [image: \dfrac{3}{4}] or [image: \dfrac{7}{2}]. A rational expression is the ratio, or quotient, of two polynomials – [image: \dfrac{x+1}{x^2-4}, \dfrac{1}{x-3}, or \dfrac{4}{x^2+x-2}].
  Rational equations have a variable in the denominator in at least one of the terms. Our goal is to perform algebraic operations so that the variables appear in the numerator. In fact, we will eliminate all denominators by multiplying both sides of the equation by the least common denominator (LCD).
 Finding the LCD is identifying an expression that contains the highest power of all of the factors in all of the denominators. We do this because when the equation is multiplied by the LCD, the common factors in the LCD and in each denominator will equal one and will cancel out.
 Solve the rational equation:
 [image: \dfrac{7}{2x} - \dfrac{5}{3x} = \dfrac{22}{3}]
 
 Show Answer We have three denominators: [image: 2x], [image: 3x], and [image: 3]. The LCD must contain [image: 2x], [image: 3x], and [image: 3]. An LCD of [image: 6x] contains all three denominators. In other words, each denominator can be divided evenly into the LCD. Next, multiply both sides of the equation by the LCD [image: 6x].
 [image: \begin{array}{rcll} (6x)(\frac{7}{2x} - \frac{5}{3x}) &=& (\frac{22}{3})(6x) & \\ (6x)(\frac{7}{2x}) - (6x)(\frac{5}{3x}) &=& (\frac{22}{3})(6x) & \text{Use the distributive property.} \\ (\cancel{6x})(\frac{7}{\cancel{2x}}) - (\cancel{6x})(\frac{5}{\cancel{3x}}) &=& (\frac{22}{3})(\cancel{6x}) & \text{Cancel out the common factors.} \\ 3(7) - 2(5) &=& 22(2x) & \text{Multiply remaining factors by each} \\ 21 - 10 &=& 44x & \\ 11 &=& 44x & \\ \frac{11}{44} &=& x & \\ \frac{1}{4} &=& x & \end{array}]<.center>
 
  A common mistake made when solving rational equations involves finding the LCD when one of the denominators is a binomial—two terms added or subtracted—such as [image: (x + 1)]. Always consider a binomial as an individual factor—the terms cannot be separated.
 For example, suppose a problem has three terms and the denominators are [image: x], [image: 1], and [image: 3x - 3].
 First, factor all denominators. We then have [image: x], [image: 1], and [image: 3(x - 1)] as the denominators. (Note the parentheses placed around the second denominator.) Only the last two denominators have a common factor of [image: (x - 1)].
 The [image: x] in the first denominator is separate from the [image: x] in the [image: (x - 1)] denominators. An effective way to remember this is to write factored and binomial denominators in parentheses, and consider each parentheses as a separate unit or a separate factor.
 The LCD in this instance is found by multiplying together the [image: x], one factor of [image: (x - 1)], and the 3. Thus, the LCD is the following:
 [image: x(x - 1)3 = 3x(x - 1)]
 So, both sides of the equation would be multiplied by [image: 3x(x - 1)]. Leave the LCD in factored form, as this makes it easier to see how each denominator in the problem cancels out.
  Sometimes we have a rational equation in the form of a proportion; that is, when one fraction equals another fraction and there are no other terms in the equation.
 [image: \dfrac{a}{b} = \dfrac{c}{d}]
 We can use another method of solving the equation without finding the LCD: cross-multiplication. We multiply terms by crossing over the equal sign.
 [image: \text{If } \dfrac{a}{b} = \dfrac{c}{d} \text{, then } a \cdot d = b \cdot c]
 Multiply [image: a(d)] and [image: b(c)], which results in [image: ad = bc].
 Any solution that makes a denominator in the original expression equal zero must be excluded from the possibilities. How to: Given a rational equation, solve it. 
 	Factor all denominators in the equation.
 	Find and exclude values that set each denominator equal to zero.
 	Find the LCD.
 	Multiply the whole equation by the LCD. If the LCD is correct, there will be no denominators left.
 	Solve the remaining equation.
 	Make sure to check solutions back in the original equations to avoid a solution producing zero in a denominator.
 
  Solve the following rational equation:
 [image: \dfrac{2}{x} - \dfrac{3}{2} = \dfrac{7}{2x}]
 Show Answer We have three denominators: [image: x], [image: 2], and [image: 2x]. No factoring is required. The product of the first two denominators is equal to the third denominator, so, the LCD is [image: 2x]. Only one value is excluded from a solution set, [image: 0]. Next, multiply the whole equation (both sides of the equal sign) by [image: 2x].
 [image: \begin{array}{rcll} 2x(\frac{2}{x} - \frac{3}{2}) &=& (\frac{7}{2x})2x & \\ 2x(\frac{2}{x}) - 2x(\frac{3}{2}) &=& (\frac{7}{2x})2x & \text{Distribute }2x. \\ 2(2) - 3x &=& 7 & \text{Denominators cancel out.} \\ 4 - 3x &=& 7 & \\ -3x &=& 3 & \\ x &=& -1 & \\ \text{or } \{-1\} & & & \end{array}]The proposed solution is [image: -1], which is not an excluded value, so the solution set contains one number,[image: -1,] or [image: {-1}] written in set notation.
   Solve the following rational equation:
 [image: \dfrac{1}{x} = \dfrac{1}{10} - \dfrac{3}{4x}]
 
 Show Answer First find the common denominator. The three denominators in factored form are [image: x], [image: 10 = 2 \cdot 5], and [image: 4x = 2 \cdot 2 \cdot x]. The smallest expression that is divisible by each one of the denominators is [image: 20x]. Only [image: x = 0] is an excluded value. Multiply the whole equation by [image: 20x].
 [image: \begin{array}{rcl} 20x(\frac{1}{x}) &=& (\frac{1}{10} - \frac{3}{4x})20x \\ 20 &=& 2x - 15 \\ 35 &=& 2x \\ \frac{35}{2} &=& x \end{array}]
 div]:bg-bg-300 [&_pre]:-mr-4 md:[&_pre]:-mr-9″> _*]:min-w-0″> The solution is [image: \frac{35}{2}].
 
 
 
 
  Solve the following rational equations and state the excluded values: 	[image: \dfrac{3}{x-6} = \dfrac{5}{x}]
 	[image: \dfrac{x}{x-3} = \dfrac{5}{x-3} - \dfrac{1}{2}]
 	[image: \dfrac{x}{x-2} = \dfrac{5}{x-2} - \dfrac{1}{2}]
 
 Show Answer 	The denominators [image: x] and [image: x - 6] have nothing in common. Therefore, the LCD is the product [image: x(x - 6)]. However, for this problem, we can cross-multiply.
 [image: \begin{array}{rcll} \frac{3}{x-6} &=& \frac{5}{x} & \\ 3x &=& 5(x-6) & \text{Distribute.} \\ 3x &=& 5x-30 & \\ -2x &=& -30 & \\ x &=& 15 & \end{array}]
 The solution is [image: 15]. The excluded values are [image: 6] and [image: 0].
 	The LCD is [image: 2(x - 3)]. Multiply both sides of the equation by [image: 2(x - 3)].
 [image: \begin{array}{rcl} 2(x-3)(\frac{x}{x-3}) &=& (\frac{5}{x-3} - \frac{1}{2})2(x-3) \\ \frac{2(x-3)x}{x-3} &=& \frac{2(x-3)5}{x-3} - \frac{2(x-3)}{2} \\ 2x &=& 10 - (x - 3) \\ 2x &=& 10 - x + 3 \\ 2x &=& 13 - x \\ 3x &=& 13 \\ x &=& \frac{13}{3} \end{array}]
 The solution is [image: \dfrac{13}{3}]. The excluded value is [image: 3].
 	The least common denominator is [image: 2(x - 2)]. Multiply both sides of the equation by [image: x(x - 2)].
 [image: \begin{array}{rcl} 2(x-2)(\frac{x}{x-2}) &=& (\frac{5}{x-2} - \frac{1}{2})2(x-2) \\ 2x &=& 10 - (x - 2) \\ 2x &=& 12 - x \\ 3x &=& 12 \\ x &=& 4 \end{array}]
 The solution is [image: 4]. The excluded value is [image: 2].
 
   [ohm_question hide_question_numbers=1]290047[/ohm_question] 
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				Radical Equations
 Radical equations are equations that contain variables in the radicand (the expression under a radical symbol), such as
 [image: \begin{array}{ccc} \sqrt{3x+18}=x & \\ \sqrt{x+3}=x-3 & \\ \sqrt{x+5}-\sqrt{x - 3}=2\end{array}]
 radical equation
 Radical equations are equations that contain variables in the radicand (the expression under a radical symbol).
  
 Typically, these equations include variables under a radical sign, such as square roots, cube roots, or higher roots.
  How To: Given a radical equation, solve it 	Isolate the radical expression on one side of the equal sign. Put all remaining terms on the other side.
 	If the radical is a square root, then square both sides of the equation. If it is a cube root, then raise both sides of the equation to the third power. In other words, for an [image: n]th root radical, raise both sides to the [image: n]th power. Doing so eliminates the radical symbol.
 	Solve the resulting equation.
 	If a radical term still remains, repeat steps 1–2.
 	Check solutions by substituting them into the original equation.
 
  Radical equations may have one or more radical terms and are solved by eliminating each radical, one at a time. We have to be careful when solving radical equations as it is not unusual to find extraneous solutions, roots that are not, in fact, solutions to the equation. These solutions are not due to a mistake in the solving method, but result from the process of raising both sides of an equation to a power. Checking each answer in the original equation will confirm the true solutions.
 Solve the following:[image: \sqrt{15 - 2x}=x] 
 	Step 1: Isolate the Radical.
 The radical is already isolated on the left side of the equal sign, so let’s proceed.
 	Step 2: Eliminating the Radical.
 Once the radical is isolated, both sides of the equation are raised to the power of the index of the radical (e.g., square both sides to eliminate a square root, cube both sides to eliminate a cube root). [image: \begin{array}{lll}\sqrt{15 - 2x}=x & \\ {\left(\sqrt{15 - 2x}\right)}^{2}={\left(x\right)}^{2} & \\ 15 - 2x={x}^{2}\end{array}]
 
 	Step 3: Solve for [image: x].
 We see that the remaining equation is a quadratic. Set it equal to zero and solve. [image: \begin{array}{llll}0={x}^{2}+2x - 15 & \\ 0=\left(x+5\right)\left(x - 3\right) & \\ x=-5 & \\ x=3 \end{array}]
 
 	Step 4: Check for Extraneous Solution. [image: \begin{align*} \text{Substitute } x = 3: & \quad \sqrt{15 - 2(3)} \stackrel{?}{=} 3 \\ & \quad \sqrt{9} = 3 \quad \text{True, valid solution.} \\ \text{Substitute } x = -5: & \quad \sqrt{15 - 2(-5)} \stackrel{?}{=} -5 \\ & \quad \sqrt{25} = 5 \quad 5 \neq -5, \quad \text{not valid (extraneous).} \end{align*}]
 
 
 Therefore, the solution is [image: x=3].
  An interactive online homework element has been excluded from the printed version of the text. To see the interactive element that was excluded, please visit the courseware online.
 
  Solve the following:[image: \sqrt{2x+3}+\sqrt{x - 2}=4] Show Solution As this equation contains two radicals, we isolate one radical, eliminate it, and then isolate the second radical.
 [image: \begin{array}{llllll}\sqrt{2x+3}+\sqrt{x - 2}=4\hfill & \hfill & \\ \sqrt{2x+3}=4-\sqrt{x - 2}\hfill & \text{Subtract }\sqrt{x - 2}\text{ from both sides}.\hfill & \\ {\left(\sqrt{2x+3}\right)}^{2}={\left(4-\sqrt{x - 2}\right)}^{2}\hfill & \text{Square both sides}.\hfill \end{array}]
 Use the perfect square formula to expand the right side: [image: {\left(a-b\right)}^{2}={a}^{2}-2ab+{b}^{2}].
 [image: \begin{array}{lllllllllll}2x+3={\left(4\right)}^{2}-2\left(4\right)\sqrt{x - 2}+{\left(\sqrt{x - 2}\right)}^{2}\hfill & \hfill & \\ 2x+3=16 - 8\sqrt{x - 2}+\left(x - 2\right)\hfill & \hfill & \\ 2x+3=14+x - 8\sqrt{x - 2}\hfill & \text{Combine like terms}.\hfill & \\ x - 11=-8\sqrt{x - 2}\hfill & \text{Isolate the second radical}.\hfill & \\ {\left(x - 11\right)}^{2}={\left(-8\sqrt{x - 2}\right)}^{2}\hfill & \text{Square both sides}.\hfill & \\ {x}^{2}-22x+121=64\left(x - 2\right)\hfill & \hfill \end{array}]
 Now that both radicals have been eliminated, set the quadratic equal to zero and solve.
 [image: \begin{array}{llllllllll}{x}^{2}-22x+121=64x - 128\hfill & \hfill & \\ {x}^{2}-86x+249=0\hfill & \hfill & \\ \left(x - 3\right)\left(x - 83\right)=0\hfill & \text{Factor and solve}.\hfill & \\ x=3\hfill & \hfill & \\ x=83\hfill & \hfill \end{array}]
 The proposed solutions are [image: x=3] and [image: x=83]. Check each solution in the original equation.
 [image: \begin{array}{lllll}\sqrt{2x+3}+\sqrt{x - 2}=4\hfill & \\ \sqrt{2x+3}=4-\sqrt{x - 2}\hfill & \\ \sqrt{2\left(3\right)+3}=4-\sqrt{\left(3\right)-2}\hfill & \\ \sqrt{9}=4-\sqrt{1}\hfill \\ 3=3\hfill \end{array}]
 One solution is [image: x=3].
 Check [image: x=83].
 [image: \begin{array}{lllll}\sqrt{2x+3}+\sqrt{x - 2}=4\hfill & \\ \sqrt{2x+3}=4-\sqrt{x - 2}\hfill & \\ \sqrt{2\left(83\right)+3}=4-\sqrt{\left(83 - 2\right)}\hfill & \\ \sqrt{169}=4-\sqrt{81}\hfill & \\ 13\ne -5\hfill \end{array}]
 The only solution is [image: x=3]. We see that [image: x=83] is an extraneous solution.
   An interactive online homework element has been excluded from the printed version of the text. To see the interactive element that was excluded, please visit the courseware online.
 
  Solve Equations With Rational Exponents
 Rational exponents are exponents that are fractions, where the numerator is a power and the denominator is a root. For example, [image: {16}^{\frac{1}{2}}] is another way of writing [image: \sqrt{16}] and  [image: {8}^{\frac{2}{3}}] is another way of writing  [image: \left(\sqrt[3]{8}\right)^2].
  radical equations with rational exponents
 Radical equations can be extended to include equations with rational powers/exponents, where the exponents are fractions.
 [image: {a}^{\frac{m}{n}}={\left({a}^{\frac{1}{n}}\right)}^{m}={\left({a}^{m}\right)}^{\frac{1}{n}}=\sqrt[n]{{a}^{m}}={\left(\sqrt[n]{a}\right)}^{m}]
  We can solve equations in which a variable is raised to a rational exponent by raising both sides of the equation to the reciprocal of the exponent. The reason we raise the equation to the reciprocal of the exponent is because we want to eliminate the exponent on the variable term, and a number multiplied by its reciprocal equals [image: 1]. For example, [image: \frac{2}{3}\left(\frac{3}{2}\right)=1].
 Recall the properties used to simplify expressions containing exponents. They work the same whether the exponent is an integer or a fraction.It is helpful to remind yourself of these properties frequently throughout the course. They will by handy from now on in all the mathematics you’ll do. Product Rule:           [image: {a}^{m}\cdot {a}^{n}={a}^{m+n}]
 Quotient Rule:          [image: \dfrac{{a}^{m}}{{a}^{n}}={a}^{m-n}]
 Power Rule:              [image: {\left({a}^{m}\right)}^{n}={a}^{m\cdot n}]
 Zero Exponent:         [image: {a}^{0}=1]
 Negative Exponent:  [image: {a}^{-n}=\dfrac{1}{{a}^{n}} \text{ and } {a}^{n}=\dfrac{1}{{a}^{-n}}]
 Power of a Product:  [image: \left(ab\right)^n=a^nb^n]
 Power of a Quotient: [image: \left(\dfrac{a}{b}\right)^n=\dfrac{a^n}{b^n}]
  Evaluate the following:[image: {8}^{\frac{2}{3}}] Show Solution Whether we take the root first or the power first depends on the number. It is easy to find the cube root of [image: 8], so rewrite [image: {8}^{\frac{2}{3}}] as [image: {\left({8}^{\frac{1}{3}}\right)}^{2}].
 [image: \begin{array}{l}{\left({8}^{\frac{1}{3}}\right)}^{2}\hfill&={\left(2\right)}^{2}\hfill \\ \hfill&=4\hfill \end{array}]
 
  Solve the equation in which a variable is raised to a rational exponent:[image: {x}^{\frac{5}{4}}=32] Rewrite as a radical and solve. We can first rewrite this expression into radical and then solve:
 [image: \begin{align*} \text{Rewrite as radical: } & \quad {x}^{\frac{5}{4}}=(\sqrt[4]{x})^5 = 32 \\ \text{Take the 5th root on both sides: } & \quad \sqrt[5]{(\sqrt[4]{x})^5} = \sqrt[5]{32} \\ \text{Simplify (The 5th root of 32 is 2): } & \quad \sqrt[4]{x} = 2 \\ \text{Apply 4th power to both sides: } & \quad ({\sqrt[4]{x}})^4 = (2)^4 \\ \text{Solution: } & \quad  x = 16 \end{align*}]
 Using power rule of exponent to solve. Instead of rewriting it as radical, we can also employ the power rule of exponent: [image: (a^n)^{\frac{1}{n}} = a^{n \cdot \frac{1}{n}} = a^1]. That is, we want raise both sides of the equation to a power that is the reciprocal of the original exponent. The reciprocal of [image: \frac{5}{4}] is[image: \frac{4}{5}].[image: \begin{align*} \text{Apply } \frac{4}{5} \text{ power to both sides: }& \quad ({x}^{\frac{5}{4}})^\frac{4}{5} = (32)^\frac{4}{5} \\ \text{Simplify (The 5th root of 32 is 2): } & \quad x = 2^4 \\ \text{Solution: } & \quad x = 16 \end{align*}]
  Remember, when factoring a GCF (greatest common factor) from a polynomial expression, factor out the smallest power of the variable present in each term. This works whether the exponent on the variable is an integer or a fraction.  Solve the following:[image: 3{x}^{\frac{3}{4}}={x}^{\frac{1}{2}}] Show Answer Step 1: Move all terms to one side and factor.
 [image: \begin{align*} \text{Given equation:} & \quad 3x^{\frac{3}{4}} = x^{\frac{1}{2}} \\ \text{Move all terms to one side:} & \quad 3x^{\frac{3}{4}} - x^{\frac{1}{2}} = 0 \\ \text{Rewrite to common denominator:} & \quad 3x^{\frac{3}{4}} - x^{\frac{2}{4}} = 0 \\ \text{Factor out } x^{\frac{2}{4}} \text{ (or } x^{\frac{1}{2}}\text{):} & \quad x^{\frac{2}{4}}(3x^{\frac{1}{4}} - 1) = 0 \\ \text{Simplify exponents:} & \quad x^{\frac{1}{2}}(3x^{\frac{1}{4}} - 1) = 0 \end{align*}]
 Step 2: Set each factor equal to zero.
 [image: \begin{align*} \text{For } x^{\frac{1}{2}} = 0: & \quad x = 0 \\ \text{For } 3x^{\frac{1}{4}} - 1 = 0: & \quad 3x^{\frac{1}{4}} = 1 \\ & \quad x^{\frac{1}{4}} = \frac{1}{3} \\ & \quad (x^{\frac{1}{4}})^4 = \left(\frac{1}{3}\right)^4 \\ & \quad x = \frac{1}{81} \end{align*}]
 Therefore, the solutions are [image: x = 0 \text{ and } x = \frac{1}{81}].
   An interactive online homework element has been excluded from the printed version of the text. To see the interactive element that was excluded, please visit the courseware online.
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				Polynomial Equations
 We have used factoring to solve quadratic equations, but it is a technique that we can use with many types of polynomial equations which are equations that contain a string of terms including numerical coefficients and variables. When we are faced with an equation containing polynomials of degree higher than 2, we can often solve them by factoring.
 polynomial equation
 A polynomial of degree n is an expression of the type
 [image: {a}_{n}{x}^{n}+{a}_{n - 1}{x}^{n - 1}+\cdot \cdot \cdot +{a}_{2}{x}^{2}+{a}_{1}x+{a}_{0}]
 where n is a positive integer and [image: {a}_{n},\dots ,{a}_{0}] are real numbers and [image: {a}_{n}\ne 0].
  
 Setting the polynomial equal to zero gives a polynomial equation. The total number of solutions (real and complex) to a polynomial equation is equal to the highest exponent n.
  Solving by factoring depends on the zero-product property which states that if [image: a \cdot b=0], then [image: a=0] or [image: b=0], where [image: a] and [image: b] are real numbers or algebraic expressions. In other words if the product of two expressions equals zero, then at least one of the expressions must equal zero. We may apply the zero-product property to polynomial equations in the same way we did to quadratic equations. How to: Solve polynomial equations by factoring 	Ensure Polynomial is Set to Zero: Begin by rewriting the equation so that all terms are on one side and the equation equals zero. This standard form makes it clear which terms need to be factored.
 	Factor the Polynomial: Decompose the polynomial into its factorable elements. This might involve: 	Taking out the Greatest Common Factor (GCF): Always start by factoring out the highest common factor from all terms.
 	Using Special Products: Look for patterns like difference of squares, perfect square trinomials, or sum/difference of cubes.
 	Factoring Trinomials: Decompose middle-term trinomials into binomials.
 	Grouping: For polynomials with more than three terms, use grouping to find common factors within grouped terms.
 
 
 	Set Each Factor Equal to Zero: Set each factor in the factored equation to zero and solve for the variable.
 	Solve for the Variable: This involves simple algebraic manipulation to isolate the variable in each equation formed from the factors.
 
  Solve the polynomial by factoring:[image: 5x^4 = 80x^2] 
 [image: \begin{align*} \text{Original equation} & : & 5x^4 &= 80x^2 \\ \text{Subtract $80x^2$ from both sides} & : & 5x^4 - 80x^2 &= 0 \\ \text{Factor out the common term $5x^2$} & : & 5x^2(x^2 - 16) &= 0 \\ \text{Factor $x^2 - 16$ as a difference of squares} & : & 5x^2(x-4)(x+4) &= 0 \\ \end{align*}]Applying the zero-product property:
 [image: \begin{align*} \text{Set first factor $5x^2$ to zero} & : & 5x^2 &= 0 \\ \text{Divide both sides by 5} & : & x^2 &= 0 \\ \text{Take the square root of both sides} & : & x &= 0 \\ \text{Set the second factor $x-4$ to zero} & : & x-4 &= 0 \\ \text{Solve for $x$} & : & x &= 4 \\ \text{Set the third factor $x+4$ to zero} & : & x+4 &= 0 \\ \text{Solve for $x$} & : & x &= -4 \\ \end{align*}]The solutions are [image: 0] (double solution), [image: 4], and [image: -4].
  Solve the polynomial by factoring:[image: x^3+x^2-9x-9 = 0] Show Answer [image: \begin{align*} \text{Original equation} & : & x^3 + x^2 - 9x - 9 &= 0 \\ \text{Group terms} & : & (x^3 + x^2) - (9x + 9) &= 0 \\ \text{Factor out the common factors in each group} & : & x^2(x + 1) - 9(x + 1) &= 0 \\ \text{Factor by grouping} & : & (x^2 - 9)(x + 1) &= 0 \\ \text{Factor $x^2 - 9$ as a difference of squares} & : & (x - 3)(x + 3)(x + 1) &= 0 \\ \end{align*}]Applying zero-product property:[image: \begin{align*} \text{Set first factor $x-3$ to zero} & : & x - 3 &= 0 & \Rightarrow x &= 3 \\ \text{Set second factor $x+3$ to zero} & : & x + 3 &= 0 & \Rightarrow x &= -3 \\ \text{Set third factor $x+1$ to zero} & : & x + 1 &= 0 & \Rightarrow x &= -1 \\ \end{align*}]The solutions are [image: 3, -3, \text{ and }-1].
  An interactive online homework element has been excluded from the printed version of the text. To see the interactive element that was excluded, please visit the courseware online.
 
  An interactive online homework element has been excluded from the printed version of the text. To see the interactive element that was excluded, please visit the courseware online.
 
  
	

			
			


		
	
		
			
	
		78

		Other Types of Equations: Learn It 4

								

	
				Absolute Value Equations
 An absolute value equation is an equation in which the variable of interest is contained within absolute value bars. Absolute value is defined as a distance. That is, the bars are used to designate that the number inside the absolute value represents its distance from zero on the number line.
 absolute value
 The absolute value of a number is a measure of its distance from zero on the number line, regardless of direction. It is always a non-negative value.
  
 For a real number [image: x], the absolute value is denoted by [image: |x|] and is defined as:
 [image: |x| = \begin{cases} x & \text{if } x \geq 0 \\ -x & \text{if } x < 0 \end{cases}]
 
  The absolute value of both [image: -3] and [image: 3] is [image: 3] because both are three units away from zero on the number line.[image: ]
 In absolute value notation: [image: |-3| = 3] and [image: |3| = 3]
  An absolute value equation is an equation that contains an absolute value expression.
 absolute value equation
 The general form of an absolute value equation is:
 [image: |A| = B]
 where [image: A] is the expression and [image: B] is a non-negative number.
  
 	For real numbers [image: A] and [image: B], an equation of the form [image: |A|=B], with [image: B\ge 0], will have solutions when [image: A=B] or [image: A=-B]. If [image: B<0], the equation [image: |A|=B] has no solution.
 
  
 	An absolute value equation in the form [image: |ax+b|=c] has the following properties:
 
 [image: \begin{array}{l}\text{If }c<0,|ax+b|=c\text{ has no solution}.\hfill \\ \text{If }c=0,|ax+b|=c\text{ has one solution}.\hfill \\ \text{If }c>0,|ax+b|=c\text{ has two solutions}.\hfill \end{array}]
  How To: Given an absolute value equation, solve it 	Isolate the Absolute Value Expression:
 Start by getting the absolute value expression by itself on one side of the equation. This typically involves simplifying the equation and moving any terms that are not inside the absolute value to the other side.
 	Write Two Separate Equations:
 Since the absolute value of a number [image: x] an either be [image: x] itself if [image: x] is positive or [image: -x]if [image: x] is negative, split the equation into two cases: 	Case 1: The expression inside the absolute value equals the value on the other side.
 	Case 2: The expression inside the absolute value equals the negative of the value on the other side.
 
 
 	Solve Each Equation Separately:
 Solve the two equations that result from step 2. This may involve further simplifications or solving quadratic equations, depending on the form of the original equation.
 	Check for Extraneous Solutions:
 Since absolute value equations can introduce solutions that do not actually satisfy the original equation when plugged back in, it’s crucial to substitute each found solution back into the original equation to verify its validity.
 
  Solve the absolute value equation:[image: |6x+4|=8] 
 [image: \begin{align*} \text{Original equation} & : & |6x + 4| &= 8 \\ \text{Remove the absolute value, consider both cases} & : & 6x + 4 &= 8 & 6x + 4 &= -8 \\ \text{Subtract 4 from both sides} & : & 6x &= 4 & 6x &= -12 \\ \text{Divide both sides by 6} & : & x &= \frac{4}{6} & x &= \frac{-12}{6} \\ \text{Simplify each fraction} & : & x &= \frac{2}{3} & x &= -2 \\ \end{align*}]The two solutions are [image: x=\dfrac{2}{3}], [image: x=-2].
  Solve the absolute value equations: 	[image: |3x+4|=-9]
 Show Answer The equation [image: |3x+4|=-9] involves the absolute value of an expression being equal to a negative number. By definition, the absolute value of any real number or expression is always non-negative (zero or positive). Therefore, it is not possible for the absolute value of an expression to be equal to a negative number.
 Consequently, the equation has no solution because there are no values of [image: x] that can satisfy this condition. The absolute value cannot result in a negative output.
 
 	[image: |3x - 5|-4=6]
 Show Answer [image: \begin{align*} \text{Original equation} & : & |3x - 5| - 4 &= 6 \\ \text{Isolate the absolute value} & : & |3x - 5| &= 10 \\ \text{Consider both cases} & : & \\ \text{Case 1} & : & 3x - 5 &= 10 & \quad \text{Case 2} & : & 3x - 5 &= -10 \\ \text{Add 5 to both sides} & : & 3x &= 15 & \text{Add 5 to both sides} & : & 3x &= -5 \\ \text{Divide by 3} & : & x &= 5 & \text{Divide by 3} & : & x &= -\frac{5}{3} \end{align*}]
 
 	[image: |-5x+10|=0]
 Show Answer [image: \begin{align*} \text{Original equation} & : & |-5x + 10| &= 0 \\ \text{Set the expression inside the absolute value to zero} & : & -5x + 10 &= 0 \\ \text{Solve for $x$} & : & -5x &= -10 \\ \text{Divide by -5}& : & x &= 2 \end{align*}]
 
 
  When solving absolute value equations, the absolute value expression must be isolated on one side of the equation before setting up the two cases to remove the absolute value bars.
 [image: \\]
 Use the properties of equality to isolate the absolute value expression, but avoid multiplying into or dividing from any expression inside the bars. An interactive online homework element has been excluded from the printed version of the text. To see the interactive element that was excluded, please visit the courseware online.
 
  An interactive online homework element has been excluded from the printed version of the text. To see the interactive element that was excluded, please visit the courseware online.
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				Absolute Value Inequalities
 An absolute value inequality is an equation of the form
 [image: |A| < B,|A|\le B,|A| > B,\text{or }|A|\ge B],
 where A, and sometimes B, represents an algebraic expression dependent on a variable x. Solving the inequality means finding the set of all [image: x] –values that satisfy the problem. Usually this set will be an interval or the union of two intervals and will include a range of values.
 absolute value inequality
 For an algebraic expression [image: X] and [image: k>0], an absolute value inequality is an inequality of the form:
 
 [image: \begin{array}{c} |X| < k \text{ is equivalent to } -k < X < k \\ \text{or} \\ |X| > k \text{ is equivalent to } X < -k \text{ or } X > k \\ \end{array}]
  
 These statements also apply to [image: |X|\le k] and [image: |X|\ge k].
  There are two basic approaches to solving absolute value inequalities: graphical and algebraic. The advantage of the graphical approach is we can read the solution by interpreting the graphs of two equations. The advantage of the algebraic approach is that solutions are exact, as precise solutions are sometimes difficult to read from a graph.
 Suppose we want to know all possible returns on an investment if we could earn some amount of money within [image: $200] of [image: $600]. 
 We can solve algebraically for the set of [image: x-]values such that the distance between [image: x] and [image: 600] is less than [image: 200]. We represent the distance between [image: x] and [image: 600] as [image: |x - 600|], and therefore,
 [image: |x - 600|\le 200]or
 [image: \begin{array}{c}-200\le x - 600\le 200\\ -200+600\le x - 600+600\le 200+600\\ 400\le x\le 800\end{array}]
 This means our returns would be between [image: $400] and [image: $800].
  To solve absolute value inequalities, just as with absolute value equations, we write two inequalities and then solve them independently.
 Describe all values [image: x] within a distance of [image: 4] from the number [image: 5]. 
 We want the distance between [image: x] and [image: 5] to be less than or equal to [image: 4]. We can draw a number line to represent the condition to be satisfied.[image: A number line with one tick mark in the center labeled: 5. The tick marks on either side of the center one are not marked. Arrows extend from the center tick mark to the outer tick marks, both are labeled 4.]The distance from [image: x] to [image: 5] can be represented using an absolute value symbol, [image: |x - 5|]. Write the values of [image: x] that satisfy the condition as an absolute value inequality.
 [image: |x - 5|\le 4]
 We need to write two inequalities as there are always two solutions to an absolute value equation.
 [image: \begin{array}{lll}x - 5\le 4\hfill & \text{and}\hfill & x - 5\ge -4\hfill \\ x\le 9\hfill & \hfill & x\ge 1\hfill \end{array}]
 If the solution set is [image: x\le 9] and [image: x\ge 1], then the solution set is an interval including all real numbers between and including [image: 1] and [image: 9].
 So, [image: |x - 5|\le 4] is equivalent to [image: \left[1,9\right]] in interval notation.
  Solve the following:[image: |x - 1|\le 3] Show Solution [image: \begin{array}{c}|x - 1|\le 3\hfill \\ \hfill \\ -3\le x - 1\le 3\hfill \\ \hfill \\ -2\le x\le 4\hfill \\ \hfill \\ \left[-2,4\right]\hfill \end{array}]
 
  Given the equation[image: y=-\frac{1}{2}|4x - 5|+3],determine the [image: x]-values for which the [image: y]-values are negative. Show Solution We are trying to determine where [image: y<0] which is when [image: -\frac{1}{2}|4x - 5|+3<0]. We begin by isolating the absolute value.
 [image: \begin{array}{ll}-\frac{1}{2}|4x - 5|< -3\hfill & \text{Multiply both sides by -2, and reverse the inequality}.\hfill \\ |4x - 5|> 6\hfill & \hfill \end{array}]
 Next, we solve [image: |4x - 5|=6].
 [image: \begin{array}{lll}4x - 5=6\hfill & \hfill & 4x - 5=-6\hfill \\ 4x=11\hfill & \text{or}\hfill & 4x=-1\hfill \\ x=\frac{11}{4}\hfill & \hfill & x=-\frac{1}{4}\hfill \end{array}]
 Now, we can examine the graph to observe where the [image: y]–values are negative. We observe where the branches are below the [image: x]–axis. Notice that it is not important exactly what the graph looks like, as long as we know that it crosses the horizontal axis at [image: x=-\frac{1}{4}] and [image: x=\frac{11}{4}] and that the graph opens downward.
 [image: A coordinate plan with the x-axis ranging from -5 to 5 and the y-axis ranging from -4 to 4. The function y = -1/2|4x – 5| + 3 is graphed. An open circle appears at the point -0.25 and an arrow]
   An interactive online homework element has been excluded from the printed version of the text. To see the interactive element that was excluded, please visit the courseware online.
 
  Sometimes a picture is worth a thousand words. You can turn a single variable inequality into a two variable inequality and make a graph. The [image: x]-intercepts of the graph will correspond with the solution to the inequality you can find by hand.
 When solving [image: -2|k - 4|\le -6] we can change the variable to [image: x] to make it easier to enter in an online graphing calculator.
 To turn [image: -2|x - 4|\le -6] into a two variable equation, move everything to one side, and place the variable y on the other side like this:
 [image: -2|x - 4|\le -6]
 [image: -2|x - 4|+6\le y]
 Now enter this inequality in an online graphing calculator and hover over the [image: x]-intercepts.
 If you need instruction on how to enter inequalities in an online graphing calculator, watch this tutorial for the process within Desmos. Other calculators will behave slightly differently.
 https://youtube.com/watch?v=2H3cAYmBdyI%3Fenablejsapi%3D1+
 
 
You can view the transcript for “Learn Desmos: Inequalities” here (opens in new window).
 Are the x-values of the intercepts the same values as the solution we found above?
 [practice-area rows=”2″][/practice-area]
 Now you try turning this single variable inequality into a two variable inequality:
 [image: 5|9-2x|\ge10]
 Graph your inequality with an online graphing calculator, and write the solution interval.
 [practice-area rows=”2″][/practice-area]
  
	

			All rights reserved content
	Learn Desmos: Inequalities . Provided by: Desmos. Retrieved from: https://www.youtube.com/watch?v=2H3cAYmBdyI. License: All Rights Reserved. License Terms: Standard YouTube License
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				 	Solve equations that include fractions with variables.
 	Solve equations with roots and fractional powers.
 	Use factoring to find solutions to polynomial equations.
 	Find solutions to equations that involve absolute values.
 	Solve absolute value inequalities.
 
  Solving Equations that Resemble Quadratics
 Equations that resemble quadratic forms consist of three terms where the first term has a power that differs from [image: 2]. The exponent of the middle term is half that of the first term, and the third term is a constant. These equations can be treated similarly to standard quadratic equations.
 Examples of such equations include [image: {x}^{4}-5{x}^{2}+4=0,{x}^{6}+7{x}^{3}-8=0], and [image: {x}^{\frac{2}{3}}+4{x}^{\frac{1}{3}}+2=0].
 In these examples, if you multiply the exponent of the middle term by two, you get the exponent of the first term. To solve these equations, we can use a simpler approach by replacing the middle term with a new variable. This makes it easier to solve the equation, just like a regular quadratic equation.
 Solve the following equation:[image: 3{x}^{4}-13{x}^{2}+4=0] 
 To solve the equation [image: 3{x}^{4}-13{x}^{2}+4=0], you can treat it as a quadratic in form by substituting [image: u = x^2].
 	Step 1: Substitute [image: u = x^2]. [image: 3{u}^{2}-13u+4=0]
 
 	Step 2: Solve the quadratic equation.[image: \begin{align*} \text{Quadratic equation} & : & 3u^2 - 13u + 4 = 0 \\ \text{Quadratic formula} & : & u = \frac{-b \pm \sqrt{b^2 - 4ac}}{2a} \\ \text{Substitute $a = 3$, $b = -13$, $c = 4$} & : & u = \frac{-(-13) \pm \sqrt{(-13)^2 - 4 \cdot 3 \cdot 4}}{2 \cdot 3} \\ & : & u = \frac{13 \pm \sqrt{169 - 48}}{6} \\ & : & u = \frac{13 \pm \sqrt{121}}{6} \\ & : & u = \frac{13 \pm 11}{6} \\ \text{Simplify} & : & u = \frac{24}{6} = 4, \quad u = \frac{2}{6} = \frac{1}{3} \end{align*}]
 	Step 3: Substitute back to find [image: x]. 	When [image: u = 4, x^2 = 4, \text{ so } x = \pm 2.]
 	When [image: u = \dfrac{1}{3}, x^2 = \dfrac{1}{3}, \text{ so } x = \pm \dfrac{1}{\sqrt{3}} = \pm \dfrac{\sqrt{3}}{3}.]
 
 
 
 Therefore, the solution to [image: 3{x}^{4}-13{x}^{2}+4=0] are [image: x=\pm {2}] and [image: \pm \dfrac{\sqrt{3}}{3}].
  Solve the equation: [image: {\left(x+2\right)}^{2}+11\left(x+2\right)-12=0] Show Answer [image: \begin{align*} \text{Let } u &= x + 2 \\ \text{Substitute and solve the quadratic by factoring} & : & u^2 + 11u - 12 &= 0 \\ \text{Factor the quadratic} & : & (u - 1)(u + 12) &= 0 \end{align*}]
 Now, set each factor equal to zero and solve for [image: u]:
 [image: \begin{align*} u - 1 &= 0 & u + 12 &= 0 \\ u &= 1 & u &= -12 \end{align*}]Substitute back to find [image: x] from [image: u = x+2]:
 [image: \begin{align*} u_1 = 1 & : & x + 2 &= 1 & \Rightarrow x &= -1 \\ u_2 = -12 & : & x + 2 &= -12 & \Rightarrow x &= -14 \end{align*}]This gives the solutions [image: x= -1] and [image: x= -14] for the original equation.
   An interactive online homework element has been excluded from the printed version of the text. To see the interactive element that was excluded, please visit the courseware online.
 
  An interactive online homework element has been excluded from the printed version of the text. To see the interactive element that was excluded, please visit the courseware online.
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				Solving Rational Equations That Lead to Quadratics
 We’ve looked at how to solve rational equations before. Sometimes, when you’re working through a rational equation, you end up with a quadratic equation. If that happens, you can simplify and solve the quadratic using the methods we’ve learned, like factoring or using the quadratic formula. Keep in mind that sometimes, after solving, you might find that there are no valid solutions.
 Solve the following rational equation: [image: \dfrac{-4x}{x - 1}+\dfrac{4}{x+1}=\dfrac{-8}{{x}^{2}-1}]
 
 Recall an important concept in working with rational expressions: To add or subtract fractions, we first need to find a common denominator. This ensures that the fractions have the same base, allowing us to combine them effectively.
 Let’s write the equation with this common denominator and simplify the terms:
 [image: \begin{align*} \text{Original equation} & : & \frac{-4x}{x-1} + \frac{4}{x+1} &= \frac{-8}{x^2 - 1} \\ \text{Recognize common denominator} & : & x^2 - 1 &= (x-1)(x+1) \\ \text{Rewrite with common denominator} & : & \\ \text{Multiply the first term by } \frac{x+1}{x+1} & : & \frac{-4x(x+1)}{x^2-1} &= \frac{-4x^2 - 4x}{x^2-1} \\ \text{Multiply the second term by } \frac{x-1}{x-1} & : & \frac{4(x-1)}{x^2-1} &= \frac{4x - 4}{x^2-1} \\ \text{Combine terms over common denominator} & : & \frac{-4x^2 - 4x + 4x - 4}{x^2-1} &= \frac{-8}{x^2-1} \\ \text{Simplify numerator} & : & \frac{-4x^2 - 4}{x^2-1} &= \frac{-8}{x^2-1} \\ \end{align*}]
 
 Now that we have matching denominators, we equate the numerators:
 [image: \begin{align*} \text{Equate numerators} & : & -4x^2 - 4 &= -8 \\ \text{Simplify} & : & -4x^2 - 4 + 8 &= 0 \\ & : & -4x^2 + 4 &= 0 \\ \text{Divide by -4} & : & x^2 - 1 &= 0 \\ \text{Factor} & : & (x-1)(x+1) &= 0 \\ \end{align*}]Finally, solve for [image: x]:
 [image: \begin{align*} x-1 &= 0 & x+1 &= 0 \\ x &= 1 & x &= -1 \end{align*}]Lastly, check for extraneous solution:
 Remember: we must check for extraneous solutions because the original equation had denominators that could be undefined for certain values of [image: x].
 Both [image: x=1] and [image: x=-1] make the original denominators zero, so they are not valid solutions.
 Therefore, this equation actually has no solution.
  Solve the rational equation: [image: \dfrac{3x+2}{x - 2}+\dfrac{1}{x}=\dfrac{-2}{{x}^{2}-2x}]
 Show Answer [image: \begin{align*} \text{Original equation} & :   \frac{3x+2}{x - 2} + \frac{1}{x} = \frac{-2}{x^2-2x} \\ \text{Factor the denominator on the right-hand side}  & :   x^2 - 2x = x(x-2) \\ \text{Rewrite each fraction with the common denominator } x(x-2) & : \\ \frac{3x+2}{x-2} = \frac{(3x+2)x}{x(x-2)} \\ \frac{1}{x} = \frac{x-2}{x(x-2)} \\ \text{Combine and simplify the numerators} & : \frac{3x^2 + 2x + x - 2}{x(x-2)} = \frac{-2}{x(x-2)} \\ \text{Simplify further} & : \frac{3x^2 + 3x - 2}{x(x-2)} = \frac{-2}{x(x-2)} \\ \text{Set the numerators equal to each other} & : 3x^2 + 3x - 2 = -2 \\ \text{Simplify this to form a quadratic equation} & : 3x^2 + 3x = 0 \\ \text{Factor out } x \text{ from the quadratic} & : x(3x + 3)= 0 \\ \text{Solve for } x & : x = 0 \quad \text{or} \quad 3x + 3 = 0 \\ \text{If } 3x + 3 = 0 & : x = -1 \end{align*}]
 Check for extraneous solution:
 Based on the original denominators [image: x(x-2)], [image: x \ne 0] and [image: x \ne 2].
 This means that [image: x=0] is an extraneous solution.
 This leaves us with the solution: [image: x=-1].
   An interactive online homework element has been excluded from the printed version of the text. To see the interactive element that was excluded, please visit the courseware online.
 
  An interactive online homework element has been excluded from the printed version of the text. To see the interactive element that was excluded, please visit the courseware online.
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				 	Construct and apply non-linear equations and formulas to solve real-world problems.
 
  In many real-world situations, relationships between variables are not always straightforward or linear. Non-linear equations and formulas play a crucial role in accurately modeling and solving complex problems across various fields, including physics, engineering, economics, and environmental science.
 Non-linear equations are essential tools in our mathematical toolkit for several reasons:
 	Accurate Representation: Non-linear equations can capture the complexity of real-world phenomena more accurately than linear approximations. Many natural and man-made systems exhibit non-linear behavior, and using these equations allows us to model them faithfully.
 	Diverse Applications: The applications of non-linear equations span numerous disciplines: 	Physics: Describing planetary motion
 	Biology: Modeling population growth
 	Economics: Analyzing market trends
 	Environmental Science: Predicting climate patterns
 
 
 	Problem-Solving Power: By constructing and applying non-linear equations, we can: 	Solve intricate problems
 	Make predictions about complex system behavior
 	Gain insights that might be impossible with simpler linear models
 
 
 
 Quadratic Applications
 Projectile motion happens when you throw a ball into the air and it comes back down because of gravity.  A projectile will follow a curved path that behaves in a predictable way.  This predictable motion has been studied for centuries, and in simple cases it’s height from the ground at a given time, [image: t], can be modeled with a quadratic polynomial of the form [image: \text{height} = at^2+bt+c]. Projectile motion is also called a parabolic trajectory because of the shape of the path of a projectile’s motion, as in the image of water in the fountain below.
 [image: ]
 Parabolic motion and it’s related equations allow us to launch satellites for telecommunications, and rockets for space exploration. Recently, police departments have even begun using projectiles with GPS to track fleeing suspects in vehicles, rather than pursuing them by high-speed chase.
 A small toy rocket is launched from a [image: 4]-foot pedestal. The height ([image: h], in feet) of the rocket [image: t] seconds after taking off is given by the formula [image: h = -2t^2+7t+4]. 	How long will it take the rocket to hit the ground?
 Show Answer Read and understand: The rocket will be on the ground when the height is [image: 0]. We want to know how long, [image: t],  the rocket is in the air.
 Let’s substitute [image: 0]for [image: h] and solve for [image: t].
 [image: \begin{align*} \text{Given the equation for height} & : & h = -2t^2 + 7t + 4 \\ \text{To find when } h = 0\text{, factor the quadratic equation} & : & -2t^2 + 7t + 4 = 0 \\ \text{Find two numbers that multiply to } ac = -8 \text{ and add to } b = 7 & : & \text{Numbers are } 8 \text{ and } -1 \\ \text{Rewrite the quadratic using these numbers for factoring} & : & -2t^2 + 8t - t + 4 \\ \text{Group terms to factor by grouping} & : & -2t(t - 4) - 1(t - 4) \\ \text{Factor out the common binomial} & : & (-2t - 1)(t - 4) = 0 \\ \text{Set each factor to zero and solve} & : & \\ -2t - 1 = 0 & : & -2t = 1 \Rightarrow t = -\frac{1}{2} \\ t - 4 = 0 & : & t = 4 \end{align*}]Because time cannot be negative, [image: t = \frac{1}{2}] is not feasible.
 Thus, the rocket hits the ground at [image: 4] seconds.
 
 	Use the formula for the height of the rocket in the previous example to find the time when the rocket is [image: 4] feet from hitting the ground on it’s way back down.
 Show Answer Read and understand: We are given that the height of the rocket is [image: 4] feet from the ground on it’s way back down. We want to know how long it has taken the rocket to get to that point in it’s path, we are going to solve for [image: t].[image: ][image: \begin{align*} \text{Given the height equation:} & \quad h = -2t^2 + 7t + 4 \\ \text{Set } h = 4 \text{ feet to find the time:} & \quad 4 = -2t^2 + 7t + 4 \\ \text{Simplify the equation:} & \quad 0 = -2t^2 + 7t \\ \text{Factor out the common term } t: & \quad t(-2t + 7) = 0 \\ \text{Solve each factor for } t: & \\ t = 0 & \quad \text{(at launch, not relevant for this query)} \\ -2t + 7 = 0 & \quad \text{Solve: } -2t = -7 \implies t = \frac{7}{2} = 3.5 \text{ seconds} \\ \text{Conclusion:} & \quad \text{The rocket is 4 feet above the ground at } t = 3.5 \text{ seconds.} \end{align*}]
 
 
 
  An interactive online homework element has been excluded from the printed version of the text. To see the interactive element that was excluded, please visit the courseware online.
 
  An interactive online homework element has been excluded from the printed version of the text. To see the interactive element that was excluded, please visit the courseware online.
 
  An interactive online homework element has been excluded from the printed version of the text. To see the interactive element that was excluded, please visit the courseware online.
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				Areas and Volumes
 	Perimeter of a rectangle: [image: P = 2L+2W]
 	Area of a square: [image: A = s^2]
 	Area of a rectangle: [image: A = lw]
 	Area of a triangle: [image: A = \dfrac{1}{2}bh]
 	Area of a cicle: [image: A = \pi r^2]
 	Volume of a box: [image: V = LWH]
 	Volume of a sphere: [image: V = \dfrac{4}{3} \pi r^3]
 
 Maahi is building a little free library (a small house-shaped book repository), whose front is in the shape of a square topped with a triangle. There will be a rectangular door through which people can take and donate books. Maahi wants to find the area of the front of the library so that they can purchase the correct amount of paint. Note, Maahi is not painting the door.
 Using the measurements of the front of the house, shown below, create an expression that represents the area of the front of the library.
 [image: A simple house-shaped diagram drawn in purple. The house has a rectangular base with a triangular roof on top. Inside the rectangular portion is a smaller rectangle that could represent a door. The diagram includes several measurements: the height of the door is labeled as "x", the space above the door to the roof is labeled as "1 foot", the height of the entire rectangular portion is marked as "2x", and a horizontal measurement in the roof area is labeled as "3/2 feet".]
 Show Answer To calculate the area of the front of the little free library that Maahi needs to paint, we need to consider the areas of both the square and the triangular part of the front, minus the area of the door.
 First, find the area of the square in square feet.
 [image: \text{Area}_{\text{square}} = (2x)^2 = 4x^2]Then, find the area of the triangle in square feet.
 [image: \text{Area}_{\text{triangle}} = \frac{1}{2} \times \text{base} \times \text{height} = \frac{1}{2} \times (2x) \times (\frac{3}{2}) = \frac{3}{2}x]Next, find the area of the rectangular door in square feet.
 [image: \text{Area}_{\text{door}} = lw = (x)(1) = x]The area of the front of the library can be found by adding the areas of the square and the triangle, and then subtracting the area of the rectangle.
 [image: \begin{array}{rl} \text{Area}_{\text{front}} & = \text{Area}_{\text{square}} + \text{Area}_{\text{triangle}} - \text{Area}_{\text{door}} \\[10pt] \text{Area}_{\text{front}} & = 4x^2 + \frac{3}{2}x - x \ \text{ft}^2 \\[10pt] \text{Area}_{\text{front}} & = 4x^2 + \frac{1}{2}x \ \text{ft}^2 \end{array}]
  Imagine that we are trying to find the area of a lawn so that we can determine how much grass seed to purchase. The lawn is the green portion in the figure below.[image: ] Create an expression that represents the area of the region that requires grass seed.
 Show Answer The area of the entire region can be found using the formula for the area of a rectangle.
 [image: A = lw = (10x)(6x) = 60x^2]The areas of the portions that do not require grass seed need to be subtracted from the area of the entire region. The two square regions each have an area of
 [image: A = s^2 = 4^2 = 16 \text{ units}^2]The other rectangular region has one side of length [image: 10x-8] and one side of length [image: 4], giving an area of
 [image: A = lw = 4(10x-8) = 40x-32 \text{ units}^2].So the region that must be subtracted has an area of
 [image: 2(16)+40x-32 = 40x \text{ units}^2].Thus, the area of the region that requires grass seed is found by subtracting [image: 60x^2 - 40x \text{ units}^2].
   An interactive online homework element has been excluded from the printed version of the text. To see the interactive element that was excluded, please visit the courseware online.
 
  An interactive online homework element has been excluded from the printed version of the text. To see the interactive element that was excluded, please visit the courseware online.
 
  Find the dimensions of a shipping box given that the length is twice the width, the height is  [image: 8] inches, and the volume is [image: 1600 \text{ in.}^3]. Show Answer Let [image: w] be the width of the box, [image: l] be the length of the box, and [image: h] be the height of the box.
 Given relationships:
 	[image: l = 2w]
 	[image: h = 8 \text{ in.}]
 	[image: \text{Volume: } V = lwh = 1600 \text{ in.}^3]
 
 Let’s substitute the known values and expressions into the volume formula and solve:
 [image: V = lwh = 2w \cdot w \cdot 8 = 1600][image: 16w^2 = 1600][image: w^2 = \frac{1600}{16} = 100][image: w = \sqrt{100} = 10 \text{ inches}]Find [image: l]:
 [image: l = 2w = 2 \times 10 = 20 \text{ inches}]Thus, the dimensions of the box are:
 [image: l = 20 \text{ inches}], [image: w = 10 \text{ inches}], and [image: h = 8 \text{ inches}]
  An interactive online homework element has been excluded from the printed version of the text. To see the interactive element that was excluded, please visit the courseware online.
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				Real-world Applications
 Understanding and applying non-linear equations is crucial in many fields, including physics, engineering, economics, and natural sciences. They allow us to model and analyze complex phenomena that don’t follow simple linear patterns.
 [image: ]The period of a pendulum, [image: T] is modeled by
 [image: T = 2 \pi \sqrt{\dfrac{L}{g}}]
 where the length of the pendulum is [image: L] and the acceleration due to gravity is [image: g].If the acceleration due to gravity is [image: 9.8 \frac{\text{m}}{\text{s}^2}] and the period equals [image: 1 s], find the length to the nearest cm. Show Answer Given: [image: T = 1 \, \text{s}] and [image: g = 9.8 \, \frac{\text{m}}{\text{s}^2}].Step 1: Substitute the values into the formula
 [image: T = 2\pi \sqrt{\frac{L}{g}}]
 [image: 1 = 2\pi \sqrt{\frac{L}{9.8}}]
 Step 2: Solve for [image: L]
 [image: \frac{1}{2\pi} = \sqrt{\frac{L}{9.8}}]
 [image: \left(\frac{1}{2\pi}\right)^2 = \frac{L}{9.8}]
 [image: L = \left(\frac{1}{2\pi}\right)^2 \times 9.8]
 [image: L = \frac{9.8}{4\pi^2}]
 [image: L = \frac{9.8}{4 \times (3.14159)^2}]
 [image: L = \frac{9.8}{39.4784}]
 [image: L = 0.248 \text{m}]
 Convert to centimeters: [image: L = 0.248 \text{m} \cdot 100 \text{cm/m} = 24.6 \text{cm} \approx 25 \text{cm}.]
   An interactive online homework element has been excluded from the printed version of the text. To see the interactive element that was excluded, please visit the courseware online.
 
  Joe and John are planning to paint a house together. 	John thinks that if he worked alone, it would take him 3 times as long as it would take Joe to paint the entire house.
 	Working together, they can complete the job in 24 hours.
 
 How long would it take each of them, working alone, to complete the job?
 
 To find out how long it would take Joe and John to paint the house individually, we start by setting up an equation based on their working rates and then solve for the individual times.
 	Joe’s rate of painting is [image: \frac{1}{t}] of the house per hour.
 	John’s rate of painting is [image: \frac{1}{3t}] of the house per hour.
 
 Together, they finish the job in [image: 24] hours. Thus, their combined rate is: [image: \frac{1}{24}] of the house per hour.
 Their rates add up to the total rate:
 [image: \frac{1}{t} + \frac{1}{3t} = \frac{1}{24}]
 We can use this to find the time for Joe.
 [image: \begin{align*} \text{Combine individual rates} & : & \frac{1}{t} + \frac{1}{3t} &= \frac{1}{24} & \\ \text{Simplify the equation} & : & \frac{4}{3t} &= \frac{1}{24} & \\ \text{Clear the fraction by cross-multiplying} & : & 4 \times 24 &= 3t & \\ \text{Calculate the product} & : & 96 &= 3t & \\ \text{Solve for } t & : & t &= \frac{96}{3} & \\ \text{Simplify to find the time for Joe alone} & : & t &= 32 \text{ hours} & \end{align*}]
 Now we can determine John’s time.
 [image: 3t = 96 \text{ hours}]
 Thus, Joe would need [image: 32] hours and John would need [image: 96] hours to paint the house alone.
  An interactive online homework element has been excluded from the printed version of the text. To see the interactive element that was excluded, please visit the courseware online.
 
  Media Attributions
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				 	Build and use equations and formulas that aren’t straight lines to solve real-life problems.
 
  In 2014, Margit Tall made history in Helsinki, Finland. At age [image: 95], she became one of the oldest bungee jumpers in the world, taking a thrilling plunge from a crane [image: 150] meters above the sea.
 [image: ]Photo by Carlos Ruiz on Pexels Before attempting a bungee jump, it’s crucial to understand the physics behind the experience. Each jump consists of two main phases:
 	The freefall phase, where you drop straight down
 	The cord stretch phase, where the bungee cord gradually slows your descent
 
 For a [image: 150]-meter jump height, the initial freefall distance is [image: 55] meters before the cord begins to stretch. Let’s calculate how long this freefall phase lasts using the physics equation for falling objects:
 [image: \Delta x = v_it + \frac{1}{2}at^2]
 Where:
 	[image: \Delta x] is the freefall distance
 	[image: v_i] is the initial velocity
 	[image: t] is the time in seconds
 	[image: a] is the acceleration due to gravity
 
 An interactive online homework element has been excluded from the printed version of the text. To see the interactive element that was excluded, please visit the courseware online.
 
  After experiencing the initial freefall, the jump enters an exciting new phase. The bungee cord begins to stretch and slow the descent. Then, like a giant elastic band, it launches upward! This creates a series of bounces, with each rebound becoming progressively smaller until eventually come to rest.
 An interactive online homework element has been excluded from the printed version of the text. To see the interactive element that was excluded, please visit the courseware online.
 
  Safety and equipment maintenance are crucial parts of bungee operations. At the end of each day, the bungee cords need to be carefully inspected, cleaned, and properly stored to maintain their reliability and elasticity.
 At the Helsinki bungee site, Dana and Chen are responsible for this important safety task. Working independently:
 	Dana can complete the inspection and storage in [image: 3] hours ([image: 180] minutes)
 	Chen can complete the task in [image: 3] hours and [image: 45] minutes ([image: 225] minutes)
 
 An interactive online homework element has been excluded from the printed version of the text. To see the interactive element that was excluded, please visit the courseware online.
 
  Media Attributions
	4.3_applications_and_inequalities_guy_diving 
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				 	Use set-builder, inequality, and interval notations to describe sets of numbers on a number line
 
  Set Notation: Inequality, Set-Builder, and Interval Notations
 In mathematics, we often need to describe sets of numbers that satisfy certain conditions. There are several ways to represent these sets, each with its own advantages and uses in different contexts. This page introduces three common notations for describing sets of numbers: inequality notation, set-builder notation, and interval notation.
 Inequality notation uses the symbols [image: <], [image: >], [image: \le], and [image: \ge] to describe ranges of numbers.
 	[image: x > 3] means all numbers greater than [image: 3]
 	[image: 2 \le x < 5] means all numbers greater than or equal to [image: 2] and less than [image: 5]
 
  Set-builder notation uses curly braces [image: {}] and a vertical bar [image: |] to describe sets based on their properties.
 	[image: {x \mid x > 3}] means the set of all [image: x] such that [image: x] is greater than [image: 3]
 	[image: {x \mid 2 \le x < 5}] means the set of all [image: x] such that [image: x] is greater than or equal to [image: 2] and less than [image: 5]
 
  Interval notation uses parentheses [image: (] [image: )] and square brackets [image: [] [image: ]] to represent continuous ranges of numbers.
 	[image: (3, \infty)] means all numbers greater than [image: 3]
 	[image: [2, 5)] means all numbers greater than or equal to [image: 2] and less than [image: 5]
 
  The table below compares inequality notation, set-builder notation, and interval notation.
 	 	Inequality Notation 	Set-builder Notation 	Interval Notation 
  	[image: 1] 	[image: 5 \lt h \le 10] 	[image: \{h | 5 < h \le 10\}] 	[image: (5,10]] 
 	[image: 2] 	[image: 5 \le  h<10] 	[image: \{h | 5 \le h < 10\}] 	[image: [5,10)] 
 	[image: 3] 	[image: 5 \lt h\lt 10] 	[image: \{h | 5 < h < 10\}] 	[image: (5,10)] 
 	[image: 4] 	[image: h<10] 	[image: \{h | h < 10\}] 	[image: (-\infty,10)] 
 	[image: 5] 	[image: h>10] 	[image: \{h | h > 10\}] 	[image: (10,\infty)] 
 	[image: 6] 	All real numbers 	[image: \mathbf{R}] 	[image: (−\infty,\infty)] 
  
 Special Cases and Symbols
 	[image: \infty] (infinity) is used in interval notation to represent unbounded intervals
 	The empty set is represented as [image: \emptyset] or [image: \{\}] in set-builder notation, and as [image: [  ]] in interval notation
 	The union of sets is represented by the symbol [image: \cup]
 
  Describe the intervals of values shown below using inequality notation, set-builder notation, and interval notation.<img class="aligncenter" src="https://s3-us-west-2.amazonaws.com/courses-images/wp-content/uploads/sites/896/2016/10/18193544/CNX_Precalc_Figure_01_02_0042.jpg" alt="Line graph of 1<=x<=3 and 5To describe the values, [image: x], included in the intervals shown, we would say, ” [image: x] is a real number greater than or equal to 1 and less than or equal to 3, or a real number greater than 5.” 	Inequality 	[image: 1\le x\le 3\text{ or }x>5] 
 	Set-builder notation 	[image: \left\{x|1\le x\le 3 \text{ or }x>5\right\}] 
 	Interval notation 	[image: \left[1,3\right]\cup \left(5,\infty \right)] 
  
 Remember that, when writing or reading interval notation, using a square bracket means the boundary is included in the set. Using a parenthesis means the boundary is not included in the set.
  An interactive online homework element has been excluded from the printed version of the text. To see the interactive element that was excluded, please visit the courseware online.
 
  An interactive online homework element has been excluded from the printed version of the text. To see the interactive element that was excluded, please visit the courseware online.
 
  An interactive online homework element has been excluded from the printed version of the text. To see the interactive element that was excluded, please visit the courseware online.
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				 	Calculate an algebraic expression using given numbers for the variables
 
  Algebraic Expressions
 An algebraic expression is a collection of constants and variables joined together by the algebraic operations of addition, subtraction, multiplication, and division. For example, [image: 3x + 2y - 7] is an algebraic expression that contains two variables [image: x] and [image: y] and three constants [image: 3], [image: 2], and [image: 7].
 Any variable in an algebraic expression may take on or be assigned different values. When that happens, the value of the algebraic expression changes. To evaluate an algebraic expression means to determine the value of the expression for a given value of each variable in the expression.
 How To: Evaluate Algebraic ExpressionsUse the following steps to evaluate an algebraic expression: 	Replace each variable in the expression with the given value
 	Simplify the resulting expression using the order of operations
 
 Note: If the algebraic expression contains more than one variable, replace each variable with its assigned value and simplify the expression as before.
  Evaluate each expression for the given values. 	[image: x+5] for [image: x=-5]
 Show Answer Substitute [image: -5] for [image: x].[image: \begin{align}x+5 &=\left(-5\right)+5 \\ &=0\end{align}]
 
 	[image: \dfrac{t}{2t - 1}] for [image: t=10]
 Show Answer Substitute [image: 10] for [image: t].[image: \begin{align}\dfrac{t}{2t-1} & =\dfrac{\left(10\right)}{2\left(10\right)-1} \\ & =\dfrac{10}{20-1} \\ & =\dfrac{10}{19}\end{align}]
 
 	[image: \dfrac{4}{3}\pi {r}^{3}] for [image: r=5]
 Show Answer Substitute [image: 5] for [image: r].[image: \begin{align}\frac{4}{3}\pi r^{3} & =\frac{4}{3}\pi\left(5\right)^{3} \\ & =\frac{4}{3}\pi\left(125\right) \\ & =\frac{500}{3}\pi\end{align}]
 
 	[image: a+ab+b] for [image: a=11,b=-8]
 Show Answer Substitute [image: 11] for [image: a] and –8 for [image: b].[image: \begin{align}a+ab+b & =\left(11\right)+\left(11\right)\left(-8\right)+\left(-8\right) \\ & =11-8-8 \\ & =-85\end{align}]
 
 	[image: \sqrt{2{m}^{3}{n}^{2}}] for [image: m=2,n=3]
 Show Answer Substitute [image: 2] for [image: m] and [image: 3] for [image: n].[image: \begin{align}\sqrt{2m^{3}n^{2}} & =\sqrt{2\left(2\right)^{3}\left(3\right)^{2}} \\ & =\sqrt{2\left(8\right)\left(9\right)} \\ & =\sqrt{144} \\ & =12\end{align}]
 
 
  An interactive online homework element has been excluded from the printed version of the text. To see the interactive element that was excluded, please visit the courseware online.
 
  An interactive online homework element has been excluded from the printed version of the text. To see the interactive element that was excluded, please visit the courseware online.
 
  An interactive online homework element has been excluded from the printed version of the text. To see the interactive element that was excluded, please visit the courseware online.
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				 	Identify key parts of the Cartesian coordinate system
 
  The Components of the Coordinate Plane
 The Cartesian coordinate system, refined by French mathematician René Descartes in 1637, serves as a framework for visualizing algebraic relationships. The coordinate plane can be used to plot points and graph lines.
 This system is comprised of a coordinate plane, which is essentially a grid formed by a horizontal axis, known as the [image: x]-axis, and a vertical axis, referred to as the [image: y]-axis. These axes intersect perpendicularly at a point called the origin, where both [image: x] and [image: y] coordinates are zero.
 Cartesian coordinate system
 In the Cartesian coordinate system, the horizontal axis in the coordinate plane is called the [image: x]-axis. The vertical axis is called the [image: y]-axis. The point at which the two axes intersect is called the origin. The origin is at [image: 0] on the [image: x]-axis and [image: 0] on the [image: y]-axis.
 
  [image: A graph with an x-axis running horizontally and a y-axis running vertically. The location where these axes cross is labeled the origin, and is the point zero, zero. The axes also divide the graph into four equal quadrants. The top right area is quadrant one. The top left area is quadrant two. The bottom left area is quadrant three. The bottom right area is quadrant four.]
 Understanding Quadrants
 The coordinate plane is partitioned into four distinct regions by the [image: x] and [image: y] axes. The quadrants can be seen in the coordinate plane above. Each quadrant has different characteristics for the [image: x] and [image: y] coordinates.
 	Quadrant [image: I]: Both [image: x] and [image: y] coordinates are positive.
 	Quadrant [image: II]: [image: x] is negative, while [image: y] is positive.
 	Quadrant [image: III]: Both [image: x] and [image: y] coordinates are negative.
 	Quadrant [image: IV]: [image: x] is positive, but [image: y] is negative.
 
 To ascertain the quadrant in which a point resides, one must examine the signs of its [image: x] and [image: y] coordinates.
 Locating Points on the Coordinate Plane
 In the Cartesian coordinate system, locations are defined by ordered pairs.  An ordered pair tells you the location of a point by relating the point’s location along the [image: x]-axis (the first value of the ordered pair) and along the [image: y]-axis (the second value of the ordered pair).
 In an ordered pair, such as ([image: x ,y]), the first value is the [image: x]-coordinate and the second value is the [image: y]-coordinate. The [image: x]-coordinate specifies the horizontal distance from the origin, while the [image: y]-coordinate indicates the vertical distance.
 Consider the point below.[image: Grid with x-axis and y-axis. A blue dotted line extends from the origin, which is the point (0,0) along the horizontal x-axis to 4. A red dotted line goes up vertically from 4 on the x-axis to 3 on the y-axis. That point is labeled (4, 3).]To identify the location of this point, start at the origin ([image: 0, 0]) and move right along the [image: x]-axis until you are under the point.
 [image: \\]
 Look at the label on the [image: x]-axis. The [image: 4] indicates that, from the origin, you have traveled four units to the right along the [image: x]-axis. This is the [image: x]-coordinate, the first number in the ordered pair.
 [image: \\]
 From [image: 4] on the [image: x]-axis move up to the point and notice the number with which it aligns on the [image: y]-axis. The [image: 3] indicates that, after leaving the [image: x]-axis, you traveled [image: 3] units up in the vertical direction, the direction of the [image: y]-axis. This number is the [image: y]-coordinate, the second number in the ordered pair.
 [image: \\]
 With an [image: x]-coordinate of [image: 4] and a [image: y]-coordinate of [image: 3], you have the ordered pair ([image: 4, 3]).This point lies in Quadrant [image: I]. Describe the point shown as an ordered pair.[image: A point that is 2 spaces above the x-axis and 5 spaces to the right of the y-axis.] Show Answer Begin at the origin and move along the [image: x]-axis. This is the [image: x]-coordinate and is written first in the ordered pair.
 [image: (5,y)]
 Move from [image: 5] up to the ordered pair and read the number on the [image: y]-axis. This is the [image: y]-coordinate and is written second in the ordered pair.
 [image: (5, 2)]
 The point shown as an ordered pair is [image: (5, 2)].
   An interactive online homework element has been excluded from the printed version of the text. To see the interactive element that was excluded, please visit the courseware online.
 
  An interactive online homework element has been excluded from the printed version of the text. To see the interactive element that was excluded, please visit the courseware online.
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				 	Define what a function is and apply the vertical line test to identify functions
 	Use function notation to represent and evaluate functions
 	Recognize the graphs of fundamental toolkit functions
 
  Determining Whether a Relation Represents a Function
 A jetliner changes altitude as its distance from the starting point of a flight increases. The weight of a growing child increases with time. In each case, one quantity depends on another. There is a relationship between the two quantities that we can describe, analyze, and use to make predictions. In this section, we will analyze such relationships.
 A relation is a set of ordered pairs. The set of the first components of each ordered pair is called the domain and the set of the second components of each ordered pair is called the range. Note that each value in the domain is also known as an input value, or independent variable, and is often labeled with the lowercase letter [image: x] Each value in the range is also known as an output value, or dependent variable, and is often labeled with lowercase letter [image: y].
 relation, domain, and range
 A relation is defined as a set of ordered pairs, where the set of first components is known as the domain and each value in it is an input or independent variable, often labeled [image: x]. The set of second components in the ordered pairs is called the range, and each value in the range is an output or dependent variable, often labeled [image: y].
  Consider the following set of ordered pairs. The first numbers in each pair are the first five natural numbers. The second number in each pair is twice that of the first.
 [image: \{(1,2),(2,4),(3,6),(4,8),(5,10)\}]
 The domain is [image: \{1,2,3,4,5\}]. The range is [image: \{2,4,6,8,10\}].
 A function [image: f] is a relation that assigns a single value in the range to each value in the domain. In other words, no [image: x]-values are repeated.
 function
 A function is a specific type of relation where each input value corresponds to one and only one output value. We say “the output is a function of the input.”
  
 In a function:
 	The input values make up the domain
 	The output values make up the range.
 	The input value is called the independent value.
 	The output value is called the dependent value because it depends on the input value.
 
  For our example that relates the first five natural numbers to numbers double their values, this relation is a function because each element in the domain, [image: \{1,2,3,4,5\}], is paired with exactly one element in the range, [image: \{2,4,6,8,10\}].
 Consider the relation where the input is a family member’s name and the output is their age. Here’s a table showing this relation: 	Family Member’s Name (Input) 	Family Member’s Age (Output) 
  	Nellie 	[image: 13] 
 	Marcos 	[image: 11] 
 	Esther 	[image: 46] 
 	Samuel 	[image: 47] 
 	Nina 	[image: 47] 
 	Paul 	[image: 47] 
 	Katrina 	[image: 21] 
 	Andrew 	[image: 16] 
 	Maria 	[image: 13] 
 	Ana 	[image: 81] 
  
 Notice that each name matches with exactly one age. This is an example of a function because each input has a unique output.
 Now, compare this with a table where the input is age and the output is name:
 	Family Member’s Age (Input) 	Family Member’s Name (Output) 
  	[image: 11] 	Marcos 
 	[image: 13] 	Nellie, Maria 
 	[image: 16] 	Andrew 
 	[image: 21] 	Katrina 
 	[image: 46] 	Esther 
 	[image: 47] 	Samuel, Nina, Paul 
 	[image: 81] 	Ana 
  
 In this table, some ages correspond to more than one name. This is a relation but not a function because some inputs (ages) have multiple outputs (names).
  The figure below compares relations that are functions and not functions.
 [image: Three relations that demonstrate what constitute a function.]
 (a) This relationship is a function because each input is associated with a single output. Note that input [image: q] and [image: r] both give output [image: n]. (b) This relationship is also a function. In this case, each input is associated with a single output. (c) This relationship is not a function because input [image: q] is associated with two different outputs.
 How to: Given a relationship between two quantities, determine whether the relationship is a function.
 	Identify the input values.
 	Identify the output values.
 	If each input value leads to only one output value, classify the relationship as a function. If any input value leads to two or more outputs, do not classify the relationship as a function.
 
  In a particular math class, the overall percent grade corresponds to a grade point average. The table below shows a possible rule for assigning grade points. 	Is grade point average a function of the percent grade?
 	Is the percent grade a function of the grade point average?
 
 	Percent grade 	[image: 0–56] 	[image: 57–61] 	[image: 62–66] 	[image: 67–71] 	[image: 72–77] 	[image: 78–86] 	[image: 87–91] 	[image: 92–100] 
  	Grade point average 	[image: 0.0] 	[image: 1.0] 	[image: 1.5] 	[image: 2.0] 	[image: 2.5] 	[image: 3.0] 	[image: 3.5] 	[image: 4.0] 
  
 Show Solution 	For any percent grade earned, there is an associated grade point average, so the grade point average is a function of the percent grade. In other words, if we input the percent grade, the output is a specific grade point average.
 	In the grading system given, there is a range of percent grades that correspond to the same grade point average. For example, students who receive a grade point average of [image: 3.0] could have a variety of percent grades ranging from [image: 78] all the way to [image: 86]. Thus, percent grade is not a function of grade point average.
 
   An interactive online homework element has been excluded from the printed version of the text. To see the interactive element that was excluded, please visit the courseware online.
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				Verifying a Function Using the Vertical Line Test
 We can represent a function using a graph. Graphs display a great many input-output pairs in a small space. The visual information they provide often makes relationships easier to understand. By convention, graphs are typically constructed with the input values along the horizontal axis and the output values along the vertical axis.
 The most common graphs name the input value [image: x] and the output value [image: y], and we say [image: y] is a function of [image: x], or [image: y=f(x)] when the function is named [image: f].
 The graph of the function is the set of all points [image: (x,y)] in the plane that satisfies the equation [image: y=f(x)]. If the function is defined for only a few input values, then the graph of the function is only a few points, where the [image: x]-coordinate of each point is an input value and the [image: y]-coordinate of each point is the corresponding output value.
 [image: Graph of a polynomial.] 
 For example, the black dots on the graph above tell us that [image: f(0)=2] and [image: f(6)=1]. However, the set of all points [image: (x,y)] satisfying [image: y=f(x)] is a curve. The curve shown includes [image: (0,2)] and [image: (6,1)] because the curve passes through those points.
 The vertical line test can be used to determine whether a graph represents a function. If we can draw any vertical line that intersects a graph more than once, then the graph does not define a function because a function has only one output value for each input value.
 vertical line test
 The vertical line test determines if a relation is a function by checking that no vertical line intersects the graph more than once.
  How to: Use the Vertical Line TestGiven a graph, use the vertical line test to determine if the graph represents a function following these steps. 	Inspect the graph to see if any vertical line drawn would intersect the curve more than once.
 	If there is any such line, determine that the graph does not represent a function.
 	If no vertical line can intersect the curve more than once, the graph does represent a function.
 
  [image: Three graphs visually showing what is and is not a function.]
 Which of the graphs represent(s) a function [image: y=f\left(x\right)?] [image: Graph of a polynomial.] Show Solution If any vertical line intersects a graph more than once, the relation represented by the graph is not a function. Notice that any vertical line would pass through only one point of the two graphs shown in parts (a) and (b) of the graph above. From this we can conclude that these two graphs represent functions. The third graph does not represent a function because, at most [image: x]-values, a vertical line would intersect the graph at more than one point.[image: Graph of a circle.]
  An interactive online homework element has been excluded from the printed version of the text. To see the interactive element that was excluded, please visit the courseware online.
 
  Determining Whether a Function is One-to-One
 Some functions have a given output value that corresponds to two or more input values. For example, in the stock chart shown below, the stock price was [image: $1000] on five different dates, meaning that there were five different input values that all resulted in the same output value of [image: $1000].
 [image: a graph of market prices.] 
 However, some functions have only one input value for each output value, as well as having only one output for each input. We call these functions one-to-one functions. As an example, consider a school that uses only letter grades and decimal equivalents, as listed in the table below.
 This grading system represents a one-to-one function, because each letter input yields one particular grade point average output and each grade point average corresponds to one input letter.
 one-to-one function
 A one-to-one function is a function in which each output value corresponds to exactly one input value.
 
  	Is a balance a one-to-one function of the bank account number?
 	Is a bank account number a one-to-one function of the balance?
 	Is a balance a one-to-one function of the bank account number?
 
 Show Solution 	Yes, because each bank account (input) has a single balance (output) at any given time.
 	No, because several bank accounts (inputs) may have the same balance (output).
 	No, because the more than one bank account (input) can have the same balance (output).
 
   An interactive online homework element has been excluded from the printed version of the text. To see the interactive element that was excluded, please visit the courseware online.
 
  The Horizontal Line Test
 Once we have determined that a graph defines a function, an easy way to determine if it is a one-to-one function is to use the horizontal line test. Draw horizontal lines through the graph. If we can draw any horizontal line that intersects a graph more than once, then the graph does not represent a one-to-one function because that [image: y] value has more than one input.
 horizontal line test
 The horizontal line test checks if a function is one-to-one by ensuring that no horizontal line intersects the graph more than once.
  How To: Horizontal Line TestGiven a graph of a function, use the horizontal line test to determine if the graph represents a one-to-one function following these steps. 	Inspect the graph to see if any horizontal line drawn would intersect the curve more than once.
 	If there is any such line, the function is not one-to-one.
 	If no horizontal line can intersect the curve more than once, the function is one-to-one.
 
  Which of the graphs represent(s) a one-to-one function?[image: Graph of a polynomial.] Show Solution The function in (a) is not one-to-one. The horizontal line shown below intersects the graph of the function at two points (and we can even find horizontal lines that intersect it at three points.)[image: image]The function in (b) is one-to-one. Any horizontal line will intersect a diagonal line at most once. The function in (c) is not one-to-one. The horizontal line intersects the graph of the function at two points. 
  An interactive online homework element has been excluded from the printed version of the text. To see the interactive element that was excluded, please visit the courseware online.
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				Representing Functions Using Tables
 A common method of representing functions is in the form of a table. The table rows or columns display the corresponding input and output values. In some cases, these values represent all we know about the relationship; other times, the table provides a few select examples from a more complete relationship.
 The table below lists the input number of each month (January = [image: 1], February = [image: 2], and so on) and the output value of the number of days in that month. This information represents all we know about the months and days for a given year (that is not a leap year). Note that, in this table, we define a days-in-a-month function [image: f] where [image: D=f(m)] identifies months by an integer rather than by name.
 	Month number, [image: m] (input) 	[image: 1] 	[image: 2] 	[image: 3] 	[image: 4] 	[image: 5] 	[image: 6] 	[image: 7] 	[image: 8] 	[image: 9] 	[image: 10] 	[image: 11] 	[image: 12] 
 	Days in month, [image: D] (output) 	[image: 31] 	[image: 28] 	[image: 31] 	[image: 30] 	[image: 31] 	[image: 30] 	[image: 31] 	[image: 31] 	[image: 30] 	[image: 31] 	[image: 30] 	[image: 31] 
  
 The table below displays the age of children in years and their corresponding heights. This table displays just some of the data available for the heights and ages of children. We can see right away that this table does not represent a function because the same input value, [image: 5] years, has two different output values, [image: 40] in. and [image: 42] in.
 	Age in years, [image: a] (input) 	[image: 5] 	[image: 5] 	[image: 6] 	[image: 7] 	[image: 8] 	[image: 9] 	[image: 10] 
 	Height in inches, [image: h] (output) 	[image: 40] 	[image: 42] 	[image: 44] 	[image: 47] 	[image: 50] 	[image: 52] 	[image: 54] 
  
 How to: Given a table of input and output values, determine whether the table represents a function. 	Identify the input and output values.
 	Check to see if each input value is paired with only one output value. If so, the table represents a function.
 
  Function Notation
 Some people think of functions as “mathematical machines.” Imagine you have a machine that changes a number according to a specific rule such as “multiply by [image: 3] and add [image: 2]” or “divide by [image: 5], add [image: 25], and multiply by [image: −1].” If you put a number into the machine, a new number will pop out the other end having been changed according to the rule. The number that goes in is called the input, and the number that is produced is called the output.
 You can also call the machine “[image: f]” for function. If you put [image: x] into the box, [image: f(x)], comes out. Mathematically speaking, [image: x] is the input, or the “independent variable,” and [image: f(x)] is the output, or the “dependent variable,” since it depends on the value of [image: x].
 function notation
 The notation [image: y=f(x)] defines a function named [image: f]. This is read as “[image: y] is a function of [image: x].” The letter [image: x] represents the input value, or independent variable. The letter [image: y], or [image: f(x)], represents the output value, or dependent variable.
  [image: f(x)=4x+1] is written in function notation and is read “[image: f] of [image: x] equals [image: 4x] plus [image: 1].” It represents the following situation: A function named [image: f] acts upon an input, [image: x] and produces [image: f(x)] which is equal to [image: 4x+1]. This is the same as the equation [image: y=4x+1].
 Function notation gives you more flexibility because you do not have to use y for every equation. Instead, you could use [image: f(x)] or [image: g(x)] or [image: c(x)]. This can be a helpful way to distinguish equations of functions when you are dealing with more than one at a time.
 To represent “height is a function of age,” we start by identifying the descriptive variables [image: h] for height and [image: a] for age. The letters [image: f,g,] and [image: h] are often used to represent functions just as we use [image: x,y,] and [image: z] to represent numbers and [image: A,B,] and [image: C] to represent sets. [image: \begin{array}{ll} h \text{ is } f \text{ of } a & \text{We name the function } f; \text{ height is a function of age.} \\ h = f(a) & \text{We use parentheses to indicate the function input.} \\ f(a) & \text{We name the function } f; \text{ the expression is read as "} f \text{ of } a." \end{array}]
 Remember, we can use any letter to name the function; the notation [image: h(a)] shows us that [image: h] depends on [image: a]. The value [image: a] must be put into the function [image: h] to get a result. The parentheses indicate that age is input into the function; they do not indicate multiplication.
  Use function notation to represent a function whose input is the name of a month and output is the number of days in that month. Show Solution The number of days in a month is a function of the name of the month, so if we name the function [image: f], we write [image: \text{days}=f\left(\text{month}\right)] or [image: d=f\left(m\right)]. The name of the month is the input to a “rule” that associates a specific number (the output) with each input.[image: The function 31 = f(January) where 31 is the output, f is the rule, and January is the input.]For example, [image: f\left(\text{March}\right)=31], because March has [image: 31] days. The notation [image: d=f\left(m\right)] reminds us that the number of days, [image: d] (the output), is dependent on the name of the month, [image: m] (the input). 
  Note that the inputs to a function do not have to be numbers; function inputs can be names of people, labels of geometric objects, or any other element that determines some kind of output. However, most of the functions we will work with in this book will have numbers as inputs and outputs.
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				Finding Input and Output Values of a Function
 When we know an input value and want to determine the corresponding output value for a function, we evaluate the function. Evaluating will always produce one result because each input value of a function corresponds to exactly one output value.
 When we know an output value and want to determine the input values that would produce that output value, we set the output equal to the function’s formula and solve for the input. Solving can produce more than one solution because different input values can produce the same output value.
 Evaluation of Functions in Algebraic Forms
 When we have a function in formula form, it is usually a simple matter to evaluate the function. For example, the function [image: f(x)=5−3x^2] can be evaluated by squaring the input value, multiplying by [image: 3], and then subtracting the product from [image: 5].
 How to: Given the formula for a function, evaluate. 	Substitute the input variable in the formula with the value provided.
 	Calculate the result.
 
  When evaluating functions, it’s handy to wrap the input variable in parentheses before making the substitution. Ex. Given [image: f(x)=x^2 - 8], find [image: f(-3)]
 [image: \begin{align}f(x)&=(x)^2 - 8 \\ &= (-3)^2 - 8 \\ &= 9 - 8 \\ &= 1\end{align}]
 The value of the function [image: f(x)=x^2 - 8], at the input [image: x=-3], is [image: 1].
  For the function, [image: f\left(x\right)={x}^{2}+3x - 4], evaluate each of the following. 	[image: f\left(2\right)]
 	[image: f(a)]
 	[image: f(a+h)]
 	[image: \dfrac{f\left(a+h\right)-f\left(a\right)}{h}]
 
 Show Solution Replace the [image: x] in the function with each specified value.
 	Because the input value is a number, 2, we can use algebra to simplify. [image: \begin{align}f\left(2\right)&={2}^{2}+3\left(2\right)-4 \\ &=4+6 - 4 \\ &=6\hfill \end{align}]
 
 	In this case, the input value is a letter so we cannot simplify the answer any further. [image: f\left(a\right)={a}^{2}+3a - 4]
 
 	With an input value of [image: a+h], we must use the distributive property. [image: \begin{align}f\left(a+h\right)&={\left(a+h\right)}^{2}+3\left(a+h\right)-4 \\[2mm] &={a}^{2}+2ah+{h}^{2}+3a+3h - 4 \end{align}]
 
 	In this case, we apply the input values to the function more than once, and then perform algebraic operations on the result. We already found that: [image: f\left(a+h\right)={a}^{2}+2ah+{h}^{2}+3a+3h - 4]
 and we know that:
 [image: f\left(a\right)={a}^{2}+3a - 4]
 Now we combine the results and simplify.
 [image: \begin{align}\dfrac{f\left(a+h\right)-f\left(a\right)}{h}&=\dfrac{\left({a}^{2}+2ah+{h}^{2}+3a+3h - 4\right)-\left({a}^{2}+3a - 4\right)}{h} \\[2mm] &=\dfrac{2ah+{h}^{2}+3h}{h}\\[2mm] &=\frac{h\left(2a+h+3\right)}{h}&&\text{Factor out }h. \\[2mm] &=2a+h+3&&\text{Simplify}.\end{align}]
 
 
   Functions can be evaluated for negative values of [image: x], too. Keep in mind the rules for integer operations.
 Given [image: p(x)=2x^{2}+5], find [image: p(−3)]. Show Solution Substitute [image: -3] in for [image: x] in the function.
 [image: p(−3)=2(−3)^{2}+5]
 Simplify the expression on the right side of the equation.
 [image: \begin{array}{lll}p(−3)=2(9)+5\\p(−3)=18+5\\p(−3)=23\end{array}]
   An interactive online homework element has been excluded from the printed version of the text. To see the interactive element that was excluded, please visit the courseware online.
 
  In addition to evaluating functions for a particular input, we can also solve functions for the input that creates a particular output.
 How to: Solve a Function. 	Replace the output in the formula with the value provided.
 	Solve for the input variable that makes the statement true.
 
  Given the function [image: h\left(p\right)={p}^{2}+2p], solve for [image: h\left(p\right)=3]. Show Solution [image: \begin{align}&h\left(p\right)=3\\ &{p}^{2}+2p=3 &&\text{Substitute the original function }h\left(p\right)={p}^{2}+2p. \\ &{p}^{2}+2p - 3=0 &&\text{Subtract 3 from each side}. \\ &\left(p+3\text{)(}p - 1\right)=0 &&\text{Factor}. \end{align}]
 If [image: \left(p+3\right)\left(p - 1\right)=0], either [image: \left(p+3\right)=0] or [image: \left(p - 1\right)=0] (or both of them equal [image: 0]). We will set each factor equal to [image: 0] and solve for [image: p] in each case.
 [image: \begin{align}&p+3=0, &&p=-3 \\ &p - 1=0, &&p=1\hfill \end{align}]
 This gives us two solutions. The output [image: h\left(p\right)=3] when the input is either [image: p=1] or [image: p=-3].
 [image: Graph of a parabola with labeled points (-3, 3), (1, 3), and (4, 24).] 
 We can also verify by graphing, as seen above. The graph verifies that [image: h\left(1\right)=h\left(-3\right)=3] and [image: h\left(4\right)=24]. 
  An interactive online homework element has been excluded from the printed version of the text. To see the interactive element that was excluded, please visit the courseware online.
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				Finding Input and Output Values of a Function
 Evaluating a Function Given in Tabular Form
 As we have seen in this section, we can represent functions in tables. Conversely, we can use information in tables to write functions, and we can evaluate functions using the tables.
 For example, how well do our pets recall the fond memories we share with them? There is an urban legend that a goldfish has a memory of [image: 3] seconds, but this is just a myth. Goldfish can remember up to [image: 3] months, while the beta fish has a memory of up to [image: 5] months. And while a puppy’s memory span is no longer than [image: 30] seconds, the adult dog can remember for [image: 5] minutes. This is meager compared to a cat, whose memory span lasts for [image: 16] hours.
 The function that relates the type of pet to the duration of its memory span is more easily visualized with the use of a table. See the table below.
 	Pet 	Memory span in hours 
  	Puppy 	[image: 0.008] 
 	Adult dog 	[image: 0.083] 
 	Cat 	[image: 16] 
 	Goldfish 	[image: 2160] 
 	Beta fish 	[image: 3600] 
  
 At times, evaluating a function in table form may be more useful than using equations. Here let us call the function [image: P]. The domain of the function is the type of pet and the range is a real number representing the number of hours the pet’s memory span lasts. We can evaluate the function [image: P] at the input value of “goldfish.” We would write [image: P\left(\text{goldfish}\right)=2160]. Notice that, to evaluate the function in table form, we identify the input value and the corresponding output value from the pertinent row of the table. The tabular form for function [image: P] seems ideally suited to this function, more so than writing it in paragraph or function form.
 How to: Given a function represented by a table, identify specific output and input values. 	Find the given input in the row (or column) of input values.
 	Identify the corresponding output value paired with that input value.
 	Find the given output values in the row (or column) of output values, noting every time that output value appears.
 	Identify the input value(s) corresponding to the given output value.
 
  Using the table below. 	Evaluate [image: g\left(3\right)].
 	Solve [image: g\left(n\right)=6].
 
 	[image: n] 	[image: 1] 	[image: 2] 	[image: 3] 	[image: 4] 	[image: 5] 
 	[image: g(n)] 	[image: 8] 	[image: 6] 	[image: 7] 	[image: 6] 	[image: 8] 
  
 Show Solution 	Evaluating [image: g\left(3\right)] means determining the output value of the function [image: g] for the input value of [image: n=3]. The table output value corresponding to [image: n=3] is [image: 7], so [image: g\left(3\right)=7].
 	Solving [image: g\left(n\right)=6] means identifying the input values, [image: n], that produce an output value of [image: 6]. The table below shows two solutions: [image: n=2] and [image: n=4].
 
 	[image: n] 	[image: 1] 	[image: 2] 	[image: 3] 	[image: 4] 	[image: 5] 
 	[image: g(n)] 	[image: 8] 	[image: 6] 	[image: 7] 	[image: 6] 	[image: 8] 
  
  
 When we input [image: 2] into the function [image: g], our output is [image: 6]. When we input [image: 4] into the function [image: g], our output is also [image: 6].
   An interactive online homework element has been excluded from the printed version of the text. To see the interactive element that was excluded, please visit the courseware online.
 
  Finding Function Values from a Graph
 Evaluating a function using a graph also requires finding the corresponding output value for a given input value, only in this case, we find the output value by looking at the graph. Solving a function equation using a graph requires finding all instances of the given output value on the graph and observing the corresponding input value(s).
 We can view a function as a set of inputs and their corresponding outputs. That is, we can see a function as a set of ordered pairs, [image: \left(x, y \right).]Remember that, in function notation, [image: y = f(x)], so the ordered pairs containing inputs and outputs can be written in the form of (input, output) or [image: \left(x, f(x)\right)]. Given the graph below, 	Evaluate [image: f\left(2\right)].
 	Solve [image: f\left(x\right)=4].
 
 [image: Graph of a positive parabola centered at (1, 0).]
 Show Solution 	To evaluate [image: f\left(2\right)], locate the point on the curve where [image: x=2], then read the [image: y]-coordinate of that point. The point has coordinates [image: \left(2,1\right)], so [image: f\left(2\right)=1].[image: Graph of a positive parabola centered at (1, 0) with the labeled point (2, 1) where f(2) =1.]
 	To solve [image: f\left(x\right)=4], we find the output value [image: 4] on the vertical axis. Moving horizontally along the line [image: y=4], we locate two points of the curve with output value [image: 4:] [image: \left(-1,4\right)] and [image: \left(3,4\right)]. These points represent the two solutions to [image: f\left(x\right)=4:] [image: x=-1] or [image: x=3]. This means [image: f\left(-1\right)=4] and [image: f\left(3\right)=4], or when the input is [image: -1] or [image: \text{3,}] the output is [image: \text{4}\text{.}] See the graph below.[image: Graph of an upward-facing parabola with a vertex at (0,1) and labeled points at (-1, 4) and (3,4). A line at y = 4 intersects the parabola at the labeled points.]
 
   An interactive online homework element has been excluded from the printed version of the text. To see the interactive element that was excluded, please visit the courseware online.
 
  You can use an online graphing calculator to graph functions, find function values, and evaluate functions. Watch this short tutorial to learn how to within Desmos. Other online graphing tools will be slightly different. https://youtube.com/watch?v=jACDzJ-rmsM%3Fenablejsapi%3D1+
 
 
You can view the transcript for “Learn Desmos: Function Notation” here (opens in new window).
 Now try the following with an online graphing calculator:
 	Graph the function [image: f(x) = -\frac{1}{2}x^2+x+4] using function notation.
 	Evaluate the function at [image: x=1]
 	Make a table of values that references the function. Include at least the interval [image: [-5,5]] for [image: x]-values.
 	Solve the function for [image: f(0)]
 
  
	

			All rights reserved content
	Learn Desmos: Function Notation. Provided by: Desmos. Retrieved from: https://www.youtube.com/watch?v=jACDzJ-rmsM. License: All Rights Reserved. License Terms: Standard YouTube License
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				Identifying Basic Toolkit Functions
 When learning to read, we start with the alphabet. When learning to do arithmetic, we start with numbers. When working with functions, it is similarly helpful to have a base set of building-block elements. We call these our “toolkit functions,” which form a set of basic named functions for which we know the graph, formula, and special properties. Some of these functions are programmed to individual buttons on many calculators. For these definitions we will use [image: x] as the input variable and [image: y=f\left(x\right)] as the output variable.
 We will see these toolkit functions, combinations of toolkit functions, their graphs, and their transformations frequently throughout this module. It will be very helpful if we can recognize these toolkit functions and their features quickly by name, formula, graph, and basic table properties. The graphs and sample table values are included with each function shown below.
 You should memorize the shapes of these graphs along with their names in words and in equation form. Be able to plot a few points of each to the left and right of the y-axis. You’ll be using these function families throughout the rest of the module. 	Toolkit Functions 
 	Name 	Function 	Graph 	Key Features 	Behavior 	Symmetry 
  	Constant 	f(x) = c, where c is a constant 	[image: Graph of a constant function.] 	Slope is 0, y-intercept at the constant value 	Function is constant; doesn’t increase or decrease 	Symmetric about the y-axis (even function) 
 	Identity/Linear 	f(x) = x 	[image: Graph of a straight line.] 	Slope is constant and equals 1, intercept at the origin 	Always increasing 	Odd symmetry (symmetric about the origin) 
 	Absolute value 	f(x) = |x| 	[image: Graph of absolute function.] 	Minimum at (0,0), called the vertex 	Increasing on (0,∞), decreasing on (-∞,0) 	Symmetric about the y-axis (even function) 
 	Quadratic 	f(x) = x² 	[image: Graph of a parabola.] 	Minimum at (0,0), called the vertex 	Increasing on (0,∞), decreasing on (-∞,0) 	Symmetric about the y-axis (even function) 
 	Cubic 	f(x) = x³ 	[image: Graph of f(x) = x^3.] 	Inflection point at the origin 	Increasing on (-∞,∞) 	Symmetric about the origin (odd function) 
 	Reciprocal 	f(x) = 1/x 	[image: Graph of f(x)=1/x.] 	Exclusion value at x=0 and y=0 	Decreasing on (-∞,0) ∪ (0,∞) 	Symmetric about the origin (odd function) 
 	Reciprocal squared 	f(x) = 1/x² 	[image: Graph of f(x)=1/x^2.] 	Exclusion value at x=0, never touches x or y axis 	Increasing on (-∞,0), decreasing on (0,∞) 	Symmetric about the y-axis (even function) 
 	Square root 	f(x) = √x 	[image: Graph of f(x)=sqrt(x).] 	Starts at the origin (0,0) 	Increasing for all x in [0,∞) 	Not symmetric 
 	Cube root 	f(x) = ∛x 	[image: Graph of f(x)=x^(1/3).] 	Crosses at the origin (0,0) 	Increasing for all x in (-∞,∞) 	Symmetric about the origin (odd function) 
  
 An interactive online homework element has been excluded from the printed version of the text. To see the interactive element that was excluded, please visit the courseware online.
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				 	Define what a function is and apply the vertical line test to identify functions
 	Use function notation to represent and evaluate functions
 	Recognize the graphs of fundamental toolkit functions
 
  Market Mechanics: Understanding Functions Through Data
 Kai, a data analyst, is preparing a report on market trends for a large retail company. They need to use various functions to predict sales growth, analyze customer behavior, and optimize inventory management. Your task is to assist Kai by applying your knowledge of functions and their graphs to real-world data scenarios.
 [image: A tablet with various graphs and data] 
 Kai’s first challenge involves ensuring the correct representation of data. They show you a series of graphs and asks you to identify which ones represent functions.
 An interactive online homework element has been excluded from the printed version of the text. To see the interactive element that was excluded, please visit the courseware online.
 
  Having identified which graphs represent functions, Kai now needs to explain the characteristics of different types of functions to the marketing team to help them understand data trends.
 An interactive online homework element has been excluded from the printed version of the text. To see the interactive element that was excluded, please visit the courseware online.
 
  With the marketing team now having a better grasp of function types, Kai turns to the practical application of this knowledge. They have collected data on customer purchases and wants to represent this data accurately using function notation.
 An interactive online homework element has been excluded from the printed version of the text. To see the interactive element that was excluded, please visit the courseware online.
 
  After establishing the function notation for customer purchases, Kai moves on to analyze the impact of the advertising budget on sales. This requires evaluating a function that models this relationship.
 An interactive online homework element has been excluded from the printed version of the text. To see the interactive element that was excluded, please visit the courseware online.
 
  Next, Kai wants to visualize different growth trends to predict future sales. They ask for your help in matching descriptions of growth with the correct toolkit function graphs.
 An interactive online homework element has been excluded from the printed version of the text. To see the interactive element that was excluded, please visit the courseware online.
 
  Finally, Kai presents a graph that they suspect might not represent a function. They need your expertise to apply the vertical line test and verify their suspicion.
 An interactive online homework element has been excluded from the printed version of the text. To see the interactive element that was excluded, please visit the courseware online.
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				 	Determine the set of all possible input values for a function based on its equation
 	Identify the set of all possible inputs (domain) and outputs (range) from looking at a graph
 	Figure out the allowed inputs and outputs for the fundamental toolkit functions
 	Sketch piecewise functions, showing each segment with its own rule on the graph
 
  Domain and Range
 Now that we understand what functions are, let’s talk about two important concepts related to them: the domain and the range.
 We can visualize the domain as a “holding area” that contains “raw materials” for a “function machine” and the range as another “holding area” for the machine’s products.
 [image: Diagram of how a function relates two relations.]
 Domain and Range
 Domain: The domain of a function is the set of all possible input values. These are the values that you can put into the function.
 	Note that values in the domain are also known as input values, or values of the independent variable, and are often labeled with the lowercase letter [image: x].
 
  
 Range: The range of a function is the set of all possible output values. These are the values that come out of the function.
 	Values in the range are also known as output values, or values of the dependent variable, and are often labeled with the lowercase letter [image: y].
 
  We can write the domain and range in interval notation, which uses values within brackets to describe a set of numbers. In interval notation, we use a square bracket [image: [] when the set includes the endpoint and a parenthesis [image: (] to indicate that the endpoint is either not included or the interval is unbounded. For example, if a person has [image: $100] to spend, he or she would need to express the interval that is more than [image: 0] and less than or equal to [image: 100] and write [image: \left(0,\text{ }100\right]].
 Before we begin, let us review the conventions of interval notation: 	The smallest term from the interval is written first.
 	The largest term in the interval is written second, following a comma.
 	Parentheses, ( or ), are used to signify that an endpoint is not included, called exclusive.
 	Brackets, [ or ], are used to indicate that an endpoint is included, called inclusive.
 
  Understanding the domain and range helps us to see the full scope of a function and how it operates over different values.
 Consider the relation where the input is a family member’s name and the output is their age: 	Family Member’s Name (Input) 	Family Member’s Age (Output) 
  	Nellie 	[image: 13] 
 	Marcos 	[image: 11] 
 	Esther 	[image: 46] 
 	Samuel 	[image: 47] 
 	Nina 	[image: 47] 
 	Paul 	[image: 47] 
 	Katrina 	[image: 21] 
 	Andrew 	[image: 16] 
 	Maria 	[image: 13] 
 	Ana 	[image: 81] 
  
 Domain: The domain is the set of all family members’ names: {Nellie, Marcos, Esther, Samuel, Nina, Paul, Katrina, Andrew, Maria, Ana}
 Range: The range is the set of all family members’ ages: [image: \{13,11,46,47,21,16,81\}]
  Relations can be written as ordered pairs of numbers [image: (x,y)] or as numbers in a table of values the columns of which each contain inputs or outputs. By examining the inputs ([image: x]-coordinates) and outputs ([image: y]-coordinates), you can determine whether or not the relation is a function. Remember, in a function, each input corresponds to only one output. That is, each [image: x] value corresponds to exactly one [image: y] value.
 Find the domain of the following function:[image: \left\{\left(2,\text{ }10\right),\left(3,\text{ }10\right),\left(4,\text{ }20\right),\left(5,\text{ }30\right),\left(6,\text{ }40\right)\right\}] Show Solution First identify the input values. The input value is the first coordinate in an ordered pair. There are no restrictions, as the ordered pairs are simply listed. The domain is the set of the first coordinates of the ordered pairs.
 [image: \left\{2,3,4,5,6\right\}]
   An interactive online homework element has been excluded from the printed version of the text. To see the interactive element that was excluded, please visit the courseware online.
 
  An interactive online homework element has been excluded from the printed version of the text. To see the interactive element that was excluded, please visit the courseware online.
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				Domain and Range Cont.
 Let’s turn our attention to finding the domain of a function whose equation is provided. Oftentimes, finding the domain of such functions involves remembering three different forms. First, if the function has no denominator or an even root, consider whether the domain could be all real numbers. Second, if there is a denominator in the function’s equation, exclude values in the domain that force the denominator to be zero. Third, if there is an even root, consider excluding values that would make the radicand negative.
 How To: Given a function written in equation form, find the domain. 	Identify the input values.
 	Identify any restrictions on the input and exclude those values from the domain.
 	Write the domain in interval form, if possible.
 
  Find the domain of the following function:[image: f\left(x\right)={x}^{2}-1] Show Solution The input value, shown by the variable [image: x] in the equation, is squared and then the result is lowered by one. Any real number may be squared and then be lowered by one, so there are no restrictions on the domain of this function. The domain is the set of real numbers.In interval form the domain of [image: f] is [image: \left(-\infty ,\infty \right)].
  [ohm_question hide_question_numbers=1]293801[/ohm_question] How To: Given a function written in an equation form that includes a fraction, find the domain. 	Identify the input values.
 	Identify any restrictions on the input. If there is a denominator in the function’s formula, set the denominator equal to zero and solve for [image: x] . These are the values that cannot be inputs in the function.
 	Write the domain in interval form, making sure to exclude any restricted values from the domain.
 
  Find the domain of the following function:[image: f\left(x\right)=\dfrac{x+1}{2-x}] Show Solution When there is a denominator, we want to include only values of the input that do not force the denominator to be zero. So, we will set the denominator equal to [image: 0] and solve for [image: x].
 [image: \begin{align}2-x&=0 \\ -x&=-2 \\ x&=2 \end{align}]
 Now, we will exclude [image: 2] from the domain. The answers are all real numbers where [image: x<2] or [image: x>2]. We can use a symbol known as the union, [image: \cup], to combine the two sets. In interval notation, we write the solution: [image: \left(\mathrm{-\infty },2\right)\cup \left(2,\infty \right)].
 [image: Line graph of x=!2.]
 In interval form, the domain of [image: f] is [image: \left(-\infty ,2\right)\cup \left(2,\infty \right)].
   [ohm_question hide_question_numbers=1]293803[/ohm_question] How To: Given a function written in equation form including an even root, find the domain. 	Identify the input values.
 	Since there is an even root, exclude any real numbers that result in a negative number in the radicand. Set the radicand greater than or equal to zero and solve for [image: x].
 	The solution(s) are the domain of the function. If possible, write the answer in interval form.
 
  While zero divided by any number equals zero, division by zero results in an undefined ratio.[image: \dfrac{0}{a} = 0 \quad \text{but } \quad \dfrac{b}{0} = \text{undefined}]An even root of a negative number does not exist in the real numbers.[image: \sqrt{-1} = i]Since the domain of any function defined in the real plane is the set of all real input into the function, we must exclude any values of the input variable that create undefined expressions or even roots of a negative. Find the domain of the following function:[image: f\left(x\right)=\sqrt{7-x}] Show Solution When there is an even root in the formula, we exclude any real numbers that result in a negative number in the radicand. Set the radicand greater than or equal to zero and solve for [image: x].
 [image: \begin{align}7-x&\ge 0 \\ -x&\ge -7 \\ x&\le 7 \end{align}]
 Now, we will exclude any number greater than [image: 7] from the domain. The answers are all real numbers less than or equal to [image: 7], or [image: \left(-\infty ,7\right]].
   [ohm_question hide_question_numbers=1]293804[/ohm_question] Can there be functions in which the domain and range do not intersect at all? 
 Yes. For example, the function [image: f\left(x\right)=-\frac{1}{\sqrt{x}}] has the set of all positive real numbers as its domain but the set of all negative real numbers as its range. As a more extreme example, a function’s inputs and outputs can be completely different categories (for example, names of weekdays as inputs and numbers as outputs, as on an attendance chart), in such cases the domain and range have no elements in common.
  How To: Given the formula for a function, determine the domain and range. 	Exclude from the domain any input values that result in division by zero.
 	Exclude from the domain any input values that have nonreal (or undefined) number outputs.
 	Use the valid input values to determine the range of the output values.
 	Look at the function graph and table values to confirm the actual function behavior.
 
  Find the domain and range of the following:[image: f\left(x\right)=2{x}^{3}-x] Show Solution There are no restrictions on the domain, as any real number may be cubed and then subtracted from the result. The domain is [image: \left(-\infty ,\infty \right)] and the range is also [image: \left(-\infty ,\infty \right)].
  Find the domain and range of the following:[image: f\left(x\right)=2\sqrt{x+4}] Show Solution We cannot take the square root of a negative number, so the value inside the radical must be nonnegative.[image: x+4\ge 0\text{ when }x\ge -4]The domain of [image: f\left(x\right)] is [image: \left[-4,\infty \right)].We then find the range. We know that [image: f\left(-4\right)=0], and the function value increases as [image: x] increases without any upper limit. We conclude that the range of [image: f] is [image: \left[0,\infty \right)].
 [image: \\]
 Analysis of the Solution
 [image: \\]
 The graph below represents the function [image: f].
 [image: Graph of a square root function at (-4, 0).]
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				Determine Domain and Range from a Graph
 Another way to identify the domain and range of functions is by using graphs. Because the domain refers to the set of possible input values, the domain of a graph consists of all the input values shown on the [image: x]-axis. The range is the set of possible output values, which are shown on the [image: y]-axis.
 [image: Graph of a polynomial that shows the x-axis is the domain and the y-axis is the range]
 We can observe that the graph extends horizontally from [image: -5] to the right without bound, so the domain is [image: \left[-5,\infty \right)]. The vertical extent of the graph is all range values [image: 5] and below, so the range is [image: \left(\mathrm{-\infty },5\right]]. Note that the domain and range are always written from smaller to larger values, or from left to right for domain, and from the bottom of the graph to the top of the graph for range.
 Keep in mind that if the graph continues beyond the portion of the graph we can see, the domain and range may be greater than the visible values. Find the domain and range of the function [image: f].[image: Graph of a function from (-3, 1].] Show Solution We can observe that the horizontal extent of the graph is [image: –3] to [image: 1], so the domain of [image: f] is [image: \left(-3,1\right]].[image: Graph of the previous function shows the domain and range.]The vertical extent of the graph is [image: 0] to [image: –4], so the range is [image: \left[-4,0\right]].
  Can a function’s domain and range be the same?
  
 Yes. For example, the domain and range of the cube root function are both the set of all real numbers.
  Find the domain and range of the function [image: f]. [image: Graph of the Alaska Crude Oil Production where the y-axis is thousand barrels per day and the -axis is the years.](credit: modification of work by the U.S. Energy Information Administration) Show Solution The input quantity along the horizontal axis is “years,” which we represent with the variable [image: t] for time. The output quantity is “thousands of barrels of oil per day,” which we represent with the variable [image: b] for barrels. The graph may continue to the left and right beyond what is viewed, but based on the portion of the graph that is visible, we can determine the domain as [image: 1973\le t\le 2008] and the range as approximately [image: 180\le b\le 2010].
 In interval notation, the domain is [image: [1973, 2008]], and the range is about [image: [180, 2010]]. For the domain and the range, we approximate the smallest and largest values since they do not fall exactly on the grid lines.
   [ohm_question hide_question_numbers=1]293805[/ohm_question] 
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				Domain and Range of Toolkit Functions
 We will now return to our set of toolkit functions to determine the domain and range of each.
 For the constant function [image: f\left(x\right)=c], the domain consists of all real numbers; there are no restrictions on the input. The only output value is the constant [image: c], so the range is the set [image: \left\{c\right\}] that contains this single element. In interval notation, this is written as [image: \left[c,c\right]], the interval that both begins and ends with [image: c].
 [image: Constant function f(x)=c.]
 For the identity function [image: f\left(x\right)=x], there is no restriction on [image: x]. Both the domain and range are the set of all real numbers.
 [image: Identity function f(x)=x.]
 For the absolute value function [image: f\left(x\right)=|x|], there is no restriction on [image: x]. However, because absolute value is defined as a distance from 0, the output can only be greater than or equal to 0.
 [image: Absolute function f(x)=|x|.]
 For the quadratic function [image: f\left(x\right)={x}^{2}], the domain is all real numbers since the horizontal extent of the graph is the whole real number line. Because the graph does not include any negative values for the range, the range is only nonnegative real numbers.
 [image: Quadratic function f(x)=x^2.]
 For the cubic function [image: f\left(x\right)={x}^{3}], the domain is all real numbers because the horizontal extent of the graph is the whole real number line. The same applies to the vertical extent of the graph, so the domain and range include all real numbers.
 [image: Cubic function f(x)-x^3.]
 For the reciprocal function [image: f\left(x\right)=\frac{1}{x}], we cannot divide by 0, so we must exclude 0 from the domain. Further, 1 divided by any value can never be 0, so the range also will not include 0. In set-builder notation, we could also write [image: \left\{x|\text{ }x\ne 0\right\}], the set of all real numbers that are not zero.
 [image: Reciprocal function f(x)=1/x.]
 For the reciprocal squared function [image: f\left(x\right)=\frac{1}{{x}^{2}}], we cannot divide by [image: 0], so we must exclude [image: 0] from the domain. There is also no [image: x] that can give an output of 0, so 0 is excluded from the range as well. Note that the output of this function is always positive due to the square in the denominator, so the range includes only positive numbers.
 [image: Reciprocal squared function f(x)=1/x^2]
 For the square root function [image: f\left(x\right)=\sqrt[]{x}], we cannot take the square root of a negative real number, so the domain must be 0 or greater. The range also excludes negative numbers because the square root of a positive number [image: x] is defined to be positive, even though the square of the negative number [image: -\sqrt{x}] also gives us [image: x].
 [image: Square root function f(x)=sqrt(x).]
 For the cube root function [image: f\left(x\right)=\sqrt[3]{x}], the domain and range include all real numbers. Note that there is no problem taking a cube root, or any odd-integer root, of a negative number, and the resulting output is negative (it is an odd function).
 [image: Cube root function f(x)=x^(1/3).]
 Given the formula for a function, determine the domain and range.
 	Exclude from the domain any input values that result in division by zero.
 	Exclude from the domain any input values that have nonreal (or undefined) number outputs.
 	Use the valid input values to determine the range of the output values.
 	Look at the function graph and table values to confirm the actual function behavior.
 
  When evaluating functions to plot points, remember to wrap the variable in parentheses to be sure you handle negative input appropriately.Ex. For the function [image: f(x) = x^2], evaluate [image: f(-3)]. more [image: \begin{align}f(-3) &= (-3)^2 \\ &= 9\end{align}].
  Find the domain and range of[image: f(x) = \dfrac{2}{x+1}] Show Answer We cannot evaluate the function at [image: x = -1] because division by zero is undefined. The domain is [image: (-\infty, -1) \cup (-1, \infty)]. Because the function is never zero, we exclude [image: 0] from the range. The range is [image: (-\infty, 0) \cup (0, \infty)].
  [ohm_question hide_question_numbers=1]293806[/ohm_question] [ohm_question hide_question_numbers=1]293807[/ohm_question] [ohm_question hide_question_numbers=1]293808[/ohm_question] [ohm_question hide_question_numbers=1]292979[/ohm_question] 
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				Piecewise-Defined Functions
 Sometimes, we come across a function that requires more than one formula in order to obtain the given output. For example, in the toolkit functions, we introduced the absolute value function [image: f\left(x\right)=|x|]. With a domain of all real numbers and a range of values greater than or equal to 0, absolute value can be defined as the magnitude, or modulus, of a real number value regardless of sign. It is the distance from 0 on the number line. All of these definitions require the output to be greater than or equal to 0.
 If we input 0, or a positive value, the output is the same as the input.
 [image: f\left(x\right)=x\text{ if }x\ge 0]
 If we input a negative value, the output is the opposite of the input.
 [image: f\left(x\right)=-x\text{ if }x<0]
 Because this requires two different processes or pieces, the absolute value function is an example of a piecewise function. A piecewise function is a function in which more than one formula is used to define the output over different pieces of the domain.
 piecewise function
 A piecewise function is a function in which more than one formula is used to define the output. Each formula has its own domain, and the domain of the function is the union of all these smaller domains. We notate this idea like this:
 [image: f\left(x\right)=\begin{cases}\text{formula 1 if x is in domain 1}\\ \text{formula 2 if x is in domain 2}\\ \text{formula 3 if x is in domain 3}\end{cases}]
 In piecewise notation, the absolute value function is
 [image: |x|=\begin{cases}\begin{align}x&\text{ if }x\ge 0\\ -x&\text{ if }x<0\end{align}\end{cases}]
  We use piecewise functions to describe situations in which a rule or relationship changes as the input value crosses certain “boundaries.”
 For example, we often encounter situations in business for which the cost per piece of a certain item is discounted once the number ordered exceeds a certain value. Tax brackets are another real-world example of piecewise functions. 	For example, consider a simple tax system in which incomes up to [image: $10,000] are taxed at [image: 10\%], and any additional income is taxed at [image: 20\%]. The tax on a total income, [image: S] , would be [image: 0.1S] if [image: {S}\le$10,000]  and [image: 1000 + 0.2 (S - $10,000)] , if [image: S> $10,000] .
 
  How To: Given a piecewise function, write the formula and identify the domain for each interval. 	Identify the intervals for which different rules apply.
 	Determine formulas that describe how to calculate an output from an input in each interval.
 	Use braces and if-statements to write the function.
 
  The curly brace that appears in a piecewise formula doesn’t denote a set, since there is no matching brace on the other side of the statement. Instead, it indicates that the right hand side of the function formula is made of different pieces, each depending on the input. 	You can read it as a list of if-then statements for the function value.
 
 Piecewise functions are challenging to understand. Give yourself time to work with them repeatedly on paper, evaluating and graphing different functions. It’s natural to need to work many problems before you feel comfortable with them.
  A museum charges [image: $5] per person for a guided tour with a group of [image: 1] to [image: 9] people or a fixed [image: $50] fee for a group of [image: 10] or more people. Write a function relating the number of people, [image: n], to the cost, [image: C]. Show Solution Two different formulas will be needed. For [image: n]-values under [image: 10], [image: C=5n]. For values of [image: n] that are [image: 10] or greater, [image: C=50].
 [image: C(n)=\begin{cases}\begin{align}{5n}&\hspace{2mm}\text{if}\hspace{2mm}{0}<{n}<{10}\\ 50&\hspace{2mm}\text{if}\hspace{2mm}{n}\ge 10\end{align}\end{cases}]
 Analysis of the Solution
 The graph is a diagonal line from [image: n=0] to [image: n=10] and a constant after that. In this example, the two formulas agree at the meeting point where [image: n=10], but not all piecewise functions have this property.
 [image: Graph of C(n).]
   [ohm_question hide_question_numbers=1]293809[/ohm_question] A cell phone company uses the function below to determine the cost, [image: C], in dollars for [image: g] gigabytes of data transfer. [image: C\left(g\right)=\begin{cases}\begin{align}{25} \hspace{2mm}&\text{ if }\hspace{2mm}{ 0 }<{ g }<{ 2 }\\ { 25+10 }\left(g - 2\right) \hspace{2mm}&\text{ if }\hspace{2mm}{ g}\ge{ 2 }\end{align}\end{cases}]
 Find the cost of using [image: 1.5] gigabytes of data and the cost of using [image: 4] gigabytes of data.
 Show Solution To find the cost of using [image: 1.5] gigabytes of data, [image: C(1.5)], we first look to see which part of the domain our input falls in. Because [image: 1.5] is less than [image: 2], we use the first formula.
 [image: C(1.5) = $25]
 To find the cost of using [image: 4] gigabytes of data, [image: C(4)], we see that our input of [image: 4] is greater than [image: 2], so we use the second formula.
 [image: C(4)=25 + 10( 4-2) =$45]
 Analysis of the Solution
 We can see where the function changes from a constant to a shifted and stretched identity at [image: g=2]. We plot the graphs for the different formulas on a common set of axes, making sure each formula is applied on its proper domain.
 [image: Graph of C(g)]
   [ohm_question hide_question_numbers=1]293810[/ohm_question] How To: Given a piecewise function, sketch a graph. 	Indicate on the [image: x]-axis the boundaries defined by the intervals on each piece of the domain.
 	For each piece of the domain, graph on that interval using the corresponding equation pertaining to that piece. Do not graph two functions over one interval because it would violate the criteria of a function.
 
  Sketch a graph of the function. [image: f\left(x\right)=\begin{cases}\begin{align}{ x }^{2} \hspace{2mm}&\text{ if }\hspace{2mm}{ x }\le{ 1 }\\ { 3 } \hspace{2mm}&\text{ if }\hspace{2mm} { 1 }&lt{ x }\le 2\\ { x } \hspace{2mm}&\text{ if }\hspace{2mm}{ x }&gt{ 2 }\end{align}\end{cases}]
 Show Solution Each of the component functions is from our library of toolkit functions, so we know their shapes. We can imagine graphing each function and then limiting the graph to the indicated domain. At the endpoints of the domain, we draw open circles to indicate where the endpoint is not included because of a less-than or greater-than inequality; we draw a closed circle where the endpoint is included because of a less-than-or-equal-to or greater-than-or-equal-to inequality.
 Below are the three components of the piecewise function graphed on separate coordinate systems.
 (a) [image: f\left(x\right)={x}^{2}\text{ if }x\le 1]; (b) [image: f\left(x\right)=3\text{ if 1< }x\le 2]; (c) [image: f\left(x\right)=x\text{ if }x>2]
 [image: Graph of each part of the piece-wise function f(x)]
 Now that we have sketched each piece individually, we combine them in the same coordinate plane.
 [image: Graph of the entire function.]
 Analysis of the Solution
 Note that the graph does pass the vertical line test even at [image: x=1] and [image: x=2] because the points [image: \left(1,3\right)] and [image: \left(2,2\right)] are not part of the graph of the function, though [image: \left(1,1\right)] and [image: \left(2,3\right)] are.
   [ohm_question hide_question_numbers=1]293812[/ohm_question] You can use an online graphing calculator to graph piecewise defined functions. Watch this tutorial video to learn how within Desmos. Other online graphing tools will be slightly different. https://youtube.com/watch?v=vmqiJV1FqwU%3Fenablejsapi%3D1+
 
 
You can view the transcript for “Piecewise Functions in Desmos” here (opens in new window).
 Graph the following piecewise function with an online graphing calculator.
 [image: f\left(x\right)=\begin{cases}\begin{align}{ x}^{3} \hspace{2mm}&\text{ if }\hspace{2mm}{ x }&lt{-1 }\\ { -2 } \hspace{2mm}&\text{ if } \hspace{2mm}{ -1 }&lt{ x }&lt{ 4 }\\ \sqrt{x} \hspace{2mm}&\text{ if }\hspace{2mm}{ x }&gt{ 4 }\end{align}\end{cases}]
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				 	Determine the set of all possible input values for a function based on its equation
 	Identify the set of all possible inputs (domain) and outputs (range) from looking at a graph
 	Figure out the allowed inputs and outputs for the fundamental toolkit functions
 	Sketch piecewise functions, showing each segment with its own rule on the graph
 
  In the digital age, streaming services collect vast amounts of data about how users interact with their platforms. Companies like Spotify, Apple Music, and others use mathematical functions to analyze listening patterns, set pricing strategies, and improve user experience. These functions must account for real-world limitations – you can’t listen to a negative amount of music, and there are only so many hours in a day! Let’s explore how domain and range concepts help streaming services make sense of their data.
 
 An interactive online homework element has been excluded from the printed version of the text. To see the interactive element that was excluded, please visit the courseware online.
 
  
 An interactive online homework element has been excluded from the printed version of the text. To see the interactive element that was excluded, please visit the courseware online.
 
  An interactive online homework element has been excluded from the printed version of the text. To see the interactive element that was excluded, please visit the courseware online.
 
  An interactive online homework element has been excluded from the printed version of the text. To see the interactive element that was excluded, please visit the courseware online.
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				 	Find the average rate of change of a function
 	Identify parts of a graph where the function is going up, going down, or staying the same
 	Identify the highest and lowest points, both overall and at specific spots, on a graph
 
  Rates of Change
 Gasoline costs have experienced some wild fluctuations over the last several decades. The table below[1] lists the average cost, in dollars, of a gallon of gasoline for the years 2014–2023. The cost of gasoline can be considered as a function of year.
 	[image: y] 	2014 	2015 	2016 	2017 	2018 	2019 	2020 	2021 	2022 	2023 
 	[image: C(y)] 	[image: 3.358] 	[image: 2.429] 	[image: 2.143] 	[image: 2.415] 	[image: 2.719] 	[image: 2.604] 	[image: 2.168] 	[image: 3.008] 	[image: 3.951] 	[image: 3.519] 
  
 If we were interested only in how the gasoline prices changed between 2014 and 2023, we could compute that the cost per gallon had increased from [image: $3.358] to [image: $3.519], an increase of [image: $0.161]. While this is interesting, it might be more useful to look at how much the price changed per year. In this section, we will investigate changes such as these.
 The price change per year is a rate of change because it describes how an output quantity changes relative to the change in the input quantity. We can see that the price of gasoline in the table above did not change by the same amount each year, so the rate of change was not constant. If we use only the beginning and ending data, we would be finding the average rate of change over the specified period of time. To find the average rate of change, we divide the change in the output value by the change in the input value.
 [image: \begin{align}\text{Average rate of change} &=\frac{\text{Change in output}}{\text{Change in input}}\\[2mm] &=\frac{\Delta y}{\Delta x}\\[2mm] &=\frac{{y}_{2}-{y}_{1}}{{x}_{2}-{x}_{1}}\\[2mm] &=\frac{f\left({x}_{2}\right)-f\left({x}_{1}\right)}{{x}_{2}-{x}_{1}}\end{align}]
 The Greek letter [image: \Delta] (delta) signifies the change in a quantity; we read the ratio as “delta-[image: y] over delta-[image: x]” or “the change in [image: y] divided by the change in [image: x].” Occasionally we write [image: \Delta f] instead of [image: \Delta y], which still represents the change in the function’s output value resulting from a change to its input value.
 In our example, the gasoline price increased by [image: $0.161] from 2014 to 2023. Over [image: 9] years, the average rate of change was:
 [image: \frac{\Delta y}{\Delta x} = \frac{$0.161}{9 \text{ years}} \approx 0.0179 \text{ dollars per year}]
 On average, the price of gas increased by about [image: 1.79] cents each year.
 Other examples of rates of change include:
 	A population of rats increasing by [image: 40] rats per week
 	A car traveling [image: 68] miles per hour (distance traveled changes by [image: 68] miles each hour as time passes)
 	A car driving [image: 27] miles per gallon (distance traveled changes by [image: 27] miles for each gallon)
 	The current through an electrical circuit increasing by [image: 0.125] amperes for every volt of increased voltage
 	The amount of money in a college account decreasing by [image: $4,000] per quarter
 
 Rate of Change
 A rate of change describes how an output quantity changes relative to the change in the input quantity. The units on a rate of change are “output units per input units.”
 [image: \\]
 The average rate of change between two input values is the total change of the function values (output values) divided by the change in the input values.
 [image: \dfrac{\Delta y}{\Delta x}=\dfrac{f\left({x}_{2}\right)-f\left({x}_{1}\right)}{{x}_{2}-{x}_{1}}]
  How To: Given the value of a function at different points, calculate the average rate of change of a function for the interval between two values [image: {x}_{1}] and [image: {x}_{2}]. 	Calculate the difference [image: {y}_{2}-{y}_{1}=\Delta y].
 	Calculate the difference [image: {x}_{2}-{x}_{1}=\Delta x].
 	Find the ratio [image: \dfrac{\Delta y}{\Delta x}].
 
  Using the data in the table below, find the average rate of change of the price of gasoline between 2020 and 2022. 	[image: y] 	2014 	2015 	2016 	2017 	2018 	2019 	2020 	2021 	2022 	2023 
 	[image: C\left(y\right)] 	[image: 3.358] 	[image: 2.429] 	[image: 2.143] 	[image: 2.415] 	[image: 2.719] 	[image: 2.604] 	[image: 2.168] 	[image: 3.008] 	[image: 3.951] 	[image: 3.519] 
  
 Show Answer In 2020, the price of gasoline was [image: $2.168]. In 2022, the cost was [image: $3.951]. The average rate of change is:
 [image: \begin{align*} \frac{\Delta y}{\Delta x} &= \frac{f(x_2) - f(x_1)}{x_2 - x_1} \\ &= \frac{$3.951 - $2.168}{2022 - 2020} \\ &= \frac{$1.783}{2 \text{ years}} \\ &= $0.8915 \text{ per year} \end{align*}]
 Analysis of the Solution
 Note that an increase is expressed by a positive change or “positive increase.” A rate of change is positive when the output increases as the input increases. In this case, we see a significant positive rate of change, indicating a sharp increase in gasoline prices between 2020 and 2022.
   [ohm_question hide_question_numbers=1]293815[/ohm_question] After picking up a friend who lives [image: 10] miles away, Anna records her distance from home over time. The values are shown in the table below. Find her average speed over the first [image: 6] hours.          	t (hours) 	[image: 0] 	[image: 1] 	[image: 2] 	[image: 3] 	[image: 4] 	[image: 5] 	[image: 6] 	[image: 7] 
 	D(t) (miles) 	[image: 10] 	[image: 55] 	[image: 90] 	[image: 153] 	[image: 214] 	[image: 240] 	[image: 292] 	[image: 300] 
  
 Show Solution Here, the average speed is the average rate of change. She traveled [image: 282] miles in [image: 6] hours, for an average speed of
 [image: \begin{align}\dfrac{292 - 10}{6 - 0}&=\dfrac{282}{6}\\[2mm]&=47 \end{align}]
 The average speed is [image: 47] miles per hour.
 Analysis of the Solution
 Because the speed is not constant, the average speed depends on the interval chosen. For the interval [image: [2,3]], the average speed is [image: 63] miles per hour.
   [ohm_question hide_question_numbers=1]293816[/ohm_question] Given the function [image: g\left(t\right)], find the average rate of change on the interval [image: \left[-1,2\right]].[image: Graph of a parabola.] Show Solution [image: Graph of a parabola with a line from points (-1, 4) and (2, 1) to show the changes for g(t) and t.]At [image: t=-1], the graph shows [image: g\left(-1\right)=4]. At [image: t=2], the graph shows [image: g\left(2\right)=1].The horizontal change [image: \Delta t=3] is shown by the red arrow, and the vertical change [image: \Delta g\left(t\right)=-3] is shown by the turquoise arrow. The output changes by –3 while the input changes by 3, giving an average rate of change of
 [image: \dfrac{1 - 4}{2-\left(-1\right)}=\dfrac{-3}{3}=-1]
 Analysis of the Solution
 Note that the order we choose is very important. If, for example, we use [image: \dfrac{{y}_{2}-{y}_{1}}{{x}_{1}-{x}_{2}}], we will not get the correct answer. Decide which point will be 1 and which point will be 2, and keep the coordinates fixed as [image: \left({x}_{1},{y}_{1}\right)] and [image: \left({x}_{2},{y}_{2}\right)].
   [ohm_question hide_question_numbers=1]293817[/ohm_question] Compute the average rate of change of [image: f\left(x\right)={x}^{2}-\frac{1}{x}] on the interval [image: \text{[2,}\text{4].}] Show Solution We can start by computing the function values at each endpoint of the interval.
 [image: \begin{align}f(2)&=2^{2}-\frac{1}{2} &\,\,f(4)&=4^{2}-\frac{1}{4}\\[2mm]&=4-\frac{1}{2}&\,\,&=16-\frac{1}{4}\\[2mm]&=\frac{7}{2}&\,\,&=\frac{63}{4}\end{align}]
 Now we compute the average rate of change.
 [image: \begin{align}\text{Average rate of change}&=\dfrac{f\left(4\right)-f\left(2\right)}{4 - 2} \\[2mm]&=\dfrac{\frac{63}{4}-\frac{7}{2}}{4 - 2} \\[2mm]&=\dfrac{\frac{49}{4}}{2}\\[2mm]&=\dfrac{49}{8}\end{align}]
   [ohm_question hide_question_numbers=1]293818[/ohm_question] [ohm_question hide_question_numbers=1]293819[/ohm_question] The electrostatic force [image: F], measured in newtons, between two charged particles can be related to the distance between the particles [image: d], in centimeters, by the formula [image: F\left(d\right)=\frac{2}{{d}^{2}}]. Find the average rate of change of force if the distance between the particles is increased from [image: 2] cm to [image: 6] cm. Show Solution We are computing the average rate of change of [image: F\left(d\right)=\frac{2}{{d}^{2}}] on the interval [image: \left[2,6\right]].
 [image: \begin{align}\text{Average rate of change}&=\dfrac{F\left(6\right)-F\left(2\right)}{6 - 2}\\[2mm]&=\dfrac{\frac{2}{{6}^{2}}-\frac{2}{{2}^{2}}}{6 - 2}&\text{Simplify} \\[2mm]&=\dfrac{\frac{2}{36}-\frac{2}{4}}{4}\\[2mm]&=\dfrac{-\frac{16}{36}}{4}&\text{Combine numerator terms}\\[2mm]&=-\dfrac{1}{9}&\text{Simplify}&\end{align}]
 The average rate of change is [image: -\frac{1}{9}] newton per centimeter.
   Find the average rate of change of [image: g\left(t\right)={t}^{2}+3t+1] on the interval [image: \left[0,a\right]]. The answer will be an expression involving [image: a]. Show Solution We use the average rate of change formula.
 [image: \begin{align}\text{Average rate of change}&=\dfrac{g\left(a\right)-g\left(0\right)}{a - 0}&\text{Evaluate}\\[2mm]&=\dfrac{\left({a}^{2}+3a+1\right)-\left({0}^{2}+3\left(0\right)+1\right)}{a - 0}&\text{Simplify}\\[2mm]&=\dfrac{{a}^{2}+3a+1 - 1}{a}&\text{Simplify and factor}\\[2mm]&=\dfrac{a\left(a+3\right)}{a}&\text{Divide by the common factor }a\\[2mm]&=a+3\end{align}]
 This result tells us the average rate of change in terms of [image: a] between [image: t=0] and any other point [image: t=a]. For example, on the interval [image: \left[0,5\right]], the average rate of change would be [image: 5+3=8].
   [ohm_question hide_question_numbers=1]293820[/ohm_question] 
	https://www.eia.gov/dnav/pet/hist/LeafHandler.ashx?n=pet&s=emm_epmr_pte_nus_dpg&f=a Accessed 9/10/2024. ↵
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				Behaviors of Functions
 Using a Graph to Determine Where a Function is Increasing, Decreasing, or Constant
 As part of exploring how functions change, we can identify intervals over which the function is changing in specific ways.
 We say that a function is increasing on an interval if the function values increase as the input values increase within that interval. Similarly, a function is decreasing on an interval if the function values decrease as the input values increase over that interval. The average rate of change of an increasing function is positive, and the average rate of change of a decreasing function is negative. The graph below shows examples of increasing and decreasing intervals on a function.
 [image: Graph of a polynomial that shows the increasing and decreasing intervals and local maximum and minimum.]The function [image: f\left(x\right)={x}^{3}-12x] is increasing on [image: \left(-\infty \text{,}-\text{2}\right){{\cup }^{\text{ }}}^{\text{ }}\left(2,\infty \right)] and is decreasing on [image: \left(-2\text{,}2\right)]. While some functions are increasing (or decreasing) over their entire domain, many others are not. A value of the output where a function changes from increasing to decreasing (as we go from left to right, that is, as the input variable increases) is called a local maximum. If a function has more than one, we say it has local maxima. Similarly, a value of the output where a function changes from decreasing to increasing as the input variable increases is called a local minimum. The plural form is “local minima.” Together, local maxima and minima are called local extrema, or local extreme values, of the function. (The singular form is “extremum.”) Often, the term local is replaced by the term relative. In this text, we will use the term local.
 A function is neither increasing nor decreasing on an interval where it is constant. A function is also neither increasing nor decreasing at extrema. Note that we have to speak of local extrema, because any given local extremum as defined here is not necessarily the highest maximum or lowest minimum in the function’s entire domain. local minima and local maxima
 	A function [image: f] is an increasing function on an open interval if [image: f\left(b\right) > f\left(a\right)] for any two input values [image: a] and [image: b] in the given interval where [image: b > a].
 	A function [image: f] is a decreasing function on an open interval if [image: f\left(b\right) < f\left(a\right)] for any two input values [image: a] and [image: b] in the given interval where [image: b > a].
 
 	A function [image: f] has a local maximum at [image: x=b] if there exists an interval [image: \left(a,c\right)] with [image: a < b < c] such that, for any [image: x] in the interval [image: \left(a,c\right)], [image: f\left(x\right)\le f\left(b\right)].
 	Likewise, [image: f] has a local minimum at [image: x=b] if there exists an interval [image: \left(a,c\right)] with [image: a < b < c] such that, for any [image: x] in the interval [image: \left(a,c\right)], [image: f\left(x\right)\ge f\left(b\right)].
 
  
  For the function below, the local maximum is [image: 16], and it occurs at [image: x=-2]. The local minimum is [image: -16] and it occurs at [image: x=2].[image: Graph of a polynomial that shows the increasing and decreasing intervals and local maximum and minimum. The local maximum is 16 and occurs at x = negative 2. This is the point negative 2, 16. The local minimum is negative 16 and occurs at x = 2. This is the point 2, negative 16.] To locate the local maxima and minima from a graph, we need to observe the graph to determine where the graph attains its highest and lowest points, respectively, within an open interval. Like the summit of a roller coaster, the graph of a function is higher at a local maximum than at nearby points on both sides. The graph will also be lower at a local minimum than at neighboring points. The graph below illustrates these ideas for a local maximum.
 [image: Graph of a polynomial that shows the increasing and decreasing intervals and local maximum.]Definition of a local maximum. Given the function [image: p\left(t\right)] in the graph below, identify the intervals on which the function appears to be increasing.[image: Graph of a polynomial. As x gets large in the negative direction, the outputs of the function get large in the positive direction. As inputs approach 1, then the function value approaches a minimum of negative one. As x approaches 3, the values increase again and between 3 and 4 decrease one last time. As x gets large in the positive direction, the function values increase without bound.] Show Solution We see that the function is not constant on any interval. The function is increasing where it slants upward as we move to the right and decreasing where it slants downward as we move to the right. The function appears to be increasing from [image: t=1] to [image: t=3] and from [image: t=4] on.In interval notation, we would say the function appears to be increasing on the interval [image: (1,3)] and the interval [image: \left(4,\infty \right)].
 [image: \\]
 Analysis of the Solution
 [image: \\]Notice in this example that we used open intervals (intervals that do not include the endpoints), because the function is neither increasing nor decreasing at [image: t=1] , [image: t=3] , and [image: t=4] . These points are the local extrema (two minima and a maximum).
  [ohm_question hide_question_numbers=1]292207[/ohm_question] The behavior of the function values of the graph of a function is read over the x-axis, from left to right. That is, 	a function is said to be increasing if its function values increase as x increases;
 	a function is said to be decreasing if its function values decrease as x increases.
 
  Graph the function [image: f\left(x\right)=\dfrac{2}{x}+\dfrac{x}{3}]. Then use the graph to estimate the local extrema of the function and to determine the intervals on which the function is increasing. Show Solution Using technology, we find that the graph of the function looks like that below. It appears there is a low point, or local minimum, between [image: x=2] and [image: x=3], and a mirror-image high point, or local maximum, somewhere between [image: x=-3] and [image: x=-2].[image: Graph of a reciprocal function.]Analysis of the Solution[image: \\]Most graphing calculators and graphing utilities can estimate the location of maxima and minima. The graph below provides screen images from two different technologies, showing the estimate for the local maximum and minimum.[image: Graph of the reciprocal function on a graphing calculator.]Based on these estimates, the function is increasing on the interval [image: \left(-\infty ,-{2.449}\right)] and [image: \left(2.449\text{,}\infty \right)]. Notice that, while we expect the extrema to be symmetric, the two different technologies agree only up to four decimals due to the differing approximation algorithms used by each. (The exact locations of the extrema are at [image: \pm \sqrt{6}], but determining this requires calculus.)
   Recall that points on the graph of a function are ordered pairs in the form of [image: \left(\text{input, output}\right) \quad = \quad \left(x, f(x)\right)].
 If a function’s graph has a local minimum or maximum at some point [image: \left(x, f(x)\right)], we say
 “the extrema occurs at [image: x], and that the minimum or maximum is [image: f(x)].”
  Graph the function [image: f\left(x\right)={x}^{3}-6{x}^{2}-15x+20] to estimate the local extrema of the function. Use these to determine the intervals on which the function is increasing and decreasing. Show Solution The local maximum appears to occur at [image: \left(-1,28\right)], and the local minimum occurs at [image: \left(5,-80\right)]. The function is increasing on [image: \left(-\infty ,-1\right)\cup \left(5,\infty \right)] and decreasing on [image: \left(-1,5\right)].[image: Graph of a polynomial with a maximum at (-1,28) and a minimum at (5,-80).] 
  [ohm_question hide_question_numbers=1]293825[/ohm_question] 
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				Behaviors of Functions Cont.
 Analyzing the Toolkit Functions for Increasing or Decreasing Intervals
 We will now return to our toolkit functions and discuss their graphical behavior in the table below.
 	Function 	Increasing/Decreasing 	Example 
  	Constant Function[image: f\left(x\right)={c}] 	Neither increasing nor decreasing 	[image: ] 
 	Identity Function[image: f\left(x\right)={x}] 	 Increasing 	[image: ] 
 	Quadratic Function[image: f\left(x\right)={x}^{2}] 	Increasing on [image: \left(0,\infty\right)]Decreasing on [image: \left(-\infty,0\right)] Minimum at [image: x=0]
 	[image: ] 
 	Cubic Function[image: f\left(x\right)={x}^{3}] 	Increasing 	[image: ] 
 	 Reciprocal[image: f\left(x\right)=\frac{1}{x}] 	Decreasing [image: \left(-\infty,0\right)\cup\left(0,\infty\right)] 	[image: ] 
 	Reciprocal Squared[image: f\left(x\right)=\frac{1}{{x}^{2}}] 	Increasing on [image: \left(-\infty,0\right)]Decreasing on [image: \left(0,\infty\right)] 	[image: ] 
 	Cube Root[image: f\left(x\right)=\sqrt[3]{x}] 	Increasing 	[image: Screen Shot 2015-08-20 at 8.53.26 AM] 
 	Square Root[image: f\left(x\right)=\sqrt{x}] 	Increasing on [image: \left(0,\infty\right)] 	[image: ] 
 	Absolute Value[image: f\left(x\right)=|x|] 	Increasing on [image: \left(0,\infty\right)]Decreasing on [image: \left(-\infty,0\right)] Minimum at [image: x=0]
 	[image: ] 
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				Behaviors of Functions Cont.
 Use A Graph to Locate the Absolute Maximum and Absolute Minimum
 There is a difference between locating the highest and lowest points on a graph in a region around an open interval (locally) and locating the highest and lowest points on the graph for the entire domain. The [image: y\text{-}] coordinates (output) at the highest and lowest points are called the absolute maximum and absolute minimum, respectively.
 To locate absolute maxima and minima from a graph, we need to observe the graph to determine where the graph attains it highest and lowest points on the domain of the function.
 [image: Graph of a segment of a parabola with an absolute minimum at (0, -2) and absolute maximum at (2, 2).]
 absolute maxima and minima
 	The absolute maximum of [image: f] at [image: x=c] is [image: f\left(c\right)] where [image: f\left(c\right)\ge f\left(x\right)] for all [image: x] in the domain of [image: f].
 	The absolute minimum of [image: f] at [image: x=d] is [image: f\left(d\right)] where [image: f\left(d\right)\le f\left(x\right)] for all [image: x] in the domain of [image: f].
 
  Not every function has an absolute maximum or minimum value. The toolkit function [image: f\left(x\right)={x}^{3}] is one such function. For the function [image: f] shown below, find all absolute maxima and minima.[image: Graph of a polynomial.] Show Solution Observe the graph of [image: f]. The graph attains an absolute maximum in two locations, [image: x=-2] and [image: x=2], because at these locations, the graph attains its highest point on the domain of the function. The absolute maximum is the y-coordinate at [image: x=-2] and [image: x=2], which is [image: 16].
 The graph attains an absolute minimum at [image: x=3], because it is the lowest point on the domain of the function’s graph. The absolute minimum is the y-coordinate at [image: x=3], which is [image: -10].
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				 	Find the average rate of change of a function
 	Identify parts of a graph where the function is going up, going down, or staying the same
 	Identify the highest and lowest points, both overall and at specific spots, on a graph
 
  An Athletic Performance Data Analyst collects and interprets data to determine the most important insights that can maximize athlete health, performance, and wellbeing. This type of data analyst is likely to work with the toolkit functions and a variety of functions related to them. Step into the shoes of an Athletic Performance Data Analyst by completing the following tasks.
 [image: ]Photo by Ketut Subiyanto from Pexels One of your goals is to help athletes and their coaches determine appropriate training regimens. You know from your data collection that a stress-recovery-adaptation model is helpful for athletes to improve their performance. This model involves doing an exercise, resting or going easy on the exercise for recovery, and then being able to return to the exercise with heightening intensity.
 An interactive online homework element has been excluded from the printed version of the text. To see the interactive element that was excluded, please visit the courseware online.
 
  Next, apply the same analysis to the toolkit functions.
 An interactive online homework element has been excluded from the printed version of the text. To see the interactive element that was excluded, please visit the courseware online.
 
  An interactive online homework element has been excluded from the printed version of the text. To see the interactive element that was excluded, please visit the courseware online.
 
  An interactive online homework element has been excluded from the printed version of the text. To see the interactive element that was excluded, please visit the courseware online.
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		Algebraic Operations on Functions: Background You'll Need 1

								

	
				 	Simplify and calculate an algebraic equation
 
  Algebraic Expressions
 An algebraic expression is a collection of constants and variables joined together by the algebraic operations of addition, subtraction, multiplication, and division. For example, [image: 3x + 2y - 7] is an algebraic expression that contains two variables [image: x] and [image: y] and three constants [image: 3], [image: 2], and [image: 7].
 constant, variable, algebraic expression
 	A constant is a fixed value or a number that does not change in a particular context.
 	A variable is a symbol that represents a value or quantity that can change or vary in a given situation or context.
 	An algebraic expression is a mathematical phrase or combination of numbers, variables, and arithmetic operations such as addition, subtraction, multiplication, and division.
 
 
  We have already seen some real number examples of exponential notation, a shorthand method of writing products of the same factor. When variables are used, the constants and variables are treated the same way.
 [image: \begin{align}&\left(-3\right)^{5}=\left(-3\right)\cdot\left(-3\right)\cdot\left(-3\right)\cdot\left(-3\right)\cdot\left(-3\right) && x^{5}=x\cdot x\cdot x\cdot x\cdot x \\ &\left(2\cdot7\right)^{3}=\left(2\cdot7\right)\cdot\left(2\cdot7\right)\cdot\left(2\cdot7\right) && \left(yz\right)^{3}=\left(yz\right)\cdot\left(yz\right)\cdot\left(yz\right)\\ \text{ }\end{align}]
 In each case, the exponent tells us how many factors of the base to use, whether the base consists of constants or variables. When naming the variable, ignore any exponents or radicals containing the variable.
 List the constants and variables for each algebraic expression. 	[image: x + 5]
 	[image: \frac{4}{3}\pi {r}^{3}]
 	[image: \sqrt{2{m}^{3}{n}^{2}}]
 
 Show Solution 	 	Constants 	Variables 
  	1. [image: x + 5] 	[image: 5] 	[image: x] 
 	2. [image: \frac{4}{3}\pi {r}^{3}] 	[image: \frac{4}{3},\pi] 	[image: r] 
 	3. [image: \sqrt{2{m}^{3}{n}^{2}}] 	[image: 2] 	[image: m,n] 
  
   An interactive online homework element has been excluded from the printed version of the text. To see the interactive element that was excluded, please visit the courseware online.
 
  Any variable in an algebraic expression may take on or be assigned different values. When that happens, the value of the algebraic expression changes. To evaluate an algebraic expression means to determine the value of the expression for a given value of each variable in the expression.
 How To: Evaluate Algebraic Expressions
 [image: \\]
 Use the following steps to evaluate an algebraic expression: 	Replace each variable in the expression with the given value
 	Simplify the resulting expression using the order of operations
 
 Note: If the algebraic expression contains more than one variable, replace each variable with its assigned value and simplify the expression as before.
  Be Careful when simplifying fractions! Why does the fraction [image: \dfrac{(25)}{3(25)-1}] not simplify to [image: \dfrac{\cancel{(25)}}{3\cancel{(25)}-1}=\dfrac{1}{3-1}=\dfrac{1}{2}]? 
 Using the inverse property of multiplication, we are permitted to “cancel out” common factors in the numerator and denominator such that [image: \dfrac{a}{a}=1].But be careful! We have no rule that allows us to cancel numbers in the top and bottom of a fractions that are contained in sums or differences. You’ll see this idea reappear frequently throughout the course.
  Evaluate each expression for the given values. 	[image: x+5] for [image: x=-5]
 	[image: \frac{t}{2t - 1}] for [image: t=10]
 	[image: \dfrac{4}{3}\pi {r}^{3}] for [image: r=5]
 	[image: a+ab+b] for [image: a=11,b=-8]
 	[image: \sqrt{2{m}^{3}{n}^{2}}] for [image: m=2,n=3]
 
 Show Solution 	Substitute [image: -5] for [image: x]. [image: \begin{align}x+5 &=\left(-5\right)+5 \\ &=0\end{align}]
 
 	Substitute [image: 10] for [image: t]. [image: \begin{align}\frac{t}{2t-1} & =\frac{\left(10\right)}{2\left(10\right)-1} \\ & =\frac{10}{20-1} \\ & =\frac{10}{19}\end{align}]
 
 	Substitute [image: 5] for [image: r]. [image: \begin{align}\frac{4}{3}\pi r^{3} & =\frac{4}{3}\pi\left(5\right)^{3} \\ & =\frac{4}{3}\pi\left(125\right) \\ & =\frac{500}{3}\pi\end{align}]
 
 	Substitute [image: 11] for [image: a] and –8 for [image: b]. [image: \begin{align}a+ab+b & =\left(11\right)+\left(11\right)\left(-8\right)+\left(-8\right) \\ & =11-8-8 \\ & =-85\end{align}]
 
 	Substitute [image: 2] for [image: m] and 3 for [image: n]. [image: \begin{align}\sqrt{2m^{3}n^{2}} & =\sqrt{2\left(2\right)^{3}\left(3\right)^{2}} \\ & =\sqrt{2\left(8\right)\left(9\right)} \\ & =\sqrt{144} \\ & =12\end{align}]
 
 
   An interactive online homework element has been excluded from the printed version of the text. To see the interactive element that was excluded, please visit the courseware online.
 
  An interactive online homework element has been excluded from the printed version of the text. To see the interactive element that was excluded, please visit the courseware online.
 
  An interactive online homework element has been excluded from the printed version of the text. To see the interactive element that was excluded, please visit the courseware online.
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				 	Find the value of a function
 
  Finding Input and Output Values of a Function
 When we know an input value and want to determine the corresponding output value for a function, we evaluate the function. Evaluating will always produce one result because each input value of a function corresponds to exactly one output value.
 When we know an output value and want to determine the input values that would produce that output value, we set the output equal to the function’s formula and solve for the input. Solving can produce more than one solution because different input values can produce the same output value.
 Evaluation of Functions in Algebraic Forms
 When we have a function in formula form, it is usually a simple matter to evaluate the function. For example, the function [image: f(x)=5−3x^2] can be evaluated by squaring the input value, multiplying by [image: 3], and then subtracting the product from [image: 5].
 How to: Given the formula for a function, evaluate. 	Substitute the input variable in the formula with the value provided.
 	Calculate the result.
 
  When evaluating functions, it’s handy to wrap the input variable in parentheses before making the substitution.
 [image: \\]
 For example, given [image: f(x)=x^2 - 8], find [image: f(-3)]. [image: \begin{align}f(x)&=(x)^2 - 8 \\ &= (-3)^2 - 8 \\ &= 9 - 8 \\ &= 1\end{align}]
 The value of the function [image: f(x)=x^2 - 8], at the input [image: x=-3], is [image: 1].
  For the function, [image: f\left(x\right)={x}^{2}+3x - 4], evaluate each of the following. 	[image: f\left(2\right)]
 	[image: f(a)]
 	[image: f(a+h)]
 	[image: \dfrac{f\left(a+h\right)-f\left(a\right)}{h}]
 
 Show Solution Replace the [image: x] in the function with each specified value.
 	Because the input value is a number, 2, we can use algebra to simplify. [image: \begin{align}f\left(2\right)&={2}^{2}+3\left(2\right)-4 \\ &=4+6 - 4 \\ &=6\hfill \end{align}]
 
 	In this case, the input value is a letter so we cannot simplify the answer any further. [image: f\left(a\right)={a}^{2}+3a - 4]
 
 	With an input value of [image: a+h], we must use the distributive property. [image: \begin{align}f\left(a+h\right)&={\left(a+h\right)}^{2}+3\left(a+h\right)-4 \\[2mm] &={a}^{2}+2ah+{h}^{2}+3a+3h - 4 \end{align}]
 
 	In this case, we apply the input values to the function more than once, and then perform algebraic operations on the result. We already found that: [image: f\left(a+h\right)={a}^{2}+2ah+{h}^{2}+3a+3h - 4]
 and we know that:
 [image: f\left(a\right)={a}^{2}+3a - 4]
 Now we combine the results and simplify.
 [image: \begin{align}\dfrac{f\left(a+h\right)-f\left(a\right)}{h}&=\dfrac{\left({a}^{2}+2ah+{h}^{2}+3a+3h - 4\right)-\left({a}^{2}+3a - 4\right)}{h} \\[2mm] &=\dfrac{2ah+{h}^{2}+3h}{h}\\[2mm] &=\frac{h\left(2a+h+3\right)}{h}&&\text{Factor out }h. \\[2mm] &=2a+h+3&&\text{Simplify}.\end{align}]
 
 
   Functions can be evaluated for negative values of [image: x], too. Keep in mind the rules for integer operations.
 Given [image: p(x)=2x^{2}+5], find [image: p(−3)]. Show Solution Substitute [image: -3] in for [image: x] in the function.
 [image: p(−3)=2(−3)^{2}+5]
 Simplify the expression on the right side of the equation.
 [image: \begin{array}{lll}p(−3)=2(9)+5\\p(−3)=18+5\\p(−3)=23\end{array}]
   An interactive online homework element has been excluded from the printed version of the text. To see the interactive element that was excluded, please visit the courseware online.
 
  In addition to evaluating functions for a particular input, we can also solve functions for the input that creates a particular output.
 How to: Solve a Function. 	Replace the output in the formula with the value provided.
 	Solve for the input variable that makes the statement true.
 
  Given the function [image: h\left(p\right)={p}^{2}+2p], solve for [image: h\left(p\right)=3]. Show Solution [image: \begin{align}&h\left(p\right)=3\\ &{p}^{2}+2p=3 &&\text{Substitute the original function }h\left(p\right)={p}^{2}+2p. \\ &{p}^{2}+2p - 3=0 &&\text{Subtract 3 from each side}. \\ &\left(p+3\text{)(}p - 1\right)=0 &&\text{Factor}. \end{align}]
 If [image: \left(p+3\right)\left(p - 1\right)=0], either [image: \left(p+3\right)=0] or [image: \left(p - 1\right)=0] (or both of them equal 0). We will set each factor equal to 0 and solve for [image: p] in each case.
 [image: \begin{align}&p+3=0, &&p=-3 \\ &p - 1=0, &&p=1\hfill \end{align}]
 This gives us two solutions. The output [image: h\left(p\right)=3] when the input is either [image: p=1] or [image: p=-3].
 [image: Graph of a parabola with labeled points (-3, 3), (1, 3), and (4, 24).] 
 We can also verify by graphing, as seen above. The graph verifies that [image: h\left(1\right)=h\left(-3\right)=3] and [image: h\left(4\right)=24]. 
  An interactive online homework element has been excluded from the printed version of the text. To see the interactive element that was excluded, please visit the courseware online.
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				 	Determine whether a function is one-to-one
 
  Determining Whether a Function is One-to-One
 Some functions have a given output value that corresponds to two or more input values. For example, in the stock chart shown below, the stock price was [image: $1000] on five different dates, meaning that there were five different input values that all resulted in the same output value of [image: $1000].
 [image: a graph of market prices.] 
 However, some functions have only one input value for each output value, as well as having only one output for each input. We call these functions one-to-one functions. As an example, consider a school that uses only letter grades and decimal equivalents, as listed in the table below.
 	Letter grade 	Grade point average 
  	A 	4.0 
 	B 	3.0 
 	C 	2.0 
 	D 	1.0 
  
 This grading system represents a one-to-one function, because each letter input yields one particular grade point average output and each grade point average corresponds to one input letter.
 one-to-one function
 A one-to-one function is a function in which each output value corresponds to exactly one input value.
 
  	Is a balance a one-to-one function of the bank account number?
 	Is a bank account number a one-to-one function of the balance?
 	Is a balance a one-to-one function of the bank account number?
 
 Show Solution 	Yes, because each bank account (input) has a single balance (output) at any given time.
 	No, because several bank accounts (inputs) may have the same balance (output).
 	No, because the more than one bank account (input) can have the same balance (output).
 
   An interactive online homework element has been excluded from the printed version of the text. To see the interactive element that was excluded, please visit the courseware online.
 
  The Horizontal Line Test
 Once we have determined that a graph defines a function, an easy way to determine if it is a one-to-one function is to use the horizontal line test. Draw horizontal lines through the graph. If we can draw any horizontal line that intersects a graph more than once, then the graph does not represent a one-to-one function because that [image: y] value has more than one input.
 horizontal line test
 The horizontal line test checks if a function is one-to-one by ensuring that no horizontal line intersects the graph more than once.
  How To: Horizontal Line TestGiven a graph of a function, use the horizontal line test to determine if the graph represents a one-to-one function following these steps. 	Inspect the graph to see if any horizontal line drawn would intersect the curve more than once.
 	If there is any such line, the function is not one-to-one.
 	If no horizontal line can intersect the curve more than once, the function is one-to-one.
 
  Which of the graphs represent(s) a one-to-one function?[image: Graph of a polynomial.] Show Solution The function in (a) is not one-to-one. The horizontal line shown below intersects the graph of the function at two points (and we can even find horizontal lines that intersect it at three points.)[image: image]The function in (b) is one-to-one. Any horizontal line will intersect a diagonal line at most once. The function in (c) is not one-to-one. The horizontal line intersects the graph of the function at two points. 
  An interactive online homework element has been excluded from the printed version of the text. To see the interactive element that was excluded, please visit the courseware online.
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				 	Use algebraic operations to combine functions and create new expressions
 	Build a new function by combining two or more functions together
 	Calculate the output for composite functions for given values and determine the set of inputs that work for these functions
 	Break down a composite function into the original functions that were combined to make it
 
  Combining Functions Using Algebraic Operations
 Suppose we need to add two columns of numbers that represent a husband and wife’s separate annual incomes over a period of years, with the result being their total household income. We want to do this for every year, adding only that year’s incomes and then collecting all the data in a new column.
 If [image: w\left(y\right)] is the wife’s income and [image: h\left(y\right)] is the husband’s income in year [image: y], and we want [image: T] to represent the total income, then we can define a new function.
 [image: T\left(y\right)=h\left(y\right)+w\left(y\right)]
 If this holds true for every year, then we can focus on the relation between the functions without reference to a year and write
 [image: T=h+w]
 
 Just as for this sum of two functions, we can define difference, product, and ratio functions for any pair of functions that have the same kinds of inputs (not necessarily numbers) and also the same kinds of outputs (which do have to be numbers so that the usual operations of algebra can apply to them, and which also must have the same units or no units when we add and subtract). In this way, we can think of adding, subtracting, multiplying, and dividing functions.
 algebraic operations on functions
 For two functions [image: f\left(x\right)] and [image: g\left(x\right)] with real number outputs, we define new functions [image: f+g,f-g,f\cdot{g}], and [image: \dfrac{f}{g}] by the relations:
  
 [image: \begin{align} \text{Addition:} \quad \left(f+g\right)\left(x\right) &= f\left(x\right)+g\left(x\right) \\[2mm] \text{Subtraction:} \quad \left(f-g\right)\left(x\right) &= f\left(x\right)-g\left(x\right) \\[2mm] \text{Multiplication:} \quad \left(f\cdot{g}\right)\left(x\right) &= f\left(x\right)\cdot{g}\left(x\right) \\[2mm] \text{Division:} \quad \left(\dfrac{f}{g}\right)\left(x\right) &= \dfrac{f\left(x\right)}{g\left(x\right)}, \quad \text{where } g(x) \neq 0 \end{align}]
  Find and simplify the functions[image: (g-f)(x)] and [image: \left(\dfrac{g}{f}\right)(x)],given[image: f\left(x\right)=x - 1] and [image: g\left(x\right)={x}^{2}-1].Give the domain of your result. Are they the same function? Show Solution Begin by writing the general form, and then substitute the given functions.
 [image: \begin{align}\left(g-f\right)\left(x\right)&=g\left(x\right)-f\left(x\right) \\[2mm] \left(g-f\right)\left(x\right)&={x}^{2}-1-\left(x - 1\right)\\[2mm] \text{ }&={x}^{2}-x \\[2mm] \text{ }&=x\left(x - 1\right) \\[2mm]\end{align}\hspace{20mm}] [image: \begin{align}\text{ }\left(\frac{g}{f}\right)\left(x\right)&=\frac{g\left(x\right)}{f\left(x\right)} \\[2mm] \text{ }\left(\frac{g}{f}\right)\left(x\right)&=\frac{{x}^{2}-1}{x - 1}\\[2mm] \text{ }&=\frac{\left(x+1\right)\left(x - 1\right)}{x - 1}\text{ where }x\ne 1 \\[2mm] \text{ }&=x+1 \end{align}]
  
 The domain [image: (g-f)(x)] is all real numbers and the domain of [image: \left(\dfrac{g}{f}\right)(x)] is [image: x\ne1]. The functions are not the same.
 Note: For [image: \left(\dfrac{g}{f}\right)\left(x\right)], the condition [image: x\ne 1] is necessary because when [image: x=1], [image: f(x)=1-1=0], which makes the quotient function undefined (dividing by zero).
 
  An interactive online homework element has been excluded from the printed version of the text. To see the interactive element that was excluded, please visit the courseware online.
 
  An interactive online homework element has been excluded from the printed version of the text. To see the interactive element that was excluded, please visit the courseware online.
 
  An interactive online homework element has been excluded from the printed version of the text. To see the interactive element that was excluded, please visit the courseware online.
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				Create a Function by Composition of Functions
 Suppose we want to calculate how much it costs to heat a house on a particular day of the year. The cost to heat a house will depend on the average daily temperature, and in turn, the average daily temperature depends on the particular day of the year. Notice how we have just defined two relationships: The cost depends on the temperature, and the temperature depends on the day.
 [image: Explanation of C(T(5)), which is the cost for the temperature and T(5) is the temperature on day 5.]
 The process of combining functions so that the output of one function becomes the input of another is known as a composition of functions. The resulting function is known as a composite function.
 composite function
 The composition of functions is a way of combining two functions to form a new function.
  
 If we have two functions [image: f] and [image: g], the composition of [image: f] and [image: g], written as [image: f\circ g], is defined by:
 [image: (f \circ g)(x) = f(g(x))]
  
 We read the left-hand side as “[image: f] composed with [image: g] at [image: x], ” and the right-hand side as “[image: f] of [image: g] of [image: x].”
  
 The domain of [image: f\circ g] is the set of all [image: x] in the domain of [image: g] such that [image: g(x)] is in the domain of [image: f]. In other words, [image: x] must satisfy both the domain requirements of [image: g] and the domain requirements of [image: f(g(x))]
  The open circle symbol [image: \circ] is called the composition operator. We use this operator mainly when we wish to emphasize the relationship between the functions themselves without referring to any particular input value. The function [image: c\left(s\right)] gives the number of calories burned completing [image: s] sit-ups, and [image: s\left(t\right)] gives the number of sit-ups a person can complete in [image: t] minutes. Interpret [image: c\left(s\left(3\right)\right)]. Show Solution The inside expression in the composition is [image: s\left(3\right)]. Because the input to the s-function is time, [image: t=3] represents 3 minutes, and [image: s\left(3\right)] is the number of sit-ups completed in 3 minutes.
 [image: \\]
 Using [image: s\left(3\right)] as the input to the function [image: c\left(s\right)] gives us the number of calories burned during the number of sit-ups that can be completed in 3 minutes, or simply the number of calories burned in 3 minutes (by doing sit-ups).
  Note that the range of the inside function (the first function to be evaluated) needs to be within the domain of the outside function. Less formally, the composition has to make sense in terms of inputs and outputs. Additionally, in applied settings, function composition usually only makes sense in one specific order.
 Suppose [image: f\left(x\right)] gives miles that can be driven in [image: x] hours and [image: g\left(y\right)] gives the gallons of gas used in driving [image: y] miles. Which of these expressions is meaningful: [image: f\left(g\left(y\right)\right)] or [image: g\left(f\left(x\right)\right)?] Show Solution The function [image: y=f\left(x\right)]is a function whose output is the number of miles driven corresponding to the number of hours driven.[image: \text{number of miles }=f\left(\text{number of hours}\right)]The function [image: g\left(y\right)] is a function whose output is the number of gallons used corresponding to the number of miles driven. This means:[image: \text{number of gallons }=g\left(\text{number of miles}\right)]The expression [image: g\left(y\right)] takes miles as the input and a number of gallons as the output. The function [image: f\left(x\right)] requires a number of hours as the input. Trying to input a number of gallons does not make sense. The expression [image: f\left(g\left(y\right)\right)] is meaningless.
 [image: \\]
 The expression [image: f\left(x\right)] takes hours as input and a number of miles driven as the output. The function [image: g\left(y\right)] requires a number of miles as the input. Using [image: f\left(x\right)] (miles driven) as an input value for [image: g\left(y\right)], where gallons of gas depends on miles driven, does make sense. The expression [image: g\left(f\left(x\right)\right)] makes sense, and will yield the number of gallons of gas used, [image: g], driving a certain number of miles, [image: f\left(x\right)], in [image: x] hours.
  It is also important to understand the order of operations in evaluating a composite function. We follow the usual convention with parentheses by starting with the innermost parentheses first, and then working to the outside.
 [image: Explanation of the composite function. g(x), the output of g is the input of f. X is the input of g.]
 In general [image: f\circ g] and [image: g\circ f] are different functions. In other words in many cases [image: f\left(g\left(x\right)\right)\ne g\left(f\left(x\right)\right)] for all [image: x]. Given [image: f(x) = x^2] and [image: g(x) = x + 2], find [image: f\circ g] and [image: g\circ f]. Also, find its domain. [image: f\circ g] [image: \begin{align*} (f \circ g)(x) &= f(g(x)) \\ &= f(x + 2) \\ &= (x + 2)^2 \\ &= x^2 + 4x + 4 \end{align*}]So, [image: (f \circ g)(x) = x^2 + 4x + 4]
 [image: g\circ f] [image: \begin{align*} (g \circ f)(x) &= g(f(x)) \\ &= g(x^2) \\ &= x^2 + 2 \end{align*}]So, [image: (g \circ f)(x) = x^2 + 2]
 Why Order Matters In our example, we clearly see that [image: (f \circ g)(x) = x^2 + 4x + 4] is different from [image: (g \circ f)(x) = x^2 + 2]. This difference occurs because we are performing the operations in a different sequence. Therefore, when composing functions, always pay close attention to the order to ensure you get the correct result.Remember: [image: (f \circ g)(x) \neq (g \circ f)(x)] in general!
 Domain of the Composition of Functions Domain of [image: (f \circ g)(x)]:
 	The domain of [image: g(x) = x+2] is all real numbers, [image: (-\infty, \infty)].
 	[image: f(x) = x^2] is also defined for all real numbers, [image: (-\infty, \infty)].
 
 Therefore, the domain of [image: (f \circ g)(x) = x^2 + 4x + 4] is all real numbers, [image: (-\infty, \infty)].
 Following the same reasoning, the domain of [image: (g \circ f)(x) = x^2 + 2] is also all real numbers, [image: (-\infty, \infty)].
 [image: ]
 It’s important to remember that function composition is not the same as multiplication of functions. When we compose two functions, we are plugging one function into another, not multiplying their outputs. [image: (f \circ g)(x) \ne (f \cdot g)(x)]
  An interactive online homework element has been excluded from the printed version of the text. To see the interactive element that was excluded, please visit the courseware online.
 
  An interactive online homework element has been excluded from the printed version of the text. To see the interactive element that was excluded, please visit the courseware online.
 
  Given [image: f(x) = x-3] and [image: g(x) = \sqrt{x}], find [image: (f \circ g)(x)] and its domain. [image: (f \circ g)(x)] [image: \begin{align*} (f \circ g)(x) &= f(g(x)) \\ &= f(\sqrt{x}) \\ &= \sqrt{x} - 3 \end{align*}]
 Domain 	Determine the Domain of [image: g(x) = \sqrt{x}]: The function is defined for [image: x \geq 0]. So, the domain is [image: [0, \infty)].
 	Determine the Domain of [image: f(g(x)) = \sqrt{x} - 3]: Since [image: \sqrt{x}] must be a non-negative number, the composition [image: \sqrt{x} - 3] is defined for [image: x \geq 0].
 	Note: There are no additional restrictions from the function [image: f(x) = x-3].
 
 Therefore, the domain of [image: (f \circ g)(x) = \sqrt{x} - 3] is [image: [0, \infty)].
  An interactive online homework element has been excluded from the printed version of the text. To see the interactive element that was excluded, please visit the courseware online.
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				Evaluating Composite Functions
 Once we compose a new function from two existing functions, we need to be able to evaluate it for any input in its domain. We will do this with specific numerical inputs for functions expressed as tables, graphs, and formulas and with variables as inputs to functions expressed as formulas. In each case, we evaluate the inner function using the starting input and then use the inner function’s output as the input for the outer function.
 Using Tables
 When working with functions given as tables, we read input and output values from the table entries and always work from the inside to the outside. We evaluate the inside function first and then use the output of the inside function as the input to the outside function.
 Using the table below, evaluate [image: (f \circ g)(3)] and [image: (g \circ f)(3)].    	[image: x] 	[image: f\left(x\right)] 	[image: g\left(x\right)] 
  	[image: 1] 	[image: 6] 	[image: 3] 
 	[image: 2] 	[image: 8] 	[image: 5] 
 	[image: 3] 	[image: 3] 	[image: 2] 
 	[image: 4] 	[image: 1] 	[image: 7] 
  
 Show Solution 	First, find [image: g(3)]: From the table, when [image: x=3], [image: g(3) = 2].
 	Next, find [image: f(g(3)) = f(2)]: From the table, when [image: x=2], [image: f(2) = 8].
 
 Therefore, [image: (f \circ g)(3) = f(g(3)) = f(2) = 8].
 To evaluate [image: g\left(f\left(3\right)\right)], we first evaluate the inside expression [image: f\left(3\right)] using the first table: [image: f\left(3\right)=3]. Then, using the table for [image: g], we can evaluate
 [image: g\left(f\left(3\right)\right)=g\left(3\right)=2]
 The table below shows the composite functions [image: f\circ g] and [image: g\circ f] as tables.
      	[image: x] 	[image: g\left(x\right)] 	[image: f\left(g\left(x\right)\right)] 	[image: f\left(x\right)] 	[image: g\left(f\left(x\right)\right)] 
 	[image: 3] 	[image: 2] 	[image: 8] 	[image: 3] 	[image: 2] 
  
   An interactive online homework element has been excluded from the printed version of the text. To see the interactive element that was excluded, please visit the courseware online.
 
  Using Graphs
 When we are given individual functions as graphs, the procedure for evaluating composite functions is similar to the process we use for evaluating tables. We read the input and output values, but this time, from the [image: x-] and [image: y-]axes of the graphs.
 How To: Given a composite function and graphs of its individual functions, evaluate it using the information provided by the graphs.
  	Locate the given input to the inner function on the [image: x\text{-}] axis of its graph.
 	Read off the output of the inner function from the [image: y\text{-}] axis of its graph.
 	Locate the inner function output on the [image: x\text{-}] axis of the graph of the outer function.
 	Read the output of the outer function from the [image: y\text{-}] axis of its graph. This is the output of the composite function.
 
  Using the graphs below, evaluate [image: (f \circ g)(3)], [image: (g \circ f)(3)], and [image: f(g(1))].[image: Explanation of the composite function.] [image: (f \circ g)(3)] Find [image: g(3)] using graph (a):
 	Locate [image: x = 3] on the [image: g(x)] graph.
 	[image: g(3)] is the [image: y]-value at [image: x=3], which is [image: 2].
 
 Find [image: f(g(3)) = f(2)] using graph (b):
 	Locate [image: x = 2] on the [image: f(x)] graph.
 	[image: f(2)] is the [image: y]-value at [image: x=2], which is [image: 5].
 
 Therefore, [image: (f \circ g)(3) = 5].
 [image: (g \circ f)(3)] [image: \begin{align*} \text{First, find } f(3) \text{ using graph (b):} \\ f(3) &= 6 \quad \text{(Locate } x = 3 \text{ on the } f(x) \text{ graph, } f(3) \text{ is the } y \text{-value at } x = 3) \\[2mm] \text{Next, find } g(f(3)) = g(6) \text{ using graph (a):} \\ g(6) &= 7 \quad \text{(Locate } x = 6 \text{ on the } g(x) \text{ graph, } g(6) \text{ is the } y \text{-value at } x = 6) \\[2mm] \text{Therefore, } (g \circ f)(3) &= 7 \end{align*}]
 [image: f(g(1))] [image: f(g(1)) = f(3) = 6]
 [image: Two graphs of a positive and negative parabola.]
  An interactive online homework element has been excluded from the printed version of the text. To see the interactive element that was excluded, please visit the courseware online.
 
  Using Formulas
 When evaluating a composite function where we have either created or been given formulas, the rule of working from the inside out remains the same. The input value to the outer function will be the output of the inner function, which may be a numerical value, a variable name, or a more complicated expression.
 While we can compose the functions for each individual input value, it is sometimes helpful to find a single formula that will calculate the result of a composition [image: (f \circ g)(x)].
 How To: Given a formula for a composite function, evaluate the function.
  	Evaluate the inside function using the input value or variable provided.
 	Use the resulting output as the input to the outside function.
 
  Given that [image: f(x) = x^2-x] and [image: h(x) = 3x+2], find [image: (f \circ h)(1)], [image: (h \circ f)(1)], and [image: (f \circ h \circ f)(1)]. [image: (f \circ h)(1)] [image: \begin{align*} \text{First, find } h(1): \\ h(1) &= 3(1) + 2 \\ &= 3 + 2 \\ &= 5 \\[2mm] \text{Next, find } f(h(1)) = f(5): \\ f(5) &= 5^2 - 5 \\ &= 25 - 5 \\ &= 20 \\[2mm] \text{Therefore, } f(h(1)) &= 20 \end{align*}]We can also find the composition function [image: f \circ h] first, and then use this to to evaluate the expressions.[image: \begin{align*} (f \circ h)(x) &= f(h(x)) \\ &= f(3x + 2) \\ &= (3x + 2)^2 - (3x + 2) \\ &= 9x^2 + 12x + 4 - 3x - 2 \\ &= 9x^2 + 9x + 2 \end{align*}]Therefore, [image: (f \circ h)(1) = 9(1)^2 + 9(1) + 2 = 9+9+2 = 20].
 [image: (h \circ f)(1)] \begin{align*} \text{First, find } f(1): \\ f(1) &= 1^2 – 1 \\ &= 1 – 1 \\ &= 0 \\[2mm] \text{Next, find } h(f(1)) = h(0): \\ h(0) &= 3(0) + 2 \\ &= 0 + 2 \\ &= 2 \\[2mm] \text{Therefore, } h(f(1)) &= 2 \end{align*}
 [image: (f \circ h \circ f)(1)] \begin{align*} \text{First, find } f(1): \\ f(1) &= 1^2 – 1 \\ &= 1 – 1 \\ &= 0 \\[2mm] \text{Next, find } h(f(1)) = h(0): \\ h(0) &= 3(0) + 2 \\ &= 0 + 2 \\ &= 2 \\[2mm] \text{Finally, find } f(h(f(1))) = f(2): \\ f(2) &= 2^2 – 2 \\ &= 4 – 2 \\ &= 2 \\[2mm] \text{Therefore, } f(h(f(1))) &= 2 \end{align*}
  An interactive online homework element has been excluded from the printed version of the text. To see the interactive element that was excluded, please visit the courseware online.
 
  When evaluating the composition of functions at a specific value, always check the domains of both functions first. The value must be in the domain of the inner function, and the result must be in the domain of the outer function. This ensures the composition is valid. What value(s) of [image: x] that are not allowed for the composition [image: f \circ g] if [image: f(x) = \dfrac{5}{x - 1}] and [image: g(x) = \dfrac{4}{3x - 2}]? Show Answer Check the domain of [image: g(x)]:
 	[image: g(x) = \dfrac{4}{3x - 2} \text{ is defined for } 3x - 2 \neq 0.]
 	[image: 3x - 2 \neq 0 \Rightarrow x \neq \dfrac{2}{3}.]
 
 Check the domain of [image: f(g(x))]:
 	[image: f(x) = \dfrac{5}{x - 1} \text{ is defined for } x - 1 \neq 0 \Rightarrow x \neq 1.]
 	Our input is now [image: g(x)]. So, we need to ensure that [image: g(x) \neq 1].
 	[image: g(x) = \dfrac{4}{3x - 2} \neq 1 \Rightarrow \dfrac{4}{3x - 2} \neq 1 \Rightarrow 4 \neq 3x - 2 \Rightarrow 3x \neq 6 \Rightarrow x \neq 2]
 
 Therefore, the values of [image: x] that are not allowed are [image: x \neq \dfrac{2}{3}] and [image: x \neq 2].
 Note: The value [image: x=1] does not need to be excluded since it is not directly applicable in this context; [image: x=1] would be relevant if we were evaluating [image: f(x)] directly.
  An interactive online homework element has been excluded from the printed version of the text. To see the interactive element that was excluded, please visit the courseware online.
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				Decomposing a Composite Function
 In some cases, it is necessary to decompose a complicated function. In other words, we can write it as a composition of two simpler functions. There may be more than one way to decompose a composite function, so we may choose the decomposition that appears to be most expedient.
 Write [image: f(x)=\sqrt{5-{x}^{2}}] as the composition of two functions. 
 
 We are looking for two functions, [image: g] and [image: h], so [image: f\left(x\right)=g\left(h\left(x\right)\right)]. To do this, we look for a function inside a function in the formula for [image: f\left(x\right)].There are multiple ways to express [image: f(x)=\sqrt{5-{x}^{2}}] as the composition of two functions.
 Option 1 	[image: h(x) = 5 - x^2]
 	[image: g(x) = \sqrt{x}]
 
 Thus:
 [image: \begin{align*} f(x) = g(h(x)) &= g(5 - x^2) \\ \text{Since } g(x) &= \sqrt{x}, \text{ we have:} \\ g(5 - x^2) &= \sqrt{5 - x^2} \end{align*}]
  Option 2 	[image: h(x) = x^2]
 	[image: g(x) = \sqrt{5 - x}]
 
 Thus:
 [image: \begin{align*} f(x) = g(h(x)) &= g(x^2) \\ \text{Since } g(x) &= \sqrt{5 - x}, \text{ we have:} \\ g(x^2) &= \sqrt{5 - x^2} \end{align*}]
  Option 3 	[image: h(x) = x]
 	[image: g(x) = \sqrt{5 - x^2}]
 
 Thus:
 [image: \begin{align*} f(x) = g(h(x)) &= g(x) \\ \text{Since } g(x) &= \sqrt{5 - x^2}, \text{ we have:} \\ g(x) &= \sqrt{5 - x^2} \end{align*}]
   Write [image: f\left(x\right)=\sqrt{5-{x}^{2}}] as the composition of two functions. Show Solution We are looking for two functions, [image: g] and [image: h], so [image: f\left(x\right)=g\left(h\left(x\right)\right)]. To do this, we look for a function inside a function in the formula for [image: f\left(x\right)]. As one possibility, we might notice that the expression [image: 5-{x}^{2}] is the inside of the square root. We could then decompose the function as
 [image: h\left(x\right)=5-{x}^{2}\hspace{2mm}\text{and}\hspace{2mm}g\left(x\right)=\sqrt{x}]
 We can check our answer by recomposing the functions.
 [image: g\left(h\left(x\right)\right)=g\left(5-{x}^{2}\right)=\sqrt{5-{x}^{2}}]
 Analysis of the Solution
 For every composition there are infinitely many possible function pairs that will work. In this case, another function pair where [image: g\left(h\left(x\right)\right)=\sqrt{5-{x}^{2}}]  is  [image: h(x)=x^2] and [image: g(x)=\sqrt{5-x}]
   An interactive online homework element has been excluded from the printed version of the text. To see the interactive element that was excluded, please visit the courseware online.
 
  An interactive online homework element has been excluded from the printed version of the text. To see the interactive element that was excluded, please visit the courseware online.
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				 	Use algebraic operations to combine functions and create new expressions
 	Build a new function by combining two or more functions together
 	Calculate the output for composite functions for given values and determine the set of inputs that work for these functions
 	Break down a composite function into the original functions that were combined to make it
 
  Understanding Composite Functions
 Now that you have learned about composite functions and their domains, let’s interpret what a composite function means.
 A composite function combines two functions where the output of one function becomes the input of another.If we have two functions [image: f(x)] and [image: g(x)], the composite function [image: (f \circ g)(x)] means we first apply [image: g(x)]and then apply [image: f] to the result of [image: g(x)]. Composite functions can model real-world scenarios where a series of processes or transformations are applied sequentially.
 Recall the example: Suppose we want to calculate how much it costs to heat a house on a particular day of the year. The cost to heat a house will depend on the average daily temperature, and in turn, the average daily temperature depends on the particular day of the year.Notice how we have just defined two relationships: 	The cost depends on the temperature
 	the temperature depends on the day
 
 Using descriptive variables, we can notate these two functions.
 	The function [image: C\left(T\right)] gives the cost [image: C] of heating a house for a given average daily temperature in [image: T] degrees Celsius.
 	The function [image: T\left(d\right)] gives the average daily temperature on day [image: d] of the year.
 
 For any given day, [image: \text{Cost}=C\left(T\left(d\right)\right)] means that the cost depends on the temperature, which in turns depends on the day of the year. Thus, we can evaluate the cost function at the temperature [image: T\left(d\right)].
 For example, we could evaluate [image: T\left(5\right)] to determine the average daily temperature on the 5th day of the year. Then, we could evaluate the cost function at that temperature. We would write [image: C\left(T\left(5\right)\right)].
 [image: Explanation of C(T(5)), which is the cost for the temperature and T(5) is the temperature on day 5.]
  The function [image: c\left(s\right)] gives the number of calories burned completing [image: s] sit-ups, and [image: s\left(t\right)] gives the number of sit-ups a person can complete in [image: t] minutes.Interpret [image: c(s(3))]. 
 To interpret [image: c(s(3))], follow these steps:
 	Identify [image: s(3)]: This represents the number of sit-ups a person can complete in [image: 3] minutes. So, [image: s(3)] tells us how many sit-ups are done in [image: 3] minutes.
 	Apply [image: c] to [image: s(3)]: Once you know the number of sit-ups completed in [image: 3] minutes (which is [image: s(3)], you use the function [image: c] to determine how many calories are burned from doing that number of sit-ups.
 
 Thus, [image: c(s(3))] represents the number of calories burned from the number of sit-ups that can be completed in [image: 3] minutes.
 In other words, you first calculate how many sit-ups are completed in [image: 3] minutes, and then determine the calories burned from that amount of exercise.
  An interactive online homework element has been excluded from the printed version of the text. To see the interactive element that was excluded, please visit the courseware online.
 
  An interactive online homework element has been excluded from the printed version of the text. To see the interactive element that was excluded, please visit the courseware online.
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				 	Shift graphs up, down, left, or right to understand how functions move on the coordinate plane
 	Flip graphs across the [image: x]-axis or [image: y]-axis to see how functions mirror themselves
 	Look at a graph to decide if a function is symmetrical around the [image: y]-axis (even), the origin (odd), or not symmetrical at all
 	Apply compressions and stretches to function graphs
 	Use different moves and changes like shifting, flipping, squishing, and stretching on graphs
 
  We all know that a flat mirror enables us to see an accurate image of ourselves and whatever is behind us. When we tilt the mirror, the images we see may shift horizontally or vertically. But what happens when we bend a flexible mirror? Like a carnival funhouse mirror, it presents us with a distorted image of ourselves, stretched or compressed horizontally or vertically. In a similar way, we can distort or transform mathematical functions to better adapt them to describing objects or processes in the real world.
 Identifying Vertical Shifts
 One simple kind of transformation involves shifting the entire graph of a function up and down, known as a vertical shift. 
 vertical shift
 A vertical shift occurs when you add or subtract a constant value to the function [image: f(x)].
 This shifts the graph of the function vertically without changing its shape.
 	Upward shift: If you add a constant [image: c] to the function [image: f(x)], the graph of the function shifts upward by [image: c] units.
 
 [image: g(x) = f(x) +c]
 	Downward shift: If you subtract a constant [image: c] to the function [image: f(x)], the graph of the function shifts downward by [image: c] units.
 
 [image: h(x) = f(x) -c]
  The image below shows the graph of a function [image: f(x)] (solid blue line) and its vertically shifted version [image: f(x) + 1] (dashed orange line).[image: Graph of f of x equals the cubed root of x shifted upward one unit, the resulting graph passes through the point (0,1) instead of (0,0), (1, 2) instead of (1,1) and (-1, 0) instead of (-1, -1)]Original Function [image: f(x)] 	The solid blue curve represents the original function [image: \sqrt[3]{x}].
 	The function [image: f(x)] passes through the origin [image: (0,0)] because [image: \sqrt[3]{0} = 0].
 
 Vertically Shifted Function [image: f(x) + 1]
 	The dashed orange curve represents the function  [image: f(x) + 1  = \sqrt[3]{x} + 1].
 	Each point on the graph of [image: f(x) + 1] is exactly [image: 1] unit higher than the corresponding point on the graph of [image: f(x)].
 	For example: 	If [image: x=0], then [image: \sqrt[3]{0} +1 = 0 + 1  = 1].
 	If [image: x=1], then [image: \sqrt[3]{1} +1 = 1 + 1  = 2].
 
 
 
 A vertical shift involves moving the graph of a function up or down without altering its shape. In this case, adding [image: 1] to the function [image: f(x) = \sqrt[3]{x}] results in a vertical shift of the graph upward by [image: 1] unit.
  A function [image: f(x)] is given below. Create a table for the function [image: g(x) = f(x)-3].      	[image: x] 	[image: 2] 	[image: 4] 	[image: 6] 	[image: 8] 
 	[image: f(x)]  	[image: 1] 	[image: 3] 	[image: 7] 	[image: 11] 
  
 Show Solution The formula [image: g(x) = f(x)-3] tells us that we can find the output values of [image: g] by subtracting [image: 3] from the output values of [image: f].
 For example:
 [image: \begin{align*} \text{Given:} \quad & f(2) = 1 \\ \text{Given transformation:} \quad & g(x) = f(x) - 3 \\ \text{Calculate:} \quad & g(2) = f(2) - 3 \\ & = 1 - 3 \\ & = -2 \end{align*}]
 Subtracting [image: 3] from each [image: f\left(x\right)] value, we can complete a table of values for [image: g\left(x\right)].
      	[image: x] 	[image: 2] 	[image: 4] 	[image: 6] 	[image: 8] 
 	[image: f(x)]  	[image: 1] 	[image: 3] 	[image: 7] 	[image: 11] 
 	[image: g(x) = f(x) - 3]  	[image: −2] 	[image: 0] 	[image: 4] 	[image: 8] 
  
   An interactive online homework element has been excluded from the printed version of the text. To see the interactive element that was excluded, please visit the courseware online.
 
  An interactive online homework element has been excluded from the printed version of the text. To see the interactive element that was excluded, please visit the courseware online.
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				Identifying Horizontal Shifts
 We just saw that the vertical shift is a change to the output, or outside, of the function. We will now look at how changes to input, on the inside of the function, change its graph and meaning. A shift to the input results in a movement of the graph of the function left or right in what is known as a horizontal shift.
 horizontal shift
 A horizontal shift occurs when you add or subtract a constant value to the input [image: x] of the function [image: f(x)].
 This shifts the graph of the function horizontally.
 	Rightward shift: If you subtract a constant [image: c] from [image: x] before applying the function [image: f], the graph of the function shifts to the right by [image: c] units.
 
 [image: g(x) = f(x-c)]
 	Leftward shift: If you add a constant [image: c] to [image: x] before applying the function [image: f], the graph of the function shifts to the left by [image: c] units.
 
 [image: h(x) = f(x+c)]
  
  The image shows the graph of the cube root function [image: f(x) = \sqrt[3]{x}] (solid blue line) and its horizontally shifted version [image: f(x + 1)] (dashed orange line).[image: Graph of f of x equals the cubed root of x shifted left one unit, the resulting graph passes through the point (0,-1) instead of (0,0), (0, 1) instead of (1,1) and (-2, -1) instead of (-1, -1)]Original Function [image: f(x)] 	The solid blue curve represents the original function [image: \sqrt[3]{x}].
 	The function [image: f(x)] passes through the origin [image: (0,0)] because [image: \sqrt[3]{0} = 0].
 
 Horizontally Shifted Function [image: f(x+1)]
 	The dashed orange curve represents the function  [image: f(x+1)  = \sqrt[3]{x+1}].
 	Each point on the graph of [image: f(x+1)] is exactly [image: 1] unit to the left of the corresponding point on the graph of [image: f(x)].
 	For example: 	If [image: x=0], then [image: \sqrt[3]{0+1} =  \sqrt[3]{1} = 1].
 	If [image: x=-2], then [image: \sqrt[3]{-2+1} = \sqrt[3]{-1} = -1].
 
 
 
 A horizontal shift involves moving the graph of a function left or right without altering its shape. In this case, adding [image: 1] to the input of the function [image: f(x) = \sqrt[3]{x}] results in a horizontal shift of the graph to the left by [image: 1] unit.
  A function [image: f\left(x\right)] is given below. Create a table for the function [image: g\left(x\right)=f\left(x - 3\right)]. 	[image: x] 	2 	4 	6 	8 
 	[image: f\left(x\right)]  	1 	3 	7 	11 
  
 Show Solution The formula [image: g\left(x\right)=f\left(x - 3\right)] tells us that the output values of [image: g] are the same as the output value of [image: f] when the input value is 3 less than the original value. For example, we know that [image: f\left(2\right)=1]. To get the same output from the function [image: g], we will need an input value that is 3 larger. We input a value that is 3 larger for [image: g\left(x\right)] because the function takes 3 away before evaluating the function [image: f].
 [image: \begin{array}{c c} g\left(5\right) & = f\left(5 - 3\right)\hfill \\ & =f\left(2\right)\hfill \\ & =1\hfill \end{array}]
 We continue with the other values to create this table.
 	[image: x] 	5 	7 	9 	11 
 	[image: x - 3] 	2 	4 	6 	8 
 	[image: f\left(x\right)]  	1 	3 	7 	11 
 	[image: g\left(x\right)]  	1 	3 	7 	11 
  
 The result is that the function [image: f\left(x\right)] has been shifted to the right by 3. Notice the output values for [image: g\left(x\right)] remain the same as the output values for [image: f\left(x\right)], but the corresponding input values, [image: x], have shifted to the right by 3. Specifically, 2 shifted to 5, 4 shifted to 7, 6 shifted to 9, and 8 shifted to 11.
 Analysis of the Solution
 The graph below represents both of the functions. We can see the horizontal shift in each point.
 [image: Graph of the points from the previous table for f(x) and g(x)=f(x-3).]
   The graph below represents a transformation of the toolkit function [image: f\left(x\right)={x}^{2}]. Relate this new function [image: g\left(x\right)] to [image: f\left(x\right)], and then find a formula for [image: g\left(x\right)].[image: Graph of a parabola.] Show Solution Notice that the graph is identical in shape to the [image: f\left(x\right)={x}^{2}] function, but the [image: x]–values are shifted to the right 2 units. The vertex used to be at (0,0), but now the vertex is at (2,0). The graph is the basic quadratic function shifted 2 units to the right, so
 [image: g\left(x\right)=f\left(x - 2\right)]
 Notice how we must input the value [image: x=2] to get the output value [image: y=0]; the [image: x]-values must be 2 units larger because of the shift to the right by 2 units. We can then use the definition of the [image: f\left(x\right)] function to write a formula for [image: g\left(x\right)] by evaluating [image: f\left(x - 2\right)].
 [image: \begin{cases}f\left(x\right)={x}^{2}\hfill \\ g\left(x\right)=f\left(x - 2\right)\hfill \\ g\left(x\right)=f\left(x - 2\right)={\left(x - 2\right)}^{2}\hfill \end{cases}]
 Analysis of the Solution
 To determine whether the shift is [image: +2] or [image: -2] , consider a single reference point on the graph. For a quadratic, looking at the vertex point is convenient. In the original function, [image: f\left(0\right)=0]. In our shifted function, [image: g\left(2\right)=0]. To obtain the output value of 0 from the function [image: f], we need to decide whether a plus or a minus sign will work to satisfy [image: g\left(2\right)=f\left(x - 2\right)=f\left(0\right)=0]. For this to work, we will need to subtract 2 units from our input values.
   The function [image: G\left(m\right)] gives the number of gallons of gas required to drive [image: m] miles. Interpret [image: G\left(m\right)+10] and [image: G\left(m+10\right)]. Show Solution [image: G\left(m\right)+10] can be interpreted as adding [image: 10] to the output, gallons. This is the gas required to drive [image: m] miles, plus another [image: 10] gallons of gas. The graph would indicate a vertical shift.[image: G\left(m+10\right)] can be interpreted as adding [image: 10]to the input, miles. So this is the number of gallons of gas required to drive [image: 10] miles more than [image: m] miles. The graph would indicate a horizontal shift.
  An interactive online homework element has been excluded from the printed version of the text. To see the interactive element that was excluded, please visit the courseware online.
 
  An interactive online homework element has been excluded from the printed version of the text. To see the interactive element that was excluded, please visit the courseware online.
 
  An interactive online homework element has been excluded from the printed version of the text. To see the interactive element that was excluded, please visit the courseware online.
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				Graphing Functions Using Reflections about the Axes
 Another transformation that can be applied to a function is a reflection over the [image: x]– or [image: y]-axis. A vertical reflection reflects a graph vertically across the [image: x]-axis, while a horizontal reflection reflects a graph horizontally across the [image: y]-axis.
 [image: Graph of the vertical and horizontal reflection of a function.]
 Notice that the vertical reflection produces a new graph that is a mirror image of the base or original graph about the [image: x]-axis. The horizontal reflection produces a new graph that is a mirror image of the base or original graph about the [image: y]-axis. reflections
 A vertical reflection reflects a graph vertically across the [image: x]-axis. This transformation changes the sign of the output values of [image: f(x)].
 	If you reflect the graph of a function [image: f(x)] over the [image: x]-axis, the new function [image: g(x)] is given by:
 
 [image: g(x) = -f(x)]
  
 A horizontal reflection reflects a graph horizontally across the [image: y]-axis. This transformation changes the sign of the input values of [image: f(x)].
 	If you reflect the graph of a function [image: f(x)] over the [image: y]-axis, the new function [image: g(x)] is given by:
 
 [image: g(x) = f(-x)]
  How To: Given a function, reflect the graph both vertically and horizontally. 	Multiply all outputs by –1 for a vertical reflection. The new graph is a reflection of the original graph about the [image: x]-axis.
 	Multiply all inputs by –1 for a horizontal reflection. The new graph is a reflection of the original graph about the [image: y]-axis.
 
  Reflect the graph of [image: s\left(t\right)=\sqrt{t}] 	vertically
 	horizontally
 
 Show Solution 	Reflecting the graph vertically means that each output value will be reflected over the horizontal [image: t]–axis as shown below.
 [image: Graph of the vertical reflection of the square root function.]Vertical reflection of the square root function Table of values
 	[image: t] 	[image: s(t) = \sqrt{t}] 	Reflected Function [image: V(t)] 
 	[image: 0] 	[image: 0] 	[image: 0] 
 	[image: 1] 	[image: 1] 	[image: -1] 
 	[image: 4] 	[image: 2] 	[image: -2] 
  
 Because each output value is the opposite of the original output value, we can write
 [image: V\left(t\right)=-s\left(t\right)\text{ or }V\left(t\right)=-\sqrt{t}]
 Notice that this is an outside change, or vertical shift, that affects the output [image: s\left(t\right)] values, so the negative sign belongs outside of the function.

 	Reflecting horizontally means that each input value will be reflected over the vertical axis as shown below.
 [image: Graph of the horizontal reflection of the square root function.]Horizontal reflection of the square root function Table for [image: s(t) = \sqrt{t}]
 	[image: t] 	[image: 0] 	[image: 1] 	[image: 4] 
 	[image: s(t) = \sqrt{t}] 	[image: 0] 	[image: 1] 	[image: 2] 
  
 Table for reflected function 
 	[image: t] 	[image: 0] 	[image: -1] 	[image: -4] 
 	[image: H(t)] 	[image: 0] 	[image: 1] 	[image: 2] 
  
 Because each input value is the opposite of the original input value, we can write
 [image: H\left(t\right)=s\left(-t\right)\text{ or }H\left(t\right)=\sqrt{-t}]
 Notice that this is an inside change or horizontal change that affects the input values, so the negative sign is on the inside of the function.

 
 Note that these transformations can affect the domain and range of the functions. While the original square root function has domain [image: \left[0,\infty \right)] and range [image: \left[0,\infty \right)], the vertical reflection gives the [image: V\left(t\right)] function the range [image: \left(-\infty ,0\right]] and the horizontal reflection gives the [image: H\left(t\right)] function the domain [image: \left(-\infty ,0\right]].
  A function [image: f\left(x\right)] is given. Create a table for the functions below. 	[image: g\left(x\right)=-f\left(x\right)]
 	[image: h\left(x\right)=f\left(-x\right)]
 
      	[image: x] 	[image: 2]  	[image: 4]  	[image: 6]  	[image: 8]  
 	[image: f\left(x\right)]  	[image: 1]  	[image: 3]  	[image: 7]  	[image: 11]  
  
 Show Solution 	For [image: g\left(x\right)], the negative sign outside the function indicates a vertical reflection, so the [image: x]-values stay the same and each output value will be the opposite of the original output value.
      	[image: x] 	[image: 2]  	[image: 4]  	[image: 6]  	[image: 8]  
 	[image: g\left(x\right)]  	[image: –1]  	[image: –3]  	[image: –7]  	[image: –11]  
  
 
 	For [image: h\left(x\right)], the negative sign inside the function indicates a horizontal reflection, so each input value will be the opposite of the original input value and the [image: h\left(x\right)] values stay the same as the [image: f\left(x\right)] values.
      	[image: x] 	[image: −2]  	[image: −4]  	[image: −6]  	[image: −8]  
 	[image: h\left(x\right)]  	[image: 1]  	[image: 3]  	[image: 7]  	[image: 11]  
  
 
 
   An interactive online homework element has been excluded from the printed version of the text. To see the interactive element that was excluded, please visit the courseware online.
 
  An interactive online homework element has been excluded from the printed version of the text. To see the interactive element that was excluded, please visit the courseware online.
 
  An interactive online homework element has been excluded from the printed version of the text. To see the interactive element that was excluded, please visit the courseware online.
 
  
	

			
			


		
	
		
			
	
		118

		Transformations of Functions: Learn It 4

								

	
				Graphing Functions Using Stretches and Compressions
 Adding a constant to the inputs or outputs of a function changed the position of a graph with respect to the axes, but it did not affect the shape of a graph. We now explore the effects of multiplying the inputs or outputs by some quantity.
 Vertical Stretches and Compressions
 We can transform the inside (input values) of a function or we can transform the outside (output values) of a function. Each change has a specific effect that can be seen graphically.
 When we multiply a function by a positive constant, we get a function whose graph is stretched or compressed vertically in relation to the graph of the original function. If the constant is greater than 1, we get a vertical stretch; if the constant is between 0 and 1, we get a vertical compression. The graph below shows a function multiplied by constant factors 2 and 0.5 and the resulting vertical stretch and compression.
 [image: Graph of a function that shows vertical stretching and compression.]Vertical stretch and compression vertical stretches and compressions
 A vertical stretch or compression involves scaling the graph of a function [image: f(x)] by a constant factor [image: a].
 [image: g(x) = a \cdot f(x)]
 This transformation changes the output values of the function.
 	If [image: a>1]: The graph is stretched vertically.
 	If [image: 0 < a < 1]: The graph is compressed vertically.
 	If [image: a<0]: A combination of vertical stretch/compression and vertical reflection.
 
  How To: Given a function, graph its vertical stretch. 	Identify the value of [image: a].
 	Multiply all range values by [image: a].
 	If [image: a>1], the graph is stretched by a factor of [image: a].
 If [image: { 0 }<{ a }<{ 1 }], the graph is compressed by a factor of [image: a].
 If [image: a<0], the graph is either stretched or compressed and also reflected about the [image: x]-axis.
 
  A function [image: P\left(t\right)] models the number of fruit flies in a population over time, and is graphed below.A scientist is comparing this population to another population, [image: Q], whose growth follows the same pattern, but is twice as large. Sketch a graph of this population.[image: Graph to represent the growth of the population of fruit flies.] Show Solution Because the population is always twice as large, the new population’s output values are always twice the original function’s output values.If we choose four reference points, [image: (0, 1)], [image: (3, 3)], [image: (6, 2)] and [image: (7, 0)] we will multiply all of the outputs by [image: 2].The following shows where the new points for the new graph will be located.
 [image: \begin{cases}\left(0,\text{ }1\right)\to \left(0,\text{ }2\right)\hfill \\ \left(3,\text{ }3\right)\to \left(3,\text{ }6\right)\hfill \\ \left(6,\text{ }2\right)\to \left(6,\text{ }4\right)\hfill \\ \left(7,\text{ }0\right)\to \left(7,\text{ }0\right)\hfill \end{cases}]
 [image: Graph of the population function doubled.]Figure 16 Symbolically, the relationship is written as
 [image: Q\left(t\right)=2P\left(t\right)]This means that for any input [image: t], the value of the function [image: Q] is twice the value of the function [image: P]. Notice that the effect on the graph is a vertical stretching of the graph, where every point doubles its distance from the horizontal axis. The input values, [image: t], stay the same while the output values are twice as large as before.
   A function [image: f] is given in the table below. Create a table for the function [image: g\left(x\right)=\frac{1}{2}f\left(x\right)].      	[image: x] 	[image: 2] 	[image: 4] 	[image: 6] 	[image: 8] 
 	[image: f\left(x\right)]  	[image: 1] 	[image: 3] 	[image: 7] 	[image: 11] 
  
 Show Solution The formula [image: g\left(x\right)=\frac{1}{2}f\left(x\right)] tells us that the output values of [image: g] are half of the output values of [image: f] with the same inputs. For example, we know that [image: f\left(4\right)=3]. Then:
 [image: g\left(4\right)=\frac{1}{2}\cdot{f}(4) =\frac{1}{2}\cdot\left(3\right)=\frac{3}{2}]We do the same for the other values to produce this table.
      	[image: x] 	[image: 2] 	[image: 4] 	[image: 6] 	[image: 8] 
 	[image: g\left(x\right)] 	[image: \frac{1}{2}] 	[image: \frac{3}{2}] 	[image: \frac{7}{2}] 	[image: \frac{11}{2}] 
  
 [image: \\]
 Analysis of the Solution
 The result is that the function [image: g\left(x\right)] has been compressed vertically by [image: \frac{1}{2}]. Each output value is divided in half, so the graph is half the original height.
   [image: ]The graph shows two function: The toolkit function [image: f(x) = x^3] (green) and [image: g(x)] (red).Relate this new function [image: g\left(x\right)] to [image: f\left(x\right)], and then find a formula for [image: g\left(x\right)]. Show Answer The red curve [image: g(x)] appears to be less steep compared to the green curve [image: f(x)]. This suggests a vertical compression.If [image: g(x)] is a vertical compression of [image: f(x)], we have: [image: g(x) = a \cdot f(x)], where [image: 0 < a < 1].To determine [image: a], it is helpful to look for a point on the graph that is relatively clear.
 	In this graph, it appears that [image: g\left(2\right)=2].
 	With the basic cubic function at the same input, [image: f\left(2\right)={2}^{3}=8].
 	Based on that, it appears that the outputs of [image: g] are [image: \frac{1}{4}] the outputs of the function [image: f] because [image: 2=\frac{1}{4} \cdot 8].
 
 Thus, [image: g(x) = \frac{1}{4} f(x) = \frac{1}{4} x^3].
   An interactive online homework element has been excluded from the printed version of the text. To see the interactive element that was excluded, please visit the courseware online.
 
  Horizontal Stretches and Compressions
 Now we consider changes to the inside of a function. When we multiply a function’s input by a positive constant, we get a function whose graph is stretched or compressed horizontally in relation to the graph of the original function. If the constant is between 0 and 1, we get a horizontal stretch; if the constant is greater than 1, we get a horizontal compression of the function.
 Given a function [image: y=f\left(x\right)], the form [image: y=f\left(bx\right)] results in a horizontal stretch or compression. Consider the function [image: y={x}^{2}]. The graph of [image: y={\left(0.5x\right)}^{2}] is a horizontal stretch of the graph of the function [image: y={x}^{2}] by a factor of 2. The graph of [image: y={\left(2x\right)}^{2}] is a horizontal compression of the graph of the function [image: y={x}^{2}] by a factor of [image: 2].
 [image: Graph of the vertical stretch and compression of x^2.]
 horizontal stretches and compressions
 A horizontal stretch or compression involves scaling the graph of a function [image: f(x)] by a constant factor [image: b].
 [image: g(x) = f(b \cdot x)]
 This transformation changes the input values of the function.
 	If [image: b>1]: The graph is compressed horizontally. The graph is compressed by [image: \dfrac{1}{b}].
 	If [image: 0 < b < 1]: The graph is stretched horizontally. The graph is stretched by [image: \dfrac{1}{b}].
 	If [image: b<0]: A combination of horizontal stretch/compression and horizontal reflection.
 
  How To: Given a description of a function, sketch a horizontal compression or stretch.
  	Write a formula to represent the function.
 	Set [image: g\left(x\right)=f\left(bx\right)] where [image: b>1] for a compression or [image: 0<b<1] for a stretch.
 
  Suppose a scientist is comparing a population of fruit flies to a population that progresses through its lifespan twice as fast as the original population. In other words, this new population, [image: R], will progress in [image: 1] hour the same amount as the original population does in [image: 2] hours, and in [image: 2] hours, it will progress as much as the original population does in [image: 4] hours. Sketch a graph of this population. Show Solution Symbolically, we could write
 [image: \begin{align}&R\left(1\right)=P\left(2\right), \\ &R\left(2\right)=P\left(4\right),\text{ and in general,} \\ &R\left(t\right)=P\left(2t\right). \end{align}]
 See below for a graphical comparison of the original population and the compressed population.
 [image: Two side-by-side graphs. The first graph has function for original population whose domain is [0,7] and range is [0,3]. The maximum value occurs at (3,3). The second graph has the same shape as the first except it is half as wide. It is a graph of transformed population, with a domain of [0, 3.5] and a range of [0,3]. The maximum occurs at (1.5, 3).](a) Original population graph (b) Compressed population graph [image: \\]
 Analysis of the Solution
 [image: \\]
 Note that the effect on the graph is a horizontal compression where all input values are half of their original distance from the vertical axis.
  A function [image: f\left(x\right)] is given below. Create a table for the function [image: g\left(x\right)=f\left(\frac{1}{2}x\right)]. 	[image: x] 	[image: 2] 	[image: 4] 	[image: 6] 	[image: 8] 
 	[image: f\left(x\right)]  	[image: 1] 	[image: 3] 	[image: 7] 	[image: 11] 
  
 Show Solution The formula [image: g\left(x\right)=f\left(\frac{1}{2}x\right)] tells us that the output values for [image: g] are the same as the output values for the function [image: f] at an input half the size. Notice that we do not have enough information to determine [image: g\left(2\right)] because [image: g\left(2\right)=f\left(\frac{1}{2}\cdot 2\right)=f\left(1\right)], and we do not have a value for [image: f\left(1\right)] in our table. Our input values to [image: g] will need to be twice as large to get inputs for [image: f] that we can evaluate. For example, we can determine [image: g\left(4\right)\text{.}]
 [image: g\left(4\right)=f\left(\frac{1}{2}\cdot 4\right)=f\left(2\right)=1]
 We do the same for the other values to produce the table below.
 	[image: x] 	4 	8 	12 	16 
 	[image: g\left(x\right)]  	1 	3 	7 	11 
  
 [image: Graph of the previous table.]
 This figure shows the graphs of both of these sets of points.
 Analysis of the Solution
 Because each input value has been doubled, the result is that the function [image: g\left(x\right)] has been stretched horizontally by a factor of 2.
    
 [image: Graph of f(x) being vertically compressed to g(x).]Relate the function [image: g\left(x\right)] to [image: f\left(x\right)]. Show Answer The orange graph  [image: g(x)] appears to be a horizontally compressed version of the blue graph of [image: f(x)].
 [image: \\]
 If [image: g(x)] is a horizontal compression of [image: f(x)], we have: [image: g(x) = f(b \cdot x)], where [image: b > 1]. The graph is compressed by [image: \dfrac{1}{b}].To determine [image: b], it is helpful to look for a point on the graph that is relatively clear.
 	In the compressed graph [image: g(x)], the end point is [image: (2, 4)].
 	The end point of [image: f(x)] is [image: (6,4)].
 	We can see that the [image: x]-values have been compressed by [image: \frac{1}{3}], because [image: 2=\frac{1}{3} \cdot 6].
 	This means that [image: \dfrac{1}{b} = \dfrac{1}{3}], which means [image: b = 3].
 
 Thus, [image: g(x)=f(3x)].
   An interactive online homework element has been excluded from the printed version of the text. To see the interactive element that was excluded, please visit the courseware online.
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		Transformations of Functions: Learn It 5

								

	
				Performing a Sequence of Transformations
 Combining transformations follows a specific order of operations similar to the mathematical order of operations (PEMDAS: Parentheses, Exponents, Multiplication and Division, Addition and Subtraction). When applying transformations to a function, the sequence ensures that each transformation is applied correctly and the resulting graph reflects the intended changes.
 order of transformations
 When transforming a function [image: y = a \cdot f(bx-c)+d], the general order of transformation is as follows:
 	Horizontal Shifts by [image: c] units. 	[image: f(x)] is shifted to the right if [image: c] is positive
 	[image: f(x)] is shifted to the left if [image: c] is negative.
 
 
 	Horizontal Stretches/Compressions by a factor of [image: \dfrac{1}{b}]. 	[image: f(x)] is compressed horizontally if [image: |b|>1].
 	[image: f(x)] is stretched horizontally if [image: 0<|b|<1].
 
 
 	Reflections 	Reflection across the y-axis if [image: b] is negative.
 	Reflection across the x-axis if [image: a] is negative.
 
 
 	Vertical Stretches/Compressions by a factor of [image: a]. 	[image: f(x)] is stretched vertically if [image: |a|>1].
 	[image: f(x)] is compressed vertically if [image: 0<|a|<1].
 
 
 	Vertical Shifts by [image: d] units. 	[image: f(x)] is shifted to the upward if [image: d] is positive
 	[image: f(x)] is shifted to the downward if [image: d] is negative.
 
 
 
  	When combining vertical transformations written in the form [image: af\left(x\right)+k], first vertically stretch by [image: a] and then vertically shift by [image: k].
 	When combining horizontal transformations written in the form [image: f\left(bx-h\right)], first horizontally shift by [image: \frac{h}{b}] and then horizontally stretch by [image: \frac{1}{b}].
 	When combining horizontal transformations written in the form [image: f\left(b\left(x-h\right)\right)], first horizontally stretch by [image: \frac{1}{b}] and then horizontally shift by [image: h].
 
  Given [image: f(x)=|x|], identify the transformations and graph the transformed function[image: h(x)=f(x+1)-3 = |x+1|-3]Step-by-Step Transformations 	Original Function: The original function is [image: f(x)=|x|].
 	Transformations: 	Horizontal Shift: The term [image: |x+1|]indicates a horizontal shift to the left by [image: 1] unit. This is because [image: x+1 = 0] when [image: x=-1]so the entire graph of [image: f(x)=|x|] is moved [image: 1] unit to the left.
 	Vertical Shift: The term [image: -3] indicates a vertical shift downward by [image: 3] units.
 
 
 
 Graph
 	Original Graph
 [image: y=|x|]
  	Left by [image: 1] unit
 [image: y=|x+1|]
  	Downward by [image: 3] units
 [image: y = |x+1|-3] 
 	[image: (0,0)] 	[image: (-1,0)] 	[image: (-1,-3)] 
 	[image: (1,1)] 	[image: (0,1)] 	[image: (0,-2)] 
  
 [image: Graph of an absolute function, y=|x|, and how it was transformed to y=|x+1|-3.]
  [image: Graph of a half-circle.]Use the given graph of [image: f(x)] to draw the transformed function:[image: g(x)=f(\frac{1}{2}x+1)-3] Show Answer The original function [image: f(x)] has key points: [image: (-2,0)], [image: (0,2)], and [image: (2,0)].
 [image: \\]
 Step-by-Step Transformations
 	Horizontal Shift Left by [image: 1] unit
 	Horizontal Stretch by a factor of [image: 2] (Note: this impact the [image: x]-values)
 	Vertical Shift Down by [image: 3] units
 
 	Original Point 	Left by [image: 1] unit 	Horizontal Stretch by a factor of [image: 2] 	Down by [image: 3] units 
 	[image: (-2,0)] 	[image: (-3,0)] 	[image: (-6,0)] 	[image: (-6,-3)] 
 	[image: (0,2)] 	[image: (-1,2)] 	[image: (-2,2)] 	[image: (-2,-1)] 
 	[image: (2,0)] 	[image: (1,0)] 	[image: (2,0)] 	[image: (2,-3)] 
  
 [image: Graph of a vertically stretch and translated half-circle.]
  Write a formula for the graph shown below, which is a transformation of the toolkit square root function.[image: Graph of a square root function transposed right one unit and up 2.] Show Solution The graph of the toolkit function starts at the origin, so this graph has been shifted 1 to the right and up 2. In function notation, we could write that as
 [image: h\left(x\right)=f\left(x - 1\right)+2]
 Using the formula for the square root function, we can write
 [image: h\left(x\right)=\sqrt{x - 1}+2]
 Analysis of the Solution
 Note that this transformation has changed the domain and range of the function. This new graph has domain [image: \left[1,\infty \right)] and range [image: \left[2,\infty \right)].
   A common model for learning has an equation similar to [image: k\left(t\right)=-{2}^{-t}+1], where [image: k] is the percentage of mastery that can be achieved after [image: t] practice sessions. This is a transformation of the function [image: f\left(t\right)={2}^{t}] shown below. Sketch a graph of [image: k\left(t\right)].[image: Graph of k(t)] Show Solution This equation combines three transformations into one equation.
 	A horizontal reflection: [image: f\left(-t\right)={2}^{-t}]
 	A vertical reflection: [image: -f\left(-t\right)=-{2}^{-t}]
 	A vertical shift: [image: -f\left(-t\right)+1=-{2}^{-t}+1]
 
 We can sketch a graph by applying these transformations one at a time to the original function. Let us follow two points through each of the three transformations. We will choose the points [image: (0, 1)] and [image: (1, 2)].
 	First, we apply a horizontal reflection: [image: (0, 1) (–1, 2)].
 	Then, we apply a vertical reflection: [image: (0, −1) (1, –2)].
 	Finally, we apply a vertical shift: [image: (0, 0) (1, 1)].
 
 This means that the original points, [image: (0,1)] and [image: (1,2)] become [image: (0,0)] and [image: (1,1)] after we apply the transformations.
 In the graphs below, the first graph results from a horizontal reflection. The second results from a vertical reflection. The third results from a vertical shift up 1 unit.
 [image: Graphs of all the transformations.]
 Analysis of the Solution
 As a model for learning, this function would be limited to a domain of [image: t\ge 0], with corresponding range [image: \left[0,1\right)].
   Given the table below for the function [image: f\left(x\right)], create a table of values for the function [image: g\left(x\right)=2f\left(3x\right)+1]. 	[image: x] 	[image: 6] 	[image: 12] 	[image: 18] 	[image: 24] 
 	[image: f\left(x\right)]  	[image: 10] 	[image: 14] 	[image: 15] 	[image: 17] 
  
 Show Solution There are three steps to this transformation, and we will work from the inside out. Starting with the horizontal transformations, [image: f\left(3x\right)] is a horizontal compression by [image: \frac{1}{3}], which means we multiply each [image: x\text{-}] value by [image: \frac{1}{3}].
 	[image: x] 	[image: 2] 	[image: 4] 	[image: 6] 	[image: 8] 
 	[image: f\left(3x\right)]  	[image: 10] 	[image: 14] 	[image: 15] 	[image: 17] 
  
 Looking now to the vertical transformations, we start with the vertical stretch, which will multiply the output values by 2. We apply this to the previous transformation.
 	[image: x] 	[image: 2] 	[image: 4] 	[image: 6] 	[image: 8] 
 	[image: 2f\left(3x\right)]  	[image: 20] 	[image: 28] 	[image: 30] 	[image: 34] 
  
 Finally, we can apply the vertical shift, which will add 1 to all the output values.
 	[image: x] 	[image: 2] 	[image: 4] 	[image: 6] 	[image: 8] 
 	[image: g\left(x\right)=2f\left(3x\right)+1] 	[image: 21] 	[image: 29] 	[image: 31] 	[image: 35] 
  
   An interactive online homework element has been excluded from the printed version of the text. To see the interactive element that was excluded, please visit the courseware online.
 
  An interactive online homework element has been excluded from the printed version of the text. To see the interactive element that was excluded, please visit the courseware online.
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				Determine Whether a Functions is Even, Odd, or Neither
 Some functions have symmetry, meaning their graphs remain unchanged when reflected. For example, reflecting the toolkit functions [image: f(x) = x^2] or [image: f(x) = |x|] horizontally across the y-axis will produce the same graph. We call these functions even functions because they are symmetric about the y-axis.
 If the graph of [image: f(x) = x^3] or [image: f(x) = \dfrac{1}{x}] is reflected across both the x-axis and y-axis, the result is also the original graph.
 [image: Graph of x^3 and its reflections.]
 These graphs are symmetric about the origin, and we call functions with this type of symmetry odd functions.
  A function can be neither even nor odd if it does not exhibit either symmetry. For example, [image: f\left(x\right)={2}^{x}] is neither even nor odd. Also, the only function that is both even and odd is the constant function [image: f\left(x\right)=0]. even and odd functions
 A function is called an even function if for every input [image: x]
  
 [image: f\left(x\right)=f\left(-x\right)]
  
 The graph of an even function is symmetric about the [image: y\text{-}] axis.
  
 A function is called an odd function if for every input [image: x]
  
 [image: f\left(x\right)=-f\left(-x\right)]
  
 The graph of an odd function is symmetric about the origin.
  How To: Given the formula for a function, determine if the function is even, odd, or neither.
  	Determine whether the function satisfies [image: f\left(x\right)=f\left(-x\right)]. If it does, it is even.
 	Determine whether the function satisfies [image: f\left(x\right)=-f\left(-x\right)]. If it does, it is odd.
 	If the function does not satisfy either rule, it is neither even nor odd.
 
  Is the function [image: f\left(x\right)={x}^{3}+2x] even, odd, or neither? Show Solution Without looking at a graph, we can determine whether the function is even or odd by finding formulas for the reflections and determining if they return us to the original function. Let’s begin with the rule for even functions.
 [image: f\left(-x\right)={\left(-x\right)}^{3}+2\left(-x\right)=-{x}^{3}-2x]
 This does not return us to the original function, so this function is not even. We can now test the rule for odd functions.
 [image: -f\left(-x\right)=-\left(-{x}^{3}-2x\right)={x}^{3}+2x]
 Because [image: -f\left(-x\right)=f\left(x\right)], this is an odd function.
 Analysis of the Solution
 Consider the graph of [image: f]. Notice that the graph is symmetric about the origin. For every point [image: \left(x,y\right)] on the graph, the corresponding point [image: \left(-x,-y\right)] is also on the graph. For example, (1, 3) is on the graph of [image: f], and the corresponding point [image: \left(-1,-3\right)] is also on the graph.
 [image: Graph of f(x) with labeled points at (1, 3) and (-1, -3).]
   [ohm_question hide_question_numbers=1]293883[/ohm_question] 
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				 	Shift graphs up, down, left, or right to understand how functions move on the coordinate plane
 	Flip graphs across the x-axis or y-axis to see how functions mirror themselves
 	Look at a graph to decide if a function is symmetrical around the y-axis (even), the origin (odd), or not symmetrical at all
 	Apply compressions and stretches to function graphs
 	Use different moves and changes like shifting, flipping, squishing, and stretching on graphs
 
  Function transformations are essential tools that help us model and understand real-world situations more accurately. When we learn to shift, stretch, compress, or flip functions, we gain the ability to adapt mathematical models to match real-world scenarios. These transformations are used daily across many fields: engineers design satellite trajectories using shifted parabolas, economists analyze market trends with stretched exponential functions, environmental scientists model climate patterns with transformed trigonometric functions, and medical researchers track disease spread using adjusted logistic curves.
 A company monitors the production levels of a factory, where the amount of product produced per hour is represented by the function [image: P(t)] with respect to the number of hours ([image: t]) since the factory started operations for the day. The production peaks at the midpoint of the shift and then decreases until the end of the shift. Here are three tasks that will transformed the original function this company uses: 	Suppose the factory wants to start the operations [image: 2] hours later than usual. 	This corresponds to a horizontal shift to the right by [image: 2] hours.
 	New function: [image: P(t-2)]
 
 
 	The factory plans to implement new machinery that will halve the time needed to reach peak production. 	This corresponds to a horizontal compression by a factor of [image: 2].
 	New function: [image: P(\frac{1}{2}t-2)]
 
 
 	There is a mandatory maintenance break [image: 4] hours into the shift, reducing production by [image: 10] units per hour. 	This corresponds to a vertical shift down by [image: 10] units.
 	New function: [image: P(\frac{1}{2}t-2)-10]
 
 
 
  [image: image]To regulate temperature in a green building, airflow vents near the roof open and close throughout the day. The graph shows the area of open vents [image: V] (in square feet) throughout the day in hours after midnight, [image: t]. 		During the summer, the facilities manager decides to try to better regulate temperature by increasing the amount of open vents by [image: 20] square feet throughout the day and night.Graph this new function.
 Show Solution We can sketch a graph of this new function by adding [image: 20] to each of the output values of the original function. This will have the effect of shifting the graph vertically up.[image: image]Notice that for each input value, the output value has increased by [image: 20], so if we call the new function [image: S\left(t\right)], we could write
 [image: S\left(t\right)=V\left(t\right)+20]
 This notation tells us that, for any value of [image: t,S\left(t\right)] can be found by evaluating the function [image: V] at the same input and then adding [image: 20] to the result. This defines [image: S] as a transformation of the function [image: V], in this case a vertical shift up [image: 20] units. Notice that, with a vertical shift, the input values stay the same and only the output values change.
        	[image: t] 	[image: 0] 	[image: 8] 	[image: 10] 	[image: 17] 	[image: 19] 	[image: 24] 
 	[image: V\left(t\right)]  	[image: 0] 	[image: 0] 	[image: 220] 	[image: 220] 	[image: 0] 	[image: 0] 
 	[image: S\left(t\right)]  	[image: 20] 	[image: 20] 	[image: 240] 	[image: 240] 	[image: 20] 	[image: 20] 
  
  
 	Suppose that in autumn the facilities manager decides that the original venting plan starts too late, and wants to begin the entire venting program [image: 2] hours earlier. Graph the new function.
 Show Solution We can set [image: V\left(t\right)] to be the original program and [image: F\left(t\right)] to be the revised program.
 [image: \begin{align}{c}V\left(t\right)&=\text{ the original venting plan}\\ F\left(t\right)&=\text{starting 2 hrs sooner}\end{align}]
 In the new graph, at each time, the airflow is the same as the original function [image: V] was [image: 2] hours later.
 For example, in the original function [image: V], the airflow starts to change at [image: 8] a.m., whereas for the function [image: F], the airflow starts to change at [image: 6] a.m. The comparable function values are [image: V\left(8\right)=F\left(6\right)].
 Notice also that the vents first opened to [image: 220{\text{ ft}}^{2}] at [image: 10] a.m. under the original plan, while under the new plan the vents reach [image: 220{\text{ ft}}^{\text{2}}] at [image: 8] a.m., so [image: V\left(10\right)=F\left(8\right)].
 [image: image]
 In both cases, we see that, because [image: F\left(t\right)] starts [image: 2] hours sooner, [image: h=-2]. That means that the same output values are reached when [image: F\left(t\right)=V\left(t-\left(-2\right)\right)=V\left(t+2\right)].
 
 
 
 
  An interactive online homework element has been excluded from the printed version of the text. To see the interactive element that was excluded, please visit the courseware online.
 
  An interactive online homework element has been excluded from the printed version of the text. To see the interactive element that was excluded, please visit the courseware online.
 
  An interactive online homework element has been excluded from the printed version of the text. To see the interactive element that was excluded, please visit the courseware online.
 
  An interactive online homework element has been excluded from the printed version of the text. To see the interactive element that was excluded, please visit the courseware online.
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				 	Confirm that two functions are inverses
 	Figure out the allowed inputs and outputs for an inverse function and adjust the original function’s domain to ensure it is one-to-one
 	Discover or calculate the inverse of a function
 	Draw the inverse of a function on the same graph by reflecting it across the line [image: y=x]
 
  Inverse Function
 Betty is traveling to Milan for a fashion show and wants to know what the temperature will be. She is not familiar with the Celsius scale. To get an idea of how temperature measurements are related, Betty wants to convert 75 degrees Fahrenheit to degrees Celsius using the formula
 [image: C = \frac{5}{9}(F - 32)]
 and substitutes [image: 75] for [image: F] to calculate
 [image: \frac{5}{9}(75 - 32) \approx 24^\circ C]
 Knowing that a comfortable [image: 75] degrees Fahrenheit is about [image: 24] degrees Celsius, Betty gets the week’s weather forecast for Milan, and wants to convert all of the temperatures to degrees Fahrenheit.
 [image: A forecast of Monday’s through Thursday’s weather.]
 At first, Betty considers using the formula she has already found to complete the conversions. After all, she knows her algebra, and can easily solve the equation for [image: F] after substituting a value for [image: C]. For example, to convert [image: 26] degrees Celsius, she could write:
 [image: \begin{array}{rcl} 26 & = & \frac{5}{9}(F - 32) \\ 26 \cdot \frac{9}{5} & = & F - 32 \\ F & = & 26 \cdot \frac{9}{5} + 32 \approx 79 \end{array}]
 After considering this option for a moment, however, she realizes that solving the equation for each of the temperatures will be awfully tedious. She realizes that since evaluation is easier than solving, it would be much more convenient to have a different formula, one that takes the Celsius temperature and outputs the Fahrenheit temperature.
 The formula for which Betty is searching corresponds to the idea of an inverse function, which is a function for which the input of the original function becomes the output of the inverse function and the output of the original function becomes the input of the inverse function.
 Given a function [image: f(x)], we represent its inverse as [image: f^{-1}(x)], read as “[image: f] inverse of [image: x].”
 The raised [image: -1] is part of the notation. It is not an exponent; it does not imply a power of [image: -1]. In other words, [image: f^{-1}(x)] does not mean [image: \frac{1}{f(x)}] because [image: \frac{1}{f(x)}] is the reciprocal of [image: f] and not the inverse. Given a function [image: f(x)], we can verify whether some other function [image: g(x)] is the inverse of [image: f(x)] by checking if both [image: g(f(x)) = x] and [image: f(g(x)) = x] are true.
 [image: \\]
 For example, [image: y = 4x] and [image: y = \frac{1}{4}x] are inverse functions. [image: (f^{-1} \circ f)(x) = f^{-1}(4x) = \frac{1}{4}(4x) = x]
 and
 [image: (f \circ f^{-1})(x) = f\left(\frac{1}{4}x\right) = 4\left(\frac{1}{4}x\right) = x]
 A few coordinate pairs from the graph of the function [image: y = 4x] are [image: (-2, -8)], [image: (0, 0)], and [image: (2, 8)]. A few coordinate pairs from the graph of the function [image: y = \frac{1}{4}x] are [image: (-8, -2)], [image: (0, 0)], and [image: (8, 2)]. If we interchange the input and output of each coordinate pair of a function, the interchanged coordinate pairs would appear on the graph of the inverse function.
  In simpler terms, inverse functions undo each other. If you graph both functions, the coordinates of one function’s graph can be swapped to appear on the graph of its inverse.
 inverse function
 An inverse function, denoted as [image: f^{-1}(x)] reverses the operation of the original function [image: f(x)]. The notation[image: f^{-1}] is read “[image: f] inverse.”
 For a function to have an inverse, it must be one-to-one (injective), meaning each output corresponds to exactly one input.
  
 Properties of an inverse function
 	Symmetry: The graph of the inverse function is a reflection of the graph of the original function across the line [image: y = x]. If the point [image: (a,b)] lies on the graph of [image: f(x)], then the point [image: (b,a)] lies on the graph of [image: f^{-1}(x)].
 	Reversibility: The function and its inverse satisfy the conditions: [image: f(f^{-1}(x)) = x] and [image: f^{-1}(f(x)) = x]
 
  A function is one-to-one if each output is paired with exactly one input. This means no two different inputs produce the same output. Mathematically, for a function [image: f(x)], if [image: f(a)=f(b)], then [image: a=b].
 [image: \\]
 A one-to-one function passes the horizontal line test—any horizontal line drawn through the graph intersects the graph at most once. If for a particular one-to-one function [image: f\left(2\right)=4] and [image: f\left(5\right)=12], what are the corresponding input and output values for the inverse function? Show Solution The inverse function reverses the input and output quantities, so if
 [image: f\left(2\right)=4], then [image: {f}^{-1}\left(4\right)=2]
 and if
 [image: f\left(5\right)=12], then [image: {f}^{-1}\left(12\right)=5]
 Alternatively, if we want to name the inverse function [image: g], then [image: g\left(4\right)=2] and [image: g\left(12\right)=5].
 Analysis of the Solution
 Notice that if we show the coordinate pairs in a table form, the input and output are clearly reversed.
 	[image: \left(x,f\left(x\right)\right)] 	[image: \left(x,g\left(x\right)\right)] 
  	[image: \left(2,4\right)] 	[image: \left(4,2\right)] 
 	[image: \left(5,12\right)] 	[image: \left(12,5\right)] 
  
   How To: Given two functions [image: f\left(x\right)] and [image: g\left(x\right)], test whether the functions are inverses of each other. 	Determine whether [image: f\left(g\left(x\right)\right)=x] and [image: g\left(f\left(x\right)\right)=x].
 	If both statements are true, then [image: g={f}^{-1}] and [image: f={g}^{-1}]. If either statement is false, then [image: g\ne {f}^{-1}] and [image: f\ne {g}^{-1}].
 
  If [image: f\left(x\right)=\dfrac{1}{x+2}] and [image: g\left(x\right)=\dfrac{1}{x}-2], is [image: g={f}^{-1}?] Show Solution [image: \begin{align} g\left(f\left(x\right)\right)&=\frac{1}{\left(\frac{1}{x+2}\right)}{-2 }\\[1.5mm]&={ x }+{ 2 } -{ 2 }\\[1.5mm]&={ x } \end{align}]
 so
 [image: g={f}^{-1}\text{ and }f={g}^{-1}]
 This is enough to answer yes to the question, but we can also verify the other formula.
 [image: \begin{align} f\left(g\left(x\right)\right)&=\frac{1}{\frac{1}{x}-2+2}\\[1.5mm] &=\frac{1}{\frac{1}{x}} \\[1.5mm] &=x \end{align}]
 Analysis of the Solution
 Notice the inverse operations are in reverse order of the operations from the original function.
   If [image: f\left(x\right)={x}^{3}] (the cube function) and [image: g\left(x\right)=\frac{1}{3}x], is [image: g={f}^{-1}?] Show Solution [image: f\left(g\left(x\right)\right)=\left(\frac{1}{3}x\right)^3=\dfrac{{x}^{3}}{27}\ne x]No, the functions are not inverses.
 [image: \\]
 Analysis of the Solution
 [image: \\]
 The correct inverse to [image: x^3] is the cube root [image: \sqrt[3]{x}={x}^{\frac{1}{3}}], that is, the one-third is an exponent, not a multiplier.
  An interactive online homework element has been excluded from the printed version of the text. To see the interactive element that was excluded, please visit the courseware online.
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				Determine the Domain and Range of an Inverse Function
 The outputs of the function [image: f] are the inputs to [image: {f}^{-1}], so the range of [image: f] is also the domain of [image: {f}^{-1}]. Likewise, because the inputs to [image: f] are the outputs of [image: {f}^{-1}], the domain of [image: f] is the range of [image: {f}^{-1}]. We can visualize the situation.
 [image: Domain and range of a function and its inverse.]Domain and range of a function and its inverse domain and range of inverse functions
 The range of a function [image: f\left(x\right)] is the domain of the inverse function [image: {f}^{-1}\left(x\right)].
  
 The domain of [image: f\left(x\right)] is the range of [image: {f}^{-1}\left(x\right)].
  When a function has no inverse function, it is possible to create a new function where that new function on a limited domain does have an inverse function.
 For example, the inverse of [image: f\left(x\right)=\sqrt{x}] is [image: {f}^{-1}\left(x\right)={x}^{2}], because a square “undoes” a square root; but the square is only the inverse of the square root on the domain [image: \left[0,\infty \right)], since that is the range of [image: f\left(x\right)=\sqrt{x}].
 [image: \\]
 We can look at this problem from the other side, starting with the square (toolkit quadratic) function [image: f\left(x\right)={x}^{2}]. If we want to construct an inverse to this function, we run into a problem, because for every given output of the quadratic function, there are two corresponding inputs (except when the input is 0).For example, the output [image: 9] from the quadratic function corresponds to the inputs [image: 3] and [image: –3].But an output from a function is an input to its inverse; if this inverse input corresponds to more than one inverse output (input of the original function), then the “inverse” is not a function at all!
 [image: \\]
 To put it differently, the quadratic function is not a one-to-one function; it fails the horizontal line test, so it does not have an inverse function. In order for a function to have an inverse, it must be a one-to-one function. In many cases, if a function is not one-to-one, we can still restrict the function to a part of its domain on which it is one-to-one.
 We can make a restricted version of the square function [image: f\left(x\right)={x}^{2}] with its range limited to [image: \left[0,\infty \right)], which is a one-to-one function (it passes the horizontal line test) and which has an inverse (the square-root function).
 [image: \\]
 If [image: f\left(x\right)={\left(x - 1\right)}^{2}] on [image: \left[1,\infty \right)], then the inverse function is [image: {f}^{-1}\left(x\right)=\sqrt{x}+1]. 	The domain of [image: f] = range of [image: {f}^{-1}] = [image: \left[1,\infty \right)].
 	The domain of [image: {f}^{-1}] = range of [image: f] = [image: \left[0,\infty \right)].
 
  Is it possible for a function to have more than one inverse?
  
 No. If two supposedly different functions, say, [image: g] and [image: h], both meet the definition of being inverses of another function [image: f], then you can prove that [image: g=h]. We have just seen that some functions only have inverse functions if we restrict the domain of the original function. In these cases, there may be more than one way to restrict the domain, leading to different inverse functions. However, on any one domain, the original function still has only one unique inverse function.
  How To: Given a function, find the domain and range of its inverse.
  	If the function is one-to-one, write the range of the original function as the domain of the inverse, and write the domain of the original function as the range of the inverse.
 	If the domain of the original function needs to be restricted to make it one-to-one, then this restricted domain becomes the range of the inverse function.
 
  Identify which of the toolkit functions besides the quadratic function are not one-to-one, and find a restricted domain on which each function is one-to-one, if any. We restrict the domain in such a fashion that the function assumes all [image: y]-values exactly once.
 [image: \\]
 Fora refresher of the tool kit functions, expand the review below. Toolkit Functions Review      	Constant 	Identity 	Quadratic 	Cubic 	Reciprocal 
 	[image: f\left(x\right)=c] 	[image: f\left(x\right)=x] 	[image: f\left(x\right)={x}^{2}] 	[image: f\left(x\right)={x}^{3}] 	[image: f\left(x\right)=\frac{1}{x}] 
 	Reciprocal squared 	Cube root 	Square root 	Absolute value 	 
 	[image: f\left(x\right)=\frac{1}{{x}^{2}}] 	[image: f\left(x\right)=\sqrt[3]{x}] 	[image: f\left(x\right)=\sqrt{x}] 	[image: f\left(x\right)=|x|] 	 
  
  Show Solution The constant function is not one-to-one, and there is no domain (except a single point) on which it could be one-to-one, so the constant function has no meaningful inverse.
 The absolute value function can be restricted to the domain [image: \left[0,\infty \right)], where it is equal to the identity function.
 The reciprocal-squared function can be restricted to the domain [image: \left(0,\infty \right)].
 Analysis of the Solution
 We can see that these functions (if unrestricted) are not one-to-one by looking at their graphs. They both would fail the horizontal line test. However, if a function is restricted to a certain domain so that it passes the horizontal line test, then in that restricted domain, it can have an inverse.
 [image: Graph of an absolute function.](a) Absolute value (b) Reciprocal squared   [ohm_question hide_question_numbers=1]293885[/ohm_question] 
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				Finding and Evaluating Inverse Functions
 Once we have a one-to-one function, we can evaluate its inverse at specific inverse function inputs or construct a complete representation of the inverse function in many cases.
 Inverting Tabular Functions
 Suppose we want to find the inverse of a function represented in table form. Remember that the domain of a function is the range of the inverse and the range of the function is the domain of the inverse. So we need to interchange the domain and range.
 Each row (or column) of inputs becomes the row (or column) of outputs for the inverse function. Similarly, each row (or column) of outputs becomes the row (or column) of inputs for the inverse function.
 A function [image: f\left(t\right)] is given below, showing distance in miles that a car has traveled in [image: t] minutes. Find and interpret [image: {f}^{-1}\left(70\right)]. 	[image: t] (minutes) 	[image: f(t)] (miles) 
 	[image: 30] 	[image: 20] 
 	[image: 50] 	[image: 40] 
 	[image: 70] 	[image: 60] 
 	[image: 90] 	[image: 70] 
  
 Show Solution The inverse function takes an output of [image: f] and returns an input for [image: f]. So in the expression [image: {f}^{-1}\left(70\right)], [image: 70] is an output value of the original function, representing [image: 70] miles. The inverse will return the corresponding input of the original function [image: f], [image: 90] minutes, so [image: {f}^{-1}\left(70\right)=90]. The interpretation of this is that, to drive [image: 70] miles, it took [image: 90] minutes.
 Alternatively, recall that the definition of the inverse was that if [image: f\left(a\right)=b], then [image: {f}^{-1}\left(b\right)=a]. By this definition, if we are given [image: {f}^{-1}\left(70\right)=a], then we are looking for a value [image: a] so that [image: f\left(a\right)=70]. In this case, we are looking for a [image: t] so that [image: f\left(t\right)=70], which is when [image: t=90].
   An interactive online homework element has been excluded from the printed version of the text. To see the interactive element that was excluded, please visit the courseware online.
 
  Evaluating the Inverse of a Function, Given a Graph of the Original Function
 The domain of a function can be read by observing the horizontal extent of its graph. We find the domain of the inverse function by observing the vertical extent of the graph of the original function, because this corresponds to the horizontal extent of the inverse function. Similarly, we find the range of the inverse function by observing the horizontal extent of the graph of the original function, as this is the vertical extent of the inverse function. If we want to evaluate an inverse function, we find its input within its domain, which is all or part of the vertical axis of the original function’s graph.
 How To: Given the graph of a function, evaluate its inverse at specific points. 	Find the desired input of the inverse function on the [image: y]-axis of the given graph.
 	Read the inverse function’s output from the [image: x]-axis of the given graph.
 
  A function [image: g\left(x\right)] is given below. Find [image: g\left(3\right)] and [image: {g}^{-1}\left(3\right)].[image: Graph of g(x).] Show Solution To evaluate [image: g\left(3\right)], we find [image: 3] on the [image: x]-axis and find the corresponding output value on the [image: y]-axis. The point [image: \left(3,1\right)] tells us that [image: g\left(3\right)=1].
 [image: \\]
 To evaluate [image: {g}^{-1}\left(3\right)], recall that by definition [image: {g}^{-1}\left(3\right)] means the value of [image: x] for which [image: g\left(x\right)=3]. By looking for the output value [image: 3] on the vertical axis, we find the point [image: \left(5,3\right)] on the graph, which means [image: g\left(5\right)=3], so by definition, [image: {g}^{-1}\left(3\right)=5].[image: Graph of g(x).]
  An interactive online homework element has been excluded from the printed version of the text. To see the interactive element that was excluded, please visit the courseware online.
 
  Finding Inverses of Functions Represented by Formulas
 Sometimes we will need to know an inverse function for all elements of its domain, not just a few. If the original function is given as a formula—for example, [image: y] as a function of [image: x-] we can often find the inverse function by solving to obtain [image: x] as a function of [image: y].
 How To: Given a function represented by a formula, find the inverse. 	Verify that [image: f] is a one-to-one function.
 	Replace [image: f\left(x\right)] with [image: y].
 	Interchange [image: x] and [image: y].
 	Solve for [image: y], and rename the function [image: {f}^{-1}\left(x\right)].
 
  Find a formula for the inverse function that gives Fahrenheit temperature as a function of Celsius temperature. [image: C=\frac{5}{9}\left(F - 32\right)]
 Show Solution [image: { C }=\frac{5}{9}\left(F - 32\right)]
 [image: C\cdot \frac{9}{5}=F - 32]
 [image: F=\frac{9}{5}C+32]
 By solving in general, we have uncovered the inverse function. If
 [image: C=h\left(F\right)=\frac{5}{9}\left(F - 32\right)],
 then
 [image: F={h}^{-1}\left(C\right)=\frac{9}{5}C+32].
 In this case, we introduced a function [image: h] to represent the conversion because the input and output variables are descriptive, and writing [image: {C}^{-1}] could get confusing.
   Find the inverse of the function [image: f\left(x\right)=\dfrac{2}{x - 3}+4]. 
 Show Solution [image: \begin{align}&y=\frac{2}{x - 3}+4 && \text{Change }f(x)\text{ to }y. \\[1.5mm]&x=\frac{2}{y - 3}+4 && \text{Switch }x\text{ and }y. \\[1.5mm] &y - 4=\frac{2}{x - 3} && \text{Subtract 4 from both sides}. \\[1.5mm] &y - 3=\frac{2}{x - 4} && \text{Multiply both sides by }y - 3\text{ and divide by }x - 4. \\[1.5mm] &y=\frac{2}{x - 4}+3 && \text{Add 3 to both sides}.\\[-3mm]&\end{align}]
 So [image: {f}^{-1}\left(x\right)=\dfrac{2}{x - 4}+3].
 Analysis of the Solution
 The domain and range of [image: f] exclude the values [image: 3] and [image: 4], respectively. [image: f] and [image: {f}^{-1}] are equal at two points but are not the same function, as we can see by creating the table below.
 	[image: x] 	[image: 1] 	[image: 2] 	[image: 5] 	[image: {f}^{-1}\left(y\right)] 
 	[image: f\left(x\right)]  	[image: 3] 	[image: 2] 	[image: 5] 	[image: y] 
  
   An interactive online homework element has been excluded from the printed version of the text. To see the interactive element that was excluded, please visit the courseware online.
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				Finding Inverse Functions and Their Graphs
 Now that we can find the inverse of a function, we will explore the graphs of functions and their inverses. Let us return to the quadratic function [image: f\left(x\right)={x}^{2}] restricted to the domain [image: \left[0,\infty \right)], on which this function is one-to-one, and graph it as below.
 [image: Graph of f(x).]Quadratic function with domain restricted to [0, ∞). Restricting the domain to [image: \left[0,\infty \right)] makes the function one-to-one (it will obviously pass the horizontal line test), so it has an inverse on this restricted domain.
 We already know that the inverse of the toolkit quadratic function is the square root function, that is, [image: {f}^{-1}\left(x\right)=\sqrt{x}]. What happens if we graph both [image: f\text{ }] and [image: {f}^{-1}] on the same set of axes, using the [image: x\text{-}] axis for the input to both [image: f\text{ and }{f}^{-1}?]
 We notice a distinct relationship: The graph of [image: {f}^{-1}\left(x\right)] is the graph of [image: f\left(x\right)] reflected about the diagonal line [image: y=x], which we will call the identity line, shown below.
 [image: Graph of f(x) and f^(-1)(x).]Square and square-root functions on the non-negative domain This relationship will be observed for all one-to-one functions, because it is a result of the function and its inverse swapping inputs and outputs. This is equivalent to interchanging the roles of the vertical and horizontal axes.
 Given the graph of [image: f\left(x\right)], sketch a graph of [image: {f}^{-1}\left(x\right)].[image: Graph of f^(-1)(x).] Show Solution This is a one-to-one function, so we will be able to sketch an inverse. Note that the graph shown has an apparent domain of [image: \left(0,\infty \right)] and range of [image: \left(-\infty ,\infty \right)], so the inverse will have a domain of [image: \left(-\infty ,\infty \right)] and range of [image: \left(0,\infty \right)].
 [image: \\]
 If we reflect this graph over the line [image: y=x], the point [image: \left(1,0\right)] reflects to [image: \left(0,1\right)] and the point [image: \left(4,2\right)] reflects to [image: \left(2,4\right)]. Sketching the inverse on the same axes as the original graph gives us the result in the graph below.
 [image: Graph of f(x) and f^(-1)(x).]The function and its inverse, showing reflection about the identity line   Is there any function that is equal to its own inverse?
  
 Yes. If [image: f={f}^{-1}], then [image: f\left(f\left(x\right)\right)=x], and we can think of several functions that have this property. The identity function does, and so does the reciprocal function, because
 [image: \frac{1}{\frac{1}{x}}=x]
 Any function [image: f\left(x\right)=c-x], where [image: c] is a constant, is also equal to its own inverse.
  [ohm_question hide_question_numbers=1]293887[/ohm_question] [ohm_question hide_question_numbers=1]293888[/ohm_question]  
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				 	Confirm that two functions are inverses
 	Figure out the allowed inputs and outputs for an inverse function and adjust the original function’s domain to ensure it is one-to-one
 	Discover or calculate the inverse of a function
 	Draw the inverse of a function on the same graph by reflecting it across the line [image: y=x]
 
  The Chinook salmon, a vital species in California’s ecosystem, faced a critical threat of extinction. To protect these remarkable fish, conservationists launched an ambitious reintroduction program in California’s Central Valley.[1]
 [image: ]
 The project centered on releasing juvenile Chinook salmon into a tributary of the Sacramento River. By monitoring the number of adult salmon returning to spawn each year, scientists could track the program’s success and the species’ recovery.
 Scientists collected data about the relationship between the number of juvenile salmon released and the number of adult salmon that returned to spawn. This relationship can be modeled using a function [image: f], where [image: f(x)] represents the number of returning adult salmon when [image: x] thousand juvenile salmon are released.
 Using this model, biologists can better understand:
 	How many juvenile salmon they need to release to achieve their target adult population
 	What factors might be affecting the survival rate
 	How to optimize their conservation efforts
 
 An interactive online homework element has been excluded from the printed version of the text. To see the interactive element that was excluded, please visit the courseware online.
 
  The function [image: f] models how juvenile salmon releases ([image: x] thousand fish) relate to returning adult salmon ([image: f(x)]). However, biologists often need to work backward – if they want a specific number of adult salmon to return, they need to calculate how many juveniles to release.
 This is where inverse functions become valuable. The inverse function [image: f^{-1}] helps determine how many thousand juvenile salmon need to be released to achieve a target number of returning adults.
  An interactive online homework element has been excluded from the printed version of the text. To see the interactive element that was excluded, please visit the courseware online.
 
  Now that we understand how to interpret specific values of our inverse function, let’s examine its overall behavior. This will help biologists better understand the relationship between juvenile releases and adult returns across different population sizes. An interactive online homework element has been excluded from the printed version of the text. To see the interactive element that was excluded, please visit the courseware online.
 
  Media Attributions
	6.3_Inverse_Functions_fishy 



	https://www.fisheries.noaa.gov/feature-story/endangered-winter-run-chinook-salmon-increase-millions-offspring-headed-sea ↵
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				 	Find the slope of a line.
 
  Finding the Slope of a Line
 The slope of a line tells us how steep the line is and which direction it goes. It’s like measuring how much you go up (or down) for every step you take to the right.
 [image: m =\dfrac{\text{rise}}{\text{run}} = \dfrac{y_2 - y_1}{x_2 - x_1}]
 Where:
 	[image: (x_1, y_1)] and [image: (x_2, y_2)] are two points on the line.
 	[image: m] is the slope of the line.
 	“rise” is the change in output.
 	“run” is the change in input.
 
 When interpreting slope, it will be important to consider the units of measurement. Make sure to always attach these units to both the numerator and denominator when they are provided to you.
 [image: ]
  [image: ]Find the slope of the line shown.
 Using two points Locate two points on the graph whose coordinates are integers. Label the coordinates of these points.
 	[image: (0,1) = (x_1, y_1)]
 	[image: (5, -2) = (x_2, y_2)]
 
 [image: \begin{align*} m &= \dfrac{y_2 - y_1}{x_2 - x_1} \\ &= \dfrac{-2 - 1}{5 - 0} \\ &= \dfrac{-3}{5} \end{align*}]
 So, the slope of the line is [image: -\dfrac{3}{5}].
  Using graph (rise and run) It may help to visualize this change as [image: m =\dfrac{\text{rise}}{\text{run}}]. 
 Count the rise between the points. Since the line goes down, the slope is negative. Then count the run, or horizontal change.
 [image: ]
 So, the slope of the line is [image: m =\dfrac{\text{rise}}{\text{run}} = \dfrac{-3}{5}]. 
   Find the slope of [image: 2x-4y = 5]. Show Answer To find the slope of the line given by the equation [image: 2x-4y = 5], we need to rewrite the equation in slope-intercept form [image: y = mx+b], where [image: m] is the slope.[image: \begin{align*} 2x - 4y &= 5 \\ -4y &= -2x + 5 \\ y &= \frac{-2x + 5}{-4} \\ y &= \frac{-2x}{-4} + \frac{5}{-4} \\ y &= \frac{1}{2}x - \frac{5}{4} \end{align*}]
 So, the slope of the line is [image: \dfrac{1}{2}].
  An interactive online homework element has been excluded from the printed version of the text. To see the interactive element that was excluded, please visit the courseware online.
 
  An interactive online homework element has been excluded from the printed version of the text. To see the interactive element that was excluded, please visit the courseware online.
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				 	Find the equation of the line.
 
  The Equation of a Line
 When data is collected, a linear model can be created from two data points. Let’s see how to find an equation of a line when two points are given by following the steps below.
 How to: Find the equation of a line given two points: 	Find the slope using the given points.
 	Choose one point and label its coordinates [image: (x_1, y_1)].
 	Plug [image: m], [image: x_1], and [image: y_1] into the point-slope form, [image: y - y_1 = m(x - x_1)].
 	Rewrite the equation in slope-intercept form, [image: y = mx+b].
 
  Find the equation of a line containing the points [image: (-4, -3)] and [image: (1, -5)]. 	Calculate the slope.
 [image: \begin{align*} m &= \frac{y_2 - y_1}{x_2 - x_1} \\ &= \frac{-5 - (-3)}{1 - (-4)} \\ &= \frac{-5 + 3}{1 + 4} \\ &= \frac{-2}{5} \end{align*}]
 	Let’s use [image: (-4, -3)] as [image: (x_1, y_1)].
 	Plug the values above into the point-slope form of the equation [image: y - y_1 = m(x - x_1)].
 [image: \begin{align*} y - (-3) &= -\frac{2}{5}(x - (-4)) \\ y + 3 &= -\frac{2}{5}(x + 4) \end{align*}]
 	Simplify to the slope-intercept form, [image: y = mx+b].
 [image: \begin{align*} y + 3 &= -\frac{2}{5}x - \frac{2}{5} \cdot 4 \\ y + 3 &= -\frac{2}{5}x - \frac{8}{5} \\ y &= -\frac{2}{5}x - \frac{8}{5} - 3 \\ y &= -\frac{2}{5}x - \frac{8}{5} - \frac{15}{5} \\ y &= -\frac{2}{5}x - \frac{23}{5} \end{align*}]
 
 So, the equation of the line is: 
 [image: y = -\dfrac{2}{5}x - \dfrac{23}{5}]
 Standard Form We can also rewrite the equation of the line in the standard form [image: Ax+By = C].
 [image: \begin{align*} & \text{Start with the slope-intercept form:} & y &= -\frac{2}{5}x - \frac{23}{5} \\ & \text{Eliminate the fractions by multiplying through by 5:} & 5y &= -2x - 23 \\ & \text{Rearrange the terms to get } Ax + By = C: & 2x + 5y &= -23 \end{align*}]
  An interactive online homework element has been excluded from the printed version of the text. To see the interactive element that was excluded, please visit the courseware online.
 
  An interactive online homework element has been excluded from the printed version of the text. To see the interactive element that was excluded, please visit the courseware online.
 
  An interactive online homework element has been excluded from the printed version of the text. To see the interactive element that was excluded, please visit the courseware online.
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				 	Plot points on the Cartesian coordinate plane.
 
  The Cartesian Coordinate Plane
 The Cartesian coordinate system, also called the rectangular coordinate system, is based on a two-dimensional plane consisting of the [image: x]-axis and the [image: y]-axis. Perpendicular to each other, the axes divide the plane into four sections. Each section is called a quadrant; the quadrants are numbered counterclockwise as shown in the figure below.
 [image: This is an image of an x, y plane with the axes labeled. The upper right section is labeled: Quadrant I. The upper left section is labeled: Quadrant II. The lower left section is labeled: Quadrant III. The lower right section is labeled: Quadrant IV.]The Cartesian coordinate system with all four quadrants labeled. An interactive online homework element has been excluded from the printed version of the text. To see the interactive element that was excluded, please visit the courseware online.
 
  Each point in the plane is identified by its [image: x]–coordinate, or horizontal displacement from the origin, and its [image: y]–coordinate, or vertical displacement from the origin. Together we write them as an ordered pair indicating the combined distance from the origin in the form [image: \left(x,y\right)]. An ordered pair is also known as a coordinate pair because it consists of [image: x]and [image: y]-coordinates.
 For example: The center of the plane is the point at which the two axes cross. It is known as the origin or point [image: \left(0,0\right)].
 Represent the point [image: \left(3,-1\right)] in the coordinate plane. Show Answer We can represent the point [image: \left(3,-1\right)] in the plane by moving three units to the right of the origin in the horizontal direction and one unit down in the vertical direction.[image: This is an image of an x, y coordinate plane. The x and y axis range from negative 5 to 5. The point (3, -1) is labeled. An arrow extends rightward from the origin 3 units and another arrow extends downward one unit from the end of that arrow to the point.]
  An interactive online homework element has been excluded from the printed version of the text. To see the interactive element that was excluded, please visit the courseware online.
 
  An interactive online homework element has been excluded from the printed version of the text. To see the interactive element that was excluded, please visit the courseware online.
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				 	Express a linear function using an equation, words, tables, and graphs
 	Determine whether a linear function is increasing, decreasing, or constant
 	Understand the slope of a line as the rate at which one quantity changes in relation to another
 	Solve for the x-intercept in a linear function equation
 
  Linear Functions
 Imagine placing a plant in the ground one day and finding that it has doubled its height just a few days later. Although it may seem incredible, this can happen with certain types of bamboo species. These members of the grass family are the fastest-growing plants in the world. One species of bamboo has been observed to grow nearly [image: 1.5] inches every hour [1]. In a twenty-four hour period, this bamboo plant grows about [image: 36] inches, or an incredible [image: 3] feet! A constant rate of change, such as the growth cycle of this bamboo plant, is a linear function.
 Just as with the growth of a bamboo plant, there are many situations that involve constant change over time. For example, consider the first commercial Maglev train in the world, the Shanghai Maglev Train. It carries passengers comfortably for a [image: 30]-kilometer trip from the airport to the subway station in only [image: 8] minutes.[2]
 [image: The Shanghai Maglev train.]A view of the Shanghai Maglev Train. (credit: Rolf Wilhelm Pfennig) 
 Suppose that a Maglev train were to travel a long distance, and the train maintains a constant speed of [image: 83] meters per second for a period of time once it is [image: 250] meters from the station. How can we analyze the train’s distance from the station as a function of time? In this section, we will investigate a type of function that is useful for this purpose and use it to investigate real-world situations such as the train’s distance from the station at a given point in time.
 The function describing the train’s motion is a linear function, which is defined as a function with a constant rate of change, that is, a polynomial of degree [image: 1]. There are several ways to represent a linear function including word form, function notation, tabular form and graphical form. We will describe the train’s motion as a function using each method.
 linear function
 A linear function is characterized by a constant rate of change and can be represented as a polynomial of degree [image: 1].
 
  
	"http://www.guinnessworldrecords.com/world-records/fastest-growing-plant/". ↵
	"http://www.chinahighlights.com/shanghai/transportation/maglev-train.htm". ↵
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				Representing Linear Functions
 Representing a Linear Function in Word Form
 Let’s begin by describing the linear function in words. For the train problem we just considered, the following word sentence may be used to describe the function relationship.
 	The train’s distance from the station is a function of the time during which the train moves at a constant speed plus its original distance from the station when it began moving at a constant speed.
 
 The speed is the rate of change. Recall that a rate of change is a measure of how quickly the dependent variable changes with respect to the independent variable. The rate of change for this example is constant, which means that it is the same for each input value. As the time (input) increases by [image: 1] second, the corresponding distance (output) increases by [image: 83] meters. The train began moving at this constant speed at a distance of [image: 250] meters from the station.
 Representing a Linear Function in Function Notation
 Another approach to representing linear functions is by using function notation. One example of function notation is an equation written in the form known as slope-intercept form of a line, where [image: x] is the input value, [image: m] is the rate of change, and [image: b] is the initial value of the dependent variable.
 slope-intercept form
 Slope-intercept form, is a way to represent linear functions. It highlights the rate of change [image: m], the input value [image: x], and initial value of the dependent variable [image: b], making it foundational for understanding relationships between variables.
  
 Slope-intercept form is given below:
  
 [image: \begin{array}{lll}\text{Equation form}\hfill & y=mx+b\hfill \\ \text{Function notation}\hfill & f\left(x\right)=mx+b\hfill \end{array}]
 
  In the example of the train, we might use the notation [image: D\left(t\right)] in which the total distance [image: D] is a function of the time [image: t]. The rate, [image: m], is [image: 83] meters per second. The initial value, [image: b], of the dependent variable is the original distance from the station, [image: 250] meters. We can write a generalized equation to represent the motion of the train.
 [image: D\left(t\right)=83t+250]
 In the example above, the function notation, [image: y=f(x)] is written, descriptively for the situation, as [image: y = D(t)].The function, [image: D(t)=83t +250], takes an input [image: t], multiplies it by [image: 83], then adds [image: 250]. The result is the output, [image: D(t)].We can choose input and output variables stylistically as desired. It is the form of the function that remains consistent from function to function. Representing a Linear Function in Tabular Form
 A third method of representing a linear function is through the use of a table. The relationship between the distance from the station and the time is represented in the table below. From the table, we can see that the distance changes by [image: 83] meters for every [image: 1] second increase in time.
 [image: Table with the first row, labeled t, containing the seconds from 0 to 3, and with the second row, labeled D(t), containing the meters 250 to 499. The first row goes up by 1 second, and the second row goes up by 83 meters.]Tabular representation of the function D showing selected input and output values. 
 representing a linear function in tabular form
 In a table representing a linear function, each input-output pair forms a consistent pattern, exhibiting a constant rate of change between [image: y]-values. To identify the function as linear, ensure that the difference between consecutive [image: y]-values is the same when the [image: x]-values increase by a consistent amount.
 
  An interactive online homework element has been excluded from the printed version of the text. To see the interactive element that was excluded, please visit the courseware online.
 
  Representing a Linear Function in Graphical Form
 Another way to represent linear functions is visually by using a graph. We can use the function relationship from above, [image: D\left(t\right)=83t+250], to draw a graph as seen below. Notice the graph is a line. When we plot a linear function, the graph is always a line.
 The y-intercept of the line in the graph below represents the initial value of the function.The term initial value is used in situations where it would be illogical to consider negative input. Even though it would be reasonable to graph the line [image: y=83x + 250] where [image: x \lt 0], in this situation we don’t consider negative input values of time. The rate of change, which is always constant for linear functions, determines the slant or slope of the line. The point at which the input value is zero is the [image: y]-intercept of the line. We can see from the graph that the [image: y]-intercept in the train example we just saw is [image: \left(0,250\right)] and represents the distance of the train from the station when it began moving at a constant speed.
 [image: A graph of an increasing function with points at (-2, -4) and (0, 2).]The graph of [image: D\left(t\right)=83t+250]. Graphs of linear functions are lines because the rate of change is constant. 
 Notice the graph of the train example is restricted since the input value, time, must always be a nonnegative real number. However, this is not always the case for every linear function. Consider the graph of the line [image: f\left(x\right)=2{x}_{}+1]. Ask yourself what input values can be plugged into this function, that is, what is the domain of the function? The domain is comprised of all real numbers because any number may be doubled and then have one added to the product.
 representing a linear function in graphical form
 A linear function is a function whose graph is a line. Linear functions can be written in slope-intercept form of a line:
  
 [image: f\left(x\right)=mx+b]
  
 where [image: b] is the initial or starting value of the function (when input, [image: x=0]) and [image: m] is the constant rate of change or slope of the function. The y-intercept is at [image: \left(0,b\right)].
 
  The pressure, [image: P], in pounds per square inch (PSI) on a diver depends on depth below the water surface, [image: d], in feet.
 [image: \\]
 This relationship may be modeled by the equation
 [image: P\left(d\right)=0.434d+14.696]
 Restate this function in words. Show Solution To restate the function in words, we need to describe each part of the equation. The pressure as a function of depth equals four hundred thirty-four thousandths times depth plus fourteen and six hundred ninety-six thousandths.
 [image: \\]Analysis of the Solution
 [image: \\]
 The initial value, [image: 14.696], is the pressure in PSI on the diver at a depth of [image: 0] feet, which is the surface of the water. The rate of change, or slope, is [image: 0.434] PSI per foot. This tells us that the pressure on the diver increases [image: 0.434] PSI for each foot her depth increases.
  An interactive online homework element has been excluded from the printed version of the text. To see the interactive element that was excluded, please visit the courseware online.
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				Determine Whether a Linear Function is Increasing, Decreasing, or Constant
 A linear function may be increasing, decreasing, or constant. For an increasing function, as with the train example, the output values increase as the input values increase. The graph of an increasing function has a positive slope. A line with a positive slope slants upward from left to right as in (a). For a decreasing function, the slope is negative. The output values decrease as the input values increase. A line with a negative slope slants downward from left to right as in (b). If the function is constant, the output values are the same for all input values, so the slope is zero. A line with a slope of zero is horizontal as in (c).
 [image: Three graphs depicting an increasing function, a decreasing function, and a constant function.]
 increasing and decreasing linear functions
 The slope determines if a linear function function is an increasing, decreasing or constant.
  
 	[image: f\left(x\right)=mx+b\text{ is an increasing function if }m>0]
 	[image: f\left(x\right)=mx+b\text{ is an decreasing function if }m<0]
 	[image: f\left(x\right)=mx+b\text{ is a constant function if }m=0]
 
 
  Some recent studies suggest that a teenager sends an average of [image: 60] text messages per day.[1] For each of the following scenarios, find the linear function that describes the relationship between the input value and the output value. Then determine whether the graph of the function is increasing, decreasing, or constant. 	The total number of texts a teenager sends is considered a function of time in days. The input is the number of days and output is the total number of texts sent.
 	A teenager has a limit of [image: 500] texts per month in his or her data plan. The input is the number of days and output is the total number of texts remaining for the month.
 	A teenager has an unlimited number of texts in his or her data plan for a cost of [image: $50] per month. The input is the number of days and output is the total cost of texting each month.
 
 Show Solution Analyze each function.
 	The function can be represented as [image: f\left(x\right)=60x] where [image: x] is the number of days. The slope, [image: 60], is positive so the function is increasing. This makes sense because the total number of texts increases with each day.
 	The function can be represented as [image: f\left(x\right)=500 - 60x] where [image: x] is the number of days. In this case, the slope is negative so the function is decreasing. This makes sense because the number of texts remaining decreases each day and this function represents the number of texts remaining in the data plan after [image: x] days.
 	The cost function can be represented as [image: f\left(x\right)=50] because the number of days does not affect the total cost. The slope is [image: 0] so the function is constant.
 
   An interactive online homework element has been excluded from the printed version of the text. To see the interactive element that was excluded, please visit the courseware online.
 
  Use an online graphing calculator to graph the function: [image: f(x)=-\frac{2}{3}x-\frac{4}{3}].If you are using Desmos, you can add sliders to represent various aspects of your equation. Below is a short tutorial on how to add sliders to your graphs in Desmos. Other online graphing calculators may or may not have this feature. https://youtube.com/watch?v=9MChp2P0vMA%3Fenablejsapi%3D1+
 
 
You can view the transcript for “Learn Desmos: Sliders” here (opens in new window).
 Try adding a slider to the function [image: f(x) =-\frac{2}{3}x-\frac{4}{3}] that will let you change the slope. Limit the range of values for the slope such that your function is increasing, then do the same for a function that is decreasing. Finally, write and graph a function whose slope is constant.
  
	"http://www.cbsnews.com/news/teens-are-sending-60-texts-a-day-study-says/". ↵



	

			All rights reserved content
	Learn Desmos: Sliders. Provided by: Desmos. Retrieved from: https://www.youtube.com/watch?v=9MChp2P0vMA. License: All Rights Reserved. License Terms: Standard YouTube License
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				Interpreting Slope as a Rate of Change
 In mathematics, the slope of a line is more than just a number – it represents a rate of change. Understanding this concept is crucial for interpreting graphs, analyzing trends, and solving real-world problems.
 Slope is defined as the change in [image: y] (vertical change) divided by the change in [image: x] (horizontal change) between any two points on a line. It’s often expressed as: [image: \text{Slope} = \frac{\text{change in y}}{\text{change in x}} = \frac{y_2 - y_1}{x_2 - x_1}]
 Where [image: (x_1, y_1)] and [image: (x_2, y_2)] are two points on the line.
  When we interpret slope as a rate of change, we’re looking at how quickly one quantity changes in relation to another. Here’s what this means:
 	Positive Slope: As [image: x] increases, [image: y] increases. The rate of change is positive.
 	Negative Slope: As [image: x] increases, [image: y] decreases. The rate of change is negative.
 	Zero Slope: As [image: x] changes, [image: y] remains constant. There is no rate of change.
 	Undefined Slope: The line is vertical, and the rate of change is infinite.
 
 In practical terms, slope tells us the rate at which one quantity changes in relation to another. This rate of change can be applied to many real-world situations.
 For example, consider driving a car. If you’re traveling at a constant speed of [image: 60] miles per hour, this can be represented as a slope. The change in distance (miles) is proportional to the change in time (hours). In this case, the slope of the line representing your journey is [image: 60], meaning you’re covering [image: 60] miles for every [image: 1] hour. The formula here would be: [image: m = \frac{\text{60 miles}}{\text{1 hour}} = 60]
  Interpreting slope as a rate of change has practical applications across numerous fields. This concept allows us to analyze relationships between variables, identify trends, and make predictions in various real-world scenarios. Here are some examples of how slope is interpreted in different professional and scientific contexts:
 	Economics: In a price-demand graph, the slope represents how much demand changes for each unit change in price.
 	Physics: In a distance-time graph, the slope represents velocity (how fast distance is changing over time).
 	Chemistry: In a concentration-time graph, the slope represents the rate of a chemical reaction.
 	Business: In a profit-time graph, the slope represents the rate at which a company is earning (or losing) money.
 
 The population of a city increased from [image: 23,400] to [image: 27,800] between 2008 and 2012. Find the change in population per year if we assume the change was constant from 2008 to 2012. Show Solution The rate of change relates the change in population to the change in time.
 [image: \\]
 The population increased by [image: 27,800-23,400=4400] people over the four-year time interval.
 [image: \\]
 To find the rate of change, divide the change in the number of people by the number of years.
 [image: \frac{4,400\text{ people}}{4\text{ years}}=1,100\text{ }\frac{\text{people}}{\text{year}}]
 So the population increased by [image: 1,100] people per year.
 Analysis of the Solution
 Because we are told that the population increased, we would expect the slope to be positive. This positive slope we calculated is therefore reasonable. 
  [ohm_question hide_question_numbers=1]290335[/ohm_question] 
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				Finding the [image: x]-intercept of a Line
 So far we have only discussed the [image: y-]intercepts of functions: the point at which the graph of a function crosses the [image: y]-axis. A function may also have an [image: x]-intercept, which is the [image: x]-coordinate of the point where the graph of a function crosses the [image: x]-axis. In other words, it is the input value when the output value is zero.
 To find the [image: x]-intercept, set the function [image: f]([image: x]) equal to zero and solve for the value of [image: x]. For example, consider the function shown:
 [image: f\left(x\right)=3x - 6]
 Set the function equal to [image: 0] and solve for [image: x].
 [image: \begin{array}{l}0=3x - 6\hfill \\ 6=3x\hfill \\ 2=x\hfill \\ x=2\hfill \end{array}]
 The graph of the function crosses the [image: x]-axis at the point [image: (2, 0)].
 [image: x]-intercept of a Line
 The [image: x]-intercept of a function is the value of [image: x] where [image: f(x) = 0]. It can be found by solving the equation [image: 0 = mx + b].
 
  Q & A Do all linear functions have [image: x]-intercepts? 
 No. However, linear functions of the form [image: y = c], where [image: c] is a nonzero real number are the only examples of linear functions with no [image: x]-intercept. For example, [image: y = 5] is a horizontal line [image: 5] units above the [image: x]-axis. This function has no [image: x]-intercepts.
 [image: Graph of y = 5.]
 Find the [image: x]-intercept of the following:
 [image: f\left(x\right)=\frac{1}{2}x - 3] Show Solution Set the function equal to zero to solve for [image: x].
 [image: \begin{array}{l}0=\frac{1}{2}x - 3\\ 3=\frac{1}{2}x\\ 6=x\\ x=6\end{array}]
 The graph crosses the [image: x]-axis at the point [image: (6, 0)].
 [image: \\]
 Analysis of the Solution [image: \\]A graph of the function is shown below. We can see that the [image: x]-intercept is [image: (6, 0)] as expected.
 [image: The graph of the linear function f(x)=frac{1}{2}x - 3]The graph of the linear function [image: f\left(x\right)=\frac{1}{2}x - 3].  
 
 An interactive online homework element has been excluded from the printed version of the text. To see the interactive element that was excluded, please visit the courseware online.
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				 	Express a linear function using an equation, words, tables, and graphs
 	Determine whether a linear function is increasing, decreasing, or constant
 	Understand the slope of a line as the rate at which one quantity changes in relation to another
 	Solve for the [image: x]-intercept in a linear function equation
 
  In today’s digital age, even traditional products like disco balls have found their place in modern business. When companies plan their inventory and sales strategies, they use mathematical models to make smart decisions. Let’s explore how a local manufacturing company uses linear functions to track their inventory and plan production.
 [image: ]Photo by NEOSiAM  2024+ on Pexels Mirrored Marvels, an American manufacturing company, crafts high-quality disco balls that bring sparkle to events across the country. With each disco ball selling for [image: $125], they carefully balance their fixed costs of [image: $2,000] and production costs of [image: $80] per ball. They currently have [image: 20] disco balls in stock.
 An interactive online homework element has been excluded from the printed version of the text. To see the interactive element that was excluded, please visit the courseware online.
 
  Now that we understand how inventory changes as disco balls are sold, let’s look at the money coming in from these sales. Each time a disco ball leaves the warehouse, Mirrored Marvels receives payment. By tracking revenue (the money received from sales), the company can better understand their financial health. An interactive online homework element has been excluded from the printed version of the text. To see the interactive element that was excluded, please visit the courseware online.
 
  Before we can understand the company’s total financial picture, we need to consider their costs. Some costs stay the same no matter how many disco balls are made – these are called fixed costs. For Mirrored Marvels, fixed costs include things like warehouse rent, basic utilities, and equipment maintenance. An interactive online homework element has been excluded from the printed version of the text. To see the interactive element that was excluded, please visit the courseware online.
 
  In addition to fixed costs, Mirrored Marvels has to pay for materials and labor for each disco ball they make. These per-unit costs combine with the fixed costs to give us the total cost of production. Understanding this total cost helps the company make smart decisions about pricing and production. An interactive online homework element has been excluded from the printed version of the text. To see the interactive element that was excluded, please visit the courseware online.
 
  Now that we understand both revenue and costs, we can figure out how much money Mirrored Marvels actually keeps from their disco ball sales. Profit tells us if the business is making or losing money by showing us what’s left after paying all the costs. Think of it like your own budget – if you earn [image: $100] and spend [image: $75], your “profit” would be [image: $25]. An interactive online homework element has been excluded from the printed version of the text. To see the interactive element that was excluded, please visit the courseware online.
 
  Understanding profit helps businesses make crucial decisions, especially about their break-even point. For Mirrored Marvels, knowing their break-even point will tell them the minimum number of disco balls they need to sell just to cover their costs. [image: \\]  Mirrored Marvels can use these functions to determine how many disco balls they must sell in order to break even. Breaking even occurs when revenue is the same as the total costs. Since a negative profit is where the company’s costs are higher than their revenue, and a positive profit is where the company’s revenue is higher than their costs, you can also think of the breaking-even point as where the profit is [image: $0]. An interactive online homework element has been excluded from the printed version of the text. To see the interactive element that was excluded, please visit the courseware online.
 
  Media Attributions
	disco_ball_7.1_intro_to_lilnear_funcs 
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				 	Create and interpret equations of linear functions
 	Identify and graph lines that are vertical or horizontal
 	Graph straight lines by plotting points, using slope and y-intercept, and make changes like shifts to graphs
 	Write equations for lines that run parallel or at a right angle to another line
 
  Writing and Interpreting an Equation for a Linear Function
 Previously we wrote equations in both the slope-intercept form and the point-slope form. Now we can choose which method to use to write equations for linear functions based on the information we are given. That information may be provided in the form of a graph, a point and a slope, two points, and so on. Look at the graph of the function [image: f] given below:
 [image: This graph shows a linear function graphed on an x y coordinate plane. The x axis is labeled from negative 2 to 8 and the y axis is labeled from negative 1 to 8. The function f is graph along the points (0, 7) and (4, 4).]
 We are not given the slope of the line, but we can choose any two points on the line to find the slope. Let’s choose [image: (0, 7)] and [image: (4, 4)].
 [image: \begin{array}{rcl} m & = & \frac{y_2 - y_1}{x_2 - x_1} \\ m & = & \frac{4 - 7}{4 - 0} \\ m & = & -\frac{3}{4} \end{array}]
 Now we can substitute the slope and the coordinates of one of the points into the point-slope form.
 [image: \begin{array}{rcl} y - y_1 & = & m(x - x_1) \\ y - 4 & = & -\frac{3}{4}(x - 4) \end{array}]
 If we want to rewrite the equation in the slope-intercept form, we would find
 [image: \begin{array}{rcl} y - 4 & = & -\frac{3}{4}(x - 4) \\ y - 4 & = & -\frac{3}{4}x + 3 \\ y & = & -\frac{3}{4}x + 7 \end{array}]
 If we want to find the slope-intercept form without first writing the point-slope form, we could have recognized that the line crosses the y-axis when the output value is 7. Therefore, [image: b = 7]. We now have the initial value [image: b] and the slope [image: m], so we can substitute [image: m] and [image: b] into the slope-intercept form of a line.
 [image: This image shows the equation f of x equals m times x plus b. It shows that m is the value negative three fourths and b is 7. It then shows the equation rewritten as f of x equals negative three fourths times x plus 7.]
 So the function is [image: f(x) = -\frac{3}{4}x + 7], and the linear equation would be [image: y = -\frac{3}{4}x + 7].
 How to: Given the graph of a linear function, write an equation to represent the function.
 	Identify two points on the line.
 	Use the two points to calculate the slope.
 	Determine where the line crosses the y-axis to identify the y-intercept by visual inspection.
 	Substitute the slope and y-intercept into the slope-intercept form of a line equation.
 
  Write the equations of the linear function for the following graphs.[image: Graph of two functions where the blue line is y = -2/3x + 1, and the baby blue line is y = -2/3x +7. Notice that they are parallel lines.] Darker Line We can see right away that the graph crosses the [image: y]-axis at the point [image: (0,1)], so, this is the [image: y]-intercept. Thus, [image: b = 1].
 Then we can calculate the slope by finding the rise and run. We can choose any two points:
 [image: ]
 Thus, the slope is [image: -\dfrac{3}{2}].
 The equation of the line is [image: f(x) = -\dfrac{3}{2}x+1].
 
 
 
 
 
 
  Lighter Line We can see right away that the graph crosses the [image: y]-axis at the point [image: (0,7)], so, this is the [image: y]-intercept. Thus, [image: b = 7].
 Two two lines have exactly the same steepness, which means their slopes are identical. Thus, the slope is also [image: -\dfrac{3}{2}].
 The equation of the line is [image: f(x) = -\dfrac{3}{2}x+7].
 
 
 
   An interactive online homework element has been excluded from the printed version of the text. To see the interactive element that was excluded, please visit the courseware online.
 
  If [image: f] is a linear function, with [image: f(3) = -2], and [image: f(8) = 1], find an equation for the function in slope-intercept form. Show Answer We can write the given points using coordinates.
 [image: f(3) = -2 \rightarrow (3, -2) \ f(8) = 1 \rightarrow (8, 1)]
 We can then use the points to calculate the slope.
 [image: \begin{array}{rcl} m & = & \frac{y_2 - y_1}{x_2 - x_1} \\ m & = & \frac{1 - (-2)}{8 - 3} \\ m & = & \frac{3}{5} \end{array}]
 Substitute the slope and the coordinates of one of the points into the point-slope form.
 [image: \begin{array}{rcl} y - y_1 & = & m(x - x_1) \\ y - (-2) & = & \frac{3}{5}(x - 3) \end{array}]
 We can use algebra to rewrite the equation in the slope-intercept form.
 [image: \begin{array}{rcl} y + 2 & = & \frac{3}{5}(x - 3) \\ y + 2 & = & \frac{3}{5}x - \frac{9}{5} \\ y & = & \frac{3}{5}x - \frac{19}{5} \end{array}]
  Suppose Ben starts a company in which he incurs a fixed cost of [image: $1,250] per month for the overhead, which includes his office rent. His production costs are [image: $37.50] per item.
 [image: \\]
 Write a linear function [image: C(x)] where [image: C(x)] is the cost for [image: x] items produced in a given month. Show Answer We can analyze Ben’s cost problem using the slope-intercept form [image: y = mx + b], where the slope [image: m] represents the variable cost per item, and the [image: y]-intercept [image: b] represents the fixed monthly cost.In this case:
 	The slope is [image: 37.50], meaning the cost increases by [image: $37.50] for each additional item produced.
 	The y-intercept is [image: 1250], which is the fixed cost Ben incurs even when no items are produced.
 
 Thus, the linear function for Ben’s total cost [image: C(x)] can be written as:
 [image: C(x) = 37.50x + 1250]
 This equation represents the total monthly cost for producing [image: x] items, where the slope reflects the rate of change in cost and the [image: y]-intercept reflects the fixed cost.
   [ohm_question hide_question_numbers=1]290348[/ohm_question] 
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				Describing Horizontal and Vertical Lines
 There are two special cases of lines on a graph—horizontal and vertical lines.
 A horizontal line is a line defined by an equation of the form [image: f\left(x\right)=b] where [image: b] is a constant. A horizontal line indicates a constant output or [image: y]-value.
 In the graph and table, we see that the output has a value of [image: 2] for every input value. The change in outputs between any two points is [image: 0]. In the slope formula, the numerator is [image: 0], so the slope is [image: 0].If we use [image: m = 0] in the equation [image: f(x)=mx+b], the equation simplifies to [image: f(x)=b].
 [image: \\]
 In other words, the value of the function is a constant. This graph represents the function [image: f(x)=2].
 [image: image] A vertical line is a line defined by an equation of the form [image: x=a] where [image: a] is a constant. A vertical line indicates a constant input or [image: x]-value.
 [image: image]We can see that the input value for every point on the line is [image: 2], but the output value varies. Because this input value is mapped to more than one output value, a vertical line does not represent a function. Notice that between any two points, the change in the input values is zero. In the slope formula, the denominator will be zero, so the slope of a vertical line is undefined.[image: M equals change of output divided by change of input. The numerator is a non-zero real number, and the change of input is zero.]Notice that a vertical line has an [image: x]-intercept but no [image: y]–intercept unless it’s the line [image: x= 0]. This graph represents the line [image: x= 2]. horizontal and vertical lines
 Lines can be horizontal or vertical.
 	A horizontal line is a line defined by an equation of the form [image: f\left(x\right)=b] where [image: b] is a constant.
 	A vertical line is a line defined by an equation of the form [image: x=a] where [image: a] is a constant.
 
  Write the equation of the line graphed below.[image: Graph of x = 7.] Show Answer For any [image: x]-value, the [image: y]-value is [image: –4], so the equation is [image: y=–4].
  An interactive online homework element has been excluded from the printed version of the text. To see the interactive element that was excluded, please visit the courseware online.
 
   Write the equation of the line graphed below.[image: Graph of two functions where the baby blue line is y = -2/3x + 7, and the blue line is y = -x + 1.] Show Solution The constant [image: x]-value is [image: 7], so the equation is [image: x=7].
  [ohm_question hide_question_numbers=1]290352[/ohm_question]  
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				Graphing Linear Functions
 Now that we’ve seen and interpreted graphs of linear functions, let’s take a look at how to create the graphs. There are three basic methods of graphing linear functions. The first is by plotting points and then drawing a line through the points. The second is by using the y-intercept and slope. The third is applying transformations to the identity function [image: f\left(x\right)=x].
 Graphing a Function by Plotting Points
 To find points on a function’s graph, select input values, evaluate the function at these inputs, and calculate the corresponding outputs. These input-output pairs form coordinates, which you can plot on a grid. To graph the function, you should evaluate it at least two input values to identify at least two points.
 Given the function [image: f\left(x\right)=2x], we might use the input values [image: 1] and [image: 2].[image: \\] Evaluating the function for an input value of [image: 1] yields an output value of [image: 2] which is represented by the point [image: (1, 2)]. [image: \\]Evaluating the function for an input value of [image: 2] yields an output value of [image: 4] which is represented by the point [image: (2, 4)]. How To: Given a linear function, graph by plotting points. 	Choose a minimum of two input values.
 	Evaluate the function at each input value.
 	Use the resulting output values to identify coordinate pairs.
 	Plot the coordinate pairs on a grid.
 	Draw a line through the points.
 
  Choosing three points is often advisable because if all three points do not fall on the same line, we know we made an error. Graph the following by plotting points.
 [image: f\left(x\right)=-\frac{2}{3}x+5] Show Solution Begin by choosing input values. This function includes a fraction with a denominator of [image: 3] so let’s choose multiples of [image: 3] as input values. We will choose [image: 0], [image: 3], and [image: 6].
 [image: \\]
 Evaluate the function at each input value and use the output value to identify coordinate pairs.
 [image: \begin{array}{llllll}x=0& & f\left(0\right)=-\frac{2}{3}\left(0\right)+5=5\Rightarrow \left(0,5\right)\\ x=3& & f\left(3\right)=-\frac{2}{3}\left(3\right)+5=3\Rightarrow \left(3,3\right)\\ x=6& & f\left(6\right)=-\frac{2}{3}\left(6\right)+5=1\Rightarrow \left(6,1\right)\end{array}]
 Plot the coordinate pairs and draw a line through the points. The graph below is of the function [image: f\left(x\right)=-\frac{2}{3}x+5].
 [image: The graph of the linear function <img src="https://atu0g9ctah.execute-api.ca-central-1.amazonaws.com/latest/latex?latex=ZlxsZWZ0KHhccmlnaHQpPS1cZnJhY3syfXszfXgrNQ&fg=000000&isBase64=1" alt="f\left(x\right)=-\frac{2}{3}x+5" title="f\left(x\right)=-\frac{2}{3}x+5" class="latex mathjax" />.]
 Analysis of the Solution
 The graph of the function is a line as expected for a linear function. In addition, the graph has a downward slant which indicates a negative slope. This is also expected from the negative constant rate of change in the equation for the function.
   [ohm_question hide_question_numbers=1]294294[/ohm_question] Graphing a Linear Function Using [image: y]-intercept and Slope
 Another way to graph linear functions is by using specific characteristics of the function rather than plotting points. The first characteristic is its [image: y]–intercept which is the point at which the input value is zero. To find the [image: y]–intercept, we can set [image: x=0] in the equation. The other characteristic of the linear function is its slope [image: m].
 Keep in mind that if a function has a [image: y]-intercept, we can always find it by setting [image: x=0] and then solving for [image: y]. Let’s consider the following function. [image: f\left(x\right)=\frac{1}{2}x+1]
 	The slope is [image: \frac{1}{2}]. Because the slope is positive, we know the graph will slant upward from left to right.
 	The [image: y]–intercept is the point on the graph when [image: x = 0]. The graph crosses the [image: y]-axis at [image: (0, 1)].
 
 Now we know the slope and the [image: y]-intercept. We can begin graphing by plotting the point [image: (0, 1)] We know that the slope is rise over run, [image: m=\frac{\text{rise}}{\text{run}}].
 From our example, we have [image: m=\frac{1}{2}], which means that the rise is [image: 1] and the run is [image: 2]. Starting from our [image: y]-intercept [image: (0, 1)], we can rise [image: 1] and then run [image: 2] or run [image: 2] and then rise [image: 1]. We repeat until we have multiple points, and then we draw a line through the points as shown below.
 [image: graph of the line y = (1/2)x +1 showing the "rise", or change in the y direction as 1 and the "run", or change in x direction as 2, and the y-intercept at (0,1)]
  graphical interpretation of a linear function
 In the equation [image: f\left(x\right)=mx+b]
 	[image: b] is the [image: y]-intercept of the graph and indicates the point [image: (0, b)] at which the graph crosses the [image: y]-axis.
 	[image: m] is the slope of the line and indicates the vertical displacement (rise) and horizontal displacement (run) between each successive pair of points. Recall the formula for the slope:
 
 [image: m=\frac{\text{change in output (rise)}}{\text{change in input (run)}}=\frac{\Delta y}{\Delta x}=\frac{{y}_{2}-{y}_{1}}{{x}_{2}-{x}_{1}}]
  How To: Given the equation for a linear function, graph the function using the [image: y]-intercept and slope. 	Evaluate the function at an input value of zero to find the [image: y]–intercept.
 	Identify the slope.
 	Plot the point represented by the y-intercept.
 	Use [image: \frac{\text{rise}}{\text{run}}] to determine at least two more points on the line.
 	Draw a line which passes through the points.
 
  Graph [image: f\left(x\right)=-\frac{2}{3}x+5] using the [image: y]–intercept and slope. Show Solution Evaluate the function at [image: x = 0] to find the [image: y-]intercept. The output value when [image: x = 0] is [image: 5], so the graph will cross the [image: y]-axis at [image: (0, 5)].
 [image: \\]
 According to the equation for the function, the slope of the line is [image: -\frac{2}{3}]. This tells us that for each vertical decrease in the “rise” of [image: –2] units, the “run” increases by [image: 3] units in the horizontal direction.
 [image: \\]
 We can now graph the function by first plotting the [image: y]-intercept. From the initial value [image: (0, 5)] we move down [image: 2] units and to the right [image: 3] units. We can extend the line to the left and right by repeating, and then draw a line through the points.[image: graph of the line y = (-2/3)x + 5 showing the change of -2 in y and change of 3 in x.]
 [image: \\]
 Analysis of the Solution
 [image: \\]
 The graph slants downward from left to right which means it has a negative slope as expected.
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				Graphing Linear Functions Cont.
 Graphing a Linear Function Using Transformations
 Another option for graphing is to use transformations on the identity function [image: f\left(x\right)=x]. A function may be transformed by a shift up, down, left, or right. A function may also be transformed using a reflection, stretch, or compression.
 Vertical Stretch or Compression
 In the equation [image: f\left(x\right)=mx], the [image: m] is acting as the vertical stretch or compression of the identity function. When [image: m] is negative, there is also a vertical reflection of the graph. Notice that multiplying the equation [image: f\left(x\right)=x] by [image: m] stretches the graph of [image: f] by a factor of [image: m] units if [image: m > 1] and compresses the graph of [image: f] by a factor of [image: m] units if [image: 0 < <em>m </em>< 1]. This means the larger the absolute value of [image: m], the steeper the slope.
 [image: Graph with several linear functions including y = 3x, y = 2x, y = x, y = (1/2)x, y = (1/3)x, y = (-1/2)x, y = -x, and y = -2x]Vertical stretches and compressions and reflections on the function [image: f\left(x\right)=x]. Vertical Shift
 In [image: f\left(x\right)=mx+b], the [image: b] acts as the vertical shift, moving the graph up and down without affecting the slope of the line. Notice that adding a value of [image: b] to the equation of [image: f\left(x\right)=x] shifts the graph of [image: f] a total of [image: b] units up if [image: b] is positive and [image: |b|] units down if [image: b] is negative.
 [image: graph showing y = x , y = x+2, y = x+4, y = x-2, y = x-4]This graph illustrates vertical shifts of the function [image: f\left(x\right)=x]. Using vertical stretches or compressions along with vertical shifts is another way to look at identifying different types of linear functions. Although this may not be the easiest way to graph this type of function, it is still important to practice each method.
 How To: Given the equation of a linear function, use transformations to graph the linear function in the form [image: f\left(x\right)=mx+b]. 	Graph [image: f\left(x\right)=x].
 	Vertically stretch or compress the graph by a factor m.
 	Shift the graph up or down b units.
 
  Graph [image: f\left(x\right)=\frac{1}{2}x - 3] using transformations. Show Solution The equation for the function shows that [image: m=\frac{1}{2}] so the identity function is vertically compressed by [image: \frac{1}{2}]. The equation for the function also shows that [image: b=-3], so the identity function is vertically shifted down [image: 3] units.First, graph the identity function, and show the vertical compression.
 [image: graph showing the lines y = x and y = (1/2)x]The function [image: y=x] compressed by a factor of [image: \frac{1}{2}]. Then, show the vertical shift.
 [image: Graph showing the lines y = (1/2)x, and y = (1/2) + 3]The function [image: y=\frac{1}{2}x] shifted down 3 units.   [ohm_question hide_question_numbers=1]114584[/ohm_question] [ohm_question hide_question_numbers=1]294296[/ohm_question] 
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				Determining Whether Lines are Parallel or Perpendicular
 The two lines in the graph below are parallel lines: they will never intersect. Notice that they have exactly the same steepness which means their slopes are identical. The only difference between the two lines is the y-intercept. If we shifted one line vertically toward the y-intercept of the other, they would become the same line.
 [image: Graph of two functions where the blue line is y = -2/3x + 1, and the baby blue line is y = -2/3x +7. Notice that they are parallel lines.]Parallel lines. [image: The functions 2x plus 6 and negative 2x minus 4 are parallel. The functions 3x plus 2 and 2x plus 2 are not parallel.]
 We can determine from their equations whether two lines are parallel by comparing their slopes. If the slopes are the same and the [image: y]-intercepts are different, the lines are parallel. If the slopes are different, the lines are not parallel.
 Unlike parallel lines, perpendicular lines do intersect. Their intersection forms a right or[image: 90]-degree angle. The two lines below are perpendicular.
 [image: Graph of two functions where the blue line is perpendicular to the orange line.]Perpendicular lines. Perpendicular lines do not have the same slope. The slopes of perpendicular lines are different from one another in a specific way. The slope of one line is the negative reciprocal of the slope of the other line.
 The product of a number and its reciprocal is [image: 1]. If [image: {m}_{1}\text{ and }{m}_{2}] are negative reciprocals of one another, they can be multiplied together to yield [image: -1]. [image: {m}_{1}*{m}_{2}=-1]
 To find the reciprocal of a number, divide [image: 1] by the number. So the reciprocal of [image: 8] is [image: \frac{1}{8}], and the reciprocal of [image: \frac{1}{8}] is [image: 8]. To find the negative reciprocal, first find the reciprocal and then change the sign.
  As with parallel lines, we can determine whether two lines are perpendicular by comparing their slopes. The slope of each line below is the negative reciprocal of the other so the lines are perpendicular.
 [image: \begin{array}{ll}f\left(x\right)=\frac{1}{4}x+2\hfill & \text{negative reciprocal of }\frac{1}{4}\text{ is }-4\hfill \\ f\left(x\right)=-4x+3\hfill & \text{negative reciprocal of }-4\text{ is }\frac{1}{4}\hfill \end{array}]
 The product of the slopes is [image: –1].
 [image: -4\left(\frac{1}{4}\right)=-1]
 parallel and perpendicular lines
 Two lines are parallel lines if they do not intersect. The slopes of the lines are the same.
 [image: f\left(x\right)={m}_{1}x+{b}_{1}\text{ and }g\left(x\right)={m}_{2}x+{b}_{2}\text{ are parallel if }{m}_{1}={m}_{2}].
 If and only if [image: {b}_{1}={b}_{2}] and [image: {m}_{1}={m}_{2}], we say the lines coincide. Coincident lines are the same line.
 [image: \\]
 Two lines are perpendicular lines if they intersect at right angles.
 [image: f\left(x\right)={m}_{1}x+{b}_{1}\text{ and }g\left(x\right)={m}_{2}x+{b}_{2}\text{ are perpendicular if }{m}_{1}*{m}_{2}=-1,\text{ and }{m}_{2}=-\frac{1}{{m}_{1}}].
 Given the functions below, identify the functions whose graphs are a pair of parallel lines and a pair of perpendicular lines. [image: \begin{array}{l}f\left(x\right)=2x+3\hfill & \hfill & h\left(x\right)=-2x+2\hfill \\ g\left(x\right)=\frac{1}{2}x - 4\hfill & \hfill & j\left(x\right)=2x - 6\hfill \end{array}]
 Show Solution Parallel lines have the same slope. Because the functions [image: f\left(x\right)=2x+3] and [image: j\left(x\right)=2x - 6] each have a slope of [image: 2], they represent parallel lines.
 [image: \\]
 Perpendicular lines have negative reciprocal slopes. Because [image: −2] and [image: \frac{1}{2}] are negative reciprocals, the equations, [image: g\left(x\right)=\frac{1}{2}x - 4] and [image: h\left(x\right)=-2x+2] represent perpendicular lines.
 [image: \\]
 Analysis of the Solution
 [image: \\]
 A graph of the lines is shown below.
 [image: Graph of four functions where the blue line is h(x) = -2x + 2, the orange line is f(x) = 2x + 3, the green line is j(x) = 2x - 6, and the red line is g(x) = 1/2x - 4.]The graph shows that the lines [image: f\left(x\right)=2x+3] and [image: j\left(x\right)=2x - 6] are parallel, and the lines [image: g\left(x\right)=\frac{1}{2}x - 4] and [image: h\left(x\right)=-2x+2] are perpendicular.   An interactive online homework element has been excluded from the printed version of the text. To see the interactive element that was excluded, please visit the courseware online.
 
  An interactive online homework element has been excluded from the printed version of the text. To see the interactive element that was excluded, please visit the courseware online.
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				Writing Equations of Parallel Lines
 If we know the equation of a line, we can use what we know about slope to write the equation of a line that is either parallel or perpendicular to the given line.
 Suppose we are given the following function: [image: f\left(x\right)=3x+1]
 We know that the slope of the line is [image: 3]. We also know that the [image: y]–intercept is [image: (0, 1)]. Any other line with a slope of [image: 3] will be parallel to [image: f(x)]. The lines formed by all of the following functions will be parallel to [image: f(x)].
 [image: \begin{array}{l}g\left(x\right)=3x+6\hfill \\ h\left(x\right)=3x+1\hfill \\ p\left(x\right)=3x+\frac{2}{3}\hfill \end{array}]
 Suppose then we want to write the equation of a line that is parallel to [image: f] and passes through the point [image: (1, 7)]. We already know that the slope is [image: 3]. We just need to determine which value for [image: b] will give the correct line. We can begin by using point-slope form of an equation for a line. We can then rewrite it in slope-intercept form.
 [image: \begin{array}{l}y-{y}_{1}=m\left(x-{x}_{1}\right)\hfill \\ y - 7=3\left(x - 1\right)\hfill \\ y - 7=3x - 3\hfill \\ \text{}y=3x+4\hfill \end{array}]
 So [image: g\left(x\right)=3x+4] is parallel to [image: f\left(x\right)=3x+1] and passes through the point [image: (1, 7)].
  How To: Given the equation of a linear function, write the equation of a line WHICH passes through a given point and is parallel to the given line. 	Find the slope of the function.
 	Substitute the slope and given point into point-slope or slope-intercept form.
 	Simplify.
 
  Find a line parallel to the graph of [image: f\left(x\right)=3x+6] that passes through the point [image: (3, 0)]. Show Solution The slope of the given line is [image: 3]. If we choose slope-intercept form, we can substitute [image: m=3], [image: x=3], and [image: f(x)=0] into slope-intercept form to find the [image: y-]intercept.
 [image: \begin{array}{l}g\left(x\right)=3x+b\hfill \\ \text{}0=3\left(3\right)+b\hfill \\ \text{}b=-9\hfill \end{array}]
 The line parallel to [image: f(x)] that passes through [image: (3, 0)] is [image: g\left(x\right)=3x - 9].
 Analysis of the Solution
 We can confirm that the two lines are parallel by graphing them. The figure below shows that the two lines will never intersect.
 [image: Graph of two functions where the blue line is y = 3x + 6, and the orange line is y = 3x - 9.]
   Writing Equations of Perpendicular Lines
 We can use a very similar process to write the equation of a line perpendicular to a given line. Instead of using the same slope, however, we use the negative reciprocal of the given slope.
 Suppose we are given the following function: [image: f\left(x\right)=2x+4]
 The slope of the line is [image: 2], and its negative reciprocal is [image: -\frac{1}{2}]. Any function with a slope of [image: -\frac{1}{2}] will be perpendicular to [image: f(x)]. The lines formed by all of the following functions will be perpendicular to [image: f(x)].
 [image: \begin{array}{l}g\left(x\right)=-\frac{1}{2}x+4\hfill \\ h\left(x\right)=-\frac{1}{2}x+2\hfill \\ p\left(x\right)=-\frac{1}{2}x-\frac{1}{2}\hfill \end{array}]
 As before, we can narrow down our choices for a particular perpendicular line if we know that it passes through a given point. Suppose that we want to write the equation of a line that is perpendicular to [image: f(x)] and passes through the point [image: (4, 0)]. We already know that the slope is [image: -\frac{1}{2}]. Now we can use the point to find the [image: y]-intercept by substituting the given values into the slope-intercept form of a line and solving for [image: b].
 [image: \begin{array}{l}g\left(x\right)=mx+b\hfill \\ 0=-\frac{1}{2}\left(4\right)+b\hfill \\ 0=-2+b\hfill \\ 2=b\hfill \\ b=2\hfill \end{array}]
 The equation for the function with a slope of [image: -\frac{1}{2}] and a [image: y]–intercept of [image: 2] is
 [image: g\left(x\right)=-\frac{1}{2}x+2].
 So [image: g\left(x\right)=-\frac{1}{2}x+2] is perpendicular to [image: f\left(x\right)=2x+4] and passes through the point [image: (4, 0)].
  Be aware that perpendicular lines may not look obviously perpendicular on a graphing calculator unless we use the square zoom feature. How To: Given the equation of a linear function, write the equation of a line WHICH passes through a given point and is Perpendicular to the given line. 	Find the slope of the given function.
 	Determine the negative reciprocal of the slope.
 	Substitute the new slope and the values for [image: x] and [image: y] from given point into [image: g\left(x\right)=mx+b].
 	Solve for [image: b].
 	Write the equation of the line.
 
  Find the equation of a line perpendicular to [image: f\left(x\right)=3x+3] that passes through the point [image: (3, 0)]. Show Solution The original line has slope [image: m=3], so the slope of the perpendicular line will be its negative reciprocal, or [image: -\frac{1}{3}]. Using this slope and the given point, we can find the equation for the line.
 [image: \begin{array}{l}g\left(x\right)=-\frac{1}{3}x+b\hfill \\ 0=-\frac{1}{3}\left(3\right)+b\hfill \\ \text{ }1=b\hfill \\ b=1\hfill \end{array}]
 The line perpendicular to [image: f(x)] that passes through [image: (3, 0)] is [image: g\left(x\right)=-\frac{1}{3}x+1].
 Analysis of the Solution
 A graph of the two lines is shown below.
 [image: Graph of two functions where the blue line is g(x) = -1/3x + 1, and the orange line is f(x) = 3x + 6.]
   [ohm_question hide_question_numbers=1]290354[/ohm_question] How To: Given two points on a line and a third point, write the equation of the perpendicular line that passes through the point. 	Determine the slope of the line passing through the points.
 	Find the negative reciprocal of the slope.
 	Use slope-intercept form or point-slope form to write the equation by substituting the known values.
 	Simplify.
 
  A line passes through the points [image: (–2, 6)] and [image: (4, 5)]. Find the equation of a line that is perpendicular and passes through the point [image: (4, 5)]. Show Solution From the two points of the given line, we can calculate the slope of that line.
 [image: \begin{array}{l}{m}_{1}=\frac{5 - 6}{4-\left(-2\right)}\hfill \\ {m}_{1}=\frac{-1}{6}\hfill \\ {m}_{1}=-\frac{1}{6}\hfill \end{array}]
 Find the negative reciprocal of the slope.
 [image: \begin{array}{l}{m}_{2}=\frac{-1}{-\frac{1}{6}}\hfill \\ {m}_{2}=-1\left(-\frac{6}{1}\right)\hfill \\ {m}_{2}=6\hfill \end{array}]
 We can then solve for the y-intercept of the line passing through the point [image: (4, 5)].
 [image: \begin{array}{l}g\left(x\right)=6x+b\hfill \\ 5=6\left(4\right)+b\hfill \\ 5=24+b\hfill \\ -19=b\hfill \\ b=-19\hfill \end{array}]
 The equation of the line that passes through the point [image: (4, 5)] and is perpendicular to the line passing through the two given points is [image: y=6x - 19].
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				 	Create and interpret equations of linear functions
 	Identify and graph lines that are vertical or horizontal
 	Graph straight lines by plotting points, using slope and y-intercept, and make changes like shifts to graphs
 	Write equations for lines that run parallel or at a right angle to another line
 
  Linear equations show up everywhere, even in hands-on work like carpentry. When skilled carpenters like Kiran need to make precise cuts, they often use measurements and equations to ensure accuracy. Think of the cutting surface as a coordinate plane, where each point represents a specific position measured in inches. By writing these cuts as equations, Kiran can easily repeat the same cut on multiple boards without having to remeasure each time.
 An interactive online homework element has been excluded from the printed version of the text. To see the interactive element that was excluded, please visit the courseware online.
 
  Let’s start with a basic vertical cut. When carpenters make vertical cuts, the line runs straight up and down, parallel to the y-axis. Just like drawing a line on graph paper, we can describe this cut using a simple equation. An interactive online homework element has been excluded from the printed version of the text. To see the interactive element that was excluded, please visit the courseware online.
 
  Now let’s look at horizontal cuts, which run parallel to the x-axis. These cuts are often used to trim boards to the right length or create level edges. Just like the vertical cut, we can represent these cuts with an equation. An interactive online homework element has been excluded from the printed version of the text. To see the interactive element that was excluded, please visit the courseware online.
 
  Now that we’ve mastered straight cuts, let’s help Kiran with a more intricate design. Sometimes carpenters need to make a series of precise cuts to create decorative shapes or functional joints. Kiran wants to recreate a rhombus cut-out, which requires four carefully planned cuts that work together. Each cut will follow a specific line equation, and we need to find the exact endpoints to ensure the cuts meet perfectly. An interactive online homework element has been excluded from the printed version of the text. To see the interactive element that was excluded, please visit the courseware online.
 
  After completing the rhombus design, Kiran has another project that requires precise cuts: creating a square opening for a post to fit through. This is a common task in carpentry, like making a hole for a fence post or a support beam. Getting these cuts exactly right is crucial – if the opening is too small the post won’t fit, and if it’s too large, the post won’t be secure. An interactive online homework element has been excluded from the printed version of the text. To see the interactive element that was excluded, please visit the courseware online.
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				 	Use linear functions to model and draw conclusions from real-world problems
 	Sketch scatter plots to see patterns and tell apart straight-line relationships from curves
 	Find the best straight line that goes through a set of data points
 	Identify the differences between linear and nonlinear relations 
 
  Building Linear Models
 In the real world, problems are not always explicitly stated in terms of a function or represented with a graph. Fortunately, we can analyze the problem by first representing it as a linear function and then interpreting the components of the function. As long as we know, or can figure out, the initial value and the rate of change of a linear function, we can solve many different kinds of real-world problems.
 This process of translating real-world problems into mathematical terms and solving them is known as modeling. When modeling scenarios with linear functions and solving problems involving quantities with a constant rate of change, we can use the following problem solving strategy:
 Modeling Linear Functions Problem-Solving Strategy 	Identify changing quantities, and then define descriptive variables to represent those quantities. When appropriate, sketch a picture or define a coordinate system.
 	Look for information that provides values for the variables or values for parts of the functional model, such as slope and initial value.
 	Determine what we are trying to find, identify, solve, or interpret.
 	Identify a solution pathway from the provided information to what we are trying to find. Often this will involve checking and tracking units, building a table, or even finding a formula for the function being used to model the problem.
 	When needed, write a formula for the function.
 	Solve or evaluate the function using the formula.
 	Reflect on whether your answer is reasonable for the given situation and whether it makes sense mathematically.
 	Clearly convey your result using appropriate units, and answer in full sentences when necessary.
 
  Let’s explore this through an example.
 Emily is a college student who plans to spend a summer in Seattle. She has saved [image: $3,500] for her trip and anticipates spending [image: $400] each week on rent, food, and activities.
 [image: \\]
 How can we write a linear model to represent her situation? What would be the [image: x]-intercept, and what can she learn from it?
 [image: \\]
 To answer these and related questions, we can create a model using a linear function. Models such as this one can be extremely useful for analyzing relationships and making predictions based on those relationships.
 [image: \\]
 In her situation, there are two changing quantities: time and money. The amount of money she has remaining while on vacation depends on how long she stays. We can use this information to define our variables, including units. 	Output: [image: M], money remaining, in dollars
 	Input: [image: t], time, in weeks
 
 So, the amount of money remaining depends on the number of weeks. Hence, amount of money remaining is a function of time: [image: M(t)].
 We can also identify the initial value and the rate of change.
 	Initial Value: She saved [image: $3,500], so [image: $3,500] is the initial value for [image: M].
 	Rate of Change: She anticipates spending [image: $400] each week, so [image: –$400] per week is the rate of change, or slope.
 
 Notice that the unit of dollars per week matches the unit of our output variable divided by our input variable. Also, because the slope is negative, the linear function is decreasing. This should make sense because she is spending money each week.
 [image: Pictoral of M(t) = -400t + 3500, with -400 highlighted as the slope, and 3500 highlighted as the intercept] 
 The rate of change is constant, so we can start with the linear model [image: M(t)=mt+b]. Then we can substitute the intercept and slope provided.
 To find the [image: x]-intercept, we set the output to zero and solve for the input.
 [image: \begin{array}{l}0=-400t+3500\hfill \\ t=\frac{3500}{400}\hfill \\ t=8.75\hfill \end{array}]
 The [image: x]-intercept is [image: 8.75] weeks. Because this represents the input value when the output will be zero, we could say that Emily will have no money left after [image: 8.75] weeks.
 When modeling any real-life scenario with functions, there is typically a limited domain over which that model will be valid—almost no trend continues indefinitely.
 [image: \\]
 Here the domain refers to the number of weeks. In this case, it doesn’t make sense to talk about input values less than zero. A negative input value could refer to a number of weeks before she saved [image: $3,500], but the scenario discussed poses the question once she saved [image: $3,500] because this is when her trip and subsequent spending starts. It is also likely that this model is not valid after the [image: x]-intercept, unless Emily will use a credit card and goes into debt. The domain represents the set of input values, so the reasonable domain for this function is [image: 0\le t\le 8.75].
  In the above example, we were given a written description of the situation. We followed the steps of modeling a problem to analyze the information. However, the information provided may not always be the same. Sometimes we might be provided with an intercept. Other times we might be provided with an output value. We must be careful to analyze the information we are given and use it appropriately to build a linear model.
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				Using a Given Intercept to Build a Model
 Some real-world problems provide the [image: y]-intercept, which is the constant or initial value. Once the [image: y]-intercept is known, the [image: x]-intercept can be calculated.
 Let’s explore this through an example.
 Hannah plans to pay off a no-interest loan from her parents. Her loan balance is [image: $1,000]. She plans to pay [image: $250] per month until her balance is [image: $0].
 [image: \\]
 The [image: y]-intercept is the initial amount of her debt, or [image: $1,000]. The rate of change, or slope, is [image: –$250] per month. We can then use slope-intercept form and the given information to develop a linear model. [image: \begin{array}{l}f\left(x\right)=mx+b\hfill \\ f\left(x\right)=-250x+1000\hfill \end{array}]
 Now we can set the function equal to [image: 0] and solve for [image: x] to find the [image: x]-intercept.
 [image: \begin{array}{l}0=-250x+1000\hfill \\ 1000=250x\hfill \\ 4=x\hfill \\ x=4\hfill \end{array}]
 The [image: x]-intercept is the number of months it takes her to reach a balance of [image: $0]. The [image: x]-intercept is [image: 4] months, so it will take Hannah four months to pay off her loan.
  Using a Given Input and Output to Build a Model
 Many real-world applications are not as direct as the ones we just considered. Instead they require us to identify some aspect of a linear function. We might sometimes be asked to evaluate the linear model at a given input or set the equation of the linear model equal to a specified output.
 How to: Given a word problem that includes two pairs of input and output values, use the linear function to solve a problem. 	Identify the input and output values.
 	Convert the data to two coordinate pairs.
 	Find the slope.
 	Write the linear model.
 	Use the model to make a prediction by evaluating the function at a given [image: x] value.
 	Use the model to identify an [image: x] value that results in a given [image: y] value.
 	Answer the question posed.
 
  A town’s population has been growing linearly. In 2004 the population was [image: 6,200]. By 2009 the population had grown to [image: 8,100]. Assume this trend continues. 	Predict the population in 2013.
 	Identify the year in which the population will reach [image: 15,000].
 
 Show Solution The two changing quantities are the population size and time. While we could use the actual year value as the input quantity, doing so tends to lead to very cumbersome equations because the [image: y]-intercept would correspond to the year [image: 0], more than [image: 2000] years ago!
 To make computation a little nicer, we will define our input as the number of years since 2004:
 	Input: [image: t], years since 2004
 	Output: [image: P(t)], the town’s population
 
 To predict the population in 2013 ([image: t= 9]), we would first need an equation for the population. Likewise, to find when the population would reach [image: 15,000], we would need to solve for the input that would provide an output of [image: 15,000]. To write an equation, we need the initial value and the rate of change, or slope.
 To determine the rate of change, we will use the change in output per change in input.
 [image: m=\frac{\text{change in output}}{\text{change in input}}]
 The problem gives us two input-output pairs. Converting them to match our defined variables, the year 2004 would correspond to [image: t=0], giving the point [image: \left(0,\text{6200}\right)]. Notice that through our clever choice of variable definition, we have “given” ourselves the [image: y]-intercept of the function. The year 2009 would correspond to [image: t=\text{5}], giving the point [image: \left(5,\text{8100}\right)].
 The two coordinate pairs are [image: \left(0,\text{6200}\right)] and [image: \left(5,\text{8100}\right)]. Recall that we encountered examples in which we were provided two points earlier in the module. We can use these values to calculate the slope.
 [image: \begin{array}{l} m=\frac{8100 - 6200}{5 - 0}\hfill \\ \text{}m=\frac{1900}{5}\hfill \\ \text{}m=380\text{ people per year}\hfill \end{array}]
 We already know the [image: y]-intercept of the line, so we can immediately write the equation: [image: \begin{array}{l}P\left(t\right)=380t+6200 \\ \hfill \end{array}]
 To predict the population in 2013, we evaluate our function at [image: t= 9].
 [image: \begin{array}{l}P\left(9\right)=380\left(9\right)+6,200\hfill \\ \text{}P\left(9\right)=9,620\hfill \end{array}]
 If the trend continues, our model predicts a population of [image: 9,620] in 2013.
 To find when the population will reach [image: 15,000], we can set [image: P\left(t\right)=15000] and solve for [image: t].
 [image: \begin{array}{l}15000=380t+6200\hfill \\ \text{ }8800=380t\hfill \\ \text{ }t\approx 23.158\hfill \end{array}]
 Our model predicts the population will reach [image: 15,000] in a little more than [image: 23] years after 2004, or somewhere around the year 2027.
   An interactive online homework element has been excluded from the printed version of the text. To see the interactive element that was excluded, please visit the courseware online.
 
  An interactive online homework element has been excluded from the printed version of the text. To see the interactive element that was excluded, please visit the courseware online.
 
  Using a Diagram to Model a Problem
 It is useful for many real-world applications to draw a picture to gain a sense of how the variables representing the input and output may be used to answer a question. To draw the picture, first consider what the problem is asking for. Then, determine the input and the output. The diagram should relate the variables. Often, geometric shapes or figures are drawn. Distances are often traced out. If a right triangle is sketched, the Pythagorean Theorem relates the sides. If a rectangle is sketched, labeling width and height is helpful.
 It simply cannot be stressed too often; sketching a diagram or trying a few sample equations is an essential part of doing mathematics. Paths that don’t pan out and wrong turns are common and natural. We need to make mistakes in math in order to rule out possibilities that don’t lead to success. Don’t be afraid to sketch a diagram or take a wrong turn. It’s all part of the mathematical process. Anna and Emanuel start at the same intersection. Anna walks east at [image: 4] miles per hour while Emanuel walks south at [image: 3] miles per hour. They are communicating with a two-way radio that has a range of [image: 2] miles.
 [image: \\]
 How long after they start walking will they fall out of radio contact? Show Solution In essence, we can partially answer this question by saying they will fall out of radio contact when they are [image: 2] miles apart, which leads us to ask a new question: “How long will it take them to be [image: 2] miles apart?”
 [image: \\]
 In this problem, our changing quantities are time and position, but ultimately we need to know how long will it take for them to be [image: 2] miles apart. We can see that time will be our input variable, so we’ll define our input and output variables.
 	Input: [image: t], time in hours.
 	Output: [image: A\left(t\right)], distance in miles, and [image: E\left(t\right)], distance in miles
 
 Because it is not obvious how to define our output variable, we’ll start by drawing a picture.
 [image: Picture of one person walking south and another walking in a perpendicular direction (east) from the other, a line is drawn between them to make a right triangle.] 
 Initial Value: They both start at the same intersection so when [image: t=0], the distance traveled by each person should also be [image: 0]. Thus the initial value for each is [image: 0].
 [image: \\]
 Rate of Change: Anna is walking [image: 4] miles per hour and Emanuel is walking [image: 3] miles per hour, which are both rates of change. The slope for [image: A] is [image: 4] and the slope for [image: E] is [image: 3].
 [image: \\]
 Using those values, we can write formulas for the distance each person has walked.
 [image: \begin{array}{l}A\left(t\right)=4t\\ E\left(t\right)=3t\end{array}]
 For this problem, the distances from the starting point are important. To notate these, we can define a coordinate system, identifying the “starting point” at the intersection where they both started. Then we can use the variable, [image: A], which we introduced above, to represent Anna’s position and define it to be a measurement from the starting point in the eastward direction. Likewise, can use the variable, [image: E], to represent Emanuel’s position measured from the starting point in the southward direction.
 [image: \\]
 Note that in defining the coordinate system, we specified both the starting point of the measurement and the direction of measure.
 [image: \\]
 We can then define a third variable, [image: D], to be the measurement of the distance between Anna and Emanuel. Showing the variables on the diagram is often helpful. Recall that we need to know how long it takes for [image: D], the distance between them, to equal [image: 2] miles. Notice that for any given input [image: t], the outputs [image: A(t)], [image: E(t)], and [image: D(t)] represent distances.
 [image: Picture of one person walking south (labeled E) and another walking in a perpendicular direction (east, labeled A) from the other, a line is drawn between them (labeled D) to make a right triangle.] 
 This picture shows us that we can use the Pythagorean Theorem because we have drawn a right triangle. Using the Pythagorean Theorem, we get:
 [image: \begin{array}{lllllll}D{\left(t\right)}^{2}=A{\left(t\right)}^{2}+E{\left(t\right)}^{2}\hfill & \hfill \\ D{\left(t\right)}^{2}={\left(4t\right)}^{2}+{\left(3t\right)}^{2}\hfill & \hfill \\ D{\left(t\right)}^{2}=16{t}^{2}+9{t}^{2}\hfill & \hfill \\ D{\left(t\right)}^{2}=25{t}^{2}\hfill & \hfill \\ \text{}D\left(t\right)=\pm \sqrt{25{t}^{2}}\hfill & \text{Solve for }D\left(t\right)\text{by taking the square root of each side of the equation}\hfill \\ D{\left(t\right)}=\pm 5t\hfill & \hfill \end{array}]
 In this scenario we are considering only positive values of [image: t], so our distance [image: D(t)] will always be positive. We can simplify this answer to [image: D(t) = 5t]. This means that the distance between Anna and Emanuel is also a linear function. Because [image: D] is a linear function, we can now answer the question of when the distance between them will reach [image: 2] miles. We will set the output [image: D(t) = 2] and solve for [image: t].
 [image: \begin{array}{l}D\left(t\right)=2\hfill \\ \text{ }5t=2\hfill \\ \text{ }t=\frac{2}{5}=0.4\hfill \end{array}]
 They will fall out of radio contact in [image: 0.4] hours, or [image: 24] minutes. 
  Q & A Should I draw diagrams when given information based on a geometric shape? 
 Yes. Sketch the figure and label the quantities and unknowns on the sketch.
  There is a straight road leading from the town of Westborough to Agritown [image: 30] miles east and [image: 10] miles north. A certain distance down this road, it junctions with a second road, perpendicular to the first, leading to the town of Eastborough.
 [image: \\]
 If the town of Eastborough is located [image: 20] miles directly east of the town of Westborough, how far is the road junction from Westborough? Show Solution It might help here to draw a picture of the situation. It would then be helpful to introduce a coordinate system. While we could place the origin anywhere, placing it at Westborough seems convenient. This puts Agritown at coordinates [image: (30, 10)], and Eastborough at [image: (20, 0)].[image: Picture of a line passing through the origin and the point (30,10), another line is drawn perpendicular to it and crosses the x-axis at the point (20,0)]Using this point along with the origin, we can find the slope of the line from Westborough to Agritown:
 [image: m=\frac{10 - 0}{30 - 0}=\frac{1}{3}]
 The equation of the road from Westborough to Agritown would be
 [image: W\left(x\right)=\frac{1}{3}x]
 From this, we can determine the perpendicular road to Eastborough will have slope [image: m=-3]. Because the town of Eastborough is at the point [image: (20, 0)], we can find the equation:
 [image: \begin{array}{l}E\left(x\right)=-3x+b\hfill & \hfill \\ 0=-3\left(20\right)+b\hfill & \text{Substitute in (20, 0)}\hfill \\ b=60\hfill & \hfill \\ E\left(x\right)=-3x+60\hfill & \hfill \end{array}]
 We can now find the coordinates of the junction of the roads by finding the intersection of these lines. Setting them equal,
 [image: \begin{array}{lllllll}\text{ }\frac{1}{3}x=-3x+60\hfill & \hfill \\ \frac{10}{3}x=60\hfill & \hfill \\ 10x=180\hfill & \hfill \\ \text{ }x=18\hfill & \text{Substituting this back into }W\left(x\right)\hfill \\ \text{ }y=W\left(18\right)\hfill & \hfill \\ \text{ }y=\frac{1}{3}\left(18\right)\hfill & \hfill \\ \text{ }y=6\hfill & \hfill \end{array}]
 The roads intersect at the point [image: (18, 6)]. Using the distance formula, we can now find the distance from Westborough to the junction.
 [image: \begin{array}{l}\text{distance}=\sqrt{{\left({x}_{2}-{x}_{1}\right)}^{2}+{\left({y}_{2}-{y}_{1}\right)}^{2}}\hfill \\ \text{ }=\sqrt{{\left(18 - 0\right)}^{2}+{\left(6 - 0\right)}^{2}}\hfill \\ \text{ }\approx 18.974\text{ miles}\hfill \end{array}]
 [image: \\]
 Analysis of the Solution
 [image: \\]
 One nice use of linear models is to take advantage of the fact that the graphs of these functions are lines. This means real-world applications discussing maps need linear functions to model the distances between reference points. 
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				Drawing and Interpreting Scatterplots
 A professor is attempting to identify trends among final exam scores. His class has a mixture of students, so he wonders if there is any relationship between age and final exam scores. One way for him to analyze the scores is by creating a diagram that relates the age of each student to the exam score received. In this section, we will examine one such diagram known as a scatter plot.
 When expressing pairs of inputs and outputs on a graph, they take the form of (input, output). In scatter plots, the two variables relate to create each data point, (variable 1, variable 2), but it is often not necessary to declare that one is dependent on the other. In the example below, each Age coordinate corresponds to a Final Exam Score in the form (age, score). Each corresponding pair is plotted on the graph. A scatter plot is a graph of plotted points that may show a relationship between two sets of data. If the relationship is from a linear model, or a model that is nearly linear, the professor can draw conclusions using his knowledge of linear functions. Below is a sample scatter plot.
 [image: Scatter plot, titled 'Final Exam Score VS Age'. The x-axis is the age, and the y-axis is the final exam score. The range of ages are between 20s - 50s, and the range for scores are between upper 50s and 90s.]A scatter plot of age and final exam score variables. Notice this scatter plot does not indicate a linear relationship. The points do not appear to follow a trend. In other words, there does not appear to be a relationship between the age of the student and the score on the final exam.
 The table below shows the number of cricket chirps in [image: 15] seconds, for several different air temperatures, in degrees Fahrenheit.[1]           	Chirps 	[image: 44] 	[image: 35] 	[image: 20.4] 	[image: 33] 	[image: 31] 	[image: 35] 	[image: 18.5] 	[image: 37] 	[image: 26] 
 	Temperature 	[image: 80.5] 	[image: 70.5] 	[image: 57] 	[image: 66] 	[image: 68] 	[image: 72] 	[image: 52] 	[image: 73.5] 	[image: 53] 
  
 Let’s plot the data to determine whether the data appears to have a linear relationship.
 [image: ]
 What do you think? Does it have a linear relationship?
 Show Answer Looking at the scatterplot, we can determine if there is a linear relationship between the two variables, chirps and temperature.
 What to look for:
 	If the points form a pattern that looks like a straight line (either rising or falling), it suggests a linear relationship.
 	If the points are scattered randomly with no clear pattern, it suggests there is no linear relationship.
 
 Observation:
 	In the scatterplot, as the number of chirps increases, the temperature also seems to increase.
 	The points appear to form a rising pattern, indicating that there is a positive linear relationship.
 	Although the points do not form a perfectly straight line, they still show a general upward trend.
 
 Conclusion:
 	Yes, the scatterplot shows a linear relationship. Although it is not perfectly linear, as the number of chirps increases, the temperature tends to increase as well.
 
   An interactive online homework element has been excluded from the printed version of the text. To see the interactive element that was excluded, please visit the courseware online.
 
  An interactive online homework element has been excluded from the printed version of the text. To see the interactive element that was excluded, please visit the courseware online.
 
  An interactive online homework element has been excluded from the printed version of the text. To see the interactive element that was excluded, please visit the courseware online.
 
  
	Selected data from http://classic.globe.gov/fsl/scientistsblog/2007/10/. Retrieved Aug 3, 2010 ↵
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				Finding the Line of Best Fit
 Once we recognize a need for a linear function to model that data, the natural follow-up question is “what is that linear function?”
 One way to approximate our linear function is to sketch the line that seems to best fit the data. Then we can extend the line until we can verify the [image: y]-intercept. We can approximate the slope of the line by extending it until we can estimate the [image: \dfrac{\text{rise}}{\text{run}}].
 The table below shows the number of cricket chirps in [image: 15] seconds, for several different air temperatures, in degrees Fahrenheit.[1]           	Chirps 	[image: 44] 	[image: 35] 	[image: 20.4] 	[image: 33] 	[image: 31] 	[image: 35] 	[image: 18.5] 	[image: 37] 	[image: 26] 
 	Temperature 	[image: 80.5] 	[image: 70.5] 	[image: 57] 	[image: 66] 	[image: 68] 	[image: 72] 	[image: 52] 	[image: 73.5] 	[image: 53] 
  
 [image: ]Plotting this data suggests that there may be a positive linear trend, though certainly not perfectly so. We can see from the trend in the data that the number of chirps increases as the temperature increases.
 In the plotted data, we have sketched a line that seems to best fit the data.
 What is the estimated linear function?
 Show Answer Note: We can only try to estimate the slope of this line by observing its steepness and direction.
 Steps to Estimate the Slope:
 	Pick two points on the line: Choose points that are easy to read. For example, the first point [image: (18.5, 52)] and the last point [image: (44, 80.5)] are close to the fitted line.
 	Calculate the rise and run, and estimate the slope:
 
 [image: \begin{align*} \text{Rise} &= 80.5 - 52 = 28.5 \\ \text{Run} &= 44 - 18.5 = 25.5 \\ \text{Slope} &= \frac{\text{Rise}}{\text{Run}} = \frac{28.5}{25.5} \approx 1.12 \end{align*}]By using the points, we estimated that slope [image: \approx 1.12].
 To find the equation of the line using the last point [image: (44, 80.5)], and the slope [image: \approx 1.12] we previously estimated, we can use the point-slope form of the equation of a line.
 [image: \begin{align*} y - y_1 = m(x - x_1) \\ y - 80.5 &= 1.12(x - 44) \\ y - 80.5 &= 1.12x - 1.12 \cdot 44 \\ y - 80.5 &= 1.12x - 49.28 \\ y &= 1.12x - 49.28 + 80.5 \\ y &= 1.12x + 31.22 \end{align*}]So, the estimated linear function is: [image: y = 1.12x + 31.22].
   An interactive online homework element has been excluded from the printed version of the text. To see the interactive element that was excluded, please visit the courseware online.
 
  Finding the Line of Best Fit Using a Graphing Utility
 While eyeballing a line works reasonably well, there are statistical techniques for fitting a line to data that minimize the differences between the line and data values.[2] One such technique is called least squares regression and can be computed by many graphing calculators as well as both spreadsheet and statistical software. Least squares regression is also called linear regression, and we can use an online graphing calculator to perform linear regressions.
 Find the least squares regression line using the cricket-chirp data in the table below.Use an online graphing calculator.           	Chirps 	[image: 44] 	[image: 35] 	[image: 20.4] 	[image: 33] 	[image: 31] 	[image: 35] 	[image: 18.5] 	[image: 37] 	[image: 26] 
 	Temperature 	[image: 80.5] 	[image: 70.5] 	[image: 57] 	[image: 66] 	[image: 68] 	[image: 72] 	[image: 52] 	[image: 73.5] 	[image: 53] 
  
 Show Solution The following instructions are for Desmos, and other online graphing tools may be slightly different.
 	Click the plus button (add item) in the upper left corner and select table.
 	Enter chirps data in the [image: x_1] column.
 	Enter temperature data in the [image: y_1] column.
           	Chirps 	[image: 44] 	[image: 35] 	[image: 20.4] 	[image: 33] 	[image: 31] 	[image: 35] 	[image: 18.5] 	[image: 37] 	[image: 26] 
 	Temperature 	[image: 80.5] 	[image: 70.5] 	[image: 57] 	[image: 66] 	[image: 68] 	[image: 72] 	[image: 52] 	[image: 73.5] 	[image: 53] 
  
 
 	If you can’t see the points on the grid, use the plus and minus buttons in the upper right hand corner to zoom in or out on the grid, or click on the wrench and change the upper bound of [image: x_1] to [image: 60] and [image: y_1] to [image: 100]
 	In the empty cell below the table you created, enter the expression [image: y_1∼mx_1+b]
 	You can add labels to your graph by clicking on the wrench in the upper right hand corner and typing them into the cells that say “add a label”
 
 Here is an example of how your graph may look:
 [image: ]
 Analysis of the Solution
 Notice that this line is quite similar to the equation we “eyeballed” but should fit the data better. Notice also that using this equation would change our prediction for the temperature when hearing [image: 30] chirps in [image: 15] seconds from [image: 66] degrees to:
 [image: \begin{array}{l}T\left(30\right)=30.281+1.143\left(30\right)\hfill \\ \text{}T\left(30\right)=64.571\hfill \\ \text{}T\left(30\right)\approx 64.6\text{ degrees}\hfill \end{array}]
   Steps to obtain the equation of the regression line and equation:
 [image: \\]
 Step 1: Under “Enter Data”, select the “Enter Own”.
 Step 2: Change the name of the [image: x]– and [image: y]-variable accordingly.
 Step 3: Enter the input ([image: x]Var) and output ([image: y]Var) accordingly.
 Step 4: “Submit Data” and you will see the scatterplot on the right side of the statistical tool.
 Step 5: Under Plot Options: click on “Regression Line” and you will see that the statistical tool will draw the line that best fit your data in your scatterplot. Right above the scatterplot, you will also see the equation of that line.https://lumen-learning.shinyapps.io/linear_regression/
 [Trouble viewing? Click to open in a new tab.] Find the equation of the line that best fit the data in the table below using the statistical tool. Is it the same or different as the one you found previously? If it is different, why do you think it is different?           	Chirps 	[image: 44] 	[image: 35] 	[image: 20.4] 	[image: 33] 	[image: 31] 	[image: 35] 	[image: 18.5] 	[image: 37] 	[image: 26] 
 	Temperature 	[image: 80.5] 	[image: 70.5] 	[image: 57] 	[image: 66] 	[image: 68] 	[image: 72] 	[image: 52] 	[image: 73.5] 	[image: 53] 
  
 Show Answer [image: ]
 According to the statistical tool, the regression line equation is
 [image: y = 30.3 + 1.14x]
 Is it the same as the one we found previously? No, the two equations are slightly different.
 Why is it different?
 There are a few reasons why the regression line equation from the statistical tool might be different from the one we calculated manually:
 	Precision: The statistical tool uses precise calculations to determine the best fit line.
 	Data Points Used: The statistical tool considers all the data points simultaneously to find the line of best fit, whereas our manual calculation used only two specific points.
 	Method of Calculation: The statistical tool likely uses the least squares method, a standard approach for regression analysis that ensures the best possible fit. Our manual calculation was a straightforward approach to estimate the slope and intercept, which might not be as accurate.
 
    
	Selected data from http://classic.globe.gov/fsl/scientistsblog/2007/10/. Retrieved Aug 3, 2010 ↵
	Technically, the method minimizes the sum of the squared differences in the vertical direction between the line and the data values. ↵
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		Fitting Linear Models to Data: Learn It 5

								

	
				Understanding Interpolation and Extrapolation
 While the data for most examples does not fall perfectly on the line, the equation is our best guess as to how the relationship will behave outside of the values for which we have data. We use a process known as interpolation when we predict a value inside the domain and range of the data. The process of extrapolation is used when we predict a value outside the domain and range of the data.
 interpolation and extrapolation
 Different methods of making predictions are used to analyze data.
 	The method of interpolation involves predicting a value inside the domain and/or range of the data.
 	The method of extrapolation involves predicting a value outside the domain and/or range of the data.
 	Model breakdown occurs at the point when the model no longer applies.
 
  [image: Scatter plot, showing the line of best fit and where interpolation and extrapolation occurs. It is titled 'Cricket Chirps Vs Air Temperature'. The x-axis is 'c, Number of Chirps', and the y-axis is 'T(c), Temperature (F)'.]The graph compares the two processes for the cricket-chirp data addressed in the previous example. We can see that interpolation would occur if we used our model to predict temperature when the values for chirps are between [image: 18.5] and [image: 44].
 Extrapolation would occur if we used our model to predict temperature when the values for chirps are less than [image: 18.5] or greater than [image: 44].
 Previously, we have found that the estimated equation for the line is [image: y = 1.12x+31.22].
 Use the cricket data above to answer the following questions:
 	Would predicting the temperature when crickets are chirping [image: 30] times in [image: 15] seconds be interpolation or extrapolation? Make the prediction, and discuss whether it is reasonable.
 	Would predicting the number of chirps crickets will make at [image: 40] degrees be interpolation or extrapolation? Make the prediction, and discuss whether it is reasonable.
 
 Show Answer 	Since [image: 30] chirps is between the values of [image: 18.5] and [image: 44] chirps, predicting the temperature for [image: 30] chirps is an interpolation.
 [image: \begin{align*} y &= 1.12(30) + 31.22 \\ y &= 33.6 + 31.22 \\ y &= 64.82 \end{align*}]So, the predicted temperature is [image: 64.82] degrees Farenheit.
 [image: \\]
 This prediction is reasonable because it falls within the range of the data we used to create the model. Interpolation generally provides more reliable predictions as it works within the range of observed values.
 	The temperature values varied from [image: 52] to [image: 80.5]. Predicting the number of chirps at [image: 40] degrees is extrapolation because [image: 40] is outside the range of our data.
 [image: \begin{align*} 40 &= 1.12x + 31.22 \\ 40 - 31.22 &= 1.12x \\ 8.78 &= 1.12x \\ x &= \frac{8.78}{1.12} \\ x &\approx 7.84 \end{align*}]So, the predicted number of chirps is approximately [image: 7.84]. This prediction may be less reliable because it involves extrapolation. Extrapolation can lead to less accurate predictions since it extends beyond the range of observed data.


  Interpolation occurs within the domain and range of the provided data whereas extrapolation occurs outside. An interactive online homework element has been excluded from the printed version of the text. To see the interactive element that was excluded, please visit the courseware online.
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		Fitting Linear Models to Data: Learn It 6

								

	
				Distinguishing Between Linear and Nonlinear Models
 As we saw previously with the cricket-chirp model example, some data exhibit strong linear trends, but other data, like the final exam scores plotted by age, are clearly nonlinear. Most calculators and computer software can also provide us with the correlation coefficient, which is a measure of how closely the line fits the data. Many graphing calculators require the user to turn a “diagnostic on” selection to find the correlation coefficient, which mathematicians label as [image: r]. The correlation coefficient provides an easy way to get an idea of how close to a line the data falls.
 correlation coefficient ([image: r])
 The correlation coefficient is a value, [image: r], between [image: –1] and [image: 1].
 	[image: r > 0] suggests a positive (increasing) relationship
 	[image: r < 0] suggests a positive (increasing) relationship
 	The closer the value is to [image: 0], the more scattered the data.
 	The closer the value is to [image: 1] or [image: –1], the less scattered the data is: 	[image: |r| < 0.3] is weak
 	[image: 0.3 ≤ |r| < 0.7] is moderate
 	[image: |r| ≥ 0.7] is strong
 
 
 
  
 We should compute the correlation coefficient only for data that follows a linear pattern or to determine the degree to which a data set is linear. If the data exhibits a nonlinear pattern, the correlation coefficient for a linear regression is meaningless. To get a sense of the relationship between the value of [image: r] and the graph of the data, the image below shows some large data sets with their correlation coefficients. Remember, for all plots, the horizontal axis shows the input and the vertical axis shows the output.
 [image: A series of scatterplot graphs. Some are linear and some are not.]Plotted data and related correlation coefficients. (credit: “DenisBoigelot,” Wikimedia Commons)  https://lumen-learning.shinyapps.io/linear_regression/[Trouble viewing? Click to open in a new tab.] Calculate the correlation coefficient for cricket-chirp data using the statistical tool above. Interpret your correlation coefficient.           	Chirps 	[image: 44] 	[image: 35] 	[image: 20.4] 	[image: 33] 	[image: 31] 	[image: 35] 	[image: 18.5] 	[image: 37] 	[image: 26] 
 	Temperature 	[image: 80.5] 	[image: 70.5] 	[image: 57] 	[image: 66] 	[image: 68] 	[image: 72] 	[image: 52] 	[image: 73.5] 	[image: 53] 
  
 Show Answer After entering your data set into the statistical tool, if you scroll down, under “Model Summary”, you will find the value of “Correlation Coefficient [image: r].”
 You should see that [image: r = 0.951].
 [image: \\]
 This value is very close to [image: 1], which suggests a very strong increasing linear relationship.
 What this means:
 	Strong Positive Linear Relationship: The high value of [image: r] (close to [image: 1]) suggests that as the number of cricket chirps increases, the temperature also increases.
 	Consistency: The data points lie very close to the best-fit line, meaning the relationship between chirps and temperature is consistent and predictable.
 
 In summary, a correlation coefficient of [image: r = 0.951] means there is a strong, positive linear relationship between the number of cricket chirps and the temperature. This suggests that you can reliably predict the temperature based on the number of chirps, and vice versa.
   [image: From left to right, graphs showing perfect positive correlation, strong positive correlation, weak positive correlation, no correlation, weak negative correlation, strong negative correlation, and perfect negative correlation.] General Interpretation 	Correlation Coefficient, [image: r] 	General Interpretation 
 	[image: -1] to [image: -0.7] 	Strong negative linear relationship 
 	[image: -0.7] to [image: -0.3] 	Moderate negative linear relationship 
 	[image: -0.3] to [image: -0.1] 	Weak negative linear relationship 
 	[image: -0.1] to [image: 0.1] 	Negligible or no linear relationship 
 	[image: 0.1] to [image: 0.3] 	Weak positive linear relationship 
 	[image: 0.3] to [image: 0.7] 	Moderate positive linear relationship 
 	[image: 0.7] to [image: 1] 	Strong positive linear relationship 
  
   An interactive online homework element has been excluded from the printed version of the text. To see the interactive element that was excluded, please visit the courseware online.
 
  Association does not imply causation!!!
 Do not interpret a high correlation between the two variable in the data as a cause-and-effect relationship. 
 
 Can you guess what the correlation coefficient for the scatterplot below? https://lumen-learning.shinyapps.io/guesscorr/[Trouble viewing? Click to open in a new tab.]    
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		Fitting Linear Models to Data: Apply It 1

								

	
				 	Use linear functions to model and draw conclusions from real-world problems
 	Sketch scatter plots to see patterns and tell apart straight-line relationships from curves
 	Find the best straight line that goes through a set of data points
 	Identify the differences between linear and nonlinear relations 
 
  Scatterplots are used to illustrate the relationship between two variables in a data set.[image: Colleagues talking and pointing to a whiteboard with drawings of figures]  George, a current student, got a [image: 36] out of [image: 50] on the first midterm (C-). He asked his instructor, “If I don’t change my study approach, how do you predict I will do on the final exam?”
 One way to answer this question is to look at the bivariate data of student scores from a previous class. In this case, we choose a random sample of past students who did not seek out additional tutoring and/or support between the midterm and the final.
 The following is a data set from a random sample of past students who did not seek out advice on study skills or additional tutoring between the midterm and the final exam. To protect their anonymity, only first names are shown.
 	Student First Name 	Midterm Score (out of [image: 50] points)
 	Final Exam Score (out of [image: 100] points)
 
 	Joe 	[image: 42] 	[image: 64] 
 	Barak 	[image: 52] 	[image: 94] 
 	Hillary 	[image: 44] 	[image: 87] 
 	Donald 	[image: 25] 	[image: 46] 
 	Cher 	[image: 41] 	[image: 73] 
 	Katy 	[image: 39] 	[image: 73] 
 	Taylor 	[image: 33] 	[image: 53] 
 	Miley 	[image: 40] 	[image: 77] 
 	Justin 	[image: 35] 	[image: 60] 
 	Snoop 	[image: 31] 	[image: 62] 
 	Bruno 	[image: 37] 	[image: 71] 
 	Kanye 	[image: 49] 	[image: 95] 
 	Leonardo 	[image: 38] 	[image: 70] 
 	Rosie 	[image: 45] 	[image: 80] 
 	Maya 	[image: 49] 	[image: 80] 
 	Tyra 	[image: 48] 	[image: 82] 
 	Selena 	[image: 50] 	[image: 81] 
  
 Steps to create the scatterplot and the linear regression line: Step 1: Under Enter Data, select Enter Own.
 Step 2: Name the X (explanatory) and Y (response) variables appropriately.
 Step 3: Copy and paste the data set.
 
 Dataset (name removed) 	Midterm Score (out of [image: 50] points)
 	Final Exam Score (out of [image: 100] points)
 
 	42 	64 
 	52 	94 
 	44 	87 
 	25 	46 
 	41 	73 
 	39 	73 
 	33 	53 
 	40 	77 
 	35 	60 
 	31 	62 
 	37 	71 
 	49 	95 
 	38 	70 
 	45 	80 
 	49 	80 
 	48 	82 
 	50 	81 
  
 
 Step 4: Under Plot Options, select Regression Line, and click the Submit Data button.
  https://lumen-learning.shinyapps.io/linear_regression/
 [Trouble viewing? Click to open in a new tab.]
 An interactive online homework element has been excluded from the printed version of the text. To see the interactive element that was excluded, please visit the courseware online.
 
  An interactive online homework element has been excluded from the printed version of the text. To see the interactive element that was excluded, please visit the courseware online.
 
  An interactive online homework element has been excluded from the printed version of the text. To see the interactive element that was excluded, please visit the courseware online.
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		Quadratic Functions: Background You'll Need 1

								

	
				 	Simplify and calculate an algebraic equation
 
  An algebraic expression is a collection of constants and variables joined together by the algebraic operations of addition, subtraction, multiplication, and division. For example, [image: 3x + 2y - 7] is an algebraic expression that contains two variables [image: x] and [image: y] and three constants [image: 3], [image: 2], and [image: 7].
 constant, variable, algebraic expression
 	A constant is a fixed value or a number that does not change in a particular context.
 	A variable is a symbol that represents a value or quantity that can change or vary in a given situation or context.
 	An algebraic expression is a mathematical phrase or combination of numbers, variables, and arithmetic operations such as addition, subtraction, multiplication, and division.
 
 
  Any variable in an algebraic expression may take on or be assigned different values. When that happens, the value of the algebraic expression changes. To evaluate an algebraic expression means to determine the value of the expression for a given value of each variable in the expression.
 How To: Evaluate Algebraic ExpressionsUse the following steps to evaluate an algebraic expression: 	Replace each variable in the expression with the given value
 	Simplify the resulting expression using the order of operations
 
 Note: If the algebraic expression contains more than one variable, replace each variable with its assigned value and simplify the expression as before.
  Evaluate each expression for the given values. 	[image: x+5] for [image: x=-5]
 	[image: \frac{t}{2t - 1}] for [image: t=10]
 	[image: \dfrac{4}{3}\pi {r}^{3}] for [image: r=5]
 	[image: a+ab+b] for [image: a=11,b=-8]
 	[image: \sqrt{2{m}^{3}{n}^{2}}] for [image: m=2,n=3]
 
 Show Solution 	Substitute [image: -5] for [image: x]. [image: \begin{align}x+5 &=\left(-5\right)+5 \\ &=0\end{align}]
 
 	Substitute [image: 10] for [image: t]. [image: \begin{align}\frac{t}{2t-1} & =\frac{\left(10\right)}{2\left(10\right)-1} \\ & =\frac{10}{20-1} \\ & =\frac{10}{19}\end{align}]
 
 	Substitute [image: 5] for [image: r]. [image: \begin{align}\frac{4}{3}\pi r^{3} & =\frac{4}{3}\pi\left(5\right)^{3} \\ & =\frac{4}{3}\pi\left(125\right) \\ & =\frac{500}{3}\pi\end{align}]
 
 	Substitute [image: 11] for [image: a] and [image: –8] for [image: b]. [image: \begin{align}a+ab+b & =\left(11\right)+\left(11\right)\left(-8\right)+\left(-8\right) \\ & =11-8-8 \\ & =-85\end{align}]
 
 	Substitute [image: 2] for [image: m] and [image: 3] for [image: n]. [image: \begin{align}\sqrt{2m^{3}n^{2}} & =\sqrt{2\left(2\right)^{3}\left(3\right)^{2}} \\ & =\sqrt{2\left(8\right)\left(9\right)} \\ & =\sqrt{144} \\ & =12\end{align}]
 
 
   Formulas
 An equation is a mathematical statement indicating that two expressions are equal. The expressions can be numerical or algebraic. The equation is not inherently true or false, but only a proposition. The values that make the equation true, the solutions, are found using the properties of real numbers and other results. For example, the equation [image: 2x+1=7] has the unique solution [image: x=3] because when we substitute [image: 3] for [image: x] in the equation, we obtain the true statement [image: 2\left(3\right)+1=7].
 A formula is an equation expressing a relationship between constant and variable quantities. Very often the equation is a means of finding the value of one quantity (often a single variable) in terms of another or other quantities. One of the most common examples is the formula for finding the area [image: A] of a circle in terms of the radius [image: r] of the circle: [image: A=\pi {r}^{2}]. For any value of [image: r], the area [image: A] can be found by evaluating the expression [image: \pi {r}^{2}].
 Equations and formulas
 	An equation is a mathematical statement that shows the equality of two expressions, typically separated by an equal sign. It states that the two expressions have the same value, and the values of variables that make the equation true are called solutions.
 	A formula is a mathematical expression that represents a relationship or a rule between variables or quantities. It usually contains variables, constants, and arithmetic operations, and is used to calculate or derive a particular result or value.
 
 
  A right circular cylinder with radius [image: r] and height [image: h] has the surface area [image: S] (in square units) given by the formula [image: S=2\pi r\left(r+h\right)].
 [image: \\]
 Find the surface area of a cylinder with radius [image: 6] in. and height [image: 9] in. Leave the answer in terms of [image: \pi].[image: A right circular cylinder with an arrow extending from the center of the top circle outward to the edge, labeled: r. Another arrow beside the image going from top to bottom, labeled: h.]Right circular cylinder Show Solution Evaluate the expression [image: 2\pi r\left(r+h\right)] for [image: r=6] and [image: h=9].
 [image: \begin{align}S&=2\pi r\left(r+h\right) \\ & =2\pi\left(6\right)[\left(6\right)+\left(9\right)] \\ & =2\pi\left(6\right)\left(15\right) \\ & =180\pi\end{align}]
 The surface area is [image: 180\pi] square inches.
   [image: An art frame with a piece of artwork in the center. The frame has a width of 8 centimeters. The artwork itself has a length of 32 centimeters and a width of 24 centimeters.]A photograph with length [image: L] and width [image: W] is placed in a mat of width [image: 8] centimeters (cm). The area of the mat (in square centimeters, or cm[image: 2]) is found to be [image: A=\left(L+16\right)\left(W+16\right)-L\cdot W]. Find the area of a mat for a photograph with length [image: 32] cm and width [image: 24] cm. Show Solution [image: 1,152 cm^{2}]
  Simplify Algebraic Expressions
 Sometimes we can simplify an algebraic expression to make it easier to evaluate or to use in some other way. To do so, we use the properties of real numbers. We can use the same properties in formulas because they contain algebraic expressions.
 Simplify the following algebraic expressions: 	[image: 3x - 2y+x - 3y - 7]
 	[image: 2r - 5\left(3-r\right)+4]
 	[image: \left(4t-\dfrac{5}{4}s\right)-\left(\dfrac{2}{3}t+2s\right)]
 	[image: 2mn - 5m+3mn+n]
 
 Show Solution 	[image: \begin{align}3x-2y+x-3y-7 & =3x+x-2y-3y-7 && \text{Commutative property of addition} \\ & =4x-5y-7 && \text{Simplify} \\ \text{ }\end{align}]
 	[image: \begin{align}2r-5\left(3-r\right)+4 & =2r-15+5r+4 && \text{Distributive property}\\&=2r+5r-15+4 && \text{Commutative property of addition} \\ & =7r-11 && \text{Simplify} \\ \text{ }\end{align}]
 	[image: \begin{align} 4t-\frac{5}{4}s -\left(\frac{2}{3}t+2s\right) &=4t-\frac{5}{4}s-\frac{2}{3}t-2s &&\text{Distributive property}\\&=4t-\frac{2}{3}t-\frac{5}{4}s-2s && \text{Commutative property of addition}\\&=\frac{12}{3}t-\frac{2}{3}t-\frac{5}{4}s-\frac{8}{4}s && \text{Common Denominators}\\ & =\frac{10}{3}t-\frac{13}{4}s && \text{Simplify} \\ \text{ }\end{align}]
 	[image: \begin{align}mn-5m+3mn+n & =2mn+3mn-5m+n && \text{Commutative property of addition} \\ & =5mn-5m+n && \text{Simplify}\end{align}]
 
   An interactive online homework element has been excluded from the printed version of the text. To see the interactive element that was excluded, please visit the courseware online.
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		Quadratic Functions: Background You'll Need 2

								

	
				Identify and understand the differences between rational numbers (like fractions and whole numbers) and irrational numbers (like pi and square roots) Exploring Number Types: Rational, Irrational, and Real Numbers
 Numbers in mathematics are sorted into different types such as, rational, irrational, and real numbers. Rational numbers are fractions with integers on top and bottom, like [image: ½] or [image: -3/4]. Irrational numbers can’t be neatly written as fractions because their decimals go on endlessly without repeating—think of [image: π] or the square root of [image: 2]. Both of these types are part of the real numbers, which make up the number line we use for all basic math. This page will guide you through these concepts, starting with rational numbers.
 You should already know about the other number types –  counting numbers, whole numbers and integers. 	Counting numbers, also known as natural numbers, are the numbers we use to count items: [image: 1, 2, 3,] and so on. They are a subset of whole numbers, which extend counting numbers to include [image: 0], forming the set ([image: 0, 1, 2, 3,] …).
 	Integers further broaden this scope by incorporating their negative counterparts, resulting in an uninterrupted sequence (… [image: -3, -2, -1, 0, 1, 2, 3,] …). These foundational elements serve as the groundwork for rational numbers, since any counting number, whole number, or integer can be expressed as a fraction with one as the denominator.
 
  Rational Numbers
 rational numbers
 A rational number is a number that can be written in the form [image: {\Large\frac{p}{q}}], where [image: p] and [image: q] are integers and [image: q\ne o].
 
  Rational numbers are the counts and measures we encounter in everyday life. Whether it’s in dividing a pizza into equal slices (fractions) or measuring the distance between two points (decimals), these numbers are all around us. Each can be expressed as a fraction, with both the numerator and denominator being whole numbers and the denominator never being zero. Let’s put this into practice and express the following values as ratios of two integers.
 An interactive online homework element has been excluded from the printed version of the text. To see the interactive element that was excluded, please visit the courseware online.
 
  Irrational Numbers
 irrational number
 An irrational number is a number that cannot be written as the ratio of two integers. Its decimal form does not stop and does not repeat.
 
  Let’s summarize a method we can use to determine whether a number is rational or irrational. If the decimal form of a number: 	stops or repeats, the number is rational.
 	does not stop and does not repeat, the number is irrational.
 
  An interactive online homework element has been excluded from the printed version of the text. To see the interactive element that was excluded, please visit the courseware online.
 
  Real Numbers
 real number
 Real numbers are numbers that are either rational or irrational.
 
  Determine whether each of the numbers in the following list is a 	whole number
 	integer
 	rational number
 	irrational number
 	real number
 
 [image: -7,\Large\frac{14}{5}\normalsize ,8,\sqrt{5},5.9,-\sqrt{64}]
 Show Solution 	The whole numbers are [image: 0,1,2,3\dots] The number [image: 8] is the only whole number given.
 	The integers are the whole numbers, their opposites, and [image: 0]. From the given numbers, [image: -7] and [image: 8] are integers. Also, notice that [image: 64] is the square of [image: 8] so [image: -\sqrt{64}=-8]. So the integers are [image: -7,8,-\sqrt{64}].
 	Since all integers are rational, the numbers [image: -7,8,\text{and}-\sqrt{64}] are also rational. Rational numbers also include fractions and decimals that terminate or repeat, so [image: \Large\frac{14}{5}\normalsize\text{ and }5.9] are rational.
 	The number [image: 5] is not a perfect square, so [image: \sqrt{5}] is irrational.
 	All of the numbers listed are real.
 
 We’ll summarize the results in a table.
  
 	Number 	Whole 	Integer 	Rational 	Irrational 	Real 
  	[image: -7] 	 	[image: \quad\checkmark] 	[image: \quad\checkmark] 	 	[image: \quad\checkmark] 
 	[image: \Large\frac{14}{5}] 	 	 	[image: \quad\checkmark] 	 	[image: \quad\checkmark] 
 	[image: 8] 	[image: \quad\checkmark] 	[image: \quad\checkmark] 	[image: \quad\checkmark] 	 	[image: \quad\checkmark] 
 	[image: \sqrt{5}] 	 	 	 	[image: \quad\checkmark] 	[image: \quad\checkmark] 
 	[image: 5.9] 	 	 	[image: \quad\checkmark] 	 	[image: \quad\checkmark] 
 	[image: -\sqrt{64}] 	 	[image: \quad\checkmark] 	[image: \quad\checkmark] 	 	[image: \quad\checkmark] 
  
   An interactive online homework element has been excluded from the printed version of the text. To see the interactive element that was excluded, please visit the courseware online.
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				 	Identify quadratic functions in both general and standard form
 	Determine the domain and range of a quadratic function by recognizing whether the vertex represents a maximum or minimum point
 	Recognize key features of a parabola’s graph: vertex, axis of symmetry, y-intercept, and minimum or maximum value
 	Create graphs of quadratic functions using tables and transformations
 
  Quadratic functions are a fundamental concept in algebra that describe parabolic relationships. They are second-degree polynomial functions, meaning the highest power of the variable is [image: 2]. These functions have numerous real-world applications, from describing the path of a projectile to modeling revenue in economics.
 Equations of Quadratic Functions
 Let’s start by examining the general form of a quadratic function, which is the most basic way to express these equations mathematically.
 general form of a quadratic function
 The general form of a quadratic function presents the function in the form
  
 [image: f\left(x\right)=a{x}^{2}+bx+c]
  
 where [image: a], [image: b], and [image: c] are real numbers and [image: a\ne 0].
  
 If [image: a>0], the parabola opens upward. If [image: a<0], the parabola opens downward.
  We can use the general form of a parabola to find the equation for the axis of symmetry.
 axis of symmetry
 The axis of symmetry is defined by [image: x=-\dfrac{b}{2a}]. If we use the quadratic formula, [image: x=\dfrac{-b\pm \sqrt{{b}^{2}-4ac}}{2a}], to solve [image: a{x}^{2}+bx+c=0] for the [image: x]-intercepts, or zeros, we find the value of [image: x] halfway between them is always [image: x=-\dfrac{b}{2a}], the equation for the axis of symmetry.
  The figure below shows the graph of the quadratic function written in general form as [image: y={x}^{2}+4x+3]. In this form, [image: a=1,\text{ }b=4], and [image: c=3]. Because [image: a>0], the parabola opens upward. The axis of symmetry is [image: x=-\dfrac{4}{2\left(1\right)}=-2]. This also makes sense because we can see from the graph that the vertical line [image: x=-2] divides the graph in half. The vertex always occurs along the axis of symmetry. For a parabola that opens upward, the vertex occurs at the lowest point on the graph, in this instance, [image: \left(-2,-1\right)]. The [image: x]-intercepts, those points where the parabola crosses the [image: x]-axis, occur at [image: \left(-3,0\right)] and [image: \left(-1,0\right)].
 [image: Graph of a parabola showing where the x and y intercepts, vertex, and axis of symmetry are for the function y=x^2+4x+3.]
 standard form of a quadratic function
 The standard form of a quadratic function presents the function in the form
  
 [image: f\left(x\right)=a{\left(x-h\right)}^{2}+k]
  
 where [image: \left(h,\text{ }k\right)] is the vertex.
  
 Because the vertex appears in the standard form of the quadratic function, this form is also known as the vertex form of a quadratic function.
  Given a quadratic function in general form, find the vertex of the parabola.
 One reason we may want to identify the vertex of the parabola is that this point will inform us where the maximum or minimum value of the output occurs, [image: k], and where it occurs, [image: h].
 vertex of the parabola
 If we are given the general form of a quadratic function:
  
 [image: f(x)=ax^2+bx+c]
  
 We can define the vertex, [image: (h,k)], by doing the following:
  
 	Identify [image: a], [image: b], and [image: c].
 	Find [image: h], the [image: x]-coordinate of the vertex, by substituting [image: a] and [image: b] into [image: h=-\dfrac{b}{2a}].
 	Find [image: k], the [image: y]-coordinate of the vertex, by evaluating [image: k=f\left(h\right)=f\left(-\dfrac{b}{2a}\right)]
 
  Find the vertex of the quadratic function [image: f\left(x\right)=2{x}^{2}-6x+7]. Rewrite the quadratic in standard form (vertex form). Show Solution The horizontal coordinate of the vertex will be at
 [image: \begin{align}h&=-\dfrac{b}{2a}\ \\[2mm] &=-\dfrac{-6}{2\left(2\right)} \\[2mm]&=\dfrac{6}{4} \\[2mm]&=\dfrac{3}{2} \end{align}]
 The vertical coordinate of the vertex will be at
 [image: \begin{align}k&=f\left(h\right) \\[2mm]&=f\left(\dfrac{3}{2}\right) \\[2mm]&=2{\left(\dfrac{3}{2}\right)}^{2}-6\left(\dfrac{3}{2}\right)+7 \\[2mm]&=\dfrac{5}{2}\end{align}]
 So the vertex is [image: \left(\dfrac{3}{2},\dfrac{5}{2}\right)]
 Rewriting into standard form, the stretch factor will be the same as the [image: a] in the original quadratic.
 [image: f\left(x\right)=2{\left(x-\frac{3}{2}\right)}^{2}+\frac{5}{2}]
   An interactive online homework element has been excluded from the printed version of the text. To see the interactive element that was excluded, please visit the courseware online.
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				Finding the Domain and Range of a Quadratic Function
 Any number can be the input value of a quadratic function. Therefore the domain of any quadratic function is all real numbers. Because parabolas have a maximum or a minimum at the vertex, the range is restricted. Since the vertex of a parabola will be either a maximum or a minimum, the range will consist of all [image: y]-values greater than or equal to the [image: y]-coordinate of the vertex or less than or equal to the [image: y]-coordinate at the turning point, depending on whether the parabola opens up or down.
 domain and range of a quadratic function
 The domain of any quadratic function is all real numbers.
  
 Determining the range of a quadratic formula is different depending on which form the quadratic function is in:
 General Form
 	The range of a quadratic function written in general form with a positive [image: a] value is [image: f\left(x\right)\ge f\left(-\frac{b}{2a}\right)], or [image: \left[f\left(-\frac{b}{2a}\right),\infty \right)]
 	The range of a quadratic function written in general form with a negative [image: a] value is [image: f\left(x\right)\le f\left(-\frac{b}{2a}\right)], or [image: \left(-\infty ,f\left(-\frac{b}{2a}\right)\right]].
 
 Standard Form
 	The range of a quadratic function written in standard form [image: f\left(x\right)=a{\left(x-h\right)}^{2}+k] with a positive [image: a] value is [image: f\left(x\right)\ge k] or [image: [k,\infty)].
 	The range of a quadratic function written in standard form with a negative [image: a] value is [image: f\left(x\right)\le k] or or [image: (-\infty,k]].
 
  How to: Determine the Domain and Range from the Vertex 	The domain of any quadratic function is all real numbers.
 	Determine whether [image: a] is positive or negative.
 If [image: a] is positive, the parabola has a minimum.
 If [image: a] is negative, the parabola has a maximum.
 	Determine the maximum or minimum value of the parabola, [image: k].
 If the parabola has a minimum, the range is given by [image: f\left(x\right)\ge k], or [image: \left[k,\infty \right)].
 If the parabola has a maximum, the range is given by [image: f\left(x\right)\le k], or [image: \left(-\infty ,k\right]].
 
  Find the domain and range of [image: f\left(x\right)=-5{x}^{2}+9x - 1]. Show Solution As with any quadratic function, the domain is all real numbers or [image: \left(-\infty,\infty\right)].
 Because [image: a] is negative, the parabola opens downward and has a maximum value. We need to determine the maximum value. We can begin by finding the [image: x]-value of the vertex.
 [image: h=-\dfrac{b}{2a}=-\dfrac{9}{2\left(-5\right)}=\dfrac{9}{10}]
 The maximum value is given by [image: f\left(h\right)].
 [image: f\left(\dfrac{9}{10}\right)=5{\left(\dfrac{9}{10}\right)}^{2}+9\left(\dfrac{9}{10}\right)-1=\dfrac{61}{20}]
 The range is [image: f\left(x\right)\le \dfrac{61}{20}], or [image: \left(-\infty ,\dfrac{61}{20}\right]].
   An interactive online homework element has been excluded from the printed version of the text. To see the interactive element that was excluded, please visit the courseware online.
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				Key Features of a Parabola’s Graph
 The graph of a quadratic function is a U-shaped curve called a parabola. One important feature of the graph is that it has an extreme point, called the vertex. If the parabola opens up, the vertex represents the lowest point on the graph, or the minimum value of the quadratic function. If the parabola opens down, the vertex represents the highest point on the graph, or the maximum value. In either case, the vertex is a turning point on the graph. The graph is also symmetric with a vertical line drawn through the vertex, called the axis of symmetry.
 [image: Graph of a parabola showing where the x and y intercepts, vertex, and axis of symmetry are.] 
 The [image: y]-intercept is the point at which the parabola crosses the [image: y]-axis. The [image: x]-intercepts are the points at which the parabola crosses the [image: x]-axis. If they exist, the [image: x]-intercepts represent the zeros, or roots, of the quadratic function, the values of [image: x] at which [image: y=0].
 The places where a function’s graph crosses the horizontal axis are the places where the function value equals zero. You’ve seen that these values are called horizontal intercepts, [image: x]-intercepts, and zeros so far. They can also be referred to as the roots of a function. Determine the vertex, axis of symmetry, zeros, and [image: y]-intercept of the parabola shown below.[image: Graph of a parabola with a vertex at (3, 1) and a y-intercept at (0, 7).] Show Solution The vertex is the turning point of the graph. We can see that the vertex is at [image: (3,1)]. The axis of symmetry is the vertical line that intersects the parabola at the vertex. So the axis of symmetry is [image: x=3]. This parabola does not cross the [image: x]-axis, so it has no zeros. It crosses the [image: y]-axis at [image: (0, 7)] so this is the [image: y]-intercept.
   An interactive online homework element has been excluded from the printed version of the text. To see the interactive element that was excluded, please visit the courseware online.
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				Transformations of Quadratic Functions Standard Form
 The standard form is useful for determining how the graph is transformed from the graph of [image: y={x}^{2}].
 The standard form of a quadratic function presents the function in the form [image: f\left(x\right)=a{\left(x-h\right)}^{2}+k]
 where [image: \left(h,\text{ }k\right)] is the vertex. Because the vertex appears in the standard form of the quadratic function, this form is also known as the vertex form of a quadratic function.
  graph transformations
 Transforming a graph involves shifting, stretching, or flipping its shape to create a new representation.
  Shift Up and Down by Changing the Value of [image: k]
 vertical shift of a parabola
 You can represent a vertical (up, down) shift of the graph of [image: f(x)=x^2] by adding or subtracting a constant, [image: k].
  
 [image: f(x)=x^2 + k]
  
 If [image: k>0], the graph shifts upward, whereas if [image: k<0], the graph shifts downward.
  Using an online graphing calculator, plot the function [image: f(x)=x^2+k]. Now change the [image: k] value to shift the graph down [image: 4] units, then up [image: 4] units. Show Solution The equation for the graph of [image: f(x)=x^2] that has been shifted up [image: 4] units is:
 [image: f(x)=x^2+4]
 The equation for the graph of [image: f(x)=x^2] that has been shifted down [image: 4] units is
 [image: f(x)=x^2-4]
   Shift left and right by changing the value of [image: h]
 horizontal shift of a parabola
 You can represent a horizontal (left, right) shift of the graph of [image: f(x)=x^2] by adding or subtracting a constant, [image: h], to the variable [image: x], before squaring.
  
 [image: f(x)=(x-h)^2]
  
 If [image: h>0], the graph shifts toward the right and if [image: h<0], the graph shifts to the left.
  Remember that the negative sign inside the argument of the vertex form of a parabola (in the parentheses with the variable [image: x] ) is part of the formula [image: f(x)=(x-h)^2 +k].
 [image: \\]
 If [image: h>0], we have [image: f(x)=(x-h)^2 +k]. You’ll see the negative sign, but the graph will shift right.
 [image: \\]
 If  [image: h<0], we have [image: f(x)=(x-(-h))^2 +k \rightarrow f(x)=(x+h)^2+k]. You’ll see the positive sign, but the graph will shift left. Using an online graphing calculator, plot the function [image: f(x)=(x-h)^2]. Now change the [image: h] value to shift the graph [image: 2] units to the right, then [image: 2] units to the left. Show Solution The equation for the graph of [image: f(x)=x^2] that has been shifted right [image: 2] units is:
 [image: f(x)=(x-2)^2]
 The equation for the graph of [image: f(x)=^2] that has been shifted left [image: 2] units is
 [image: f(x)=(x+2)^2]
   Stretch or compress by changing the value of [image: a].
 stretch or compress a parabola
 You can represent a stretch or compression (narrowing, widening) of the graph of [image: f(x)=x^2] by multiplying the squared variable by a constant, [image: a].
  
 [image: f(x)=ax^2]
  
 The magnitude of [image: a] indicates the stretch of the graph.
  
 If [image: |a|>1], the point associated with a particular [image: x]-value shifts farther from the [image: x]–axis, so the graph appears to become narrower, and there is a vertical stretch.
  
 But if [image: |a|<1], the point associated with a particular [image: x]-value shifts closer to the [image: x]–axis, so the graph appears to become wider, but in fact there is a vertical compression.
  Using an online graphing calculator plot the function [image: f(x)=ax^2]. Now adjust the [image: a] value to create a graph that has been compressed vertically by a factor of [image: \frac{1}{2}] and another that has been vertically stretched by a factor of [image: 3]. [image: \\]What are the equations of the two graphs? Show Solution The equation for the graph of [image: f(x)=x^2] that has been compressed vertically by a factor of [image: \frac{1}{2}] is
 [image: f(x)=\frac{1}{2}x^2]
 The equation for the graph of [image: f(x)=x^2] that has been vertically stretched by a factor of [image: 3] is
 [image: f(x)=3x^2]
   An interactive online homework element has been excluded from the printed version of the text. To see the interactive element that was excluded, please visit the courseware online.
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				Transformations of Quadratic Functions General form
 Often times when given quadratic functions they will be in the general form, [image: f(x)=ax^2+bx+c] where [image: a \ne 0].
 How Changing [image: a] Impacts the Graph of a Parabola
 Changing [image: a] affects the width of the parabola and whether it opens up ([image: a>0]) or down ([image: a<0]).
 changing [image: a] of a parabola
 Changing [image: a] changes the width of the parabola.
 	Width of the parabola: 	When [image: |a| > 1], the parabola becomes narrower (steeper)
 	When [image: 0 < |a| < 1], the parabola becomes wider (flatter)
 	The larger the absolute value of [image: a], the narrower the parabola
 
 
 	Direction of opening: 	If a [image: > 0], the parabola opens upward (U-shaped)
 	If [image: a < 0], the parabola opens downward (inverted U-shape)
 
 
 	Stretching and compressing: 	Multiplying ‘[image: a]‘ by a factor stretches the graph vertically by that factor
 	Dividing ‘[image: a]‘ by a factor compresses the graph vertically by that factor
 
 
 
  In the following example, we show how changing the value of [image: a] will affect the graph of the function.
 Match each function with its graph. 	[image: \displaystyle f(x)=3{{x}^{2}}]
 	[image: \displaystyle f(x)=-3{{x}^{2}}]
 	[image: \displaystyle f(x)=\frac{1}{2}{{x}^{2}}]
 
 	[image: compared to g(x)=x squared]
 	[image: compared to g(x)=x squared]
 	[image: compared to g(x)=x squared]
 
 Show Solution Function [image: a] matches graph [image: 2]
 Function [image: b] matches graph [image: 1]
 Function [image: c] matches graph [image: 3]
 Function [image: a]: [image: \displaystyle f(x)=3{{x}^{2}}] means that inputs are squared and then multiplied by three, so the outputs will be greater than they would have been for [image: f(x)=x^2].  This results in a parabola that has been squeezed, so graph [image: 2] is the best match for this function.
 [image: compared to g(x)=x squared]
  
 Function [image: b]: [image: \displaystyle f(x)=-3{{x}^{2}}] means that inputs are squared and then multiplied by negative three, so the outputs will be farther away from the [image: x]-axis than they would have been for [image: f(x)=x^2], but negative in value, so graph [image: 1] is the best match for this function.
 [image: compared to g(x)=x squared]
  
 Function [image: c]: [image: \displaystyle f(x)=\frac{1}{2}{{x}^{2}}] means that inputs are squared then multiplied by [image: \dfrac{1}{2}], so the outputs are less than they would be for [image: f(x)=x^2].  This results in a parabola that has been opened wider than[image: f(x)=x^2]. Graph [image: 3] is the best match for this function.
 [image: compared to g(x)=x squared]
   How Changing [image: c] Impacts the Graph of a Parabola
 Changing [image: c] affects the vertical position of the entire parabola.
 changing [image: c] of a parabola
 Changing [image: c] moves the parabola up or down so that the [image: y] intercept is ([image: 0, c]).
 	[image: c] represents the [image: y]-intercept of the parabola
 	Positive [image: c] shifts the parabola up
 	Negative c shifts the parabola down
 	The magnitude of c determines the amount of vertical shift
 
  In the next example, we show how changes to [image: c] affect the graph of the function.
 Match each of the following functions with its graph. 	[image: \displaystyle f(x)={{x}^{2}}+3]
 	[image: \displaystyle f(x)={{x}^{2}}-3]
 
 	[image: compared to g(x)=x squared]
 	[image: compared to g(x)=x squared]
 
 Show Solution Function [image: a]: [image: \displaystyle f(x)={{x}^{2}}+3] means square the inputs then add three, so every output will be moved up [image: 3] units. The graph that matches this function best is [image: 2].
 [image: compared to g(x)=x squared]
  
 Function [image: b]: [image: \displaystyle f(x)={{x}^{2}}-3]  means square the inputs then subtract three, so every output will be moved down [image: 3] units. The graph that matches this function best is [image: 1].
 [image: compared to g(x)=x squared]
   How Changing [image: b] Impacts the Graph of a Parabola
 Changing [image: b] moves the line of reflection, which is the vertical line that passes through the vertex ( the high or low point) of the parabola. It may help to know how to calculate the vertex of a parabola to understand how changing the value of [image: b] in a function will change its graph.
 changing [image: b] of a parabola
 Changing [image: b] affects the horizontal position of the vertex and the axis of symmetry of the parabola.
 	Axis of symmetry: 	The axis of symmetry is given by [image: x=\dfrac{-b}{2a}]
 	Changing [image: b] shifts this axis left or right
 
 
 	A positive [image: b] shifts the vertex left of the y-axis
 	A negative [image: b] shifts the vertex right of the y-axis
 	The larger the absolute value of [image: b], the greater the shift
 
  To find the vertex of the parabola, use the formula:[image: \displaystyle \left( \frac{-b}{2a},f\left( \frac{-b}{2a} \right) \right)]For example, if the function being considered is [image: f(x)=2x^2-3x+4], to find the vertex, first calculate [image: \Large\frac{-b}{2a}].
 [image: \\]
 [image: a = 2], and [image: b = -3], therefore, [image: \dfrac{-b}{2a}=\dfrac{-(-3)}{2(2)}=\dfrac{3}{4}]
 This is the [image: x] value of the vertex.
 [image: \\]
 Now evaluate the function at [image: x =\Large\frac{3}{4}] to get the corresponding [image: y]-value for the vertex. [image: f\left( \dfrac{-b}{2a} \right)=2\left(\dfrac{3}{4}\right)^2-3\left(\dfrac{3}{4}\right)+4=2\left(\dfrac{9}{16}\right)-\dfrac{9}{4}+4=\dfrac{18}{16}-\dfrac{9}{4}+4=\dfrac{9}{8}-\dfrac{9}{4}+4=\dfrac{9}{8}-\dfrac{18}{8}+\dfrac{32}{8}=\dfrac{23}{8}]The vertex is at the point [image: \left(\dfrac{3}{4},\dfrac{23}{8}\right)].  This means that the vertical line of reflection passes through this point as well.
  It is not easy to tell how changing the values for [image: b] will change the graph of a quadratic function, but if you find the vertex, you can tell how the graph will change. In the next example, we show how changing [image: b] can change the graph of the quadratic function.
 Match each of the following functions with its graph. 	[image: \displaystyle f(x)={{x}^{2}}+2x]
 	[image: \displaystyle f(x)={{x}^{2}}-2x]
 
 	[image: compared to g(x)=x squared]
 	[image: compared to g(x)=x squared]
 
 Show Solution Find the vertex of function [image: a]:
 [image: \displaystyle f(x)={{x}^{2}}+2x].
 [image: a = 1, b = 2]
 [image: x]-value:
 [image: \dfrac{-b}{2a}=\dfrac{-2}{2(1)}=-1]
 [image: y]-value:
 [image: f(\dfrac{-b}{2a})=(-1)^2+2(-1)=1-2=-1].
 Vertex = [image: (-1,-1)], which means the graph that best fits this function is graph 1
 [image: compared to g(x)=x squared]
  
 Find the vertex of function [image: b]:
 [image: f(x)={{x}^{2}}-2x].
 [image: a = 1, b = -2]
 [image: x]-value:
 [image: \dfrac{-b}{2a}=\dfrac{2}{2(1)}=1]
 [image: y]-value:
 [image: f(\dfrac{-b}{2a})=(1)^2-2(1)=1-2=-1].
 Vertex = [image: (1,-1)], which means the graph that best fits this function is graph 2
 [image: compared to g(x)=x squared]
   Note that the vertex can change if the value for [image: c] changes because the [image: y]-value of the vertex is calculated by substituting the [image: x]-value into the function. Graph [image: f(x)=−2x^{2}+3x–3]. Show Solution Before making a table of values, look at the values of [image: a] and [image: c] to get a general idea of what the graph should look like.
 [image: \\]
 [image: a=−2], so the graph will open down and be thinner than [image: f(x)=x^{2}].
 [image: \\]
 [image: c=−3], so it will move to intersect the [image: y]-axis at [image: (0,−3)].
 [image: \\]
 Finding the vertex may make graphing the parabola easier. To find the vertex of the parabola, use the formula [image: \displaystyle \left( \dfrac{-b}{2a},f\left( \dfrac{-b}{2a} \right) \right)]. 
 [image: \text{Vertex }\text{formula}=\left( \dfrac{-b}{2a},f\left( \dfrac{-b}{2a} \right) \right)]
 [image: x]-coordinate of vertex:
 [image: \displaystyle \dfrac{-b}{2a}=\dfrac{-(3)}{2(-2)}=\dfrac{-3}{-4}=\dfrac{3}{4}]
 [image: y]-coordinate of vertex:
 [image: \displaystyle \begin{array}{l}f\left( \dfrac{-b}{2a} \right)=f\left( \dfrac{3}{4} \right)\\\,\,\,f\left( \dfrac{3}{4} \right)=-2{{\left( \dfrac{3}{4} \right)}^{2}}+3\left( \dfrac{3}{4} \right)-3\\\,\,\,\,\,\,\,\,\,\,\,\,\,\,\,\,\,\,=-2\left( \dfrac{9}{16} \right)+\dfrac{9}{4}-3\\\,\,\,\,\,\,\,\,\,\,\,\,\,\,\,\,\,\,=\dfrac{-18}{16}+\dfrac{9}{4}-3\\\,\,\,\,\,\,\,\,\,\,\,\,\,\,\,\,\,\,=\dfrac{-9}{8}+\dfrac{18}{8}-\dfrac{24}{8}\\\,\,\,\,\,\,\,\,\,\,\,\,\,\,\,\,\,\,=-\dfrac{15}{8}\end{array}]
 Vertex: [image: \displaystyle \left( \dfrac{3}{4},-\dfrac{15}{8} \right)]
 Use the vertex, [image: \displaystyle \left( \dfrac{3}{4},-\dfrac{15}{8} \right)], and the properties you described to get a general idea of the shape of the graph. You can create a table of values to verify your graph. Notice that in this table, the [image: x] values increase. The [image: y] values increase and then start to decrease again. This indicates a parabola.
 	[image: x] 	[image: f(x)] 
  	[image: −2] 	[image: −17] 
 	[image: −1] 	[image: −8] 
 	[image: 0] 	[image: −3] 
 	[image: 1] 	[image: −2] 
 	[image: 2] 	[image: −5] 
  
  
 [image: Vertex at negative three-fourths, negative 15-eighths. Other points are plotted: the point negative 2, negative 17; the point negative 1, negative 8; the point 0, negative 3; the point 1, negative 2; and the point 2, negative 5.] 
 Connect the points as best you can using a smooth curve. Remember that the parabola is two mirror images, so if your points do not have pairs with the same value, you may want to include additional points (such as the ones in blue shown below). Plot points on either side of the vertex.
 [image: x=\Large\frac{1}{2}] and [image: x=\Large\frac{3}{2}] are good values to include.
 [image: A parabola drawn through the points in the previous graph]
  An interactive online homework element has been excluded from the printed version of the text. To see the interactive element that was excluded, please visit the courseware online.
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				 	Identify quadratic functions in both general and standard form
 	Determine the domain and range of a quadratic function by recognizing whether the vertex represents a maximum or minimum point
 	Recognize key features of a parabola’s graph: vertex, axis of symmetry, y-intercept, and minimum or maximum value
 	Create graphs of quadratic functions using tables and transformations
 
  Quadratic Quest: Ecosystem Equilibrium
 Aria, an environmental scientist, is studying the population dynamics of a species of butterfly in a local ecosystem. The population’s growth and decline over time can be modeled using quadratic functions, which will help Aria understand the factors affecting the species and predict future population changes.
 [image: Blue butterflies in their ecosystem] 
 Aria presents a quadratic function that models the butterfly population over time: [image: P(t)=−kt^2+mt+b], where [image: t] is time in years, [image: P(t)] is the population, [image: k] is the rate of population decline due to limiting factors, [image: m] is the initial population growth rate, and [image: b] is the initial population.
 An interactive online homework element has been excluded from the printed version of the text. To see the interactive element that was excluded, please visit the courseware online.
 
  Having identified how the coefficients of our quadratic function mirror the dynamics of the butterfly population, let’s now turn our attention to the timing of these changes. Specifically, we’ll explore when this population reaches its peak, which is a critical piece of information for Aria’s conservation efforts.
 An interactive online homework element has been excluded from the printed version of the text. To see the interactive element that was excluded, please visit the courseware online.
 
  With the peak population time pinpointed, we can broaden our perspective to understand the full scope of the population’s potential over time. This requires us to examine the domain and range of our function.
 An interactive online homework element has been excluded from the printed version of the text. To see the interactive element that was excluded, please visit the courseware online.
 
  Now that we’ve established the theoretical limits of the butterfly population, it’s time to visualize these dynamics. A graph will not only illustrate the population’s trajectory over time but also highlight key moments and values that are particularly relevant for the conservation board’s strategy planning.
 An interactive online homework element has been excluded from the printed version of the text. To see the interactive element that was excluded, please visit the courseware online.
 
  After graphing the population trends and understanding the key features of our quadratic model, let’s challenge ourselves further. Can we predict when the butterfly population will return to its initial size? This insight is crucial for Aria to evaluate the long-term impact of environmental changes on the species.
 An interactive online homework element has been excluded from the printed version of the text. To see the interactive element that was excluded, please visit the courseware online.
 
  Having determined when the population will return back to its starting number, let’s consider how environmental factors might alter this course. Suppose the rate of population decline is reduced by half due to successful conservation measures. What would our new population model look like under these improved conditions?
 An interactive online homework element has been excluded from the printed version of the text. To see the interactive element that was excluded, please visit the courseware online.
 
  Finally, with a new model reflecting a slower decline in the butterfly population, let’s delve into the effects of a successful conservation effort on the population’s growth rate and maximum size. By transforming our original function, we can uncover the new face of the population graph and interpret the implications of these positive changes for the ecosystem.
 An interactive online homework element has been excluded from the printed version of the text. To see the interactive element that was excluded, please visit the courseware online.
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				 	Understand the difference between imaginary numbers and complex numbers
 	Learn how to plot a complex number on a special graph called the complex plane
 	Perform calculations with complex numbers and visualize how these operations change their position and size when graphed
 	Find the points where a quadratic equation crosses the x-axis, including both real and complex solutions
 
  Complex Numbers
 We know how to find the square root of any positive real number. In a similar way we can find the square root of a negative number. The difference is that the root is not real. If the value in the radicand is negative, the root is said to be an imaginary number. The imaginary number [image: i] is defined as the square root of negative 1.
 [image: \sqrt{-1}=i]
 So, using properties of radicals,
 [image: {i}^{2}={\left(\sqrt{-1}\right)}^{2}=-1]
 We can write the square root of any negative number as a multiple of [image: i].
 Consider the square root of [image: –25]. [image: \begin{align}\sqrt{-25}&=\sqrt{25\cdot \left(-1\right)}\\&=\sqrt{25}\cdot\sqrt{-1}\\ &=5i\end{align}]
 We use [image: 5i] and not [image: -\text{5}i] because the principal root of [image: 25] is the positive root.
  imaginary number
 The imaginary number [image: i] is defined to be [image: i=\sqrt{-1}].
  
 Any real multiple of [image: i], like 5[image: i], is also an imaginary number.
 
  Recall that the square root of a number [image: \sqrt{n}] is another way of asking the question what number when multiplied by itself results in the number [image: n]? Example: [image: \sqrt{9}=3] because [image: 3 \ast 3 = 9].
 It is also true that [image: (-3)\ast (-3) = 9] although we agreed that using the radical symbol requests only the principle root, the positive one. But, there is no number that when multiplied by itself results in a negative number.
 The property of integer multiplication states that both a negative number squared and a positive number squared result in a positive number. Indeed, you saw in the review section to this module that the square root of a negative number does not exist in the set of real numbers. Mathematicians realized the helpfulness of being to do calculations with such numbers though, so they assigned a value to [image: \sqrt{-1}], calling it the imaginary unit [image: i].
  Simplify [image: \sqrt{-9}]. Show Solution We can separate [image: \sqrt{-9}] as [image: \sqrt{9}\sqrt{-1}]. We can take the square root of [image: 9], and write the square root of [image: -1] as [image: i].
 [image: \sqrt{-9}=\sqrt{9}\sqrt{-1}=3i]
   A complex number is the sum of a real number and an imaginary number. A complex number is expressed in standard form when written [image: a+bi] where [image: a] is the real part and [image: bi] is the imaginary part.
 complex number
 A complex number is a number [image: z = a + b i], where
  
 	[image: a] and [image: b] are real numbers
 	[image: a] is the real part of the complex number
 	[image: b] is the imaginary part of the complex number
 
 
  For example, [image: 5+2i] is a complex number.[image: Showing the real and imaginary parts of 5 + 2i. In this complex number, 5 is the real part and 2i is the complex part.] An interactive online homework element has been excluded from the printed version of the text. To see the interactive element that was excluded, please visit the courseware online.
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				Complex Plane
 We cannot plot complex numbers on a number line as we might real numbers. However, we can still represent them graphically. To plot a complex number like [image: 3-4i], we need more than just a number line since there are two components to the number. To plot this number, we need two number lines, crossed to form a complex plane.
 complex plane
 In the complex plane, the horizontal axis is the real axis and the vertical axis is the imaginary axis.
  
 [image: The vertical axis is imaginary, and the horizontal axis is real.]

  How To: Given a complex number, represent its components on the complex plane. 	Determine the real part and the imaginary part of the complex number.
 	Move along the horizontal axis to show the real part of the number.
 	Move parallel to the vertical axis to show the imaginary part of the number.
 	Plot the point.
 
  Because this is analogous to the Cartesian coordinate system for plotting points, we can think about plotting our complex number [image: z=a+bi] as if we were plotting the point [image: (a, b)] in Cartesian coordinates. Sometimes people write complex numbers as [image: z=x+yi] to highlight this relation. Plot the number [image: 3-4i] on the complex plane. Show Solution The real part of this number is [image: 3], and the imaginary part is [image: -4]. To plot this, we draw a point [image: 3] units to the right of the origin in the horizontal direction and [image: 4] units down in the vertical direction.
 [image: A graph with imaginary y-axis and real x-axis. The point 3, negative 4 is marked.]
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				Arithmetic on Complex Numbers
 Addition and Subtraction of Complex Numbers
 Just as with real numbers, we can perform arithmetic operations on complex numbers. To add or subtract complex numbers, we combine the real parts and combine the imaginary parts.
 addition and subtraction of complex numbers
 Adding complex numbers:
 [image: \left(a+bi\right)+\left(c+di\right)=\left(a+c\right)+\left(b+d\right)i]
 Subtracting complex numbers:
 [image: \left(a+bi\right)-\left(c+di\right)=\left(a-c\right)+\left(b-d\right)i]
  Add [image: 3-4i] and [image: 2+5i]. Show Solution Adding [image: (3-4i)+(2+5i)], we add the like terms by combining the real parts and the imaginary parts.
 [image: 3+2-4i+5i]
 [image: 5+i]
   An interactive online homework element has been excluded from the printed version of the text. To see the interactive element that was excluded, please visit the courseware online.
 
  When we add complex numbers, we can visualize the addition as a shift, or translation, of a point in the complex plane.
 Visualize the addition [image: 3-4i] and [image: -1+5i]. Show Solution The initial point is [image: 3-4i]. When we add [image: -1+3i], we add [image: -1] to the real part, moving the point [image: 1] units to the left, and we add [image: 5] to the imaginary part, moving the point [image: 5] units vertically. This shifts the point [image: 3-4i] to [image: 2+1i].[image: A graph with an imaginary y-axis and a real x-axis. The point 3, negative 4 is labeled 3 minus 4i. The point 2, 1 is labeled 2 plus 1i. An arrow goes from 3 minus 4i to 2 plus 1i.]
  Multiplying Complex Numbers
 Multiplying complex numbers is much like multiplying binomials. The major difference is that we work with the real and imaginary parts separately.
 Multiplying a Complex Number by a Real Number
 Let’s begin by multiplying a complex number by a real number. We distribute the real number just as we would with a binomial.
 So, for example, [image: \begin{align}3(6+2i)&=(3\cdot6)+(3\cdot2i)&&\text{Distribute.}\\&=18+6i&&\text{Simplify.}\end{align}]
  Find the product [image: -4\left(2+6i\right)]. Show Solution [image: -8 - 24i]
  Multiplying Complex Numbers Together
 Now, let’s multiply two complex numbers. We can use either the distributive property or the FOIL method. Using either the distributive property or the FOIL method, we get
 [image: \left(a+bi\right)\left(c+di\right)=ac+adi+bci+bd{i}^{2}]
 Because [image: {i}^{2}=-1], we have
 [image: \left(a+bi\right)\left(c+di\right)=ac+adi+bci-bd]
 To simplify, we combine the real parts, and we combine the imaginary parts.
 [image: \left(a+bi\right)\left(c+di\right)=\left(ac-bd\right)+\left(ad+bc\right)i]
 Recall that FOIL is an acronym for multiplying First, Outer, Inner, and Last terms together. Multiply: [image: (2+5i)(4+i)]. Show Solution [image: \begin{array}{l}\left(2+5i\right)\left(4+i\right)\,\,\,\,\,\,\,\,\,\,\,\,\,\,\,\,\,\,\,\,\,\,\,\,\,\,\,\,\,\,\,\,\,\,\,\,\,\text{Expand.}\\=8+20i+2i+5i^{2}\,\,\,\,\,\,\,\,\,\,\,\,\,\,\,\,\,\,\,\,\,\,\,\,\,\text{Since }i=\sqrt{-1},i^{2}=-1\\=8+20i+2i+5\left(-1\right)\,\,\,\,\,\,\,\,\,\,\,\,\,\,\,\text{Simplify.}\\=3+22i\end{array}]
   An interactive online homework element has been excluded from the printed version of the text. To see the interactive element that was excluded, please visit the courseware online.
 
  When we multiply by a complex number, it’s like we’re doing two things at once: we’re changing the size (or scaling) and turning (or rotating) the number around the starting point, or origin. To really see what’s happening, in the following examples, we’ll use the complex plane to helps us visualize these changes.
 Using the complex plane, visualize the product [image: 2(1+2i)]. Show Solution Multiplying we’d get
 [image: \begin{align}&2\cdot1+2\cdot2i\\&=2+4i\\\end{align}]
 Notice both the real and imaginary parts have been scaled by [image: 2]. Visually, this will stretch the point outwards, away from the origin.
 [image: Graph with imaginary y-axis and real x-axis. The point 1,2 is marked and labeled 1 plus 2i. The point 2,4 is marked and labeled 2 plus 4i. A red arrow is drawn from the origin and through both points.]
  Using the complex plane, visualize the result of multiplying [image: 1+2i] by [image: 1+i]. Then show the result of multiplying by [image: 1+i] again. Show Solution Multiplying [image: 1+2i] by [image: 1+i],
 [image: -4+2i]
 [image: \begin{align}&(1+2i)(1+i)\\&=1+i+2i+2{{i}^{2}}\\&=1+3i+2(-1)\\&=-1+3i\\\end{align}]
 Multiplying by [image: 1+i] again,
 [image: \begin{align}&(-1+3i)(1+i)\\&=-1-i+3i+3{{i}^{2}}\\&=-1+2i+3(-1)\\&=-4+2i\\\end{align}]
 If we multiplied by [image: 1+i] again, we’d get [image: –6–2i]. Plotting these numbers in the complex plane, you may notice that each point gets both further from the origin, and rotates counterclockwise, in this case by [image: 45°].
 [image: The imaginary-real graph with four points marked, each with a dotted red line extending from the origin to that point. The points are as follows. The point 1,2, represented by 1 plus 2i. The point negative 1, 3, represented by negative 1 plus 3i. The point negative 4, 2, represented by negative 4 plus 2i. The point negative 6, negative 2, represented by negative 6 minus 2i.]
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				Arithmetic on Complex Numbers Cont.
 Dividing Complex Numbers
 Division of two complex numbers is more complicated than addition, subtraction, and multiplication because we cannot divide by an imaginary number, meaning that any fraction must have a real-number denominator. We need to find a term by which we can multiply the numerator and the denominator that will eliminate the imaginary portion of the denominator so that we end up with a real number as the denominator. This term is called the complex conjugate of the denominator, which is found by changing the sign of the imaginary part of the complex number. In other words, the complex conjugate of [image: a+bi] is [image: a-bi].
 complex conjugate
 The complex conjugate of [image: a+bi] is [image: a-bi].
  
 Importantly, complex conjugate pairs have a special property. Their product is always real.
 [image: \begin{align}(a+bi)(a-bi)&=a^2-abi+abi-b^2i^2\\[2mm]&=a^2-b^2(-1)\\[2mm]&=a^2+b^2\end{align}]
  Find the complex conjugate of each number. 	[image: 2+i\sqrt{5}]
 	[image: -\frac{1}{2}i]
 
 Show Solution 	The number is already in the form [image: a+bi]. The complex conjugate is [image: a-bi], or [image: 2-i\sqrt{5}].
 	We can rewrite this number in the form [image: a+bi] as [image: 0-\frac{1}{2}i]. The complex conjugate is [image: a-bi], or [image: 0+\frac{1}{2}i]. This can be written simply as [image: \frac{1}{2}i].
 
 Analysis of the Solution
 Although we have seen that we can find the complex conjugate of an imaginary number, in practice we generally find the complex conjugates of only complex numbers with both a real and an imaginary component. To obtain a real number from an imaginary number, we can simply multiply by [image: i].
   How To: Given two complex numbers, divide one by the other. 	Write the division problem as a fraction.
 	Determine the complex conjugate of the denominator.
 	Multiply the numerator and denominator of the fraction by the complex conjugate of the denominator.
 	Simplify.
 
  Suppose we want to divide [image: c+di] by [image: a+bi], where neither [image: a] nor [image: b] equals zero. We first write the division as a fraction, then find the complex conjugate of the denominator, and multiply. [image: \dfrac{c+di}{a+bi}] where [image: a\ne 0] and [image: b\ne 0].
 Multiply the numerator and denominator by the complex conjugate of the denominator.
 [image: \dfrac{\left(c+di\right)}{\left(a+bi\right)}\cdot \dfrac{\left(a-bi\right)}{\left(a-bi\right)}=\dfrac{\left(c+di\right)\left(a-bi\right)}{\left(a+bi\right)\left(a-bi\right)}]
 Apply the distributive property.
 [image: =\dfrac{ca-cbi+adi-bd{i}^{2}}{{a}^{2}-abi+abi-{b}^{2}{i}^{2}}]
 Simplify, remembering that [image: {i}^{2}=-1].
 [image: \begin{align}&=\dfrac{ca-cbi+adi-bd\left(-1\right)}{{a}^{2}-abi+abi-{b}^{2}\left(-1\right)} \\[2mm] &=\dfrac{\left(ca+bd\right)+\left(ad-cb\right)i}{{a}^{2}+{b}^{2}}\end{align}]
  Divide [image: \left(2+5i\right)] by [image: \left(4-i\right)]. Show Solution We begin by writing the problem as a fraction.
 [image: \dfrac{\left(2+5i\right)}{\left(4-i\right)}]
 Then we multiply the numerator and denominator by the complex conjugate of the denominator.
 [image: \dfrac{\left(2+5i\right)}{\left(4-i\right)}\cdot \dfrac{\left(4+i\right)}{\left(4+i\right)}]
 To multiply two complex numbers, we expand the product as we would with polynomials (the process commonly called FOIL).
 [image: \begin{align}\dfrac{\left(2+5i\right)}{\left(4-i\right)}\cdot \dfrac{\left(4+i\right)}{\left(4+i\right)}&=\dfrac{8+2i+20i+5{i}^{2}}{16+4i - 4i-{i}^{2}}\\[2mm] &=\dfrac{8+2i+20i+5\left(-1\right)}{16+4i - 4i-\left(-1\right)} && \text{Because } {i}^{2}=-1 \\[2mm] &=\frac{3+22i}{17} \\[2mm] &=\dfrac{3}{17}+\frac{22}{17}i && \text{Separate real and imaginary parts}.\end{align}]
 Note that this expresses the quotient in standard form.
   An interactive online homework element has been excluded from the printed version of the text. To see the interactive element that was excluded, please visit the courseware online.
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				Complex Roots
 Recall that we find the [image: y]-intercept of a quadratic by evaluating the function at an input of zero, and we find the [image: x]-intercepts at locations where the output is zero. Notice that the number of [image: x]-intercepts can vary depending upon the location of the graph.
 [image: Three graphs where the first graph shows a parabola with no x-intercept, the second is a parabola with one –intercept, and the third parabola is of two x-intercepts.]Number of [image: x]-intercepts of a parabola While factoring is often the first method we try when solving for [image: x]-intercepts, it’s not always possible or practical. Some quadratic equations cannot be easily factored, especially those with irrational or complex roots. In these cases, you’ll need a more powerful tool: the quadratic formula.
 The quadratic formula for an equation in the form [image: ax^2 + bx + c = 0] is:
 [image: x = \frac{-b \pm \sqrt{b^2 - 4ac}}{2a}]
 Where:
 	[image: a] is the coefficient of [image: x^2]
 	[image: b] is the coefficient of [image: x]
 	[image: c] is the constant term
 	[image: \pm] means we consider both addition and subtraction
 
  Solve [image: {x}^{2}+x+2=0] using the quadratic formula. Show Solution Let’s begin by writing the quadratic formula:[image: x=\dfrac{-b\pm \sqrt{{b}^{2}-4ac}}{2a}]When applying the quadratic formula, we identify the coefficients [image: a], [image: b], and [image: c]. For the equation [image: {x}^{2}+x+2=0], we have [image: a=1], [image: b=1], and [image: c=2]. Substituting these values into the formula we have:
 [image: \begin{align}x&=\dfrac{-b\pm \sqrt{{b}^{2}-4ac}}{2a} \\[1.5mm] &=\dfrac{-1\pm \sqrt{{1}^{2}-4\cdot 1\cdot \left(2\right)}}{2\cdot 1} \\[1.5mm] &=\dfrac{-1\pm \sqrt{1 - 8}}{2} \\[1.5mm] &=\dfrac{-1\pm \sqrt{-7}}{2} \\[1.5mm] &=\dfrac{-1\pm i\sqrt{7}}{2} \end{align}]
 The solutions to the equation are [image: x=\dfrac{-1+i\sqrt{7}}{2}] and [image: x=\dfrac{-1-i\sqrt{7}}{2}] or [image: x=-\dfrac{1}{2}+\dfrac{i\sqrt{7}}{2}] and [image: x=-\dfrac{1}{2}-\dfrac{i\sqrt{7}}{2}].
 Analysis of the Solution
 This quadratic equation has only non-real solutions.
   Now you will hopefully begin to understand why we introduced complex numbers at the beginning of this module. The example we just solved demonstrates a crucial concept in algebra: not all quadratic equations have real solutions. When the discriminant ([image: b^2 - 4ac]) is negative, we encounter complex roots. These complex roots always come in conjugate pairs, meaning if [image: a + bi] is a solution, then [image: a - bi] is also a solution.
 Consider the following function: [image: f(x)=x^2+2x+3], and it’s graph below: [image: Graph of quadratic function with the following points (-1,2), (-2,3), (0,3), (1,6), (-3,6).]
 Does this function have roots? It’s probably obvious that this function does not cross the [image: x]-axis, therefore it doesn’t have any [image: x]-intercepts. Recall that the [image: x]-intercepts of a function are found by setting the function equal to zero:
 [image: x^2+2x+3=0]
  Find the [image: x]-intercepts of the quadratic function. [image: f(x)=x^2+2x+3]
 Show Solution The [image: x]-intercepts of the function [image: f(x)=x^2+2x+3] are found by setting it equal to zero, and solving for [image: x] since the [image: y] values of the [image: x]-intercepts are zero.
 First, identify [image: a], [image: b], and [image: c].
 [image: x^2+2x+3=0]
 [image: a=1,b=2,c=3]
 Substitute these values into the quadratic formula.
 [image: \begin{align}x&=\dfrac{-b\pm \sqrt{{b}^{2}-4ac}}{2a}\\[1mm]&=\dfrac{-2\pm \sqrt{{2}^{2}-4(1)(3)}}{2(1)}\\[1mm]&=\dfrac{-2\pm \sqrt{4-12}}{2} \\[1mm]&=\dfrac{-2\pm \sqrt{-8}}{2}\\[1mm]&=\dfrac{-2\pm 2i\sqrt{2}}{2} \\[1mm]&=-1\pm i\sqrt{2}\\[1mm]x&=-1+i\sqrt{2},-1-i\sqrt{2}\end{align}]
 The solutions to this equation are complex, therefore there are no [image: x]-intercepts for the function [image: f(x)=x^2+2x+3] in the set of real numbers that can be plotted on the Cartesian Coordinate plane. The graph of the function is plotted on the Cartesian Coordinate plane below:
 [image: Graph of quadratic function with the following points (-1,2), (-2,3), (0,3), (1,6), (-3,6).]Graph of quadratic function with no [image: x]-intercepts in the real numbers. Note how the graph does not cross the [image: x]-axis, therefore there are no real [image: x]-intercepts for this function.
  The Discriminant
 The quadratic formula not only generates the solutions to a quadratic equation, it tells us about the nature of the solutions when we consider the discriminant, or the expression under the radical, [image: {b}^{2}-4ac]. The discriminant tells us whether the solutions are real numbers or complex numbers as well as how many solutions of each type to expect. The table below relates the value of the discriminant to the solutions of a quadratic equation.
 	Value of Discriminant 	Results 
  	[image: {b}^{2}-4ac=0] 	One rational solution (double solution) 
 	[image: {b}^{2}-4ac>0], perfect square 	Two rational solutions 
 	[image: {b}^{2}-4ac>0], not a perfect square 	Two irrational solutions 
 	[image: {b}^{2}-4ac<0] 	Two complex solutions 
  
  
 discriminant
 For [image: a{x}^{2}+bx+c=0], where [image: a], [image: b], and [image: c] are real numbers, the discriminant is the expression under the radical in the quadratic formula:
  
 [image: {b}^{2}-4ac].
  
 It tells us whether the solutions are real numbers or complex numbers and how many solutions of each type to expect.
  Use the discriminant to find the nature of the solutions to the following quadratic equations: 	[image: {x}^{2}+4x+4=0]
 	[image: 8{x}^{2}+14x+3=0]
 	[image: 3{x}^{2}-5x - 2=0]
 	[image: 3{x}^{2}-10x+15=0]
 
 Show Solution Calculate the discriminant [image: {b}^{2}-4ac] for each equation and state the expected type of solutions.
 	[image: {x}^{2}+4x+4=0]: [image: {b}^{2}-4ac={\left(4\right)}^{2}-4\left(1\right)\left(4\right)=0]. There will be one rational double solution.
 	[image: 8{x}^{2}+14x+3=0]: [image: {b}^{2}-4ac={\left(14\right)}^{2}-4\left(8\right)\left(3\right)=100]. As [image: 100] is a perfect square, there will be two rational solutions.
 	[image: 3{x}^{2}-5x - 2=0]: [image: {b}^{2}-4ac={\left(-5\right)}^{2}-4\left(3\right)\left(-2\right)=49]. As [image: 49] is a perfect square, there will be two rational solutions.
 	[image: 3{x}^{2}-10x+15=0]: [image: {b}^{2}-4ac={\left(-10\right)}^{2}-4\left(3\right)\left(15\right)=-80]. There will be two complex solutions.
 
   An interactive online homework element has been excluded from the printed version of the text. To see the interactive element that was excluded, please visit the courseware online.
 
  An interactive online homework element has been excluded from the printed version of the text. To see the interactive element that was excluded, please visit the courseware online.
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				 	Understand the difference between imaginary numbers and complex numbers
 	Learn how to plot a complex number on a special graph called the complex plane
 	Perform calculations with complex numbers and visualize how these operations change their position and size when graphed
 	Find the points where a quadratic equation crosses the x-axis, including both real and complex solutions
 
  Complex numbers might seem abstract at first, but they’re actually crucial tools in electrical engineering, especially when working with alternating current (AC) circuits. When electrical engineers analyze circuits, they use complex numbers to represent impedance (Z) – a measure that combines regular resistance (R) with reactance (X), which is how circuit components resist changes in current.
 Imagine you’re an electrical engineering student working on analyzing various circuit components. Let’s apply your knowledge of complex numbers to solve some practical problems that electrical engineers face every day. Just like a multimeter helps you measure voltage and current, complex numbers will help you understand how components behave in AC circuits.
 An interactive online homework element has been excluded from the printed version of the text. To see the interactive element that was excluded, please visit the courseware online.
 
  Now let’s look at a real-world application of how impedance affects current in an AC circuit. When you plug a device into a wall outlet, the voltage from the power supply needs to push current through the circuit’s impedance. Understanding this relationship helps engineers design safe and efficient electrical systems – from small electronics to large industrial equipment. An interactive online homework element has been excluded from the printed version of the text. To see the interactive element that was excluded, please visit the courseware online.
 
  Let’s move from circuit analysis to control systems, where complex numbers help us understand how systems behave. Control systems are everywhere – from the cruise control in your car to the temperature control in your home. Engineers use transfer functions to describe how these systems respond to inputs, and finding the poles of these functions helps predict system stability and performance. An interactive online homework element has been excluded from the printed version of the text. To see the interactive element that was excluded, please visit the courseware online.
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				 	Use quadratic equations to figure out solutions to real-life situations
 
  Why study quadratic functions?
 An arrow is shot into the air.  How high will it go?  How far away will it land?  It turns out that you can answer these and related questions with just a little knowledge of quadratic functions.  In fact quadratic functions can be used to track to the position of any object that has been thrown, shot, or launched near the surface of the Earth.  As long as wind resistance does not play a huge role and the distances are not too great, you can use a quadratic function to model the flight path.
 Suppose an archer fires an arrow from a height of [image: 2] meters above sea level on a calm day.  While the arrow is in the air, someone else tracks and records its height precisely at each second. 	The following table shows the arrow’s height (meters) versus time (seconds). 	Time ([image: t]) 	Height ([image: h]) 
 	[image: 0] sec. 	[image: 2] m 
 	[image: 1] sec. 	[image: 16.7] m 
 	[image: 2] sec. 	[image: 21.6] m 
  
  	Let’s plot the data on a coordinate plane. [image: Downward facing Parabola with vertex at (2,22)]
 
  
 Notice the up-and-down shape? As Isaac Newton would say, what goes up must come down. The smooth arc, first rising and then falling, is a tell-tale clue that there is a quadratic function lurking in the data. The curve that best fits this situation is a parabola, which is what we call the graph of a quadratic function. With a little more work, you can find the equation of this function:
 [image: h(t)=-4.9t^2+19.6t+2]
 In the above equation, [image: t] represents time in seconds, and [image: h] represents height in meters.
 Let’s analyze this quadratic function!
 Vertex The vertex of the parabola represents the maximum height of the arrow since the leading coefficient, [image: a = -4.9], is negative (indicating a downward opening parabola).
 From the table, we can see that the vertex is [image: (2, 21.6)].
 We can also find the vertex using the quadratic function:
 	First, find the [image: x]-coordinate of the vertex using the formula [image: t = -\frac{b}{2a}].
 
 [image: \begin{align*} t &= -\frac{19.6}{2 \cdot -4.9} \\[1.5mm] t &= -\frac{19.6}{-9.8} \\[1.5mm] t &= 2 \text{ seconds} \end{align*}]
 	Next, find the [image: y]-coordinate of the vertex by substituting [image: t = 2] back into the function:
 
 [image: \begin{align*} h(2) &= -4.9(2)^2 + 19.6(2) + 2 \\[1.5mm] h(2) &= -4.9(4) + 39.2 + 2 \\[1.5mm] h(2) &= -19.6 + 39.2 + 2 \\[1.5mm] h(2) &= 21.6 \text{ meters} \end{align*}]So, the vertex is [image: (2, 21.6)].
 Interpreting the Vertex: In the context of the problem, the vertex provides two key pieces of information:
 	Maximum Height: The [image: y]-coordinate of the vertex ([image: 21.6] meters) represents the maximum height the arrow reaches.
 	Time to Reach Maximum Height: The [image: x]-coordinate of the vertex ([image: 2] seconds) represents the time it takes for the arrow to reach this maximum height.
 
  Roots To find the time when the arrow hits the ground, set [image: h(t) = 0] and solve for [image: t]. We can use the quadratic formula using [image: a = -4.9], [image: b = 19.2], and [image: c = 2] to find this answer.
 [image: \begin{align*} t &= \frac{-19.6 \pm \sqrt{19.6^2 - 4(-4.9)(2)}}{2(-4.9)} \\[1.5mm] t &= \frac{-19.6 \pm \sqrt{384.16}}{-9.8} \\[1.5mm] t &= \frac{-19.6 \pm \sqrt{423.36}}{-9.8} \\[1.5mm] t &= \frac{-19.6 \pm 20.57}{-9.8} \\[1.5mm] t_1 &= \frac{-19.6 + 20.57}{-9.8} \approx -0.09796 \\[1.5mm] t_2 &= \frac{-19.6 - 20.57}{-9.8} \approx 4.09 \end{align*}]So, the [image: x]-intercepts are approximately [image: t = -0.09796] (which is negligible before the launch) and [image: t = 4.09] seconds.
 Interpretation of the Roots: The positive root value [image: t = 4.09] seconds represents the time when the arrow hits the ground after being fired. Specifically, it indicates that the arrow reaches the ground approximately [image: 4.09] seconds after it is launched.
  [image: y]-intercept To find the [image: y]-intercept of a quadratic function, set [image: t = 0] and solve for [image: h(t)].
 [image: \begin{align*} h(0) &= -4.9(0)^2 + 19.6(0) + 2 \\ h(0) &= 2 \end{align*}]So, the [image: y]-intercept is [image: (0,2)].
 Interpretation of the [image: y]-intercept: In the context of the problem, the y-intercept represents the initial height of the arrow. So, the height from which the arrow is fired is [image: 2] meters.
   Quadratic functions are a fundamental concept in algebra and mathematics. They can model various real-world phenomena, such as the trajectory of projectiles, the shape of parabolic structures, and more.
 	Vertex: The vertex of a parabola is the highest or lowest point, depending on the direction the parabola opens.
 	Roots: Points where the graph of the function crosses the [image: x]-axis.
 	[image: y]-intercept: The point where the graph of the function crosses the [image: y]-axis. In application problems, it is typically the initial value.
 
  An interactive online homework element has been excluded from the printed version of the text. To see the interactive element that was excluded, please visit the courseware online.
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				Finding the Maximum and Minimum Value of a Quadratic Function
 There are many real-world scenarios that involve finding the maximum or minimum value of a quadratic function, such as applications involving area and revenue.
 The vertex of a parabola is the highest (maximum) or lowest (minimum) point, depending on the direction the parabola opens.[image: Two graphs where the first graph shows the maximum value for f(x)=(x-2)^2+1 which occurs at (2, 1) and the second graph shows the minimum value for g(x)=-(x+3)^2+4 which occurs at (-3, 4).] A backyard farmer wants to enclose a rectangular space for a new garden within her fenced backyard. She has purchased [image: 80] feet of wire fencing to enclose three sides, and she will use a section of the backyard fence as the fourth side.[image: Diagram of the garden and the backyard.]Find a formula for the area enclosed by the fence if the sides of fencing perpendicular to the existing fence have length [image: L]. Then, use the formula to answer: What dimensions should she make her garden to maximize the enclosed area? Show Answer Let’s use a diagram to record the given information.
 Let [image: L] represents the length of the fence and [image: W] represents the width of the fence.
 We know we have only [image: 80] feet of fence available, and [image: L+W+L=80], or more simply, [image: 2L+W=80].
 This allows us to represent the width, [image: W], in terms of [image: L].
 [image: W=80 - 2L]
 Now, we are ready to write an equation for the area the fence encloses. We know the area of a rectangle is length multiplied by width.
 [image: A=L \cdot W=L \cdot (80 - 2L)=80L - 2{L}^{2}].
 This formula represents the area of the fence in terms of the variable length [image: L].
 Thus, the function, written in general form, is[image: A\left(L\right)=-2{L}^{2}+80L].
 Now, to answer the question: What dimensions should she make her garden to maximize the enclosed area?
 The quadratic has a negative leading coefficient, so the graph will open downward, and the vertex will be the maximum value for the area.
 Based on the function above, we have [image: a=-2,b=80], and [image: c=0].
 Vertex:
 [image: h= -\dfrac{b}{2a} = -\dfrac{80}{2(-2)} = -\dfrac{80}{-4} = 20]
 and
 [image: \begin{align}k&=A\left(20\right) \\&=80\left(20\right)-2{\left(20\right)}^{2}\\&=800 \end{align}]
 Thus, the vertex is [image: (20, 800)].
 [image: Graph of the parabolic function A(L)=-2L^2+80L, which the x-axis is labeled Length (L) and the y-axis is labeled Area (A). The vertex is at (20, 800).]This problem also could be solved by graphing the quadratic function. We can see where the maximum area occurs on a graph of the quadratic function below.
 Interpretation of the vertex: The maximum value of the function is an area of [image: 800] square feet, which occurs when [image: L=20] feet. When the shorter sides are [image: L = 20] feet, there is [image: W = 80-2(20) = 40] feet of fencing left for the longer side.
 So, to maximize the area, she should enclose the garden so the two shorter sides have length [image: 20] feet and the longer side parallel to the existing fence has length [image: 40] feet.
   The problem we solved above is called a constrained optimization problem. We can optimize our desired outcome given a constraint, which in this case was a limited amount of fencing materials.
 An interactive online homework element has been excluded from the printed version of the text. To see the interactive element that was excluded, please visit the courseware online.
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				 Finding Maximum Revenue
 Quadratic functions aren’t just abstract math concepts—they’re super useful in real-life situations, especially in business! One cool way we can use quadratic functions is to figure out how to maximize revenue.
 Think of it this way: if you’re running a business and selling a product, you want to find the best price to sell that product so you make the most money. Revenue (the money you bring in) is calculated by multiplying the price per unit by the number of units sold. But here’s the catch—the number of units sold usually changes with the price, creating a quadratic relationship.
 Let’s see how to use quadratic functions to find that sweet spot—the price that brings in the most revenue! By looking at the graph of the quadratic function, especially the vertex, we can figure out the optimal price to charge.
 How To: Given an application involving revenue, use a quadratic equation to find the maximum. 	Write a quadratic equation for revenue.
 	Find the vertex of the quadratic equation.
 	Determine the [image: y]-value of the vertex.
 
  The unit price of an item affects its supply and demand. That is, if the unit price goes up, the demand for the item will usually decrease.
 A local newspaper currently has [image: 84,000] subscribers at a quarterly charge of [image: \$30]. Market research has suggested that if the owners raise the price to [image: \$32], they would lose [image: 5,000] subscribers.
 Assuming that subscriptions are linearly related to the price, what price should the newspaper charge for a quarterly subscription to maximize their revenue?
 Show Answer Revenue (the money you bring in) is calculated by multiplying the price per unit by the number of units sold.
 In this scenario, the revenue can be found by multiplying the price per subscription times the number of subscribers, or quantity.
 Let’s introduce variables: Let [image: p] for price per subscription and [image: Q] for quantity, giving us the equation [image: \text{Revenue}=pQ].
 Subscriptions are linearly related to the price. Let’s find the linear function represent the subscription.
 	Slope
 
 We know that currently [image: p=30] and [image: Q=84,000]. We also know that if the price rises to $32, the newspaper would lose 5,000 subscribers, giving a second pair of values, [image: p=32] and [image: Q=79,000]. From this we can find a linear equation relating the two quantities. The slope will be
 [image: \begin{align}m&=\dfrac{79,000 - 84,000}{32 - 30} \\ &=\dfrac{-5,000}{2} \\ &=-2,500 \end{align}]
 This tells us the paper will lose 2,500 subscribers for each dollar they raise the price.
 	[image: y]-intercept
 
 [image: \begin{align}&Q=-2500p+b &&\text{Substitute in the point }Q=84,000\text{ and }p=30 \\ &84,000=-2500\left(30\right)+b &&\text{Solve for }b \\ &b=159,000 \end{align}]
 This gives us the linear equation [image: Q=-2,500p+159,000] relating cost and subscribers.
 Back to the revenue equation.
 [image: \begin{align}&\text{Revenue}=pQ \\ &\text{Revenue}=p\left(-2,500p+159,000\right) \\ &\text{Revenue}=-2,500{p}^{2}+159,000p \end{align}]
 Revenue Function: [image: R(p) = -2,500{p}^{2}+159,000p]
 We now have a quadratic function for revenue as a function of the subscription charge. To find the price that will maximize revenue for the newspaper, we can find the vertex.
 [image: Graph of the parabolic function which the x-axis is labeled Price (p) and the y-axis is labeled Revenue ($). The vertex is at (31.80, 258100).]
 [image: \begin{align}h&=-\dfrac{159,000}{2\left(-2,500\right)} \\ &=31.8 \end{align}]
 The model tells us that the maximum revenue will occur if the newspaper charges [image: \$31.80] for a subscription.
 To find what the maximum revenue is, we evaluate the revenue function.
 [image: \begin{align}\text{maximum revenue}&=-2,500{\left(31.8\right)}^{2}+159,000\left(31.8\right) \\ &=\$2,528,100\hfill \end{align}]
 The price should the newspaper charge for a quarterly subscription is [image: \$31.80] to obtain the maximum revenue of [image: \$2,528,100].
  
 
 
  In the example above, we knew the number of subscribers to a newspaper and used that information to find the optimal price for each subscription. What if the price of subscriptions is affected by competition?
 Previously, we found a quadratic function that modeled revenue as a function of price. [image: \text{Revenue}-2,500{p}^{2}+159,000p]
 We found that selling the paper at [image: \$31.80] per subscription would maximize revenue.  What if your closest competitor sells their paper for [image: \$25.00] per subscription? What is the maximum revenue you can make you sell your paper for the same?
 Show Solution Evaluating the function for [image: p=25] gives [image: \$2,412,500].
   An interactive online homework element has been excluded from the printed version of the text. To see the interactive element that was excluded, please visit the courseware online.
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				 	Use quadratic equations to figure out solutions to real-life situations
 
  [image: ]
 Now that you have seen how to work with quadratic functions in this module, let’s apply our skills to a problem involving projectile motion.
 A trebuchet is a medieval weapon used to hurl large stones at enemy forts or castles in order to smash through the thick walls.  Basically the trebuchet works by putting the stone in a sling at the end of a long pole which is allowed to rotate around a fixed axis.  The shorter end of the pole is attached to a very heavy weight to counterbalance the projectile.  When the weight is released at the short end, the pole rotates, flinging the stone at high speed upward and toward the enemy.
 Suppose a particular trebuchet can launch a [image: 10] kilogram stone with an initial upward speed of [image: 24.5] meters per second. Furthermore, suppose that the stone is [image: 8] meters above the ground when it leaves the sling – that is, its initial height is [image: 8] m.We can use what we know about quadratic functions to answer some interesting questions about the stone that is launched from the trebuchet: 	What is the maximum height achieved by the stone during its flight to the enemy castle?
 	When does that maximum occur?
 	How long would it take before the stone comes crashing down to Earth (in case it missed the castle altogether)?
 
 In order to answer these questions, we need to know about a particular quadratic function from physics called the ballistics equation:
 [image: h(t)=-{\large\frac{g}{2}}t^2+v_0t+h_0]
 Here, [image: h(t)] stands for the height at time [image: t], [image: v_0] is the initial upward velocity (speed), [image: h_0] is the initial height of the projectile, and [image: g] is a constant called the acceleration due to gravity.  Near the surface of the Earth, [image: g\approx9.8] meters per second squared, so [image: -{\Large\frac{g}{2}}\approx-4.9].
 Now putting the given values into their proper places, we have:
 [image: h(t)=-4.9t^2+24.5t+8]
 This is a quadratic function with [image: a=-4.9], [image: b=24.5], [image: c=8].  The graph is a parabola, and it will have a maximum because [image: a = -4.9 < 0].  The maximum function value in this case represents the maximum height of the stone.
 Now we can answer the first two questions:
 	What is the maximum height achieved by the stone during its flight to the enemy castle?
 	When does that maximum occur?
 
 To find the maximum height and time at which it occurs, we use the vertex formula which will give [image: (t_\text{max},h(t_\text{max}))]. the time at maximum point and height at the time of the maximum point.
 [image: t_\text{max}=-{\large\frac{b}{2a}}=-{\large\frac{24.5}{2(-4.9)}}=2.5]
 [image: h(t_\text{max})=h\left(-{\large\frac{b}{2a}}\right)=h(2.5)=-4.9(2.5)^2+24.5(2.5)+8\approx38.6]
 Therefore, the maximum height will be 38.6 meters, which occurs 2.5 seconds after launch.  That’s a high-flying projectile!
 Finally, to determine when the stone hits the ground, we just have to find the [image: x]-intercept of the function.  In other words, we have to solve [image: h(t)=0].  That’s a job for the quadratic formula.
 [image: t_\text{final}={\large\frac{-b\pm\sqrt{b^2-4ac}}{2a}}={\large\frac{-24.5\pm\sqrt{24.5^2-4(4.9)(8)}}{2a}}\approx-0.3,5.3]
 As expected, the quadratic formula gives us two answers, but only the positive one makes sense in this context.
 The stone lands on the ground about 5.3 seconds after it was launched.
  Quadratic functions can be used to model the behavior of objects in free fall, amongst other things. We can use algebra to analyze this behavior for interesting features.
 An interactive online homework element has been excluded from the printed version of the text. To see the interactive element that was excluded, please visit the courseware online.
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				 	Solve equations by factoring differences of squares and perfect square trinomials
 
 
 
 
 
  Factoring a Perfect Square Trinomial
 A perfect square trinomial is a trinomial that can be written as the square of a binomial. Recall that when a binomial is squared, the result is the square of the first term added to twice the product of the two terms and the square of the last term.
 [image: \begin{array}{ccc}\hfill {a}^{2}+2ab+{b}^{2}& =& {\left(a+b\right)}^{2}\hfill \\ & \text{and}& \\ \hfill {a}^{2}-2ab+{b}^{2}& =& {\left(a-b\right)}^{2}\hfill \end{array}]
 We can use this equation to factor any perfect square trinomial.
 perfect square trinomial
 A perfect square trinomial can be written as the square of a binomial:
 [image: {a}^{2}+2ab+{b}^{2}={\left(a+b\right)}^{2}]
  How To: Given a perfect square trinomial, factor it into the square of a binomial
  	Confirm that the first and last term are perfect squares.
 	Confirm that the middle term is twice the product of [image: ab].
 	Write the factored form as [image: {\left(a+b\right)}^{2}].
 
  Factor [image: 25{x}^{2}+20x+4].SolutionTo factor the quadratic expression [image: 25{x}^{2}+20x+4], recognizing it as a perfect square trinomial will streamline the process. This type of expression comes from squaring a binomial and has a special format, [image: a^2 +2ab+b^2], where it can be rewritten as [image: (a+b)^2].
 [image: \begin{align*} \text{Original expression:} & \quad 25x^2 + 20x + 4 \\ \text{Identify square terms:} & \quad 25x^2 = (5x)^2 \quad \text{and} \quad 4 = 2^2 \\ \text{Check middle term:} & \quad 2 \times 5x \times 2 = 20x \\ \text{Write as a square of a binomial:} & \quad (5x + 2)^2 \end{align*}] Factor [image: 49{x}^{2}-14x+1]. Show Solution [image: {\left(7x - 1\right)}^{2}]
  An interactive online homework element has been excluded from the printed version of the text. To see the interactive element that was excluded, please visit the courseware online.
 
  An interactive online homework element has been excluded from the printed version of the text. To see the interactive element that was excluded, please visit the courseware online.
 
  Factoring a Difference of Squares
 A difference of squares is a perfect square subtracted from a perfect square. Recall that a difference of squares can be rewritten as factors containing the same terms but opposite signs because the middle terms cancel each other out when the two factors are multiplied.
 [image: {a}^{2}-{b}^{2}=\left(a+b\right)\left(a-b\right)]
 We can use this equation to factor any differences of squares.
 difference of squares
 A difference of squares can be rewritten as two factors containing the same terms but opposite signs.
 [image: {a}^{2}-{b}^{2}=\left(a+b\right)\left(a-b\right)]
  How To: Given a difference of squares, factor it into binomials 	Confirm that the first and last term are perfect squares.
 	Write the factored form as [image: \left(a+b\right)\left(a-b\right)].
 
  Factor [image: 9{x}^{2}-25].SolutionTo factor the quadratic expression [image: 9{x}^{2}-25], we recognize that it is a difference of squares.[image: \begin{align*} \text{Original expression:} & \quad 9x^2 - 25 \\ \text{Identify square terms:} & \quad 9x^2 = (3x)^2 \quad \text{and} \quad 25 = 5^2 \\ \text{Apply difference of squares formula:} & \quad (3x + 5)(3x - 5) \end{align*}] Factor [image: 81{y}^{2}-100]. Show Solution [image: \left(9y+10\right)\left(9y - 10\right)]
  An interactive online homework element has been excluded from the printed version of the text. To see the interactive element that was excluded, please visit the courseware online.
 
  An interactive online homework element has been excluded from the printed version of the text. To see the interactive element that was excluded, please visit the courseware online.
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				 	Solve quadratic equations using factoring and grouping
 
  An equation containing a second-degree polynomial is called a quadratic equation. For example, equations such as [image: 2{x}^{2}+3x - 1=0] and [image: {x}^{2}-4=0] are quadratic equations. They are used in countless ways in the fields of engineering, architecture, finance, biological science, and, of course, mathematics.
 Often the easiest method of solving a quadratic equation is factoring. Factoring a quadratic equation involves expressing it as a product of simpler polynomials, typically two binomials.
 If a quadratic equation can be factored, it is written as a product of linear terms. Solving by factoring depends on the zero-product property which states that if [image: a\cdot b=0], then [image: a=0] or [image: b=0], where a and b are real numbers or algebraic expressions. In other words, if the product of two numbers or two expressions equals zero, then one of the numbers or one of the expressions must equal zero because zero multiplied by anything equals zero.
 Multiplying the factors expands the equation to a string of terms separated by plus or minus signs. So, in that sense, the operation of multiplication undoes the operation of factoring.
 For example, expand the factored expression [image: \left(x - 2\right)\left(x+3\right)] by multiplying the two factors together. [image: \begin{array}{l}\left(x - 2\right)\left(x+3\right)\hfill&={x}^{2}+3x - 2x - 6\hfill \\ \hfill&={x}^{2}+x - 6\hfill \end{array}]
 The product is a quadratic expression. Set equal to zero, [image: {x}^{2}+x - 6=0] is a quadratic equation. If we were to factor the equation, we would get back the factors we multiplied.
  The process of factoring a quadratic equation depends on the leading coefficient, whether it is 1 or another integer.
 How To: Given a quadratic equation with the leading coefficient of 1, factor it 	Find two numbers whose product equals c and whose sum equals [image: b].
 	Use those numbers to write two factors of the form [image: \left(x+k\right)\text{ or }\left(x-k\right)], where [image: k] is one of the numbers found in step 1. Use the numbers exactly as they are. In other words, if the two numbers are [image: 1] and [image: -2], the factors are [image: \left(x+1\right)\left(x - 2\right)].
 	Solve using the zero-product property by setting each factor equal to zero and solving for the variable.
 
  Factor and solve the equation: [image: {x}^{2}+x - 6=0].Step 1: Factor the quadratic expression. Factoring steps 	We have a trinomial with leading coefficient [image: 1], [image: b = 1], and [image: c = -6].
 	We need to find two numbers with a product of [image: -6] and a sum of [image: 1].
 
 	Factors of [image: -6] 	Sum of Factors 
 	[image: 1, -6] 	[image: -5] 
 	[image: -1, 6] 	[image: 5] 
 	[image: 2, -3] 	[image: -1] 
 	[image: -2, 3] 	[image: 1] 
  
 	Now that we have identified [image: p] and [image: q] as [image: -2] and [image: 3], we can write the factored form as [image: (x-(-2))(x-3) = (x+2)(x-3)].

 [image: x^2+x - 6 = (x+2)(x-3)]
 Step 2: Apply the Zero-Product Property to find [image: x].
 [image: \begin{align*} \text{Equation:} && x^2 + x - 6 &= 0 \\ \text{Factored form:} && (x - 2)(x + 3) &= 0 \\ \text{Apply zero product property:} && x - 2 &= 0 \quad \text{or} \quad x + 3 = 0 \\ \text{Solution:} && x &= 2 \quad \text{or} \quad x = -3  \end{align*}]
  An interactive online homework element has been excluded from the printed version of the text. To see the interactive element that was excluded, please visit the courseware online.
 
  When the leading coefficient is not [image: 1], we factor a quadratic equation using the method called grouping, which requires four terms.
 With the equation in standard form, let’s review the grouping procedures: 	With the quadratic in standard form, [image: ax^2 + bx + c = 0], multiply [image: a \cdot c].
 	Find two numbers whose product equals [image: a \cdot c] and whose sum equals [image: b].
 	Rewrite the equation replacing the [image: bx] term with two terms using the numbers found in step 2 as coefficients of [image: x].
 	Factor the first two terms and then factor the last two terms. The expressions in parentheses must be exactly the same to use grouping.
 	Factor out the expression in parentheses.
 	Set the expressions equal to zero and solve for the variable.
 
  Use grouping to factor and solve the quadratic equation: [image: 4x^2 + 15x + 9 = 0]. Show Answer First, multiply [image: a \cdot c]: [image: 4 \cdot 9 = 36]. Then list the factors of [image: 36].
 [image: \begin{array}{c c} 1 \cdot 36 \\ 2 \cdot 18 \\ 3 \cdot 12 \\ 4 \cdot 9 \\ 6 \cdot 6 \\ \end{array}]
 The only pair of factors that sums to [image: 15] is [image: 3 + 12]. Rewrite the equation replacing the [image: b] term, [image: 15x], with two terms using [image: 3] and [image: 12] as coefficients of [image: x]. Factor the first two terms, and then factor the last two terms.
 [image: \begin{array}{r c l} 4x^2 + 3x + 12x + 9 & = & 0 \\ x(4x + 3) + 3(4x + 3) & = & 0 \\ (4x + 3)(x + 3) & = & 0 \\ \end{array}]
 Solve using the zero-product property.
 [image: \begin{array}{r c l} (4x + 3)(x + 3) & = & 0 \\ 4x + 3 & = & 0 \quad \Rightarrow \quad x = -\frac{3}{4} \\ x + 3 & = & 0 \quad \Rightarrow \quad x = -3 \\ \end{array}]
 The solutions are [image: x = -\frac{3}{4}] and [image: x = -3].
 [image: Coordinate plane with the x-axis ranging from negative 6 to 2 with every other tick mark labeled and the y-axis ranging from negative 6 to 2 with each tick mark numbered. The equation: four x squared plus fifteen x plus nine is graphed with its x-intercepts: (-3/4,0) and (-3,0) plotted as well.]
   An interactive online homework element has been excluded from the printed version of the text. To see the interactive element that was excluded, please visit the courseware online.
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				 	Identify the key features of quadratic and cubic functions
 
  Quadratic Function: [image: y = x^2][image: Graph of a parabola.]
 	Domain and Range 	Domain: All real numbers [image: (-\infty, \infty)]
 	Range: [image: [0, \infty)]
 
 
 	Behavior:  	The function is increasing on [image: (0, \infty)]
 	The function is decreasing on [image: (-\infty, 0)]
 
 
 	Key Features: The minimum is [image: y = 0], which occurs at [image: x=0]. This minimum point of the parabola is called a vertex.
 
 [ohm_question hide_question_numbers=1]292837[/ohm_question] Cubic Function: [image: y = x^3][image: Graph of f(x) = x^3.]
 	Domain and Range 	Domain: All real numbers [image: (-\infty, \infty)]
 	Range: All real numbers [image: (-\infty, \infty)]
 
 
 	Behavior:  The function is increasing on [image: (-\infty, \infty)]
 
 [ohm_question hide_question_numbers=1]292840[/ohm_question] 
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				 	Identify power functions and its end behavior.
 	Identify polynomial functions and its degree and leading coefficient.
 	Identifying local behavior of polynomial functions.
 
  Power Functions
 Have you ever noticed how a small increase in the dimensions of an object can lead to a much larger increase in its volume? For example, doubling the side length of a cube results in a volume that’s eight times larger!
 This fascinating relationship is due to power functions, a special type of mathematical function that can model a variety of real-world phenomena, from the growth of populations to the way light diminishes over distance. A power function is a function with a single term that is the product of a real number, coefficient, and variable raised to a fixed real number power. Keep in mind a number that multiplies a variable raised to an exponent is known as a coefficient.
 power function
 A power function is a function that can be represented in the form
 [image: f\left(x\right)=a{x}^{n}]
 where [image: a] and [image: n] are real numbers and [image: a] is known as the coefficient.
  Unlike a polynomial function, in which all the variable powers must be non-negative integers, a power function only requires the power on the exponent be a real number. Which of the following functions are power functions? [image: \begin{array}{c}f\left(x\right)=1\hfill & \text{Constant function}\hfill \\ f\left(x\right)=x\hfill & \text{Identity function}\hfill \\ f\left(x\right)={x}^{2}\hfill & \text{Quadratic}\text{ }\text{ function}\hfill \\ f\left(x\right)={x}^{3}\hfill & \text{Cubic function}\hfill \\ f\left(x\right)=\frac{1}{x} \hfill & \text{Reciprocal function}\hfill \\ f\left(x\right)=\frac{1}{{x}^{2}}\hfill & \text{Reciprocal squared function}\hfill \\ f\left(x\right)=\sqrt{x}\hfill & \text{Square root function}\hfill \\ f\left(x\right)=\sqrt[3]{x}\hfill & \text{Cube root function}\hfill \end{array}]
 Show Solution All of the listed functions are power functions.
 The constant and identity functions are power functions because they can be written as [image: f\left(x\right)={x}^{0}] and [image: f\left(x\right)={x}^{1}] respectively.
 The quadratic and cubic functions are power functions with whole number powers [image: f\left(x\right)={x}^{2}] and [image: f\left(x\right)={x}^{3}].
 The reciprocal and reciprocal squared functions are power functions with negative whole number powers because they can be written as [image: f\left(x\right)={x}^{-1}] and [image: f\left(x\right)={x}^{-2}].
 The square and cube root functions are power functions with fractional powers because they can be written as [image: f\left(x\right)={x}^{1/2}] or [image: f\left(x\right)={x}^{1/3}].
   Is [image: f\left(x\right)={2}^{x}] a power function?
  
 No. A power function contains a variable base raised to a fixed power. This function has a constant base raised to a variable power. This is called an exponential function, not a power function.
  An interactive online homework element has been excluded from the printed version of the text. To see the interactive element that was excluded, please visit the courseware online.
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				Identifying End Behavior of Power Functions
 The behavior of the graph of a function as the input values get very small ( [image: x\to -\infty] ) and get very large ( [image: x\to \infty] ) is referred to as the end behavior of the function. We can use words or symbols to describe end behavior. Let’s look at the graph of power functions with a non-negative integer exponent that has the form [image: f(x) = ax^n] where [image: n] is a non-negative integer ([image: 0, 1, 2, 3, ...]).
 [image: a graph with several curves representing functions of the form f(x) = x^n, where n is an even integer. The functions graphed are f(x) = x^2 in red, g(x) = x^4 in blue, h(x) = x^6 in green, k(x) = x^8 in orange, and p(x) = x^10 in purple. All curves are symmetrical about the y-axis (indicating that they are even functions) and share the point (0,0). As n increases, the graphs become steeper near x = ±1, and the curves flatten around the origin, making them narrower for larger even powers. The legend on the bottom-right corner shows the color coding for each function.]
 Even-Power Functions
 The graph shows the graphs of [image: h\left(x\right)={x}^{2},g\left(x\right)={x}^{4}], and [image: f\left(x\right)={x}^{6}], which are all power functions with even, whole-number powers. Notice that these
 graphs have similar shapes, very much like that of the quadratic function. However, as the power increases, the graphs flatten somewhat near the origin and become steeper away from the origin.
 To describe the behavior as numbers become larger and larger, we use the idea of infinity. We use the symbol [image: \infty] for positive infinity and [image: -\infty] for negative infinity. When we say that “[image: x] approaches infinity,” which can be symbolically written as [image: x\to \infty], we are describing a behavior; we are saying that [image: x] is increasing without bound.
 even-power functions
 With even-powered power functions, as the input increases or decreases without bound, the output values become very large, positive numbers.
  
 Equivalently, we could describe this behavior by saying that as [image: x] approaches positive or negative infinity, the [image: f(x)] values increase without bound.
 [image: \text{as }x\to \pm \infty , f(x) \to \infty]
  An interactive online homework element has been excluded from the printed version of the text. To see the interactive element that was excluded, please visit the courseware online.
 
  [image: a graph with several curves representing functions of the form f(x) = x^n, where n is an odd integer. The functions graphed are f(x) = x^3 in red, g(x) = x^5 in blue, h(x) = x^7 in green, k(x) = x^9 in orange, and p(x) = x^11 in purple. All curves are symmetrical about the origin (indicating that they are odd functions) and pass through the point (0,0). As n increases, the graphs become steeper near x = ±1, and the curves flatten more around the origin. The larger the odd power, the closer the curves stay to the x-axis near zero, but they grow faster as x moves further away from zero. The legend on the bottom-right corner shows the color coding for each function.]
 Odd-Power Functions
 The graph shows [image: f\left(x\right)={x}^{3},g\left(x\right)={x}^{5}, \text{ and } h\left(x\right)={x}^{7}], which are all power functions with odd, whole-number powers. Notice that these graphs look similar to the cubic function. As the power increases, the graphs flatten near the origin and become steeper away from the origin.
 These examples illustrate that functions of the form [image: f(x)={x}^{n}] reveal symmetry of one kind or another. First, in the even-powered power functions, we see that even functions of the form [image: f(x)={x}^{n}\text{, }n\text{ even,}] are symmetric about the y-axis. In the odd-powered power functions, we see that odd functions of the form [image: f\left(x\right)={x}^{n}\text{, }n\text{ odd,}] are symmetric about the origin.
 odd-power functions
 For these odd power functions, as [image: x] approaches negative infinity, [image: f\left(x\right)] decreases without bound. As [image: x] approaches positive infinity, [image: f(x)] increases without bound.
  
 [image: \begin{array}{c}\text{as } x\to -\infty , f(x) \to -\infty \\ \text{as } x\to \infty , f(x) \to \infty \end{array}]
  The table below shows the end behavior of power functions of the form [image: f\left(x\right)=a{x}^{n}] where [image: n] is a non-negative integer depending on the power and the constant. 	 	Even power 	Odd power 
  	Positive constant 
 a > 0
  	[image: Graph of an even-powered function with a positive constant. As x goes to negative infinity, the function goes to positive infinity; as x goes to positive infinity, the function goes to positive infinity.] 	[image: Graph of an odd-powered function with a positive constant. As x goes to negative infinity, the function goes to negative infinity; as x goes to positive infinity, the function goes to positive infinity.] 
 	Negative constant a < 0
 	[image: Graph of an even-powered function with a negative constant. As x goes to negative infinity, the function goes to negative infinity; as x goes to positive infinity, the function goes to negative infinity.] 	[image: Graph of an odd-powered function with a negative constant. As x goes to negative infinity, the function goes to positive infinity; as x goes to positive infinity, the function goes to negative infinity.] 
  
  
  
  
  Describe the end behavior of the graph of [image: f\left(x\right)={x}^{8}]. Show Solution The coefficient is [image: 1] (positive) and the exponent of the power function is [image: 8] (an even number). As [image: x](input) approaches infinity, [image: f\left(x\right)] (output) increases without bound. We write as [image: x\to \infty , f\left(x\right)\to \infty]. As [image: x] approaches negative infinity, the output increases without bound. In symbolic form, as [image: x\to -\infty , f\left(x\right)\to \infty]. We can graphically represent the function.[image: Graph of f(x)=x^8.]
   An interactive online homework element has been excluded from the printed version of the text. To see the interactive element that was excluded, please visit the courseware online.
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				Polynomial Functions
 Now that we’ve explored power functions and seen how a single term can have a powerful impact, let’s take it a step further. Imagine combining multiple power functions into a single, more complex equation. This combination gives rise to polynomial functions, which are incredibly versatile and useful in modeling everything from the trajectory of a rocket to the fluctuations in the stock market.
 An oil pipeline bursts in the Gulf of Mexico causing an oil slick in a roughly circular shape. The slick is currently [image: 24] miles in radius, but that radius is increasing by [image: 8] miles each week. We want to write a formula for the area covered by the oil slick by combining two functions. The radius [image: r] of the spill depends on the number of weeks [image: w] that have passed. This relationship is linear. [image: r\left(w\right)=24+8w]
 We can combine this with the formula for the area [image: A] of a circle.
 [image: A\left(r\right)=\pi {r}^{2}]
 Composing these functions gives a formula for the area in terms of weeks.
 [image: \begin{array}{l}A\left(w\right)=A\left(r\left(w\right)\right)\\ A\left(w\right)=A\left(24+8w\right)\\ A\left(w\right)=\pi {\left(24+8w\right)}^{2}\end{array}]
 Multiplying gives the formula below.
 [image: A\left(w\right)=576\pi +384\pi w+64\pi {w}^{2}]
 This formula is an example of a polynomial function.
  Polynomial functions allow us to describe curves with multiple peaks and valleys, making them perfect for capturing the intricacies of real-world data.
 polynomial functions
 Let [image: n] be a non-negative integer. A polynomial function is a function that can be written in the form
  
 [image: f\left(x\right)={a}_{n}{x}^{n}+\dots+{a}_{2}{x}^{2}+{a}_{1}x+{a}_{0}]
  
 This is called the general form of a polynomial function. Each [image: {a}_{i}] is a coefficient and can be any real number. Each product [image: {a}_{i}{x}^{i}] is a term of a polynomial function.
  Which of the following are polynomial functions? [image: \begin{array}{c}f\left(x\right)=2{x}^{3}\cdot 3x+4\hfill \\ g\left(x\right)=-x\left({x}^{2}-4\right)\hfill \\ h\left(x\right)=5\sqrt{x}+2\hfill \end{array}]
 Show Solution The first two functions are examples of polynomial functions because they can be written in the form [image: f\left(x\right)={a}_{n}{x}^{n}+\dots+{a}_{2}{x}^{2}+{a}_{1}x+{a}_{0}], where the powers are non-negative integers and the coefficients are real numbers.
 	[image: f\left(x\right)] can be written as [image: f\left(x\right)=6{x}^{4}+4].
 	[image: g\left(x\right)] can be written as [image: g\left(x\right)=-{x}^{3}+4x].
 	[image: h\left(x\right)] cannot be written in this form and is therefore not a polynomial function.
 
   An interactive online homework element has been excluded from the printed version of the text. To see the interactive element that was excluded, please visit the courseware online.
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				Degree and Leading Coefficient of a Polynomial Function
 Because of the form of a polynomial function, we can see an infinite variety in the number of terms and the power of the variable. Although the order of the terms in the polynomial function is not important for performing operations, we typically arrange the terms in descending order based on the power on the variable. This is called writing a polynomial in general or standard form.
 terminology of a polynomial function
 	The degree of the polynomial is the highest power of the variable that occurs in the polynomial; it is the power of the first variable if the function is in general form.
 	The leading term is the term containing the variable with the highest power, also called the term with the highest degree.
 	The leading coefficient is the coefficient of the leading term.
 
 [image: Diagram to show what the components of the leading term in a function are. The leading coefficient is a_n and the degree of the variable is the exponent in x^n. Both the leading coefficient and highest degree variable make up the leading term. So the function looks like f(x)=a_nx^n +…+a_2x^2+a_1x+a_0.]
  How To: Given a polynomial function, identify the degree and leading coefficient 	Find the highest power of [image: x]to determine the degree of the function.
 	Identify the term containing the highest power of [image: x]to find the leading term.
 	The leading coefficient is the coefficient of the leading term.
 
  Identify the degree, leading term, and leading coefficient of the following polynomial functions. [image: \begin{array}{l} f\left(x\right)=3+2{x}^{2}-4{x}^{3} \\g\left(t\right)=5{t}^{5}-2{t}^{3}+7t\\h\left(p\right)=6p-{p}^{3}-2\end{array}]
 Show Solution For the function [image: f\left(x\right)], the highest power of [image: x] is [image: 3], so the degree is [image: 3]. The leading term is the term containing that degree, [image: -4{x}^{3}]. The leading coefficient is the coefficient of that term, [image: –4].
 For the function [image: g\left(t\right)], the highest power of [image: t] is [image: 5], so the degree is [image: 5]. The leading term is the term containing that degree, [image: 5{t}^{5}]. The leading coefficient is the coefficient of that term, [image: 5].
 For the function [image: h\left(p\right)], the highest power of [image: p] is [image: 3], so the degree is [image: 3]. The leading term is the term containing that degree, [image: -{p}^{3}]; the leading coefficient is the coefficient of that term, [image: –1].
   An interactive online homework element has been excluded from the printed version of the text. To see the interactive element that was excluded, please visit the courseware online.
 
  An interactive online homework element has been excluded from the printed version of the text. To see the interactive element that was excluded, please visit the courseware online.
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				Identifying End Behavior of Polynomial Functions
 Knowing the leading coefficient and degree of a polynomial function is useful when predicting its end behavior. To determine its end behavior, look at the leading term of the polynomial function. Because the power of the leading term is the highest, that term will grow significantly faster than the other terms as x gets very large or very small, so its behavior will dominate the graph. For any polynomial, the end behavior of the polynomial will match the end behavior of the term of highest degree.
 	Polynomial Function 	Leading Term 	Graph of Polynomial Function 
  	[image: f\left(x\right)=5{x}^{4}+2{x}^{3}-x - 4] 	[image: 5{x}^{4}] 	[image: Graph of f(x)=5x^4+2x^3-x-4.] 
 	[image: f\left(x\right)=-2{x}^{6}-{x}^{5}+3{x}^{4}+{x}^{3}] 	[image: -2{x}^{6}] 	[image: Graph of f(x)=-2x^6-x^5+3x^4+x^3.] 
 	[image: f\left(x\right)=3{x}^{5}-4{x}^{4}+2{x}^{2}+1] 	[image: 3{x}^{5}] 	[image: Graph of f(x)=3x^5-4x^4+2x^2+1.] 
 	[image: f\left(x\right)=-6{x}^{3}+7{x}^{2}+3x+1] 	[image: -6{x}^{3}] 	[image: Graph of f(x)=-6x^3+7x^2+3x+1.] 
  
 Describe the end behavior and determine a possible degree of the polynomial function in the graph below.[image: Graph of an odd-degree polynomial.] Show Solution As the input values [image: x] get very large, the output values [image: f\left(x\right)] increase without bound. As the input values x get very small, the output values [image: f\left(x\right)] decrease without bound. We can describe the end behavior symbolically by writing
 [image: \begin{array}{c}\text{as } x\to -\infty , f\left(x\right)\to -\infty \\ \text{as } x\to \infty , f\left(x\right)\to \infty \end{array}]
 In words, we could say that as [image: x] values approach infinity, the function values approach infinity, and as [image: x] values approach negative infinity, the function values approach negative infinity.
 We can tell this graph has the shape of an odd degree power function that has not been reflected, so the degree of the polynomial creating this graph must be odd and the leading coefficient must be positive.
   To identify the end behavior and degree of a polynomial function, it must be in expanded (general) form. If the function is given to you in factored form, expand it first, then you can identify the leading term.You do not have to fully expand the factored form to find the leading term. Note that each of the first terms of the factors multiplied together will give you the leading term. Given the function [image: f\left(x\right)=-3{x}^{2}\left(x - 1\right)\left(x+4\right)], express the function as a polynomial in general form and determine the leading term, degree, and end behavior of the function. Show Solution Obtain the general form by expanding the given expression [image: f\left(x\right)].
 [image: \begin{array}{l} f\left(x\right)=-3{x}^{2}\left(x - 1\right)\left(x+4\right)\\ f\left(x\right)=-3{x}^{2}\left({x}^{2}+3x - 4\right)\\ f\left(x\right)=-3{x}^{4}-9{x}^{3}+12{x}^{2}\end{array}]
 The general form is [image: f\left(x\right)=-3{x}^{4}-9{x}^{3}+12{x}^{2}]. The leading term is [image: -3{x}^{4}]; therefore, the degree of the polynomial is [image: 4]. The degree is even ([image: 4]) and the leading coefficient is negative ([image: –3]), so the end behavior is
 [image: \begin{array}{c}\text{as } x\to -\infty , f\left(x\right)\to -\infty \\ \text{as } x\to \infty , f\left(x\right)\to -\infty \end{array}]
   An interactive online homework element has been excluded from the printed version of the text. To see the interactive element that was excluded, please visit the courseware online.
 
  An interactive online homework element has been excluded from the printed version of the text. To see the interactive element that was excluded, please visit the courseware online.
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				Identifying Local Behavior of Polynomial Functions
 [image: ]In addition to the end behavior of polynomial functions, we are also interested in what happens in the “middle” of the function. In particular, we are interested in locations where graph behavior changes. A turning point is a point at which the function values change from increasing to decreasing or decreasing to increasing.
 We are also interested in the intercepts. As with all functions, the [image: y]-intercept is the point at which the graph intersects the vertical axis. The point corresponds to the coordinate pair in which the input value is zero. Because a polynomial is a function, only one output value corresponds to each input value so there can be only one [image: y]-intercept [image: \left(0,{a}_{0}\right)]. The [image: x]–intercepts occur at the input values that correspond to an output value of zero. It is possible to have more than one [image: x]–intercept. 
 Given the polynomial function [image: f\left(x\right)=\left(x - 2\right)\left(x+1\right)\left(x - 4\right)], written in factored form for your convenience, determine the [image: y] and [image: x]-intercepts. Show Solution The y-intercept occurs when the input is zero, so substitute [image: 0] for [image: x].
 [image: \begin{array}{l}f\left(0\right)=\left(0 - 2\right)\left(0+1\right)\left(0 - 4\right)\hfill \\ \text{}f\left(0\right)=\left(-2\right)\left(1\right)\left(-4\right)\hfill \\ \text{}f\left(0\right)=8\hfill \end{array}]
 The [image: y]–intercept is [image: (0, 8)].
 The [image: x]-intercepts occur when the output [image: f(x)] is zero.
 [image: 0=\left(x - 2\right)\left(x+1\right)\left(x - 4\right)]
 [image: \begin{array}{llllllllllll}x - 2=0\hfill & \hfill & \text{or}\hfill & \hfill & x+1=0\hfill & \hfill & \text{or}\hfill & \hfill & x - 4=0\hfill \\ \text{}x=2\hfill & \hfill & \text{or}\hfill & \hfill & \text{ }x=-1\hfill & \hfill & \text{or}\hfill & \hfill & x=4 \end{array}]
 The [image: x]-intercepts are [image: \left(2,0\right),\left(-1,0\right)], and [image: \left(4,0\right)].
 We can see these intercepts on the graph of the function shown below.
 [image: Graph of f(x)=(x-2)(x+1)(x-4), which labels all the intercepts.]
   Determining the Number of Turning Points and Intercepts from the Degree of the Polynomial
 A continuous function has no breaks in its graph: the graph can be drawn without lifting the pen from the paper. A smooth curve is a graph that has no sharp corners. The turning points of a smooth graph must always occur at rounded curves. The graphs of polynomial functions are both continuous and smooth.
 The degree of a polynomial function helps us to determine the number of [image: x]-intercepts and the number of turning points. A polynomial function of [image: n]th degree is the product of [image: n] factors, so it will have at most [image: n] roots or zeros, or [image: x]-intercepts. The graph of the polynomial function of degree [image: n] must have at most [image: n-1] turning points. This means the graph has at most one fewer turning point than the degree of the polynomial or one fewer than the number of factors.
 intercepts and turning points of polynomial functions
 	A turning point of a graph is a point where the graph changes from increasing to decreasing or decreasing to increasing.
 	The [image: y]–intercept is the point where the function has an input value of zero.
 	The [image: x]-intercepts are the points where the output value is zero.
 	A polynomial of degree [image: n] will have, at most, [image: n] [image: x]-intercepts and [image: n – 1] turning points.
 
  Why do we use the phrase “at most [image: n]” when describing the number of real roots (x-intercepts) of the graph of an [image: n^{\text{th}}] degree polynomial? Can it have fewer? more Consider the graph of the polynomial function [image: f(x)=x^2-x+1]. The function is a [image: 2^{\text{nd}}] degree polynomial, so it must have at most [image: n] roots and [image: n-1] turning points.
 [image: \\]
 We know this function has non-real roots since the discriminant of the quadratic formula is negative. This means that this [image: 2^{\text{nd}}] polynomial has no real roots (apply the quadratic formula to prove this to yourself if needed). That is, it has no x-intercepts. But it does have two distinct complex roots.
 [image: \\]
 Can you picture the graph of a quadratic function with one distinct real root? Two? But you can also see that there will never be more than two [image: x]-intercepts. Since a parabola (the graph of a [image: 2^{\text{nd}}] degree polynomial) has only one turning point, it can’t cross the [image: x]-axis more than twice.
  Without graphing the function, determine the local behavior of the function by finding the maximum number of [image: x]-intercepts and turning points for [image: f\left(x\right)=-3{x}^{10}+4{x}^{7}-{x}^{4}+2{x}^{3}]. Show Solution The polynomial has a degree of [image: 10], so there are at most [image: 10] [image: x]-intercepts and at most [image: 10 – 1 = 9] turning points.
  The Whole Picture
 Now we can bring the two concepts of turning points and intercepts together to get a general picture of the behavior of polynomial functions.  These types of analyses on polynomials developed before the advent of mass computing as a way to quickly understand the general behavior of a polynomial function. We now have a quick way, with computers, to graph and calculate important characteristics of polynomials that once took a lot of algebra.
 Given the graph of the polynomial function below, determine the least possible degree of the polynomial and whether it is even or odd. Use end behavior, the number of intercepts, and the number of turning points to help you.[image: Graph of an even-degree polynomial.] Show Solution [image: Graph of an even-degree polynomial that denotes the turning points and intercepts.]The end behavior of the graph tells us this is the graph of an even-degree polynomial. The graph has [image: 2] [image: x]-intercepts, suggesting a degree of [image: 2] or greater, and [image: 3] turning points, suggesting a degree of [image: 4] or greater. Based on this, it would be reasonable to conclude that the degree is even and at least [image: 4].
  Now you try to determine the least possible degree of a polynomial given its graph.
 Given the graph of the polynomial function below, determine the least possible degree of the polynomial and whether it is even or odd. Use end behavior, the number of intercepts, and the number of turning points to help you.[image: Graph of an odd-degree polynomial.] Show Solution The end behavior indicates an odd-degree polynomial function; there are [image: 3] [image: x]-intercepts and [image: 2] turning points, so the degree is odd and at least [image: 3]. Because of the end behavior, we know that the leading coefficient must be negative.
  An interactive online homework element has been excluded from the printed version of the text. To see the interactive element that was excluded, please visit the courseware online.
 
  An interactive online homework element has been excluded from the printed version of the text. To see the interactive element that was excluded, please visit the courseware online.
 
  An interactive online homework element has been excluded from the printed version of the text. To see the interactive element that was excluded, please visit the courseware online.
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				 	Recognize power functions and understand how they behave as the values get really big or really small
 	Recognize polynomial functions, noting their degree and leading coefficient
 	Describe how polynomial functions behave at specific points or small intervals on their graphs
 
  When you spend time on your phone or tablet, you might not realize that your digital behavior follows mathematical patterns. Social media apps track various metrics – from the time you spend scrolling and battery usage to video views and data consumption. These patterns can be modeled using polynomial functions, helping us understand everything from how quickly your battery drains to why certain videos gain and lose popularity over time. Let’s analyze some common scenarios you might encounter during your daily screen time and see how polynomial functions help explain these digital patterns.
 An interactive online homework element has been excluded from the printed version of the text. To see the interactive element that was excluded, please visit the courseware online.
 
  
 An interactive online homework element has been excluded from the printed version of the text. To see the interactive element that was excluded, please visit the courseware online.
 
  An interactive online homework element has been excluded from the printed version of the text. To see the interactive element that was excluded, please visit the courseware online.
 
  An interactive online homework element has been excluded from the printed version of the text. To see the interactive element that was excluded, please visit the courseware online.
 
  An interactive online homework element has been excluded from the printed version of the text. To see the interactive element that was excluded, please visit the courseware online.
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				 	Identify key features like zeros, turning points, and end behavior in graphs of polynomial functions
 	Find where polynomial functions equal zero using different methods, and understand what these zeros mean
 	Create and explain graphs of polynomial functions, connecting how the function is written to what its graph looks like
 
  Recognizing Characteristics of Graphs of Polynomial Functions
 Polynomial functions of degree 2 or more have graphs that do not have sharp corners; recall that these types of graphs are called smooth curves. Polynomial functions also display graphs that have no breaks. Curves with no breaks are called continuous. The figure below shows a graph that represents a polynomial function and a graph that represents a function that is not a polynomial.
 [image: Graph of f(x)=x^3-0.01x.]
 Which of the graphs below represents a polynomial function?[image: Two graphs in which one has a polynomial function and the other has a function closely resembling a polynomial but is not.] Show Answer The graphs of [image: f] and [image: h] are graphs of polynomial functions. They are smooth and continuous.The graphs of [image: g] and [image: k] are graphs of functions that are not polynomials. The graph of function [image: g] has a sharp corner. The graph of function [image: k] is not continuous.
   Do all polynomial functions have as their domain all real numbers?
 
 Yes. Any real number is a valid input for a polynomial function.
  [ohm_question hide_question_numbers=1]290936[/ohm_question] 
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				Using Factoring to Find Zeros of Polynomial Functions
 Recall that if [image: f] is a polynomial function, the values of [image: x] for which [image: f(x) = 0] are called zeros of [image: f]. If the equation of the polynomial function can be factored, we can set each factor equal to zero and solve for the zeros.
 We can use this method to find [image: x]-intercepts because at the [image: x]-intercepts we find the input values when the output value is zero. For general polynomials, this can be a challenging prospect. While quadratics can be solved using the relatively simple quadratic formula, the corresponding formulas for cubic and fourth-degree polynomials are not simple enough to remember, and formulas do not exist for general higher-degree polynomials. Consequently, we will limit ourselves to three cases:
 	The polynomial can be factored using known methods: greatest common factor and trinomial factoring.
 	The polynomial is given in factored form.
 	Technology is used to determine the intercepts.
 
 How to: Given a polynomial function [image: f], find the [image: x]-intercepts by factoring. 	Set [image: f(x) = 0].
 	If the polynomial function is not given in factored form: 	Factor out any common monomial factors.
 	Factor any factorable binomials or trinomials.
 
 
 	Set each factor equal to zero and solve to find the [image: x]-intercepts.
 
  Find the [image: x]-intercepts of [image: f(x) = x^6 - 3x^4 + 2x^2]. Show Answer We can attempt to factor this polynomial to find solutions for [image: f(x) = 0].
 [image: \begin{array}{rcl} x^6 - 3x^4 + 2x^2 & = & 0 \quad \text{Factor out the greatest common factor.} \\ x^2 (x^4 - 3x^2 + 2) & = & 0 \quad \text{Factor the trinomial.} \\ x^2 (x^2 - 1)(x^2 - 2) & = & 0 \quad \text{Set each factor equal to zero.} \end{array}]
 [image: \begin{array}{rcl} x^2 & = & 0 \quad \text{or} \quad (x^2 - 1) = 0 \quad \text{or} \quad (x^2 - 2) = 0 \\ x & = & 0 \quad \quad \quad \quad \quad \quad x^2 = 1 \quad \quad \quad x^2 = 2 \\ x & = & 0 \quad \quad \quad \quad \quad \quad x = \pm 1 \quad \quad x = \pm \sqrt{2} \end{array}]
 This gives us five [image: x]-intercepts: [image: (0, 0)], [image: (1, 0)], [image: (-1, 0)], [image: (\sqrt{2}, 0)], and [image: (-\sqrt{2}, 0)]. We can see that this is an even function because it is symmetric about the y-axis.
 [image: This image shows the graph of the function f(x) = x^6 - 3x^4 + 2x^2. The graph has several key points labeled: (-√2, 0), (-1, 0), (0, 0), (1, 0), and (√2, 0), where the curve intersects the x-axis. The curve is symmetric about the y-axis and has a wavy shape, with local minima at x = -1 and x = 1, and local maxima near x = 0. The function rises sharply as x approaches negative or positive infinity. The key points and behavior are emphasized, showing the locations where the function crosses or touches the x-axis.]
   Find the [image: y]– and [image: x]-intercepts of [image: g(x) = (x-2)^2(2x+3)]. Show Answer We can always check that our answers are reasonable by using a graphing calculator to graph the polynomial as shown below.
 [image: Graph of g(x)=(x-2)^2(2x+3) with its two x-intercepts (2, 0) and (-3/2, 0) and its y-intercept (0, 12).]
   Find the [image: x]-intercepts of [image: h(x) = x^3+4x^2+x-6]. Show Answer This polynomial is not in factored form, has no common factors, and does not appear to be factorable using techniques previously discussed. Fortunately, we can use technology to find the intercepts. Keep in mind that some values make graphing difficult by hand. In these cases, we can take advantage of graphing utilities.
 Looking at the graph of this function, as shown below, it appears that there are [image: x]-intercepts at [image: x= -3, -2, \text{ and } 1].
 [image: Graph of h(x)=x^3+4x^2+x-6.]
 We can check whether these are correct by substituting these values for [image: x] and verifying that
 [image: h(-3) = h(-2) = h(1) = 0]
 Since [image: h(x) = x^3 + 4x^2 + x - 6], we have:
 [image: \begin{array}{rcl} h(-3) & = & (-3)^3 + 4(-3)^2 + (-3) - 6 = -27 + 36 - 3 - 6 = 0 \\ h(-2) & = & (-2)^3 + 4(-2)^2 + (-2) - 6 = -8 + 16 - 2 - 6 = 0 \\ h(1) & = & (1)^3 + 4(1)^2 + (1) - 6 = 1 + 4 + 1 - 6 = 0 \end{array}]
 Each [image: x]-intercept corresponds to a zero of the polynomial function and each zero yields a factor, so we can now write the polynomial in factored form.
 [image: h(x) = x^3 + 4x^2 + x - 6 = (x + 3)(x + 2)(x - 1)]
   
	

			
			


		
	
		
			
	
		180

		Graphs of Polynomial Functions: Learn It 3

								

	
				Identifying Zeros and Their Behavior
 Before we start graphing polynomial functions, it’s essential to understand the key features that shape these graphs. One of the most important aspects is identifying the zeros of the polynomial. Zeros, or roots, are the points where the function crosses the x-axis.
 But there’s more to zeros than just their locations. Graphs behave differently at various [image: x]-intercepts. Sometimes, the graph will cross over the horizontal axis at an intercept. Other times, the graph will touch the horizontal axis and “bounce” off.
 Suppose, for example, we graph the function [image: f(x) = (x+3)(x-2)^2(x+1)^3]. Notice below that the behavior of the function at each of the [image: x]-intercepts is different.
 [image: Graph of f(x)=(x+3)(x-2)^2(x+1)^3.]The [image: x]-intercept [image: x = -3] is the solution of the equation [image: (x + 3) = 0]. The graph passes directly through the [image: x]-intercept at [image: x = -3]. The factor is linear (has a degree of [image: 1]), so the behavior near the intercept is like that of a line—it passes directly through the intercept. We call this a single zero because the zero corresponds to a single factor of the function.
 The [image: x]-intercept [image: x = 2] is the repeated solution of the equation [image: (x - 2)^2 = 0]. The graph touches the axis at the intercept and changes direction. The factor is quadratic (degree [image: 2]), so the behavior near the intercept is like that of a quadratic—it bounces off of the horizontal axis at the intercept.
 [image: (x - 2)^2 = (x - 2)(x - 2)]
 The factor is repeated, that is, the factor [image: (x - 2)] appears twice. The number of times a given factor appears in the factored form of the equation of a polynomial is called the multiplicity. The zero associated with this factor, [image: x = 2], has multiplicity [image: 2] because the factor [image: (x - 2)] occurs twice.
 The [image: x]-intercept [image: x = -1] is the repeated solution of factor [image: (x + 1)^3 = 0]. The graph passes through the axis at the intercept, but flattens out a bit first. This factor is cubic (degree [image: 3]), so the behavior near the intercept is like that of a cubic—with the same S-shape near the intercept as the toolkit function [image: f(x) = x^3]. We call this a triple zero, or a zero with multiplicity [image: 3].
  For zeros with even multiplicities, the graphs touch or are tangent to the [image: x]-axis. For zeros with odd multiplicities, the graphs cross or intersect the [image: x]-axis.
 [image: Three graphs showing three different polynomial functions with multiplicity 1, 2, and 3.]
 For higher even powers, such as [image: 4], [image: 6], and [image: 8], the graph will still touch and bounce off of the horizontal axis but, for each increasing even power, the graph will appear flatter as it approaches and leaves the [image: x]-axis.
 For higher odd powers, such as [image: 5], [image: 7], and [image: 9], the graph will still cross through the horizontal axis, but for each increasing odd power, the graph will appear flatter as it approaches and leaves the [image: x]-axis.
 graphical behavior of polynomials at [image: x]-intercepts
 If a polynomial contains a factor of the form [image: (x-h)^{p}], the behavior near the [image: x]-intercept at [image: (h,0)] is determined by the power [image: p]. We say that [image: x=h] is a zero of multiplicity [image: p].
 	For zeros with even multiplicities, the graphs touch or are tangent to the [image: x]-axis at these [image: x]-values.
 	For zeros with odd multiplicities, the graphs cross or intersect the [image: x]-axis at these [image: x]-values.
 
 Note: The sum of the multiplicities is the degree of the polynomial function.
  Given a graph of a polynomial function of degree [image: n], identify the zeros and their multiplicities.
 	If the graph crosses the [image: x]-axis and appears almost linear at the intercept, it is a single zero.
 	If the graph touches the [image: x]-axis and bounces off of the axis, it is a zero with even multiplicity.
 	If the graph crosses the [image: x]-axis at a zero, it is a zero with odd multiplicity.
 	The sum of the multiplicities is [image: \leq n]<span id="MathJax-Element-1444-Frame" class="MathJax" style="box-sizing: border-box; overflow: initial; display: inline-table; font-style: normal; font-weight: normal; line-height: normal; font-size: 16px; font-size-adjust: none; text-indent: 0px; text-align: left; text-transform: none; letter-spacing: normal; word-spacing: normal; overflow-wrap: normal; white-space: nowrap; float: none; direction: ltr; max-width: none; max-height: none; min-width: 0px; min-height: 0px; border: 0px; padding: 0px; margin: 0px; position: relative;" tabindex="0" role="presentation" data-mathml="[image: ≤n.≤n.]“>.
 
  [image: Three graphs showing three different polynomial functions with multiplicity 1, 2, and 3.]Use the graph of the function of degree [image: 6] to identify the zeros of the function and their possible multiplicities. Show Solution The polynomial function is of degree [image: n] which is [image: 6]. The sum of the multiplicities must be [image: 6].
 	Starting from the left, the first zero occurs at [image: x=-3]. The graph touches the [image: x]-axis, so the multiplicity of the zero must be even. The zero of [image: –3] has multiplicity [image: 2].
 	The next zero occurs at [image: x=-1]. The graph looks almost linear at this point. This is a single zero of multiplicity [image: 1].
 	The last zero occurs at [image: x=4]. The graph crosses the x-axis, so the multiplicity of the zero must be odd. We know that the multiplicity is [image: 3] and that the sum of the multiplicities must be [image: 6].
 
   An interactive online homework element has been excluded from the printed version of the text. To see the interactive element that was excluded, please visit the courseware online.
 
  An interactive online homework element has been excluded from the printed version of the text. To see the interactive element that was excluded, please visit the courseware online.
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				Graphing Polynomial Functions
 Now that we’ve mastered identifying zeros and understanding their multiplicities and behavior, it’s time to bring everything together and graph polynomial functions. Graphing these functions allows us to visualize their behavior and understand the relationships between their algebraic expressions and their graphical representations.
 To accurately graph a polynomial function, we’ll consider several key elements:
 		Zeros and Their Behavior: Where the graph crosses or touches the [image: x]-axis. 	For zeros with even multiplicities, the graphs touch or are tangent to the [image: x]-axis at these [image: x]-values.
 	For zeros with odd multiplicities, the graphs cross or intersect the [image: x]-axis at these [image: x]-values.
 
 
 	[image: y] – intercepts: Points where the graph intersects the [image: y]-axis.
 	End Behavior: How the graph behaves as [image: x] approaches positive or negative infinity.
 Determining End Behavior 	Even Degree 	Odd Degree 
  	[image: 11] 	[image: 12] 
 	[image: 13] 	[image: 14] 
  
  
 	Local Behavior:  How the graph behaves near critical points, including turning points and changes in concavity
 
 
 
 How To: Given a polynomial function, sketch the graph 	Find the intercepts.
 	Check for symmetry. If the function is an even function, its graph is symmetric with respect to the [image: y]-axis, that is, [image: f(–x) = f(x)].
 If a function is an odd function, its graph is symmetric with respect to the origin, that is, [image: f(–x) = –f(x)].
 	Use the multiplicities of the zeros to determine the behavior of the polynomial at the [image: x]-intercepts.
 	Determine the end behavior by examining the leading term.
 	Use the end behavior and the behavior at the intercepts to sketch the graph.
 	Ensure that the number of turning points does not exceed one less than the degree of the polynomial.
 	Optionally, use technology to check the graph.
 
  Graph [image: f(x)=-2(x+3)^{2}(x - 5)]. Show Solution 	Zeros and Their Behavior
 
 This graph has two [image: x]–intercepts.
 		At [image: x= –3], the factor is squared, indicating a multiplicity of [image: 2]. The graph will touch the [image: x]-intercept at this value.
 	At [image: x = 5], the function has a multiplicity of one, indicating the graph will cross through the axis at this intercept.
 
 
 	[image: y] – intercepts: The [image: y]-intercept is found by evaluating [image: f(0)].
 
 [image: \begin{array}{l}\hfill \\ f\left(0\right)=-2{\left(0+3\right)}^{2}\left(0 - 5\right)\hfill \\ \text{}f\left(0\right)=-2\cdot 9\cdot \left(-5\right)\hfill \\ \text{}f\left(0\right)=90\hfill \end{array}]
 The y-intercept is [image: (0, 90)].
 	[image: Showing the distribution for the leading term.]End Behavior: We can see the leading term, if this polynomial were multiplied out, would be [image: -2{x}^{3}], a negative odd degree polynomial. So the end behavior, as seen in the graph, is that of a vertically reflected cubic with the outputs decreasing as the inputs approach infinity and the outputs increasing as the inputs approach negative infinity.
 
 To sketch the graph, we consider the following:
 	[image: Graph of the end behavior and intercepts, (-3, 0), (0, 90) and (5, 0), for the function f(x)=-2(x+3)^2(x-5).]As [image: x\to -\infty] the function [image: f\left(x\right)\to \infty], so we know the graph starts in the second quadrant and is decreasing toward the [image: x]-axis.
 	At [image: \left(-3,0\right)] the graph touch of the x-axis, so the function must start increasing after this point.
 	At [image: (0, 90)], the graph crosses the y-axis.
 	At [image: \left(5,0\right)] the graph cross of the x-axis.
 
 The complete graph of the polynomial function [image: f\left(x\right)=-2{\left(x+3\right)}^{2}\left(x - 5\right)] is as follows:
 [image: Graph of f(x)=-2(x+3)^2(x-5).]
   An interactive online homework element has been excluded from the printed version of the text. To see the interactive element that was excluded, please visit the courseware online.
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				Using the Intermediate Value Theorem
 In some situations, we may know two points on a graph but not the zeros. If those two points are on opposite sides of the [image: x]-axis, we can confirm that there is a zero between them. Consider a polynomial function [image: f] whose graph is smooth and continuous.
 Intermediate Value Theorem
 The Intermediate Value Theorem states that for two numbers [image: a] and [image: b] in the domain of [image: f], if [image: a < b] and [image: f\left(a\right)\ne f\left(b\right)], then the function [image: f] takes on every value between [image: f\left(a\right)] and [image: f\left(b\right)].
  
 [image: Graph of an odd-degree polynomial function that shows a point f(a) that’s negative, f(b) that’s positive, and f(c) that’s 0.]The Intermediate Value Theorem can be used to show there exists a zero.  We can apply this theorem to a special case that is useful for graphing polynomial functions. If a point on the graph of a continuous function f at [image: x=a] lies above the [image: x]-axis and another point at [image: x=b] lies below the [image: x]-axis, there must exist a third point between [image: x=a] and [image: x=b] where the graph crosses the [image: x]-axis. Call this point [image: \left(c,\text{ }f\left(c\right)\right)]. This means that we are assured there is a value [image: c] where [image: f\left(c\right)=0].
 In other words, the Intermediate Value Theorem tells us that when a polynomial function changes from a negative value to a positive value, the function must cross the [image: x]-axis. The figure below shows that there is a zero between [image: a] and [image: b].
 Show that the function [image: f\left(x\right)={x}^{3}-5{x}^{2}+3x+6] has at least two real zeros between [image: x=1] and [image: x=4]. Show Solution To start, evaluate [image: f\left(x\right)] at the integer values [image: x=1,2,3,\text{ and }4].
      	[image: x] 	[image: 1] 	[image: 2] 	[image: 3] 	[image: 4] 
 	[image: f(x)] 	[image: 5] 	[image: 0] 	[image: –3] 	[image: 2] 
  
 We see that one zero occurs at [image: x=2]. Also, since [image: f\left(3\right)] is negative and [image: f\left(4\right)] is positive, by the Intermediate Value Theorem, there must be at least one real zero between [image: 3] and [image: 4].
 We have shown that there are at least two real zeros between [image: x=1] and [image: x=4].
 Analysis of the Solution
 We can also graphically see that there are two real zeros between [image: x=1] and [image: x=4].
 [image: Graph of f(x)=x^3-5x^2+3x+6 and shows, by the Intermediate Value Theorem, that there exists two zeros since f(1)=5 and f(4)=2 are positive and f(3) = -3 is negative.]
 
  An interactive online homework element has been excluded from the printed version of the text. To see the interactive element that was excluded, please visit the courseware online.
 
  An interactive online homework element has been excluded from the printed version of the text. To see the interactive element that was excluded, please visit the courseware online.
 
  An interactive online homework element has been excluded from the printed version of the text. To see the interactive element that was excluded, please visit the courseware online.
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				Writing Formulas for Polynomial Functions
 Now that we know how to find zeros of polynomial functions, we can use them to write formulas based on graphs. Because a polynomial function written in factored form will have an [image: x]-intercept where each factor is equal to zero, we can form a function that will pass through a set of [image: x]-intercepts by introducing a corresponding set of factors.
 factored form of polynomials
 If a polynomial of lowest degree [image: p] has zeros at [image: x={x}_{1},{x}_{2},\dots ,{x}_{n}], then the polynomial can be written in the factored form:
 [image: f\left(x\right)=a{\left(x-{x}_{1}\right)}^{{p}_{1}}{\left(x-{x}_{2}\right)}^{{p}_{2}}\cdots {\left(x-{x}_{n}\right)}^{{p}_{n}}]
  
 where
 	the powers [image: {p}_{i}] on each factor can be determined by the behavior of the graph at the corresponding intercept
 	the stretch factor [image: a] can be determined given a value of the function other than the [image: x]-intercept.
 
  How To: Given a graph of a polynomial function, write a formula for the function 	Identify the [image: x]-intercepts of the graph to find the factors of the polynomial.
 	Examine the behavior of the graph at the [image: x]-intercepts to determine the multiplicity of each factor.
 	Find the polynomial of least degree containing all of the factors found in the previous step.
 	Use any other point on the graph (the [image: y]-intercept may be easiest) to determine the stretch factor.
 
  Write a formula for the polynomial function.[image: Graph of a positive even-degree polynomial with zeros at x=-3, 2, 5 and y=-2.] Show Solution This graph has three [image: x]-intercepts: [image: x= –3, 2,] and [image: 5].
 	At [image: x= –3] and [image: x= 5], the graph passes through the axis linearly, suggesting the corresponding factors of the polynomial will be linear with a degree of [image: 1].
 	At [image: x= 2], the graph bounces off the [image: x]-axis at the intercept suggesting the corresponding factor of the polynomial will be second degree (quadratic).
 
 Together, this gives us
 [image: f\left(x\right)=a\left(x+3\right){\left(x - 2\right)}^{2}\left(x - 5\right)]
 To determine the stretch factor, we utilize another point on the graph. We will use the [image: y]-intercept [image: (0, –2)], to solve for [image: a].
 [image: \begin{array}{l}f\left(0\right)=a\left(0+3\right){\left(0 - 2\right)}^{2}\left(0 - 5\right)\hfill \\ \text{ }-2=a\left(0+3\right){\left(0 - 2\right)}^{2}\left(0 - 5\right)\hfill \\ \text{ }-2=-60a\hfill \\ \text{ }a=\frac{1}{30}\hfill \end{array}]
 The graphed polynomial appears to represent the function [image: f\left(x\right)=\frac{1}{30}\left(x+3\right){\left(x - 2\right)}^{2}\left(x - 5\right)].
   An interactive online homework element has been excluded from the printed version of the text. To see the interactive element that was excluded, please visit the courseware online.
 
  An interactive online homework element has been excluded from the printed version of the text. To see the interactive element that was excluded, please visit the courseware online.
 
  Local and Global Extrema
 With quadratics, we were able to algebraically find the maximum or minimum value of the function by finding the vertex. For general polynomials, finding these turning points is not possible without more advanced techniques from calculus. Even then, finding where extrema occur can still be algebraically challenging. For now, we will estimate the locations of turning points using technology to generate a graph.
 Each turning point represents a local minimum or maximum. Sometimes, a turning point is the highest or lowest point on the entire graph. In these cases, we say that the turning point is a global maximum or a global minimum. These are also referred to as the absolute maximum and absolute minimum values of the function.
 local and global extrema
 A local maximum or local minimum at [image: x = a] (sometimes called the relative maximum or minimum, respectively) is the output at the highest or lowest point on the graph in an open interval around [image: x = a].
 	If a function has a local maximum at [image: a], then [image: f\left(a\right)\ge f\left(x\right)] for all [image: x] in an open interval around [image: x = a].
 	If a function has a local minimum at [image: a], then [image: f\left(a\right)\le f\left(x\right)] for all [image: x] in an open interval around [image: x = a].
 
 A global maximum or global minimum is the output at the highest or lowest point of the function.
 	If a function has a global maximum at [image: a], then [image: f\left(a\right)\ge f\left(x\right)] for all [image: x].
 	If a function has a global minimum at [image: a], then [image: f\left(a\right)\le f\left(x\right)] for all [image: x].
 
 [image: Graph of an even-degree polynomial that denotes the local maximum and minimum and the global maximum.]
  Do all polynomial functions have a global minimum or maximum? 
 No. Only polynomial functions of even degree have a global minimum or maximum. For example, [image: f\left(x\right)=x] has neither a global maximum nor a global minimum.
  State the local and global extrema of the graph below.[image: Graph of a negative even-degree polynomial with zeros at x=-1, 2, 4 and y=-4.] Show Answer Local Extrema
 	Local maximum value is [image: 0] at [image: x=-1].
 	Local minimum value is [image: -4] at [image: x = 0].
 
 Global Extrema
 	Global maximum value is at approximately [image: 4.2] at [image: x \approx 3.5].
 	There is no global minimum.
 
   Use an online graphing tool (such as https://www.desmos.com/calculator) to find the maximum and minimum values on the interval [image: \left[-2,7\right]] of the function [image: f\left(x\right)=0.1{\left(x - \frac{5}{3}\right)}^{3}{\left(x+1\right)}^{2}\left(x - 7\right)].Now change the value of the leading coefficient ([image: a]) to see how it affects the end behavior and y-intercept of the graph. [image: f\left(x\right)=a{\left(x - \frac{5}{3}\right)}^{3}{\left(x+1\right)}^{2}\left(x - 7\right)].
 Make sure to observe both positive and negative [image: a]-values, and large and small [image: a]-values.
 Show Solution The minimum occurs at approximately the point [image: \left(5.98,-398.8\right)], and the maximum occurs at approximately the point [image: \left(0.02,3.24\right)].
  An interactive online homework element has been excluded from the printed version of the text. To see the interactive element that was excluded, please visit the courseware online.
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				 	Identify key features like zeros, turning points, and end behavior in graphs of polynomial functions
 	Find where polynomial functions equal zero using different methods, and understand what these zeros mean
 	Create and explain graphs of polynomial functions, connecting how the function is written to what its graph looks like
 
  A theme park company is designing new roller coasters and uses polynomial functions to model the tracks’ heights.
 [image: ]Photo by Stas Knop on Pexels Engineers need to analyze various aspects of the tracks including zeros (ground level points), turning points, and end behavior to ensure safety and excitement. They’re currently analyzing a segment of track modeled by [image: f(x) = -0.1(x + 2)²(x - 1)³(x - 4)], where [image: x] is the horizontal distance in feet from the starting point and [image: f(x)] is the height in feet.
 An interactive online homework element has been excluded from the printed version of the text. To see the interactive element that was excluded, please visit the courseware online.
 
  An interactive online homework element has been excluded from the printed version of the text. To see the interactive element that was excluded, please visit the courseware online.
 
  An interactive online homework element has been excluded from the printed version of the text. To see the interactive element that was excluded, please visit the courseware online.
 
  An interactive online homework element has been excluded from the printed version of the text. To see the interactive element that was excluded, please visit the courseware online.
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				 	Divide polynomials using the long division method
 	Apply synthetic division as a quicker way to divide polynomials
 
  With your skills in graphing polynomial functions, you can visualize how these functions behave. Now, let’s take it a step further by learning how to divide polynomials. This technique is crucial for breaking down complex polynomials and uncovering their zeros, which are essential for accurate graphing. Did you notice that all of the polynomials we graphed so far are in factored form? We get to this factored form through the process of dividing polynomials.
 Dividing polynomials allows us to simplify expressions and find factors that reveal the zeros of the polynomial. These zeros, in turn, help us understand the roots and overall shape of the graph.
 Polynomial Long Division
 We are familiar with the long division algorithm for ordinary arithmetic. We begin by dividing into the digits of the dividend that have the greatest place value. We divide, multiply, subtract, include the digit in the next place value position, and repeat.
 For example, let’s divide [image: 178] by [image: 3] using long division.[image: Long Division. Step 1, 5 times 3 equals 15 and 17 minus 15 equals 2. Step 2: Bring down the 8. Step 3: 9 times 3 equals 27 and 28 minus 27 equals 1. Answer: 59 with a remainder of 1 or 59 and one-third.]  Another way to look at the solution is as a sum of parts. This should look familiar, since it is the same method used to check division in elementary arithmetic.
 [image: \begin{array}{l}\left(\text{divisor }\cdot \text{ quotient}\right)\text{ + remainder}\text{ = dividend}\hfill \\ \left(3\cdot 59\right)+1 = 177+1 = 178\hfill \end{array}]
 We call this the Division Algorithm and will discuss it more formally after looking at an another example.
  Division of polynomials that contain more than one term has similarities to long division of whole numbers. We can write a polynomial dividend as the product of the divisor and the quotient added to the remainder. The terms of the polynomial division correspond to the digits (and place values) of the whole number division. This method allows us to divide two polynomials.
 For example, if we were to divide [image: 2{x}^{3}-3{x}^{2}+4x+5] by [image: x+2] using the long division algorithm, it would look like this:[image: Set up the division problem. 2x cubed divided by x is 2x squared. Multiply the sum of x and 2 by 2x squared. Subtract. Then bring down the next term. Negative 7x squared divided by x is negative 7x. Multiply the sum of x and 2 by negative 7x. Subtract, then bring down the next term. 18x divided by x is 18. Multiply the sum of x and 2 by 18. Subtract.]  We have found
 [image: \frac{2{x}^{3}-3{x}^{2}+4x+5}{x+2}=2{x}^{2}-7x+18-\frac{31}{x+2}]
 or
 [image: 2{x}^{3}-3{x}^{2}+4x+5=\left(x+2\right)\left(2{x}^{2}-7x+18\right)-31]
 We can identify the dividend, divisor, quotient, and remainder.
 [image: The dividend is 2x cubed minus 3x squared plus 4x plus 5. The divisor is x plus 2. The quotient is 2x squared minus 7x plus 18. The remainder is negative 31.] 
 Writing the result in this manner illustrates the Division Algorithm.
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				The Division Algorithm
 the division algorithm
 The Division Algorithm states that given a polynomial dividend [image: f\left(x\right)] and a non-zero polynomial divisor [image: d\left(x\right)] where the degree of [image: d\left(x\right)] is less than or equal to the degree of [image: f\left(x\right)], there exist unique polynomials [image: q\left(x\right)] and [image: r\left(x\right)] such that
  
 [image: f\left(x\right)=d\left(x\right)q\left(x\right)+r\left(x\right)]
  
 [image: q\left(x\right)] is the quotient and [image: r\left(x\right)] is the remainder. The remainder is either equal to zero or has degree strictly less than [image: d\left(x\right)].
  
 If [image: r\left(x\right)=0], then [image: d\left(x\right)] divides evenly into [image: f\left(x\right)]. This means that both [image: d\left(x\right)] and [image: q\left(x\right)] are factors of [image: f\left(x\right)].
  How To: Given a polynomial and a binomial, use long division to divide the polynomial by the binomial 	Set up the division problem.
 	Determine the first term of the quotient by dividing the leading term of the dividend by the leading term of the divisor.
 	Multiply the answer by the divisor and write it below the like terms of the dividend.
 	Subtract the bottom binomial from the terms above it.
 	Bring down the next term of the dividend.
 	Repeat steps 2–5 until reaching the last term of the dividend.
 	If the remainder is non-zero, express as a fraction using the divisor as the denominator.
 
  Divide [image: 6{x}^{3}+11{x}^{2}-31x+15] by [image: 3x - 2]. Show Solution [image: 6x cubed divided by 3x is 2x squared. Multiply the sum of x and 2 by 2x squared. Subtract. Bring down the next term. 15x squared divided by 3x is 5x. Multiply 3x minus 2 by 5x. Subtract. Bring down the next term. Negative 21x divided by 3x is negative 7. Multiply 3x minus 2 by negative 7. Subtract. The remainder is 1.] 
 There is a remainder of [image: 1]. We can express the result as:
 [image: \frac{6{x}^{3}+11{x}^{2}-31x+15}{3x - 2}=2{x}^{2}+5x - 7+\frac{1}{3x - 2}]
 Analysis of the Solution
 We can check our work by using the Division Algorithm to rewrite the solution then multiplying.
 [image: \left(3x - 2\right)\left(2{x}^{2}+5x - 7\right)+1=6{x}^{3}+11{x}^{2}-31x+15]
 Notice, as we write our result,
 	the dividend is [image: 6{x}^{3}+11{x}^{2}-31x+15]
 	the divisor is [image: 3x - 2]
 	the quotient is [image: 2{x}^{2}+5x - 7]
 	the remainder is [image: 1]
 
   An interactive online homework element has been excluded from the printed version of the text. To see the interactive element that was excluded, please visit the courseware online.
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				Synthetic Division
 As we’ve seen, long division of polynomials can involve many steps and be quite cumbersome. Synthetic division is a shorthand method of dividing polynomials for the special case of dividing by a linear factor whose leading coefficient is [image: 1].
 synthetic division
 Synthetic division is a shortcut that can be used when the divisor is a binomial in the form [image: x−k] where [image: k] is a real number. In synthetic division, only the coefficients are used in the division process.
 
  To illustrate the process, let’s look at an example.
 Divide [image: 2x^3 - 3x^2 + 4x + 5] by [image: x + 2] using the long division algorithm.The final form of the process looked like this: [image: Synthetic division of the polynomial 2x^3-3x^2+4x+5 by x+2] 
 There is a lot of repetition in the table. If we don’t write the variables but, instead, line up their coefficients in columns under the division sign and also eliminate the partial products, we already have a simpler version of the entire problem.
 [image: Synthetic division of the polynomial 2x^3-3x^2+4x+5 by x+2 in which it only contains the coefficients of each polynomial.] 
 Synthetic division carries this simplification even a few more steps. Collapse the table by moving each of the rows up to fill any vacant spots. Also, instead of dividing by [image: 2], as we would in division of whole numbers, then multiplying and subtracting the middle product, we change the sign of the “divisor” to [image: –2], multiply and add. The process starts by bringing down the leading coefficient.
 [image: Synthetic division of the polynomial 2x^3-3x^2+4x+5 by x+2 in which it only contains the coefficients of each polynomial.] 
 We then multiply it by the “divisor” and add, repeating this process column by column, until there are no entries left. The bottom row represents the coefficients of the quotient; the last entry of the bottom row is the remainder. In this case, the quotient is [image: 2x^2 - 7x + 18] and the remainder is [image: -31].
  How to: Given two polynomials, use synthetic division to divide. 	Write [image: k] for the divisor.
 	Write the coefficients of the dividend.
 	Bring the lead coefficient down.
 	Multiply the lead coefficient by [image: k].  Write the product in the next column.
 	Add the terms of the second column.
 	Multiply the result by [image: k]. Write the product in the next column.
 	Repeat steps 5 and 6 for the remaining columns.
 	Use the bottom numbers to write the quotient. The number in the last column is the remainder and has degree [image: 0], the next number from the right has degree [image: 1], the next number from the right has degree [image: 2], and so on.
 
  Try an example on your own.
 Use synthetic division to divide [image: 4x^3 + 10x^2 - 6x - 20] by [image: x + 2]. Show Solution The binomial divisor is [image: x + 2] so [image: k = -2]. Add each column, multiply the result by [image: -2], and repeat until the last column is reached.[image: Synthetic division of 4x^3+10x^2-6x-20 divided by x+2.] 
 The result is [image: 4x^2 + 2x - 10]. The remainder is [image: 0]. Thus, [image: x + 2] is a factor of [image: 4x^3 + 10x^2 - 6x - 20].
 Analysis[image: \\]The graph of the polynomial function [image: f(x) = 4x^3 + 10x^2 - 6x - 20] in the figure below shows a zero at [image: x = k = -2]. This confirms that [image: x + 2] is a factor of [image: 4x^3 + 10x^2 - 6x - 20].
 [image: Synthetic division of 4x^3+10x^2-6x-20 divided by x+2.]
  An interactive online homework element has been excluded from the printed version of the text. To see the interactive element that was excluded, please visit the courseware online.
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				 	Divide polynomials using the long division method
 	Apply synthetic division as a quicker way to divide polynomials
 
  In electrical engineering and signal processing, polynomials are used to model and analyze electronic circuits and signals. Engineers often need to break down complex polynomial expressions to understand system behavior and optimize circuit designs. Let’s explore how polynomial division helps engineers solve real-world problems.
 
 An interactive online homework element has been excluded from the printed version of the text. To see the interactive element that was excluded, please visit the courseware online.
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				 	Use the Remainder Theorem to find polynomial values and the Factor Theorem to find where polynomials equal zero
 	Apply the Rational Zero Theorem to find fraction or whole number solutions, and use Descartes’ Rule of Signs to guess how many positive and negative solutions exist
 	Use the Linear Factorization Theorem to create polynomials when you know their solutions
 	Solve real-world problems using polynomial equations
 
  Remainder Theorem
 Remember how, in our synthetic division example in the previous section, we found that dividing [image: 5x^2-3x-36] by [image: x-3] resulted in a quotient of [image: 5x+12] with a reminder of [image: 0]? This connection between division and remainders brings us to the Remainder Theorem.
 Remainder Theorem
 If a polynomial [image: f(x)] is divided by [image: x-k], then the remainder is the value [image: f(k)].
  Let’s walk through the proof of the theorem.
 Recall that the Division Algorithm states that, given a polynomial dividend [image: f(x)] and a non-zero polynomial divisor [image: d(x)], there exist unique polynomials [image: g(x)] and [image: r(x)] such that [image: f(x) = d(x)g(x) + r(x)]
 and either [image: r(x) = 0] or the degree of [image: r(x)] is less than the degree of [image: d(x)]. In practice divisors, [image: d(x)] will have degrees less than or equal to the degree of [image: f(x)]. If the divisor, [image: d(x)], is [image: x - k], this takes the form
 [image: f(x) = (x - k)g(x) + r]
 Since the divisor [image: x - k] is linear, the remainder will be a constant, [image: r]. And, if we evaluate this for [image: x = k], we have
 [image: \begin{array}{rl} f(k) & = (k - k)g(k) + r \\ & = 0 \cdot g(k) + r \\ & = r \end{array}]
 In other words, [image: f(k)] is the remainder obtained by dividing [image: f(x)] by [image: x - k].
  How to: Given a polynomial function [image: f], evaluate [image: f(x)] at [image: x=k] using the Remainder Theorem. 	Use synthetic division to divide the polynomial by [image: x−k].
 	The remainder is the value [image: f(k)].
 
  This powerful theorem allows us to quickly find the remainder of polynomial division without completing the entire division process.
 For example, in our case, we divided [image: 5x^2-3x-36] by [image: x-3]. According to the Remainder Theorem, the remainder is [image: f(3)].
 [image: \\]
 By substituting [image: 3] into the polynomial [image: f(x) = 5x^2-3x-36], we get: [image: f(3) = 5(3)^2 - 3(3) - 36 = 45 - 9 - 36 = 0]
 This confirms that the remainder is indeed [image: 0], just as we found using synthetic division.
  Use the Remainder Theorem to evaluate [image: f\left(x\right)=6{x}^{4}-{x}^{3}-15{x}^{2}+2x - 7] at [image: x=2]. Show Solution To find the remainder using the Remainder Theorem, use synthetic division to divide the polynomial by [image: x - 2].
 [image: \begin{array}{l}\\ 2\overline{)\begin{array}{lllllllll}6\hfill & -1\hfill & -15\hfill & 2\hfill & -7\hfill \\ \hfill & \text{ }12\hfill & \text{ }\text{ }\text{ }22\hfill & 14\hfill & \text{ }\text{ }32\hfill \end{array}}\\ \begin{array}{llllll}\hfill & \text{}6\hfill & 11\hfill & \text{ }\text{ }\text{ }7\hfill & \text{ }\text{ }16\hfill & \text{ }\text{ }25\hfill \end{array}\end{array}]
 The remainder is [image: 25]. Therefore, [image: f\left(2\right)=25].
 Analysis of the Solution
 We can check our answer by evaluating [image: f\left(2\right)].
 [image: \begin{array}{lll}f\left(x\right) & =6{x}^{4}-{x}^{3}-15{x}^{2}+2x - 7 \\ f\left(2\right) & =6{\left(2\right)}^{4}-{\left(2\right)}^{3}-15{\left(2\right)}^{2}+2\left(2\right)-7 \\ f\left(2\right) & =25\hfill \end{array}]
   An interactive online homework element has been excluded from the printed version of the text. To see the interactive element that was excluded, please visit the courseware online.
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				Rational Zero Theorem
 Another use for the remainder theorem is to test whether a rational number is a zero for a given polynomial. But first we need a pool of rational numbers to test. The rational zero theorem helps us narrow down the number of possible rational zeros using the ratio of the factors of the constant term and factors of the leading coefficient of the polynomial.
 Consider a quadratic function with two zeros, [image: x = \frac{2}{5}] and [image: x = \frac{3}{4}]. By the factor theorem, these zeros have factors associated with them. Let us set each factor equal to [image: 0], and then construct the original quadratic function absent its stretching factor.
 [image: \begin{array}{l l} x - \frac{2}{5} = 0 \text{ or } x - \frac{3}{4} = 0 & \text{Set each factor equal to 0.} \\ 5x - 2 = 0 \text{ or } 4x - 3 = 0 & \text{Multiply both sides of the equation to eliminate fractions.} \\ f(x) = (5x - 2)(4x - 3) & \text{Create the quadratic function, multiplying the factors.} \\ f(x) = 20x^2 - 23x + 6 & \text{Expand the polynomial.} \\ f(x) = (5 \cdot 4)x^2 - 23x + (2 \cdot 3) & \\ \end{array}]
 Notice that two of the factors of the constant term, [image: 6], are the two numerators from the original rational roots: [image: 2] and [image: 3]. Similarly, two of the factors from the leading coefficient, [image: 20], are the two denominators from the original rational roots: [image: 5] and [image: 4].
 We can infer that the numerators of the rational roots will always be factors of the constant term and the denominators will be factors of the leading coefficient. This is the essence of the rational zero theorem; it is a means to give us a pool of possible rational zeros.
 the rational zero theorem
 The Rational Zero Theorem states that, if the polynomial [image: f(x) = a_nx^n + a_{n-1}x^{n-1} + \ldots + a_1x + a_0] has integer coefficients, then every rational zero of [image: f(x)] has the form [image: \frac{p}{q}] where [image: p] is a factor of the constant term [image: a_0] and [image: q] is a factor of the leading coefficient [image: a_n].
  
 When the leading coefficient is [image: 1], the possible rational zeros are the factors of the constant term.
 
  How to: Given a polynomial function [image: f(x)], use the Rational Zero Theorem to find rational zeros. 	Determine all factors of the constant term and all factors of the leading coefficient.
 	Determine all possible values of [image: \frac{p}{q}], where [image: p] is a factor of the constant term and [image: q] is a factor of the leading coefficient. Be sure to include both positive and negative candidates.
 	Determine which possible zeros are actual zeros by evaluating each case of [image: f\left(\frac{p}{q}\right)].
 
  List all possible rational zeros of [image: f(x) = 2x^4 - 5x^3 + x^2 - 4]. Show Solution The only possible rational zeros of [image: f(x)] are the quotients of the factors of the last term, [image: -4], and the factors of the leading coefficient, [image: 2].
 The constant term is [image: -4]; the factors of [image: -4] are [image: p = \pm1, \pm2, \pm4].
 The leading coefficient is [image: 2]; the factors of [image: 2] are [image: q = \pm1, \pm2].
 If any of the four real zeros are rational zeros, then they will be one of the following factors of [image: -4] divided by one of the factors of [image: 2].
 [image: \frac{p}{q} = \pm \frac{1}{1}, \pm \frac{1}{2}] and [image: \frac{p}{q} = \pm \frac{2}{1}, \pm \frac{2}{2}] and [image: \frac{p}{q} = \pm \frac{4}{1}, \pm \frac{4}{2}]
 Note that [image: \frac{2}{2} = 1] and [image: \frac{4}{2} = 2], which have already been listed. So we can shorten our list.
 [image: \frac{p}{q} = \frac{\text{Factors of the last}}{\text{Factors of the first}} = \pm1, \pm2, \pm4, \pm\frac{1}{2}]
   An interactive online homework element has been excluded from the printed version of the text. To see the interactive element that was excluded, please visit the courseware online.
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				Factor Theorem
 The Factor Theorem is another theorem that helps us analyze polynomial equations. It tells us how the zeros of a polynomial are related to the factors.
 the factor theorem
 According to the factor theorem, [image: k] is a zero of [image: f(x)] if and only if [image: (x−k)] is a factor of [image: f(x)].
 
  Let’s walk through the proof of the theorem.
 Recall that the Division Algorithm. [image: f(x) = (x - k)q(x) + r]
 If [image: k] is a zero, then the remainder [image: r] is [image: f(k) = 0] and [image: f(x) = (x - k)q(x) + 0] or [image: f(x) = (x - k)q(x)].
 Notice, written in this form, [image: x - k] is a factor of [image: f(x)]. We can conclude if [image: k] is a zero of [image: f(x)], then [image: x - k] is a factor of [image: f(x)].
 Similarly, if [image: x - k] is a factor of [image: f(x)], then the remainder of the Division Algorithm [image: f(x) = (x - k)q(x) + r] is [image: 0]. This tells us that [image: k] is a zero.
  This pair of implications is the Factor Theorem. As we will soon see, a polynomial of degree [image: n] in the complex number system will have [image: n] zeros. We can use the Factor Theorem to completely factor a polynomial into the product of [image: n] factors. Once the polynomial has been completely factored, we can easily determine the zeros of the polynomial.
 How to: Given a factor and a third-degree polynomial, use the Factor Theorem to factor the polynomial. 	Use synthetic division to divide the polynomial by [image: (x-k)]
 	Confirm that the remainder is [image: 0].
 	Write the polynomial as the product of [image: (x-k)] and the quadratic quotient.
 	If possible, factor the quadratic.
 	Write the polynomial as the product of factors.
 
  Show that [image: (x + 2)] is a factor of [image: x^3 - 6x^2 - x + 30]. Find the remaining factors. Use the factors to determine the zeros of the polynomial. Show Solution We can use synthetic division to show that [image: (x + 2)] is a factor of the polynomial.[image: A synthetic division table showing the division of a polynomial by the binomial � + 2 x+2. The divisor − 2 −2 is on the far left. The row at the top lists the coefficients of the polynomial: − 2 −2, 1 1, − 6 −6, − 1 −1, and 30 30. The second row represents the products of the divisor and the results of each step: − 2 −2, 16 16, and − 30 −30. The bottom row sums the coefficients and the products: 1 1, − 8 −8, 15 15, and 0 0.] 
 The remainder is zero, so [image: (x + 2)] is a factor of the polynomial. We can use the Division Algorithm to write the polynomial as the product of the divisor and the quotient:
 [image: (x + 2)(x^2 - 8x + 15)]
 We can factor the quadratic factor to write the polynomial as
 [image: (x + 2)(x - 3)(x - 5)]
 By the Factor Theorem, the zeros of [image: x^3 - 6x^2 - x + 30] are [image: -2, 3,] and [image: 5].
   An interactive online homework element has been excluded from the printed version of the text. To see the interactive element that was excluded, please visit the courseware online.
 
  An interactive online homework element has been excluded from the printed version of the text. To see the interactive element that was excluded, please visit the courseware online.
 
  Find the zeros of [image: f\left(x\right)=4{x}^{3}-3x - 1] and graph the function. Show Solution The Rational Zero Theorem tells us that if [image: \frac{p}{q}] is a zero of [image: f\left(x\right)], then p is a factor of –1 and q is a factor of 4.
 [image: \begin{array}{l}\frac{p}{q}=\frac{\text{Factors of the constant term}}{\text{Factors of the leading coefficient}}\hfill \\ \text{}\frac{p}{q}=\frac{\text{Factors of -1}}{\text{Factors of 4}}\hfill \end{array}]
 The factors of –1 are [image: \pm 1] and the factors of 4 are [image: \pm 1,\pm 2], and [image: \pm 4]. The possible values for [image: \frac{p}{q}] are [image: \pm 1,\pm \frac{1}{2}], and [image: \pm \frac{1}{4}].
 These are the possible rational zeros for the function. We will use synthetic division to evaluate each possible zero until we find one that gives a remainder of [image: 0]. Let’s begin with [image: 1].
 [image: Synthetic division with 1 as the divisor and {4, 0, -3, -1} as the quotient. Solution is {4, 4, 1, 0}]
 Dividing by [image: \left(x - 1\right)] gives a remainder of [image: 0], so [image: 1] is a zero of the function. The polynomial can be written as [image: \left(x - 1\right)\left(4{x}^{2}+4x+1\right)].
 The quadratic is a perfect square. [image: f\left(x\right)] can be written as [image: \left(x - 1\right){\left(2x+1\right)}^{2}].
 We already know that [image: 1] is a zero. The other zero will have a multiplicity of [image: 2] because the factor is squared. To find the other zero, we can set the factor equal to [image: 0].
 [image: \begin{array}{l}2x+1=0\hfill \\ \text{ }x=-\frac{1}{2}\hfill \end{array}]
 The zeros of the function are [image: 1] and [image: -\frac{1}{2}] with multiplicity [image: 2].
 Graph of the function
 	At [image: x=-0.5], the graph touch (bounces off) the [image: x]-axis, indicating the even multiplicity for the zero [image: –0.5].
 	At [image: x=1], the graph crosses the [image: x]-axis, indicating the odd multiplicity for the zero [image: x=1].
 
 [image: Graph of a polynomial that have its local maximum at (-0.5, 0) labeled as]
   An interactive online homework element has been excluded from the printed version of the text. To see the interactive element that was excluded, please visit the courseware online.
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				The Fundamental Theorem of Algebra
 Now that we can find rational zeros for a polynomial function, we will look at a theorem that discusses the number of complex zeros of a polynomial function. The Fundamental Theorem of Algebra tells us that every polynomial function has at least one complex zero. This theorem forms the foundation for solving polynomial equations.
 Suppose [image: f] is a polynomial function of degree four and [image: f\left(x\right)=0]. The Fundamental Theorem of Algebra states that there is at least one complex solution, call it [image: {c}_{1}]. By the Factor Theorem, we can write [image: f\left(x\right)] as a product of [image: x-{c}_{\text{1}}] and a polynomial quotient. Since [image: x-{c}_{\text{1}}] is linear, the polynomial quotient will be of degree three. Now we apply the Fundamental Theorem of Algebra to the third-degree polynomial quotient. It will have at least one complex zero, call it [image: {c}_{\text{2}}]. We can write the polynomial quotient as a product of [image: x-{c}_{\text{2}}] and a new polynomial quotient of degree two. Continue to apply the Fundamental Theorem of Algebra until all of the zeros are found. There will be four of them and each one will yield a factor of [image: f\left(x\right)].
 Fundamental Theorem of Algebra
 The Fundamental Theorem of Algebra states that every non-constant polynomial function has at least one complex zero.
 That is, if you have a polynomial function of degree [image: n > 0], then [image: f(x)] has at least one complex zero.
  
 We can use this theorem to argue that, if [image: f\left(x\right)] is a polynomial of degree [image: n>0], and a is a non-zero real number, then [image: f\left(x\right)] has exactly n linear factors.
  
 The polynomial can be written as
 [image: f\left(x\right)=a\left(x-{c}_{1}\right)\left(x-{c}_{2}\right)...\left(x-{c}_{n}\right)]
 where [image: {c}_{1},{c}_{2},...,{c}_{n}] are complex numbers.
  
 Therefore, [image: f\left(x\right)] has n roots if we allow for multiplicities.
  Recall that we defined complex numbers as numbers of the form [image: a + bi]. To graph such numbers required the complex plane, made up of a real axis and an imaginary axis. This plane defined the real numbers as a subset of the complex numbers, just as the rational and irrational numbers are subsets of the real numbers.
 [image: \\]
 In other words, each real number is also a complex number of the form [image: a+bi], where [image: b=0]. Does every polynomial have at least one imaginary zero? 
 No. A complex number is not necessarily imaginary. Real numbers are also complex numbers.
  Find the zeros of [image: f\left(x\right)=3{x}^{3}+9{x}^{2}+x+3] and write the function in factored form (as a product of linear factors). Show Solution The Rational Zero Theorem tells us that if [image: \frac{p}{q}] is a zero of [image: f\left(x\right)], then [image: p] is a factor of [image: 3] and [image: q] is a factor of [image: 3].
 [image: \begin{array}{l}\frac{p}{q}=\frac{\text{Factors of the constant term}}{\text{Factor of the leading coefficient}}\hfill \\ \text{}\frac{p}{q}=\frac{\text{Factors of 3}}{\text{Factors of 3}}\hfill \end{array}]
 The factors of [image: 3] are [image: \pm 1] and [image: \pm 3]. The possible values for [image: \frac{p}{q}], and therefore the possible rational zeros for the function, are [image: \pm 3, \pm 1, \text{and} \pm \frac{1}{3}]. We will use synthetic division to evaluate each possible zero until we find one that gives a remainder of [image: 0]. Let’s begin with [image: –3].
 [image: Synthetic division with divisor = -3 and quotient = {3, 9, 1, 3}]Dividing by [image: \left(x+3\right)] gives a remainder of [image: 0], so [image: –3] is a zero of the function. The polynomial can be written as [image: \left(x+3\right)\left(3{x}^{2}+1\right)].
 We can then set the quadratic equal to [image: 0] and solve to find the other zeros of the function.
 [image: \begin{array}{l}3{x}^{2}+1=0\hfill \\ \text{ }{x}^{2}=-\frac{1}{3}\hfill \\ \text{ }x=\pm \sqrt{-\frac{1}{3}}=\pm \frac{i\sqrt{3}}{3}\hfill \end{array}]
 The zeros of [image: f\left(x\right)] are [image: –3] and [image: \pm \frac{i\sqrt{3}}{3}].
 Thus, we can write our function in factored form:
 [image: f(x) = 3(x+3)(x-\frac{i\sqrt{3}}{3})(x+\frac{i\sqrt{3}}{3})]
 Analysis of the Solution
 Look at the graph of the function [image: f]. Notice that, at [image: x=-3], the graph crosses the x-axis, indicating an odd multiplicity ([image: 1]) for the zero [image: x=-3]. Also note the presence of the two turning points. This means that, since there is a 3rd degree polynomial, we are looking at the maximum number of turning points. So, the end behavior of increasing without bound to the right and decreasing without bound to the left will continue. Thus, all the [image: x]-intercepts for the function are shown. So either the multiplicity of [image: x=-3] is [image: 1] and there are two complex solutions, which is what we found, or the multiplicity at [image: x=-3] is three. Either way, our result is correct.
 [image: Graph of a polynomial with its x-intercept at (-3, 0) labeled as "Cross"]
   Find the zeros of [image: f(x)=2{x}^{3}+5{x}^{2}-11x+4] and write it in factored form. Show Solution The Rational Zero Theorem states that any rational zero, [image: \frac{p}{q}], must have [image: p] as a factor of the constant term [image: 4] and [image: q] as a factor of the leading coefficient [image: 2].
 	Factors of [image: 4]: [image: \pm 1, \pm 2, \pm 4]
 	Factors of [image: 2]: [image: \pm 1, \pm 2]
 	All possible rational root: [image: \pm 1, \pm 2, \pm 4, \pm \frac{1}{2}]
 
 Test the possible zeros! Let’s start with [image: x = 1]:
 [image: ]
 The reminder is [image: 0], so [image: x=1] is a zero.
 Let’s rewrite [image: f(x)] and factor it completely:
 [image: \begin{align*} f(x) &= 2x^3 + 5x^2 - 11x + 4 \\ &= (x - 1)(2x^2 + 7x - 4) \\ &= (x - 1)(2x^2 + 8x - x - 4) \\ &= (x - 1)\left[ (2x^2 + 8x) + (-x - 4) \right] \\ &= (x - 1)\left[ 2x(x + 4) - 1(x + 4) \right] \\ &= (x - 1)(2x - 1)(x + 4) \end{align*}]
 Thus, the zeros are [image: \text{-4, }\frac{1}{2},\text{ and 1}\text{.}]
  An interactive online homework element has been excluded from the printed version of the text. To see the interactive element that was excluded, please visit the courseware online.
 
  An interactive online homework element has been excluded from the printed version of the text. To see the interactive element that was excluded, please visit the courseware online.
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				Linear Factorization Theorem and Complex Conjugate Theorem
 A vital implication of the Fundamental Theorem of Algebra is that a polynomial function of degree [image: n] will have [image: n] zeros in the set of complex numbers if we allow for multiplicities. This means that we can factor the polynomial function into [image: n] factors.
 Linear Factorization Theorem
 The Linear Factorization Theorem tells us that a polynomial function will have the same number of factors as its degree, and each factor will be of the form [image: (x – c)] where [image: c] is a complex number.
 
  When you learned to divide complex numbers, you multiplied the top and bottom of the quotient of complex numbers deliberately by the conjugate of the denominator so that the imaginary part would eliminate from the denominator. That is, multiplying complex conjugates eliminates the imaginary part. Let [image: f] be a polynomial function with real coefficients and suppose [image: a+bi\text{, }b\ne 0], is a zero of [image: f\left(x\right)]. Then, by the Factor Theorem, [image: x-\left(a+bi\right)] is a factor of [image: f\left(x\right)].
 For [image: f] to have real coefficients, [image: x-\left(a-bi\right)] must also be a factor of [image: f\left(x\right)]. This is true because any factor other than [image: x-\left(a-bi\right)], when multiplied by [image: x-\left(a+bi\right)], will leave imaginary components in the product.
 Only multiplication with conjugate pairs will eliminate the imaginary parts and result in real coefficients.
 In other words, if a polynomial function [image: f] with real coefficients has a complex zero [image: a+bi], then the complex conjugate [image: a-bi] must also be a zero of [image: f\left(x\right)]. This is called the Complex Conjugate Theorem.
 Complex Conjugate Theorem
 If the polynomial function [image: f] has real coefficients and a complex zero of the form [image: a+bi], then the complex conjugate of the zero, [image: a-bi], is also a zero.
  How To: Given the zeros of a polynomial function [image: f] and a point [image: \left(c\text{, }f(c)\right)] on the graph of [image: f], use the Linear Factorization Theorem to find the polynomial function 	Use the zeros to construct the linear factors of the polynomial.
 	Multiply the linear factors to expand the polynomial.
 	Substitute [image: \left(c,f\left(c\right)\right)] into the function to determine the leading coefficient.
 	Simplify.
 
  Find a fourth degree polynomial with real coefficients that has zeros of [image: –3], [image: 2], [image: i], such that [image: f\left(-2\right)=100]. Show Solution Because [image: x=i] is a zero, by the Complex Conjugate Theorem [image: x=-i] is also a zero. The polynomial must have factors of [image: \left(x+3\right),\left(x - 2\right),\left(x-i\right)], and [image: \left(x+i\right)]. Since we are looking for a degree [image: 4] polynomial and now have four zeros, we have all four factors. Let’s begin by multiplying these factors.
 [image: \begin{array}{l}f\left(x\right)=a\left(x+3\right)\left(x - 2\right)\left(x-i\right)\left(x+i\right)\\ f\left(x\right)=a\left({x}^{2}+x - 6\right)\left({x}^{2}+1\right)\\ f\left(x\right)=a\left({x}^{4}+{x}^{3}-5{x}^{2}+x - 6\right)\end{array}]
 We need to find [image: a] to ensure [image: f\left(-2\right)=100]. Substitute [image: x=-2] and [image: f\left(2\right)=100]
 into [image: f\left(x\right)].
 [image: \begin{array}{l}100=a\left({\left(-2\right)}^{4}+{\left(-2\right)}^{3}-5{\left(-2\right)}^{2}+\left(-2\right)-6\right)\hfill \\ 100=a\left(-20\right)\hfill \\ -5=a\hfill \end{array}]
 So the polynomial function is:
 [image: f\left(x\right)=-5\left({x}^{4}+{x}^{3}-5{x}^{2}+x - 6\right)]
 or
 [image: f\left(x\right)=-5{x}^{4}-5{x}^{3}+25{x}^{2}-5x+30]
 Analysis of the Solution
 We found that both [image: i] and [image: –i] were zeros, but only one of these zeros needed to be given. If [image: i] is a zero of a polynomial with real coefficients, then [image: –i] must also be a zero of the polynomial because [image: –i] is the complex conjugate of [image: i].
   An interactive online homework element has been excluded from the printed version of the text. To see the interactive element that was excluded, please visit the courseware online.
 
  An interactive online homework element has been excluded from the printed version of the text. To see the interactive element that was excluded, please visit the courseware online.
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				Descartes’ Rule of Signs
 There is a straightforward way to determine the possible numbers of positive and negative real zeros for any polynomial function. If the polynomial is written in descending order, Descartes’ Rule of Signs tells us of a relationship between the number of sign changes in [image: f\left(x\right)] and the number of positive real zeros.
 There is a similar relationship between the number of sign changes in [image: f\left(-x\right)] and the number of negative real zeros.
 Descartes’ Rule of Signs
 According to Descartes’ Rule of Signs, if we let [image: f\left(x\right)={a}_{n}{x}^{n}+{a}_{n - 1}{x}^{n - 1}+...+{a}_{1}x+{a}_{0}] be a polynomial function with real coefficients:
 	The number of positive real zeros is either equal to the number of sign changes of [image: f\left(x\right)] or is less than the number of sign changes by an even integer.
 	The number of negative real zeros is either equal to the number of sign changes of [image: f\left(-x\right)] or is less than the number of sign changes by an even integer.
 
 
  Use Descartes’ Rule of Signs to determine the possible numbers of positive and negative real zeros for:
 [image: f\left(x\right)=-{x}^{4}-3{x}^{3}+6{x}^{2}-4x - 12] Show Solution Begin by determining the number of sign changes.[image: Screen Shot 2015-08-04 at 12.31.54 PM]There are two sign changes, so there are either [image: 2] or [image: 0] positive real roots. Next, we examine [image: f\left(-x\right)] to determine the number of negative real roots.
 [image: \begin{array}{l}f\left(-x\right)=-{\left(-x\right)}^{4}-3{\left(-x\right)}^{3}+6{\left(-x\right)}^{2}-4\left(-x\right)-12\hfill \\ f\left(-x\right)=-{x}^{4}+3{x}^{3}+6{x}^{2}+4x - 12\hfill \end{array}][image: Screen Shot 2015-08-04 at 12.32.40 PM]
 Again, there are two sign changes, so there are either [image: 2] or [image: 0] negative real roots.
 There are four possibilities, as we can see below.
 	Positive Real Zeros 	Negative Real Zeros 	Complex Zeros 	Total Zeros 
  	[image: 2] 	[image: 2] 	[image: 0] 	[image: 4] 
 	[image: 2] 	[image: 0] 	[image: 2] 	[image: 4] 
 	[image: 0] 	[image: 2] 	[image: 2] 	[image: 4] 
 	[image: 0] 	[image: 0] 	[image: 4] 	[image: 4] 
  
 Analysis of the Solution
 We can confirm the numbers of positive and negative real roots by examining a graph of the function. We can see from the graph that the function has 0 positive real roots and 2 negative real roots.
 [image: Graph of f(x)=-x^4-3x^3+6x^2-4x-12 with x-intercepts at -4.42 and -1.]
   An interactive online homework element has been excluded from the printed version of the text. To see the interactive element that was excluded, please visit the courseware online.
 
  An interactive online homework element has been excluded from the printed version of the text. To see the interactive element that was excluded, please visit the courseware online.
 
  An interactive online homework element has been excluded from the printed version of the text. To see the interactive element that was excluded, please visit the courseware online.
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				Solving Real-world Applications of Polynomial Equations
 We have now introduced a variety of tools for solving polynomial equations.
 A new bakery offers decorated sheet cakes for children’s birthday parties and other special occasions. The bakery wants the volume of a small cake to be 351 cubic inches. The cake is in the shape of a rectangular solid. They want the length of the cake to be four inches longer than the width of the cake and the height of the cake to be one-third of the width. What should the dimensions of the cake pan be? Show Solution Begin by writing an equation for the volume of the cake. The volume of a rectangular solid is given by [image: V=lwh]. We were given that the length must be four inches longer than the width, so we can express the length of the cake as [image: l=w+4]. We were given that the height of the cake is one-third of the width, so we can express the height of the cake as [image: h=\frac{1}{3}w]. Let’s write the volume of the cake in terms of width of the cake.
 [image: \begin{array}{l}V=\left(w+4\right)\left(w\right)\left(\frac{1}{3}w\right)\\ V=\frac{1}{3}{w}^{3}+\frac{4}{3}{w}^{2}\end{array}]
 Substitute the given volume into this equation.
 [image: \begin{array}{l}\text{ }351=\frac{1}{3}{w}^{3}+\frac{4}{3}{w}^{2}\hfill & \text{Substitute 351 for }V.\hfill \\ 1053={w}^{3}+4{w}^{2}\hfill & \text{Multiply both sides by 3}.\hfill \\ \text{ }0={w}^{3}+4{w}^{2}-1053 \hfill & \text{Subtract 1053 from both sides}.\hfill \end{array}]
 Descartes’ rule of signs tells us there is one positive solution. The Rational Zero Theorem tells us that the possible rational zeros are [image: \pm 3,\pm 9,\pm 13,\pm 27,\pm 39,\pm 81,\pm 117,\pm 351], and [image: \pm 1053]. We can use synthetic division to test these possible zeros. Only positive numbers make sense as dimensions for a cake, so we need not test any negative values. Let’s begin by testing values that make the most sense as dimensions for a small sheet cake. Use synthetic division to check [image: x=1].
 [image: Synthetic Division with divisor = 1, and quotient = {1, 4, 0, -1053}. Solution is {1, 5, 5, -1048}]
 Since 1 is not a solution, we will check [image: x=3].
 [image: .]
 Since 3 is not a solution either, we will test [image: x=9].
 [image: .]
 Synthetic division gives a remainder of 0, so 9 is a solution to the equation. We can use the relationships between the width and the other dimensions to determine the length and height of the sheet cake pan.
 [image: l=w+4=9+4=13\text{ and }h=\frac{1}{3}w=\frac{1}{3}\left(9\right)=3]
 The sheet cake pan should have dimensions 13 inches by 9 inches by 3 inches.
   An interactive online homework element has been excluded from the printed version of the text. To see the interactive element that was excluded, please visit the courseware online.
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				 	Use the Remainder Theorem to evaluate polynomials and apply the Factor Theorem to find roots.
 	Apply the Rational Zero Theorem and Descartes’ Rule of Signs to identify possible rational zeros and estimate the number of positive and negative real zeros.
 	Find zeros of polynomial functions and use the Linear Factorization Theorem to construct polynomials.
 	Solve real-life problems using polynomial equations.
 
  A renowned architectural firm is designing a series of curved glass panels for a modern building facade.
 [image: ]Photo by Daniel Watson on Pexels The panels need to follow specific polynomial functions to create both aesthetically pleasing curves and meet structural engineering requirements. The firm’s engineers must analyze these polynomial functions to ensure proper design and installation.
 An interactive online homework element has been excluded from the printed version of the text. To see the interactive element that was excluded, please visit the courseware online.
 
  An interactive online homework element has been excluded from the printed version of the text. To see the interactive element that was excluded, please visit the courseware online.
 
  An interactive online homework element has been excluded from the printed version of the text. To see the interactive element that was excluded, please visit the courseware online.
 
  An interactive online homework element has been excluded from the printed version of the text. To see the interactive element that was excluded, please visit the courseware online.
 
  An interactive online homework element has been excluded from the printed version of the text. To see the interactive element that was excluded, please visit the courseware online.
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				 	Figure out which values make a rational expression impossible to calculate (like dividing by zero)
 
  Rational Expressions and Undefined Values
 A rational expression is an algebraic expression that can be written as the quotient of two polynomials, [image: P(x)] and [image: Q(x)], where [image: Q(x) \neq 0]. It takes the general form:
 [image: \frac{P(x)}{Q(x)}]
 where [image: P(x)] is the numerator and [image: Q(x)] is the denominator.
 The domain of a rational expression includes all real numbers except those that make the denominator equal to zero. When the denominator equals zero, the expression is undefined. This concept is rooted in the fundamental principle that division by zero is impossible in mathematics.
 rational expressions and undefined values
 A rational expression is undefined when its denominator equals zero.
  How to: Find the undefined values of a rational expression 	Isolate the denominator.
 	Set the denominator equal to zero.
 	Solve the resulting equation.
 
 The solutions to this equation are the values that make the rational expression undefined.
  Determine the value(s) of [image: x] for which the following rational expression is undefined:
 [image: \frac{x^2 - 4}{x - 2}]
 Show Answer 	Identify the denominator: [image: (x - 2)]
 	Set the denominator to zero: [image: x - 2 = 0]
 	Solve for [image: x]:
 [image: x = 2]
 
 Therefore, the expression is undefined when [image: x = 2].
 Note: At [image: x = 2], both the numerator and denominator equal zero, creating an indeterminate form [image: \frac{0}{0}].
   Find the values of [image: x] that make the following rational expression undefined:
 [image: \frac{x^2 + 3x}{x^2 - 4}]
 Show Answer 	Identify the denominator: [image: (x^2 - 4)]
 	Set the denominator to zero: [image: x^2 - 4 = 0]
 	Factor the equation: [image: (x + 2)(x - 2) = 0]
 	Solve for [image: x]:
 [image: x + 2 = 0] or [image: x - 2 = 0]
 [image: x = -2] or [image: x = 2]
 
 Therefore, the expression is undefined when [image: x = 2] or [image: x = -2].
   Determine all values of [image: x] for which the following rational expression is undefined:
 [image: \frac{2x^2 - 5}{x^3 - x}]
 Show Answer 	Identify the denominator: [image: x^3 - x]
 	Factor the denominator: [image: x(x^2 - 1) = x(x + 1)(x - 1)]
 	Set each factor to zero and solve: 	 [image: x = 0]
 	[image: x + 1 = 0], so [image: x = -1]
 	[image: x - 1 = 0], so [image: x = 1]
 
 
 
 Therefore, the expression is undefined when [image: x = 0], [image: x = 1], and [image: x = -1].
   Undefined values in rational expressions correspond to vertical asymptotes in their graphs. As [image: x] approaches an undefined value, the expression approaches infinity or negative infinity, creating a vertical line that the graph approaches but never crosses.
 For example, in the graph of [image: y = \frac{1}{x - 2}]:
 [image: Graph of y = \frac{1}{x - 2}]
 	As [image: x] approaches [image: 2] from the left, [image: y] approaches positive infinity.
 	As [image: x] approaches [image: 2] from the right, [image: y] approaches negative infinity.
 	The line [image: x = 2] is a vertical asymptote of the graph.
 
  Common Mistakes to Avoid
 	Forgetting to check for undefined values before simplifying.
 	Assuming only linear terms in the denominator can cause undefined values.
 	Neglecting to factor completely when dealing with higher degree polynomials.
 	Confusing zero values of the numerator with undefined values.
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				Find the x-intercept and y-intercept of graphs. Finding Intercepts
 The intercepts of a graph are points where the graph crosses the axes. The [image: x]–intercept is the point where the graph crosses the x-axis. At this point, the y-coordinate is zero. The [image: y]–intercept is the point where the graph crosses the [image: y]–axis. At this point, the [image: x]–coordinate is zero.
 intercepts
 The intercepts of a graph are points at which the graph crosses the axes.
 	The [image: x]-intercept is the point at which the graph crosses the [image: x]-axis. At this point, the [image: y]-coordinate is zero.
 	The [image: y]-intercept is the point at which the graph crosses the [image: y]-axis. At this point, the [image: x]-coordinate is zero.
 
 
  	Find the [image: x]-intercept by setting [image: y=0] and solving for [image: x].
 	Find the [image: y]–intercept by setting [image: x=0] and solving for [image: y].
 
  Find the intercepts of the equation [image: y=3x - 1]. 	To find the [image: x]–intercept, set [image: y=0].
 
 [image: \begin{array}{llllll}y=3x - 1\hfill & \hfill \\ 0=3x - 1\hfill & \hfill \\ 1=3x\hfill & \hfill \\ \frac{1}{3}=x\hfill & \hfill \\ \left(\frac{1}{3},0\right)\hfill & x\text{-intercept}\hfill \end{array}]
 	To find the [image: y]–intercept, set [image: x=0].
 
 [image: \begin{array}{lllll}y=3x - 1\hfill & \hfill \\ y=3\left(0\right)-1\hfill & \hfill \\ y=-1\hfill & \hfill \\ \left(0,-1\right)\hfill & y\text{-intercept}\hfill \end{array}]
 Graph of the linear equation. You can now graph the equation using the intercepts. All you need to do is plot both points and draw a line passing through them.
 [image: This is an image of a line graph on an x, y coordinate plane. The x and y-axis range from negative 4 to 4. The function y = 3x – 1 is plotted on the coordinate plane]
  
  Find the intercepts of the equation [image: y=-3x - 4]. Then sketch the graph using only the intercepts. Show Solution Set [image: y=0] to find the [image: x]–intercept.
 [image: \begin{array}{l}y=-3x - 4\hfill \\ 0=-3x - 4\hfill \\ 4=-3x\hfill \\ -\frac{4}{3}=x\hfill \\ \left(-\frac{4}{3},0\right)x\text{-intercept}\hfill \end{array}]
 Set [image: x=0] to find the [image: y]–intercept.
 [image: \begin{array}{l}y=-3x - 4\hfill \\ y=-3\left(0\right)-4\hfill \\ y=-4\hfill \\ \left(0,-4\right)y\text{-intercept}\hfill \end{array}]
 Plot both points and draw a line passing through them.
 [image: This is an image of a line graph on an x, y coordinate plane. The x-axis ranges from negative 5 to 5. The y-axis ranges from negative 6 to 3. The line passes through the points (-4/3, 0) and (0, -4).]
   An interactive online homework element has been excluded from the printed version of the text. To see the interactive element that was excluded, please visit the courseware online.
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				 	Discover or calculate the inverse of a function
 
  Finding and Evaluating Inverse Functions
 Recall that two functions [image: f] and [image: g] are inverse functions if for every coordinate pair in [image: f], [image: (a, b)], there exists a corresponding coordinate pair in the inverse function, [image: g], [image: (b, a)]. In other words, the coordinate pairs of the inverse functions have the input and output interchanged.
 Only one-to-one functions have inverses that are also functions. Recall that a one-to-one function has a unique output value for each input value and passes the horizontal line test.
 For a function that is not one-to-one to have an inverse function, the function must be restricted on its domain to create a new function that is one-to-one and thus would have an inverse function.
 verifying two functions are inverses of one another
 Two functions, [image: f] and [image: g], are inverses of one another if for all [image: x] in the domain of [image: f] and [image: g].
 [image: g\left(f\left(x\right)\right)=f\left(g\left(x\right)\right)=x]
  Inverting Tabular Functions
 Suppose we want to find the inverse of a function represented in table form. Remember that the domain of a function is the range of the inverse and the range of the function is the domain of the inverse. So we need to interchange the domain and range.
 Each row (or column) of inputs becomes the row (or column) of outputs for the inverse function. Similarly, each row (or column) of outputs becomes the row (or column) of inputs for the inverse function.
 A function [image: f\left(t\right)] is given below, showing distance in miles that a car has traveled in [image: t] minutes. Find and interpret [image: {f}^{-1}\left(70\right)]. 	[image: t] (minutes) 	[image: f(t)] (miles) 
 	[image: 30] 	[image: 20] 
 	[image: 50] 	[image: 40] 
 	[image: 70] 	[image: 60] 
 	[image: 90] 	[image: 70] 
  
 Show Solution The inverse function takes an output of [image: f] and returns an input for [image: f]. So in the expression [image: {f}^{-1}\left(70\right)], [image: 70] is an output value of the original function, representing [image: 70] miles. The inverse will return the corresponding input of the original function [image: f], [image: 90] minutes, so [image: {f}^{-1}\left(70\right)=90]. The interpretation of this is that, to drive [image: 70] miles, it took [image: 90] minutes.
 Alternatively, recall that the definition of the inverse was that if [image: f\left(a\right)=b], then [image: {f}^{-1}\left(b\right)=a]. By this definition, if we are given [image: {f}^{-1}\left(70\right)=a], then we are looking for a value [image: a] so that [image: f\left(a\right)=70]. In this case, we are looking for a [image: t] so that [image: f\left(t\right)=70], which is when [image: t=90].
   An interactive online homework element has been excluded from the printed version of the text. To see the interactive element that was excluded, please visit the courseware online.
 
  Evaluating the Inverse of a Function, Given a Graph of the Original Function
 The domain of a function can be read by observing the horizontal extent of its graph. We find the domain of the inverse function by observing the vertical extent of the graph of the original function, because this corresponds to the horizontal extent of the inverse function. Similarly, we find the range of the inverse function by observing the horizontal extent of the graph of the original function, as this is the vertical extent of the inverse function. If we want to evaluate an inverse function, we find its input within its domain, which is all or part of the vertical axis of the original function’s graph.
 How To: Given the graph of a function, evaluate its inverse at specific points. 	Find the desired input of the inverse function on the [image: y]-axis of the given graph.
 	Read the inverse function’s output from the [image: x]-axis of the given graph.
 
  A function [image: g\left(x\right)] is given below. Find [image: g\left(3\right)] and [image: {g}^{-1}\left(3\right)].[image: Graph of g(x).] Show Solution To evaluate [image: g\left(3\right)], we find [image: 3] on the [image: x]-axis and find the corresponding output value on the [image: y]-axis. The point [image: \left(3,1\right)] tells us that [image: g\left(3\right)=1].
 [image: \\]
 To evaluate [image: {g}^{-1}\left(3\right)], recall that by definition [image: {g}^{-1}\left(3\right)] means the value of [image: x] for which [image: g\left(x\right)=3]. By looking for the output value 3 on the vertical axis, we find the point [image: \left(5,3\right)] on the graph, which means [image: g\left(5\right)=3], so by definition, [image: {g}^{-1}\left(3\right)=5].[image: Graph of g(x).]
  An interactive online homework element has been excluded from the printed version of the text. To see the interactive element that was excluded, please visit the courseware online.
 
  Finding Inverses of Functions Represented by Formulas
 Sometimes we will need to know an inverse function for all elements of its domain, not just a few. If the original function is given as a formula—for example, [image: y] as a function of [image: x-] we can often find the inverse function by solving to obtain [image: x] as a function of [image: y].
 How To: Given a function represented by a formula, find the inverse. 	Verify that [image: f] is a one-to-one function.
 	Replace [image: f\left(x\right)] with [image: y].
 	Interchange [image: x] and [image: y].
 	Solve for [image: y], and rename the function [image: {f}^{-1}\left(x\right)].
 
  Find a formula for the inverse function that gives Fahrenheit temperature as a function of Celsius temperature. [image: C=\frac{5}{9}\left(F - 32\right)]
 Show Solution [image: { C }=\frac{5}{9}\left(F - 32\right)]
 [image: C\cdot \frac{9}{5}=F - 32]
 [image: F=\frac{9}{5}C+32]
 By solving in general, we have uncovered the inverse function. If
 [image: C=h\left(F\right)=\frac{5}{9}\left(F - 32\right)],
 then
 [image: F={h}^{-1}\left(C\right)=\frac{9}{5}C+32].
 In this case, we introduced a function [image: h] to represent the conversion because the input and output variables are descriptive, and writing [image: {C}^{-1}] could get confusing.
   Find the inverse of the function [image: f\left(x\right)=\dfrac{2}{x - 3}+4]. 
 Show Solution [image: \begin{align}&y=\frac{2}{x - 3}+4 && \text{Change }f(x)\text{ to }y. \\[1.5mm]&x=\frac{2}{y - 3}+4 && \text{Switch }x\text{ and }y. \\[1.5mm] &y - 4=\frac{2}{x - 3} && \text{Subtract 4 from both sides}. \\[1.5mm] &y - 3=\frac{2}{x - 4} && \text{Multiply both sides by }y - 3\text{ and divide by }x - 4. \\[1.5mm] &y=\frac{2}{x - 4}+3 && \text{Add 3 to both sides}.\\[-3mm]&\end{align}]
 So [image: {f}^{-1}\left(x\right)=\dfrac{2}{x - 4}+3].
 Analysis of the Solution
 The domain and range of [image: f] exclude the values [image: 3] and [image: 4], respectively. [image: f] and [image: {f}^{-1}] are equal at two points but are not the same function, as we can see by creating the table below.
 	[image: x] 	[image: 1] 	[image: 2] 	[image: 5] 	[image: {f}^{-1}\left(y\right)] 
 	[image: f\left(x\right)]  	[image: 3] 	[image: 2] 	[image: 5] 	[image: y] 
  
   An interactive online homework element has been excluded from the printed version of the text. To see the interactive element that was excluded, please visit the courseware online.
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				 	Use arrow notation to describe how rational functions behave at different points
 	Apply rational functions to solve real-world problems
 	Find out which values are allowed for rational functions and understand what limits these values set
 	Spot where rational functions shoot up to infinity (vertical asymptotes) and explore why these points are important
 	Find where rational functions level off at infinity (horizontal asymptotes) and see how these affect the graph
 	Draw graphs of rational functions carefully, including places where the graph breaks or levels out, and where it’s not defined
 
  Rational Functions
 A rational function is a function that can be written as the quotient of two polynomial functions [image: P\left(x\right) \text{ and } Q\left(x\right)].
  
 [image: f\left(x\right)=\dfrac{P\left(x\right)}{Q\left(x\right)}=\dfrac{{a}_{p}{x}^{p}+{a}_{p - 1}{x}^{p - 1}+...+{a}_{1}x+{a}_{0}}{{b}_{q}{x}^{q}+{b}_{q - 1}{x}^{q - 1}+...+{b}_{1}x+{b}_{0}},Q\left(x\right)\ne 0]
 When a variable is present in the denominator of a rational expression, certain values of the variable may cause the denominator to equal zero. A rational expression with a zero in the denominator is not defined since we cannot divide by zero.
 We have seen the graphs of the basic reciprocal function and the squared reciprocal function from our study of toolkit functions.[image: Graphs of f(x)=1/x and f(x)=1/x^2]Several things are apparent if we examine the graph of [image: f\left(x\right)=\dfrac{1}{x}]. 	On the left branch of the graph, the curve approaches the [image: x]-axis [image: \left(y=0\right) \text{ as } x\to -\infty].
 	As the graph approaches [image: x=0] from the left, the curve drops, but as we approach zero from the right, the curve rises.
 	Finally, on the right branch of the graph, the curves approaches the [image: x]–axis [image: \left(y=0\right) \text{ as } x\to \infty].
 
  Arrow Notations
 We use arrow notation to show that [image: x] or [image: f\left(x\right)] is approaching a particular value.
 	Arrow Notation 
 	Symbol 	Meaning 
  	[image: x\to {a}^{-}] 	[image: x] approaches [image: a] from the left ([image: x \lt a] but close to [image: a]) 
 	[image: x\to {a}^{+}] 	[image: x] approaches [image: a] from the right ([image: x \lt a] but close to [image: a]) 
 	[image: x\to \infty] 	[image: x] approaches infinity ([image: x] increases without bound) 
 	[image: x\to -\infty] 	[image: x] approaches negative infinity ([image: x] decreases without bound) 
 	[image: f\left(x\right)\to \infty] 	the output approaches infinity (the output increases without bound) 
 	[image: f\left(x\right)\to -\infty] 	the output approaches negative infinity (the output decreases without bound) 
 	[image: f\left(x\right)\to a] 	the output approaches [image: a] 
  
 Let’s begin by looking at the reciprocal function, [image: f\left(x\right)=\frac{1}{x}].As the input values approach zero from the left side (becoming very small, negative values), the function values decrease without bound (in other words, they approach negative infinity). We can see this behavior in the table below. 	[image: x] 	[image: –0.1] 	[image: –0.01] 	[image: –0.001] 	[image: –0.0001] 
 	[image: f\left(x\right)=\frac{1}{x}]  	[image: –10] 	[image: –100] 	[image: –1000] 	[image: –10,000] 
  
 We write in arrow notation:
 [image: \text{as }x\to {0}^{-},f\left(x\right)\to -\infty]
 As [image: x] approaches [image: 0] from the left (negative) side, [image: f(x)] will approach negative infinity.
 As the input values approach zero from the right side (becoming very small, positive values), the function values increase without bound (approaching infinity). We can see this behavior in the table below.
 	[image: x] 	[image: 0.1] 	[image: 0.01] 	[image: 0.001] 	[image: 0.0001] 
 	[image: f\left(x\right)=\frac{1}{x}]  	[image: 10] 	[image: 100] 	[image: 1000] 	[image: 10,000] 
  
 We write in arrow notation:
 [image: \text{As }x\to {0}^{+}, f\left(x\right)\to \infty].
 As [image: x] approaches [image: 0] from the right (positive) side, [image: f(x)] will approach infinity.
 [image: Graph of f(x)=1/x which denotes the end behavior. As x goes to negative infinity, f(x) goes to 0, and as x goes to 0^-, f(x) goes to negative infinity. As x goes to positive infinity, f(x) goes to 0, and as x goes to 0^+, f(x) goes to positive infinity.]
  Use arrow notation to describe: 	As [image: x \to -1^-], [image: f(x) \to] ___
 	As [image: x \to -1^+], [image: f(x) \to] ___
 	As [image: x \to -\infty], [image: f(x) \to] ___
 	As [image: x \to \infty], [image: f(x) \to] ___
 
 [image: Graph of f(x)=1/(x-2)+4 with its vertical asymptote at x=2 and its horizontal asymptote at y=4.]
 Show Solution 	As [image: x \to -1^-], [image: f(x) \to  -\infty]
 	As [image: x \to -1^+], [image: f(x) \to \infty]
 	As [image: x \to -\infty], [image: f(x) \to 4]
 	As [image: x \to \infty], [image: f(x) \to 4]
 
   An interactive online homework element has been excluded from the printed version of the text. To see the interactive element that was excluded, please visit the courseware online.
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				Local Behavior of [image: f\left(x\right)=\frac{1}{x}]
 Consider the function [image: f(x) = \dfrac{1}{x}].
 [image: Graph of f(x)=1/x with its vertical asymptote at x=0.]
 Previously, we state that:
 	As [image: x\to {0}^{-}, f\left(x\right)\to -\infty]
 	As [image: x\to {0}^{+}, f\left(x\right)\to \infty].
 
 This behavior creates a vertical asymptote, which is a vertical line that the graph approaches but never crosses. In this case, as the input nears zero from the left, the function value decreases without bound. As the input nears zero from the right, the function value increases without bound. The line [image: x=0] is a vertical asymptote for the function.
 vertical asymptote
 A vertical asymptote of a graph is a vertical line [image: x=a] where the graph tends toward positive or negative infinity as the inputs approach [image: x].
 We write:
 [image: \text{As }x\to a,f\left(x\right)\to \infty , \text{or as }x\to a,f\left(x\right)\to -\infty]
  The term asymptote has its origins from three Greek roots. a, meaning not
 sun, meaning together
 ptotos, meaning to fall
 These give us asymptotos, meaning not falling together, which leads to the modern term describing a line that a curve (the graph of a function) approaches but never meets.
  End Behavior of [image: f\left(x\right)=\frac{1}{x}]
 Let’s take a look at the end behavior of the function [image: f(x) = \dfrac{1}{x}] again.[image: Graph of f(x)=1/x with its vertical asymptote at x=0 and its horizontal asymptote at y=0.]
 As the values of [image: x] approach infinity, the function values approach [image: 0]. As the values of [image: x] approach negative infinity, the function values approach [image: 0]. Symbolically, using arrow notation
 [image: \text{As }x\to \infty ,f\left(x\right)\to 0,\text{and as }x\to -\infty ,f\left(x\right)\to 0].
 Based on this overall behavior and the graph, we can see that the function approaches [image: 0] but never actually reaches [image: 0]; it seems to level off as the inputs become large. This behavior creates a horizontal asymptote, a horizontal line that the graph approaches as the input increases or decreases without bound. In this case, the graph is approaching the horizontal line [image: y=0].
 horizontal asymptote
 A horizontal asymptote of a graph is a horizontal line [image: y=b] where the graph approaches the line as the inputs increase or decrease without bound.
 We write
 [image: \text{As }x\to \infty \text{ or }x\to -\infty ,\text{ }f\left(x\right)\to b].
  Use arrow notation to describe the end behavior and local behavior of the function below.[image: Graph of f(x)=1/(x-2)+4 with its vertical asymptote at x=2 and its horizontal asymptote at y=4.] Show Solution Notice that the graph is showing a vertical asymptote at [image: x=2], which tells us that the function is undefined at [image: x=2].
 As [image: x\to {2}^{-},\hspace{2mm}f\left(x\right)\to -\infty], and as [image: x\to {2}^{+},\text{ }f\left(x\right)\to \infty]
 And as the inputs decrease without bound, the graph appears to be leveling off at output values of 4, indicating a horizontal asymptote at [image: y=4]. As the inputs increase without bound, the graph levels off at 4.
 As [image: x\to \infty ,\text{ }f\left(x\right)\to 4], and as [image: x\to -\infty ,\text{ }f\left(x\right)\to 4]
   [ohm_question hide_question_numbers=1]294373[/ohm_question] 
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				Domain and Its Effect on Vertical Asymptotes
 A vertical asymptote represents a value at which a rational function is undefined, so that value is not in the domain of the function. A reciprocal function (a special case of a rational function) cannot have values in its domain that cause the denominator to equal zero. In general, to find the domain of a rational function, we need to determine which inputs would cause division by zero.
 domain of a rational function
 The domain of a rational function includes all real numbers except those that cause the denominator to equal zero.
  How To: Given a rational function, find the domain. 	Set the denominator equal to zero.
 	Solve to find the values of the variable that cause the denominator to equal zero.
 	The domain contains all real numbers except those found in Step 2.
 
  Find the domain of [image: f\left(x\right)=\dfrac{x+3}{{x}^{2}-9}]. Show Solution Begin by setting the denominator equal to zero and solving.
 [image: \begin{align} {x}^{2}-9&=0 \\ {x}^{2}&=9 \\ x&=\pm 3 \end{align}]
 The denominator is equal to zero when [image: x=\pm 3]. The domain of the function is all real numbers except [image: x=\pm 3].
 Analysis of the Solution
 A graph of this function confirms that the function is not defined when [image: x=\pm 3].
 [image: Graph of f(x)=1/(x-3) with its vertical asymptote at x=3 and its horizontal asymptote at y=0.]
 There is a vertical asymptote at [image: x=3] and a hole in the graph at [image: x=-3]. We will discuss these types of holes in greater detail later in this section.
   An interactive online homework element has been excluded from the printed version of the text. To see the interactive element that was excluded, please visit the courseware online.
 
  An interactive online homework element has been excluded from the printed version of the text. To see the interactive element that was excluded, please visit the courseware online.
 
  By looking at the graph of a rational function, we can investigate its local behavior and easily see whether there are asymptotes. We may even be able to approximate their location. Even without the graph, however, we can still determine whether a given rational function has any asymptotes, and calculate their location.
 Vertical Asymptotes
 The vertical asymptotes of a rational function may be found by examining the factors of the denominator that are not common to the factors in the numerator. Vertical asymptotes occur at the zeros of such factors.
 How To: Given a rational function, identify any vertical asymptotes of its graph. 	Factor the numerator and denominator.
 	Note any restrictions in the domain of the function.
 	Reduce the expression by canceling common factors in the numerator and the denominator.
 	Note any values that cause the denominator to be zero in this simplified version. These are where the vertical asymptotes occur.
 	Note any restrictions in the domain where asymptotes do not occur. These are removable discontinuities.
 
  Find the vertical asymptote and the domain of [image: f\left(x\right)=\dfrac{x+3}{{x}^{2}-9}]. Show Solution 	Identify the denominator and set it equal to zero.
 
 [image: \begin{align} {x}^{2}-9&=0 \\ {x}^{2}&=9 \\ x&=\pm 3 \end{align}]
 The denominator is equal to zero when [image: x=\pm 3].
 Thus, the domain of the function is all real numbers except [image: x=\pm 3] or in interval notation: [image: (-\infty, -3) \cup (-3, 3) \cup (3, \infty)].
 	Check the numerator at these values: If both the numerator and the denominator are zero at the same [image: x]-value, this indicates a hole in the graph rather than a vertical asymptote.
 
 The numerator [image: x+3] does not equal zero when [image: x=3]. However, it equals to zero when [image: x=-3]. So:
 	 [image: x=3] is a vertical asymptote.
 	[image: x = -3] is a hole in the graph, not a vertical asymptote.
 
 A graph of this function confirms our finding above.
 [image: Graph of f(x)=1/(x-3) with its vertical asymptote at x=3 and its horizontal asymptote at y=0.]
 Vertical asymptote: [image: x=3]
   Removable Discontinuities
 Occasionally, a graph will contain a hole: a single point where the graph is not defined, indicated by an open circle. We call such a hole a removable discontinuity.
 removable discontinuities of rational functions
 A removable discontinuity occurs in the graph of a rational function at [image: x=a] if a is a zero for a factor in the denominator that is common with a factor in the numerator. We factor the numerator and denominator and check for common factors. If we find any, we set the common factor equal to 0 and solve. This is the location of the removable discontinuity.
  
 	This is true if the multiplicity of this factor is greater than or equal to that in the denominator. If the multiplicity of this factor is greater in the denominator, then there is still an asymptote at that value.
 
  For example, the function [image: f\left(x\right)=\dfrac{{x}^{2}-1}{{x}^{2}-2x - 3}] may be re-written by factoring the numerator and the denominator. [image: f\left(x\right)=\dfrac{\left(x+1\right)\left(x - 1\right)}{\left(x+1\right)\left(x - 3\right)}]
 Notice that [image: x+1] is a common factor to the numerator and the denominator. The zero of this factor, [image: x=-1], is the location of the removable discontinuity. Notice also that [image: x - 3] is not a factor in both the numerator and denominator. The zero of this factor, [image: x=3], is the vertical asymptote.
 [image: Graph of f(x)=(x^2-1)/(x^2-2x-3) with its vertical asymptote at x=3 and a removable discontinuity at x=-1.]
  Find the vertical asymptotes and removable discontinuities of the graph of [image: k\left(x\right)=\dfrac{x - 2}{{x}^{2}-4}]. Show Solution Factor the numerator and the denominator.
 [image: k\left(x\right)=\dfrac{x - 2}{\left(x - 2\right)\left(x+2\right)}]
 Notice that there is a common factor in the numerator and the denominator, [image: x - 2]. The zero for this factor is [image: x=2]. This is the location of the removable discontinuity.
 Notice that there is a factor in the denominator that is not in the numerator, [image: x+2]. The zero for this factor is [image: x=-2]. The vertical asymptote is [image: x=-2].
 [image: Graph of k(x)=(x-2)/(x-2)(x+2) with its vertical asymptote at x=-2 and a removable discontinuity at x=2.]
 The graph of this function will have the vertical asymptote at [image: x=-2], but at [image: x=2] the graph will have a hole.
   An interactive online homework element has been excluded from the printed version of the text. To see the interactive element that was excluded, please visit the courseware online.
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				Horizontal Asymptotes and Intercepts
 While vertical asymptotes describe the behavior of a graph as the output gets very large or very small, horizontal asymptotes help describe the behavior of a graph as the input gets very large or very small. Recall that a polynomial’s end behavior will mirror that of the leading term. Likewise, a rational function’s end behavior will mirror that of the ratio of the leading terms of the numerator and denominator functions.
 We have learned that knowing the leading coefficient and degree of a polynomial function is useful when predicting its end behavior.
 [image: \\]
 If the leading term is positive or negative, and has even or odd degree, it will tell us the toolkit function’s graph behavior it will mimic: [image: f(x)=x^2, \quad f(x)=-x^2,\quad f(x)=x^3,\quad] or [image: \quad f(x)=-x^3].
 [image: \\]
 The same idea applies to the ratio of leading terms of a rational function. There are three distinct outcomes when checking for horizontal asymptotes:
 	Case 1: If the degree of the denominator [image: >] degree of the numerator, there is a horizontal asymptote at [image: y=0].
 Example: [image: f\left(x\right)=\dfrac{4x+2}{{x}^{2}+4x - 5}]
 In this case the end behavior is [image: f\left(x\right)\approx \frac{4x}{{x}^{2}}=\frac{4}{x}]. This tells us that, as the inputs increase or decrease without bound, this function will behave similarly to the function [image: g\left(x\right)=\frac{4}{x}], and the outputs will approach zero, resulting in a horizontal asymptote at [image: y=0]. Note that this graph crosses the horizontal asymptote.
 [image: Graph of f(x)=(4x+2)/(x^2+4x-5) with its vertical asymptotes at x=-5 and x=1 and its horizontal asymptote at y=0.]Horizontal Asymptote [image: y=0] when [image: f\left(x\right)=\dfrac{p\left(x\right)}{q\left(x\right)},q\left(x\right)\ne{0}\text{ where degree of }p<\text{degree of q}].  
 	Case 2: If the degree of the denominator [image: <] degree of the numerator by one, we get a slant asymptote.
 Example: [image: f\left(x\right)=\dfrac{3{x}^{2}-2x+1}{x - 1}]
 In this case the end behavior is [image: f\left(x\right)\approx \frac{3{x}^{2}}{x}=3x]. This tells us that as the inputs increase or decrease without bound, this function will behave similarly to the function [image: g\left(x\right)=3x]. As the inputs grow large, the outputs will grow and not level off, so this graph has no horizontal asymptote. However, the graph of [image: g\left(x\right)=3x] looks like a diagonal line, and since [image: f] will behave similarly to [image: g], it will approach a line close to [image: y=3x]. This line is a slant asymptote (NOTE: the graph of the function itself is just a “sketch” within the parameters of the asymptotes).
 
 [image: Graph of f(x)=(3x^2-2x+1)/(x-1) with its vertical asymptote at x=1 and a slant asymptote at y=3x+1.]Slant Asymptote when [image: f\left(x\right)=\dfrac{p\left(x\right)}{q\left(x\right)},q\left(x\right)\ne 0] where degree of [image: p>\text{ degree of }q\text{ by }1].  
 	Case 3: If the degree of the denominator [image: =] degree of the numerator, there is a horizontal asymptote at [image: y=\frac{{a}_{n}}{{b}_{n}}], where [image: {a}_{n}] and [image: {b}_{n}] are the leading coefficients of [image: p\left(x\right)] and [image: q\left(x\right)] for [image: f\left(x\right)=\frac{p\left(x\right)}{q\left(x\right)},q\left(x\right)\ne 0].
 Example: [image: f\left(x\right)=\dfrac{3{x}^{2}+2}{{x}^{2}+4x - 5}]
 In this case the end behavior is [image: f\left(x\right)\approx \frac{3{x}^{2}}{{x}^{2}}=3]. This tells us that as the inputs grow large, this function will behave like the function [image: g\left(x\right)=3], which is a horizontal line. As [image: x\to \pm \infty ,f\left(x\right)\to 3], resulting in a horizontal asymptote at [image: y=3]. Note that this graph crosses the horizontal asymptote.
 [image: Graph of f(x)=(3x^2+2)/(x^2+4x-5) with its vertical asymptotes at x=-5 and x=1 and its horizontal asymptote at y=3.]Horizontal Asymptote when [image: f\left(x\right)=\frac{p\left(x\right)}{q\left(x\right)},q\left(x\right)\ne 0\text{ where degree of }p=\text{degree of }q].  
 
 Notice that, while the graph of a rational function will never cross a vertical asymptote, the graph may or may not cross a horizontal or slant asymptote. Also, although the graph of a rational function may have many vertical asymptotes, the graph will have at most one horizontal (or slant) asymptote. horizontal asymptotes of rational functions
 The horizontal asymptote of a rational function can be determined by looking at the degrees of the numerator and denominator.
 	Case 1: Degree of numerator is less than degree of denominator: horizontal asymptote at [image: y=0]
 	Case 2: Degree of numerator is greater than degree of denominator by one: no horizontal asymptote; slant asymptote. 	If the degree of the numerator is greater than the degree of the denominator by more than one, the end behavior of the function’s graph will mimic that of the graph of the reduced ratio of leading terms.
 
 
 	Case 3: Degree of numerator is equal to degree of denominator: horizontal asymptote at ratio of leading coefficients.
 
  It should be noted that, if the degree of the numerator is larger than the degree of the denominator by more than one, the end behavior of the graph will mimic the behavior of the reduced end behavior fraction.Type your Example text here
 You’ll need to graph the rational function [image: f\left(x\right)\ =\ \dfrac{\left(4x^a+2\right)}{\left(x^b+2x-3\right)}] using an online graphing calculator. Adjust the [image: a] and the [image: b] values to obtain graphs with the following horizontal asymptotes: 	Find values of [image: a] and [image: b] that will give a graph with a slant asymptote.
 	Find values of [image: a] and [image: b] that will give a graph with a horizontal asymptote at [image: y = 0]
 	Find values of [image: a] and [image: b] that will give a graph with a horizontal asymptote that is the ratio of the leading coefficients of [image: f(x)].
 
 Show Solution Answers will vary.
 	Find values of [image: a] and [image: b] that will give a graph with a slant asymptote.  For example [image: b = 3, a = 4]
 	Find values of [image: a] and [image: b] that will give a graph with a horizontal asymptote at [image: y = 0].  For example, [image: b = 4, a = 2]
 	Find values of [image: a] and [image: b] that will give a graph with a horizontal asymptote that is the ratio of the leading coefficients of [image: f(x)].For example, [image: b = 4, a = 4]
 
   For the functions below, identify the horizontal or slant asymptote. 	[image: g\left(x\right)=\dfrac{6{x}^{3}-10x}{2{x}^{3}+5{x}^{2}}]
 	[image: h\left(x\right)=\dfrac{{x}^{2}-4x+1}{x+2}]
 	[image: k\left(x\right)=\dfrac{{x}^{2}+4x}{{x}^{3}-8}]
 
 Show Solution For these solutions, we will use [image: f\left(x\right)=\dfrac{p\left(x\right)}{q\left(x\right)}, q\left(x\right)\ne 0].
 	[image: g\left(x\right)=\dfrac{6{x}^{3}-10x}{2{x}^{3}+5{x}^{2}}]: The degree of [image: p] and the degree of [image: q] are both equal to 3, so we can find the horizontal asymptote by taking the ratio of the leading terms.
 There is a horizontal asymptote at [image: y=\frac{6}{2}] or [image: y=3].
 	[image: h\left(x\right)=\dfrac{{x}^{2}-4x+1}{x+2}]: The degree of [image: p=2] and degree of [image: q=1]. Since [image: p>q] by 1, there is no horizontal asymptote.
 However, we have a slant asymptote found at [image: \dfrac{{x}^{2}-4x+1}{x+2}].
 [image: Synthetic division of x^2-4x+1 by x+2, resulting in x-6 with a remainder of 13]
 The quotient is [image: x - 6] and the remainder is [image: 13]. There is a slant asymptote at [image: y=-x - 6].
 	[image: k\left(x\right)=\dfrac{{x}^{2}+4x}{{x}^{3}-8}]: The degree of [image: p=2\text{ }<] degree of [image: q=3], so there is a horizontal asymptote [image: y=0].
 
   Find the horizontal and vertical asymptotes of the function [image: f\left(x\right)=\dfrac{\left(x - 2\right)\left(x+3\right)}{\left(x - 1\right)\left(x+2\right)\left(x - 5\right)}]
 Show Solution First, note that this function has no common factors, so there are no potential removable discontinuities.
 The function will have vertical asymptotes when the denominator is zero, causing the function to be undefined. The denominator will be zero at [image: x=1,-2,\text{and }5], indicating vertical asymptotes at these values.
 The numerator has degree 2, while the denominator has degree 3. Since the degree of the denominator is greater than the degree of the numerator, the denominator will grow faster than the numerator, causing the outputs to tend towards zero as the inputs get large, and so as [image: x\to \pm \infty , f\left(x\right)\to 0]. This function will have a horizontal asymptote at [image: y=0].
 Below is the graph of the function to confirm our findings.
 [image: Graph of f(x)=(x-2)(x+3)/(x-1)(x+2)(x-5) with its vertical asymptotes at x=-2, x=1, and x=5 and its horizontal asymptote at y=0.]
   An interactive online homework element has been excluded from the printed version of the text. To see the interactive element that was excluded, please visit the courseware online.
 
  An interactive online homework element has been excluded from the printed version of the text. To see the interactive element that was excluded, please visit the courseware online.
 
  An interactive online homework element has been excluded from the printed version of the text. To see the interactive element that was excluded, please visit the courseware online.
 
  Finding Intercepts of Rational Functions
 Recall that we may always find any horizontal intercepts of the graph of a function by setting the output equal to zero. And we may always find any vertical intercept by setting the input equal to zero.
 In a rational function of the form [image: r(x)=\dfrac{P(x)}{Q(x)}],
 	Find the vertical intercept (the [image: y]-intercept) by evaluating [image: r(0)]. That is, replace all the input variables with [image: 0] and calculate the result.
 	Find the horizontal intercept(s) (the [image: x]-intercepts) by solving [image: r(x)=0]. Since the function is undefined where the denominator equals zero], set the numerator equal to zero to find the horizontal intercepts of the function.
 	Note that the graph of a rational function may not possess a vertical- or horizontal-intercept.
 
 intercepts of rational functions
 A rational function will have a [image: y]-intercept when the input is zero, if the function is defined at zero. A rational function will not have a [image: y]-intercept if the function is not defined at zero.
 [image: \\]
 Likewise, a rational function will have [image: x]-intercepts at the inputs that cause the output to be zero. Since a fraction is only equal to zero when the numerator is zero, [image: x]-intercepts can only occur when the numerator of the rational function is equal to zero.
  Find the intercepts of [image: f\left(x\right)=\dfrac{\left(x - 2\right)\left(x+3\right)}{\left(x - 1\right)\left(x+2\right)\left(x - 5\right)}]. Show Solution We can find the [image: y]-intercept by evaluating the function at zero
 [image: \begin{align}f\left(0\right)&=\dfrac{\left(0 - 2\right)\left(0+3\right)}{\left(0 - 1\right)\left(0+2\right)\left(0 - 5\right)} \\[1mm] &=\frac{-6}{10} \\[1mm] &=-\frac{3}{5} \\[1mm] &=-0.6 \end{align}]
 The [image: x]-intercepts will occur when the function is equal to zero. A rational function is equal to 0 when the numerator is 0, as long as the denominator is not also 0.
 [image: \begin{align} 0&=\frac{\left(x - 2\right)\left(x+3\right)}{\left(x - 1\right)\left(x+2\right)\left(x - 5\right)} \\[1mm] 0&=\left(x - 2\right)\left(x+3\right)\end{align}]
 [image: x=2, -3]
 The [image: y]-intercept is [image: \left(0,-0.6\right)], the [image: x]-intercepts are [image: \left(2,0\right)] and [image: \left(-3,0\right)].
 [image: Graph of f(x)=(x-2)(x+3)/(x-1)(x+2)(x-5) with its vertical asymptotes at x=-2, x=1, and x=5, its horizontal asymptote at y=0, and its intercepts at (-3, 0), (0, -0.6), and (2, 0).]
   An interactive online homework element has been excluded from the printed version of the text. To see the interactive element that was excluded, please visit the courseware online.
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				Graphing Rational Functions
 Previously we saw that the numerator of a rational function reveals the [image: x]-intercepts of the graph, whereas the denominator reveals the vertical asymptotes of the graph. As with polynomials, factors of the numerator may have integer powers greater than one. Fortunately, the effect on the shape of the graph at those intercepts is the same as we saw with polynomials.
 The vertical asymptotes associated with the factors of the denominator will mirror one of the two toolkit reciprocal functions. When the degree of the factor in the denominator is odd, the distinguishing characteristic is that on one side of the vertical asymptote the graph heads towards positive infinity, and on the other side the graph heads towards negative infinity.
 [image: Graph of y=1/x with its vertical asymptote at x=0.]
 When the degree of the factor in the denominator is even, the distinguishing characteristic is that the graph either heads toward positive infinity on both sides of the vertical asymptote or heads toward negative infinity on both sides.
 [image: Graph of y=1/x^2 with its vertical asymptote at x=0.]
 For example the graph of [image: f\left(x\right)=\dfrac{{\left(x+1\right)}^{2}\left(x - 3\right)}{{\left(x+3\right)}^{2}\left(x - 2\right)}].[image: Graph of f(x)=(x+1)^2(x-3)/(x+3)^2(x-2) with its vertical asymptotes at x=-3 and x=2, its horizontal asymptote at y=1, and its intercepts at (-1, 0), (0, 1/6), and (3, 0).] 	At the [image: x]-intercept [image: x=-1] corresponding to the [image: {\left(x+1\right)}^{2}] factor of the numerator, the graph bounces, consistent with the quadratic nature of the factor.
 	At the [image: x]-intercept [image: x=3] corresponding to the [image: \left(x - 3\right)] factor of the numerator, the graph passes through the axis as we would expect from a linear factor.
 	At the vertical asymptote [image: x=-3] corresponding to the [image: {\left(x+3\right)}^{2}] factor of the denominator, the graph heads towards positive infinity on both sides of the asymptote, consistent with the behavior of the function [image: f\left(x\right)=\frac{1}{{x}^{2}}].
 	At the vertical asymptote [image: x=2], corresponding to the [image: \left(x - 2\right)] factor of the denominator, the graph heads towards positive infinity on the left side of the asymptote and towards negative infinity on the right side, consistent with the behavior of the function [image: f\left(x\right)=\frac{1}{x}].
 
  How to: Given a rational function sketch its graph. 	Simplify the Function: If possible, simplify the rational function by factoring and reducing common factors in the numerator and denominator.
 	Find the Domain: Determine the values of [image: x] for which the function is undefined (i.e., where the denominator equals zero). These values will help identify vertical asymptotes and holes.
 	Identify Vertical Asymptotes and Holes: 	Set the denominator equal to zero and solve for [image: x]. These [image: x]-values indicate potential vertical asymptotes.
 	Check if the numerator is also zero at these [image: x]-values. If both the numerator and denominator are zero, then you have a hole (removable discontinuity), not a vertical asymptote.
 
 
 	Find the Horizontal or Slant Asymptote: Compare the degrees of the numerator and denominator: 	If the degree of the numerator is less than the degree of the denominator, the horizontal asymptote is [image: y = 0].
 	If the degrees are equal, the horizontal asymptote is [image: y = \frac{a}{b}], where [image: a] and [image: b] are the leading coefficients of the numerator and denominator, respectively.
 	If the degree of the numerator is greater than the degree of the denominator by one, there is a slant asymptote. Use polynomial long division or synthetic dvision to find the equation of the slant asymptote.
 
 
 	Find the Intercepts: 	[image: x]-intercepts: Set the numerator equal to zero and solve for [image: x].
 	[image: y]-intercept: Set [image: x= 0] and solve for [image: y].
 
 
 	Plot Key Points: Calculate and plot several points on either side of the vertical asymptotes to get an idea of the function’s behavior, if needed.
 	Sketch the Graph: 	Draw the asymptotes as dashed lines.
 	Plot the intercepts and key points.
 	Draw the curve, making sure it approaches the asymptotes appropriately.
 
 
 
  Graph the function: [image: f\left(x\right)=\dfrac{\left(x+2\right)\left(x - 3\right)}{{\left(x+1\right)}^{2}\left(x - 2\right)}]
 
 Show Answer 	Simplify the Function: The function is already simplified. There are no common factors in the numerator and denominator.
 	Find the Domain: The function is undefined where the denominator is zero:
 [image: (x+1)^2(x-2) = 0 \implies x = -1 \quad \text{or} \quad x = 2]
 Domain: [image: (-\infty, -1) \cup (-1, 2) \cup (2, \infty)]
 	Identify Vertical Asymptotes and Holes: 	Vertical Asymptotes: 	[image: x=-1] (denominator is zero and numerator is not zero).
 	[image: x=2] (denominator is zero and numerator is not zero).
 
 
 	No holes since the numerator is not zero at [image: x=-1] or [image: x = 2].
 
 
 	Find the Horizontal or Slant Asymptote: Compare the degrees of the numerator and denominator: 	Degree of numerator: [image: 2]
 	Degree of denominator: [image: 3]
 	Since the degree of the numerator is less than the degree of the denominator, the horizontal asymptote is: [image: y = 0]
 
 
 	Find the Intercepts: 	[image: x]-intercepts: Set the numerator equal to zero and solve for [image: x]:
 [image: (x+2)(x-3) = 0 \Rightarrow x = -2 \quad \text{or} \quad x = 3]
 	[image: y]-intercept: Set [image: x=0] and solve for [image: y]:
 [image: f(0) = \dfrac{(0+2)(0-3)}{(0+1)^2(0-2)} = \dfrac{2 \cdot (-3)}{1 \cdot (-2)} = \dfrac{-6}{-2} = 3]
 
 
 	Plot Key Points: Calculate and plot several points on either side of the vertical asymptotes to get an idea of the function’s behavior. 	The factor associated with the vertical asymptote at [image: x=-1] was squared, so we know the behavior will be the same on both sides of the asymptote. The graph heads toward positive infinity as the inputs approach the asymptote on the right, so the graph will head toward positive infinity on the left as well.
 	For the vertical asymptote at [image: x=2], the factor was not squared, so the graph will have opposite behavior on either side of the asymptote. After passing through the [image: x]-intercepts, the graph will then level off toward an output of zero, as indicated by the horizontal asymptote.
 
 
 	Sketch the graph:
 
 [image: Graph of f(x)=(x+2)(x-3)/(x+1)^2(x-2) with its vertical asymptotes at x=-1 and x=2, its horizontal asymptote at y=0, and its intercepts at (-2, 0), (0, 3), and (3, 0).]
   An interactive online homework element has been excluded from the printed version of the text. To see the interactive element that was excluded, please visit the courseware online.
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				Writing Rational Functions
 Now that we have analyzed the equations for rational functions and how they relate to a graph of the function, we can use information given by a graph to write the function.
 A rational function written in factored form will have an [image: x]-intercept where each factor of the numerator is equal to zero. (An exception occurs in the case of a removable discontinuity.) As a result, we can form a numerator of a function whose graph will pass through a set of [image: x]-intercepts by introducing a corresponding set of factors. Likewise, because the function will have a vertical asymptote where each factor of the denominator is equal to zero, we can form a denominator that will produce the vertical asymptotes by introducing a corresponding set of factors.
 If a rational function has [image: x]-intercepts at [image: x={x}_{1}, {x}_{2}, ..., {x}_{n}], vertical asymptotes at [image: x={v}_{1},{v}_{2},\dots ,{v}_{m}], and no [image: {x}_{i}=\text{any }{v}_{j}], then the function can be written in the form: [image: f\left(x\right)=a\frac{{\left(x-{x}_{1}\right)}^{{p}_{1}}{\left(x-{x}_{2}\right)}^{{p}_{2}}\cdots {\left(x-{x}_{n}\right)}^{{p}_{n}}}{{\left(x-{v}_{1}\right)}^{{q}_{1}}{\left(x-{v}_{2}\right)}^{{q}_{2}}\cdots {\left(x-{v}_{m}\right)}^{{q}_{n}}}]
 where the powers [image: {p}_{i}] or [image: {q}_{i}] on each factor can be determined by the behavior of the graph at the corresponding intercept or asymptote, and the stretch factor [image: a]can be determined given a value of the function other than the [image: x]-intercept or by the horizontal asymptote if it is nonzero.
  What do the subscripts in the example above indicate? 
 The above example uses an abstract form to help define a rational function. We’ve seen these before.
 A linear function can be written in the form [image: f(x)=mx+b], and a quadratic function can be written in the form [image: f(x)=ax^2+bx+c].
 A quadratic can also be written in the form of a polynomial as [image: p(x)=a(x-r_{1})(x-r_{2})], where [image: a] represents the leading coefficient and [image: r_{1}] and [image: r_{2}] are the roots, or zeros of the function. Instead of writing “[image: r_{1}] and [image: r_{2}],” we could use some notational shorthand and simply write, “the [image: r_{n}]” to indicate them both at once. That’s the same as saying that the number of roots present include [image: r_{1}, r_{2}, \ldots, r_{n}] for [image: n] total roots.
 In the definition above, to say that “no [image: x_{i}=\text{ any } v_{j}]” is to say that there are no common factors in the numerator and denominator. In other words, the roots in the numerator and the vertical asymptotes in the denominator can only be counted in factored and reduced form.
  How To: Given a graph of a rational function, write the function. 	Determine the factors of the numerator. Examine the behavior of the graph at the x-intercepts to determine the zeroes and their multiplicities. (This is easy to do when finding the “simplest” function with small multiplicities—such as 1 or 3—but may be difficult for larger multiplicities—such as 5 or 7, for example.)
 	Determine the factors of the denominator. Examine the behavior on both sides of each vertical asymptote to determine the factors and their powers.
 	Use any clear point on the graph to find the stretch factor.
 
  Write an equation for the rational function below.[image: Graph of a rational function.] Show Solution The graph appears to have [image: x]-intercepts at [image: x=-2] and [image: x=3]. At both, the graph passes through the intercept, suggesting linear factors. The graph has two vertical asymptotes. The one at [image: x=-1] seems to exhibit the basic behavior similar to [image: \frac{1}{x}], with the graph heading toward positive infinity on one side and heading toward negative infinity on the other. The asymptote at [image: x=2] is exhibiting a behavior similar to [image: \frac{1}{{x}^{2}}], with the graph heading toward negative infinity on both sides of the asymptote.[image: Graph of a rational function denoting its vertical asymptotes and x-intercepts.]We can use this information to write a function of the form
 [image: f\left(x\right)=a\dfrac{\left(x+2\right)\left(x - 3\right)}{\left(x+1\right){\left(x - 2\right)}^{2}}].
 To find the stretch factor, we can use another clear point on the graph, such as the [image: y]-intercept [image: \left(0,-2\right)].
 [image: \begin{align}-2&=a\dfrac{\left(0+2\right)\left(0 - 3\right)}{\left(0+1\right){\left(0 - 2\right)}^{2}} \\[1mm] -2&=a\frac{-6}{4} \\[1mm] a=\frac{-8}{-6}=\frac{4}{3} \end{align}]
 This gives us a final function of [image: f\left(x\right)=\dfrac{4\left(x+2\right)\left(x - 3\right)}{3\left(x+1\right){\left(x - 2\right)}^{2}}].
   Note in the example above that we used a point on the graph to help write the equation of the graph. In doing so, we used the important concept that any point contained on the graph of a function satisfies the equation of the function (that is, substituting both input and output values into the function equation will result in a true statement).
 This concept applies to any function we study. If the function can be graphed in the real plane, it has a set of input [image: x] values and a set of corresponding output [image: f(x)] values, and each corresponding pair is given by [image: \left(x, f(x)\right)].
 This correspondence allows us to substitute any [image: x] to find its corresponding [image: f(x)] and vice versa. It also allows us to substitute both input and output into any function equation in order to solve for a missing third value, such as the leading coefficient [image: a] in the example above.
 An interactive online homework element has been excluded from the printed version of the text. To see the interactive element that was excluded, please visit the courseware online.
 
  An interactive online homework element has been excluded from the printed version of the text. To see the interactive element that was excluded, please visit the courseware online.
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				 	Use arrow notation to describe how rational functions behave at different points
 	Apply rational functions to solve real-world problems
 	Find out which values are allowed for rational functions and understand what limits these values set
 	Spot where rational functions shoot up to infinity (vertical asymptotes) and explore why these points are important
 	Find where rational functions level off at infinity (horizontal asymptotes) and see how these affect the graph
 	Draw graphs of rational functions carefully, including places where the graph breaks or levels out, and where it’s not defined
 
  Solve Applied Problems Involving Rational Functions
 A rational function is a function that can be written as the quotient of two polynomial functions. Many real-world problems require us to find the ratio of two polynomial functions. Problems involving rates and concentrations often involve rational functions.
 Horizontal Asymptote 	A horizontal line of the form [image: y=c]
 	The constant [image: c] represents a number that the function value (output) approaches in the long run, either as the input grows very small or very large.
 	Horizontal asymptotes represent the long-run behavior (the end behavior) of the graph of the funtion.
 	A function’s graph may cross a horizontal asymptote briefly, even more than once, but will eventually settle down near it, as the value of the function approaches the constant [image: c<img src="https://atu0g9ctah.execute-api.ca-central-1.amazonaws.com/latest/latex?latex=&fg=000000&isBase64=1" alt="" title="" class="latex mathjax" />.</li> </ul> <strong>Vertical Asymptote</strong> <ul> <li>A vertical line of the form <img src="https://atu0g9ctah.execute-api.ca-central-1.amazonaws.com/latest/latex?latex=&fg=000000&isBase64=1" alt="" title="" class="latex mathjax" />x=a]
 	The constant [image: a] represents an input for which the function value (output) is undefined.
 	Substituting the value of [image: a] into the function will result in a zero in the function's denominator.
 	The graph of the function "bends around", either increasing or decreasing without bound as the input nears [image: a]
 	A function's graph will never cross a vertical asymptote.
 
  A large mixing tank currently contains [image: 100] gallons of water into which [image: 5] pounds of sugar have been mixed. A tap will open pouring [image: 10] gallons per minute of water into the tank at the same time sugar is poured into the tank at a rate of [image: 1] pound per minute.Find the concentration (pounds per gallon) of sugar in the tank after [image: 12] minutes. Is that a greater concentration than at the beginning? Show Solution Let [image: t] be the number of minutes since the tap opened. Since the water increases at [image: 10] gallons per minute, and the sugar increases at [image: 1] pound per minute, these are constant rates of change. This tells us the amount of water in the tank is changing linearly, as is the amount of sugar in the tank. We can write an equation independently for each:
 [image: \text{water: }W\left(t\right)=100+10t\text{ in gallons}]
 [image: \text{sugar: }S\left(t\right)=5+1t\text{ in pounds}]
 The concentration, [image: C], will be the ratio of pounds of sugar to gallons of water
 [image: C\left(t\right)=\dfrac{5+t}{100+10t}]
 The concentration after [image: 12] minutes is given by evaluating [image: C\left(t\right)] at [image: t=12].
 [image: \begin{align}C\left(12\right)&=\dfrac{5+12}{100+10\left(12\right)}\\&=\dfrac{17}{220}\end{align}]
 This means the concentration is [image: 17] pounds of sugar to [image: 220] gallons of water.
 At the beginning the concentration is
 [image: \begin{align}C\left(0\right)&=\dfrac{5+0}{100+10\left(0\right)} \\ &=\dfrac{1}{20}\hfill \end{align}]
 Since [image: \frac{17}{220}\approx 0.08>\frac{1}{20}=0.05], the concentration is greater after [image: 12] minutes than at the beginning.
 Analysis of the Solution
 To find the horizontal asymptote, divide the leading coefficient in the numerator by the leading coefficient in the denominator:
 [image: \dfrac{1}{10}=0.1]
 Notice the horizontal asymptote is [image: y=0.1]. This means the concentration, [image: C], the ratio of pounds of sugar to gallons of water, will approach [image: 0.1] in the long term.
   An interactive online homework element has been excluded from the printed version of the text. To see the interactive element that was excluded, please visit the courseware online.
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				 	Learn how to find the inverse (or “reverse”) of a polynomial function when it’s possible
 	Figure out how to limit the domain of a polynomial function so you can find its inverse
 	Use radical functions to solve real-world problems
 
  Radical Functions
 Imagine you’re designing a new smartphone app that adjusts screen brightness based on ambient light. You’ve found that the relationship between light intensity and ideal brightness follows a cubic function:
 [image: f(x) = 0.1x^3 + 1]
 where [image: x] is the light intensity and [image: f(x)] is the ideal brightness setting.
 But what if you want your app to do the reverse – determine the light intensity when given a brightness setting? This is where radical functions come into play.
 Radical functions are like the “undo” button for certain polynomial functions. They allow us to reverse the effects of exponents, helping us solve problems that involve working backwards from a result.
 In our smartphone example, to find the light intensity for a given brightness, we need the inverse of our cubic function. This inverse turns out to be a radical function:
 [image: f^{-1}(x) = \sqrt[3]{\frac{x-1}{0.1}}]
 This is a cube root function – a type of radical function that “undoes” the cube in our original polynomial.
 radical functions
 A radical function is a function that involves the use of a radical (root) symbol to indicate the root of a number or expression.
  
 The general form of a radical function is
 [image: f(x) = \sqrt[n]{g(x)}]
 where:
 	[image: \sqrt[n]{\cdot}] denotes the [image: n]-th root.
 	[image: g(x)] is any function of [image: x].
 	[image: n] is a positive integer indicating the degree of the root.
 
 
  Key Points: 	Square Root Function: 	When [image: n = 2], the function is called a square root function. The radical symbol [image: \sqrt{\cdot}] is used without explicitly writing the [image: 2], known as the “phantom” [image: 2]. Thus, It is written as [image: f(x) = \sqrt{x}].
 
 
 	Cube Root Function: 	When [image: n = 3], the function is called a cube root function. It is written as [image: f(x) = \sqrt[3]{x}].
 
 
 	Higher-Order Root Functions: 	For [image: n \ge 3], the function represents higher-order roots, such as fourth roots, fifth roots, etc.
 
 
 
  Recall that two functions [image: f] and [image: g] are inverse functions if for every coordinate pair in [image: f], [image: (a, b)], there exists a corresponding coordinate pair in the inverse function, [image: g], [image: (b, a)]. In other words, the coordinate pairs of the inverse functions have the input and output interchanged. Only one-to-one functions have inverses that are also functions. Recall that a one-to-one function has a unique output value for each input value and passes the horizontal line test. While it is not possible to find an inverse function of most polynomial functions, some basic polynomials do have inverses that are functions. Such functions are called invertible functions, and we use the notation [image: {f}^{-1}\left(x\right)].
 Warning: [image: {f}^{-1}\left(x\right)] is not the same as the reciprocal of the function [image: f\left(x\right)]. This use of [image: –1] is reserved to denote inverse functions. To denote the reciprocal of a function [image: f\left(x\right)], we would need to write [image: {\left(f\left(x\right)\right)}^{-1}=\frac{1}{f\left(x\right)}]. An important relationship between inverse functions is that they “undo” each other. If [image: {f}^{-1}] is the inverse of a function [image: f], then [image: f] is the inverse of the function [image: {f}^{-1}]. In other words, whatever the function [image: f] does to [image: x], [image: {f}^{-1}] undoes it—and vice-versa. More formally, we write
 [image: {f}^{-1}\left(f\left(x\right)\right)=x,\text{for all }x\text{ in the domain of }f]
 and
 [image: f\left({f}^{-1}\left(x\right)\right)=x,\text{for all }x\text{ in the domain of }{f}^{-1}]
 How To: Given a polynomial function, find the inverse of the function  	Verify that [image: f] is a one-to-one function.
 	Replace [image: f\left(x\right)] with [image: y].
 	Interchange [image: x] and [image: y].
 	Solve for [image: y], and rename the function [image: {f}^{-1}\left(x\right)].
 
  Find the inverse of the function [image: f\left(x\right)=5{x}^{3}+1]. Show Solution This is a transformation of the basic cubic toolkit function, and based on our knowledge of that function, we know it is one-to-one. Solving for the inverse by solving for [image: x].
 [image: \begin{align}y&=5{x}^{3}+1 \\[1mm] x&=5{y}^{3}+1 \\[1mm] x - 1&=5{y}^{3} \\[1mm] \dfrac{x - 1}{5}&={y}^{3} \\[4mm] {f}^{-1}\left(x\right)&=\sqrt[3]{\dfrac{x - 1}{5}} \end{align}]
 Analysis of the Solution
 Look at the graph of [image: f] and [image: {f}^{-1}]. Notice that the two graphs are symmetrical about the line [image: y=x]. This is always the case when graphing a function and its inverse function.
 Also, since the method involved interchanging [image: x] and [image: y], notice corresponding points. If [image: \left(a,b\right)] is on the graph of [image: f], then [image: \left(b,a\right)] is on the graph of [image: {f}^{-1}]. Since [image: \left(0,1\right)] is on the graph of [image: f], then [image: \left(1,0\right)] is on the graph of [image: {f}^{-1}]. Similarly, since [image: \left(1,6\right)] is on the graph of [image: f], then [image: \left(6,1\right)] is on the graph of [image: {f}^{-1}].
 [image: Graph of f(x)=5x^3+1 and its inverse, f^(-1)(x)=3sqrt((x-1)/(5)).]
   An interactive online homework element has been excluded from the printed version of the text. To see the interactive element that was excluded, please visit the courseware online.
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				Domains of Radical Functions
 domain and range of radical functions
 Domain: The domain of a radical function depends on the index [image: n]:
 	For even roots (e.g., square roots), the expression inside the radical must be non-negative, as you cannot take the even root of a negative number in the real number system.
 	For odd roots (e.g., cube roots), the expression inside the radical can be any real number.
 
 Range: The range of a radical function varies based on the specific function and its domain.
  Find the domain of the function [image: f\left(x\right)=\sqrt{\dfrac{\left(x+2\right)\left(x - 3\right)}{\left(x - 1\right)}}]. Show Solution Because a square root is only defined when the quantity under the radical is non-negative, we need to determine where [image: \dfrac{\left(x+2\right)\left(x - 3\right)}{\left(x - 1\right)}\ge 0].
 [image: \\]
 The output of a rational function can change signs (change from positive to negative or vice versa) at [image: x]-intercepts and at vertical asymptotes. For this equation the graph could change signs at [image: x= –2, 1], and [image: 3].
 [image: \\]
 To determine the intervals on which the rational expression is positive, we could test some values in the expression or sketch a graph. While both approaches work equally well, for this example we will use a graph.[image: Graph of a radical function that shows where the outputs are nonnegative.]This function has two [image: x]-intercepts, both of which exhibit linear behavior near the [image: x]-intercepts. There is one vertical asymptote, corresponding to a linear factor; this behavior is similar to the basic reciprocal toolkit function, and there is no horizontal asymptote because the degree of the numerator is larger than the degree of the denominator. There is a [image: y]-intercept at [image: (0, 6)].
 [image: \\]
 From the [image: y]-intercept and [image: x]-intercept at [image: x=–2], we can sketch the left side of the graph. From the behavior at the asymptote, we can sketch the right side of the graph.
 [image: \\]
 From the graph, we can now tell on which intervals the outputs will be non-negative, so that we can be sure that the original function [image: f(x)] will be defined. [image: f(x)] has domain [image: -2\le x<1] or [image: x\ge 3], or in interval notation, [image: \left[-2,1\right)\cup \left[3,\infty \right)].
  An interactive online homework element has been excluded from the printed version of the text. To see the interactive element that was excluded, please visit the courseware online.
 
  An interactive online homework element has been excluded from the printed version of the text. To see the interactive element that was excluded, please visit the courseware online.
 
  An interactive online homework element has been excluded from the printed version of the text. To see the interactive element that was excluded, please visit the courseware online.
 
  So far we have been able to find the inverse functions of cubic functions without having to restrict their domains. However, as we know, not all cubic polynomials are one-to-one. Some functions that are not one-to-one may have their domain restricted so that they are one-to-one, but only over that domain. The function over the restricted domain would then have an inverse function. Since quadratic functions are not one-to-one, we must restrict their domain in order to find their inverses.
 restricting the domain
 If a function is not one-to-one, it cannot have an inverse function. If we restrict the domain of the function so that it becomes one-to-one, thus creating a new function, this new function will have an inverse function.
  How To: Given a polynomial function, restrict the domain of a function that is not one-to-one and then find the inverse. 	Restrict the domain by determining a domain on which the original function is one-to-one.
 	Replace [image: f(x)] with [image: y].
 	Interchange [image: x] and [image: y].
 	Solve for [image: y], and rename the function or pair of function [image: {f}^{-1}\left(x\right)].
 	Revise the formula for [image: {f}^{-1}\left(x\right)] by ensuring that the outputs of the inverse function correspond to the restricted domain of the original function.
 
  Find the inverse function of [image: f]: 	[image: f\left(x\right)={\left(x - 4\right)}^{2}, x\ge 4]
 	[image: f\left(x\right)={\left(x - 4\right)}^{2}, x\le 4]
 
 Show Solution The original function [image: f\left(x\right)={\left(x - 4\right)}^{2}] is not one-to-one, but the function is restricted to a domain of [image: x\ge 4] or [image: x\le 4] on which it is one-to-one.
 [image: image]=4 and the second is when xTo find the inverse, start by replacing [image: f\left(x\right)] with the simple variable [image: y].
 [image: \begin{align}y&={\left(x - 4\right)}^{2} &&\text{Interchange } x \text{ and }y. \\[1mm] x&={\left(y - 4\right)}^{2} &&\text{Take the square root}. \\[1mm] \pm \sqrt{x}&=y - 4 &&\text{Add } 4 \text{ to both sides}. \\[1mm] 4\pm \sqrt{x}&=y \end{align}]
 This is not a function as written. We need to examine the restrictions on the domain of the original function to determine the inverse. Since we reversed the roles of [image: x] and [image: y] for the original [image: f(x)], we looked at the domain: the values [image: x] could assume. When we reversed the roles of [image: x] and [image: y], this gave us the values [image: y] could assume. For this function, [image: x\ge 4], so for the inverse, we should have [image: y\ge 4], which is what our inverse function gives.
 	The domain of the original function was restricted to [image: x\ge 4], so the outputs of the inverse need to be the same, [image: f\left(x\right)\ge 4], and we must use the + case:
 [image: {f}^{-1}\left(x\right)=4+\sqrt{x}]
 	The domain of the original function was restricted to [image: x\le 4], so the outputs of the inverse need to be the same, [image: f\left(x\right)\le 4], and we must use the – case:
 [image: {f}^{-1}\left(x\right)=4-\sqrt{x}]
 
 Analysis of the Solution
 On the graphs below, we see the original function graphed on the same set of axes as its inverse function. Notice that together the graphs show symmetry about the line [image: y=x]. The coordinate pair [image: \left(4, 0\right)] is on the graph of [image: f] and the coordinate pair [image: \left(0, 4\right)] is on the graph of [image: {f}^{-1}]. For any coordinate pair, if [image: (a,b)] is on the graph of [image: f], then [image: (b,a)] is on the graph of [image: {f}^{-1}]. Finally, observe that the graph of [image: f] intersects the graph of [image: {f}^{-1}] on the line [image: y=x]. Points of intersection for the graphs of [image: f] and [image: {f}^{-1}] will always lie on the line [image: y=x].
 [image: Two graphs of a parabolic function with half of its inverse.]
   Restrict the domain and then find the inverse of [image: f\left(x\right)={\left(x - 2\right)}^{2}-3].
 Show Solution We can see this is a parabola with vertex at [image: \left(2, -3\right)] that opens upward. Because the graph will be decreasing on one side of the vertex and increasing on the other side, we can restrict this function to a domain on which it will be one-to-one by limiting the domain to [image: x\ge 2].
 To find the inverse, we will use the vertex form of the quadratic. We start by replacing [image: f(x)] with a simple variable, [image: y], then solve for [image: x].
 [image: \begin{align}y&={\left(x - 2\right)}^{2}-3 && \text{Interchange } x \text{ and } y. \\[1mm] x&={\left(y - 2\right)}^{2}-3 && \text{Add 3 to both sides}. \\[1mm] x+3&={\left(y - 2\right)}^{2} && \text{Take the square root}. \\[1mm] \pm \sqrt{x+3}&=y - 2 && \text{Add 2 to both sides}. \\[1mm] 2\pm \sqrt{x+3}&=y && \text{Rename the function}. \\[3mm] {f}^{-1}\left(x\right)&=2\pm \sqrt{x+3} \end{align}]
 Now we need to determine which case to use. Because we restricted our original function to a domain of [image: x\ge 2], the outputs of the inverse should be the same, telling us to utilize the + case
 [image: {f}^{-1}\left(x\right)=2+\sqrt{x+3}]
 If the quadratic had not been given in vertex form, rewriting it into vertex form would be the first step. This way we may easily observe the coordinates of the vertex to help us restrict the domain.
 Analysis of the Solution
 Notice that we arbitrarily decided to restrict the domain on [image: x\ge 2]. We could just have easily opted to restrict the domain on [image: x\le 2], in which case [image: {f}^{-1}\left(x\right)=2-\sqrt{x+3}]. Observe the original function graphed on the same set of axes as its inverse function in the graph below. Notice that both graphs show symmetry about the line [image: y=x]. The coordinate pair [image: \left(2,\text{ }-3\right)] is on the graph of [image: f] and the coordinate pair [image: \left(-3,\text{ }2\right)] is on the graph of [image: {f}^{-1}]. Observe from the graph of both functions on the same set of axes that
 [image: \text{domain of }f=\text{range of } {f}^{-1}=\left[2,\infty \right)]
 and
 [image: \text{domain of }{f}^{-1}=\text{range of } f=\left[-3,\infty \right)]
 Finally, observe that the graph of [image: f] intersects the graph of [image: {f}^{-1}] along the line [image: y=x].
 [image: Graph of a parabolic function with half of its inverse.]
   Notice that the functions from previous examples were all polynomials, and their inverses were radical functions. If we want to find the inverse of a radical function, we will need to restrict the domain of the answer because the range of the original function is limited.
 How To: Given a radical function, find the inverse. 	Determine the range of the original function.
 	Replace [image: f(x)] with [image: y], then solve for [image: x].
 	If necessary, restrict the domain of the inverse function to the range of the original function.
 
  Determine the range of the function [image: f\left(x\right)=\sqrt{x - 4}]. Then, find its inverse and restrict the domain of the inverse as necessary. Show Solution Note that the original function has range [image: f\left(x\right)\ge 0]. Replace [image: f\left(x\right)] with [image: y], then solve for [image: x].
 [image: \begin{align} y&=\sqrt{x - 4} && \text{Replace}f\left(x\right)\text{with }y.\\[1mm] x& =\sqrt{y - 4}&& \text{Interchange }x\text{ and }y. \\[1mm] x& =\sqrt{y - 4}&& \text{Square each side}. \\[1mm] {x}^{2}& =y - 4&& \text{Add 4}. \\[1mm] {x}^{2}+4&=y&& \text{Rename the function }{f}^{-1}\left(x\right). \\[4mm] {f}^{-1}\left(x\right)& ={x}^{2}+4 \end{align}]
 Recall that the domain of this function must be limited to the range of the original function.
 [image: {f}^{-1}\left(x\right)={x}^{2}+4,x\ge 0]
 Analysis of the Solution
 Notice in the graph below that the inverse is a reflection of the original function over the line [image: y=x]. Because the original function has only positive outputs, the inverse function has only positive inputs.
 [image: Graph of f(x)=sqrt(x-4) and its inverse, f^(-1)(x)=x^2+4.]
   [ohm_question hide_question_numbers=1]291053[/ohm_question] [ohm_question hide_question_numbers=1]291054[/ohm_question] 
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				 	Learn how to find the inverse (or “reverse”) of a polynomial function when it’s possible
 	Figure out how to limit the domain of a polynomial function so you can find its inverse
 	Use radical functions to solve real-world problems
 
  Solve Applied Problems Involving Radical Functions
 Radical functions are frequently used in real-world applications, especially in physical models where they can describe various natural phenomena. Radical functions often appear in physics, engineering, and biology. They help model situations where relationships between quantities involve roots.
 Suppose a water runoff collector is built in the shape of a parabolic trough as shown below. We can use the information in the figure to find the surface area of the water in the trough as a function of the depth of the water.[image: Diagram of a parabolic trough that is 18][image: Graph of a parabola.]Because it will be helpful to have an equation for the parabolic cross-sectional shape, we will impose a coordinate system at the cross section, with [image: x] measured horizontally and [image: y] measured vertically, with the origin at the vertex of the parabola.From this we find an equation for the parabolic shape. We placed the origin at the vertex of the parabola, so we know the equation will have form [image: y\left(x\right)=a{x}^{2}]. Our equation will need to pass through the point [image: (6, 18)], from which we can solve for the stretch factor [image: a]. [image: \begin{align} 18&=a{6}^{2} \\[1mm] a&=\frac{18}{36} \\[1mm] a&=\frac{1}{2} \end{align}]
 Our parabolic cross section has the equation
 [image: y\left(x\right)=\frac{1}{2}{x}^{2}]
 We are interested in the surface area of the water, so we must determine the width at the top of the water as a function of the water depth. For any depth [image: y] the width will be given by [image: 2x], so we need to solve the equation above for [image: x] and find the inverse function. However, notice that the original function is not one-to-one, and indeed, given any output there are two inputs that produce the same output, one positive and one negative.
 To find an inverse, we can restrict our original function to a limited domain on which it is one-to-one. In this case, it makes sense to restrict ourselves to positive [image: x] values. On this domain, we can find an inverse by solving for the input variable:
 [image: \begin{align}y&=\frac{1}{2}{x}^{2} \\[1mm] 2y&={x}^{2} \\[1mm] x&=\pm \sqrt{2y} \end{align}]
 This is not a function as written. We are limiting ourselves to positive [image: x] values, so we eliminate the negative solution, giving us the inverse function we’re looking for.
 [image: y=\dfrac{{x}^{2}}{2},\text{ }x>0]
 Because [image: x] is the distance from the center of the parabola to either side, the entire width of the water at the top will be [image: 2x]. The trough is [image: 3] feet ([image: 36] inches) long, so the surface area will then be:
 [image: \begin{align}\text{Area} &=l\cdot w \\[1mm] &=36\cdot 2x \\[1mm] &=72x \\[1mm] &=72\sqrt{2y} \end{align}]
  A mound of gravel is in the shape of a cone with the height equal to twice the radius. The volume of the cone in terms of the radius is given by [image: V=\frac{2}{3}\pi {r}^{3}]
 Find the inverse of the function [image: V=\frac{2}{3}\pi {r}^{3}] that determines the volume [image: V] of a cone and is a function of the radius [image: r]. Then use the inverse function to calculate the radius of such a mound of gravel measuring [image: 100]cubic feet. Use [image: \pi =3.14].
 Show Solution Start with the given function for [image: V]. Notice that the meaningful domain for the function is [image: r\ge 0] since negative radii would not make sense in this context. Also note the range of the function (hence, the domain of the inverse function) is [image: V\ge 0]. Solve for [image: r] in terms of [image: V], using the method outlined previously.
 [image: \begin{align}V&=\frac{2}{3}\pi {r}^{3} \\[1mm] {r}^{3}&=\dfrac{3V}{2\pi } && \text{Solve for }{r}^{3}. \\[1mm] r&=\sqrt[3]{\frac{3V}{2\pi }} && \text{Solve for }r. \end{align}]
 This is the result stated in the section opener. Now evaluate this for [image: V=100] and [image: \pi =3.14].
 [image: \begin{align}r&=\sqrt[3]{\dfrac{3V}{2\pi }} \\[1mm] &=\sqrt[3]{\dfrac{3\cdot 100}{2\cdot 3.14}} \\[1mm] &\approx \sqrt[3]{47.7707} \\ & \approx 3.63 \end{align}]
 Therefore, the radius is about [image: 3.63] ft.
   An interactive online homework element has been excluded from the printed version of the text. To see the interactive element that was excluded, please visit the courseware online.
 
  An interactive online homework element has been excluded from the printed version of the text. To see the interactive element that was excluded, please visit the courseware online.
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				 	Solve direct variation problems.
 	Solve inverse variation problems.
 	Solve problems involving joint variation.
 
  Direct Variation
 Direct variation is a fundamental concept in algebra that describes a linear relationship between two variables. In direct variation, one variable is a constant multiple of another. This concept is often used in real-world situations where two quantities vary in a consistent manner.
 direct variation
 If [image: x] and [image: y] are related by an equation of the form
 [image: y=k{x}^{n}]
 then we say that the relationship is direct variation and [image: y] varies directly with the [image: n]th power of [image: x].
 	In direct variation relationships, there is a nonzero constant ratio [image: k=\dfrac{y}{{x}^{n}}], where [image: k] is called the constant of variation, which help defines the relationship between the variables.
 
  A used-car company has just offered their best candidate, Nicole, a position in sales. The position offers [image: 16\%] commission on her sales. Her earnings depend on the amount of her sales.
 [image: \\]
 Nicole’s earnings can be found by multiplying her sales by her commission. The formula [image: e = 0.16s] tells us her earnings, [image: e], come from the product of [image: 0.16], her commission, and the sale price of the vehicle, [image: s].
 [image: \\]
 If we create a table, we observe that as the sales price increases, the earnings increase as well, which should be intuitive. 	[image: s], sales prices 	[image: e = 0.16s] 	Interpretation 
  	[image: $4,600] 	[image: e=0.16(4,600)=736] 	A sale of a [image: $4,600] vehicle results in [image: $736] earnings. 
 	[image: $9,200] 	[image: e=0.16(9,200)=1,472] 	A sale of a [image: $9,200] vehicle results in [image: $1472] earnings. 
 	[image: $18,400] 	[image: e=0.16(18,400)=2,944] 	A sale of a [image: $18,400] vehicle results in [image: $2944] earnings. 
  
 [image: Graph of y=(0.16)x where the horizontal axis is labeled,]
 Notice that earnings are a multiple of sales. As sales increase, earnings increase in a predictable way. Double the sales of the vehicle from [image: $4,600] to [image: $9,200], and we double the earnings from [image: $736] to [image: $1,472].
 As the input increases, the output increases as a multiple of the input. A relationship in which one quantity is a constant multiplied by another quantity is called direct variation. Each variable in this type of relationship varies directly with the other.
  How To: Given a description of a direct variation problem, solve for an unknown.
  	Identify the input, [image: x], and the output, [image: y].
 	Determine the constant of variation. You may need to divide [image: y] by the specified power of [image: x] to determine the constant of variation.
 	Use the constant of variation to write an equation for the relationship.
 	Substitute known values into the equation to find the unknown.
 
  The quantity [image: y] varies directly with the cube of [image: x]. If [image: y=25] when [image: x=2], find [image: y] when [image: x] is [image: 6]. Show Solution The general formula for direct variation with a cube is [image: y=k{x}^{3}]. The constant can be found by dividing [image: y] by the cube of [image: x].
 [image: \begin{align} k&=\dfrac{y}{{x}^{3}} \\[1mm] &=\dfrac{25}{{2}^{3}}\\[1mm] &=\dfrac{25}{8}\end{align}]
 Now use the constant to write an equation that represents this relationship.
 [image: y=\dfrac{25}{8}{x}^{3}]
 Substitute [image: x=6] and solve for [image: y].
 [image: \begin{align}y&=\dfrac{25}{8}{\left(6\right)}^{3} \\[1mm] &=675\hfill \end{align}]
 Analysis of the Solution
 The graph of this equation is a simple cubic, as shown below.
 [image: Graph of y=25/8(x^3) with the labeled points (2, 25) and (6, 675).]
   Do the graphs of all direct variation equations look like the example above?
  
 No. Direct variation equations are power functions—they may be linear, quadratic, cubic, quartic, radical, etc. But all of the graphs pass through [image: (0, 0)].
  An interactive online homework element has been excluded from the printed version of the text. To see the interactive element that was excluded, please visit the courseware online.
 
  An interactive online homework element has been excluded from the printed version of the text. To see the interactive element that was excluded, please visit the courseware online.
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				Inverse Variation
 Inverse variation describes a relationship where one variable increases as the other decreases. This concept is crucial in understanding how different quantities affect each other inversely.
 inverse variation
 In an inverse variation, the relationship between two variables [image: x] and [image: y] can be expressed as:
 [image: y = \dfrac{k}{x^n}]
 where [image: k] is a nonzero constant, then we say that [image: y] varies inversely with the power of [image: x].
 [image: \\]
 In inversely proportional relationships, or inverse variations, there is a constant multiple [image: k = x^n \cdot y].
  Water temperature in an ocean varies inversely to the water’s depth. Between the depths of [image: 250] feet and [image: 500] feet, the formula [image: T=\frac{14,000}{d}] gives us the temperature in degrees Fahrenheit at a depth in feet below Earth’s surface.
 [image: \\]
 Consider the Atlantic Ocean, which covers [image: 22\%] of Earth’s surface. At a certain location, at the depth of [image: 500] feet, the temperature may be [image: 28^\circ\text{F}].If we create a table we observe that, as the depth increases, the water temperature decreases. 	[image: d], depth 	[image: T=\frac{\text{14,000}}{d}] 	Interpretation 
  	[image: 500] ft 	[image: \frac{14,000}{500}=28] 	At a depth of [image: 500] ft, the water temperature is [image: 28^\circ\text{F}]. 
 	[image: 350] ft 	[image: \frac{14,000}{350}=40] 	At a depth of [image: 350] ft, the water temperature is [image: 40^\circ\text{F}]. 
 	[image: 250] ft 	[image: \frac{14,000}{250}=56] 	At a depth of [image: 250] ft, the water temperature is [image: 56^\circ\text{F}]. 
  
 We say the water temperature varies inversely with the depth of the water because, as the depth increases, the temperature decreases. The formula [image: y=\dfrac{k}{x}] for inverse variation in this case uses [image: k=14,000].
 [image: Graph of y=(14000)/x where the horizontal axis is labeled,]
 We notice in the relationship between these variables that, as one quantity increases, the other decreases. The two quantities are said to be inversely proportional and each term varies inversely with the other. Inversely proportional relationships are also called inverse variations.
  A tourist plans to drive [image: 100] miles. Find a formula for the time the trip will take as a function of the speed the tourist drives. Show Solution Recall that multiplying speed by time gives distance. If we let [image: t] represent the drive time in hours, and [image: v] represent the velocity (speed or rate) at which the tourist drives, then [image: vt=] distance. Because the distance is fixed at [image: 100] miles, [image: vt=100]. Solving this relationship for the time gives us our function.
 [image: \begin{align}t\left(v\right)&=\dfrac{100}{v} \\[1mm] &=100{v}^{-1} \end{align}]
 We can see that the constant of variation is [image: 100] and, although we can write the relationship using the negative exponent, it is more common to see it written as a fraction.
   How To: Given a description of an inverse variation problem, solve for an unknown.
  	Identify the input, [image: x], and the output, [image: y].
 	Determine the constant of variation. You may need to multiply [image: y] by the specified power of [image: x] to determine the constant of variation.
 	Use the constant of variation to write an equation for the relationship.
 	Substitute known values into the equation to find the unknown.
 
  A quantity [image: y] varies inversely with the cube of [image: x]. If [image: y=25] when [image: x=2], find [image: y] when [image: x] is [image: 6]. Show Solution The general formula for inverse variation with a cube is [image: y=\dfrac{k}{{x}^{3}}]. The constant can be found by multiplying [image: y] by the cube of [image: x].
 [image: \begin{align}k&={x}^{3}y \\[1mm] &={2}^{3}\cdot 25 \\[1mm] &=200 \end{align}]
 Now we use the constant to write an equation that represents this relationship.
 [image: \begin{align}y&=\dfrac{k}{{x}^{3}},\hspace{2mm}k=200 \\[1mm] y&=\dfrac{200}{{x}^{3}} \end{align}]
 Substitute [image: x=6] and solve for [image: y].
 [image: \begin{align}y&=\dfrac{200}{{6}^{3}} \\[1mm] &=\dfrac{25}{27} \end{align}]
 Analysis of the Solution
 The graph of this equation is a rational function.
 [image: Graph of y=25/(x^3) with the labeled points (2, 25) and (6, 25/27).]
   An interactive online homework element has been excluded from the printed version of the text. To see the interactive element that was excluded, please visit the courseware online.
 
  An interactive online homework element has been excluded from the printed version of the text. To see the interactive element that was excluded, please visit the courseware online.
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				Joint Variation
 Many situations are more complicated than a basic direct variation or inverse variation model. One variable often depends on multiple other variables. When a variable is dependent on the product or quotient of two or more variables, this is called joint variation. This concept extends the idea of direct variation to multiple variables and is often used in various scientific and engineering contexts.
 joint variation
 Joint variation occurs when a variable varies directly or inversely with multiple variables.
 For instance:
 	If [image: x] varies directly with both [image: y] and [image: z], we have [image: x=kyz].
 	If [image: x] varies directly with [image: y] and inversely with [image: z], we have [image: x=\dfrac{ky}{z}].
 
 Notice that we only use one constant in a joint variation equation.
  A quantity [image: x] varies directly with the square of [image: y] and inversely with the cube root of [image: z]. If [image: x=6] when [image: y=2] and [image: z=8], find [image: x] when [image: y=1] and [image: z=27]. Show Solution Begin by writing an equation to show the relationship between the variables.
 [image: x=\dfrac{k{y}^{2}}{\sqrt[3]{z}}]
 Substitute [image: x=6], [image: y=2], and [image: z=8] to find the value of the constant [image: k].
 [image: \begin{align}6&=\dfrac{k{2}^{2}}{\sqrt[3]{8}} \\[1mm] 6&=\dfrac{4k}{2} \\[1mm] 3&=k \end{align}]
 Now we can substitute the value of the constant into the equation for the relationship.
 [image: x=\dfrac{3{y}^{2}}{\sqrt[3]{z}}]
 To find [image: x] when [image: y=1] and [image: z=27], we will substitute values for [image: y] and [image: z] into our equation.
 [image: \begin{align}x&=\dfrac{3{\left(1\right)}^{2}}{\sqrt[3]{27}} \\[1mm] &=1 \end{align}]
   An interactive online homework element has been excluded from the printed version of the text. To see the interactive element that was excluded, please visit the courseware online.
 
  An interactive online homework element has been excluded from the printed version of the text. To see the interactive element that was excluded, please visit the courseware online.
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				 	Solve direct variation problems.
 	Solve inverse variation problems.
 	Solve problems involving joint variation.
 
  Athletic Training and Performance Analysis
 As a sports performance analyst, you’re studying how different variables affect athletic performance. You’re analyzing three key relationships:
 	The relationship between training time and muscle strength gains
 	The relationship between the number of people sharing workout equipment and individual exercise time
 	How an athlete’s power output depends on both their muscle mass and movement speed
 
 Let’s explore these relationships using variation principles to optimize training programs.
 An interactive online homework element has been excluded from the printed version of the text. To see the interactive element that was excluded, please visit the courseware online.
 
  An interactive online homework element has been excluded from the printed version of the text. To see the interactive element that was excluded, please visit the courseware online.
 
  An interactive online homework element has been excluded from the printed version of the text. To see the interactive element that was excluded, please visit the courseware online.
 
  An interactive online homework element has been excluded from the printed version of the text. To see the interactive element that was excluded, please visit the courseware online.
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		Exponential and Logarithmic Functions: Background You'll Need 1

								

	
				 	Find the value of a function
 
  Finding Input and Output Values of a Function
 When we know an input value and want to determine the corresponding output value for a function, we evaluate the function. Evaluating will always produce one result because each input value of a function corresponds to exactly one output value.
 When we know an output value and want to determine the input values that would produce that output value, we set the output equal to the function’s formula and solve for the input. Solving can produce more than one solution because different input values can produce the same output value.
 Evaluation of Functions in Algebraic Forms
 When we have a function in formula form, it is usually a simple matter to evaluate the function. For example, the function [image: f(x)=5−3x^2] can be evaluated by squaring the input value, multiplying by [image: 3], and then subtracting the product from [image: 5].
 How to: Given the formula for a function, evaluate. 	Substitute the input variable in the formula with the value provided.
 	Calculate the result.
 
  When evaluating functions, it’s handy to wrap the input variable in parentheses before making the substitution. Ex. Given [image: f(x)=x^2 - 8], find [image: f(-3)]
 [image: \begin{align}f(x)&=(x)^2 - 8 \\ &= (-3)^2 - 8 \\ &= 9 - 8 \\ &= 1\end{align}]
 The value of the function [image: f(x)=x^2 - 8], at the input [image: x=-3], is [image: 1].
  For the function, [image: f\left(x\right)={x}^{2}+3x - 4], evaluate each of the following. 	[image: f\left(2\right)]
 	[image: f(a)]
 	[image: f(a+h)]
 	[image: \dfrac{f\left(a+h\right)-f\left(a\right)}{h}]
 
 Show Solution Replace the [image: x] in the function with each specified value.
 	Because the input value is a number, 2, we can use algebra to simplify. [image: \begin{align}f\left(2\right)&={2}^{2}+3\left(2\right)-4 \\ &=4+6 - 4 \\ &=6\hfill \end{align}]
 
 	In this case, the input value is a letter so we cannot simplify the answer any further. [image: f\left(a\right)={a}^{2}+3a - 4]
 
 	With an input value of [image: a+h], we must use the distributive property. [image: \begin{align}f\left(a+h\right)&={\left(a+h\right)}^{2}+3\left(a+h\right)-4 \\[2mm] &={a}^{2}+2ah+{h}^{2}+3a+3h - 4 \end{align}]
 
 	In this case, we apply the input values to the function more than once, and then perform algebraic operations on the result. We already found that: [image: f\left(a+h\right)={a}^{2}+2ah+{h}^{2}+3a+3h - 4]
 and we know that:
 [image: f\left(a\right)={a}^{2}+3a - 4]
 Now we combine the results and simplify.
 [image: \begin{align}\dfrac{f\left(a+h\right)-f\left(a\right)}{h}&=\dfrac{\left({a}^{2}+2ah+{h}^{2}+3a+3h - 4\right)-\left({a}^{2}+3a - 4\right)}{h} \\[2mm] &=\dfrac{2ah+{h}^{2}+3h}{h}\\[2mm] &=\frac{h\left(2a+h+3\right)}{h}&&\text{Factor out }h. \\[2mm] &=2a+h+3&&\text{Simplify}.\end{align}]
 
 
   Functions can be evaluated for negative values of [image: x], too. Keep in mind the rules for integer operations.
 Given [image: p(x)=2x^{2}+5], find [image: p(−3)]. Show Solution Substitute [image: -3] in for x in the function.
 [image: p(−3)=2(−3)^{2}+5]
 Simplify the expression on the right side of the equation.
 [image: \begin{array}{lll}p(−3)=2(9)+5\\p(−3)=18+5\\p(−3)=23\end{array}]
   An interactive online homework element has been excluded from the printed version of the text. To see the interactive element that was excluded, please visit the courseware online.
 
  In addition to evaluating functions for a particular input, we can also solve functions for the input that creates a particular output.
 How to: Solve a Function. 	Replace the output in the formula with the value provided.
 	Solve for the input variable that makes the statement true.
 
  Given the function [image: h\left(p\right)={p}^{2}+2p], solve for [image: h\left(p\right)=3]. Show Solution [image: \begin{align}&h\left(p\right)=3\\ &{p}^{2}+2p=3 &&\text{Substitute the original function }h\left(p\right)={p}^{2}+2p. \\ &{p}^{2}+2p - 3=0 &&\text{Subtract 3 from each side}. \\ &\left(p+3\text{)(}p - 1\right)=0 &&\text{Factor}. \end{align}]
 If [image: \left(p+3\right)\left(p - 1\right)=0], either [image: \left(p+3\right)=0] or [image: \left(p - 1\right)=0] (or both of them equal 0). We will set each factor equal to 0 and solve for [image: p] in each case.
 [image: \begin{align}&p+3=0, &&p=-3 \\ &p - 1=0, &&p=1\hfill \end{align}]
 This gives us two solutions. The output [image: h\left(p\right)=3] when the input is either [image: p=1] or [image: p=-3].
 [image: Graph of a parabola with labeled points (-3, 3), (1, 3), and (4, 24).] 
 We can also verify by graphing, as seen above. The graph verifies that [image: h\left(1\right)=h\left(-3\right)=3] and [image: h\left(4\right)=24]. 
  An interactive online homework element has been excluded from the printed version of the text. To see the interactive element that was excluded, please visit the courseware online.
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				 	Change the appearance of functions on a graph by shifting, stretching, or flipping them
 
  Performing a Sequence of Transformations
 Combining transformations follows a specific order of operations similar to the mathematical order of operations (PEMDAS: Parentheses, Exponents, Multiplication and Division, Addition and Subtraction). When applying transformations to a function, the sequence ensures that each transformation is applied correctly and the resulting graph reflects the intended changes.
 order of transformations
 When transforming a function [image: y = a \cdot f(bx-c)+d], the general order of transformation is as follows:
 	Horizontal Shifts by [image: c] units. 	[image: f(x)] is shifted to the right if [image: c] is positive
 	[image: f(x)] is shifted to the left if [image: c] is negative.
 
 
 	Horizontal Stretches/Compressions by a factor of [image: \dfrac{1}{b}]. 	[image: f(x)] is compressed horizontally if [image: |b|>1].
 	[image: f(x)] is stretched horizontally if [image: 0<|b|<1].
 
 
 	Reflections 	Reflection across the y-axis if [image: b] is negative.
 	Reflection across the x-axis if [image: a] is negative.
 
 
 	Vertical Stretches/Compressions by a factor of [image: a]. 	[image: f(x)] is stretched vertically if [image: |a|>1].
 	[image: f(x)] is compressed vertically if [image: 0<|a|<1].
 
 
 	Vertical Shifts by [image: d] units. 	[image: f(x)] is shifted to the upward if [image: d] is positive
 	[image: f(x)] is shifted to the downward if [image: d] is negative.
 
 
 
  When combining vertical transformations written in the form [image: af\left(x\right)+k], first vertically stretch by [image: a] and then vertically shift by [image: k].
 [image: \\]
 When combining horizontal transformations written in the form [image: f\left(bx-h\right)], first horizontally shift by [image: \frac{h}{b}] and then horizontally stretch by [image: \frac{1}{b}].
 [image: \\]
 When combining horizontal transformations written in the form [image: f\left(b\left(x-h\right)\right)], first horizontally stretch by [image: \frac{1}{b}] and then horizontally shift by [image: h]. Given [image: f(x)=|x|], identify the transformations and graph the transformed function[image: h(x)=f(x+1)-3 = |x+1|-3]Step-by-Step Transformations 	Original Function: The original function is [image: f(x)=|x|].
 	Transformations: 	Horizontal Shift: The term [image: |x+1|]indicates a horizontal shift to the left by [image: 1] unit. This is because [image: x+1 = 0] when [image: x=-1]so the entire graph of i[image: f(x)=|x|] is moved [image: 1] unit to the left.
 	Vertical Shift: The term [image: -3] indicates a vertical shift downward by [image: 3] units.
 
 
 
 Graph
 	Original Graph
 [image: y=|x|]
  	Left by [image: 1] unit
 [image: y=|x+1|]
  	Downward by [image: 3] units
 y = |x+1|-3 
 	[image: (0,0)] 	[image: (-1,0)] 	[image: (-1,-3)] 
 	[image: (1,1)] 	[image: (0,1)] 	[image: (0,-2)] 
  
 [image: Graph of an absolute function, y=|x|, and how it was transformed to y=|x+1|-3.]
  [image: Graph of a half-circle.]Use the given graph of [image: f(x)] to draw the transformed function: [image: g(x)=f(\frac{1}{2}x+1)-3]. Show Answer The original function [image: f(x)] has key points: [image: (-2,0)], [image: (0,2)], and [image: (2,0)].
 [image: \\]
 Step-by-Step Transformations
 	Horizontal Shift Left by [image: 1] unit
 	Horizontal Stretch by a factor of [image: 2] (Note: this impact the [image: x]-values)
 	Vertical Shift Down by [image: 3] units
 
 	Original Point 	Left by [image: 1] unit 	Horizontal Stretch by a factor of [image: 2] 	Down by [image: 3] units 
 	[image: (-2,0)] 	[image: (-3,0)] 	[image: (-6,0)] 	[image: (-6,-3)] 
 	[image: (0,2)] 	[image: (-1,2)] 	[image: (-2,2)] 	[image: (-2,-1)] 
 	[image: (2,0)] 	[image: (1,0)] 	[image: (2,0)] 	[image: (2,-3)] 
  
 [image: Graph of a vertically stretch and translated half-circle.]
  Write a formula for the graph shown below, which is a transformation of the toolkit square root function.[image: Graph of a square root function transposed right one unit and up 2.] Show Solution The graph of the toolkit function starts at the origin, so this graph has been shifted [image: 1] to the right and up [image: 2]. In function notation, we could write that as
 [image: h\left(x\right)=f\left(x - 1\right)+2]
 Using the formula for the square root function, we can write
 [image: h\left(x\right)=\sqrt{x - 1}+2]
 Analysis of the Solution
 Note that this transformation has changed the domain and range of the function. This new graph has domain [image: \left[1,\infty \right)] and range [image: \left[2,\infty \right)].
   A common model for learning has an equation similar to [image: k\left(t\right)=-{2}^{-t}+1], where [image: k] is the percentage of mastery that can be achieved after [image: t] practice sessions. This is a transformation of the function [image: f\left(t\right)={2}^{t}] shown below.
 [image: \\]
 Sketch a graph of [image: k\left(t\right)].[image: Graph of k(t)] Show Solution This equation combines three transformations into one equation.
 	A horizontal reflection: [image: f\left(-t\right)={2}^{-t}]
 	A vertical reflection: [image: -f\left(-t\right)=-{2}^{-t}]
 	A vertical shift: [image: -f\left(-t\right)+1=-{2}^{-t}+1]
 
 We can sketch a graph by applying these transformations one at a time to the original function. Let us follow two points through each of the three transformations. We will choose the points [image: (0, 1)] and [image: (1, 2)].
 	First, we apply a horizontal reflection: [image: (0, 1) (–1, 2)].
 	Then, we apply a vertical reflection: [image: (0, −1) (1, –2)].
 	Finally, we apply a vertical shift: [image: (0, 0) (1, 1)].
 
 This means that the original points, [image: (0,1)] and [image: (1,2)] become [image: (0,0)] and [image: (1,1)] after we apply the transformations.
 In the graphs below, the first graph results from a horizontal reflection. The second results from a vertical reflection. The third results from a vertical shift up 1 unit.
 [image: Graphs of all the transformations.]
 Analysis of the Solution
 As a model for learning, this function would be limited to a domain of [image: t\ge 0], with corresponding range [image: \left[0,1\right)].
   Given the table below for the function [image: f\left(x\right)], create a table of values for the function [image: g\left(x\right)=2f\left(3x\right)+1]. 	[image: x] 	[image: 6]  	[image: 12]  	[image: 18]  	[image: 24]  
 	[image: f\left(x\right)]  	[image: 10]  	[image: 14]  	[image: 15]  	[image: 17]  
  
 Show Solution There are three steps to this transformation, and we will work from the inside out. Starting with the horizontal transformations, [image: f\left(3x\right)] is a horizontal compression by [image: \frac{1}{3}], which means we multiply each [image: x\text{-}] value by [image: \frac{1}{3}].
 	[image: x] 	[image: 2]  	[image: 4]  	[image: 6]  	[image: 8]  
 	[image: f\left(3x\right)]  	[image: 10]  	[image: 14]  	[image: 15]  	[image: 17]  
  
 Looking now to the vertical transformations, we start with the vertical stretch, which will multiply the output values by 2. We apply this to the previous transformation.
 	[image: x] 	[image: 2]  	[image: 4]  	[image: 6]  	[image: 8]  
 	[image: 2f\left(3x\right)]  	[image: 20]  	[image: 28]  	[image: 30]  	[image: 34]  
  
 Finally, we can apply the vertical shift, which will add 1 to all the output values.
 	[image: x] 	[image: 2]  	[image: 4]  	[image: 6]  	[image: 8]  
 	[image: g\left(x\right)=2f\left(3x\right)+1] 	[image: 21]  	[image: 29]  	[image: 31]  	[image: 35]  
  
   An interactive online homework element has been excluded from the printed version of the text. To see the interactive element that was excluded, please visit the courseware online.
 
  An interactive online homework element has been excluded from the printed version of the text. To see the interactive element that was excluded, please visit the courseware online.
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				 	Identify all possible inputs (domain) and outputs (range) for both relations and functions
 
  Domain and Range
 We can visualize the domain as a “holding area” that contains “raw materials” for a “function machine” and the range as another “holding area” for the machine’s products.
 [image: Diagram of how a function relates two relations.]
 domain and range
 Domain: The domain of a function is the set of all possible input values. These are the values that you can put into the function.
 	Note that values in the domain are also known as input values, or values of the independent variable, and are often labeled with the lowercase letter [image: x].
 
  
 Range: The range of a function is the set of all possible output values. These are the values that come out of the function.
 	Values in the range are also known as output values, or values of the dependent variable, and are often labeled with the lowercase letter [image: y].
 
  We can write the domain and range in interval notation, which uses values within brackets to describe a set of numbers. In interval notation, we use a square bracket [image: [] when the set includes the endpoint and a parenthesis [image: (] to indicate that the endpoint is either not included or the interval is unbounded. For example, if a person has [image: $100] to spend, he or she would need to express the interval that is more than [image: 0] and less than or equal to [image: 100] and write [image: \left(0,\text{ }100\right]].
 Before we begin, let us review the conventions of interval notation: 	The smallest term from the interval is written first.
 	The largest term in the interval is written second, following a comma.
 	Parentheses, ( or ), are used to signify that an endpoint is not included, called exclusive.
 	Brackets, [ or ], are used to indicate that an endpoint is included, called inclusive.
 
  Understanding the domain and range helps us to see the full scope of a function and how it operates over different values.
 Consider the relation where the input is a family member’s name and the output is their age: 	Family Member’s Name (Input) 	Family Member’s Age (Output) 
  	Nellie 	[image: 13] 
 	Marcos 	[image: 11] 
 	Esther 	[image: 46] 
 	Samuel 	[image: 47] 
 	Nina 	[image: 47] 
 	Paul 	[image: 47] 
 	Katrina 	[image: 21] 
 	Andrew 	[image: 16] 
 	Maria 	[image: 13] 
 	Ana 	[image: 81] 
  
 Domain: The domain is the set of all family members’ names: {Nellie, Marcos, Esther, Samuel, Nina, Paul, Katrina, Andrew, Maria, Ana}
 Range: The range is the set of all family members’ ages: [image: \{13,11,46,47,21,16,81\}]
  Relations can be written as ordered pairs of numbers [image: (x,y)] or as numbers in a table of values the columns of which each contain inputs or outputs. By examining the inputs ([image: x]-coordinates) and outputs ([image: y]-coordinates), you can determine whether or not the relation is a function. Remember, in a function, each input corresponds to only one output. That is, each [image: x] value corresponds to exactly one [image: y] value.
 Find the domain of the following function: [image: \left\{\left(2,\text{ }10\right),\left(3,\text{ }10\right),\left(4,\text{ }20\right),\left(5,\text{ }30\right),\left(6,\text{ }40\right)\right\}] . Show Solution First identify the input values. The input value is the first coordinate in an ordered pair. There are no restrictions, as the ordered pairs are simply listed. The domain is the set of the first coordinates of the ordered pairs.
 [image: \left\{2,3,4,5,6\right\}]
   An interactive online homework element has been excluded from the printed version of the text. To see the interactive element that was excluded, please visit the courseware online.
 
  Let’s turn our attention to finding the domain of a function whose equation is provided. Oftentimes, finding the domain of such functions involves remembering three different forms. First, if the function has no denominator or an even root, consider whether the domain could be all real numbers. Second, if there is a denominator in the function’s equation, exclude values in the domain that force the denominator to be zero. Third, if there is an even root, consider excluding values that would make the radicand negative. How To: Given a function written in equation form, find the domain. 	Identify the input values.
 	Identify any restrictions on the input and exclude those values from the domain.
 	Write the domain in interval form, if possible.
 
  Find the domain of the function [image: f\left(x\right)={x}^{2}-1]. Show Solution The input value, shown by the variable [image: x] in the equation, is squared and then the result is lowered by one. Any real number may be squared and then be lowered by one, so there are no restrictions on the domain of this function. The domain is the set of real numbers.
 [image: \\]
 In interval form the domain of [image: f] is [image: \left(-\infty ,\infty \right)].
  [ohm_question hide_question_numbers=1]60533[/ohm_question] How To: Given a function written in an equation form that includes a fraction, find the domain. 	Identify the input values.
 	Identify any restrictions on the input. If there is a denominator in the function’s formula, set the denominator equal to zero and solve for [image: x] . These are the values that cannot be inputs in the function.
 	Write the domain in interval form, making sure to exclude any restricted values from the domain.
 
  Find the domain of the function [image: f\left(x\right)=\dfrac{x+1}{2-x}]. Show Solution When there is a denominator, we want to include only values of the input that do not force the denominator to be zero. So, we will set the denominator equal to 0 and solve for [image: x].
 [image: \begin{align}2-x&=0 \\ -x&=-2 \\ x&=2 \end{align}]
 Now, we will exclude 2 from the domain. The answers are all real numbers where [image: x<2] or [image: x>2]. We can use a symbol known as the union, [image: \cup], to combine the two sets. In interval notation, we write the solution: [image: \left(\mathrm{-\infty },2\right)\cup \left(2,\infty \right)].
 [image: Line graph of x=!2.]
 In interval form, the domain of [image: f] is [image: \left(-\infty ,2\right)\cup \left(2,\infty \right)].
   [ohm_question hide_question_numbers=1]61836[/ohm_question] How To: Given a function written in equation form including an even root, find the domain. 	Identify the input values.
 	Since there is an even root, exclude any real numbers that result in a negative number in the radicand. Set the radicand greater than or equal to zero and solve for [image: x].
 	The solution(s) are the domain of the function. If possible, write the answer in interval form.
 
  While zero divided by any number equals zero, division by zero results in an undefined ratio.[image: \dfrac{0}{a} = 0 \quad \text{but } \quad \dfrac{b}{0} = \text{undefined}]An even root of a negative number does not exist in the real numbers.[image: \sqrt{-1} = i]Since the domain of any function defined in the real plane is the set of all real input into the function, we must exclude any values of the input variable that create undefined expressions or even roots of a negative. Find the domain of the function [image: f\left(x\right)=\sqrt{7-x}]. Show Solution When there is an even root in the formula, we exclude any real numbers that result in a negative number in the radicand.
 [image: \\]
 Set the radicand greater than or equal to zero and solve for [image: x].
 [image: \begin{align}7-x&\ge 0 \\ -x&\ge -7 \\ x&\le 7 \end{align}]
 Now, we will exclude any number greater than 7 from the domain. The answers are all real numbers less than or equal to [image: 7], or [image: \left(-\infty ,7\right]].
   [ohm_question hide_question_numbers=1]30831[/ohm_question] How To: Given the formula for a function, determine the domain and range. 	Exclude from the domain any input values that result in division by zero.
 	Exclude from the domain any input values that have nonreal (or undefined) number outputs.
 	Use the valid input values to determine the range of the output values.
 	Look at the function graph and table values to confirm the actual function behavior.
 
  Find the domain and range of [image: f\left(x\right)=2{x}^{3}-x]. Show Solution There are no restrictions on the domain, as any real number may be cubed and then subtracted from the result.
 [image: \\]
 The domain is [image: \left(-\infty ,\infty \right)] and the range is also [image: \left(-\infty ,\infty \right)].
  Find the domain and range of [image: f\left(x\right)=2\sqrt{x+4}]. Show Solution We cannot take the square root of a negative number, so the value inside the radical must be nonnegative.[image: x+4\ge 0\text{ when }x\ge -4]The domain of [image: f\left(x\right)] is [image: \left[-4,\infty \right)].We then find the range. We know that [image: f\left(-4\right)=0], and the function value increases as [image: x] increases without any upper limit. We conclude that the range of [image: f] is [image: \left[0,\infty \right)].
 [image: \\]
 Analysis of the Solution
 [image: \\]
 The graph below represents the function [image: f].[image: Graph of a square root function at (-4, 0).]
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				 	Understand what exponential functions are and learn their main features
 	Write the equation for an exponential function
 	Draw graphs of exponential functions
 	Modify graphs of exponential functions using shifts, stretches, and reflections
 
  Defining Exponential Functions
 What exactly does it mean to grow exponentially? What does the word double have in common with percent increase? People toss these words around errantly. Are these words used correctly? The words certainly appear frequently in the media.
 	Percent change refers to a change based on a percent of the original amount.
 	Exponential growth refers to an increase based on a constant multiplicative rate of change over equal increments of time, that is, a percent increase of the original amount over time.
 	Exponential decay refers to a decrease based on a constant multiplicative rate of change over equal increments of time, that is, a percent decrease of the original amount over time.
 
 For us to gain a clear understanding of exponential growth, let us contrast exponential growth with linear growth.
 	[image: x] 	[image: y = 2^x] 	[image: y = 2x] 
 	[image: 0] 	[image: y = 2^0 = 1] 	[image: y = 2(0) = 0] 
 	[image: 1] 	[image: y = 2^1 = 2] 	[image: y = 2(1) = 2] 
 	[image: 2] 	[image: y = 2^2 = 4] 	[image: y = 2(2) = 4] 
 	[image: 3] 	[image: y = 2^3 = 8] 	[image: y = 2(3) = 6] 
 	[image: 4] 	[image: y = 2^4 = 16] 	[image: y = 2(4) = 8] 
  
 We can infer that for these two functions, exponential growth dwarfs linear growth.
 	Exponential growth refers to the original value from the range increases by the same percentage over equal increments found in the domain.
 	Linear growth refers to the original value from the range increases by the same amount over equal increments found in the domain.
 
 An interactive online homework element has been excluded from the printed version of the text. To see the interactive element that was excluded, please visit the courseware online.
 
  Apparently, the difference between “the same percentage” and “the same amount” is quite significant. For exponential growth, over equal increments, the constant multiplicative rate of change resulted in doubling the output whenever the input increased by one. For linear growth, the constant additive rate of change over equal increments resulted in adding [image: 2] to the output whenever the input was increased by one.
 exponential function
 The general form of the exponential formula is
 [image: f(x)=ab^x]
 where [image: a] is any nonzero number and [image: b] is a positive real number not equal to [image: 1].
 	if [image: b>1], the function grows at a rate proportional to its size.
 	if [image: 0 \lt b \lt 1], the function decays at a rate proportional to its size.
 
  Why do we limit the base [image: b] to positive values? 
 This is done to ensure that the outputs will be real numbers. Observe what happens if the base is not positive:
 	Consider a base of –9 and exponent of [image: \frac{1}{2}]. Then [image: f\left(x\right)=f\left(\frac{1}{2}\right)={\left(-9\right)}^{\frac{1}{2}}=\sqrt{-9}], which is not a real number.
 
 Why do we limit the base to positive values other than 1?
 
 
 This is because a base of 1 results in the constant function. Observe what happens if the base is 1:
 	Consider a base of 1. Then [image: f\left(x\right)={1}^{x}=1] for any value of x.
 
  To evaluate an exponential function with the form [image: f\left(x\right)={b}^{x}], we simply substitute [image: x] with the given value, and calculate the resulting power.
 Let [image: f\left(x\right)={2}^{x}]. What is [image: f\left(3\right)]? [image: \begin{array}{llllllll}f\left(x\right)\hfill & ={2}^{x}\hfill & \hfill \\ f\left(3\right)\hfill & ={2}^{3}\text{}\hfill & \text{Substitute }x=3. \hfill \\ \hfill & =8\text{}\hfill & \text{Evaluate the power}\text{.}\hfill \end{array}]
  When evaluating an exponential function, it is important to follow the order of operations.
 Let [image: f\left(x\right)=30{\left(2\right)}^{x}]. What is [image: f\left(3\right)]? [image: \begin{array}{c}f\left(x\right)\hfill & =30{\left(2\right)}^{x}\hfill & \hfill \\ f\left(3\right)\hfill & =30{\left(2\right)}^{3}\hfill & \text{Substitute }x=3.\hfill \\ \hfill & =30\left(8\right)\text{ }\hfill & \text{Simplify the power first}\text{.}\hfill \\ \hfill & =240\hfill & \text{Multiply}\text{.}\hfill \end{array}]
 Note that if the order of operations were not followed, the result would be incorrect:
 [image: f\left(3\right)=30{\left(2\right)}^{3}\ne {60}^{3}=216,000]
  Let [image: f\left(x\right)=5{\left(3\right)}^{x+1}]. Evaluate [image: f\left(2\right)] without using a calculator. Show Solution Follow the order of operations. Be sure to pay attention to the parentheses.
 [image: \begin{array}{c}f\left(x\right)\hfill & =5{\left(3\right)}^{x+1}\hfill & \hfill \\ f\left(2\right)\hfill & =5{\left(3\right)}^{2+1}\hfill & \text{Substitute }x=2.\hfill \\ \hfill & =5{\left(3\right)}^{3}\hfill & \text{Add the exponents}.\hfill \\ \hfill & =5\left(27\right)\hfill & \text{Simplify the power}\text{.}\hfill \\ \hfill & =135\hfill & \text{Multiply}\text{.}\hfill \end{array}]
   [ohm_question hide_question_numbers=1]73212[/ohm_question] 
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				Exponential Growth
 Because the output of exponential functions increases very rapidly, the term “exponential growth” is often used in everyday language to describe anything that grows or increases rapidly. However, exponential growth can be defined more precisely in a mathematical sense. If the growth rate is proportional to the amount present, the function models exponential growth.
 To get a sense of the behavior of exponential growth, we can create a table of values for a function of the form [image: f(x)={b}^{x}], where [image: f \gt 1].
 Let’s take a look at [image: f(x)={2}^{x}].  	[image: x] 	[image: –3] 	[image: –2] 	[image: –1] 	[image: 0] 	[image: 1] 	[image: 2] 	[image: 3] 
 	[image: f\left(x\right)={2}^{x}] 	[image: \frac{1}{8}] 	[image: \frac{1}{4}] 	[image: \frac{1}{2}] 	[image: 1] 	[image: 2] 	[image: 4] 	[image: 8] 
  
 [image: ]We call the base [image: 2] the constant ratio. This means that as the input increases by [image: 1], the output value will be the product of the base and the previous output. Did you notice that the next number is [image: 2] times the previous number?
 This pattern shows exponential growth because the output value increases by a factor of [image: 2] each time.
 Characteristics:
 	Domain: [image: (-\infty,\infty)]
 	Range: [image: (0,\infty)]
 	As [image: x \rightarrow \infty, f(x) \rightarrow \infty].
 	As [image: x \rightarrow -\infty, f(x) \rightarrow 0].
 	the graph of [image: f] will never touch the [image: x]-axis because base two raised to any exponent never has the result of zero.
 	Horizontal Asymptote: [image: y = 0]
 	[image: f(x)] is always increasing.
 	No [image: x]-intercept.
 	[image: y]-intercept is [image: (0,1)].
 
  exponential growth
 A function that models exponential growth grows by a rate proportional to the amount present. For any real number [image: x] and any positive real numbers a and b such that [image: b\ne 1], an exponential growth function has the form
 [image: \text{ }f\left(x\right)=a{b}^{x}]
 where
 	[image: a] is the initial or starting value of the function.
 	[image: b] is the growth factor or growth multiplier per unit [image: x].
 
  In more general terms, an exponential function consists of a constant base raised to a variable exponent.
 To differentiate between linear and exponential functions, let’s consider two companies, A and B. 	Company A has [image: 100] stores and expands by opening [image: 50] new stores a year, so its growth can be represented by the function [image: A\left(x\right)=100+50x].
 	Company B has [image: 100] stores and expands by increasing the number of stores by [image: 50 \%] each year, so its growth can be represented by the function [image: B\left(x\right)=100{\left(1+0.5\right)}^{x}].
 
 A few years of growth for these companies are illustrated below.
 	Year, [image: x] 	Stores, Company A 	Stores, Company B 
  	[image: 0] 	[image: 100 + 50(0) = 100] 	[image: 100(1 + 0.5)^0 = 100] 
 	[image: 1] 	[image: 100 + 50(1) = 150] 	[image: 100(1 + 0.5)^1 = 150] 
 	[image: 2] 	[image: 100 + 50(2) = 200] 	[image: 100(1 + 0.5)^2 = 225] 
 	[image: 3] 	[image: 100 + 50(3) = 250] 	[image: 100(1 + 0.5)^3 = 337.5] 
 	[image: x] 	[image: A(x) = 100 + 50x] 	[image: B(x) = 100(1 + 0.5)^x] 
  
 The graphs comparing the number of stores for each company over a five-year period are shown below. We can see that, with exponential growth, the number of stores increases much more rapidly than with linear growth.
 [image: Graph of Companies A and B’s functions, which values are found in the previous table.]The graph shows the numbers of stores Companies A and B opened over a five-year period. Notice that the domain for both functions is [image: \left[0,\infty \right)], and the range for both functions is [image: \left[100,\infty \right)]. After year 1, Company B always has more stores than Company A.
 Let’s more closely examine the function representing the number of stores for Company B,
 [image: B\left(x\right)=100{\left(1+0.5\right)}^{x}].In this exponential function, [image: 100] represents the initial number of stores, [image: 0.5] represents the growth rate, and [image: 1+0.5=1.5] represents the growth factor. Generalizing further, we can write this function as
 [image: B\left(x\right)=100{\left(1.5\right)}^{x}]
 where [image: 100] is the initial value, [image: 1.5] is called the base, and [image: x] is called the exponent.
  At the beginning of this section, we learned that the population of India was about [image: 1.25] billion in the year 2013 with an annual growth rate of about [image: 1.2\%].
 [image: \\]
 This situation is represented by the growth function [image: P\left(t\right)=1.25{\left(1.012\right)}^{t}] where [image: t] is the number of years since 2013.
 [image: \\]
 To the nearest thousandth, what will the population of India be in 2031? Show Solution To estimate the population in 2031, we evaluate the models for [image: t = 18], because 2031 is [image: 18] years after 2013. Rounding to the nearest thousandth,
 [image: P\left(18\right)=1.25{\left(1.012\right)}^{18}\approx 1.549]
 There will be about [image: 1.549] billion people in India in the year 2031.
   [ohm_question hide_question_numbers=1]294376[/ohm_question] Exponential Decay
 To get a sense of the behavior of exponential decay, we can create a table of values for a function of the form [image: g(x)={b}^{x}], where [image: 0 \lt b \lt 1].
 Let’s take a look at the function [image: g(x)={(\frac{1}{2})}^{x}].Observe how the output values in the table below change as the input increases by [image: 1]. 	[image: x] 	[image: –3] 	[image: –2] 	[image: –1] 	[image: 0] 	[image: 1] 	[image: 2] 	[image: 3] 
 	[image: g(x)=(\frac{1}{2})^{x}] 	[image: 8] 	[image: 4] 	[image: 2] 	[image: 1] 	[image: \frac{1}{2}] 	[image: \frac{1}{4}] 	[image: \frac{1}{8}] 
  
 [image: Graph of decreasing exponential function, (1/2)^x, with labeled points at (-3, 8), (-2, 4), (-1, 2), (0, 1), (1, 1/2), (2, 1/4), and (3, 1/8). The graph notes that the x-axis is an asymptote.]When the input is increasing by [image: 1], each output value is the product of the previous output and the base or constant ratio [image: \frac{1}{2}].
 Notice from the table that:
 	the output values are positive for all values of [image: x].
 	as [image: x] increases, the output values grow smaller, approaching zero.
 	as [image: x] decreases, the output values grow without bound.
 
 Characteristics:
 	Domain: [image: \left(-\infty , \infty \right)]
 	Range: [image: \left(0,\infty \right)]
 	[image: x]–intercept: none
 	[image: y]–intercept: [image: \left(0,1\right)]
 	Horizontal asymptote: [image: y=0]
 
 This is an exponential decay.
  [ohm_question hide_question_numbers=1]292577[/ohm_question] [ohm_question hide_question_numbers=1]292578[/ohm_question] 
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				Finding Equations of Exponential Functions
 In the previous examples, we were given an exponential function which we then evaluated for a given input. Sometimes we are given information about an exponential function without knowing the function explicitly. We must use the information to first write the form of the function, determine the constants [image: a] and [image: b], and evaluate the function.
 How To: Given two data points, write an exponential model 	If one of the data points has the form [image: \left(0,a\right)], then [image: a] is the initial value. Using [image: a], substitute the second point into the equation [image: f\left(x\right)=a{b}^{x}], and solve for [image: b].
 	If neither of the data points have the form [image: \left(0,a\right)], substitute both points into two equations with the form [image: f\left(x\right)=a{b}^{x}]. Solve the resulting system of two equations to find [image: a] and [image: b].
 	Using the [image: a] and [image: b] found in the steps above, write the exponential function in the form [image: f\left(x\right)=a{b}^{x}].
 
  When writing an exponential model from two data points, recall the processes you’ve learned to write other types of models from data points contained on the graphs of linear, power, polynomial, and rational functions. Each process was different, but each followed a fundamental characteristic of functions: that every point on the graph of a function satisfies the equation of the function. The process of writing an exponential model capitalizes on the same idea. In 2006, [image: 80] deer were introduced into a wildlife refuge. By 2012, the population had grown to [image: 180] deer. The population was growing exponentially.
 [image: \\]
 Write an algebraic function [image: N(t)] representing the population [image: N] of deer over time [image: t]. Show Solution We let our independent variable [image: t] be the number of years after 2006. Thus, the information given in the problem can be written as input-output pairs: [image: (0, 80)] and [image: (6, 180)]. Notice that by choosing our input variable to be measured as years after 2006, we have given ourselves the initial value for the function, [image: a = 80]. We can now substitute the second point into the equation [image: N\left(t\right)=80{b}^{t}] to find [image: b]:
 [image: \begin{array}{c}N\left(t\right)\hfill & =80{b}^{t}\hfill & \hfill \\ 180\hfill & =80{b}^{6}\hfill & \text{Substitute using point }\left(6, 180\right).\hfill \\ \frac{9}{4}\hfill & ={b}^{6}\hfill & \text{Divide and write in lowest terms}.\hfill \\ b\hfill & ={\left(\frac{9}{4}\right)}^{\frac{1}{6}}\hfill & \text{Isolate }b\text{ using properties of exponents}.\hfill \\ b\hfill & \approx 1.1447 & \text{Round to 4 decimal places}.\hfill \end{array}]
 NOTE: Unless otherwise stated, do not round any intermediate calculations. Round the final answer to four places for the remainder of this section.
 The exponential model for the population of deer is [image: N\left(t\right)=80{\left(1.1447\right)}^{t}]. Note that this exponential function models short-term growth. As the inputs get larger, the outputs will get increasingly larger resulting in the model not being useful in the long term due to extremely large output values.
 We can graph our model to observe the population growth of deer in the refuge over time. Notice that the graph below passes through the initial points given in the problem, [image: \left(0,\text{ 8}0\right)] and [image: \left(\text{6},\text{ 18}0\right)]. We can also see that the domain for the function is [image: \left[0,\infty \right)] and the range for the function is [image: \left[80,\infty \right)].
 [image: Graph of the exponential function, N(t) = 80(1.1447)^t, with labeled points at (0, 80) and (6, 180).]Graph showing the population of deer over time, [image: N\left(t\right)=80{\left(1.1447\right)}^{t}], t years after 2006   Find an exponential function that passes through the points [image: \left(-2,6\right)] and [image: \left(2,1\right)]. Show Solution Because we don’t have the initial value, we substitute both points into an equation of the form [image: f\left(x\right)=a{b}^{x}] and then solve the system for [image: a] and [image: b].
 	Substituting [image: \left(-2,6\right)] gives [image: 6=a{b}^{-2}]
 	Substituting [image: \left(2,1\right)] gives [image: 1=a{b}^{2}]
 
 Use the first equation to solve for [image: a] in terms of [image: b]:
 [image: \begin{array}{l}6=ab^{-2}\\\frac{6}{b^{-2}}=a\,\,\,\,\,\,\,\,\text{Divide.}\\a=6b^{2}\,\,\,\,\,\,\,\,\text{Use properties of exponents to rewrite the denominator.}\end{array}]
 Substitute [image: a] in the second equation and solve for [image: b]:
 [image: \begin{array}{l}1=ab^{2}\\1=6b^{2}b^{2}=6b^{4}\,\,\,\,\,\text{Substitute }a.\\b=\left(\frac{1}{6}\right)^{\frac{1}{4}}\,\,\,\,\,\,\,\,\,\,\,\,\,\,\,\,\,\,\,\text{Use properties of exponents to isolate }b.\\b\approx0.6389\,\,\,\,\,\,\,\,\,\,\,\,\,\,\,\,\,\,\text{Round 4 decimal places.}\end{array}]
 Use the value of [image: b] in the first equation to solve for the value of [image: a]:
 [image: a=6b^{2}\approx6\left(0.6389\right)^{2}\approx2.4492]
 Thus, the equation is [image: f\left(x\right)=2.4492{\left(0.6389\right)}^{x}].
 We can graph our model to check our work. Notice that the graph below passes through the initial points given in the problem, [image: \left(-2,\text{ 6}\right)] and [image: \left(2,\text{ 1}\right)]. The graph is an example of an exponential decay function.
 [image: Graph of the exponential function, f(x)=2.4492(0.6389)^x, with labeled points at (-2, 6) and (2, 1).]The graph of [image: f\left(x\right)=2.4492{\left(0.6389\right)}^{x}] models exponential decay.   [ohm_question hide_question_numbers=1]294377[/ohm_question] Do two points always determine a unique exponential function? 
 Yes, provided the two points are either both above the [image: x]-axis or both below the [image: x]-axis and have different [image: x]-coordinates. But keep in mind that we also need to know that the graph is, in fact, an exponential function. Not every graph that looks exponential really is exponential. We need to know the graph is based on a model that shows the same percent growth with each unit increase in [image: x], which in many real world cases involves time.
  How To: Given the graph of an exponential function, write its equation 	First, identify two points on the graph. Choose the [image: y]-intercept as one of the two points whenever possible. Try to choose points that are as far apart as possible to reduce round-off error.
 	If one of the data points is the y-intercept [image: \left(0,a\right)] , then [image: a] is the initial value. Using [image: a], substitute the second point into the equation [image: f\left(x\right)=a{b}^{x}] and solve for [image: b].
 	If neither of the data points have the form [image: \left(0,a\right)], substitute both points into two equations with the form [image: f\left(x\right)=a{b}^{x}]. Solve the resulting system of two equations to find [image: a] and [image: b].
 	Write the exponential function, [image: f\left(x\right)=a{b}^{x}].
 
  Find an equation for the exponential function graphed below.[image: Graph of an increasing exponential function with notable points at (0, 3) and (2, 12).] Show Solution We can choose the [image: y]-intercept of the graph, [image: \left(0,3\right)], as our first point. This gives us the initial value [image: a=3]. Next, choose a point on the curve some distance away from [image: \left(0,3\right)] that has integer coordinates. One such point is [image: \left(2,12\right)].
 [image: \begin{array}{llllll}y=a{b}^{x}& \text{Write the general form of an exponential equation}. \\ y=3{b}^{x} & \text{Substitute the initial value 3 for }a. \\ 12=3{b}^{2} & \text{Substitute in 12 for }y\text{ and 2 for }x. \\ 4={b}^{2} & \text{Divide by 3}. \\ b=\pm 2 & \text{Take the square root}.\end{array}]
 Because we restrict ourselves to positive values of [image: b], we will use [image: b = 2]. Substitute [image: a] and [image: b] into standard form to yield the equation [image: f\left(x\right)=3{\left(2\right)}^{x}].
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				Graphing Exponential Functions
 Now that we’ve explored how to find equations of exponential functions, let’s visualize these equations on a graph. Graphing exponential functions allows us to see their behavior clearly, which is crucial for understanding real-world applications like compound interest or population growth.
 characteristics of the graph of the parent function [image: f\left(x\right)={b}^{x}]
 An exponential function with the form [image: f\left(x\right)={b}^{x}], [image: b>0], [image: b\ne 1], has these characteristics:
 	one-to-one function
 	The horizontal asymptote is [image: y = 0].
 	The domain of [image: f] is all real numbers, [image: (-\infty, \infty)].
 	The range of [image: f] is all positive real numbers, [image: (0, \infty)].
 	There is no [image: x]-intercept.
 	The [image: y]-intercept is [image: \left(0,1\right)].
 	The graph is increasing if [image: b \gt 1], which implies exponential growth.
 	The graph decreasing if [image: 0 \lt b \lt 1], which implies exponential decay.
 
  How To: Given an exponential function of the form [image: f\left(x\right)={b}^{x}], graph the function 	Create a table of points.
 	Plot at least [image: 3] point from the table including the y-intercept [image: \left(0,1\right)].
 	Draw a smooth curve through the points.
 	State the domain, [image: \left(-\infty ,\infty \right)], the range, [image: \left(0,\infty \right)], and the horizontal asymptote, [image: y=0].
 
  When sketching the graph of an exponential function by plotting points, include a few input values left and right of zero as well as zero itself.
 [image: \\]
 With few exceptions, such as functions that would be undefined at zero or negative input like the radical or (as you’ll see soon) the logarithmic function, it is good practice to let the input equal [image: -3, -2, -1, 0, 1, 2, \text{ and } 3] to get the idea of the shape of the graph. Sketch a graph of [image: f\left(x\right)={0.25}^{x}]. State the domain, range, and asymptote. Show Solution Before graphing, identify the behavior and create a table of points for the graph.
 	Since [image: b= 0.25] is between zero and one, we know the function is decreasing. The left tail of the graph will increase without bound, and the right tail will approach the asymptote [image: y= 0].
 	Create a table of points.
 	[image: x] 	[image: –3] 	[image: –2] 	[image: –1] 	[image: 0] 	[image: 1] 	[image: 2] 	[image: 3] 
 	[image: f\left(x\right)={0.25}^{x}] 	[image: 64] 	[image: 16] 	[image: 4] 	[image: 1] 	[image: 0.25] 	[image: 0.0625] 	[image: 0.015625] 
  
 
 	Plot the [image: y]-intercept, [image: \left(0,1\right)], along with two other points. We can use [image: \left(-1,4\right)] and [image: \left(1,0.25\right)].
 
 Draw a smooth curve connecting the points.
 [image: Graph of the decaying exponential function f(x) = 0.25^x with labeled points at (-1, 4), (0, 1), and (1, 0.25).]The domain is [image: \left(-\infty ,\infty \right)], the range is [image: \left(0,\infty \right)], and the horizontal asymptote is [image: y=0].   The next example shows how to plot an exponential growth function where the base is greater than [image: 1].
 Sketch a graph of [image: f(x)={\sqrt{2}(\sqrt{2})}^{x}]. State the domain and range. Show Solution Before graphing, identify the behavior and create a table of points for the graph.
 	Since [image: b= \sqrt{2}], which is greater than one, we know the function is increasing, and we can verify this by creating a table of values. The left tail of the graph will get really close to the x-axis and the right tail will increase without bound.
 	Create a table of points.
 	[image: x] 	[image: –3] 	[image: –2] 	[image: –1] 	[image: 0] 	[image: 1] 	[image: 2] 	[image: 3] 
 	[image: f\left(x\right)=\sqrt{2}{(\sqrt{2})}^{x}] 	[image: 0.5] 	[image: 0.71] 	[image: 1] 	[image: 1.41] 	[image: 2] 	[image: 2.83] 	[image: 4] 
  
 
 	Plot the [image: y]-intercept, [image: \left(0,1.41\right)], along with two other points. We can use [image: \left(-1,1\right)] and [image: \left(1,2\right)].
 
 Draw a smooth curve connecting the points.
 [image: Screen Shot 2016-08-05 at 11.53.45 AM]
 The domain is [image: \left(-\infty ,\infty \right)]; the range is [image: \left(0,\infty \right)].
   [ohm_question hide_question_numbers=1]294378[/ohm_question] 
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				Transformations of Exponential Graphs
 Transformations of exponential graphs behave similarly to those of other functions. Just as with other parent functions, we can apply the four types of transformations—shifts, reflections, stretches, and compressions—to the parent function [image: f(x)={b}^{x}] without loss of shape.
 Translating exponential functions follows the same ideas you’ve used to translate other functions. Add or subtract a value inside the function argument (in the exponent) to shift horizontally, and add or subtract a value outside the function argument to shift vertically. Graphing a Vertical Shift
 The first transformation occurs when we add a constant [image: d] to the parent function [image: f\left(x\right)={b}^{x}] giving us a vertical shift [image: d] units in the same direction as the sign.
 For example, if we begin by graphing a parent function, [image: f\left(x\right)={2}^{x}], we can then graph two vertical shifts alongside it using [image: d=3]: the upward shift, [image: g\left(x\right)={2}^{x}+3] and the downward shift, [image: h\left(x\right)={2}^{x}-3]. Both vertical shifts are shown in the figure below.[image: Graph of three functions, g(x) = 2^x+3 in blue with an asymptote at y=3, f(x) = 2^x in orange with an asymptote at y=0, and h(x)=2^x-3 with an asymptote at y=-3. Note that each functions’ transformations are described in the text.]Observe the results of shifting [image: f\left(x\right)={2}^{x}] vertically: 	The domain [image: \left(-\infty ,\infty \right)] remains unchanged.
 	When the function is shifted up [image: 3] units giving [image: g\left(x\right)={2}^{x}+3]: 	The [image: y]–intercept shifts up [image: 3] units to [image: \left(0,4\right)].
 	The asymptote shifts up [image: 3] units to [image: y=3].
 	The range becomes [image: \left(3,\infty \right)].
 
 
 	When the function is shifted down [image: 3] units giving [image: h\left(x\right)={2}^{x}-3]: 	The [image: y]–intercept shifts down [image: 3] units to [image: \left(0,-2\right)].
 	The asymptote also shifts down [image: 3] units to [image: y=-3].
 	The range becomes [image: \left(-3,\infty \right)].
 
 
 
  	Use an online graphing calculator to plot [image: f(x) = 2^x+a]
 	Adjust the value of [image: a] until the graph has been shifted [image: 4] units up.
 	Add a line that represents the horizontal asymptote for this function. What is the equation for this function? What is the new [image: y]-intercept? What is its domain and range?
 	Now create a graph of the function [image: f(x) = 2^x] that has been shifted down [image: 2] units. Add a line that represents the horizontal asymptote. What is the equation for this function? What is the new [image: y]-intercept? What is its domain and range?
 
 Show Solution 	Equation: [image: f(x) = 2^x+4], Horizontal Asymptote: [image: y = 4], [image: y]-intercept: [image: (0,5)], Domain: [image: (-\infty,\infty)], Range: [image: (4,\infty)]
 	Equation: [image: f(x) = 2^x-2], Horizontal Asymptote: [image: y = -2], [image: y]-intercept: [image: (0,-1)], Domain: [image: (-\infty,\infty)], Range: [image: (-2,\infty)]
 
   Graphing a Horizontal Shift
 The next transformation occurs when we add a constant [image: c] to the input of the parent function [image: f\left(x\right)={b}^{x}] giving us a horizontal shift [image: c] units in the opposite direction of the sign.
 For example, if we begin by graphing the parent function [image: f\left(x\right)={2}^{x}], we can then graph two horizontal shifts alongside it using [image: c=3]: the shift left, [image: g\left(x\right)={2}^{x+3}], and the shift right, [image: h\left(x\right)={2}^{x - 3}]. Both horizontal shifts are shown in the graph below.[image: Graph of three functions, g(x) = 2^(x+3) in blue, f(x) = 2^x in orange, and h(x)=2^(x-3). Each functions’ asymptotes are at y=0Note that each functions’ transformations are described in the text.]Observe the results of shifting [image: f\left(x\right)={2}^{x}] horizontally: 	The domain, [image: \left(-\infty ,\infty \right)], remains unchanged.
 	The asymptote, [image: y=0], remains unchanged.
 	The [image: y]–intercept shifts such that: 	When the function is shifted left [image: 3] units to [image: g\left(x\right)={2}^{x+3}], the [image: y]-intercept becomes [image: \left(0,8\right)]. This is because [image: {2}^{x+3}=\left({2}^{3}\right){2}^{x}=\left(8\right){2}^{x}], so the initial value of the function is [image: 8].
 	When the function is shifted right [image: 3] units to [image: h\left(x\right)={2}^{x - 3}], the [image: y]-intercept becomes [image: \left(0,\frac{1}{8}\right)]. Again, see that [image: {2}^{x-3}=\left({2}^{-3}\right){2}^{x}=\left(\frac{1}{8}\right){2}^{x}], so the initial value of the function is [image: \frac{1}{8}].
 
 
 
  	Using an online graphing calculator, plot [image: f(x) = 2^{(x+a)}]
 	Adjust the value of [image: a] until the graph is shifted [image: 4] units to the right. What is the equation for this function? What is the new [image: y]-intercept? What are its domain and range?
 	Now adjust the value of [image: a] until the graph has been shifted [image: 3] units to the left. What is the equation for this function? What is the new [image: y]-intercept? What are its domain and range?
 
 Show Solution 	Equation: [image: f(x) = 2^{x-4}], [image: y]-intercept: [image: (0,\frac{1}{32}),]Domain: [image: (-\infty,\infty)], Range: [image: (0,\infty)]
 	Equation: [image: f(x) = 2^{x+3}], [image: y]-intercept: [image: (0,8)], Domain: [image: (-\infty,\infty)], Range: [image: (0,\infty)]
 
   shifts of the parent function [image: f\left(x\right)={b}^{x}]
 For any constants [image: c] and [image: d], the function [image: f\left(x\right)={b}^{x+c}+d] shifts the parent function [image: f\left(x\right)={b}^{x}]
 	shifts the parent function [image: f\left(x\right)={b}^{x}] vertically [image: d] units, in the same direction as the sign of [image: d].
 	shifts the parent function [image: f\left(x\right)={b}^{x}] horizontally [image: c] units, in the opposite direction as the sign of [image: c].
 	has a [image: y]-intercept of [image: \left(0,{b}^{c}+d\right)].
 	has a horizontal asymptote of [image: y = d].
 	has a range of [image: \left(d,\infty \right)].
 	has a domain of [image: \left(-\infty ,\infty \right)] which remains unchanged.
 
  How To: Given an exponential function with the form [image: f\left(x\right)={b}^{x+c}+d], graph the translation 	Draw the horizontal asymptote [image: y = d].
 	Shift the graph of [image: f\left(x\right)={b}^{x}] left [image: c] units if [image: c] is positive and right [image: c] units if [image: c] is negative.
 	Shift the graph of [image: f\left(x\right)={b}^{x}] up [image: d] units if [image: d] is positive and down [image: d] units if [image: d] is negative.
 	State the domain, [image: \left(-\infty ,\infty \right)], the range, [image: \left(d,\infty \right)], and the horizontal asymptote [image: y=d].
 
  Graph [image: f\left(x\right)={2}^{x+1}-3]. State the domain, range, and asymptote. Show Solution We have an exponential equation of the form [image: f\left(x\right)={b}^{x+c}+d], with [image: b=2], [image: c=1], and [image: d=-3].Draw the horizontal asymptote [image: y=d], so draw [image: y=-3].
 [image: \\]
 Identify the shift; it is [image: \left(-1,-3\right)].
 [image: Graph of the function, f(x) = 2^(x+1)-3, with an asymptote at y=-3. Labeled points in the graph are (-1, -2), (0, -1), and (1, 1).]The domain is [image: \left(-\infty ,\infty \right)], the range is [image: \left(-3,\infty \right)], and the horizontal asymptote is [image: y=-3]. Shift the graph of [image: f\left(x\right)={b}^{x}] left [image: 1] unit and down [image: 3] units.
 The domain is [image: \left(-\infty ,\infty \right)]; the range is [image: \left(-3,\infty \right)]; the horizontal asymptote is [image: y=-3].
  An interactive online homework element has been excluded from the printed version of the text. To see the interactive element that was excluded, please visit the courseware online.
 
  An interactive online homework element has been excluded from the printed version of the text. To see the interactive element that was excluded, please visit the courseware online.
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				Stretching, Compressing, or Reflecting an Exponential Function
 While horizontal and vertical shifts involve adding constants to the input or to the function itself, a stretch or compression occurs when we multiply the parent function [image: f\left(x\right)={b}^{x}] by a constant [image: |a|>0].
 For example, if we begin by graphing the parent function [image: f\left(x\right)={2}^{x}], we can then graph the stretch, using [image: a=3], to get [image: g\left(x\right)=3{\left(2\right)}^{x}] and the compression, using [image: a=\frac{1}{3}], to get [image: h\left(x\right)=\frac{1}{3}{\left(2\right)}^{x}]. [image: Two graphs where graph a is an example of vertical stretch and graph b is an example of vertical compression.](a) [image: g\left(x\right)=3{\left(2\right)}^{x}] stretches the graph of [image: f\left(x\right)={2}^{x}] vertically by a factor of 3. (b) [image: h\left(x\right)=\frac{1}{3}{\left(2\right)}^{x}] compresses the graph of [image: f\left(x\right)={2}^{x}] vertically by a factor of [image: \frac{1}{3}].  stretches and compressions of the parent function [image: f\left(x\right)={b}^{x}]
 The function [image: f\left(x\right)=a{b}^{x}]
 	is stretched vertically by a factor of [image: a]if [image: |a|>1].
 	is compressed vertically by a factor of [image: a] if [image: |a|<1].
 	has a [image: y]-intercept is [image: \left(0,a\right)].
 	has a horizontal asymptote of [image: y=0], range of [image: \left(0,\infty \right)], and domain of [image: \left(-\infty ,\infty \right)] which are all unchanged from the parent function.
 
  Exponential functions are stretched, compressed or reflected in the same manner you’ve used to transform other functions. Multipliers or negatives inside the function argument (in the exponent) affect horizontal transformations. Multipliers or negatives outside the function argument affect vertical transformations. Sketch a graph of [image: f\left(x\right)=4{\left(\frac{1}{2}\right)}^{x}]. State the domain, range, and asymptote. Show Solution Before graphing, identify the behavior and key points on the graph.
 	Since [image: b=\frac{1}{2}] is between zero and one, the left tail of the graph will increase without bound as [image: x] decreases, and the right tail will approach the [image: x]-axis as [image: x] increases.
 	Since [image: a = 4], the graph of [image: f\left(x\right)={\left(\frac{1}{2}\right)}^{x}] will be stretched vertically by a factor of [image: 4].
 	Create a table of points:
 	[image: x] 	[image: –3] 	[image: –2] 	[image: –1] 	[image: 0] 	[image: 1] 	[image: 2] 	[image: 3] 
 	[image: f\left(x\right)=4\left(\frac{1}{2}\right)^{x}] 	[image: 32] 	[image: 16] 	[image: 8] 	[image: 4] 	[image: 2] 	[image: 1] 	[image: 0.5] 
  
 
 	Plot the [image: y]–intercept, [image: \left(0,4\right)], along with two other points. We can use [image: \left(-1,8\right)] and [image: \left(1,2\right)].
 	Draw a smooth curve connecting the points.
 
 [image: Graph of the function, f(x) = 4(1/2)^(x), with an asymptote at y=0. Labeled points in the graph are (-1, 8), (0, 4), and (1, 2).]The domain is [image: \left(-\infty ,\infty \right)], the range is [image: \left(0,\infty \right)], the horizontal asymptote is y = 0.   [ohm_question hide_question_numbers=1]294379[/ohm_question] Graphing Reflections
 In addition to shifting, compressing, and stretching a graph, we can also reflect it about the [image: x]-axis or the [image: y]-axis. When we multiply the parent function [image: f\left(x\right)={b}^{x}] by [image: –1], we get a reflection about the [image: x]-axis. When we multiply the input by[image: –1], we get a reflection about the [image: y]-axis.
 For example, if we begin by graphing the parent function [image: f\left(x\right)={2}^{x}], we can then graph the two reflections alongside it. The reflection about the [image: x]-axis, [image: g\left(x\right)={-2}^{x}], and the reflection about the [image: y]-axis, [image: h\left(x\right)={2}^{-x}], are both shown below. [image: Two graphs where graph a is an example of a reflection about the x-axis and graph b is an example of a reflection about the y-axis.](a) [image: g\left(x\right)=-{2}^{x}] reflects the graph of [image: f\left(x\right)={2}^{x}] about the x-axis. (b) [image: h\left(x\right)={2}^{-x}] reflects the graph of [image: f\left(x\right)={2}^{x}] about the y-axis.  reflecting the parent function [image: f\left(x\right)={b}^{x}]
 The function [image: f\left(x\right)=-{b}^{x}]
 	reflects the parent function [image: f\left(x\right)={b}^{x}] about the [image: x]-axis.
 	has a [image: y]-intercept of [image: \left(0,-1\right)].
 	has a range of [image: \left(-\infty ,0\right)].
 	has a horizontal asymptote of [image: y=0] and domain of [image: \left(-\infty ,\infty \right)] which are unchanged from the parent function.
 
 The function [image: f\left(x\right)={b}^{-x}]
 	reflects the parent function [image: f\left(x\right)={b}^{x}] about the [image: y]-axis.
 	has a [image: y]-intercept of [image: \left(0,1\right)], a horizontal asymptote at [image: y=0], a range of [image: \left(0,\infty \right)], and a domain of [image: \left(-\infty ,\infty \right)] which are unchanged from the parent function.
 
  Find and graph the equation for a function, [image: g\left(x\right)], that reflects [image: f\left(x\right)={\left(\frac{1}{4}\right)}^{x}] about the [image: x]-axis. State its domain, range, and asymptote. Show Solution Since we want to reflect the parent function [image: f\left(x\right)={\left(\frac{1}{4}\right)}^{x}] about the [image: x]–axis, we multiply [image: f\left(x\right)] by [image: –1] to get [image: g\left(x\right)=-{\left(\frac{1}{4}\right)}^{x}]. Next we create a table of points.
         	[image: x] 	[image: –3] 	[image: –2] 	[image: –1] 	[image: 0] 	[image: 1] 	[image: 2] 	[image: 3] 
 	[image: g\left(x\right)=-\left(\frac{1}{4}\right)^{x}] 	[image: –64] 	[image: –16] 	[image: –4] 	[image: –1] 	[image: –0.25] 	[image: –0.0625] 	[image: –0.0156] 
  
 Plot the [image: y]–intercept, [image: \left(0,-1\right)], along with two other points. We can use [image: \left(-1,-4\right)] and [image: \left(1,-0.25\right)].
 Draw a smooth curve connecting the points:
 [image: Graph of the function, g(x) = -(0.25)^(x), with an asymptote at y=0. Labeled points in the graph are (-1, -4), (0, -1), and (1, -0.25).]The domain is [image: \left(-\infty ,\infty \right)], the range is [image: \left(-\infty ,0\right)], and the horizontal asymptote is [image: y=0].   Summarizing Transformations of the Exponential Function
 Now that we have worked with each type of translation for the exponential function, we can summarize them to arrive at the general equation for transforming exponential functions.
 	Transformations of the Parent Function [image: f\left(x\right)={b}^{x}] 
 	Translation 	Form 
  	Shift 	Horizontally [image: c] units to the left
 	Vertically [image: d] units up
 
  	[image: f\left(x\right)={b}^{x+c}+d] 
 	Stretch and Compress 	Stretch if [image: |a| \gt 1]
 	Compression if [image: 0 \lt |a| \lt 1]
 
  	[image: f\left(x\right)=a{b}^{x}] 
 	Reflect about the [image: x]-axis 	[image: f\left(x\right)=-{b}^{x}] 
 	Reflect about the [image: y]-axis 	[image: f\left(x\right)={b}^{-x}={\left(\frac{1}{b}\right)}^{x}] 
 	General equation for all transformations 	[image: f\left(x\right)=a{b}^{x+c}+d] 
  
 transformations of exponential functions
 A transformation of an exponential function has the form
 [image: f\left(x\right)=a{b}^{x+c}+d], where the parent function, [image: y={b}^{x}], [image: b>1], is
 	shifted horizontally [image: c] units to the left.
 	stretched vertically by a factor of [image: |a|] if [image: |a| > 0].
 	compressed vertically by a factor of [image: |a|] if [image: 0 < |a| < 1].
 	shifted vertically [image: d] units.
 	reflected about the [image: x]–axis when [image: a < 0].
 
 Note the order of the shifts, transformations, and reflections follow the order of operations.
  Write the equation for the function described below. Give the horizontal asymptote, domain, and range. 	[image: f\left(x\right)={e}^{x}] is vertically stretched by a factor of [image: 2], reflected across the [image: y]-axis, and then shifted up [image: 4] units.
 
 Show Solution We want to find an equation of the general form [image: f\left(x\right)=a{b}^{x+c}+d]. We use the description provided to find [image: a, b, c], and [image: d].
 	We are given the parent function [image: f\left(x\right)={e}^{x}], so [image: b = e].
 	The function is stretched by a factor of [image: 2], so [image: a = 2].
 	The function is reflected about the [image: y]-axis. We replace [image: x] with [image: –x] to get: [image: {e}^{-x}].
 	The graph is shifted vertically [image: 4] units, so [image: d = 4].
 
 Substituting in the general form, we get:
 [image: \begin{array}{llll}f\left(x\right)\hfill & =a{b}^{x+c}+d\hfill \\ \hfill & =2{e}^{-x+0}+4\hfill \\ \hfill & =2{e}^{-x}+4\hfill \end{array}]
 The domain is [image: \left(-\infty ,\infty \right)]; the range is [image: \left(4,\infty \right)]; the horizontal asymptote is [image: y=4].
   An interactive online homework element has been excluded from the printed version of the text. To see the interactive element that was excluded, please visit the courseware online.
 
  An interactive online homework element has been excluded from the printed version of the text. To see the interactive element that was excluded, please visit the courseware online.
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				 	Understand what exponential functions are and learn their main features
 	Write the equation for an exponential function
 	Draw graphs of exponential functions
 	Modify graphs of exponential functions using shifts, stretches, and reflections
 
  Exponential Effects: From Medicine to Social Media
 In today’s world, exponential behavior appears in many scenarios – from the way medications are metabolized in our bodies to how information spreads on social media. Let’s explore how exponential functions help us understand these real-world phenomena.
 An interactive online homework element has been excluded from the printed version of the text. To see the interactive element that was excluded, please visit the courseware online.
 
  An interactive online homework element has been excluded from the printed version of the text. To see the interactive element that was excluded, please visit the courseware online.
 
  An interactive online homework element has been excluded from the printed version of the text. To see the interactive element that was excluded, please visit the courseware online.
 
  An interactive online homework element has been excluded from the printed version of the text. To see the interactive element that was excluded, please visit the courseware online.
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				 	Calculate the values of exponential functions, especially those using the base 𝑒, and understand their equations
 	Use compound interest formulas to work out how investments or loans grow over time in real-life financial situations
 	Find an exponential function that models continuous growth or decay
 
  Applications of Exponential Functions
 Exponential functions are incredibly powerful tools in mathematics, and they have a wide range of applications in the real world. Whether you’re looking at population growth, radioactive decay, or even finance, exponential functions help us model situations where change happens at a constant multiplicative rate.
 [image: Escherichia coli (e Coli) bacteria]An electron micrograph of E.Coli bacteria. (credit: “Mattosaurus,” Wikimedia Commons) Bacteria commonly reproduce through a process called binary fission during which one bacterial cell splits into two. When conditions are right, bacteria can reproduce very quickly. Unlike humans and other complex organisms, the time required to form a new generation of bacteria is often a matter of minutes or hours as opposed to days or years.[1]
 For simplicity’s sake, suppose we begin with a culture of one bacterial cell that can divide every hour. The table below shows the number of bacterial cells at the end of each subsequent hour. We see that the single bacterial cell leads to over one thousand bacterial cells in just ten hours! If we were to extrapolate the table to twenty-four hours, we would have over [image: 16] million!
 	Hour 	[image: 0] 	[image: 1] 	[image: 2] 	[image: 3] 	[image: 4] 	[image: 5] 	[image: 6] 	[image: 7] 	[image: 8] 	[image: 9] 	[image: 10] 
 	Bacteria 	[image: 1] 	[image: 2] 	[image: 4] 	[image: 8] 	[image: 16] 	[image: 32] 	[image: 64] 	[image: 128] 	[image: 256] 	[image: 512] 	[image: 1024] 
  
  A function that models exponential growth grows by a rate proportional to the amount present. For any real number [image: x] and any positive real numbers [image: a] and [image: b] such that [image: b\ne 1], an exponential growth function has the form [image: \text{ }f\left(x\right)=a{b}^{x}]
 where
 	[image: a] is the initial or starting value of the function.
 	[image: b] is the growth factor or growth multiplier per unit [image: x].
 
  The population of India was about [image: 1.25] billion in the year 2013 with an annual growth rate of about [image: 1.2 \%]. This situation is represented by the growth function [image: P\left(t\right)=1.25{\left(1.012\right)}^{t}] where [image: t] is the number of years since 2013. To the nearest thousandth, what will the population of India be in 2031? Show Solution To estimate the population in 2031, we evaluate the models for [image: t = 18], because 2031 is [image: 18] years after 2013. Rounding to the nearest thousandth,
 [image: P\left(18\right)=1.25{\left(1.012\right)}^{18}\approx 1.549]
 There will be about [image: 1.549] billion people in India in the year 2031.
   An interactive online homework element has been excluded from the printed version of the text. To see the interactive element that was excluded, please visit the courseware online.
 
  
	Todar, PhD, Kenneth. Todar's Online Textbook of Bacteriology. http://textbookofbacteriology.net/growth_3.html. ↵
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				Compound Interest
 Savings instruments in which earnings are continually reinvested, such as mutual funds and retirement accounts, use compound interest. The term compounding refers to interest earned not only on the original value, but on the accumulated value of the account.
 The annual percentage rate (APR) of an account, also called the nominal rate, is the yearly interest rate earned by an investment account. The term nominal is used when the compounding occurs a number of times other than once per year. In fact, when interest is compounded more than once a year, the effective interest rate ends up being greater than the nominal rate! This is a powerful tool for investing.
 compound interest formula
 Compound interest can be calculated using the formula
 [image: A\left(t\right)=P{\left(1+\frac{r}{n}\right)}^{nt}]
 where
 	[image: A(t)] is the accumulated value of the account
 	[image: t] is measured in years
 	[image: P] is the starting amount of the account, often called the principal, or more generally present value
 	[image: r] is the annual percentage rate (APR) expressed as a decimal
 	[image: n] is the number of times compounded in a year
 
  If we invest [image: $3,000] in an investment account paying [image: 3\%] interest compounded quarterly, how much will the account be worth in [image: 10] years? Show Solution Let’s break it down.
 	Because we are starting with [image: $3,000], [image: P = 3000].
 	Our interest rate is [image: 3\%], so [image: r = 0.03].
 	Because we are compounding quarterly, we are compounding [image: 4] times per year, so [image: n = 4].
 	We want to know the value of the account in [image: 10] years, so we are looking for [image: A(10)], the value when [image: t = 10].
 
 [image: \begin{array}{llllll}A\left(t\right)\hfill & =P\left(1+\frac{r}{n}\right)^{nt}\hfill & \text{Use the compound interest formula}. \\ A\left(10\right)\hfill & =3000\left(1+\frac{0.03}{4}\right)^{4\cdot 10}\hfill & \text{Substitute using given values}. \\ \text{ }\hfill & \approx 4045.05\hfill & \text{Round to two decimal places}.\end{array}]
 The account will be worth about [image: $4,045.05] in [image: 10] years.
   When calculating the value of an exponential function such as the compound interest formula, be careful when entering your calculation into a calculator. Use as many parentheses as needed to ensure your intent is clear. The calculator will apply order of operations as it is typed, which can cause an incorrect calculation for your equation.
 [image: \\]
 Ex. To find the accumulated investment in the example above, you must calculate
 [image: A\left(10\right)=3000\left(1+\frac{0.03}{4}\right)^{4\cdot 10}].[image: \\]This would be entered in most scientific or graphing calculators as[image: 3000\left(1+(0.03/4)\right)\wedge\left(4\star10\right)]. An interactive online homework element has been excluded from the printed version of the text. To see the interactive element that was excluded, please visit the courseware online.
 
  A 529 Plan is a college-savings plan that allows relatives to invest money to pay for a child’s future college tuition; the account grows tax-free. Lily wants to set up a 529 account for her new granddaughter and wants the account to grow to [image: $40,000] over [image: 18] years. She believes the account will earn [image: 6\%] compounded semi-annually (twice a year). To the nearest dollar, how much will Lily need to invest in the account now? Show Solution Let’s break it down.
 	The nominal interest rate is [image: 6\%], so [image: r = 0.06].
 	Interest is compounded twice a year, so [image: n = 2.]
 	We want to find the initial investment [image: P] needed so that the value of the account will be worth [image: $40,000] in [image: 18] years. So, [image: A = $40,000] and [image: t = 18]. 
 
 Substitute the given values into the compound interest formula and solve for [image: P].
 [image: \begin{array}{c}A\left(t\right)\hfill & =P{\left(1+\frac{r}{n}\right)}^{nt}\hfill & \text{Use the compound interest formula}.\hfill \\ 40,000\hfill & =P{\left(1+\frac{0.06}{2}\right)}^{2\left(18\right)}\hfill & \text{Substitute using given values }A\text{, }r, n\text{, and }t.\hfill \\ 40,000\hfill & =P{\left(1.03\right)}^{36}\hfill & \text{Simplify}.\hfill \\ \frac{40,000}{{\left(1.03\right)}^{36}}\hfill & =P\hfill & \text{Isolate }P.\hfill \\ P\hfill & \approx 13,801\hfill & \text{Divide and round to the nearest dollar}.\hfill \end{array}]
 Lily will need to invest [image: $13,801] to have [image: $40,000] in [image: 18] years.
   An interactive online homework element has been excluded from the printed version of the text. To see the interactive element that was excluded, please visit the courseware online.
 
  Annual Percentage Yield (APY)
 APY stands for Annual Percentage Yield, and it represents the real rate of return earned on an investment, taking into account the effect of compounding interest.
 [image: \text{APY} = (1+\frac{r}{n})^n - 1]
 where
 	[image: r] is the nominal interest rate (or the APR.
 	[image: n] is the number of compounding periods per year.
 
  Recall the example: We invest [image: $3,000] in an investment account paying [image: 3\%] interest compounded quarterly. What is the APY? Show Answer [image: \begin{align*} \text{APY} &= \left(1 + \frac{r}{n}\right)^n - 1 \\ r &= 0.03 \quad (\text{3\% interest rate}) \\ n &= 4 \quad (\text{compounded quarterly}) \\ \text{APY} &= \left(1 + \frac{0.03}{4}\right)^4 - 1 \\ \text{APY} &= \left(1 + 0.0075\right)^4 - 1 \\ \text{APY} &= \left(1.0075\right)^4 - 1 \\ \text{APY} &= 1.030339 - 1 \\ \text{APY} &= 0.030339 \\ \text{APY} &= 3.0339\% \end{align*}]Note: The APY is larger than the APR because it takes into account the effect of compounding, providing a more accurate measure of the actual return on the investment.
  An interactive online homework element has been excluded from the printed version of the text. To see the interactive element that was excluded, please visit the courseware online.
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				Evaluating Exponential Functions with Base [image: e]
 As we saw earlier, the amount earned on an account increases as the compounding frequency increases. The table below shows that the increase from annual to semi-annual compounding is larger than the increase from monthly to daily compounding. This might lead us to ask whether this pattern will continue.
 Examine the value of [image: $1] invested at [image: 100 \%] interest for [image: 1] year compounded at various frequencies.
 	Frequency 	[image: A\left(t\right)={\left(1+\frac{1}{n}\right)}^{n}] 	Value 
  	Annually 	[image: {\left(1+\frac{1}{1}\right)}^{1}] 	[image: $2] 
 	Semiannually 	[image: {\left(1+\frac{1}{2}\right)}^{2}] 	[image: $2.25] 
 	Quarterly 	[image: {\left(1+\frac{1}{4}\right)}^{4}] 	[image: $2.441406] 
 	Monthly 	[image: {\left(1+\frac{1}{12}\right)}^{12}] 	[image: $2.613035] 
 	Daily 	[image: {\left(1+\frac{1}{365}\right)}^{365}] 	[image: $2.714567] 
 	Hourly 	[image: {\left(1+\frac{1}{\text{8766}}\right)}^{\text{8766}}] 	[image: $2.718127] 
 	Once per minute 	[image: {\left(1+\frac{1}{\text{525960}}\right)}^{\text{525960}}] 	[image:  $2.718279] 
 	Once per second 	[image: {\left(1+\frac{1}{31557600}\right)}^{31557600}] 	[image: $2.718282] 
  
 These values appear to be approaching a limit as [image: n] increases without bound. In fact, as [image: n] gets larger and larger, the expression [image: {\left(1+\frac{1}{n}\right)}^{n}] approaches a number used so frequently in mathematics that it has its own name: the letter [image: e]. This value is an irrational number, which means that its decimal expansion goes on forever without repeating.
 the number [image: e]
 The letter [image: e] represents the irrational number
 [image: {\left(1+\frac{1}{n}\right)}^{n},\text{as }n\text{ increases without bound}]
  
 The letter [image: e] is used as a base for many real-world exponential models. To work with base [image: e], we use the approximation, [image: e\approx 2.718282].
  
 The constant was named by the Swiss mathematician Leonhard Euler (1707–1783) who first investigated and discovered many of its properties.
  Calculate [image: {e}^{3.14}]. Round to five decimal places. Show Solution On a calculator, press the button labeled [image: \left[{e}^{x}\right]]. The window shows [e^( ]. Type 3.14 and then close parenthesis, [ e^(3.14) ]. Press [ENTER]. Rounding to 5 decimal places, [image: {e}^{3.14}\approx 23.10387]. Caution: Many scientific calculators have an “Exp” button, which is used to enter numbers in scientific notation. It is not used to find powers of e.
  [ohm_question hide_question_numbers=1]291146[/ohm_question] Graph and state the characteristics of [image: f(x) = e^x]. 
 To graph the function [image: f(x) = e^x], let’s identify and plot key points on the graph.
 	[image: x] 	[image: f(x) = e^x] 
 	[image: -1] 	[image: f(-1) = e^{-1} \approx 0.37] 
 	[image: 0] 	[image: f(-1) = e^{0} \approx 1] 
 	[image: 1] 	[image: f(-1) = e^{1} \approx 2.72] 
 	[image: 2] 	[image: f(-1) = e^{2} \approx 7.39] 
  
 [image: image]
 Characteristics:
 [image: \begin{align*} \text{Function:} & \quad f(x) = e^x \\ \text{Domain:} & \quad (-\infty, \infty) \\ \text{Range:} & \quad (0, \infty) \\ \text{Y-intercept:} & \quad (0, 1) \\ \text{Horizontal Asymptote:} & \quad y = 0 \\ \text{Behavior as } x \rightarrow \infty: & \quad f(x) \rightarrow \infty \\ \text{Behavior as } x \rightarrow -\infty: & \quad f(x) \rightarrow 0 \end{align*}]
  Write the equation for the function described below. Give the horizontal asymptote, domain, and range.[image: f\left(x\right)={e}^{x}] is vertically stretched by a factor of [image: 2], reflected across the [image: y]-axis, and then shifted up [image: 4] units. Show Solution We want to find an equation of the general form [image: f\left(x\right)=a{b}^{x+c}+d]. We use the description provided to find [image: a, b, c], and [image: d].
 	We are given the parent function [image: f\left(x\right)={e}^{x}], so [image: b = e].
 	The function is stretched by a factor of [image: 2], so [image: a = 2].
 	The function is reflected about the [image: y]-axis. We replace [image: x] with [image: –x] to get: [image: {e}^{-x}].
 	The graph is shifted vertically [image: 4] units, so [image: d = 4].
 
 Substituting in the general form, we get:
 [image: \begin{array}{llll}f\left(x\right)\hfill & =a{b}^{x+c}+d\hfill \\ \hfill & =2{e}^{-x+0}+4\hfill \\ \hfill & =2{e}^{-x}+4\hfill \end{array}]
 The domain is [image: \left(-\infty ,\infty \right)]; the range is [image: \left(4,\infty \right)]; the horizontal asymptote is [image: y=4].
   An interactive online homework element has been excluded from the printed version of the text. To see the interactive element that was excluded, please visit the courseware online.
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				Investigating Continuous Growth
 So far we have worked with rational bases for exponential functions. For most real-world phenomena, however, [image: e] is used as the base for exponential functions. Exponential models that use [image: e] as the base are called continuous growth or decay models. We see these models in finance, computer science, and most of the sciences, such as physics, toxicology, and fluid dynamics.
 the continuous growth/decay formula
 For all real numbers [image: t], and all positive numbers [image: a] and [image: r], continuous growth or decay is represented by the formula
 [image: A(t) = Pe^{rt}]
 where
 	[image: P] is the initial value or the principal
 	[image: r] is the growth or interest rate per unit time
 	[image: t] is the period or term of the investment
 
 If [image: r \gt 0] then the formula represents continuous growth. 
 If [image: r \lt 0] then the formula represents continuous decay.
  How To: Given the initial value, rate of growth or decay, and time [image: t], solve a continuous growth or decay function 	Use the information in the problem to determine [image: P], the initial value of the function.
 	Use the information in the problem to determine the growth rate [image: r]. 	If the problem refers to continuous growth, then [image: r > 0].
 	If the problem refers to continuous decay, then [image: r < 0].
 
 
 	Use the information in the problem to determine the time [image: t].
 	Substitute the given information into the continuous growth formula and solve for [image: A(t)].
 
  A person invested [image: $1,000] in an account earning a nominal [image: 10\%] per year compounded continuously. How much was in the account at the end of one year? Show Solution Since the account is growing in value, this is a continuous compounding problem with growth rate [image: r = 0.10]. The initial investment was [image: $1,000], so [image: P = 1000]. We use the continuous compounding formula to find the value after [image: t = 1] year:
 [image: \begin{array}{c}A\left(t\right)\hfill & =P{e}^{rt}\hfill & \text{Use the continuous compounding formula}.\hfill \\ \hfill & =1000{\left(e\right)}^{0.1} & \text{Substitute known values for }P, r,\text{ and }t.\hfill \\ \hfill & \approx 1105.17\hfill & \text{Use a calculator to approximate}.\hfill \end{array}]
 The account is worth [image: $1,105.17] after one year.
   An interactive online homework element has been excluded from the printed version of the text. To see the interactive element that was excluded, please visit the courseware online.
 
  Radon-222 decays at a continuous rate of [image: 17.3 \%] per day. How much will [image: 100] mg of Radon-[image: 222] decay to in [image: 3] days? Show Solution Since the substance is decaying, the rate, [image: 17.3%], is negative. So, [image: r=-0.173]. The initial amount of radon-[image: 222] was [image: 100] mg, so [image: a= 100]. We use the continuous decay formula to find the value after [image: t= 3] days:
 [image: \begin{array}{c}A\left(t\right)\hfill & =a{e}^{rt}\hfill & \text{Use the continuous growth formula}.\hfill \\ \hfill & =100{e}^{-0.173\left(3\right)} & \text{Substitute known values for }a, r,\text{ and }t.\hfill \\ \hfill & \approx 59.5115\hfill & \text{Use a calculator to approximate}.\hfill \end{array}]
 So [image: 59.5115] mg of radon-[image: 222] will remain.
   An interactive online homework element has been excluded from the printed version of the text. To see the interactive element that was excluded, please visit the courseware online.
 
  An interactive online homework element has been excluded from the printed version of the text. To see the interactive element that was excluded, please visit the courseware online.
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				 	Calculate the values of exponential functions, especially those using the base 𝑒, and understand their equations
 	Use compound interest formulas to work out how investments or loans grow over time in real-life financial situations
 	Find an exponential function that models continuous growth or decay
 
  Writing an Exponential Model
 In 2006, [image: 80] deer were introduced into a wildlife refuge. By 2012, the population had grown to [image: 180] deer. The population was growing exponentially. Write an algebraic function [image: N(t)] representing the population [image: N] of deer over time [image: t]. Show Solution We let our independent variable [image: t] be the number of years after 2006. Thus, the information given in the problem can be written as input-output pairs: [image: (0, 80)] and [image: (6, 180)]. Notice that by choosing our input variable to be measured as years after 2006, we have given ourselves the initial value for the function, [image: a = 80]. We can now substitute the second point into the equation [image: N\left(t\right)=80{b}^{t}] to find [image: b]:
 [image: \begin{array}{c}N\left(t\right)\hfill & =80{b}^{t}\hfill & \hfill \\ 180\hfill & =80{b}^{6}\hfill & \text{Substitute using point }\left(6, 180\right).\hfill \\ \frac{9}{4}\hfill & ={b}^{6}\hfill & \text{Divide and write in lowest terms}.\hfill \\ b\hfill & ={\left(\frac{9}{4}\right)}^{\frac{1}{6}}\hfill & \text{Isolate }b\text{ using properties of exponents}.\hfill \\ b\hfill & \approx 1.1447 & \text{Round to 4 decimal places}.\hfill \end{array}]
 NOTE: Unless otherwise stated, do not round any intermediate calculations. Round the final answer to four places for the remainder of this section.
 The exponential model for the population of deer is [image: N\left(t\right)=80{\left(1.1447\right)}^{t}]. Note that this exponential function models short-term growth. As the inputs get larger, the outputs will get increasingly larger resulting in the model not being useful in the long term due to extremely large output values.
 We can graph our model to observe the population growth of deer in the refuge over time. Notice that the graph below passes through the initial points given in the problem, [image: \left(0,\text{ 8}0\right)] and [image: \left(\text{6},\text{ 18}0\right)]. We can also see that the domain for the function is [image: \left[0,\infty \right)] and the range for the function is [image: \left[80,\infty \right)].
 [image: Graph of the exponential function, N(t) = 80(1.1447)^t, with labeled points at (0, 80) and (6, 180).]Graph showing the population of deer over time, [image: N\left(t\right)=80{\left(1.1447\right)}^{t}], t years after 2006   An interactive online homework element has been excluded from the printed version of the text. To see the interactive element that was excluded, please visit the courseware online.
 
  Find an exponential function that passes through the points [image: \left(-2,6\right)] and [image: \left(2,1\right)]. Show Solution Because we don’t have the initial value, we substitute both points into an equation of the form [image: f\left(x\right)=a{b}^{x}] and then solve the system for [image: a] and [image: b].
 	Substituting [image: \left(-2,6\right)] gives [image: 6=a{b}^{-2}]
 	Substituting [image: \left(2,1\right)] gives [image: 1=a{b}^{2}]
 
 Use the first equation to solve for [image: a] in terms of [image: b]:
 [image: \begin{array}{l}6=ab^{-2}\\\frac{6}{b^{-2}}=a\,\,\,\,\,\,\,\,\text{Divide.}\\a=6b^{2}\,\,\,\,\,\,\,\,\text{Use properties of exponents to rewrite the denominator.}\end{array}]
 Substitute [image: a] in the second equation and solve for [image: b:]
 [image: \begin{array}{l}1=ab^{2}\\1=6b^{2}b^{2}=6b^{4}\,\,\,\,\,\text{Substitute }a.\\b=\left(\frac{1}{6}\right)^{\frac{1}{4}}\,\,\,\,\,\,\,\,\,\,\,\,\,\,\,\,\,\,\,\text{Use properties of exponents to isolate }b.\\b\approx0.6389\,\,\,\,\,\,\,\,\,\,\,\,\,\,\,\,\,\,\text{Round 4 decimal places.}\end{array}]
 Use the value of [image: b] in the first equation to solve for the value of [image: a]:
 [image: a=6b^{2}\approx6\left(0.6389\right)^{2}\approx2.4492]
 Thus, the equation is [image: f\left(x\right)=2.4492{\left(0.6389\right)}^{x}].
 We can graph our model to check our work. Notice that the graph below passes through the initial points given in the problem, [image: \left(-2,\text{ 6}\right)] and [image: \left(2,\text{ 1}\right)]. The graph is an example of an exponential decay function.
 [image: Graph of the exponential function, f(x)=2.4492(0.6389)^x, with labeled points at (-2, 6) and (2, 1).]The graph of [image: f\left(x\right)=2.4492{\left(0.6389\right)}^{x}] models exponential decay.   An interactive online homework element has been excluded from the printed version of the text. To see the interactive element that was excluded, please visit the courseware online.
 
  An interactive online homework element has been excluded from the printed version of the text. To see the interactive element that was excluded, please visit the courseware online.
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				 	Convert between logarithmic and exponential forms
 	Evaluate logarithms
 	Use common and natural logarithms
 
  Converting Between Logarithmic And Exponential Form
 Have you ever wondered how we can work backward from an exponential equation? That’s where logarithms come in! They are super handy tools that help us solve problems involving exponential functions.
 Let’s break it down:
 [image: \\]
 If you know that [image: 2^3 = 8], you can say that the logarithm base [image: 2] of [image: 8] is [image: 3].In other words: [image: {\mathrm{log}}_2(8) = 3]
 A logarithm tells us the power we need to raise a base to get a certain number.
 So, when we see [image: {\mathrm{log}}_2(8) = 3], it means “to get [image: 8], what power do we raise [image: 2] to?” The answer is [image: 3]!
  We can say that the equations [image: y = {\mathrm{log}}_a(x)] and [image: x = a^y] are equivalent. This means that we can go back and forth between them. This will often be the method to solve some exponential and logarithmic equations. To help with converting back and forth, let’s take a close look at the equations. Notice the positions of the exponent and base.
 [image: ]
 If we remember the logarithm is the exponent, it makes the conversion easier. You may want to repeat, “base to the exponent gives us the number.”
 [image: logb (c) = a means b to the A power equals C.]
 Notice that when comparing the logarithm function and the exponential function, the input and the output are switched. This means [image: y={\mathrm{log}}_{b}\left(x\right)] and [image: y={b}^{x}] are inverse functions.
 logarithmic function
 A logarithm base [image: b] of a positive number [image: x] satisfies the following definition:
 For [image: x>0,b>0,b\ne 1],
  
 [image: y={\mathrm{log}}_{b}\left(x\right)\text{ is equal to }{b}^{y}=x]
 where
 	we read [image: {\mathrm{log}}_{b}\left(x\right)] as, “the logarithm with base [image: b] of [image: x]” or the “log base [image: b] of [image: x].”
 	the logarithm [image: y] is the exponent to which [image: b] must be raised to get [image: x].
 	if no base [image: b] is indicated, the base of the logarithm is assumed to be [image: 10].
 
 Also, since the logarithmic and exponential functions switch the [image: x] and [image: y] values, the domain and range of the exponential function are interchanged for the logarithmic function. Therefore,
 	the domain of the logarithm function with base [image: b \text{ is} \left(0,\infty \right)].
 	the range of the logarithm function with base [image: b \text{ is} \left(-\infty ,\infty \right)].
 
  Can we take the logarithm of a negative number? 
 No. Because the base of an exponential function is always positive, no power of that base can ever be negative. We can never take the logarithm of a negative number. Also, we cannot take the logarithm of zero. Calculators may output a log of a negative number when in complex mode, but the log of a negative number is not a real number.
  How To: Given an equation in logarithmic form [image: {\mathrm{log}}_{b}\left(x\right)=y], convert it to exponential form 	Examine the equation [image: y={\mathrm{log}}_{b}x] and identify [image: b], [image: y], and [image: x].
 	Rewrite [image: {\mathrm{log}}_{b}x=y] as [image: {b}^{y}=x].
 
  Write the following logarithmic equations in exponential form. 	[image: {\mathrm{log}}_{6}\left(\sqrt{6}\right)=\frac{1}{2}]
 	[image: {\mathrm{log}}_{3}\left(9\right)=2]
 
 Show Solution First, identify the values of [image: b], [image: y], and [image: x]. Then, write the equation in the form [image: {b}^{y}=x].
 	[image: {\mathrm{log}}_{6}\left(\sqrt{6}\right)=\frac{1}{2}] Here, [image: b=6,y=\frac{1}{2},\text{and } x=\sqrt{6}]. Therefore, the equation [image: {\mathrm{log}}_{6}\left(\sqrt{6}\right)=\frac{1}{2}] is equal to [image: {6}^{\frac{1}{2}}=\sqrt{6}].
 	[image: {\mathrm{log}}_{3}\left(9\right)=2] Here, [image: b = 3, y = 2, \text{ and } x = 9]. Therefore, the equation [image: {\mathrm{log}}_{3}\left(9\right)=2] is equal to [image: {3}^{2}=9].
 
   An interactive online homework element has been excluded from the printed version of the text. To see the interactive element that was excluded, please visit the courseware online.
 
  To convert from exponential to logarithmic form, we follow the same steps in reverse. We identify the base [image: b], exponent [image: x], and output [image: y]. Then we write [image: x={\mathrm{log}}_{b}\left(y\right)]. Write the following exponential equations in logarithmic form. 	[image: {2}^{3}=8]
 	[image: {5}^{2}=25]
 	[image: {10}^{-4}=\frac{1}{10,000}]
 
 Show Solution First, identify the values of [image: b], [image: y], and [image: x]. Then, write the equation in the form [image: x={\mathrm{log}}_{b}\left(y\right)].
 	[image: {2}^{3}=8] Here, [image: b = 2], [image: x = 3], and [image: y = 8].
 [image: \\]
 Therefore, the equation [image: {2}^{3}=8] is equal to [image: {\mathrm{log}}_{2}\left(8\right)=3].
 	[image: {5}^{2}=25] Here, [image: b = 5], [image: x = 2], and [image: y = 25].
 [image: \\]
 Therefore, the equation [image: {5}^{2}=25] is equal to [image: {\mathrm{log}}_{5}\left(25\right)=2].
 	[image: {10}^{-4}=\frac{1}{10,000}] Here, [image: b = 10], [image: x = –4], and [image: y=\frac{1}{10,000}].
 [image: \\]
 Therefore, the equation [image: {10}^{-4}=\frac{1}{10,000}] is equal to [image: {\text{log}}_{10}\left(\frac{1}{10,000}\right)=-4].
 
   An interactive online homework element has been excluded from the printed version of the text. To see the interactive element that was excluded, please visit the courseware online.
 
  An interactive online homework element has been excluded from the printed version of the text. To see the interactive element that was excluded, please visit the courseware online.
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				Evaluating Logarithms
 Knowing the squares, cubes, and roots of numbers allows us to evaluate many logarithms mentally. If we remember the logarithm is the exponent, it makes the conversion easier. You may want to repeat, “base to the exponent gives us the number.”
 Consider [image: {\mathrm{log}}_{2}8].
 [image: \\]
 We ask, “To what exponent must [image: 2] be raised in order to get [image: 8]?” Because we already know [image: {2}^{3}=8], it follows that [image: {\mathrm{log}}_{2}8=3]. Now consider solving [image: {\mathrm{log}}_{7}49] and [image: {\mathrm{log}}_{3}27] mentally. 	We ask, “To what exponent must [image: 7] be raised in order to get [image: 49]?” We know [image: {7}^{2}=49]. Therefore, [image: {\mathrm{log}}_{7}49=2].
 	We ask, “To what exponent must [image: 3] be raised in order to get [image: 27]?” We know [image: {3}^{3}=27]. Therefore, [image: {\mathrm{log}}_{3}27=3].
 
 Even some seemingly more complicated logarithms can be evaluated without a calculator. For example, let’s evaluate [image: {\mathrm{log}}_{\frac{2}{3}}\frac{4}{9}] mentally.
 	We ask, “To what exponent must [image: \frac{2}{3}] be raised in order to get [image: \frac{4}{9}]? ” We know [image: {2}^{2}=4] and [image: {3}^{2}=9], so [image: {\left(\frac{2}{3}\right)}^{2}=\frac{4}{9}]. Therefore, [image: {\mathrm{log}}_{\frac{2}{3}}\left(\frac{4}{9}\right)=2].
 
 It may be tempting to use your calculator to evaluate these logarithms but try to evaluate them mentally as it will aid your understanding of what a logarithm is, and will help you navigate more complicated situations. How To: Given a logarithm of the form [image: y={\mathrm{log}}_{b}\left(x\right)], evaluate it mentally 	Rewrite the argument [image: x] as a power of [image: b]: [image: {b}^{y}=x].
 	Use previous knowledge of powers of [image: b] to identify [image: y] by asking, “To what exponent should [image: b] be raised in order to get [image: x]?”
 
   Solve [image: y={\mathrm{log}}_{4}\left(64\right)] without using a calculator. Show Solution First we rewrite the logarithm in exponential form: [image: {4}^{y}=64]. Next, we ask, “To what exponent must [image: 4] be raised in order to get [image: 64]?”We know [image: {4}^{3}=64]Therefore,
 [image: \mathrm{log}{}_{4}\left(64\right)=3]
   Evaluate [image: y={\mathrm{log}}_{3}\left(\frac{1}{27}\right)] without using a calculator. Show Solution First we rewrite the logarithm in exponential form: [image: {3}^{y}=\frac{1}{27}]. Next, we ask, “To what exponent must 3 be raised in order to get [image: \frac{1}{27}]“?
 [image: \\]
 We know [image: {3}^{3}=27], but what must we do to get the reciprocal, [image: \frac{1}{27}]? Recall from working with exponents that [image: {b}^{-a}=\frac{1}{{b}^{a}}]. We use this information to write
 [image: \begin{array}{l}{3}^{-3}=\frac{1}{{3}^{3}}=\frac{1}{27}\hfill \end{array}]
 Therefore, [image: {\mathrm{log}}_{3}\left(\frac{1}{27}\right)=-3].
   An interactive online homework element has been excluded from the printed version of the text. To see the interactive element that was excluded, please visit the courseware online.
 
  An interactive online homework element has been excluded from the printed version of the text. To see the interactive element that was excluded, please visit the courseware online.
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				Common Logarithms
 Sometimes we may see a logarithm written without a base. In this case, we assume that the base is 10. In other words, the expressions [image: \text{log}(x)] means [image: \text{log}_{10}(x).] We call a base-[image: 10] logarithm a common logarithm. Common logarithms are used to measure the Richter Scale of earthquakes. Scales for measuring the brightness of stars and the pH of acids and bases also use common logarithms.
 common logarithm
 A common logarithm is a logarithm with base [image: 10]. We write [image: \text{log}_{10}(x)] simply as [image: \text{log}(x)]. The common logarithm of a positive number [image: x] satisfies the following definition:
  
 For [image: x>0],
 [image: y=\text{log}(x)\text{ is equivalent to }{10}^{y}=x]
  
 We read [image: \text{log}(x)] as, “the logarithm with base [image: 10] of [image: x]” or “the common logarithm of [image: x].”
 	The logarithm [image: y] is the exponent to which [image: 10] must be raised to get [image: x].
 	Since the functions [image: y=10^{x}] and [image: y=\mathrm{log}\left(x\right)] are inverse functions, [image: \mathrm{log}\left({10}^{x}\right)=x] for all [image: x] and [image: 10^{\mathrm{log}\left(x\right)}=x] for [image: x>0].
 
  Evaluate [image: \mathrm{log}(100)]. 
 To evaluate [image: \mathrm{log}(100)], we’re looking for the power to which [image: 10] must be raised to get [image: 100]. In other words:
 [image: \begin{align*} \log(100) &= x \\ 10^x &= 100 \\ 100 &= 10^2 \\ 10^x &= 10^2 \\ x &= 2 \\ \log(100) &= 2 \end{align*}]
 Evaluate [image: \mathrm{log}(110)].To evaluate [image: \mathrm{log}(110)], we need to use a calculator or logarithm tables since [image: 110] is not a power of [image: 10]. Calculator Steps Given a common logarithm of the form [image: y=\mathrm{log}\left(x\right)], evaluate it using a calculator
 	Press [LOG].
 	Enter the value given for [image: x], followed by [ ) ].
 	Press [ENTER].
 
  Show Answer [image: \mathrm{log}(110) \approx 2.0414] 
  An interactive online homework element has been excluded from the printed version of the text. To see the interactive element that was excluded, please visit the courseware online.
 
  An interactive online homework element has been excluded from the printed version of the text. To see the interactive element that was excluded, please visit the courseware online.
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				Natural Logarithms
 The most frequently used base for logarithms is [image: e]. Base [image: e] logarithms are important in calculus and some scientific applications; they are called natural logarithms. The base [image: e] logarithm, [image: {\mathrm{log}}_{e}\left(x\right)], has its own notation, [image: \mathrm{ln}\left(x\right)].
 Most values of [image: \mathrm{ln}\left(x\right)] can be found only using a calculator. The major exception is that, because the logarithm of [image: 1] is always [image: 0] in any base, [image: \mathrm{ln}(1)=0]. For other natural logarithms, we can use the [image: \mathrm{ln}] key that can be found on most scientific calculators. We can also find the natural logarithm of any power of [image: e] using the inverse property of logarithms.
 natural logarithm
 A natural logarithm is a logarithm with base [image: e]. We write [image: {\mathrm{log}}_{e}\left(x\right)] simply as [image: \mathrm{ln}\left(x\right)]. The natural logarithm of a positive number [image: x] satisfies the following definition:
 For [image: x>0],
 [image: y=\mathrm{ln}\left(x\right)\text{ is equivalent to }{e}^{y}=x]
  
 We read [image: \mathrm{ln}\left(x\right)] as, “the logarithm with base [image: e] of [image: x]” or “the natural logarithm of [image: x].”
 	The logarithm [image: y] is the exponent to which [image: e] must be raised to get [image: x].
 	Since the functions [image: y=e^{x}] and [image: y=\mathrm{ln}\left(x\right)] are inverse functions, [image: \mathrm{ln}\left({e}^{x}\right)=x] for all [image: x] and [image: e^{\mathrm{ln}\left(x\right)}=x] for [image: x>0].
 
  Evaluate [image: y=\mathrm{ln}\left(500\right)] to four decimal places using a calculator. Show Solution 	Press [LN].
 	Enter [image: 500], followed by [ ) ].
 	Press [ENTER].
 
 Rounding to four decimal places, [image: \mathrm{ln}\left(500\right)\approx 6.2146]
   Evaluate [image: \mathrm{ln}\left(-500\right)]. Show Solution It is not possible to take the logarithm of a negative number in the set of real numbers.
  An interactive online homework element has been excluded from the printed version of the text. To see the interactive element that was excluded, please visit the courseware online.
 
  An interactive online homework element has been excluded from the printed version of the text. To see the interactive element that was excluded, please visit the courseware online.
 
  An interactive online homework element has been excluded from the printed version of the text. To see the interactive element that was excluded, please visit the courseware online.
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				 	Convert between logarithmic and exponential forms
 	Evaluate logarithms
 	Use common and natural logarithms
 
  Real World Scenario
 [image: Photo of the aftermath of the earthquake in Japan with a focus on the Japanese flag.]Devastation of March 11, 2011 earthquake in Honshu, Japan. (credit: Daniel Pierce) In 2010, a major earthquake struck Haiti destroying or damaging over [image: 285,000] homes.[1] One year later, another, stronger earthquake devastated Honshu, Japan destroying or damaging over [image: 332,000] buildings[2] like those shown in the picture below. Even though both caused substantial damage, the earthquake in 2011 was [image: 100] times stronger than the earthquake in Haiti. How do we know? The magnitudes of earthquakes are measured on a scale known as the Richter Scale. The Haitian earthquake registered a [image: 7.0] on the Richter Scale[3] whereas the Japanese earthquake registered a [image: 9.0].[4]
 The Richter Scale is a base-ten logarithmic scale. In other words, an earthquake of magnitude [image: 8] is not twice as great as an earthquake of magnitude [image: 4]. It is [image: {10}^{8 - 4}={10}^{4}=10,000] times as great! In this lesson, we will investigate the nature of the Richter Scale and the base-ten function upon which it depends.
 In order to analyze the magnitude of earthquakes or compare the magnitudes of two different earthquakes, we need to be able to convert between logarithmic and exponential form. For example, suppose the amount of energy released from one earthquake was [image: 500] times greater than the amount of energy released from another. We want to calculate the difference in magnitude. The equation that represents this problem is [image: {10}^{x}=500] where [image: x] represents the difference in magnitudes on the Richter Scale. How would we solve for [image: x]?
 [image: Graph of the intersections of the equations y=10^x and y=500.]
 We know that [image: {10}^{2}=100] and [image: {10}^{3}=1000], so it is clear that [image: x] must be some value between [image: 2] and [image: 3] since [image: y={10}^{x}] is increasing. We can examine a graph to estimate the solution.
 We can also use logarithm to solve!
 [image: \begin{align*} 10^x &= 500 \quad \text{(Start with the given equation)} \\ x &= \log_{10}(500) \quad \text{(Rewrite the equation in logarithmic form)} \\ x &= \log(500) \quad \text{(Since $\log_{10}$ is written as $\log$)} \\ x &\approx 2.69897 \quad \text{(Use a calculator to find $\log(500)$)} \end{align*}]
 The magnitude of an earthquake is related to its intensity: for each whole number increase in magnitude, the intensity of the earthquake increases by a factor of [image: 10]. This means that small differences in Richter Scale measurements can represent massive differences in earthquake intensity.
 An interactive online homework element has been excluded from the printed version of the text. To see the interactive element that was excluded, please visit the courseware online.
 
  An interactive online homework element has been excluded from the printed version of the text. To see the interactive element that was excluded, please visit the courseware online.
 
  
	http://earthquake.usgs.gov/earthquakes/eqinthenews/2010/us2010rja6/#summary. ↵
	http://earthquake.usgs.gov/earthquakes/eqinthenews/2011/usc0001xgp/#summary. ↵
	http://earthquake.usgs.gov/earthquakes/eqinthenews/2010/us2010rja6/. ↵
	http://earthquake.usgs.gov/earthquakes/eqinthenews/2011/usc0001xgp/#details. ↵
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				 	Identify the domain of a logarithmic function
 	Graph logarithmic functions
 
  Domain of Logarithmic Functions
 When working with logarithmic functions, understanding their domain is crucial. The domain of a function is the set of all possible input values ([image: x]-values) that the function can accept without causing any mathematical issues. For logarithmic functions, this concept is especially important because it defines where the function is valid and where it isn’t.
 Why is the Domain Important for Logarithmic Functions? 
 Logarithmic functions are only defined for positive real numbers. This means you can only take the logarithm of a positive number.
 For example, [image: \mathrm{log}_{b}(x)] is only valid if [image: x \gt 0]. Thus, the domain is [image: (0, \infty)]. This results in a vertical asymptote at [image: x=0], which the graph approaches but never touches or crosses. The range of a logarithmic function is always all real numbers, [image: (-\infty, \infty)].
  Recall that the exponential function is defined as [image: y={b}^{x}] for any real number [image: x] and constant [image: b>0], [image: b\ne 1], where
 	The domain of [image: y] is [image: \left(-\infty ,\infty \right)].
 	The range of [image: y] is [image: \left(0,\infty \right)].
 
 In the last section we learned that the logarithmic function [image: y={\mathrm{log}}_{b}\left(x\right)] is the inverse of the exponential function [image: y={b}^{x}]. So, as inverse functions:
 	The domain of [image: y={\mathrm{log}}_{b}\left(x\right)] is the range of [image: y={b}^{x}]: [image: \left(0,\infty \right)].
 	The range of [image: y={\mathrm{log}}_{b}\left(x\right)] is the domain of [image: y={b}^{x}]: [image: \left(-\infty ,\infty \right)].
 
 Previously we saw that certain transformations can change the range of [image: y={b}^{x}]. Similarly, applying transformations to the parent function [image: y={\mathrm{log}}_{b}\left(x\right)] can change the domain. Therefore, when finding the domain of a logarithmic function, it is important to remember that the domain consists only of positive real numbers. That is, the value you are applying the logarithmic function to, also known as the argument of the logarithmic function, must be greater than zero.
 For example, consider [image: f\left(x\right)={\mathrm{log}}_{4}\left(2x - 3\right)]. This function is defined for any values of [image: x] such that the argument, in this case [image: 2x - 3], is greater than zero. To find the domain, we set up an inequality and solve for [image: x]: [image: \begin{array}{l}2x - 3>0\hfill & \text{Show the argument greater than zero}.\hfill \\ 2x>3\hfill & \text{Add 3}.\hfill \\ x>\dfrac{3}{2}\hfill & \text{Divide by 2}.\hfill \end{array}]
 In interval notation, the domain of [image: f\left(x\right)={\mathrm{log}}_{4}\left(2x - 3\right)] is [image: \left(\dfrac{3}{2},\infty \right)].
  How To: Given a logarithmic function, identify the domain
  	Set up an inequality showing the argument greater than zero.
 	Solve for [image: x].
 	Write the domain in interval notation.
 
  What is the domain of [image: f\left(x\right)={\mathrm{log}}_{2}\left(x+3\right)]? Show Solution [image: \begin{array}{l}x+3>0\hfill & \text{The argument must be positive}.\hfill \\ x>-3\hfill & \text{Subtract 3}.\hfill \end{array}]
  
 The logarithmic function is defined only when the argument is positive, so this function is defined when [image: x+3>0].
 The domain of [image: f\left(x\right)={\mathrm{log}}_{2}\left(x+3\right)] is [image: \left(-3,\infty \right)].
   What is the domain of [image: f\left(x\right)=\mathrm{log}\left(5 - 2x\right)]? Show Solution The logarithmic function is defined only when the argument is positive, so this function is defined when [image: 5 - 2x>0]. Solving this inequality,
 [image: \begin{array}{l}5 - 2x>0\hfill & \text{The argument must be positive}.\hfill \\ -2x>-5\hfill & \text{Subtract }5.\hfill \\ x<\frac{5}{2}\hfill & \text{Divide by }-2\text{ and switch the inequality}.\hfill \end{array}]
 The domain of [image: f\left(x\right)=\mathrm{log}\left(5 - 2x\right)] is [image: \left(-\infty ,\frac{5}{2}\right)].
   An interactive online homework element has been excluded from the printed version of the text. To see the interactive element that was excluded, please visit the courseware online.
 
  An interactive online homework element has been excluded from the printed version of the text. To see the interactive element that was excluded, please visit the courseware online.
 
  An interactive online homework element has been excluded from the printed version of the text. To see the interactive element that was excluded, please visit the courseware online.
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				Graphing a Logarithmic Function Using a Table of Values
 Now that we have a feel for the set of values for which a logarithmic function is defined, we move on to graphing logarithmic functions. The family of logarithmic functions includes the parent function [image: y={\mathrm{log}}_{b}\left(x\right)] along with all of its transformations: shifts, stretches, compressions, and reflections.
 Recall that if an invertible function [image: f(x)] contains a point, [image: \left(a, b\right)], then the inverse function [image: f^{-1}\left(x\right)] must contain the point [image: \left(b, a\right)]. We begin with the parent function [image: y={\mathrm{log}}_{b}\left(x\right)]. Because every logarithmic function of this form is the inverse of an exponential function of the form [image: y={b}^{x}], their graphs will be reflections of each other across the line [image: y=x]. To illustrate this, we can observe the relationship between the input and output values of [image: y={2}^{x}] and its equivalent logarithmic form [image: x={\mathrm{log}}_{2}\left(y\right)] in the table below. 	[image: x] 	[image: –3] 	[image: –2] 	[image: –1] 	[image: 0] 	[image: 1] 	[image: 2] 	[image: 3] 
 	[image: {2}^{x}=y] 	[image: \frac{1}{8}] 	[image: \frac{1}{4}] 	[image: \frac{1}{2}] 	[image: 1] 	[image: 2] 	[image: 4] 	[image: 8] 
 	[image: {\mathrm{log}}_{2}\left(y\right)=x] 	[image: –3] 	[image: –2] 	[image: –1] 	[image: 0] 	[image: 1] 	[image: 2] 	[image: 3] 
  
 Using the inputs and outputs from the table above, we can build another table to observe the relationship between points on the graphs of the inverse functions [image: f\left(x\right)={2}^{x}] and [image: g\left(x\right)={\mathrm{log}}_{2}\left(x\right)].
 	[image: f\left(x\right)={2}^{x}] 	[image: \left(-3,\frac{1}{8}\right)] 	[image: \left(-2,\frac{1}{4}\right)] 	[image: \left(-1,\frac{1}{2}\right)] 	[image: \left(0,1\right)] 	[image: \left(1,2\right)] 	[image: \left(2,4\right)] 	[image: \left(3,8\right)] 
 	[image: g\left(x\right)={\mathrm{log}}_{2}\left(x\right)] 	[image: \left(\frac{1}{8},-3\right)] 	[image: \left(\frac{1}{4},-2\right)] 	[image: \left(\frac{1}{2},-1\right)] 	[image: \left(1,0\right)] 	[image: \left(2,1\right)] 	[image: \left(4,2\right)] 	[image: \left(8,3\right)] 
  
 As we would expect, the [image: x]and [image: y]-coordinates are reversed for the inverse functions. The figure below shows the graphs of [image: f] and [image: g].
 [image: Graph of two functions, f(x)=2^x and g(x)=log_2(x), with the line y=x denoting the axis of symmetry.]Notice that the graphs of [image: f\left(x\right)={2}^{x}] and [image: g\left(x\right)={\mathrm{log}}_{2}\left(x\right)] are reflections about the line y = x since they are inverses of each other. Observe the following from the graph:
 	[image: f\left(x\right)={2}^{x}] has a y-intercept at [image: \left(0,1\right)] and [image: g\left(x\right)={\mathrm{log}}_{2}\left(x\right)] has an x-intercept at [image: \left(1,0\right)].
 	The domain of [image: f\left(x\right)={2}^{x}], [image: \left(-\infty ,\infty \right)], is the same as the range of [image: g\left(x\right)={\mathrm{log}}_{2}\left(x\right)].
 	The range of [image: f\left(x\right)={2}^{x}], [image: \left(0,\infty \right)], is the same as the domain of [image: g\left(x\right)={\mathrm{log}}_{2}\left(x\right)].
 
   characteristics of the graph of the parent function [image: f\left(x\right)={\mathrm{log}}_{b}\left(x\right)]
 For any real number [image: x] and constant [image: b \gt 0], [image: b\ne 1], we can see the following characteristics in the graph of [image: f\left(x\right)={\mathrm{log}}_{b}\left(x\right)]:
 	one-to-one function
 	vertical asymptote: [image: x = 0]
 	domain: [image: \left(0,\infty \right)]
 	range: [image: \left(-\infty ,\infty \right)]
 	[image: x]–intercept: [image: \left(1,0\right)] and key point [image: \left(b,1\right)]
 	[image: y]-intercept: none
 	increasing if [image: b \gt 1]
 	decreasing if [image: 0 \lt b \lt 1]
 
  
 [image: ]
  How To: Given a logarithmic function Of the form [image: f\left(x\right)={\mathrm{log}}_{b}\left(x\right)], graph the function 	Draw and label the vertical asymptote, [image: x = 0].
 	Plot the [image: x]–intercept, [image: \left(1,0\right)].
 	Plot the key point [image: \left(b,1\right)].
 	Draw a smooth curve through the points.
 	State the domain, [image: \left(0,\infty \right)], the range, [image: \left(-\infty ,\infty \right)], and the vertical asymptote, [image: x = 0].
 
  Graph [image: f\left(x\right)={\mathrm{log}}_{5}\left(x\right)]. State the domain, range, and asymptote. Show Solution Before graphing, identify the behavior and key points for the graph.
 	[image: Graph of f(x)=log_5(x) with labeled points at (1, 0) and (5, 1). The y-axis is the asymptote.]The domain is [image: \left(0,\infty \right)], the range is [image: \left(-\infty ,\infty \right)], and the vertical asymptote is x = 0. Since [image: b = 5] is greater than one, we know the function is increasing. The left tail of the graph will approach the vertical asymptote [image: x = 0], and the right tail will increase slowly without bound.

 	The [image: x]-intercept is [image: \left(1,0\right)].
 	The key point [image: \left(5,1\right)] is on the graph.
 	We draw and label the asymptote, plot and label the points, and draw a smooth curve through the points.
 
   Graph [image: f\left(x\right)={\mathrm{log}}_{\frac{1}{5}}\left(x\right)]. State the domain, range, and asymptote. Show Solution [image: Graph of f(x)=log_(1/5)(x) with labeled points at (1/5, 1) and (1, 0). The y-axis is the asymptote.]
 	Since [image: b = \frac{1}{5}] is less than one, we know the function is decreasing. The left tail of the graph will approach the vertical asymptote [image: x = 0], and the right tail will decrease slowly without bound.
 	The [image: x]-intercept is [image: \left(1,0\right)].
 	The key point [image: \left(\frac{1}{5},1\right)] is on the graph.
 	Another key point on a decreasing graph is [image: (\dfrac{1}{b},-1)]. That is: [image: (\frac{1}{\frac{1}{5}}, -1) = (5,-1)]
 	We draw and label the asymptote, plot and label the points, and draw a smooth curve through the points.
 
 The domain is [image: \left(0,\infty \right)], the range is [image: \left(-\infty ,\infty \right)], and the vertical asymptote is [image: x = 0].
   An interactive online homework element has been excluded from the printed version of the text. To see the interactive element that was excluded, please visit the courseware online.
 
  An interactive online homework element has been excluded from the printed version of the text. To see the interactive element that was excluded, please visit the courseware online.
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				Graphing Transformations of Logarithmic Functions
 Transformations of logarithmic graphs behave similarly to those of other parent functions. We can shift, stretch, compress, and reflect the parent function [image: y={\mathrm{log}}_{b}\left(x\right)] without loss of shape.
 Graphing a Horizontal Shift of [image: f\left(x\right)={\mathrm{log}}_{b}\left(x\right)]
 When a constant [image: c] is added to the input of the parent function [image: f\left(x\right)=\text{log}_{b}\left(x\right)], the result is a horizontal shift [image: c] units in the opposite direction of the sign on [image: c].
 To visualize horizontal shifts, we can observe the general graph of the parent function [image: f\left(x\right)={\mathrm{log}}_{b}\left(x\right)] alongside the shift left, [image: g\left(x\right)={\mathrm{log}}_{b}\left(x+c\right)], and the shift right, [image: h\left(x\right)={\mathrm{log}}_{b}\left(x-c\right)] where [image: c > 0].
 Using an online graphing calculator, plot the functions [image: g\left(x\right)={\mathrm{log}}_{b}\left(x+c\right)] and [image: h\left(x\right)={\mathrm{log}}_{b}\left(x-c\right)]Investigate the following questions: 	Adjust the [image: c] value to [image: 4].
 	Which direction does the graph of [image: g(x)] shift? What is the vertical asymptote, [image: x]-intercept, and equation for this new function? How do the domain and range change?
 	Which direction does the graph of [image: h(x)] shift? What is the vertical asymptote, [image: x]-intercept, and equation for this new function? How do the domain and range change?
 
  The graphs below summarize the changes in the [image: x]-intercepts, vertical asymptotes, and equations of a logarithmic function that has been shifted either right or left.
 [image: Graph of two functions. The parent function is f(x)=log_b(x), with an asymptote at x=0 and g(x)=log_b(x+c) is the translation function with an asymptote at x=-c. This shows the translation of shifting left.]
 horizontal shifts of the parent function [image: y=\text{log}_{b}\left(x\right)]
 For any constant [image: c], the function [image: f\left(x\right)={\mathrm{log}}_{b}\left(x+c\right)]
 	shifts the parent function [image: y={\mathrm{log}}_{b}\left(x\right)] left [image: c] units if [image: c > 0].
 	shifts the parent function [image: y={\mathrm{log}}_{b}\left(x\right)] right [image: c] units if [image: c < 0].
 	has the vertical asymptote [image: x = –c].
 	has domain [image: \left(-c,\infty \right)].
 	has range [image: \left(-\infty ,\infty \right)].
 
  How To: Given a logarithmic function Of the form [image: f\left(x\right)={\mathrm{log}}_{b}\left(x+c\right)], graph the Horizontal Shift 	Identify the horizontal shift: 	If [image: c > 0], shift the graph of [image: f\left(x\right)={\mathrm{log}}_{b}\left(x\right)] left [image: c] units.
 	If [image: c < 0], shift the graph of [image: f\left(x\right)={\mathrm{log}}_{b}\left(x\right)] right [image: c] units.
 
 
 	Draw the vertical asymptote [image: x = –c].
 	Identify three key points from the parent function. Find new coordinates for the shifted functions by subtracting [image: c] from the [image: x] coordinate in each point.
 	Label the three points.
 	The domain is [image: \left(-c,\infty \right)], the range is [image: \left(-\infty ,\infty \right)], and the vertical asymptote is [image: <em>x </em>= –c].
 
  Graph the function [image: f\left(x\right)={\mathrm{log}}_{3}\left(x - 2\right)] alongside its parent function. Include the key points and asymptotes on the graph. State the domain, range, and asymptote. Show Solution Parent Function: [image: y = \mathrm{log}_{3}(x)]
 	Consider the three key points from the parent function: [image: \left(\frac{1}{3},-1\right)], [image: \left(1,0\right)], and [image: \left(3,1\right)].
 
 [image: Graph of two functions. The parent function is y=log_3(x), with an asymptote at x=0 and labeled points at (1/3, -1), (1, 0), and (3, 1).The translation function f(x)=log_3(x-2) has an asymptote at x=2 and labeled points at (3, 0) and (5, 1).]Since the function is [image: f\left(x\right)={\mathrm{log}}_{3}\left(x - 2\right)], we notice [image: x+\left(-2\right)=x - 2].
 	Thus [image: c = –2], so [image: c \lt 0]. This means we will shift the function [image: f\left(x\right)={\mathrm{log}}_{3}\left(x\right)] right [image: 2] units.
 	The vertical asymptote is [image: x=-\left(-2\right)] or [image: x = 2].
 	The new coordinates are found by adding [image: 2] to the [image: x] coordinates of each point from the parent function. Therefore, the points are [image: \left(\frac{7}{3},-1\right)], [image: \left(3,0\right)], and [image: \left(5,1\right)].
 
 Characteristics of [image: f\left(x\right)={\mathrm{log}}_{3}\left(x - 2\right)]:
 	The domain is [image: \left(2,\infty \right)]
 	The range is [image: \left(-\infty ,\infty \right)]
 	The vertical asymptote is [image: x= 2].
 
   An interactive online homework element has been excluded from the printed version of the text. To see the interactive element that was excluded, please visit the courseware online.
 
  An interactive online homework element has been excluded from the printed version of the text. To see the interactive element that was excluded, please visit the courseware online.
 
  Graphing a Vertical Shift of [image: y=\text{log}_{b}\left(x\right)]
 When a constant [image: d] is added to the parent function [image: f\left(x\right)={\mathrm{log}}_{b}\left(x\right)], the result is a vertical shift [image: d] units in the direction of the sign of [image: d]. To visualize vertical shifts, we can observe the general graph of the parent function [image: f\left(x\right)={\mathrm{log}}_{b}\left(x\right)] alongside the shift up, [image: g\left(x\right)={\mathrm{log}}_{b}\left(x\right)+d], and the shift down, [image: h\left(x\right)={\mathrm{log}}_{b}\left(x\right)-d].
 [image: Graph of two functions. The parent function is f(x)=log_b(x), with an asymptote at x=0 and g(x)=log_b(x)+d is the translation function with an asymptote at x=0. This shows the translation of shifting up. Graph of two functions. The parent function is f(x)=log_b(x), with an asymptote at x=0 and g(x)=log_b(x)-d is the translation function with an asymptote at x=0. This shows the translation of shifting down.]
 vertical shifts of the parent function [image: y=\text{log}_{b}\left(x\right)]
 For any constant [image: d], the function [image: f\left(x\right)={\mathrm{log}}_{b}\left(x\right)+d]
 	shifts the parent function [image: y={\mathrm{log}}_{b}\left(x\right)] up [image: d] units if [image: d > 0].
 	shifts the parent function [image: y={\mathrm{log}}_{b}\left(x\right)] down [image: d] units if [image: d < 0].
 	has the vertical asymptote [image: x = 0].
 	has domain [image: \left(0,\infty \right)].
 	has range [image: \left(-\infty ,\infty \right)].
 
  How To: Given a logarithmic function Of the form [image: f\left(x\right)={\mathrm{log}}_{b}\left(x\right)+d], graph the Vertical Shift 	Identify the vertical shift: 	If [image: d > 0], shift the graph of [image: f\left(x\right)={\mathrm{log}}_{b}\left(x\right)] up [image: d] units.
 	If [image: d < 0], shift the graph of [image: f\left(x\right)={\mathrm{log}}_{b}\left(x\right)] down [image: d]units.
 
 
 	Draw the vertical asymptote [image: x = 0].
 	Identify three key points from the parent function. Find new coordinates for the shifted functions by adding [image: d] to the [image: y]coordinate of each point.
 	Label the three points.
 	The domain is [image: \left(0,\infty \right)], the range is [image: \left(-\infty ,\infty \right)], and the vertical asymptote is [image: x = 0].
 
  Sketch a graph of [image: f\left(x\right)={\mathrm{log}}_{3}\left(x\right)-2] alongside its parent function. Include the key points and asymptote on the graph. State the domain, range, and asymptote. Show Solution [image: Graph of two functions. The parent function is y=log_3(x), with an asymptote at x=0 and labeled points at (1/3, -1), (1, 0), and (3, 1).The translation function f(x)=log_3(x)-2 has an asymptote at x=0 and labeled points at (1, 0) and (3, 1).]The domain is [image: \left(0,\infty \right)], the range is [image: \left(-\infty ,\infty \right)], and the vertical asymptote is x = 0. Parent Function: [image: y = \mathrm{log}_{3}(x)]
 	Consider the three key points from the parent function: [image: \left(\frac{1}{3},-1\right)], [image: \left(1,0\right)], and [image: \left(3,1\right)].
 
 Since the function is [image: f\left(x\right)={\mathrm{log}}_{3}\left(x\right)-2], we notice d = –2. Thus d < 0.
 	This means we will shift the function [image: f\left(x\right)={\mathrm{log}}_{3}\left(x\right)] down [image: 2] units.
 	The vertical asymptote is [image: x = 0].
 	The new coordinates are found by subtracting [image: 2] from the [image: y] coordinates of each point from the parent function. The points are [image: \left(\frac{1}{3},-3\right)], [image: \left(1,-2\right)], and [image: \left(3,-1\right)].
 
   An interactive online homework element has been excluded from the printed version of the text. To see the interactive element that was excluded, please visit the courseware online.
 
  An interactive online homework element has been excluded from the printed version of the text. To see the interactive element that was excluded, please visit the courseware online.
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				Graphing Transformations of Logarithmic Functions Cont.
 Graphing Stretches and Compressions of [image: y=\text{log}_{b}\left(x\right)]
 When the parent function [image: f\left(x\right)={\mathrm{log}}_{b}\left(x\right)] is multiplied by a constant [image: a > 0], the result is a vertical stretch or compression of the original graph. To visualize stretches and compressions, we set [image: a > 1] and observe the general graph of the parent function [image: f\left(x\right)={\mathrm{log}}_{b}\left(x\right)] alongside the vertical stretch, [image: g\left(x\right)=a{\mathrm{log}}_{b}\left(x\right)], and the vertical compression, [image: h\left(x\right)=\frac{1}{a}{\mathrm{log}}_{b}\left(x\right)].
 Using an online graphing calculator plot the functions [image: g(x) = a\log_{b}{x}]  and  [image: h(x) = \frac{1}{a}\log_{b}{x}]. One represents a vertical compression of the other. You may select any value for [image: b], though one between [image: 2] and [image: 5] will be easier to see. Experiment with various [image: a] values between [image: 1] and [image: 10]. As you investigate, consider the following questions: 	Both the vertical stretch and compression produce graphs that are increasing. Which transformation produces a function that increases faster?
 	One of the key points that is commonly defined for transformations of a logarithmic function comes from finding the input that gives an output of [image: y = 1]. This point can help you determine whether a graph is the result of a vertical compression or stretch. Explain why.
 
  The graphs below summarize the key features of the resulting graphs of vertical stretches and compressions of logarithmic functions.
 [image: image]1 is the translation function with an asymptote at x=0. The graph note the intersection of the two lines at (1, 0). This shows the translation of a vertical stretch.” width=”975″ height=”758″>
 vertical stretches and compressions of the parent function [image: y=\text{log}_{b}\left(x\right)]
 For any constant [image: a > 1], the function [image: f\left(x\right)=a{\mathrm{log}}_{b}\left(x\right)]
 	stretches the parent function [image: y={\mathrm{log}}_{b}\left(x\right)] vertically by a factor of [image: a] if [image: a > 1].
 	compresses the parent function [image: y={\mathrm{log}}_{b}\left(x\right)] vertically by a factor of [image: a] if [image: 0 < a < 1].
 	has the vertical asymptote [image: x = 0].
 	has the [image: x]-intercept [image: \left(1,0\right)].
 	has domain [image: \left(0,\infty \right)].
 	has range [image: \left(-\infty ,\infty \right)].
 
  How To: Given a logarithmic function Of the form [image: f\left(x\right)=a{\mathrm{log}}_{b}\left(x\right)], [image: a>0], graph the Stretch or Compression 	Identify the vertical stretch or compression: 	If [image: |a|>1], the graph of [image: f\left(x\right)={\mathrm{log}}_{b}\left(x\right)] is stretched by a factor of [image: a] units.
 	If [image: |a|<1], the graph of [image: f\left(x\right)={\mathrm{log}}_{b}\left(x\right)] is compressed by a factor of [image: a] units.
 
 
 	Draw the vertical asymptote [image: x = 0].
 	Identify three key points from the parent function. Find new coordinates for the shifted functions by multiplying the [image: y] coordinates in each point by [image: a].
 	Label the three points.
 	The domain is [image: \left(0,\infty \right)], the range is [image: \left(-\infty ,\infty \right)], and the vertical asymptote is [image: x = 0].
 
  Graph the function [image: f\left(x\right)=2{\mathrm{log}}_{4}\left(x\right)] alongside its parent function. Include the key points and asymptote on the graph. State the domain, range, and asymptote. Show Solution [image: Graph of two functions. The parent function is y=log_4(x), with an asymptote at x=0 and labeled points at (1, 0), and (4, 1).The translation function f(x)=2log_4(x) has an asymptote at x=0 and labeled points at (1, 0) and (2, 1).]The domain is [image: \left(0,\infty \right)], the range is [image: \left(-\infty ,\infty \right)], and the vertical asymptote is x = 0. Parent Function: [image: f\left(x\right)={\mathrm{log}}_{4}\left(x\right)]
 	Consider the three key points from the parent function, [image: \left(\frac{1}{4},-1\right)], [image: \left(1,0\right)], and [image: \left(4,1\right)].
 
 Since the function is [image: f\left(x\right)=2{\mathrm{log}}_{4}\left(x\right)], we will note that [image: a = 2].
 	This means we will stretch the function [image: f\left(x\right)={\mathrm{log}}_{4}\left(x\right)] by a factor of [image: 2].
 	The vertical asymptote is [image: x = 0].
 	The new coordinates are found by multiplying the [image: y] coordinates of each point by [image: 2]. Thus, the transformed points are [image: \left(\frac{1}{4},-2\right)], [image: \left(1,0\right)], and [image: \left(4,\text{2}\right)].
 
   Sketch the graph of [image: f\left(x\right)=5\mathrm{log}\left(x+2\right)]. State the domain, range, and asymptote. Show Solution Remember, what happens inside parentheses happens first. First, we move the graph left [image: 2] units and then stretch the function vertically by a factor of [image: 5]. The vertical asymptote will be shifted to [image: x = –2]. The [image: x]-intercept will be [image: \left(-1,0\right)]. The domain will be [image: \left(-2,\infty \right)]. Two points will help give the shape of the graph: [image: \left(-1,0\right)] and [image: \left(8,5\right)]. We chose [image: x = 8] as the [image: x]-coordinate of one point to graph because when [image: x = 8], [image: x + 2 = 10], the base of the common logarithm.
 [image: Graph of three functions. The parent function is y=log(x), with an asymptote at x=0. The first translation function y=5log(x+2) has an asymptote at x=-2. The second translation function y=log(x+2) has an asymptote at x=-2.]The domain is [image: \left(-2,\infty \right)], the range is [image: \left(-\infty ,\infty \right)], and the vertical asymptote is x = –2.   Graphing Reflections of [image: f\left(x\right)={\mathrm{log}}_{b}\left(x\right)]
 When the parent function [image: f\left(x\right)={\mathrm{log}}_{b}\left(x\right)] is multiplied by [image: –1], the result is a reflection about the [image: x]-axis. When the input is multiplied by [image: –1], the result is a reflection about the [image: y]-axis. To visualize reflections, we restrict [image: b > 1] and observe the general graph of the parent function [image: f\left(x\right)={\mathrm{log}}_{b}\left(x\right)] alongside the reflection about the [image: x]-axis, [image: g\left(x\right)={\mathrm{-log}}_{b}\left(x\right)], and the reflection about the [image: y]-axis, [image: h\left(x\right)={\mathrm{log}}_{b}\left(-x\right)].
 Using an online graphing calculator, plot the functions [image: f(x) = \log_{b}{x},\text{ }g(x)=-\log_{b}{x},\text{ and }h(x) = \log_{b}({-x})]. You may select any value for [image: b], though one between [image: 2] and [image: 5] will be easier to see. Also plot the point [image: (b,1)]. Consider the following questions: 	Which graph, [image: g(x) = -\log_{b}{x} \text{ or }h(x) = \log_{b}({-x})] represents a vertical reflection?  Which one represents a horizontal reflection?
 	You already added the point [image: (b,1)] as a point of interest for the function [image: f(x)]. Using the variable [image: b] as your [image: x] value, add the corresponding points of interest for [image: g(x)\text{ and }h(x)].
 	Does the vertical asymptote change when you reflect the graph of [image: f(x)] either vertically or horizontally?
 
  The graphs below summarize the key characteristics of reflecting [image: f(x) = \log_{b}{x}] horizontally and vertically.
 [image: image]1 is the translation function with an asymptote at x=0. The graph note the intersection of the two lines at (1, 0). This shows the translation of a reflection about the x-axis.” width=”975″ height=”786″>
 reflections of the parent function [image: y=\text{log}_{b}\left(x\right)]
 The function [image: f\left(x\right)={\mathrm{-log}}_{b}\left(x\right)]
 	reflects the parent function [image: y={\mathrm{log}}_{b}\left(x\right)] about the [image: x]-axis.
 	has domain [image: \left(0,\infty \right)], range, [image: \left(-\infty ,\infty \right)], and vertical asymptote [image: x = 0] which are unchanged from the parent function.
 
 The function [image: f\left(x\right)={\mathrm{log}}_{b}\left(-x\right)]
 	reflects the parent function [image: y={\mathrm{log}}_{b}\left(x\right)] about the [image: y]-axis.
 	has domain [image: \left(-\infty ,0\right)].
 	has range [image: \left(-\infty ,\infty \right)] and vertical asymptote [image: x = 0] which are unchanged from the parent function.
 
  How To: Given a logarithmic function with the parent function [image: f\left(x\right)={\mathrm{log}}_{b}\left(x\right)], graph a Reflection 	[image: \text{If }f\left(x\right)=-{\mathrm{log}}_{b}\left(x\right)] 	[image: \text{If }f\left(x\right)={\mathrm{log}}_{b}\left(-x\right)] 
  	1. Draw the vertical asymptote, [image: x = 0]. 	1. Draw the vertical asymptote, [image: x = 0]. 
 	2. Plot the x-intercept, [image: \left(1,0\right)]. 	2. Plot the x-intercept, [image: \left(1,0\right)]. 
 	3. Reflect the graph of the parent function [image: f\left(x\right)={\mathrm{log}}_{b}\left(x\right)] about the [image: x]-axis. 	3. Reflect the graph of the parent function [image: f\left(x\right)={\mathrm{log}}_{b}\left(x\right)] about the [image: y]-axis. 
 	4. Draw a smooth curve through the points. 	4. Draw a smooth curve through the points. 
 	5. State the domain [image: \left(0,\infty \right)], the range [image: \left(-\infty ,\infty \right)], and the vertical asymptote [image: x = 0]. 	5. State the domain, [image: \left(-\infty ,0\right)], the range, [image: \left(-\infty ,\infty \right)], and the vertical asymptote [image: x = 0]. 
  
  Graph the function [image: f\left(x\right)=\mathrm{log}\left(-x\right)] alongside its parent function. Include the key points and asymptote on the graph. State the domain, range, and asymptote. Show Solution [image: Graph of two functions. The parent function is y=log(x), with an asymptote at x=0 and labeled points at (1, 0), and (10, 0).The translation function f(x)=log(-x) has an asymptote at x=0 and labeled points at (-1, 0) and (-10, 1).]The domain is [image: \left(-\infty ,0\right)], the range is [image: \left(-\infty ,\infty \right)], and the vertical asymptote is x = 0. Before graphing [image: f\left(x\right)=\mathrm{log}\left(-x\right)], identify the behavior and key points for the graph.
 	Since [image: b = 10] is greater than one, we know that the parent function is increasing. Since the input value is multiplied by [image: –1], [image: f] is a reflection of the parent graph about the [image: y]–axis. Thus, [image: f\left(x\right)=\mathrm{log}\left(-x\right)] will be decreasing as x moves from negative infinity to zero, and the right tail of the graph will approach the vertical asymptote [image: x = 0].
 	The [image: x]-intercept is [image: \left(-1,0\right)].
 	We draw and label the asymptote, plot and label the points, and draw a smooth curve through the points.
 
   An interactive online homework element has been excluded from the printed version of the text. To see the interactive element that was excluded, please visit the courseware online.
 
  An interactive online homework element has been excluded from the printed version of the text. To see the interactive element that was excluded, please visit the courseware online.
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				 	Identify the domain of a logarithmic function
 	Graph logarithmic functions
 
  Transformations of Logarithmic Functions
 Now that we have worked with each type of transformation for the logarithmic function, we can summarize each in the table below to arrive at the general equation for transforming exponential functions.
 	Transformations of the Parent Function [image: y={\mathrm{log}}_{b}\left(x\right)] 
 	Translation 	Form 
  	Shift 	Horizontally [image: c] units to the left
 	Vertically [image: d] units up
 
  	[image: y={\mathrm{log}}_{b}\left(x+c\right)+d] 
 	Stretch and Compression 	Stretch if [image: |a|>1]
 	Compression if [image: |a|<1]
 
  	[image: y=a{\mathrm{log}}_{b}\left(x\right)] 
 	Reflection about the [image: x]-axis 	[image: y=-{\mathrm{log}}_{b}\left(x\right)] 
 	Reflection about the [image: y]-axis 	[image: y={\mathrm{log}}_{b}\left(-x\right)] 
 	General equation for all transformations 	[image: y=a{\mathrm{log}}_{b}\left(x+c\right)+d] 
  
 transformations of logarithmic functions
 All transformations of the parent logarithmic function [image: y={\mathrm{log}}_{b}\left(x\right)] have the form
 [image: f\left(x\right)=a{\mathrm{log}}_{b}\left(x+c\right)+d]
 where the parent function, [image: y={\mathrm{log}}_{b}\left(x\right),b>1], is
 	shifted vertically up [image: d] units.
 	shifted horizontally to the left [image: c] units.
 	stretched vertically by a factor of [image: |a|] if [image: |a| > 0].
 	compressed vertically by a factor of [image: |a|] if [image: 0 < |a| < 1].
 	reflected about the [image: x]–axis when [image: a < 0].
 
 For [image: f\left(x\right)=\mathrm{log}\left(-x\right)], the graph of the parent function is reflected about the [image: y]-axis.
  What is the vertical asymptote of [image: f\left(x\right)=-2{\mathrm{log}}_{3}\left(x+4\right)+5]? Show Solution The vertical asymptote is at [image: x = –4]. The coefficient, the base, and the upward translation do not affect the asymptote. The shift of the curve [image: 4] units to the left shifts the vertical asymptote to [image: x = –4].
  What is the vertical asymptote of [image: f\left(x\right)=3+\mathrm{ln}\left(x - 1\right)]? Show Solution [image: x=1]
  In the example below, you’ll write a common logarithmic function for the graph shown. Remember that all the functions studied in this course possess the characteristic that every point contained on the graph of a function satisfies the equation of the function. As you have done before, begin with the form of a transformed logarithm function, [image: f(x)=a\text{log}(x+c)+d], then fill in the parts you can discern from the graph. 	Find the horizontal shift by locating the vertical asymptote.
 	Examine the shape of the graph to see if it has been reflected.
 	Once you have filled in what you know, substitute one or more points in integer coordinates if possible to solve for any remaining unknowns.
 	Remember that if there are more than one unknown, you’ll need more than one point and more than one equation to solve for all the unknowns.
 
 Work through the example step-by-step with a pencil on paper, perhaps more than once or twice, to gain understanding.
  Find a possible equation for the common logarithmic function graphed below.[image: Graph of a logarithmic function with a vertical asymptote at x=-2, has been vertically reflected, and passes through the points (-1, 1) and (2, -1).] Show Solution This graph has a vertical asymptote at [image: x = –2] and has been vertically reflected. We do not know yet the vertical shift or the vertical stretch. We know so far that the equation will have the form:
 [image: f\left(x\right)=-a\mathrm{log}\left(x+2\right)+k]
 It appears the graph passes through the points [image: \left(-1,1\right)] and [image: \left(2,-1\right)]. Substituting [image: \left(-1,1\right)],
 [image: \begin{array}{llll}1=-a\mathrm{log}\left(-1+2\right)+k\hfill & \text{Substitute }\left(-1,1\right).\hfill \\ 1=-a\mathrm{log}\left(1\right)+k\hfill & \text{Arithmetic}.\hfill \\ 1=k\hfill & \text{log(1)}=0.\hfill \end{array}]
 Next, substituting [image: \left(2,-1\right)],
 [image: \begin{array}{llllll}-1=-a\mathrm{log}\left(2+2\right)+1\hfill & \hfill & \text{Plug in }\left(2,-1\right).\hfill \\ -2=-a\mathrm{log}\left(4\right)\hfill & \hfill & \text{Arithmetic}.\hfill \\ \text{ }a=\frac{2}{\mathrm{log}\left(4\right)}\hfill & \hfill & \text{Solve for }a.\hfill \end{array}]
 This gives us the equation [image: f\left(x\right)=-\frac{2}{\mathrm{log}\left(4\right)}\mathrm{log}\left(x+2\right)+1].
 Analysis of the Solution
 We can verify this answer by comparing the function values in the table below with the points on the graph in this example.
   	[image: x] 	[image: −1] 	[image: 0] 	[image: 1] 	[image: 2] 	[image: 3] 
 	[image: f(x)] 	[image: 1] 	[image: 0] 	[image: −0.58496] 	[image: −1] 	[image: −1.3219] 
 	[image: x</strong></td> <td><img src="https://atu0g9ctah.execute-api.ca-central-1.amazonaws.com/latest/latex?latex=&fg=000000&isBase64=1" alt="" title="" class="latex mathjax" />4] 	[image: 5] 	[image: 6] 	[image: 7] 	[image: 8] 
 	[image: f(x)] 	[image: −1.5850] 	[image: −1.8074] 	[image: −2] 	[image: −2.1699] 	[image: −2.3219] 
  
   Give the equation of the natural logarithm graphed below.[image: Graph of a logarithmic function with a vertical asymptote at x=-3, has been vertically stretched by 2, and passes through the points (-1, -1).] Show Solution [image: f\left(x\right)=2\mathrm{ln}\left(x+3\right)-1]
  An interactive online homework element has been excluded from the printed version of the text. To see the interactive element that was excluded, please visit the courseware online.
 
  An interactive online homework element has been excluded from the printed version of the text. To see the interactive element that was excluded, please visit the courseware online.
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		Exponential and Logarithmic Equations and Models: Background You'll Need 1

								

	
				 	Use the rules for exponents to simplify complex expressions
 
  Properties of the Exponents
 The Power Rule for Exponents
 Another word for an exponent is power. You have likely seen or heard an example such as [image: 3^5] can be described as [image: 3] raised to the [image: 5]th power. In this section, we will further expand our capabilities with exponents. We will learn what to do when a term with a power is raised to another power, what to do when two numbers or variables are multiplied and both are raised to an exponent, and what to do when numbers or variables that are divided are raised to a power. We will begin by raising powers to powers.
 the power rule for exponents
 For any positive number [image: x] and integers [image: a] and [image: b]: [image: \left(x^{a}\right)^{b}=x^{a\cdot{b}}].
 
  [ohm_question hide_question_numbers=1]287140[/ohm_question] Raise a Product to a Power
 Raising a product to a power is a fundamental operation in algebra that demonstrates how exponents interact with multiplication. This operation is widely used across various mathematical disciplines, including geometry, where it might be used to calculate the volume of shapes, and in finance, where it can be used to calculate compounded interest over multiple periods.
 The rule simplifies the process of working with powers of products. Instead of multiplying the base numbers repeatedly, we apply the exponent to each factor individually. This is based on the distributive property of exponents over multiplication.
 a product raised to a power
 For any nonzero numbers [image: a] and [image: b] and any integer [image: x], [image: \left(ab\right)^{x}=a^{x}\cdot{b^{x}}].
 
  Simplify the following: [image: \left(2yz\right)^{6}] Show Solution Apply the exponent to each number in the product.[image: 2^{6}y^{6}z^{6}]
 Answer: [image: \left(2yz\right)^{6}=64y^{6}z^{6}]
  If the variable has an exponent with it, use the Power Rule: multiply the exponents.
 Simplify the following:[image: \left(−7a^{4}b\right)^{2}] Show Solution Apply the exponent [image: 2] to each factor within the parentheses.[image: \left(−7\right)^{2}\left(a^{4}\right)^{2}\left(b\right)^{2}]Square the coefficient and use the Power Rule to square [image: \left(a^{4}\right)^{2}].
 [image: 49a^{4\cdot2}b^{2}]
 Simplify.
 [image: 49a^{8}b^{2}]
  
 Answer: [image: \left(-7a^{4}b\right)^{2}=49a^{8}b^{2}]
  The Product Rule for Exponents
 The Product Rule for Exponents is one of the essential rules in algebra that simplifies the process of working with powers. This rule is pivotal when dealing with exponential expressions, particularly when multiplying them. In essence, it tells us that when we multiply two exponents with the same base, we can simply add the exponents to get the new power of the base.
 This rule is extremely useful in various mathematical and real-world applications, such as calculating compound interest, understanding scientific notation, or solving problems in physics and engineering. By using the Product Rule, we can manage and simplify complex expressions without the need for lengthy multiplication.
 the product rule for exponents
 For any number [image: x] and any integers [image: a] and [image: b], [image: \left(x^{a}\right)\left(x^{b}\right) = x^{a+b}].
 To multiply exponential terms with the same base, add the exponents.
 
  [image: Caution]Caution! When you are reading mathematical rules, it is important to pay attention to the conditions on the rule. For example, when using the product rule, you may only apply it when the terms being multiplied have the same base and the exponents are integers. Conditions on mathematical rules are often given before the rule is stated, as in this example it says “For any number [image: x] and any integers [image: a] and [image: b].”
 Simplify the following: [image: (a^{3})(a^{7})]
 Show Solution The base of both exponents is [image: a], so the product rule applies.
 [image: \left(a^{3}\right)\left(a^{7}\right)]
 Add the exponents with a common base.
 [image: a^{3+7}]
  
 Answer: [image: \left(a^{3}\right)\left(a^{7}\right) = a^{10}]
  When multiplying more complicated terms, multiply the coefficients and then multiply the variables.
 Simplify the following: [image: 5a^{4}\cdot7a^{6}]
 Show Solution Multiply the coefficients.
 [image: 35\cdot{a}^{4}\cdot{a}^{6}]
 The base of both exponents is [image: a], so the product rule applies. Add the exponents.
 [image: 35\cdot{a}^{4+6}]
 Add the exponents with a common base.
 [image: 35\cdot{a}^{10}]
  
 Answer: [image: 5a^{4}\cdot7a^{6}=35a^{10}]
  [ohm_question hide_question_numbers=1]287141[/ohm_question] The Quotient (Division) Rule for Exponents
 The Quotient Rule for Exponents is as crucial as the Product Rule and serves as its counterpart for division. This rule assists in simplifying expressions where we have exponential terms with the same base being divided. It states that when you divide exponents with the same base, you can subtract the exponents.
 This rule has significant practical applications, especially in fields that involve calculations of rates of change, decay, or growth when they are decreasing, such as in the case of depreciation in finance or radioactive decay in physics.
 the quotient (division) rule for exponents
 For any non-zero number [image: x] and any integers [image: a] and [image: b]:
 [image: \displaystyle \frac{{{x}^{a}}}{{{x}^{b}}}={{x}^{a-b}}]To divide exponential terms with the same base, subtract the exponents.
 
  Evaluate the following:[image: \displaystyle \frac{{{4}^{9}}}{{{4}^{4}}}] Show Solution These two exponents have the same base, [image: 4]. According to the Quotient Rule, you can subtract the power in the denominator from the power in the numerator.
 [image: \displaystyle {{4}^{9-4}}]
  
 [image: \displaystyle \frac{{{4}^{9}}}{{{4}^{4}}}=4^{5}]
  When dividing terms that also contain coefficients, divide the coefficients and then divide variable powers with the same base by subtracting the exponents.
 Simplify the following:[image: \displaystyle \frac{12{{x}^{4}}}{2x}] Show Solution Separate into numerical and variable factors.
 [image: \displaystyle \left( \frac{12}{2} \right)\left( \frac{{{x}^{4}}}{x} \right)]
 Since the bases of the exponents are the same, you can apply the Quotient Rule. Divide the coefficients and subtract the exponents of matching variables.
 [image: \displaystyle 6\left( {{x}^{4-1}} \right)]
  
 [image: \displaystyle \frac{12{{x}^{4}}}{2x}]=[image: \displaystyle 6{{x}^{3}}]
  [ohm_question hide_question_numbers=1]287143[/ohm_question] 
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				 	Factor and simplify polynomials and rational expressions
 
  Factor Polynomials
 Factoring is central to simplifying expressions, solving equations, and understanding polynomial behavior. Factoring involves breaking down expressions into simpler, constituent parts. A key step in this process is identifying the greatest common factor (GCF), which simplifies polynomials by dividing out commonalities and reducing complexity.
 Greatest Common Factor
 The greatest common factor (GCF) of two numbers is the largest number that divides evenly into both numbers.
 [image: 4] is the GCF of [image: 16] and [image: 20] because it is the largest number that divides evenly into both [image: 16] and [image: 20]. The GCF of polynomials works the same way.
 [image: 4x] is the GCF of [image: 16x] and [image: 20{x}^{2}] because it is the largest polynomial that divides evenly into both [image: 16x] and [image: 20{x}^{2}]. When factoring a polynomial expression, our first step is to check to see if each term contains a common factor. If so, we factor out the greatest amount we can from each term.
 greatest common factor (GCF) of a polynomial
 The greatest common factor (GCF) of a polynomial is the largest polynomial that divides evenly into each term of the polynomial.
  To make it less challenging to find this GCF of the polynomial terms, first look for the GCF of the coefficients, and then look for the GCF of the variables. To factor out a GCF from a polynomial, first identify the greatest common factor of the terms. You can then use the distributive property “backwards” to rewrite the polynomial in a factored form.
 The distributive property allows us to multiply a number by a sum or difference inside parentheses and add or subtract the results. Conversely, when we see a common factor shared by all terms, we can factor it out, effectively reversing the distributive process. 	Using the distributive property: [image: a\left(b+c\right)=ab+ac].
 	Factoring out a common factor: [image: ab+ac=a\left(b+c\right)].
 
 This principle shows us that multiplication distributed across a sum can be “undone” through factoring, revealing the GCF and the remaining terms of the polynomial.
  How To: Given a Polynomial Expression, Factor Out the Greatest Common Factor 	Identify the GCF of the coefficients.
 	Identify the GCF of the variables.
 	Combine to find the GCF of the expression.
 	Determine what the GCF needs to be multiplied by to obtain each term in the expression.
 	Write the factored expression as the product of the GCF and the sum of the terms we need to multiply by.
 
  Factor [image: 6{x}^{3}{y}^{3}+45{x}^{2}{y}^{2}+21xy]. Show Solution First find the GCF of the expression. The GCF of [image: 6,45], and [image: 21] is [image: 3].The GCF of [image: {x}^{3},{x}^{2}], and [image: x] is [image: x]. (Note that the GCF of a set of expressions of the form [image: {x}^{n}] will always be the lowest exponent.)The GCF of [image: {y}^{3},{y}^{2}], and [image: y] is [image: y].Combine these to find the GCF of the polynomial, [image: 3xy].Next, determine what the GCF needs to be multiplied by to obtain each term of the polynomial.We find that:[image: \begin{array}{c} 3xy(2x^2y^2) = 6x^3y^3, \\ 3xy(15xy) = 45x^2y^2, \\ 3xy(7) = 21xy \end{array}]Finally, write the factored expression as the product of the GCF and the sum of the terms we needed to multiply by.
 [image: \left(3xy\right)\left(2{x}^{2}{y}^{2}+15xy+7\right)]
 After factoring, we can check our work by multiplying. Use the distributive property to confirm that
 [image: \left(3xy\right)\left(2{x}^{2}{y}^{2}+15xy+7\right)=6{x}^{3}{y}^{3}+45{x}^{2}{y}^{2}+21xy]
  Watch this video to see more examples of how to factor the GCF from a trinomial. https://youtube.com/watch?v=3f1RFTIw2Ng%3Fenablejsapi%3D1+
 
 
You can view the transcript for “Ex 2: Identify GCF and Factor a Trinomial” here (opens in new window).
  Factoring Quadratic Trinomials with a Leading Coefficient of [image: 1]
 When factoring polynomials, starting with the greatest common factor (GCF) is standard. However, the GCF is not always the key to simplification, particularly for polynomials without a common factor.
 For instance, the quadratic trinomial [image: {x}^{2}+5x+6] has a GCF of [image: 1], but it can be written as the product of the factors [image: \left(x+2\right)] and [image: \left(x+3\right)].
 To factor trinomials like [image: {x}^{2}+bx+c], find two numbers that multiply to [image: c] and add up to [image: b].
 The trinomial [image: {x}^{2}+10x+16] can be factored using the numbers [image: 2] and [image: 8], because [image: 2 \times 8 =16] and [image: 2 + 8 = 10]. The trinomial can be rewritten as the product of [image: \left(x+2\right)] and [image: \left(x+8\right)]. factoring quadratic trinomials with a leading coefficient of [image: 1]
 A trinomial of the form [image: {x}^{2}+bx+c] can be written in factored form [image: \left(x+p\right)\left(x+q\right)] where [image: p \times q=c] and [image: p+q=b].
  It’s a common misconception that all trinomials can be broken down into binomial factors, but this isn’t always the case. While many polynomials can be factored in this way, revealing a product of simpler binomials, there are instances where a trinomial is prime and cannot be factored further using real numbers How To: Factoring a Trinomial of the Form [image: {x}^{2}+bx+c] 	Identify all factor pairs of [image: c].
 	Find the factor pair where the sum equals [image: b].
 	Write the trinomial as the product of two binomials, [image: \left(x+p\right)\left(x+q\right)].
 
  To verify the accuracy of our factorization, we can employ the FOIL method, which stands for First, Outer, Inner, Last. This technique allows us to multiply two binomials and ensures that our factorization is correct. If the expanded expression matches the original polynomial, our factorization is verified.
 The FOIL method is a process used to multiply two binomials. The acronym FOIL stands for: 	First: Multiply the first terms in each binomial.
 	Outer: Multiply the outermost terms in the product.
 	Inner: Multiply the innermost terms.
 	Last: Multiply the last terms in each binomial.
 
 After applying the FOIL method, combine like terms to get the final expanded expression.
  Factor [image: {x}^{2}+2x - 15]. Show Solution We have a trinomial with leading coefficient [image: 1,b=2], and [image: c=-15].We need to find two numbers with a product of [image: -15] and a sum of [image: 2].
 [image: \\]
 In the table, we list factors until we find a pair with the desired sum.
 	Factors of [image: -15] 	Sum of Factors 
  	[image: 1,-15] 	[image: -14] 
 	[image: -1,15] 	[image: 14] 
 	[image: 3,-5] 	[image: -2] 
 	[image: -3,5] 	[image: 2] 
  
 Now that we have identified [image: p] and [image: q] as [image: -3] and [image: 5], write the factored form as [image: \left(x - 3\right)\left(x+5\right)].
 We can check our work by multiplying.
 Use FOIL to confirm that [image: \left(x - 3\right)\left(x+5\right)={x}^{2}+2x - 15]. 
  [ohm_question hide_question_numbers=1]288273[/ohm_question] Simplify Rational Expressions
 A rational expression is formed by dividing one polynomial by another. To simplify these expressions, we use fraction properties, particularly focusing on reducing common factors between the numerator and denominator.
 Here’s the process: [image: \text{Original Expression: }\frac{{x}^{2}+8x+16}{{x}^{2}+11x+28}]
 Step 1: Factor both the numerator and denominator.
 [image: \text{Factorized Form: }\frac{{(x+4)}{(x+4)}}{\left(x+4\right)\left(x+7\right)}]
 Step 2: Cancel out common factors.[image: \text{Simplified Expression: }\frac{x+4}{x+7}].By removing the common factor of [image: x+4], we’ve simplified the rational expression to its reduced form.
  How To: Simplify a Rational Expression 	Identify the Polynomials: Recognize the numerator and denominator as separate polynomials.
 	Factor Completely: Break down both the numerator and the denominator into their prime factors.
 	Cancel Common Factors: Look for and cancel out any factors that appear in both the numerator and the denominator.
 	Write the Simplified Expression: After canceling the common factors, write down what remains.
 
  Simplify [image: \frac{{x}^{2}-9}{{x}^{2}+4x+3}]. Show Solution [image: \begin{array}{lllllllll}\frac{\left(x+3\right)\left(x - 3\right)}{\left(x+3\right)\left(x+1\right)}\hfill & \hfill & \hfill & \hfill & \text{Factor the numerator and the denominator}.\hfill \\ \frac{x - 3}{x+1}\hfill & \hfill & \hfill & \hfill & \text{Cancel common factor }\left(x+3\right).\hfill \end{array}]We can cancel the common factor because any expression divided by itself is equal to [image: 1]. 
  Can the [image: {x}^{2}] term be cancelled in the above example?
  
 No. A factor is an expression that is multiplied by another expression. The [image: {x}^{2}] term is not a factor of the numerator or the denominator.
  Simplify [image: \frac{x - 6}{{x}^{2}-36}]. Show Solution [image: \frac{1}{x+6}]
  [ohm_question hide_question_numbers=1]110917[/ohm_question] 
 [ohm_question hide_question_numbers=1]110916[/ohm_question]  
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		Logarithmic Properties: Learn it 1

								

	
				 	Use the basic properties of logarithms to simplify expressions and solve equations
 	Combine or separate logarithms using the product and quotient rules
 	Use the power rule to simplify logarithms with exponents
 	Break down or combine complicated logarithm expressions into simpler forms
 	Use the change-of-base formula to calculate and simplify logarithms with different bases
 
  Basic Properties of Logarithms
 Mathematical properties and rules are essential tools for manipulating equations and expressions. While you may be familiar with properties of real numbers and exponents, logarithms have their own set of important properties. These logarithmic properties are fundamental for simplifying, expanding, and solving logarithmic expressions and equations. The zero property, identity property, and inverse property of logarithms form the foundation for understanding more complex logarithmic operations.
 We can express the relationship between logarithmic form and its corresponding exponential form as follows: [image: \log_b\left(x\right)=y\ \Leftrightarrow \ {b}^{y}=x,\ \text{}b>0,\ b\ne 1]
 That is, to say that the logarithm to base [image: b] of  [image: x] is [image: y] is equivalent to saying that [image: y] is the exponent on the base [image: b] that produces [image: x].
 Note that the base [image: b] is always a positive number other than [image: 1] and that the logarithmic and exponential forms “undo” each other.
  zero property of logarithms
 [image: \log_b(1)=0]
  
 This means that the logarithm of [image: 1] to any base [image: b] (where [image: b \gt 0] and [image: b \ne 1]) is always [image: 0].
  
 The Zero Property of Logarithms, [image: \log_b(1)=0], holds because we can rewrite it as [image: b^0 = 1], showing that any base [image: b] raised to the power of [image: 0] equals [image: 1].
  identity property of logarithms
 [image: \log_b(b)=1]
  
 The Identity Property of Logarithms, [image: \log_b(b)=1], holds because, any base [image: b] raised to the power of [image: 1] equals itself, i.e., [image: b^1 = b].
  Use the the fact that exponentials and logarithms are inverses to prove the zero and identity exponent rule for the following:
 1. [image: {\mathrm{log}}_{5}1=0]
 2. [image: {\mathrm{log}}_{5}5=1]
 Show Solution 1.[image: {\mathrm{log}}_{5}1=0]  since [image: {5}^{0}=1]
 2.[image: {\mathrm{log}}_{5}5=1] since [image: {5}^{1}=5]
 
  An interactive online homework element has been excluded from the printed version of the text. To see the interactive element that was excluded, please visit the courseware online.
 
  An interactive online homework element has been excluded from the printed version of the text. To see the interactive element that was excluded, please visit the courseware online.
 
  inverse property of logarithms
 The inverse property of logarithms involves both logarithms and exponents, showing how they undo each other.
  
 The properties are:
 	[image: b^{\log_b(x)}=x]
 
 This means that if you take the logarithm of a number and then use that result as the exponent for the base of the logarithm, you get the original number.
 	[image: \log_b(b^x)=x]
 
 This means that if you have a base raised to a power and then take the logarithm of that result, you get the exponent.
  Evaluate: 	[image: \mathrm{log}\left(100\right)]
 	[image: {e}^{\mathrm{ln}\left(7\right)}]
 
 Show Solution 	Rewrite the logarithm as [image: {\mathrm{log}}_{10}\left({10}^{2}\right)], and then apply the inverse property [image: {\mathrm{log}}_{b}\left({b}^{x}\right)=x] to get [image: {\mathrm{log}}_{10}\left({10}^{2}\right)=2].
 	Rewrite the logarithm as [image: {e}^{{\mathrm{log}}_{e}7}], and then apply the inverse property [image: {b}^{{\mathrm{log}}_{b}x}=x] to get [image: {e}^{{\mathrm{log}}_{e}7}=7]
 
   An interactive online homework element has been excluded from the printed version of the text. To see the interactive element that was excluded, please visit the courseware online.
 
  An interactive online homework element has been excluded from the printed version of the text. To see the interactive element that was excluded, please visit the courseware online.
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				Using the Product Rule for Logarithms
 Recall that we use the product rule of exponents to combine the product of exponents by adding: [image: {x}^{a}{x}^{b}={x}^{a+b}]. We have a similar property for logarithms, called the product rule for logarithms, which says that the logarithm of a product is equal to a sum of logarithms. Because logs are exponents and we multiply like bases, we can add the exponents.
 the product rule for logarithms
 The product rule for logarithms can be used to simplify a logarithm of a product by rewriting it as a sum of individual logarithms.
 [image: {\mathrm{log}}_{b}\left(MN\right)={\mathrm{log}}_{b}\left(M\right)+{\mathrm{log}}_{b}\left(N\right)\text{ for }b>0]
  Derivation of the product rule. Given any real number [image: x] and positive real numbers [image: M], [image: N], and [image: b], where [image: b\ne 1], we will show
 [image: {\mathrm{log}}_{b}\left(MN\right)\text{= }{\mathrm{log}}_{b}\left(M\right)+{\mathrm{log}}_{b}\left(N\right)].
 Let [image: m={\mathrm{log}}_{b}M] and [image: n={\mathrm{log}}_{b}N]. In exponential form, these equations are [image: {b}^{m}=M] and [image: {b}^{n}=N]. It follows that
 [image: \begin{array}{lllllllll}{\mathrm{log}}_{b}\left(MN\right)\hfill & ={\mathrm{log}}_{b}\left({b}^{m}{b}^{n}\right)\hfill & \text{Substitute for }M\text{ and }N.\hfill \\ \hfill & ={\mathrm{log}}_{b}\left({b}^{m+n}\right)\hfill & \text{Apply the product rule for exponents}.\hfill \\ \hfill & =m+n\hfill & \text{Apply the inverse property of logs}.\hfill \\ \hfill & ={\mathrm{log}}_{b}\left(M\right)+{\mathrm{log}}_{b}\left(N\right)\hfill & \text{Substitute for }m\text{ and }n.\hfill \end{array}]
  Note that repeated applications of the product rule for logarithms allow us to simplify the logarithm of the product of any number of factors.
 For example, consider [image: \mathrm{log}_{b}(wxyz)]. Using the product rule for logarithms, we can rewrite this logarithm of a product as the sum of logarithms of its factors: [image: \mathrm{log}_{b}(wxyz)=\mathrm{log}_{b}w+\mathrm{log}_{b}x+\mathrm{log}_{b}y+\mathrm{log}_{b}z]
  Expand [image: {\mathrm{log}}_{3}\left(30x\left(3x+4\right)\right)]. Show Solution We begin by writing an equal equation by summing the logarithms of each factor.
 [image: {\mathrm{log}}_{3}\left(30x\left(3x+4\right)\right)={\mathrm{log}}_{3}\left(30x\right)+{\mathrm{log}}_{3}\left(3x+4\right)={\mathrm{log}}_{3}\left(30\right)+{\mathrm{log}}_{3}\left(x\right)+{\mathrm{log}}_{3}\left(3x+4\right)]
 The final expansion looks like this. Note how the factor [image: 30x] can be expanded into the sum of two logarithms:
 [image: {\mathrm{log}}_{3}\left(30\right)+{\mathrm{log}}_{3}\left(x\right)+{\mathrm{log}}_{3}\left(3x+4\right)]
 
  An interactive online homework element has been excluded from the printed version of the text. To see the interactive element that was excluded, please visit the courseware online.
 
  Using the Quotient Rule for Logarithms
 For quotients, we have a similar rule for logarithms. Recall that we use the quotient rule of exponents to combine the quotient of exponents by subtracting: [image: {x}^{\frac{a}{b}}={x}^{a-b}]. The quotient rule for logarithms says that the logarithm of a quotient is equal to a difference of logarithms. Just as with the product rule, we can use the inverse property to derive the quotient rule.
 the quotient rule for logarithms
 The quotient rule for logarithms can be used to simplify a logarithm or a quotient by rewriting it as the difference of individual logarithms.
 [image: {\mathrm{log}}_{b}\left(\frac{M}{N}\right)={\mathrm{log}}_{b}M-{\mathrm{log}}_{b}N]
  Derivation of the quotient rule. Given any real number [image: x]and positive real numbers [image: M], [image: N], and [image: b], where [image: b\ne 1], we will show
 [image: {\mathrm{log}}_{b}\left(\frac{M}{N}\right)\text{= }{\mathrm{log}}_{b}\left(M\right)-{\mathrm{log}}_{b}\left(N\right)].
 Let [image: m={\mathrm{log}}_{b}M] and [image: n={\mathrm{log}}_{b}N]. In exponential form, these equations are [image: {b}^{m}=M] and [image: {b}^{n}=N]. It follows that
 [image: \begin{array}{l}{\mathrm{log}}_{b}\left(\frac{M}{N}\right)\hfill & ={\mathrm{log}}_{b}\left(\frac{{b}^{m}}{{b}^{n}}\right)\hfill & \text{Substitute for }M\text{ and }N.\hfill \\ \hfill & ={\mathrm{log}}_{b}\left({b}^{m-n}\right)\hfill & \text{Apply the quotient rule for exponents}.\hfill \\ \hfill & =m-n\hfill & \text{Apply the inverse property of logs}.\hfill \\ \hfill & ={\mathrm{log}}_{b}\left(M\right)-{\mathrm{log}}_{b}\left(N\right)\hfill & \text{Substitute for }m\text{ and }n.\hfill \end{array}]
  For example, to expand [image: \mathrm{log}\left(\frac{2{x}^{2}+6x}{3x+9}\right)], we must first express the quotient in lowest terms. Factoring and canceling, we get [image: \begin{array}{lllll}\mathrm{log}\left(\frac{2{x}^{2}+6x}{3x+9}\right) & =\mathrm{log}\left(\frac{2x\left(x+3\right)}{3\left(x+3\right)}\right)\hfill & \text{Factor the numerator and denominator}.\hfill \\ & \text{}=\mathrm{log}\left(\frac{2x}{3}\right)\hfill & \text{Cancel the common factors}.\hfill \end{array}]
 Next we apply the quotient rule by subtracting the logarithm of the denominator from the logarithm of the numerator. Then we apply the product rule.
 [image: \begin{array}{lll}\mathrm{log}\left(\frac{2x}{3}\right) & =\mathrm{log}\left(2x\right)-\mathrm{log}\left(3\right)\hfill \\ \text{} & =\mathrm{log}\left(2\right)+\mathrm{log}\left(x\right)-\mathrm{log}\left(3\right)\hfill \end{array}]
  How To: Given the logarithm of a quotient, use the quotient rule of logarithms to write an equivalent difference of logarithms 	Express the argument in lowest terms by factoring the numerator and denominator and canceling common terms.
 	Write the equivalent expression by subtracting the logarithm of the denominator from the logarithm of the numerator.
 	Check to see that each term is fully expanded. If not, apply the product rule for logarithms to expand completely.
 
   Expand [image: {\mathrm{log}}_{2}\left(\frac{15x\left(x - 1\right)}{\left(3x+4\right)\left(2-x\right)}\right)]. Show Solution First we note that the quotient is factored and in lowest terms, so we apply the quotient rule.
 [image: {\mathrm{log}}_{2}\left(\frac{15x\left(x - 1\right)}{\left(3x+4\right)\left(2-x\right)}\right)={\mathrm{log}}_{2}\left(15x\left(x - 1\right)\right)-{\mathrm{log}}_{2}\left(\left(3x+4\right)\left(2-x\right)\right)]
 Notice that the resulting terms are logarithms of products. To expand completely, we apply the product rule.
 [image: \begin{array}{l}{\mathrm{log}}_{2}\left(15x\left(x - 1\right)\right)-{\mathrm{log}}_{2}\left(\left(3x+4\right)\left(2-x\right)\right) \\\text{}= \left[{\mathrm{log}}_{2}\left(15\right)+{\mathrm{log}}_{2}\left(x\right)+{\mathrm{log}}_{2}\left(x - 1\right)\right]-\left[{\mathrm{log}}_{2}\left(3x+4\right)+{\mathrm{log}}_{2}\left(2-x\right)\right]\hfill \\ \text{}={\mathrm{log}}_{2}\left(15\right)+{\mathrm{log}}_{2}\left(x\right)+{\mathrm{log}}_{2}\left(x - 1\right)-{\mathrm{log}}_{2}\left(3x+4\right)-{\mathrm{log}}_{2}\left(2-x\right)\hfill \end{array}]
 Analysis of the Solution
 [image: \\]
 There are exceptions to consider in this and later examples. First, because denominators must never be zero, this expression is not defined for [image: x=-\frac{4}{3}] and [image: x = 2]. Also, since the argument of a logarithm must be positive, we note as we observe the expanded logarithm that [image: x > 0], [image: x > 1], [image: x>-\frac{4}{3}], and [image: x < 2]. Combining these conditions is beyond the scope of this section, and we will not consider them here or in subsequent exercises.
   An interactive online homework element has been excluded from the printed version of the text. To see the interactive element that was excluded, please visit the courseware online.
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				Using the Power Rule for Logarithms
 We have explored the product rule and the quotient rule, but how can we take the logarithm of a power, such as [image: {x}^{2}]? One method is as follows:
 [image: \begin{array}{l}{\mathrm{log}}_{b}\left({x}^{2}\right)\hfill & ={\mathrm{log}}_{b}\left(x\cdot x\right)\hfill \\ \hfill & ={\mathrm{log}}_{b}x+{\mathrm{log}}_{b}x\hfill \\ \hfill & =2{\mathrm{log}}_{b}x\hfill \end{array}]
 Notice that we used the product rule for logarithms to find a solution for the example above. By doing so, we have derived the power rule for logarithms, which says that the log of a power is equal to the exponent times the log of the base. Keep in mind that although the input to a logarithm may not be written as a power, we may be able to change it to a power.
 the power rule for logarithms
 The power rule for logarithms can be used to simplify the logarithm of a power by rewriting it as the product of the exponent times the logarithm of the base.
 [image: {\mathrm{log}}_{b}\left({M}^{n}\right)=n{\mathrm{log}}_{b}M]
  How To: Given the logarithm of a power, use the power rule of logarithms to write an equivalent product of a factor and a logarithm 	Express the argument as a power, if needed.
 	Write the equivalent expression by multiplying the exponent times the logarithm of the base.
 
  The rules and properties of exponents will appear frequently when manipulating logarithms.
 
 	Product Rule [image: {a}^{m}\cdot {a}^{n}={a}^{m+n}]
 	Quotient Rule [image: \dfrac{{a}^{m}}{{a}^{n}}={a}^{m-n}]
 	Power Rule [image: {\left({a}^{m}\right)}^{n}={a}^{m\cdot n}]
 	Zero Exponent [image: {a}^{0}=1]
 	Negative Exponent [image: {a}^{-n}=\dfrac{1}{{a}^{n}} \text{ and } {a}^{n}=\dfrac{1}{{a}^{-n}}]
 	Power of a Product [image: \large{\left(ab\right)}^{n}={a}^{n}{b}^{n}]
 	Power of a Quotient [image: \large{\left(\dfrac{a}{b}\right)}^{n}=\dfrac{{a}^{n}}{{b}^{n}}]
 
  Rewrite [image: {\mathrm{log}}_{2}({x}^{5})]. Show Solution The argument is already written as a power, so we identify the exponent, [image: 5], and the base, x, and rewrite the equivalent expression by multiplying the exponent times the logarithm of the base.
 [image: {\mathrm{log}}_{2}\left({x}^{5}\right)=5{\mathrm{log}}_{2}x]
   Rewrite [image: {\mathrm{log}}_{3}\left(25\right)] using the power rule for logs. Show Solution Expressing the argument as a power, we get [image: {\mathrm{log}}_{3}\left(25\right)={\mathrm{log}}_{3}\left({5}^{2}\right)].
 Next we identify the exponent, 2, and the base, 5, and rewrite the equivalent expression by multiplying the exponent times the logarithm of the base.
 [image: {\mathrm{log}}_{3}\left({5}^{2}\right)=2{\mathrm{log}}_{3}\left(5\right)]
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				Expanding Logarithms
 Taken together, the product rule, quotient rule, and power rule are often called “properties of logs.” Sometimes we apply more than one rule in order to expand an expression.
 For example: [image: \begin{array}{l}{\mathrm{log}}_{b}\left(\frac{6x}{y}\right)\hfill & ={\mathrm{log}}_{b}\left(6x\right)-{\mathrm{log}}_{b}y\hfill \\ \hfill & ={\mathrm{log}}_{b}6+{\mathrm{log}}_{b}x-{\mathrm{log}}_{b}y\hfill \end{array}]
  We can use the power rule to expand logarithmic expressions involving negative and fractional exponents. We can also apply the product rule to express a sum or difference of logarithms as the logarithm of a product.
 With practice, we can look at a logarithmic expression and expand it mentally and then just writing the final answer. Remember, however, that we can only do this with products, quotients, powers, and roots—never with addition or subtraction inside the argument of the logarithm.
 Rewrite [image: \mathrm{ln}\left(\frac{{x}^{4}y}{7}\right)] as a sum or difference of logs with exponent of [image: 1]. Show Solution First, because we have a quotient of two expressions, we can use the quotient rule:
 [image: \mathrm{ln}\left(\frac{{x}^{4}y}{7}\right)=\mathrm{ln}\left({x}^{4}y\right)-\mathrm{ln}\left(7\right)]
 Then seeing the product in the first term, we use the product rule:
 [image: \mathrm{ln}\left({x}^{4}y\right)-\mathrm{ln}\left(7\right)=\mathrm{ln}\left({x}^{4}\right)+\mathrm{ln}\left(y\right)-\mathrm{ln}\left(7\right)]
 Finally, we use the power rule on the first term:
 [image: \mathrm{ln}\left({x}^{4}\right)+\mathrm{ln}\left(y\right)-\mathrm{ln}\left(7\right)=4\mathrm{ln}\left(x\right)+\mathrm{ln}\left(y\right)-\mathrm{ln}\left(7\right)]
  [ohm_question hide_question_numbers=1]291150[/ohm_question] In the next example we will recall that we can write roots as exponents, and use this quality to simplify logarithmic expressions.
 Expand [image: \mathrm{log}\left(\sqrt{x}\right)]. Show Solution [image: \begin{array}{l}\mathrm{log}\left(\sqrt{x}\right)\hfill & =\mathrm{log}{x}^{\left(\frac{1}{2}\right)}\hfill \\ \hfill & =\frac{1}{2}\mathrm{log}x\hfill \end{array}]
  [ohm_question hide_question_numbers=1]294602[/ohm_question] Now we will provide some examples that will require careful attention.
 Expand [image: {\mathrm{log}}_{6}\left(\frac{64{x}^{3}\left(4x+1\right)}{\left(2x - 1\right)}\right)]. Show Solution We can expand by applying the product and quotient rules.[image: \begin{array}{lllllll}{\mathrm{log}}_{6}\left(\frac{64{x}^{3}\left(4x+1\right)}{\left(2x - 1\right)}\right)\hfill & ={\mathrm{log}}_{6}64+{\mathrm{log}}_{6}{x}^{3}+{\mathrm{log}}_{6}\left(4x+1\right)-{\mathrm{log}}_{6}\left(2x - 1\right)\hfill & \text{Apply the product and quotient rule}.\hfill \\ \hfill & ={\mathrm{log}}_{6}{2}^{6}+{\mathrm{log}}_{6}{x}^{3}+{\mathrm{log}}_{6}\left(4x+1\right)-{\mathrm{log}}_{6}\left(2x - 1\right)\hfill & {\text{Simplify by writing 64 as 2}}^{6}.\hfill \\ \hfill & =6{\mathrm{log}}_{6}2+3{\mathrm{log}}_{6}x+{\mathrm{log}}_{6}\left(4x+1\right)-{\mathrm{log}}_{6}\left(2x - 1\right)\hfill & \text{Apply the power rule}.\hfill \end{array}]
  An interactive online homework element has been excluded from the printed version of the text. To see the interactive element that was excluded, please visit the courseware online.
 
  An interactive online homework element has been excluded from the printed version of the text. To see the interactive element that was excluded, please visit the courseware online.
 
  Condensing Logarithms
 We can use the rules of logarithms we just learned to condense sums, differences, and products with the same base as a single logarithm. It is important to remember that the logarithms must have the same base to be combined.
 How To: Given a sum, difference, or product of logarithms with the same base, write an equivalent expression as a single logarithm 	Apply the power property first. Identify terms that are products of factors and a logarithm and rewrite each as the logarithm of a power.
 	From left to right, apply the product and quotient properties. Rewrite sums of logarithms as the logarithm of a product and differences of logarithms as the logarithm of a quotient.
 
  Use the power rule for logs to rewrite [image: 4\mathrm{ln}\left(x\right)] as a single logarithm with a leading coefficient of [image: 1]. Show Solution Because the logarithm of a power is the product of the exponent times the logarithm of the base, it follows that the product of a number and a logarithm can be written as a power. For the expression [image: 4\mathrm{ln}\left(x\right)], we identify the factor, [image: 4], as the exponent and the argument, [image: x], as the base and rewrite the product as a logarithm of a power:[image: 4\mathrm{ln}\left(x\right)=\mathrm{ln}\left({x}^{4}\right)]
  In our next few examples we will use a combination of logarithm rules to condense logarithms.
 Write [image: {\mathrm{log}}_{3}\left(5\right)+{\mathrm{log}}_{3}\left(8\right)-{\mathrm{log}}_{3}\left(2\right)] as a single logarithm. Show Solution From left to right, since we have the addition of two logs, we first use the product rule:
 [image: {\mathrm{log}}_{3}\left(5\right)+{\mathrm{log}}_{3}\left(8\right)={\mathrm{log}}_{3}\left(5\cdot 8\right)={\mathrm{log}}_{3}\left(40\right)]
 This simplifies our original expression to:
 [image: {\mathrm{log}}_{3}\left(40\right)-{\mathrm{log}}_{3}\left(2\right)]
 Using the quotient rule:
 [image: {\mathrm{log}}_{3}\left(40\right)-{\mathrm{log}}_{3}\left(2\right)={\mathrm{log}}_{3}\left(\frac{40}{2}\right)={\mathrm{log}}_{3}\left(20\right)]
  [ohm_question hide_question_numbers=1]129766[/ohm_question] Condense [image: {\mathrm{log}}_{2}\left({x}^{2}\right)+\frac{1}{2}{\mathrm{log}}_{2}\left(x - 1\right)-3{\mathrm{log}}_{2}\left({\left(x+3\right)}^{2}\right)]. Show Solution We apply the power rule first:
 [image: {\mathrm{log}}_{2}\left({x}^{2}\right)+\frac{1}{2}{\mathrm{log}}_{2}\left(x - 1\right)-3{\mathrm{log}}_{2}\left({\left(x+3\right)}^{2}\right)={\mathrm{log}}_{2}\left({x}^{2}\right)+{\mathrm{log}}_{2}\left(\sqrt{x - 1}\right)-{\mathrm{log}}_{2}\left({\left(x+3\right)}^{6}\right)]
 From left to right, since we have the addition of two logs, we apply the product rule to the sum:
 [image: {\mathrm{log}}_{2}\left({x}^{2}\right)+{\mathrm{log}}_{2}\left(\sqrt{x - 1}\right)-{\mathrm{log}}_{2}\left({\left(x+3\right)}^{6}\right)={\mathrm{log}}_{2}\left({x}^{2}\sqrt{x - 1}\right)-{\mathrm{log}}_{2}\left({\left(x+3\right)}^{6}\right)]
 Finally we apply the quotient rule to the difference:
 [image: {\mathrm{log}}_{2}\left({x}^{2}\sqrt{x - 1}\right)-{\mathrm{log}}_{2}\left({\left(x+3\right)}^{6}\right)={\mathrm{log}}_{2}\frac{{x}^{2}\sqrt{x - 1}}{{\left(x+3\right)}^{6}}]
  Rewrite [image: 2\mathrm{log}x - 4\mathrm{log}\left(x+5\right)+\frac{1}{x}\mathrm{log}\left(3x+5\right)] as a single logarithm. Show Solution We apply the power rule first:
 [image: 2\mathrm{log}x - 4\mathrm{log}\left(x+5\right)+\frac{1}{x}\mathrm{log}\left(3x+5\right)=\mathrm{log}\left({x}^{2}\right)-\mathrm{log}\left({\left(x+5\right)}^{4}\right)+\mathrm{log}\left({\left(3x+5\right)}^{{x}^{-1}}\right)]
 From left to right, since we have the difference of two logs, we apply the quotient rule to the difference:
 [image: \mathrm{log}\left({x}^{2}\right)-\mathrm{log}\left({\left(x+5\right)}^{4}\right)+\mathrm{log}\left({\left(3x+5\right)}^{{x}^{-1}}\right)=\mathrm{log}\left(\frac{{x}^{2}}{{\left(x+5\right)}^{4}}\right)+\mathrm{log}\left({\left(3x+5\right)}^{{x}^{-1}}\right)]
 Finally we apply the product rule to the sum:
 [image: \mathrm{log}\left(\frac{{x}^{2}}{{\left(x+5\right)}^{4}}\right)+\mathrm{log}\left({\left(3x+5\right)}^{{x}^{-1}}\right)=\mathrm{log}\left(\frac{{{x}^{2}}{{\left(3x+5\right)}^{{x}^{-1}}}}{{\left(x+5\right)}^{4}}\right)]
  [ohm_question hide_question_numbers=1]294603[/ohm_question] 
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				Using the Change-of-Base Formula for Logarithms
 Most calculators can only evaluate common logarithm ([image: \mathrm{log}]) and natural logarithm ([image: \mathrm{ln}]). In order to evaluate logarithms with a base other than [image: 10] or [image: e], we use the change-of-base formula to rewrite the logarithm as the quotient of logarithms of any other base; when using a calculator, we would change them to common or natural logs.
 change-of-base formula
 The change-of-base formula can be used to evaluate a logarithm with any base.
 For any positive real numbers [image: M], [image: b], and [image: n], where [image: n\ne 1] and [image: b\ne 1],
 [image: {\mathrm{log}}_{b}M\text{=}\frac{{\mathrm{log}}_{n}M}{{\mathrm{log}}_{n}b}].
 It follows that the change-of-base formula can be used to rewrite a logarithm with any base as the quotient of common or natural logs.
 [image: {\mathrm{log}}_{b}M=\frac{\mathrm{ln}M}{\mathrm{ln}b}]
 and
 [image: {\mathrm{log}}_{b}M=\frac{\mathrm{log}M}{\mathrm{log}b}]
  Derivation of the Change-of-Base Formula. To derive the change-of-base formula, we use the one-to-one property and power rule for logarithms.
 Given any positive real numbers [image: M], [image: b], and [image: n], where [image: n\ne 1] and [image: b\ne 1], we show
 [image: {\mathrm{log}}_{b}M\text{=}\frac{{\mathrm{log}}_{n}M}{{\mathrm{log}}_{n}b}]
 Let [image: y={\mathrm{log}}_{b}M]. Converting to exponential form, we obtain [image: {b}^{y}=M]. It follows that:
 [image: \begin{array}{l}{\mathrm{log}}_{n}\left({b}^{y}\right)\hfill & ={\mathrm{log}}_{n}M\hfill & \text{Apply the one-to-one property}.\hfill \\ y{\mathrm{log}}_{n}b\hfill & ={\mathrm{log}}_{n}M \hfill & \text{Apply the power rule for logarithms}.\hfill \\ y\hfill & =\frac{{\mathrm{log}}_{n}M}{{\mathrm{log}}_{n}b}\hfill & \text{Isolate }y.\hfill \\ {\mathrm{log}}_{b}M\hfill & =\frac{{\mathrm{log}}_{n}M}{{\mathrm{log}}_{n}b}\hfill & \text{Substitute for }y.\hfill \end{array}]
  How To: Given a logarithm Of the form [image: {\mathrm{log}}_{b}M], use the change-of-base formula to rewrite it as a quotient of logs with any positive base [image: n], where [image: n\ne 1] 	Determine the new base [image: n], remembering that the common log, [image: \mathrm{log}\left(x\right)], has base 10 and the natural log, [image: \mathrm{ln}\left(x\right)], has base [image: e].
 	Rewrite the log as a quotient using the change-of-base formula: 	The numerator of the quotient will be a logarithm with base [image: n] and argument [image: M].
 	The denominator of the quotient will be a logarithm with base [image: n] and argument [image: b].
 
 
 
  Change [image: {\mathrm{log}}_{5}3] to a quotient of natural logarithms. Show Solution Because we will be expressing [image: {\mathrm{log}}_{5}3] as a quotient of natural logarithms, the new base [image: n = e].We rewrite the log as a quotient using the change-of-base formula. The numerator of the quotient will be the natural log with argument [image: 3]. The denominator of the quotient will be the natural log with argument [image: 5].
 [image: \begin{array}{l}{\mathrm{log}}_{b}M\hfill & =\frac{\mathrm{ln}M}{\mathrm{ln}b}\hfill \\ {\mathrm{log}}_{5}3\hfill & =\frac{\mathrm{ln}3}{\mathrm{ln}5}\hfill \end{array}]
   [ohm_question hide_question_numbers=1]291151[/ohm_question] Even if your calculator has a logarithm function for bases other than [image: 10] or [image: e], you should become familiar with the change-of-base formula. Being able to manipulate formulas by hand is a useful skill in any quantitative or STEM-related field. Evaluate [image: {\mathrm{log}}_{2}\left(10\right)] using the change-of-base formula with a calculator. Show Solution According to the change-of-base formula, we can rewrite the log base [image: 2] as a logarithm of any other base. Since our calculators can evaluate the natural log, we might choose to use the natural logarithm which is the log base [image: e].
 [image: \begin{array}{l}{\mathrm{log}}_{2}10=\frac{\mathrm{ln}10}{\mathrm{ln}2}\hfill & \text{Apply the change of base formula using base }e.\hfill \\ \approx 3.3219\hfill & \text{Use a calculator to evaluate to 4 decimal places}.\hfill \end{array}]
   [ohm_question hide_question_numbers=1]291152[/ohm_question] The first graphing calculators were programmed to only handle logarithms with base 10. One clever way to create the graph of a logarithm with a different base was to change the base of the logarithm using the principles from this section.Use an online graphing tool to plot [image: f(x)=\frac{\log_{10}{x}}{\log_{10}{2}}].Follow these steps to see a clever way to graph a logarithmic function with base other than 10 on a graphing tool that only knows base 10. 	Enter the function [image: g(x) = \log_{2}{x}]
 	Can you tell the difference between the graph of this function and the graph of [image: f(x)]? Explain what you think is happening.
 	Your challenge is to write two new functions [image: h(x),\text{ and }k(x)] that include a slider so you can change the base of the functions. Remember that there are restrictions on what values the base of a logarithm can take. You can click on the endpoints of the slider to change the input values.
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				 	Use the basic properties of logarithms to simplify expressions and solve equations
 	Combine or separate logarithms using the product and quotient rules
 	Use the power rule to simplify logarithms with exponents
 	Break down or combine complicated logarithm expressions into simpler forms
 	Use the change-of-base formula to calculate and simplify logarithms with different bases
 
  In chemistry, pH is a measure of how acidic or basic a liquid is. It is essentially a measure of the concentration of hydrogen ions in a solution. The scale for measuring pH is standardized across the world, the scientific community having agreed upon its values and methods for acquiring them.
 Measurements of pH can help scientists, farmers, doctors, and engineers solve problems and identify sources of problems.
 pH is defined as the decimal logarithm of the reciprocal of the hydrogen ion activity, [image: a_{H}+], in a solution.
 [image: \text{pH} =-\log _{10}(a_{{\text{H}}^{+}})=\log _{10}\left({\frac {1}{a_{{\text{H}}^{+}}}}\right)]
 For example, a solution with a hydrogen ion activity of [image: 2.5×{10}^{-6}] (at that level essentially the number of moles of hydrogen ions per liter of solution) has a pH of [image: \log_{10}\left(\frac{1}{2.5×{10}^{-6}}\right)=5.6]
 In the next examples, we will solve some problems involving pH.
 Recall that, in chemistry, [image: \text{pH}=-\mathrm{log}\left[{H}^{+}\right]]. If the concentration of hydrogen ions in a liquid is doubled, what is the effect on pH? Show Solution Suppose [image: C] is the original concentration of hydrogen ions and [image: P] is the original pH of the liquid. Then [image: \text{P}=-\mathrm{log}\left(C\right)]. If the concentration is doubled, the new concentration is [image: 2C]. Then the pH of the new liquid is
 [image: \text{pH}=-\mathrm{log}\left(2C\right)]Using the product rule of logs
 [image: \text{pH}=-\mathrm{log}\left(2C\right)=-\left(\mathrm{log}\left(2\right)+\mathrm{log}\left(C\right)\right)=-\mathrm{log}\left(2\right)-\mathrm{log}\left(C\right)]Since [image: P=-\mathrm{log}\left(C\right)], the new pH is
 [image: \text{pH}=P-\mathrm{log}\left(2\right)\approx P - 0.301]When the concentration of hydrogen ions is doubled, the pH decreases by about [image: 0.301].
   How does the pH change when the concentration of positive hydrogen ions is decreased by half? Show Solution The pH increases by about [image: 0.301].
  [ohm_question]293718[/ohm_question] [ohm_question hide_question_numbers=1]293719[/ohm_question]   
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				 	Solve exponential equations by changing them to have the same base or by using logarithms
 	Use the definition of logarithms and their special one-to-one property to solve equations with logarithms
 
  Exponential Equations
 The first technique we will introduce for solving exponential equations involves two functions with like bases. The one-to-one property of exponential functions tells us that, for any real numbers [image: b], [image: S], and [image: T], where [image: b>0,\text{ }b\ne 1], [image: {b}^{S}={b}^{T}] if and only if [image: S = T].
 In other words, when an exponential equation has the same base on each side, the exponents must be equal. This also applies when the exponents are algebraic expressions. Therefore, we can solve many exponential equations by using the rules of exponents to rewrite each side as a power with the same base. Then we use the fact that exponential functions are one-to-one to set the exponents equal to one another and solve for the unknown.
 For example, consider the equation [image: {3}^{4x - 7}=\frac{{3}^{2x}}{3}]. To solve for [image: x], we use the division property of exponents to rewrite the right side so that both sides have the common base [image: 3]. Then we apply the one-to-one property of exponents by setting the exponents equal to one another and solving for [image: x]: [image: \begin{array}{l}{3}^{4x - 7}\hfill & =\frac{{3}^{2x}}{3}\hfill & \hfill \\ {3}^{4x - 7}\hfill & =\frac{{3}^{2x}}{{3}^{1}}\hfill & {\text{Rewrite 3 as 3}}^{1}.\hfill \\ {3}^{4x - 7}\hfill & ={3}^{2x - 1}\hfill & \text{Use the division property of exponents}\text{.}\hfill \\ 4x - 7\hfill & =2x - 1\text{ }\hfill & \text{Apply the one-to-one property of exponents}\text{.}\hfill \\ 2x\hfill & =6\hfill & \text{Subtract 2}x\text{ and add 7 to both sides}\text{.}\hfill \\ x\hfill & =3\hfill & \text{Divide by 2}\text{.}\hfill \end{array}]
  using the one-to-one property of exponential functions to solve exponential equations
 For any algebraic expressions [image: S] and [image: T], and any positive real number [image: b\ne 1],
 [image: {b}^{S}={b}^{T}\text{ if and only if }S=T]
  How To: Given an exponential equation Of the form [image: {b}^{S}={b}^{T}], where [image: S] and [image: T] are algebraic expressions with an unknown, solve for the unknown 	Use the rules of exponents to simplify, if necessary, so that the resulting equation has the form [image: {b}^{S}={b}^{T}].
 	Use the one-to-one property to set the exponents equal to each other.
 	Solve the resulting equation, [image: S = T], for the unknown.
 
  Solve [image: {2}^{x - 1}={2}^{2x - 4}]. Show Solution [image: \begin{array}{l} {2}^{x - 1}={2}^{2x - 4}\hfill & \text{The common base is }2.\hfill \\ \text{ }x - 1=2x - 4\hfill & \text{By the one-to-one property the exponents must be equal}.\hfill \\ \text{ }x=3\hfill & \text{Solve for }x.\hfill \end{array}]
   [ohm_question hide_question_numbers=1]291164[/ohm_question] Rewriting Equations So All Powers Have the Same Base
 Sometimes the common base for an exponential equation is not explicitly shown. In these cases we simply rewrite the terms in the equation as powers with a common base and solve using the one-to-one property.
 For example, consider the equation [image: 256={4}^{x - 5}]. We can rewrite both sides of this equation as a power of [image: 2]. Then we apply the rules of exponents along with the one-to-one property to solve for [image: x]: [image: \begin{array}{l}256={4}^{x - 5}\hfill & \hfill \\ {2}^{8}={\left({2}^{2}\right)}^{x - 5}\hfill & \text{Rewrite each side as a power with base 2}.\hfill \\ {2}^{8}={2}^{2x - 10}\hfill & \text{To take a power of a power, multiply the exponents}.\hfill \\ 8=2x - 10\hfill & \text{Apply the one-to-one property of exponents}.\hfill \\ 18=2x\hfill & \text{Add 10 to both sides}.\hfill \\ x=9\hfill & \text{Divide by 2}.\hfill \end{array}]
  How To: Given an exponential equation with unlike bases, use the one-to-one property to solve it 	Rewrite each side in the equation as a power with a common base.
 	Use the rules of exponents to simplify, if necessary, so that the resulting equation has the form [image: {b}^{S}={b}^{T}].
 	Use the one-to-one property to set the exponents equal to each other.
 	Solve the resulting equation, [image: S = T], for the unknown.
 
  Solve [image: {8}^{x+2}={16}^{x+1}]. Show Solution [image: \begin{array}{llllll}\text{ }{8}^{x+2}={16}^{x+1}\hfill & \hfill \\ {\left({2}^{3}\right)}^{x+2}={\left({2}^{4}\right)}^{x+1}\hfill & \text{Write }8\text{ and }16\text{ as powers of }2.\hfill \\ \text{ }{2}^{3x+6}={2}^{4x+4}\hfill & \text{To take a power of a power, multiply the exponents}.\hfill \\ \text{ }3x+6=4x+4\hfill & \text{Use the one-to-one property to set the exponents equal to each other}.\hfill \\ \text{ }x=2\hfill & \text{Solve for }x.\hfill \end{array}]
   [ohm_question hide_question_numbers=1]291165[/ohm_question] Solve [image: {2}^{5x}=\sqrt{2}]. Show Solution [image: \begin{array}{l}{2}^{5x}={2}^{\frac{1}{2}}\hfill & \text{Write the square root of 2 as a power of }2.\hfill \\ 5x=\frac{1}{2}\hfill & \text{Use the one-to-one property}.\hfill \\ x=\frac{1}{10}\hfill & \text{Solve for }x.\hfill \end{array}]
   [ohm_question hide_question_numbers=1]291166[/ohm_question] Do all exponential equations have a solution? If not, how can we tell if there is a solution during the problem-solving process? 
 No. Recall that the range of an exponential function is always positive. While solving the equation we may obtain an expression that is undefined.
  Solve [image: {3}^{x+1}=-2]. Show Solution This equation has no solution. There is no real value of [image: x] that will make the equation a true statement because any power of a positive number is positive.
 [image: \\]
 Analysis of the Solution
 [image: \\]
 The figure below shows that the two graphs do not cross so the left side of the equation is never equal to the right side of the equation. Thus the equation has no solution.[image: Graph of 3^(x+1)=-2 and y=-2. The graph notes that they do not cross.]
  [ohm_question hide_question_numbers=1]291167[/ohm_question] 
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				Using Logarithms to Solve Exponential Equations
 Sometimes the terms of an exponential equation cannot be rewritten with a common base. In these cases, we solve by taking the logarithm of each side.
 property of logarithmic equality
 For any [image: M \gt 0], [image: N \gt 0], [image: b \gt 0], and [image: b \ne 1],
 If [image: \mathrm{log}_b(M) = \mathrm{log}_b(N)], then [image: M = N]
  Because of the property of logarithmic equality, we may apply logarithms with the same base to both sides of an exponential equation.
 How To: Given an exponential equation Where a common base cannot be found, solve for the unknown 	Apply the logarithm to both sides of the equation. 	If one of the terms in the equation has base 10, use the common logarithm.
 	If none of the terms in the equation has base 10, use the natural logarithm.
 
 
 	Use the rules of logarithms to solve for the unknown.
 
  Note in the paragraph above the reiteration of the one-to-one property of logarithms. When applying logarithms with the same base to both sides of an exponential equation, we often use the common logarithm, [image: \log] or the natural logarithm, [image: \ln]. The choice is yours which to use in most situations, but if either base in a given exponential equation is [image: 10], use [image: \log] or if the base is [image: e], use [image: \ln] to take advantage of the identity property of logarithms. Solve [image: {5}^{x+2}={4}^{x}]. Show Solution [image: \begin{array}{l}\text{ }{5}^{x+2}={4}^{x}\hfill & \text{There is no easy way to get the powers to have the same base}.\hfill \\ \text{ }\mathrm{ln}{5}^{x+2}=\mathrm{ln}{4}^{x}\hfill & \text{Take ln of both sides}.\hfill \\ \text{ }\left(x+2\right)\mathrm{ln}5=x\mathrm{ln}4\hfill & \text{Use the power rule for logs}.\hfill \\ \text{ }x\mathrm{ln}5+2\mathrm{ln}5=x\mathrm{ln}4\hfill & \text{Use the distributive property}.\hfill \\ \text{ }x\mathrm{ln}5-x\mathrm{ln}4=-2\mathrm{ln}5\hfill & \text{Get terms containing }x\text{ on one side, terms without }x\text{ on the other}.\hfill \\ x\left(\mathrm{ln}5-\mathrm{ln}4\right)=-2\mathrm{ln}5\hfill & \text{On the left hand side, factor out }x.\hfill \\ \text{ }x\mathrm{ln}\left(\frac{5}{4}\right)=\mathrm{ln}\left(\frac{1}{25}\right)\hfill & \text{Use the properties of logs}.\hfill \\ \text{ }x=\frac{\mathrm{ln}\left(\frac{1}{25}\right)}{\mathrm{ln}\left(\frac{5}{4}\right)}\hfill & \text{Divide by the coefficient of }x.\hfill \end{array}]
   Solve [image: 4^{x-5} = 35]. Show Answer [image: \begin{array}{l} 4^{x-5} = 35 \hfill \\ x-5 = \ln(35) / \ln(4) \hfill & \text{Take } \ln \text{ of both sides and use the change of base formula.} \hfill \\ x = \frac{\ln(35)}{\ln(4)} + 5 \hfill & \text{Solve for } x. \hfill \\ \end{array}]
 The approximate value of [image: x] is [image: x \approx 7.565].
  [ohm_question hide_question_numbers=1]291170[/ohm_question] Equations Containing [image: e]
 One common type of exponential equations are those with base [image: e]. This constant occurs again and again in nature, mathematics, science, engineering, and finance. When we have an equation with a base [image: e] on either side, we can use the natural logarithm to solve it.
 How To: Given an equation of the form [image: y=A{e}^{kt}], solve for [image: t] 	Divide both sides of the equation by [image: A].
 	Apply the natural logarithm to both sides of the equation.
 	Divide both sides of the equation by [image: k].
 
  Solve [image: 100=20{e}^{2t}]. Show Solution [image: \begin{array}{l}100\hfill & =20{e}^{2t}\hfill & \hfill \\ 5\hfill & ={e}^{2t}\hfill & \text{Divide by the coefficient 20}\text{.}\hfill \\ \mathrm{ln}5\hfill & =\mathrm{ln}{{e}^{2t}}\hfill & \text{Take ln of both sides.}\hfill \\ \mathrm{ln}5\hfill & =2t\hfill & \text{Use the fact that }\mathrm{ln}\left(x\right)\text{ and }{e}^{x}\text{ are inverse functions}\text{.}\hfill \\ t\hfill & =\frac{\mathrm{ln}5}{2}\hfill & \text{Divide by the coefficient of }t\text{.}\hfill \end{array}]
 Analysis of the Solution
 Using laws of logs, we can also write this answer in the form [image: t=\mathrm{ln}\sqrt{5}]. If we want a decimal approximation of the answer, then we use a calculator.
   Just as you have done when solving various types of equations, isolate the term containing the variable for which you are solving before applying any properties of equality or inverse operations. That’s why, in the example above, you must divide away the [image: A] first. Remember that the functions [image: y=e^{x}] and [image: y=\mathrm{ln}\left(x\right)] are inverse functions. Therefore, [image: \mathrm{ln}\left({e}^{x}\right)=x] for all [image: x], and [image: e^{\mathrm{ln}\left(x\right)}=x] for [image: x>0]. Solve [image: 4{e}^{2x}+5=12]. Show Solution [image: \begin{array}{l}4{e}^{2x}+5=12\hfill & \hfill \\ 4{e}^{2x}=7\hfill & \text{Subtract 5 from both sides}.\hfill \\ {e}^{2x}=\frac{7}{4}\hfill & \text{Divide both sides by 4}.\hfill \\ 2x=\mathrm{ln}\left(\frac{7}{4}\right)\hfill & \text{Take ln of both sides}.\hfill \\ x=\frac{1}{2}\mathrm{ln}\left(\frac{7}{4}\right)\hfill & \text{Solve for }x.\hfill \end{array}]
   [ohm_question hide_question_numbers=1]294605[/ohm_question] Extraneous Solutions
 Sometimes the methods used to solve an equation introduce an extraneous solution, which is a solution that is correct algebraically but does not satisfy the conditions of the original equation. One such situation arises in solving when taking the logarithm of both sides of the equation. In such cases, remember that the argument of the logarithm must be positive. If the number we are evaluating in a logarithm function is negative, there is no output.
 Solve [image: {e}^{2x}-{e}^{x}=56]. Show Solution [image: \begin{array}{l}{e}^{2x}-{e}^{x}=56\hfill \\ {e}^{2x}-{e}^{x}-56=0\hfill & \text{Get one side of the equation equal to zero}.\hfill \\ \left({e}^{x}+7\right)\left({e}^{x}-8\right)=0\hfill & \text{Factor by the FOIL method}.\hfill \\ {e}^{x}+7=0\text{ or }{e}^{x}-8=0 & \text{If a product is zero, then one factor must be zero}.\hfill \\ {e}^{x}=-7{\text{ or e}}^{x}=8\hfill & \text{Isolate the exponentials}.\hfill \\ {e}^{x}=8\hfill & \text{Reject the equation in which the power equals a negative number}.\hfill \\ x=\mathrm{ln}8\hfill & \text{Solve the equation in which the power equals a positive number}.\hfill \end{array}]
 Analysis of the Solution
 When we plan to use factoring to solve a problem, we always get zero on one side of the equation because zero has the unique property that when a product is zero, one or both of the factors must be zero. We reject the equation [image: {e}^{x}=-7] because a positive number never equals a negative number. The solution [image: x=\mathrm{ln}\left(-7\right)] is not a real number and in the real number system, this solution is rejected as an extraneous solution.
    [ohm_question hide_question_numbers=1]291171[/ohm_question] 
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				Logarithmic Equations
 We have already seen that every logarithmic equation [image: {\mathrm{log}}_{b}\left(x\right)=y] is equal to the exponential equation [image: {b}^{y}=x]. We can use this fact, along with the rules of logarithms, to solve logarithmic equations where the argument is an algebraic expression.
 For example, consider the equation [image: {\mathrm{log}}_{2}\left(2\right)+{\mathrm{log}}_{2}\left(3x - 5\right)=3]. To solve this equation, we can use rules of logarithms to rewrite the left side as a single log and then apply the definition of logs to solve for [image: x]: [image: \begin{array}{l}{\mathrm{log}}_{2}\left(2\right)+{\mathrm{log}}_{2}\left(3x - 5\right)=3\hfill & \hfill \\ \text{ }{\mathrm{log}}_{2}\left(2\left(3x - 5\right)\right)=3\hfill & \text{Apply the product rule of logarithms}.\hfill \\ \text{ }{\mathrm{log}}_{2}\left(6x - 10\right)=3\hfill & \text{Distribute}.\hfill \\ \text{ }{2}^{3}=6x - 10\hfill & \text{Convert to exponential form}.\hfill \\ \text{ }8=6x - 10\hfill & \text{Calculate }{2}^{3}.\hfill \\ \text{ }18=6x\hfill & \text{Add 10 to both sides}.\hfill \\ \text{ }x=3\hfill & \text{Divide both sides by 6}.\hfill \end{array}]
  using the definition of a logarithm to solve logarithmic equations
 For any algebraic expression [image: S] and real numbers [image: b] and [image: c], where [image: b>0,\text{ }b\ne 1],
 [image: {\mathrm{log}}_{b}\left(S\right)=c\text{ if and only if }{b}^{c}=S]
  Solve [image: 2\mathrm{ln}x+3=7]. Show Solution [image: \begin{array}{l}2\mathrm{ln}x+3=7\hfill & \hfill \\ \text{}2\mathrm{ln}x=4\hfill & \text{Subtract 3 from both sides}.\hfill \\ \text{}\mathrm{ln}x=2\hfill & \text{Divide both sides by 2}.\hfill \\ \text{}x={e}^{2}\hfill & \text{Rewrite in exponential form}.\hfill \end{array}]
   As was the case when using the properties and rules of exponents and logarithms to rewrite expressions containing them, there can be more than one good way to solve a logarithmic equation. It is good practice to follow the examples given for each of the situations in this section, but you should think about alternative ways to creatively and correctly apply the properties and rules. [ohm_question hide_question_numbers=1]294607[/ohm_question] Solve [image: 2\mathrm{ln}\left(6x\right)=7]. Show Solution [image: \begin{array}{l}2\mathrm{ln}\left(6x\right)=7\hfill & \hfill \\ \text{}\mathrm{ln}\left(6x\right)=\frac{7}{2}\hfill & \text{Divide both sides by 2}.\hfill \\ \text{}6x={e}^{\left(\frac{7}{2}\right)}\hfill & \text{Use the definition of }\mathrm{ln}.\hfill \\ \text{}x=\frac{1}{6}{e}^{\left(\frac{7}{2}\right)}\hfill & \text{Divide both sides by 6}.\hfill \end{array}]
   [ohm_question hide_question_numbers=1]291173[/ohm_question] Solve [image: \mathrm{ln}x=3]. Show Solution [image: \begin{array}{l}\mathrm{ln}x=3\hfill & \hfill \\ x={e}^{3}\hfill & \text{Use the definition of }\mathrm{ln}\text{.}\hfill \end{array}]
 Below is a graph of the equation. On the graph the [image: x]-coordinate of the point where the two graphs intersect is close to 20. In other words [image: {e}^{3}\approx 20]. A calculator gives a better approximation: [image: {e}^{3}\approx 20.0855].
 [image: Graph of two questions, y=3 and y=ln(x), which intersect at the point (e^3, 3) which is approximately (20.0855, 3).]The graphs of [image: y=\mathrm{ln}x] and y = 3 cross at the point [image: \left(e^3,3\right)] which is approximately (20.0855, 3).   
	

			
			


		
	
		
			
	
		250

		Exponential and Logarithmic Equations: Learn It 4

								

	
				Using the One-to-One Property of Logarithms to Solve Logarithmic Equations
 As with exponential equations, we can use the one-to-one property to solve logarithmic equations. The one-to-one property of logarithmic functions tells us that, for any real numbers [image: x > 0], [image: S > 0], [image: T > 0] and any positive real number [image: b], where [image: b\ne 1],
 [image: {\mathrm{log}}_{b}S={\mathrm{log}}_{b}T\text{ if and only if }S=T]
 For example, [image: \text{If }{\mathrm{log}}_{2}\left(x - 1\right)={\mathrm{log}}_{2}\left(8\right),\text{then }x - 1=8]
 So if [image: x - 1=8], then we can solve for [image: x]and we get [image: x = 9]. To check, we can substitute [image: x = 9] into the original equation: [image: {\mathrm{log}}_{2}\left(9 - 1\right)={\mathrm{log}}_{2}\left(8\right)=3].
  In other words, when a logarithmic equation has the same base on each side, the arguments must be equal. This also applies when the arguments are algebraic expressions. Therefore, when given an equation with logs of the same base on each side, we can use rules of logarithms to rewrite each side as a single logarithm. Then we use the fact that logarithmic functions are one-to-one to set the arguments equal to one another and solve for the unknown.
 For example, consider the equation [image: \mathrm{log}\left(3x - 2\right)-\mathrm{log}\left(2\right)=\mathrm{log}\left(x+4\right)]. To solve this equation, we can use the rules of logarithms to rewrite the left side as a single logarithm and then apply the one-to-one property to solve for [image: x]: [image: \begin{array}{l}\mathrm{log}\left(3x - 2\right)-\mathrm{log}\left(2\right)=\mathrm{log}\left(x+4\right)\hfill & \hfill \\ \text{}\mathrm{log}\left(\frac{3x - 2}{2}\right)=\mathrm{log}\left(x+4\right)\hfill & \text{Apply the quotient rule of logarithms}.\hfill \\ \text{}\frac{3x - 2}{2}=x+4\hfill & \text{Apply the one-to-one property}.\hfill \\ \text{}3x - 2=2x+8\hfill & \text{Multiply both sides of the equation by }2.\hfill \\ \text{}x=10\hfill & \text{Subtract 2}x\text{ and add 2}.\hfill \end{array}]
 To check the result, substitute [image: x = 10] into [image: \mathrm{log}\left(3x - 2\right)-\mathrm{log}\left(2\right)=\mathrm{log}\left(x+4\right)].
 [image: \begin{array}{l}\mathrm{log}\left(3\left(10\right)-2\right)-\mathrm{log}\left(2\right)=\mathrm{log}\left(\left(10\right)+4\right)\hfill & \hfill \\ \text{}\mathrm{log}\left(28\right)-\mathrm{log}\left(2\right)=\mathrm{log}\left(14\right)\hfill & \hfill \\ \text{}\mathrm{log}\left(\frac{28}{2}\right)=\mathrm{log}\left(14\right)\hfill & \text{The solution checks}.\hfill \end{array}]
  one-to-one property of logarithmic functions
 For any real numbers [image: x > 0], [image: S > 0], [image: T > 0] and any positive real number [image: b], where [image: b\ne 1],
 [image: {\mathrm{log}}_{b}S={\mathrm{log}}_{b}T\text{ if and only if }S=T]
  
 Note: When solving an equation involving logarithms, always check to see if the answer is correct or if it is an extraneous solution.
  How To: Given an equation containing logarithms, solve it using the one-to-one property 	Use the rules of logarithms to combine like terms, if necessary, so that the resulting equation is of the form [image: {\mathrm{log}}_{b}S={\mathrm{log}}_{b}T].
 	Use the one-to-one property to set the arguments equal to each other.
 	Solve the resulting equation, [image: S = T], for the unknown.
 
  Solve [image: \mathrm{ln}\left({x}^{2}\right)=\mathrm{ln}\left(2x+3\right)]. Show Solution [image: \begin{array}{l}\text{ }\mathrm{ln}\left({x}^{2}\right)=\mathrm{ln}\left(2x+3\right)\hfill & \hfill \\ \text{ }{x}^{2}=2x+3\hfill & \text{Use the one-to-one property of the logarithm}.\hfill \\ \text{ }{x}^{2}-2x - 3=0\hfill & \text{Get zero on one side before factoring}.\hfill \\ \left(x - 3\right)\left(x+1\right)=0\hfill & \text{Factor using FOIL}.\hfill \\ \text{ }x - 3=0\text{ or }x+1=0\hfill & \text{If a product is zero, one of the factors must be zero}.\hfill \\ \text{ }x=3\text{ or }x=-1\hfill & \text{Solve for }x.\hfill \end{array}]
 Analysis of the Solution
 There are two solutions: [image: x = 3] or [image: x = –1]. The solution [image: x = –1] is negative, but it checks when substituted into the original equation because the argument of the logarithm function is still positive.
   Solve [image: \log_{3}(z) + \log_{3}(z+4) = \log_{3}(6)]. Show Answer [image: \begin{array}{l} \log_{3}(z) + \log_{3}(z+4) = \log_{3}(6) \\ \log_{3}(z(z+4)) = \log_{3}(6) & \text{Use the product rule of logarithms.} \\ z(z+4) = 6 & \text{Since the bases are the same, the arguments must be equal.} \\ z^2 + 4z = 6 & \text{Expand and simplify the equation.} \\ z^2 + 4z - 6 = 0 & \text{Subtract 6 from both sides.} \\ \end{array}]
 [image: \begin{array}{l} \text{Solve the quadratic equation using the quadratic formula:} \\ z = \frac{-b \pm \sqrt{b^2 - 4ac}}{2a}, \text{ where } a = 1, b = 4, c = -6. \\ z = \frac{-4 \pm \sqrt{4^2 - 4(1)(-6)}}{2(1)} \\ z = \frac{-4 \pm \sqrt{16 + 24}}{2} \\ z = \frac{-4 \pm \sqrt{40}}{2} \\ z = \frac{-4 \pm 2\sqrt{10}}{2} \\ z = -2 \pm \sqrt{10} \\ \end{array}]
 [image: \begin{array}{l} \text{So, the solutions are:} \\ z = -2 + \sqrt{10} \approx -2 + 3.16 \approx 1.16 \\ z = -2 - \sqrt{10} \approx -2 - 3.16 \approx -5.16 \\ \end{array}]
 [image: \begin{array}{l} \text{Check the solutions:} \\ \text{For } z \approx 1.16: \\ \log_{3}(1.16) + \log_{3}(1.16 + 4) \\ \log_{3}(1.16) + \log_{3}(5.16) \\ \log_{3}(1.16 \cdot 5.16) = \log_{3}(6) & \text{True since both sides are equal.} \\ \text{For } z \approx -5.16: \\ \log_{3}(-5.16) + \log_{3}(-5.16 + 4) \\ \log_{3}(-5.16) + \log_{3}(-1.16) & \text{Undefined since the logarithm of a negative number is not defined.} \\ \end{array}]
 Thus, the solution is [image: z = -2 + \sqrt{10} \approx -2 + 3.16 \approx 1.16].
  An interactive online homework element has been excluded from the printed version of the text. To see the interactive element that was excluded, please visit the courseware online.
 
  An interactive online homework element has been excluded from the printed version of the text. To see the interactive element that was excluded, please visit the courseware online.
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				 	Solve exponential equations by changing them to have the same base or by using logarithms
 	Use the definition of logarithms and their special one-to-one property to solve equations with logarithms
 
  As a wildlife conservation researcher, you’re studying the growth of two different endangered butterfly populations in controlled environments before releasing them into protected habitats.
 [image: ]Photo by Cindy Gustafson on Pexels Your team has been tracking their population growth using different mathematical models, and you need to analyze the data to make informed decisions about their release.
 An interactive online homework element has been excluded from the printed version of the text. To see the interactive element that was excluded, please visit the courseware online.
 
  An interactive online homework element has been excluded from the printed version of the text. To see the interactive element that was excluded, please visit the courseware online.
 
  An interactive online homework element has been excluded from the printed version of the text. To see the interactive element that was excluded, please visit the courseware online.
 
  An interactive online homework element has been excluded from the printed version of the text. To see the interactive element that was excluded, please visit the courseware online.
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				 	Solve real-world problems involving exponential and logarithmic equations.
 	Create models for exponential growth and decay, including how to use Newton’s Law of Cooling and logistic growth.
 	Evaluate data to determine the most suitable model, with an emphasis on exponential contexts.
 
  Exponential Growth and Decay
 In real-world applications, we need to model the behavior of a function. In mathematical modeling, we choose a familiar general function with properties that suggest that it will model the real-world phenomenon we wish to analyze.
 In the case of rapid growth, we may choose the exponential growth function, [image: A={A}_{0}{e}^{rt}], where [image: {A}_{0}] (used to be labeled as [image: P]) is equal to the value at time zero, [image: e] is Euler’s constant, and [image: r] is a positive constant that determines the rate (percentage) of growth.
 We may use the exponential growth function in applications involving doubling time, the time it takes for a quantity to double. Such phenomena as wildlife populations, financial investments, biological samples, and natural resources may exhibit growth based on a doubling time. In some applications, however, as we will see when we discuss the logistic equation, the logistic model sometimes fits the data better than the exponential model.
 On the other hand, if a quantity is falling rapidly toward zero, without ever reaching zero, then we should probably choose the exponential decay model. Again, we have the form [image: y={A}_{0}{e}^{-kt}] where [image: {A}_{0}] is the starting value, and [image: e] is Euler’s constant. Now [image: k] is a negative constant that determines the rate of decay. We may use the exponential decay model when we are calculating half-life, or the time it takes for a substance to exponentially decay to half of its original quantity. We use half-life in applications involving radioactive isotopes.
 An exponential function of the form [image: y={A}_{0}{e}^{kt}] has the following characteristics: 	one-to-one function
 	horizontal asymptote: [image: y = 0]
 	domain: [image: \left(-\infty , \infty \right)]
 	range: [image: \left(0,\infty \right)]
 	[image: x] intercept: none
 	[image: y]-intercept: [image: \left(0,{A}_{0}\right)]
 	increasing if [image: k > 0]
 	decreasing if [image: k < 0]
 
 An exponential function models exponential growth when [image: k > 0] and exponential decay when [image: k < 0].
  Exponential growth and decay often involve very large or very small numbers. To describe these numbers, we often use orders of magnitude. The order of magnitude is the power of ten when the number is expressed in scientific notation with one digit to the left of the decimal.
 [image: \\]
 For example, the distance to the nearest star, Proxima Centauri, measured in kilometers, is [image: 40,113,497,200,000] kilometers. Expressed in scientific notation, this is [image: 4.01134972\times {10}^{13}]. We could describe this number as having order of magnitude [image: {10}^{13}]. A population of bacteria doubles every hour. If the culture started with [image: 10] bacteria, graph the population as a function of time. Show Solution When an amount grows at a fixed percent per unit time, the growth is exponential. To find [image: {A}_{0}] we use the fact that [image: {A}_{0}] is the amount at time zero, so [image: {A}_{0}=10]. To find [image: r], use the fact that after one hour [image: \left(t=1\right)] the population doubles from [image: 10] to [image: 20]. The formula is derived as follows:
 [image: \begin{array}{l}\text{ }20=10{e}^{r\cdot 1}\hfill & \hfill \\ \text{ }2={e}^{r}\hfill & \text{Divide both sides by 10}\hfill \\ \mathrm{ln}2=r\hfill & \text{Take the natural logarithm of both sides}\hfill \end{array}]
 so [image: r=\mathrm{ln}\left(2\right)]. Thus the equation we want to graph is [image: y=10{e}^{\left(\mathrm{ln}2\right)t}=10{\left({e}^{\mathrm{ln}2}\right)}^{t}=10\cdot {2}^{t}]. The graph is shown below.
 [image: A graph starting at ten on the y-axis and rising rapidly to the right.]The graph of [image: y=10{e}^{\left(\mathrm{ln}2\right)t}]. Analysis of the Solution
 [image: \\]
 The population of bacteria after ten hours is [image: 10,240]. We could describe this amount as being of the order of magnitude [image: {10}^{4}]. The population of bacteria after twenty hours is 10,485,760 which is of the order of magnitude [image: {10}^{7}], so we could say that the population has increased by three orders of magnitude in ten hours.
  Calculating Doubling Time
 For growing quantities, we might want to find out how long it takes for a quantity to double. As we mentioned above, the time it takes for a quantity to double is called the doubling time.
 Given the basic exponential growth equation [image: A={A}_{0}{e}^{kt}], doubling time can be found by solving for when the original quantity has doubled, that is, by solving [image: 2{A}_{0}={A}_{0}{e}^{kt}].
 The formula is derived as follows:
 [image: \begin{array}{l}2{A}_{0}={A}_{0}{e}^{kt}\hfill & \hfill \\ 2={e}^{kt}\hfill & \text{Divide both sides by }{A}_{0}.\hfill \\ \mathrm{ln}2=kt\hfill & \text{Take the natural logarithm of both sides}.\hfill \\ t=\frac{\mathrm{ln}2}{k}\hfill & \text{Divide by the coefficient of }t.\hfill \end{array}]
 Thus the doubling time is
 [image: t=\frac{\mathrm{ln}2}{k}]
 According to Moore’s Law, the doubling time for the number of transistors that can be put on a computer chip is approximately two years. Give a function that describes this behavior. Show Solution The formula is derived as follows:
 [image: \begin{array}{l}t=\frac{\mathrm{ln}2}{r}\hfill & \text{The doubling time formula}.\hfill \\ 2=\frac{\mathrm{ln}2}{r}\hfill & \text{Use a doubling time of two years}.\hfill \\ r=\frac{\mathrm{ln}2}{2}\hfill & \text{Multiply by }r\text{ and divide by 2}.\hfill \\ A={A}_{0}{e}^{\frac{\mathrm{ln}2}{2}t}\hfill & \text{Substitute }r\text{ into the continuous growth formula}.\hfill \end{array}]
 The function is [image: A={A}_{0}{e}^{\frac{\mathrm{ln}2}{2}r}].
   An interactive online homework element has been excluded from the printed version of the text. To see the interactive element that was excluded, please visit the courseware online.
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				Exponential Growth and Decay Cont.
 Half-Life
 We now turn to exponential decay. One of the common terms associated with exponential decay, as stated above, is half-life.  Every radioactive isotope has a half-life, and the process describing the exponential decay of an isotope is called radioactive decay.
 half-life
 Half-life is the length of time it takes an exponentially decaying quantity to decrease to half its original amount.
 
 [image: t = \frac{\ln\left(\frac{1}{2}\right)}{r}]
  Derivation of the half-life formula To find the half-life of a function describing exponential decay, solve the following equation:
 [image: \frac{1}{2}{A}_{0}={A}_{o}{e}^{rt}]
 We find that the half-life depends only on the constant [image: r] and not on the starting quantity [image: {A}_{0}].
 The formula is derived as follows
 [image: \begin{align} \frac{1}{2}A_{0} &= A_{0}e^{rt} \\ \frac{1}{2} &= e^{rt} & \text{Divide both sides by } A_{0}. \\ \ln\left(\frac{1}{2}\right) &= rt & \text{Take the natural log of both sides.} \\ \frac{\ln\left(\frac{1}{2}\right)}{r} &= t & \text{Divide by } r. \end{align}]
 The formula of [image: t = \frac{\ln\left(\frac{1}{2}\right)}{r}] can also be written as [image: t = \frac{\ln\left(\frac{1}{2}\right)}{r} = \frac{\ln(2^{-1})}{r}  =  -\frac{\mathrm{ln}\left(2\right)}{r}].
 Since [image: t], the time, is positive, [image: r] must, as expected, be negative. So, you might see that the half-life formula is written as:
 [image: t=-\frac{\mathrm{ln}\left(2\right)}{r}]
 
  One such application is in science, in calculating the time it takes for half of the unstable material in a sample of a radioactive substance to decay, called its half-life. The table below lists the half-life for several of the more common radioactive substances.
 	Substance 	Use 	Half-life 
  	gallium-67 	nuclear medicine 	[image: 80] hours 
 	cobalt-60 	manufacturing 	[image: 5.3] years 
 	technetium-99m 	nuclear medicine 	[image: 6] hours 
 	americium-241 	construction 	[image: 432] years 
 	carbon-14 	archeological dating 	[image: 5,715] years 
 	uranium-235 	atomic power 	[image: 703,800,000] years 
  
 We can see how widely the half-lives for these substances vary. Knowing the half-life of a substance allows us to calculate the amount remaining after a specified time. We can use the formula for radioactive decay:
 [image: \begin{array}{l}A\left(t\right)={A}_{0}{e}^{\frac{\mathrm{ln}\left(0.5\right)}{T}t}\hfill \\ A\left(t\right)={A}_{0}{e}^{\mathrm{ln}\left(0.5\right)\frac{t}{T}}\hfill \\ A\left(t\right)={A}_{0}{\left({e}^{\mathrm{ln}\left(0.5\right)}\right)}^{\frac{t}{T}}\hfill \\ A\left(t\right)={A}_{0}{\left(\frac{1}{2}\right)}^{\frac{t}{T}}\hfill \end{array}]
 where
 	[image: {A}_{0}] is the amount initially present
 	[image: T] is the half-life of the substance
 	[image: t] is the time period over which the substance is studied
 	[image: A], or [image: A(t)], is the amount of the substance present after time [image: t]
 
 How To: Given the half-life, find the decay rate 	Write [image: A={A}_{o}{e}^{kt}].
 	Replace [image: A] by [image: \frac{1}{2}{A}_{0}] and replace [image: t] by the given half-life.
 	Solve to find [image: k]. Express [image: k] as an exact value (do not round).
 
 Note: It is also possible to find the decay rate using [image: k=-\frac{\mathrm{ln}\left(2\right)}{t}].
  Uranium-235 has a half-life of [image: 703,800,000] years. How long will it take for [image: 10\%] of a [image: 1000]-gram sample of uranium-235 to decay? Show Solution [image: \begin{array}{l}\text{ }y=\text{1000}e\frac{\mathrm{ln}\left(0.5\right)}{\text{703,800,000}}t\hfill & \hfill \\ \text{ }900=1000{e}^{\frac{\mathrm{ln}\left(0.5\right)}{\text{703,800,000}}t}\hfill & \text{After 10% decays, 900 grams are left}.\hfill \\ \text{ }0.9={e}^{\frac{\mathrm{ln}\left(0.5\right)}{\text{703,800,000}}t}\hfill & \text{Divide by 1000}.\hfill \\ \mathrm{ln}\left(0.9\right)=\mathrm{ln}\left({e}^{\frac{\mathrm{ln}\left(0.5\right)}{\text{703,800,000}}t}\right)\hfill & \text{Take ln of both sides}.\hfill \\ \mathrm{ln}\left(0.9\right)=\frac{\mathrm{ln}\left(0.5\right)}{\text{703,800,000}}t\hfill & \text{ln}\left({e}^{M}\right)=M\hfill \\ \text{}\text{}t=\text{703,800,000}\times \frac{\mathrm{ln}\left(0.9\right)}{\mathrm{ln}\left(0.5\right)}\text{years}\hfill & \text{Solve for }t.\hfill \\ \text{}\text{}t\approx \text{106,979,777 years}\hfill & \hfill \end{array}]
 Analysis of the Solution
 Ten percent of [image: 1000] grams is [image: 100] grams. If [image: 100] grams decay, the amount of uranium-235 remaining is [image: 900] grams.
   The half-life of carbon-14 is [image: 5,730] years. Express the amount of carbon-14 remaining as a function of time, [image: t]. Show Solution This formula is derived as follows.
 [image: \begin{array}{l}\text{}A={A}_{0}{e}^{kt}\hfill & \text{The continuous growth formula}.\hfill \\ 0.5{A}_{0}={A}_{0}{e}^{k\cdot 5730}\hfill & \text{Substitute the half-life for }t\text{ and }0.5{A}_{0}\text{ for }f\left(t\right).\hfill \\ \text{}0.5={e}^{5730k}\hfill & \text{Divide both sides by }{A}_{0}.\hfill \\ \mathrm{ln}\left(0.5\right)=5730k\hfill & \text{Take the natural log of both sides}.\hfill \\ \text{}k=\frac{\mathrm{ln}\left(0.5\right)}{5730}\hfill & \text{Divide by the coefficient of }k.\hfill \\ \text{}A={A}_{0}{e}^{\left(\frac{\mathrm{ln}\left(0.5\right)}{5730}\right)t}\hfill & \text{Substitute for }r\text{ in the continuous growth formula}.\hfill \end{array}]
 The function that describes this continuous decay is [image: f\left(t\right)={A}_{0}{e}^{\left(\frac{\mathrm{ln}\left(0.5\right)}{5730}\right)t}]. We observe that the coefficient of t, [image: \frac{\mathrm{ln}\left(0.5\right)}{5730}\approx -1.2097x10^{-4}] is negative, as expected in the case of exponential decay.
   Radiocarbon Dating
 The formula for radioactive decay is important in radiocarbon dating which is used to calculate the approximate date a plant or animal died. Radiocarbon dating was discovered in 1949 by Willard Libby who won a Nobel Prize for his discovery. It compares the difference between the ratio of two isotopes of carbon in an organic artifact or fossil to the ratio of those two isotopes in the air. It is believed to be accurate to within about [image: 1\%] error for plants or animals that died within the last [image: 60,000] years.
 Carbon-14 is a radioactive isotope of carbon that has a half-life of [image: 5,730] years. It occurs in small quantities in the carbon dioxide in the air we breathe. Most of the carbon on Earth is carbon-12 which has an atomic weight of [image: 12] and is not radioactive. Scientists have determined the ratio of carbon-14 to carbon-12 in the air for the last [image: 60,000] years using tree rings and other organic samples of known dates—although the ratio has changed slightly over the centuries.
 As long as a plant or animal is alive, the ratio of the two isotopes of carbon in its body is close to the ratio in the atmosphere. When it dies, the carbon-14 in its body decays and is not replaced. By comparing the ratio of carbon-14 to carbon-12 in a decaying sample to the known ratio in the atmosphere, the date the plant or animal died can be approximated.
 Since the half-life of carbon-14 is [image: 5,730] years, the formula for the amount of carbon-14 remaining after [image: t] years is
 [image: A\approx {A}_{0}{e}^{\left(\frac{\mathrm{ln}\left(0.5\right)}{5730}\right)t}]
 where
 	[image: A] is the amount of carbon-14 remaining
 	[image: {A}_{0}] is the amount of carbon-14 when the plant or animal began decaying.
 
 To find the age of an object we solve this equation for [image: t]:
 [image: t=\frac{\mathrm{ln}\left(\frac{A}{{A}_{0}}\right)}{-0.000121}]
 From the equation [image: A\approx {A}_{0}{e}^{-0.000121t}] we know the ratio of the percentage of carbon-14 in the object we are dating to the percentage of carbon-14 in the atmosphere is [image: r=\frac{A}{{A}_{0}}\approx {e}^{-0.000121t}]. We solve this equation for [image: t], to get
 [image: t=\frac{\mathrm{ln}\left(r\right)}{-0.000121}]
 How To: Given the percentage of carbon-14 in an object, determine its age 	Express the given percentage of carbon-14 as an equivalent decimal [image: r].
 	Substitute for [image: r] in the equation [image: t=\frac{\mathrm{ln}\left(r\right)}{-0.000121}] and solve for the age, [image: t].
 
  A bone fragment is found that contains [image: 20\%] of its original carbon-14. To the nearest year, how old is the bone? Show Answer To solve for the age of the bone fragment, we can use the exponential decay formula:[image: A = A_0e^{rt}]Given that the bone fragment contains [image: 20\% = 0.20] of its original carbon-14, this means that [image: A_0 = 100\% = 1] and [image: A = 0.20].
 [image: \begin{align} T_{1/2} &= 5730 \text{ years} \\ r &= \frac{\ln(2)}{5730} \\ 0.20 &= e^{rt} \\ \ln(0.20) &= rt & \text{Take the natural log of both sides.} \\ t &= \frac{\ln(0.20)}{r} \\ t &= \frac{\ln(0.20)}{\frac{\ln(2)}{5730}} \\ t &= \frac{\ln(0.20) \cdot 5730}{\ln(2)} \\ t &\approx \frac{-1.60944 \cdot 5730}{0.69315} \\ t &\approx \frac{-9219.5192}{0.69315} \\ t &\approx 13299.69 \approx 13300 \text{ years old.} \end{align}]
 Analysis of the Solution
 The instruments that measure the percentage of carbon-14 are extremely sensitive and, as we mention above, a scientist will need to do much more work than we did in order to be satisfied. Even so, carbon dating is only accurate to about [image: 1\%], so this age should be given as [image: \text{13,300 years}\pm \text{1% or 13,300 years}\pm \text{133 years}].
   An interactive online homework element has been excluded from the printed version of the text. To see the interactive element that was excluded, please visit the courseware online.
 
  An interactive online homework element has been excluded from the printed version of the text. To see the interactive element that was excluded, please visit the courseware online.
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				Newton’s Law of Cooling
 Exponential decay can also be applied to temperature. When a hot object is left in surrounding air that is at a lower temperature, the object’s temperature will decrease exponentially, leveling off as it approaches the surrounding air temperature. On a graph of the temperature function, the leveling off will correspond to a horizontal asymptote at the temperature of the surrounding air. Unless the room temperature is zero, this will correspond to a vertical shift of the generic exponential decay function. This translation leads to Newton’s Law of Cooling, the scientific formula for temperature as a function of time as an object’s temperature is equalized with the ambient temperature.
 Newton’s Law of Cooling
 The temperature of an object, [image: T], in surrounding air with temperature [image: {T}_{s}] will behave according to the formula
 [image: T\left(t\right)=A{e}^{kt}+{T}_{s}]
 where
 	[image: t] is time
 	[image: A] is the difference between the initial temperature of the object and the surroundings
 	[image: k] is a constant, the continuous rate of cooling of the object
 
  Derivation of Newton’s Law of Cooling The formula is derived as follows:
 [image: \begin{array}{l}T\left(t\right)=A{b}^{ct}+{T}_{s}\hfill & \hfill \\ T\left(t\right)=A{e}^{\mathrm{ln}\left({b}^{ct}\right)}+{T}_{s}\hfill & \text{Properties of logarithms}.\hfill \\ T\left(t\right)=A{e}^{ct\mathrm{ln}b}+{T}_{s}\hfill & \text{Properties of logarithms}.\hfill \\ T\left(t\right)=A{e}^{kt}+{T}_{s}\hfill & \text{Rename the constant }c \mathrm{ln} b,\text{ calling it }k.\hfill \end{array}]
  How To: Given a set of conditions, apply Newton’s Law of Cooling 	Set [image: {T}_{s}] equal to the y-coordinate of the horizontal asymptote (usually the ambient temperature).
 	Substitute the given values into the continuous growth formula [image: T\left(t\right)=A{e}^{k}{}^{t}+{T}_{s}] to find the parameters [image: A] and [image: k].
 	Substitute in the desired time to find the temperature or the desired temperature to find the time.
 
  A cheesecake is taken out of the oven with an ideal internal temperature of [image: 165^\circ\text{F}] and is placed into a [image: 35^\circ\text{F}] refrigerator. After [image: 10] minutes, the cheesecake has cooled to [image: 150^\circ\text{F}]. If we must wait until the cheesecake has cooled to [image: 70^\circ\text{F}] before we eat it, how long will we have to wait? Show Solution Because the surrounding air temperature in the refrigerator is [image: 35] degrees, the cheesecake’s temperature will decay exponentially toward [image: 35], following the equation
 [image: T\left(t\right)=A{e}^{kt}+35]
 We know the initial temperature was [image: 165], so [image: T\left(0\right)=165].
 [image: \begin{array}{l}165=A{e}^{k0}+35\hfill & \text{Substitute }\left(0,165\right).\hfill \\ A=130\hfill & \text{Solve for }A.\hfill \end{array}]
 We were given another data point, [image: T\left(10\right)=150], which we can use to solve for [image: k].
 [image: \begin{array}{l}\text{ }150=130{e}^{k10}+35\hfill & \text{Substitute (10, 150)}.\hfill \\ \text{ }115=130{e}^{k10}\hfill & \text{Subtract 35 from both sides}.\hfill \\ \text{ }\frac{115}{130}={e}^{10k}\hfill & \text{Divide both sides by 130}.\hfill \\ \text{ }\mathrm{ln}\left(\frac{115}{130}\right)=10k\hfill & \text{Take the natural log of both sides}.\hfill \\ \text{ }k=\frac{\mathrm{ln}\left(\frac{115}{130}\right)}{10}=-0.0123\hfill & \text{Divide both sides by the coefficient of }k.\hfill \end{array}]
 This gives us the equation for the cooling of the cheesecake: [image: T\left(t\right)=130{e}^{-0.0123t}+35].
 Now we can solve for the time it will take for the temperature to cool to [image: 70] degrees.
 [image: \begin{array}{l}70=130{e}^{-0.0123t}+35\hfill & \text{Substitute in 70 for }T\left(t\right).\hfill \\ 35=130{e}^{-0.0123t}\hfill & \text{Subtract 35 from both sides}.\hfill \\ \frac{35}{130}={e}^{-0.0123t}\hfill & \text{Divide both sides by 130}.\hfill \\ \mathrm{ln}\left(\frac{35}{130}\right)=-0.0123t\hfill & \text{Take the natural log of both sides}.\hfill \\ t=\frac{\mathrm{ln}\left(\frac{35}{130}\right)}{-0.0123}\approx 106.68\hfill & \text{Divide both sides by the coefficient of }t.\hfill \end{array}]
 It will take about [image: 107] minutes, or one hour and [image: 47] minutes, for the cheesecake to cool to [image: 70^\circ\text{F}].
   An interactive online homework element has been excluded from the printed version of the text. To see the interactive element that was excluded, please visit the courseware online.
 
  Logistic Growth
 Exponential growth cannot continue forever. Exponential models, while they may be useful in the short term, tend to fall apart the longer they continue. Consider an aspiring writer who writes a single line on day one and plans to double the number of lines she writes each day for a month. By the end of the month, she must write over 17 billion lines or one-half-billion pages. It is impractical, if not impossible, for anyone to write that much in such a short period of time. Eventually an exponential model must begin to approach some limiting value and then the growth is forced to slow. For this reason, it is often better to use a model with an upper bound instead of an exponential growth model although the exponential growth model is still useful over a short term before approaching the limiting value.
 The logistic growth model is approximately exponential at first, but it has a reduced rate of growth as the output approaches the model’s upper bound called the carrying capacity.
 Logistic Growth
 [image: Graph of f(x)=c/(1+ae^(-tx)). The carrying capacity is the asymptote at y=c. The initial value of population is (0, c/(1+a)). The point of maximum growth is (ln(a)/b, c/2).]The logistic growth model is
 [image: f\left(x\right)=\dfrac{c}{1+a{e}^{-bx}}]
 where
 	[image: \dfrac{c}{1+a}] is the initial value
 	[image: c] is the carrying capacity or limiting value
 	[image: b] is a constant determined by the rate of growth.
 
  An influenza epidemic spreads through a population rapidly at a rate that depends on two factors. The more people who have the flu, the more rapidly it spreads, and also the more uninfected people there are, the more rapidly it spreads. These two factors make the logistic model good for studying the spread of communicable diseases. And, clearly, there is a maximum value for the number of people infected: the entire population.
 [image: \\]
 For example, at time [image: t = 0] there is one person in a community of [image: 1,000] people who has the flu. So, in that community, at most [image: 1,000] people can have the flu. Researchers find that for this particular strain of the flu, the logistic growth constant is [image: b = 0.6030].
 [image: \\]
 Estimate the number of people in this community who will have had this flu after ten days. Predict how many people in this community will have had this flu after a long period of time has passed. Show Solution We substitute the given data into the logistic growth model
 [image: f\left(x\right)=\frac{c}{1+a{e}^{-bx}}]
 Because at most [image: 1,000] people, the entire population of the community, can get the flu, we know the limiting value is [image: c = 1000]. To find [image: a], we use the formula that the number of cases at time [image: t = 0] is [image: \frac{c}{1+a}=1], from which it follows that [image: a = 999]. This model predicts that, after ten days, the number of people who have had the flu is [image: f\left(x\right)=\frac{1000}{1+999{e}^{-0.6030x}}\approx 293.8]. Because the actual number must be a whole number (a person has either had the flu or not) we round to [image: 294]. In the long term, the number of people who will contract the flu is the limiting value, [image: c = 1000].
 [image: Graph of f(x)=1000/(1+999e^(-0.5030x)) with the y-axis labeled as]The graph of [image: f\left(x\right)=\frac{1000}{1+999{e}^{-0.6030x}}]. Analysis of the Solution
 Remember that because we are dealing with a virus, we cannot predict with certainty the number of people infected. The model only approximates the number of people infected and will not give us exact or actual values.
 The graph below gives a good picture of how this model fits the data.
   An interactive online homework element has been excluded from the printed version of the text. To see the interactive element that was excluded, please visit the courseware online.
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				Choosing an Appropriate Model for Data
 Now that we have discussed various mathematical models, we need to learn how to choose the appropriate model for the raw data we have. Many factors influence the choice of a mathematical model among which are experience, scientific laws, and patterns in the data itself. Not all data can be described by elementary functions. Sometimes a function is chosen that approximates the data over a given interval.
 Three kinds of functions that are often useful in mathematical models are linear functions, exponential functions, and logarithmic functions. If the data lies on a straight line or seems to lie approximately along a straight line, a linear model may be best. If the data is non-linear, we often consider an exponential or logarithmic model although other models, such as quadratic models, may also be considered.
 In choosing between an exponential model and a logarithmic model, we look at the way the data curves. This is called the concavity. If we draw a line between two data points, and all (or most) of the data between those two points lies above that line, we say the curve is concave down. We can think of it as a bowl that bends downward and therefore cannot hold water. If all (or most) of the data between those two points lies below the line, we say the curve is concave up. In this case, we can think of a bowl that bends upward and can therefore hold water.
 	An exponential curve, whether rising or falling, whether representing growth or decay, is always concave up away from its horizontal asymptote.
 	A logarithmic curve is always concave down away from its vertical asymptote.
 
 In the case of positive data, which is the most common case, an exponential curve is always concave up and a logarithmic curve always concave down.
 A logistic curve changes concavity. It starts out concave up and then changes to concave down beyond a certain point, called a point of inflection.
 After using the graph to help us choose a type of function to use as a model, we substitute points, and solve to find the parameters. We reduce round-off error by choosing points as far apart as possible.
 Does a linear, exponential, logarithmic, or logistic model best fit the values listed below? Find the model, and use a graph to check your choice. 	[image: x] 	[image: 1] 	[image: 2] 	[image: 3] 	[image: 4] 	[image: 5] 	[image: 6] 	[image: 7] 	[image: 8] 	[image: 9] 
 	[image: y] 	[image: 0] 	[image: 1.386] 	[image: 2.197] 	[image: 2.773] 	[image: 3.219] 	[image: 3.584] 	[image: 3.892] 	[image: 4.159] 	[image: 4.394] 
  
 Show Solution First, plot the data on a graph as in the graph below. For the purpose of graphing, round the data to two significant digits.
 [image: Graph of the previous table’s values.]
 Clearly, the points do not lie on a straight line, so we reject a linear model. If we draw a line between any two of the points, most or all of the points between those two points lie above the line, so the graph is concave down, suggesting a logarithmic model. We can try [image: y=a\mathrm{ln}\left(bx\right)]. Plugging in the first point, [image: \left(\text{1,0}\right)], gives [image: 0=a\mathrm{ln}b]. We reject the case that [image: a = 0] (if it were, all outputs would be 0), so we know
 [image: \mathrm{ln}\left(b\right)=0]. Thus b = 1 and [image: y=a\mathrm{ln}\left(\text{x}\right)]. Next we can use the point [image: \left(\text{9,4}\text{.394}\right)] to solve for [image: a]:
 [image: \begin{array}{l}y=a\mathrm{ln}\left(x\right)\hfill \\ 4.394=a\mathrm{ln}\left(9\right)\hfill \\ a=\frac{4.394}{\mathrm{ln}\left(9\right)}\hfill \end{array}]
 Because [image: a=\frac{4.394}{\mathrm{ln}\left(9\right)}\approx 2], an appropriate model for the data is [image: y=2\mathrm{ln}\left(x\right)].
 To check the accuracy of the model, we graph the function together with the given points.
 [image: Graph of previous table’s values showing that it fits the function y=2ln(x) with an asymptote at x=0.]The graph of [image: y=2\mathrm{ln}x]. We can conclude that the model is a good fit to the data. Compare the figure above to the graph of [image: y=\mathrm{ln}\left({x}^{2}\right)] shown below.
 [image: Graph of previous table’s values showing that it fits the function y=2ln(x) with an asymptote at x=0.]The graph of [image: y=\mathrm{ln}\left({x}^{2}\right)] The graphs appear to be identical when [image: x > 0]. A quick check confirms this conclusion: [image: y=\mathrm{ln}\left({x}^{2}\right)=2\mathrm{ln}\left(x\right)] for [image: x > 0]. However, if [image: x < 0], the graph of [image: y=\mathrm{ln}\left({x}^{2}\right)] includes an “extra” branch as shown below. This occurs because while [image: y=2\mathrm{ln}\left(x\right)] cannot have negative values in the domain (as such values would force the argument to be negative), the function [image: y=\mathrm{ln}\left({x}^{2}\right)] can have negative domain values.[image: Graph of y=ln(x^2).]
  Does a linear, exponential, or logarithmic model best fit the data in the table below? Find the model. 	[image: x] 	[image: 1] 	[image: 2] 	[image: 3] 	[image: 4] 	[image: 5] 	[image: 6] 	[image: 7] 	[image: 8] 	[image: 9] 
 	[image: y] 	[image: 3.297] 	[image: 5.437] 	[image: 8.963] 	[image: 14.778] 	[image: 24.365] 	[image: 40.172] 	[image: 66.231] 	[image: 109.196] 	[image: 180.034] 
  
 Show Solution Exponential. [image: y=2{e}^{0.5x}].
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				Exponential Regression
 As we have learned, there are a multitude of situations that can be modeled by exponential functions, such as investment growth, radioactive decay, atmospheric pressure changes, and temperatures of a cooling object. What do these phenomena have in common? For one thing, all the models either increase or decrease as time moves forward. But that’s not the whole story. It’s the way data increase or decrease that helps us determine whether it is best modeled by an exponential function. Knowing the behavior of exponential functions in general allows us to recognize when to use exponential regression, so let’s review exponential growth and decay.
 Recall that exponential functions have the form [image: y=a{b}^{x}] or [image: y={A}_{0}{e}^{kx}]. When performing regression analysis, we use the form most commonly used on graphing utilities, [image: y=a{b}^{x}]. Take a moment to reflect on the characteristics we’ve already learned about the exponential function [image: y=a{b}^{x}] (assume [image: a > 0]): 	[image: b] must be greater than zero and not equal to one.
 	The initial value of the model is [image: a]. 	If [image: b > 1], the function models exponential growth. As [image: x] increases, the outputs of the model increase slowly at first, but then increase more and more rapidly, without bound.
 	If [image: 0 < b < 1], the function models exponential decay. As [image: x] increases, the outputs for the model decrease rapidly at first and then level off to become asymptotic to the [image: x]-axis. In other words, the outputs never become equal to or less than zero.
 
 
 
  exponential regression
 Exponential regression is used to model situations in which growth begins slowly and then accelerates rapidly without bound, or where decay begins rapidly and then slows down to get closer and closer to zero.  The exponential regression equation is of the form
 [image: y=a{b}^{x}]
 Note that:
 	[image: b] must be non-negative.
 	When [image: b \gt 1], we have an exponential growth model.
 	When [image: 0 \lt b \lt 1], we have an exponential decay model.
 
  Given a set of data, perform exponential regression using a graphing utility. 	Use the STAT then EDIT menu to enter given data. 	Clear any existing data from the lists.
 	List the input values in the L1 column.
 	List the output values in the L2 column.
 
 
 	Graph and observe a scatter plot of the data using the STATPLOT feature. 	Use ZOOM [9] to adjust axes to fit the data.
 	Verify the data follow an exponential pattern.
 
 
 	Find the equation that models the data. 	Select “ExpReg” from the STAT then CALC menu.
 	Use the values returned for [image: a] and [image: b] to record the model.
 
 
 	Graph the model in the same window as the scatterplot to verify it is a good fit for the data.
 
  In 2007, a university study was published investigating the crash risk of alcohol impaired driving. Data from [image: 2,871] crashes were used to measure the association of a person’s blood alcohol level (BAC) with the risk of being in an accident.
 [image: \\]
 The table below shows results from the study.[1] The relative risk is a measure of how many times more likely a person is to crash. So, for example, a person with a BAC of [image: 0.09] is [image: 3.54] times as likely to crash as a person who has not been drinking alcohol. 	BAC 	[image: 0] 	[image: 0.01] 	[image: 0.03] 	[image: 0.05] 	[image: 0.07] 	[image: 0.09] 
 	Relative Risk of Crashing 	[image: 1] 	[image: 1.03] 	[image: 1.06] 	[image: 1.38] 	[image: 2.09] 	[image: 3.54] 
 	BAC 	[image: 0.11] 	[image: 0.13] 	[image: 0.15] 	[image: 0.17] 	[image: 0.19] 	[image: 0.21] 
 	Relative Risk of Crashing 	[image: 6.41] 	[image: 12.6] 	[image: 22.1] 	[image: 39.05] 	[image: 65.32] 	[image: 99.78] 
  
 	Let [image: x] represent the BAC level and let [image: y]represent the corresponding relative risk. Use exponential regression to fit a model to these data.
 	After [image: 6] drinks, a person weighing [image: 160] pounds will have a BAC of about [image: 0.16]. How many times more likely is a person with this weight to crash if they drive after having a [image: 6]-pack of beer? Round to the nearest hundredth.
 
 Show Solution 1. Using an online graphing tool, create a table by clicking on the + in the upper left and selecting the table icon. Enter the data.
 [image: Graph of a scattered plot.]
 Below your table enter [image: y_1]~[image: ab^{x_1}].
 Notice that [image: {r}^{2}] is very close to 1 which indicates the model is a good fit to the data.
 If using an online graphing tool, the model obtained is [image: y=0.55877{\left(\text{57,700,000,000}\right)}^{x}]
 If using a graphing calculator, the model obtained is [image: y=0.58304829{\left(\text{22,072,021,300}\right)}^{x}]
 [image: Graph of a scattered plot with an estimation line.]
 2. Use the model to estimate the risk associated with a BAC of [image: 0.16]. Substitute [image: 0.16] for [image: x] in the model and solve for [image: y].
 Using the online graphing tool model:
 [image: \begin{array}{l}y\hfill & =0.55877{\left(\text{57,700,000,000}\right)}^{x}\hfill & \text{Use the regression model found in part (a)}\text{.}\hfill \\ \hfill & =0.55877{\left(\text{57,700,000,000}\right)}^{0.16}\hfill & \text{Substitute 0}\text{.16 for }x\text{.}\hfill \\ \hfill & \approx \text{29}\text{.44}\hfill & \text{Round to the nearest hundredth}\text{.}\hfill \end{array}]
 If a [image: 160]-pound person drives after having [image: 6] drinks, he or she is about [image: 29.44] times more likely to crash than if driving while sober.
 Using the graphing calculator model:
 [image: \begin{array}{l}y\hfill & =0.58304829{\left(\text{22,072,021,300}\right)}^{x}\hfill & \text{Use the regression model found in part (a)}\text{.}\hfill \\ \hfill & =0.58304829{\left(\text{22,072,021,300}\right)}^{0.16}\hfill & \text{Substitute 0}\text{.16 for }x\text{.}\hfill \\ \hfill & \approx \text{26}\text{.35}\hfill & \text{Round to the nearest hundredth}\text{.}\hfill \end{array}]
 If a [image: 160]-pound person drives after having [image: 6] drinks, he or she is about [image: 26.35] times more likely to crash than if driving while sober.
   An interactive online homework element has been excluded from the printed version of the text. To see the interactive element that was excluded, please visit the courseware online.
 
  Is it reasonable to assume that an exponential regression model will represent a situation indefinitely?
  
 No. Remember that models are formed by real-world data gathered for regression. It is usually reasonable to make estimates within the interval of original observation (interpolation). However, when a model is used to make predictions, it is important to use reasoning skills to determine whether the model makes sense for inputs far beyond the original observation interval (extrapolation).
  
	Source: Indiana University Center for Studies of Law in Action, 2007 ↵
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				 	Solve real-world problems involving exponential and logarithmic equations.
 	Create models for exponential growth and decay, including how to use Newton’s Law of Cooling and logistic growth.
 	Evaluate data to determine the most suitable model, with an emphasis on exponential contexts.
 
  Building a Logarithmic Model from Data
 Just as with exponential functions, there are many real-world applications for logarithmic functions: intensity of sound, pH levels of solutions, yields of chemical reactions, production of goods, and growth of infants. As with exponential models, data modeled by logarithmic functions are either always increasing or always decreasing as time moves forward. Again, it is the way they increase or decrease that helps us determine whether a logarithmic model is best.
 logarithmic regression
 Logarithmic regression is used to model situations where growth or decay accelerates rapidly at first and then slows over time.
  
 The logarithmic equation has the form
 [image: y = a+b \ln(x)]
 where
 	all input values, [image: x], must be non-negative.
 	when [image: b \gt 0], the model is increasing.
 	when [image: b \lt 0], the model is decreasing.
 
  Given a set of data, perform logarithmic regression using a graphing utility. 	Use the STAT then EDIT menu to enter given data. 	Clear any existing data from the lists.
 	List the input values in the L1 column.
 	List the output values in the L2 column.
 
 
 	Graph and observe a scatter plot of the data using the STATPLOT feature. 	Use ZOOM [9] to adjust axes to fit the data.
 	Verify the data follow a logarithmic pattern.
 
 
 	Find the equation that models the data. 	Select “LnReg” from the STAT then CALC menu.
 	Use the values returned for [image: a] and [image: b] to record the model.
 
 
 	Graph the model in the same window as the scatterplot to verify it is a good fit for the data.
 
  Due to advances in medicine and higher standards of living, life expectancy has been increasing in most developed countries since the beginning of the 20th century.Table below shows the average life expectancies, in years, of Americans from 1900–2010. 	Year 	1900 	1910 	1920 	1930 	1940 	1950 
 	Life Expectancy(Years) 	[image: 47.3] 	[image: 50] 	[image: 54.1] 	[image: 59.7] 	[image: 62.9] 	[image: 68.2] 
 	Year 	1960 	1970 	1980 	1990 	2000 	2010 
 	Life Expectancy(Years 	[image: 69.7] 	[image: 70.8] 	[image: 73.7] 	[image: 75.4] 	[image: 76.8] 	[image: 78.7] 
  
 	Let [image: x] represent time in decades starting with [image: x = 1] for the year [image: 1900], [image: x= 2] for the year [image: 1910], etc. Let [image: y] represent the corresponding life expectancy. Use logarithmic regression to fit a model for this data.
 Show Answer Use the “LnReg” command from the STAT then CALC menu to obtain the logarithmic model, [image: y = 42.52722583+13.85752327 \ln(x)].
 Next, graph the model in the same window as the scatterplot to verify it is a good fit
 [image: ]
 
 
 	Use the model to predict the average American life expectancy for the year [image: 2030].
 Show Answer To predict the life expectancy of an American in the year 2030, substitute [image: x = 14] for the in the model and solve for [image: y]:
 [image: y = 42.52722583+13.85752327 \ln(x) = 42.52722583+13.85752327 \ln(14) \approx 79.1].If life expectancy continues to increase at this pace, the average life expectancy of an American will be [image: 79.1] by the year 2030.
 
 
  As an environmental scientist, you’re studying noise pollution in urban areas. Sound intensity is measured using decibels (dB), which follow a logarithmic scale. You’re analyzing data to help city planners make informed decisions about noise reduction measures.
 An interactive online homework element has been excluded from the printed version of the text. To see the interactive element that was excluded, please visit the courseware online.
 
  A city wants to compare two different methods of analyzing traffic noise. They collected the following data measuring average decibel levels during rush hour:
 	Time (hours past 6 AM) 	Decibel Level 
  	[image: 1] 	[image: 72] 
 	[image: 2] 	[image: 78] 
 	[image: 3] 	[image: 82] 
 	[image: 4] 	[image: 84] 
 	[image: 5] 	[image: 85] 
  
 Two models have been proposed:
 	Model A: [image: y = 70 + 6.2ln(x)]
 	Model B: [image: y = 73 + 5.1ln(x)]
 
 An interactive online homework element has been excluded from the printed version of the text. To see the interactive element that was excluded, please visit the courseware online.
 
  Support your answer by: 	Calculating the predicted values at hours [image: 1] and [image: 5] using both models
 	Finding which model has the smaller total error
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				 	Check if a pair of numbers works as a solution for a set of equations
 
  Determining if an Ordered Pair is a Solution to a System of Equations
 A system of equations consists of two or more equations with the same variables. An ordered pair [image: (x, y)] is a solution to a system of equations if it satisfies all equations in the system simultaneously.
 How to: Determine if an Ordered Pair is a Solution
 	Substitute the [image: x] and [image: y] values of the ordered pair into both equations.
 	Simplify each equation.
 	Verify if both equations are true.
 
  Consider the system of equations:
 [image: \begin{gathered}& 2x + y = 10 \\ & x - y = 2 \end{gathered}]
 Let’s check if [image: (4, 2)] is a solution.
 For equation 1: [image: 2x + y = 10] Substitute [image: x = 4] and [image: y = 2]:
 [image: 2(4) + 2 = 10]
 [image: 8 + 2 = 10]
 [image: 10 = 10] (True)
 For equation 2: [image: x - y = 2] Substitute [image: x = 4] and [image: y = 2]:
 [image: 4 - 2 = 2]
 [image: 2 = 2] (True)
 Since both equations are true when we substitute [image: (4, 2)], this ordered pair is a solution to the system.
  Determine if the ordered pair [image: (3, -1)] is a solution to the following system of equations:
 [image: \begin{gathered}& 3x - 2y = 11 \\ & x + 4y = -1 \end{gathered}]
 Show Answer For equation 1: [image: 3x - 2y = 11] Substitute [image: x = 3] and [image: y = -1]:
 [image: 3(3) - 2(-1) = 11]
 [image: 9 + 2 = 11]
 [image: 11 = 11] (True)
 For equation 2: [image: x + 4y = -1] Substitute [image: x = 3] and [image: y = -1]:
 [image: 3 + 4(-1) = -1]
 [image: 3 - 4 = -1]
 [image: -1 = -1] (True)
 Since both equations are true when we substitute [image: (3, -1)], this ordered pair is a solution to the system.
   Determine if the ordered pair [image: (-2, 5)] is a solution to the system:
 [image: \begin{gathered}& 2x + 3y = 11 \\ & x - y = -7 \end{gathered}]
 Show Answer For equation 1: [image: 2x + 3y = 11] Substitute [image: x = -2] and [image: y = 5]:
 [image: 2(-2) + 3(5) = 11]
 [image: -4 + 15 = 11]
 [image: 11 = 11] (True)
 For equation 2: [image: x - y = -7] Substitute [image: x = -2] and [image: y = 5]:
 [image: -2 - 5 = -7]
 [image: -7 = -7] (True)
 Since both equations are true when we substitute [image: (-2, 5)], this ordered pair is a solution to the system.
   Determine if the ordered pair [image: (1, 2)] is a solution to the system:
 [image: \begin{gathered}& 4x - y = 2 \\ & x + 2y = 6 \end{gathered}]
 Show Answer For equation 1: [image: 4x - y = 2] Substitute [image: x = 1] and [image: y = 2]:
 [image: 4(1) - 2 = 2]
 [image: 4 - 2 = 2]
 [image: 2 = 2] (True)
 For equation 2: [image: x + 2y = 6] Substitute [image: x = 1] and [image: y = 2]:
 [image: 1 + 2(2) = 6]
 [image: 1 + 4 = 6]
 [image: 5 = 6] (False)
 Although the ordered pair [image: (1, 2)] satisfies the first equation, it does not satisfy the second equation. Therefore, [image: (1, 2)] is not a solution to this system of equations.
   [ohm_question hide_question_numbers=1]294608[/ohm_question] 
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				 	Graph a quadratic function
 
  Quadratic Functions
 The graph of a quadratic function is a U-shaped curve called a parabola. One important feature of the graph is that it has an extreme point, called the vertex. If the parabola opens up, the vertex represents the lowest point on the graph, or the minimum value of the quadratic function. If the parabola opens down, the vertex represents the highest point on the graph, or the maximum value. In either case, the vertex is a turning point on the graph. The graph is also symmetric with a vertical line drawn through the vertex, called the axis of symmetry.
 [image: Graph of a parabola showing where the x and y intercepts, vertex, and axis of symmetry are.] 
 The [image: y]-intercept is the point at which the parabola crosses the [image: y]-axis. The [image: x]-intercepts are the points at which the parabola crosses the [image: x]-axis. If they exist, the [image: x]-intercepts represent the zeros, or roots, of the quadratic function, the values of [image: x] at which [image: y=0].
 	 	General Form: [image: f(x) = ax^2 +bx +c] 	Standard Form:[image: f(x) = a(x-h)^2+k] 
 	Orientation 	[image: a > 0] opens up; [image: a < 0] opens down
 	[image: a > 0] opens up; [image: a < 0] opens down
 
 	Axis of symmetry 	[image: x = -\frac{b}{2a}] 	[image: x = h] 
 	Vertex 	[image: (-\frac{b}{2a}, f(-\frac{b}{2a}))] 	[image: (h,k)] 
  
 [image: ]
 Graph the parabola [image: f(x) = -x^2+4x-3]. Show Answer 	Since [image: a = -1], the parabola opens downward.
 	The axis of symmetry is [image: x = -\frac{b}{2a} = -\frac{4}{2(-1)} = 2].
 	Vertex:
 Let’s substitute [image: x=2] into the function: [image: f(2)=-(2)^2+4(2)-3 = -4+8-3 = 1].
 Thus, the vertex is [image: (2, 1)].
 	We can also find additional points to help us graph. For example, the [image: y]-intercept is [image: f(0) = -0^2+4(0)-3 = -3]
 
 Graph:
 [image: ]
  An interactive online homework element has been excluded from the printed version of the text. To see the interactive element that was excluded, please visit the courseware online.
 
  An interactive online homework element has been excluded from the printed version of the text. To see the interactive element that was excluded, please visit the courseware online.
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				 	Find the least common denominator of rational expressions
 
  Least Common Denominator of Rational Expressions
 Rational expressions are formed when one polynomial is divided by another, resulting in a fraction-like form where the numerator and the denominator are both polynomials.
 [image: \dfrac{P(x)}{Q(x)}] where [image: P(x)] and [image: Q(x)] are polynomials.
 When working with multiple rational expressions, it’s often necessary to find their least common denominator (LCD). The LCD is the smallest expression that is divisible by each of the denominators.
 To find the LCD, you need to determine the least common multiple (LCM) of the denominators. The LCD is useful for adding, subtracting, and comparing fractions with different denominators.
 How to: Find the Least Common Denominator: 	Factor Each Denominator: Break down each denominator into its prime factors.
 	Identify the Highest Powers: For each prime number that appears in any of the factorizations, take the highest power of that prime.
 	Multiply These Highest Powers Together: The product of these highest powers is the least common denominator.
 
  Find the least common denominator of the following: [image: \dfrac{2}{3}, \dfrac{5}{12}, \text{ and } \dfrac{1}{18}]
 Show Answer To find the LCD of the fractions, we factored [image: 3], [image: 12] and [image: 18] into primes, lining up any common primes in columns. Then we “brought down” one prime from each column. Finally, we multiplied the factors to find the LCD.
 [image: \begin{align*} 3 &= 3 \\ 18 &= 2 \cdot 3 \cdot 3 \\ 12 &= 2 \cdot 2 \cdot 3 \\ \text{LCD} &= 2 \cdot 2 \cdot 3 \cdot 3 \\ \text{LCD} &= 36 \end{align*}]
   An interactive online homework element has been excluded from the printed version of the text. To see the interactive element that was excluded, please visit the courseware online.
 
  Find the least common denominator of the following rational expressions:
 [image: \dfrac{x+1}{x+3} \text{ and } \dfrac{2}{x^2-9}]
 Show Answer [image: \begin{align*} &\text{Factor each term:} \\ &x + 3 = (x + 3) \\ &x^2 - 9 = (x + 3)(x - 3) \\ &\text{Bring down the columns by including all factors,} \\ &\text{but do not include common factors twice:}  \\ &\text{Thus, the LCD is } (x + 3)(x - 3) \end{align*}]
   An interactive online homework element has been excluded from the printed version of the text. To see the interactive element that was excluded, please visit the courseware online.
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				 	Find solutions to systems of equations by drawing their graphs and finding where they cross
 	Solve systems of equations by replacing one variable with an expression from another equation
 	Solve systems of equations by adding equations to eliminate a variable
 	Figure out when systems of equations have no solution or infinitely many solutions
 
  Solutions of Systems Overview
 A system of linear equations consists of two or more linear equations made up of two or more variables such that all equations in the system are considered simultaneously. To find the unique solution to a system of linear equations, we must find a numerical value for each variable in the system that will satisfy all equations in the system at the same time. Some linear systems may not have a solution and others may have an infinite number of solutions. In order for a linear system to have a unique solution, there must be at least as many equations as there are variables. Even so, this does not guarantee a unique solution.
 system of linear equations
 A system of linear equations consists of two or more linear equations made up of two or more variables such that all equations in the system are considered simultaneously.
  We will start by looking at systems of linear equations in two variables, which consist of two equations that contain two different variables.
 For example, consider the following system of linear equations in two variables. [image: \begin{align}2x+y&=15\\[1mm] 3x-y&=5\end{align}]
 The solution to a system of linear equations in two variables is any ordered pair that satisfies each equation independently. In this example, the ordered pair [image: (4,7)] is the solution to the system of linear equations.
 Analysis of the Solution
 We can verify the solution by substituting the values into each equation to see if the ordered pair satisfies both equations.
 [image: \begin{align}2\left(4\right)+\left(7\right)&=15 &&\text{True} \\[1mm] 3\left(4\right)-\left(7\right)&=5 &&\text{True} \end{align}]
  In addition to considering the number of equations and variables, we can categorize systems of linear equations by the number of solutions.
 types of linear systems
 There are three types of systems of linear equations in two variables, and three types of solutions.
 	An independent system has exactly one solution pair [image: (x,y)]. The point where the two lines intersect is the only solution.
 	An inconsistent system has no solution. Notice that the two lines are parallel and will never intersect.
 	A dependent system has infinitely many solutions. The lines are coincident. They are the same line, so every coordinate pair on the line is a solution to both equations.
 
 [image: ]
  How To: Given a system of linear equations and an ordered pair, determine whether the ordered pair is a solution. 	Substitute the ordered pair into each equation in the system.
 	Determine whether true statements result from the substitution in both equations; if so, the ordered pair is a solution.
 
  Determine whether the ordered pair [image: \left(5,1\right)] is a solution to the given system of equations. [image: \begin{align}x+3y&=8\\ 2x-9&=y \end{align}]
 Show Solution Substitute the ordered pair [image: \left(5,1\right)] into both equations.
 [image: \begin{align}\left(5\right)+3\left(1\right)&=8 \\[1mm] 8&=8 &&\text{True} \\[3mm] 2\left(5\right)-9&=\left(1\right) \\[1mm] 1&=1 &&\text{True} \end{align}]
 The ordered pair [image: \left(5,1\right)] satisfies both equations, so it is the solution to the system.
 [image: A graph of two lines running through the point five, one. The first line's equation is x plus 3y equals 8. The second line's equation is 2x minus 9 equals y.]
 Analysis of the Solution
 We can see the solution clearly by plotting the graph of each equation. Since the solution is an ordered pair that satisfies both equations, it is a point on both of the lines and thus the point of intersection of the two lines.
   An interactive online homework element has been excluded from the printed version of the text. To see the interactive element that was excluded, please visit the courseware online.
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				Solving Systems of Equations by Graphing
 There are multiple methods of solving systems of linear equations. For a system of linear equations in two variables, we can determine both the type of system and the solution by graphing the system of equations on the same set of axes.
 How to: Solve a system of linear equations by graphing
 	Graph the first equation.
 	Graph the second equation on the same rectangular coordinate system.
 	Determine whether the lines intersect, are parallel, or are the same line.
 	Identify the solution to the system.
 	Check the solution in both equations.
 
  Making a quick sketch of any mathematical situation is often a good idea to help you visualize it. Recall the techniques for graphing linear equations include using the y-intercept and slope to plot two points as well as using the intercepts. With practice, you’ll get a feel for which technique to use in a given situation. Solve the following system of equations by graphing. Identify the type of system. [image: \begin{align}2x+y&=-8\\ x-y&=-1\end{align}]
 [image: ]To find the solution, we want to graph both equations on the same set of axes:
 	Solve the first equation for [image: y].
 
 [image: \begin{align}2x+y&=-8\\ y&=-2x-8\end{align}]
 	Solve the second equation for [image: y].
 
 [image: \begin{align}x-y&=-1\\ y&=x+1\end{align}]
 The lines appear to intersect at the point [image: \left(-3,-2\right)].
 You can check to make sure that this is the solution to the system by substituting the ordered pair into both equations.
 [image: \begin{align*} 2(-3) + (-2) &= -8 & \text{} \\ -8 &= -8 & \text{True} \\ (-3) - (-2) &= -1 & \text{} \\ -1 &= -1 & \text{True} \end{align*}]
 The solution to the system is the ordered pair [image: \left(-3,-2\right)], so the system is independent.
  An interactive online homework element has been excluded from the printed version of the text. To see the interactive element that was excluded, please visit the courseware online.
 
  Can graphing be used if the system is inconsistent or dependent? 
 Yes, in both cases we can still graph the system to determine the type of system and solution.
 	If the two lines are parallel, the system has no solution and is inconsistent.
 	If the two lines are identical, the system has infinite solutions and is a dependent system.
 
 	If the lines intersect, identify the point of intersection. This is the solution to the system. 	[image: Two intersecting lines with a point where the lines cross] 
 	If the lines are parallel, the system has no solutions. 	[image: Two parallel lines] 
 	If the lines are the same, the system has an infinite number of solutions. 	[image: A single line on a graph with the label coincident] 
  
  An interactive online homework element has been excluded from the printed version of the text. To see the interactive element that was excluded, please visit the courseware online.
 
  Plot the three different systems with an online graphing calculator. Categorize each solution as either consistent or inconsistent. If the system is consistent determine whether it is dependent or independent. 		[image: 5x-3y = -19]
 [image: x=2y-1]
 	[image: 4x+y=11]
 [image: -2y=-25+8x]
 	[image: y = -3x+6]
 [image: -\frac{1}{3}y+2=x]
 
 
 
 Hint: You may find it easier to plot each system individually, then clear out your entries before you plot the next.
 Show Solution 	One solution – consistent, independent
 	No solutions, inconsistent, neither dependent nor independent
 	Many solutions –  consistent, dependent
 
   Media Attributions
	abc755a80e3872c99806b00463af046852ca2447 
	c0ff8105d5924ac21df7599a8289843b3de6657d 
	b151e2491c5cc67d6eddb47648c886f7eb699934 
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				Solving Systems of Equations by Substitution
 Solving a linear system in two variables by graphing works well when the solution consists of integer values, but if our solution contains decimals or fractions, it is not the most precise method. We will consider two more methods of solving a system of linear equations that are more precise than graphing.
 One such method is solving a system of equations by the substitution method, in which we solve one of the equations for one variable and then substitute the result into the second equation to solve for the second variable. Recall that we can solve for only one variable at a time, which is the reason the substitution method is both valuable and practical.
 How To: Given a system of two equations in two variables, solve using the substitution method. 	Solve one of the two equations for one of the variables in terms of the other.
 	Substitute the expression for this variable into the second equation, then solve for the remaining variable.
 	Substitute that solution into either of the original equations to find the value of the first variable. If possible, write the solution as an ordered pair.
 	Check the solution in both equations.
 
  Solve the following system of equations by substitution. [image: \begin{align}-x+y&=-5 \\ 2x-5y&=1 \end{align}]
 Show Solution First, we will solve the first equation for [image: y].
 [image: \begin{align}-x+y&=-5 \\ y&=x - 5 \end{align}]
 Now we can substitute the expression [image: x - 5] for [image: y] in the second equation.
 [image: \begin{align}2x - 5y&=1 \\ 2x - 5\left(x - 5\right)&=1 \\ 2x - 5x+25&=1 \\ -3x&=-24 \\ x&=8 \end{align}]
 Now, we substitute [image: x=8] into the first equation and solve for [image: y].
 [image: \begin{align}-\left(8\right)+y&=-5 \\ y&=3 \end{align}]
 Our solution is [image: \left(8,3\right)].
 Check the solution by substituting [image: \left(8,3\right)] into both equations.
 [image: \begin{align}-x+y&=-5 \\ -\left(8\right)+\left(3\right)&=-5 && \text{True} \\[3mm] 2x - 5y&=1 \\ 2\left(8\right)-5\left(3\right)&=1 && \text{True} \end{align}]
   Solve the following system of equations. [image: \begin{gathered}&x=9 - 2y \\ &x+2y=13 \end{gathered}]
 Show Solution Because one equation is already solved for [image: x], we can substitute  [image: x=9 - 2y] into the second equation:
 [image: \begin{align}x+2y&=13 \\ \left(9 - 2y\right)+2y&=13 \\ 9+0y&=13 \\ 9&=13 \end{align}]
 Clearly, this statement is a contradiction because [image: 9\ne 13]. Therefore, the system has no solution.
 [image: A graph of two parallel lines. The first line's equation is y equals negative one-half x plus 13 over two. The second line's equation is y equals negative one-half x plus 9 over two.]
 Analysis of the Solution
 Let’s graph the equations to confirm that the system has no solution. Writing the equations in slope-intercept form confirms that the system is inconsistent because all lines will intersect eventually unless they are parallel. Parallel lines will never intersect; thus, the two lines have no points in common.
   An interactive online homework element has been excluded from the printed version of the text. To see the interactive element that was excluded, please visit the courseware online.
 
  An interactive online homework element has been excluded from the printed version of the text. To see the interactive element that was excluded, please visit the courseware online.
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				Solving Systems of Equations by the Addition Method
 A third method of solving systems of linear equations is the addition method, this method is also called the elimination method.  In this method, we add two terms with the same variable, but opposite coefficients, so that the sum is zero. Of course, not all systems are set up with the two terms of one variable having opposite coefficients. Often we must adjust one or both of the equations by multiplication so that one variable will be eliminated by addition.
 How To: Given a system of equations, solve using the addition method. 	Write both equations with [image: x]– and [image: y]-variables on the left side of the equal sign and constants on the right.
 	Write one equation above the other, lining up corresponding variables. 	If one of the variables in the top equation has the opposite coefficient of the same variable in the bottom equation, add the equations together, eliminating one variable.
 	If not, use multiplication by a nonzero number so that one of the variables in the top equation has the opposite coefficient of the same variable in the bottom equation, then add the equations to eliminate the variable.
 
 
 	Solve the resulting equation for the remaining variable.
 	Substitute that value into one of the original equations and solve for the second variable.
 	Check the solution by substituting the values into the other equation.
 
  Solve the given system of equations by addition. [image: \begin{align}x+2y&=-1 \\ -x+y&=3 \end{align}]
 Show Solution Both equations are already set equal to a constant. Notice that the coefficient of [image: x] in the second equation, –1, is the opposite of the coefficient of [image: x] in the first equation, 1. We can add the two equations to eliminate [image: x] without needing to multiply by a constant.
 [image: \begin{align} x+2y&=-1 \\ -x+y&=3 \\ \hline 3y&=2\end{align}]
 Now that we have eliminated [image: x], we can solve the resulting equation for [image: y].
 [image: \begin{align}3y&=2 \\ y&=\dfrac{2}{3} \end{align}]
 Then, we substitute this value for [image: y] into one of the original equations and solve for [image: x].
 [image: \begin{align}-x+y&=3 \\ -x+\frac{2}{3}&=3 \\ -x&=3-\frac{2}{3} \\ -x&=\frac{7}{3} \\ x&=-\frac{7}{3} \end{align}]
 The solution to this system is [image: \left(-\frac{7}{3},\frac{2}{3}\right)].
 Checking the Solution:
 Check the solution in the first equation.
 [image: \begin{align}x+2y&=-1 \\ \left(-\frac{7}{3}\right)+2\left(\frac{2}{3}\right)&= \\ -\frac{7}{3}+\frac{4}{3}&= \\ -\frac{3}{3}&= \\ -1&=-1&& \text{True} \end{align}]
 [image: A graph of two lines that cross at the point negative seven-thirds, two-thirds. The first line's equation is x+2y=negative 1. The second line's equation is negative x + y equals 3.]We gain an important perspective on systems of equations by looking at the graphical representation. See the graph to find that the equations intersect at the solution. We do not need to ask whether there may be a second solution because observing the graph confirms that the system has exactly one solution.
   Solve the given system of equations by the addition method. [image: \begin{align}3x+5y&=-11 \\ x - 2y&=11 \end{align}]
 Show Solution Adding these equations as presented will not eliminate a variable. However, we see that the first equation has [image: 3x] in it and the second equation has [image: x]. So if we multiply the second equation by [image: -3,\text{}] the x-terms will add to zero.
 [image: \begin{align}x - 2y&=11 \\ -3\left(x - 2y\right)&=-3\left(11\right) && \text{Multiply both sides by }-3 \\ -3x+6y&=-33 && \text{Use the distributive property}. \end{align}]
 Now, let’s add them.
 [image: \begin{align}3x+5y&=−11 \\ −3x+6y&=−33 \\ \hline 11y&=−44 \\ y&=−4 \end{align}]
 For the last step, we substitute [image: y=-4] into one of the original equations and solve for [image: x].
 [image: \begin{align}3x+5y&=-11\\ 3x+5\left(-4\right)&=-11\\ 3x - 20&=-11\\ 3x&=9\\ x&=3\end{align}]
 Our solution is the ordered pair [image: \left(3,-4\right)].
 [image: A graph of two lines that cross at the point 3, negative 4. The first line's equation is 3x+5y=-11. The second line's equation is x-2y=11.]
 Check the Solution
 We can check the solution in the original second equation and also by graphing:
 [image: \begin{align}x - 2y&=11 \\ \left(3\right)-2\left(-4\right)&=3+8 \\ &=11 && \text{True} \end{align}]
   Solve the given system of equations in two variables by addition. [image: \begin{align}2x+3y&=-16 \\ 5x - 10y&=30\end{align}]
 Show Solution One equation has [image: 2x] and the other has [image: 5x]. The least common multiple is [image: 10x] so we will have to multiply both equations by a constant in order to eliminate one variable. Let’s eliminate [image: x] by multiplying the first equation by [image: -5] and the second equation by [image: 2].
 [image: \begin{align} -5\left(2x+3y\right)&=-5\left(-16\right) \\ -10x - 15y&=80 \\[3mm] 2\left(5x - 10y\right)&=2\left(30\right) \\ 10x - 20y&=60 \end{align}]
 Then, we add the two equations together.
 [image: \begin{align} −10x−15y&=80 \\ 10x−20y&=60 \\ \hline −35y&=140 \\ y&=−4 \end{align}]
 Substitute [image: y=-4] into the original first equation.
 [image: \begin{align}2x+3\left(-4\right)&=-16\\ 2x - 12&=-16\\ 2x&=-4\\ x&=-2\end{align}]
 The solution is [image: \left(-2,-4\right)]. 
 [image: A graph of two lines that cross the point -2,-4. The first line's equation is 2x+3y=-16. The second line's equation is 5x-10y=30.]Checking the solution:
 We can check the solution in the original second equation and also by graphing:
 [image: \begin{align} 5x - 10y&=30\\ 5\left(-2\right)-10\left(-4\right)&=30\\ -10+40&=30\\ 30&=30\end{align}]
   
  Solve the given system of equations in two variables by addition. [image: \begin{align}\frac{x}{3}+\frac{y}{6}&=3 \\[1mm] \frac{x}{2}-\frac{y}{4}&=1 \end{align}]
 Show Solution First clear each equation of fractions by multiplying both sides of the equation by the least common denominator.
 [image: \begin{align}6\left(\frac{x}{3}+\frac{y}{6}\right)&=6\left(3\right) \\[1mm] 2x+y&=18 \\[3mm] 4\left(\frac{x}{2}-\frac{y}{4}\right)&=4\left(1\right) \\[1mm] 2x-y&=4 \end{align}]
 Now multiply the second equation by [image: -1] so that we can eliminate x.
 [image: \begin{align}-1\left(2x-y\right)&=-1\left(4\right) \\[1mm] -2x+y&=-4 \end{align}]
 Add the two equations to eliminate x and solve the resulting equation for y.
 [image: \begin{align} 2x+y&=18 \\ −2x+y&=−4 \\ \hline 2y&=14 \\ y&=7 \end{align}]
 Substitute [image: y=7] into the first equation.
 [image: \begin{align}2x+\left(7\right)&=18 \\ 2x&=11 \\ x&=\frac{11}{2} \\ &=7.5 \end{align}]
 The solution is [image: \left(\frac{11}{2},7\right)]. Check it in the other equation.
 [image: \begin{align}\frac{x}{2}-\frac{y}{4}&=1\\[1mm] \frac{\frac{11}{2}}{2}-\frac{7}{4}&=1\\[1mm] \frac{11}{4}-\frac{7}{4}&=1\\[1mm] \frac{4}{4}&=1\end{align}]
   An interactive online homework element has been excluded from the printed version of the text. To see the interactive element that was excluded, please visit the courseware online.
 
  An interactive online homework element has been excluded from the printed version of the text. To see the interactive element that was excluded, please visit the courseware online.
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				Identifying Inconsistent Systems of Equations Containing Two Variables
 Now that we have several methods for solving systems of equations, we can use the methods to identify inconsistent systems. Recall that an inconsistent system consists of parallel lines that have the same slope but different [image: y] -intercepts. They will never intersect. When searching for a solution to an inconsistent system, we will come up with a false statement, such as [image: 12=0].
 Solve the following system of equations. [image: \begin{gathered}&x=9 - 2y \\ &x+2y=13 \end{gathered}]
 Show Solution We can approach this problem in two ways. Because one equation is already solved for [image: x], the most obvious step is to use substitution.
 [image: \begin{align}x+2y&=13 \\ \left(9 - 2y\right)+2y&=13 \\ 9+0y&=13 \\ 9&=13 \end{align}]
 Clearly, this statement is a contradiction because [image: 9\ne 13]. Therefore, the system has no solution.
 The second approach would be to first manipulate the equations so that they are both in slope-intercept form. We manipulate the first equation as follows.
 [image: \begin{gathered}x=9 - 2y \\ 2y=-x+9 \\ y=-\frac{1}{2}x+\frac{9}{2} \end{gathered}]
 We then convert the second equation expressed to slope-intercept form.
 [image: \begin{gathered}x+2y=13 \\ 2y=-x+13 \\ y=-\frac{1}{2}x+\frac{13}{2} \end{gathered}]
 Comparing the equations, we see that they have the same slope but different y-intercepts. Therefore, the lines are parallel and do not intersect.
 [image: \begin{gathered}y=-\frac{1}{2}x+\frac{9}{2} \\ y=-\frac{1}{2}x+\frac{13}{2} \end{gathered}]
 Analysis of the Solution
 Writing the equations in slope-intercept form confirms that the system is inconsistent because all lines will intersect eventually unless they are parallel. Parallel lines will never intersect; thus, the two lines have no points in common. The graphs of the equations in this example are shown below.
 [image: A graph of two parallel lines. The first line's equation is y equals negative one-half x plus 13 over two. The second line's equation is y equals negative one-half x plus 9 over two.]
   [ohm_question hide_question_numbers=1]291790[/ohm_question]  
 
	

			
			


		
	
		
			
	
		266

		Systems of Linear Equations Two Variables: Learn It 6

								

	
				Expressing the Solution of a System of Dependent Equations Containing Two Variables
 Recall that a dependent system of equations in two variables is a system in which the two equations represent the same line. Dependent systems have an infinite number of solutions because all of the points on one line are also on the other line.
 After using substitution or addition method to solve the system of equation, the resulting equation will be an identity, such as [image: 0=0].
 To write the solution of a dependent system, solve one equation for one variable, such as [image: y = mx+b].The solution is often written in set notation as: [image: (x,y) = (x, mx+b)]
 where [image: x] can be any real number.
  Solve the system of equations. [image: \begin{gathered}x+3y=2\\ 3x+9y=6\end{gathered}]
 Let’s use the addition method since neither equation is in the format of [image: x=] or [image: y=].
 Let’s focus on eliminating [image: x]. If we multiply both sides of the first equation by [image: -3], then we will be able to eliminate the [image: x] -variable.
 [image: \begin{align}x+3y&=2 \\ \left(-3\right)\left(x+3y\right)&=\left(-3\right)\left(2\right) \\ -3x - 9y&=-6 \end{align}]
 Now add the equations.
 [image: \begin{align} −3x−9y&=−6 \\ +3x+9y&=6 \\ \hline 0&=0 \end{align}]
 We can see that there will be an infinite number of solutions that satisfy both equations. This is a dependent system.
 We can also see that this is a dependent system by graphing both equations:
 [image: A graph of two lines that overlap each other. The first line's equation is x+3y=2. The second line's equation is 3x-9y=6.]
 Solution
 If we rewrote one (or both) equations in the slope-intercept form, we might know what the solution would look like before adding. Let’s look at what happens when we convert the system to slope-intercept form.
 [image: \begin{align}\begin{gathered}x+3y=2 \\ 3y=-x+2 \\ y=-\frac{1}{3}x+\frac{2}{3} \end{gathered} \hspace{2cm} \begin{gathered} 3x+9y=6 \\9y=-3x+6 \\ y=-\frac{3}{9}x+\frac{6}{9} \\ y=-\frac{1}{3}x+\frac{2}{3} \end{gathered}\end{align}]
 Notice that they are the same equation of lines.
 Thus, the general solution to the system is [image: \left(x, -\frac{1}{3}x+\frac{2}{3}\right)].
  In the previous example, we presented an analysis of the solution to the following system of equations: [image: \begin{gathered}x+3y=2\\ 3x+9y=6\end{gathered}]
 After a little algebra, we found that these two equations were exactly the same. We then wrote the general solution as [image: \left(x, -\frac{1}{3}x+\frac{2}{3}\right)]. Why would we write the solution this way? In some ways, this representation tells us a lot.  It tells us that [image: x] can be anything, [image: x] is [image: x].  It also tells us that [image: y] is going to depend on [image: x], just like when we write a function rule.  In this case, depending on what you put in for [image: x], [image: y] will be defined in terms of [image: x] as [image: -\frac{1}{3}x+\frac{2}{3}].
 In other words, there are infinitely many (x,y) pairs that will satisfy this system of equations, and they all fall on the line [image: f(x)-\frac{1}{3}x+\frac{2}{3}].
  An interactive online homework element has been excluded from the printed version of the text. To see the interactive element that was excluded, please visit the courseware online.
 
  An interactive online homework element has been excluded from the printed version of the text. To see the interactive element that was excluded, please visit the courseware online.
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				 	Find solutions to systems of equations by drawing their graphs and finding where they cross
 	Solve systems of equations by replacing one variable with an expression from another equation
 	Solve systems of equations by adding equations to eliminate a variable
 	Figure out when systems of equations have no solution or infinitely many solutions
 
  Writing and Solving a System of Equations in Two Variables
 Now that we’ve learned all about systems of equations, it’s time to put that knowledge to use! Sometimes, we need to develop our own equations to solve real-world problems.
 Follow these steps to create and solve your own system of equations: 	Identify the Situation: Think about a real-world scenario where you need to find two unknown quantities. This could be anything from planning a party to budgeting for groceries.
 	Pick Your Variables: Choose two variables to represent the unknown quantities. Let’s call them [image: x] and [image: y]. Note: You don’t always need to pick [image: x] and [image: y].
 	Create Your Equations: Write two equations based on the scenario. Each equation should represent a different relationship between [image: x] and [image: y].
 	Choose a Method to Solve: Decide which method you want to use to solve the system: 	Substitution: Solve one equation for one variable, then substitute that into the other equation.
 	Elimination: Add or subtract the equations to eliminate one variable.
 	Graphing: Draw both equations on a graph and see where they intersect.
 
 
 	Solve the System: Use your chosen method to find the values of [image: x] and [image: y] that make both equations true.
 	Interpret the Solution: Look at the values you found. What do they mean in the context of your scenario? If there is no solution or infinitely many solutions, explain why that happens.
 
  Using Systems of Equations to Investigate Profits
 Using what we have learned about systems of equations, we can return to the skateboard manufacturing problem at the beginning of the section. The skateboard manufacturer’s revenue function is the function used to calculate the amount of money that comes into the business. It can be represented by the equation [image: R=xp], where [image: x=] quantity and [image: p=] price. The revenue function is shown in orange in the graph below.
 The cost function is the function used to calculate the costs of doing business. It includes fixed costs, such as rent and salaries, and variable costs, such as utilities. The cost function is shown in blue in the graph below. The [image: x] -axis represents quantity in hundreds of units. The [image: y]-axis represents either cost or revenue in hundreds of dollars.
 [image: A graph showing money in hundreds of dollars on the y axis and quantity in hundreds of units on the x axis. A line representing cost and a line representing revenue cross at the point (7,33), which is marked break-even. The shaded space between the two lines to the right of the break-even point is labeled profit.]
 The point at which the two lines intersect is called the break-even point. We can see from the graph that if [image: 700] units are produced, the cost is [image: $3,300] and the revenue is also [image: $3,300]. In other words, the company breaks even if they produce and sell [image: 700] units. They neither make money nor lose money.
 The shaded region to the right of the break-even point represents quantities for which the company makes a profit. The shaded region to the left represents quantities for which the company suffers a loss. The profit function is the revenue function minus the cost function, written as [image: P\left(x\right)=R\left(x\right)-C\left(x\right)]. Clearly, knowing the quantity for which the cost equals the revenue is of great importance to businesses.
 Given the cost function [image: C\left(x\right)=0.85x+35{,}000] and the revenue function [image: R\left(x\right)=1.55x], find the break-even point and the profit function. Show Solution Write the system of equations using [image: y] to replace function notation.
 [image: \begin{align} y&=0.85x+35{,}000 \\ y&=1.55x \end{align}]
 Substitute the expression [image: 0.85x+35{,}000] from the first equation into the second equation and solve for [image: x].
 [image: \begin{gathered}0.85x+35{,}000=1.55x\\ 35{,}000=0.7x\\ 50{,}000=x\end{gathered}]
 Then, we substitute [image: x=50{,}000] into either the cost function or the revenue function.
 [image: 1.55\left(50{,}000\right)=77{,}500]
 The break-even point is [image: \left(50{,}000,77{,}500\right)].
 The profit function is found using the formula [image: P\left(x\right)=R\left(x\right)-C\left(x\right)].
 [image: \begin{align}P\left(x\right)&=1.55x-\left(0.85x+35{,}000\right) \\ &=0.7x - 35{,}000 \end{align}]
 The profit function is [image: P\left(x\right)=0.7x - 35{,}000].
 [image: A graph showing money in dollars on the y axis and quantity on the x axis. A line representing cost and a line representing revenue cross at the break-even point of fifty thousand, seventy-seven thousand five hundred. The cost line's equation is C(x)=0.85x+35,000. The revenue line's equation is R(x)=1.55x. The shaded space between the two lines to the right of the break-even point is labeled profit.]
 Analysis of the Solution
 The cost to produce [image: 50,000] units is [image: $77,500], and the revenue from the sales of [image: 50,000] units is also [image: $77,500]. To make a profit, the business must produce and sell more than [image: 50,000] units.
 We see from the graph below that the profit function has a negative value until [image: x=50{,}000], when the graph crosses the [image: x]-axis. Then, the graph emerges into positive [image: y]-values and continues on this path as the profit function is a straight line. This illustrates that the break-even point for businesses occurs when the profit function is [image: 0]. The area to the left of the break-even point represents operating at a loss.
 [image: A graph showing dollars profit on the y axis and quantity on the x axis. The profit line crosses the break-even point at fifty thousand, zero. The profit line's equation is P(x)=0.7x-35,000.] 
  An interactive online homework element has been excluded from the printed version of the text. To see the interactive element that was excluded, please visit the courseware online.
 
  Using Systems of Equations in Application
 The cost of a ticket to the circus is [image: $25.00] for children and [image: $50.00] for adults. On a certain day, attendance at the circus is [image: 2,000] and the total gate revenue is [image: $70,000]. How many children and how many adults bought tickets? Show Solution Let [image: c] = the number of children and [image: a] = the number of adults in attendance.The total number of people is [image: 2,000]. We can use this to write an equation for the number of people at the circus that day.
 [image: c+a=2{,}000]
 The revenue from all children can be found by multiplying [image: $25.00] by the number of children, [image: 25c]. The revenue from all adults can be found by multiplying [image: $50.00] by the number of adults, [image: 50a]. The total revenue is [image: $70,000]. We can use this to write an equation for the revenue.
 [image: 25c+50a=70{,}000]
 We now have a system of linear equations in two variables.
 [image: \begin{gathered}c+a=2,000\\ 25c+50a=70{,}000\end{gathered}]
 In the first equation, the coefficient of both variables is [image: 1]. We can quickly solve the first equation for either [image: c] or [image: a]. We will solve for [image: a].
 [image: \begin{gathered}c+a=2{,}000\\ a=2{,}000-c\end{gathered}]
 Substitute the expression [image: 2{,}000-c] in the second equation for [image: a] and solve for [image: c].
 [image: \begin{align} 25c+50\left(2{,}000-c\right)&=70{,}000 \\ 25c+100{,}000 - 50c&=70{,}000 \\ -25c&=-30{,}000 \\ c&=1{,}200 \end{align}]
 Substitute [image: c=1{,}200] into the first equation to solve for [image: a].
 [image: \begin{align}1{,}200+a&=2{,}000 \\ a&=800 \end{align}]
 We find that [image: 1,200] children and [image: 800] adults bought tickets to the circus that day.
   Jamal is choosing between two truck-rental companies. The first, Keep on Trucking, Inc., charges an up-front fee of [image: $20], then [image: 59] cents a mile. The second, Move It Your Way, charges an up-front fee of [image: $16], then [image: 63] cents a mile.[1] When will Keep on Trucking, Inc. be the better choice for Jamal? Show Solution The two important quantities in this problem are the cost and the number of miles driven. Because we have two companies to consider, we will define two functions.
 	Input 	[image: d], distance driven in miles 
 	Outputs 	[image: K(d)]: cost, in dollars, for renting from Keep on Trucking
 [image: M(d)]: cost, in dollars, for renting from Move It Your Way 
 	Initial Value 	Up-front fee: [image: K(0) = 20] and [image: M(0) = 16] 
 	Rate of Change 	[image: K(d) = $0.59]/mile and [image: P(d) = $0.63]/mile 
  
 A linear function is of the form [image: f\left(x\right)=mx+b]. Using the rates of change and initial charges, we can write the equations
 [image: \begin{align}K\left(d\right)=0.59d+20\\ M\left(d\right)=0.63d+16\end{align}]
 Using these equations, we can determine when Keep on Trucking, Inc., will be the better choice. Because all we have to make that decision from is the costs, we are looking for when Move It Your Way, will cost less, or when [image: K\left(d\right)<M\left(d\right)]. The solution pathway will lead us to find the equations for the two functions, find the intersection, and then see where the [image: K\left(d\right)] function is smaller.
 [image: image]
 These graphs are sketched above, with K(d) in blue.
 To find the intersection, we set the equations equal and solve:
 [image: \begin{align}K\left(d\right)&=M\left(d\right) \\ 0.59d+20&=0.63d+16 \\ 4&=0.04d \\ 100&=d \\ d&=100 \end{align}]
 This tells us that the cost from the two companies will be the same if [image: 100] miles are driven. Either by looking at the graph, or noting that [image: K\left(d\right)] is growing at a slower rate, we can conclude that Keep on Trucking, Inc. will be the cheaper price when more than [image: 100] miles are driven, that is [image: d>100].
   A chemist has [image: 70]mL of a [image: 50\%] methane solution. How much of a [image: 80\%] solution must she add so the final solution is [image: 60\%] methane? Show Solution We will use the following table to help us solve this mixture problem:
 	 	Amount 	Part 	Total 
 	Start 	 	 	 
 	Add 	 	 	 
 	Final 	 	 	 
  
 We start with [image: 70]mL of solution, and the unknown amount can be [image: x]. The part is the percentages, or concentration of solution [image: 0.5] for start, [image: 0.8] for add.
 	 	Amount 	Part 	Total 
 	Start 	[image: 70]mL 	[image: 0.5] 	 
 	Add 	[image: x] 	[image: 0.8] 	 
 	Final 	[image: 70+x] 	[image: 0.6] 	 
  
 Add amount column to get final amount. The part for this amount is 0.6 because we want the final solution to be 60% methane.
 	 	Amount 	Part 	Total 
 	Start 	[image: 70]mL 	[image: 0.5] 	[image: 35] 
 	Add 	[image: x] 	[image: 0.8] 	[image: 0.8x] 
 	Final 	[image: 70+x] 	[image: 0.6] 	 [image: 42+0.6x] 
  
 Multiply amount by part to get total. be sure to distribute on the last row:[image: (70 + x)0.6].
 If we add the start and add entries in the Total column, we get the final equation that represents the total amount and it’s concentration.
 [image: \begin{align}35+0.8x& = 42+0.6x \\ 0.2x&=7 \\ \frac{0.2}{0.2}x&=\frac{7}{0.2} \\ x&=35 \end{align}]
 [image: 35]mL of [image: 80\%] solution must be added to [image: 70]mL of [image: 50\%] solution to get a [image: 60\%] solution of Methane.
 The same process can be used if the starting and final amount have a price attached to them, rather than a percentage.
   An interactive online homework element has been excluded from the printed version of the text. To see the interactive element that was excluded, please visit the courseware online.
 
  An interactive online homework element has been excluded from the printed version of the text. To see the interactive element that was excluded, please visit the courseware online.
 
   
 
 
 
	Rates retrieved Aug 2, 2010 from http://www.budgettruck.com and http://www.uhaul.com/ ↵
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				 	Solve three equations with three different variables
 	Figure out when a set of three equations has no solution
 	Find and explain when a set of three equations has infinitely many solutions
 
  Systems of Three Equations in Three Variables
 A system of three equations in three variables helps us solve problems that involve three unknown quantities. Each equation in the system takes the form [image: ax + by + cz = d], where [image: x], [image: y], and [image: z] are the variables we’re solving for, and [image: a], [image: b], and [image: c] are numbers that can’t all be zero. When we graph any single equation from this system, it creates a plane in three-dimensional space.
 systems of three equations in three variables
 A system of linear equations with three variables is a set of linear equations with three variables.
  In order to solve systems of equations in three variables, known as three-by-three systems, the primary tool we will be using is called Gaussian elimination, named after the prolific German mathematician Karl Friedrich Gauss.
 While there is no definitive order in which operations are to be performed, there are specific guidelines as to what type of moves can be made. We may number the equations to keep track of the steps we apply. The goal is to eliminate one variable at a time to achieve upper triangular form, the ideal form for a three-by-three system because it allows for straightforward back-substitution to find a solution [image: (x,y,z)], which we call an ordered triple. A system in upper triangular form looks like the following:
 [image: \begin{align}Ax+By+Cz &=D \\ Ey+Fz &=G \\ Hz&=K\end{align}]
 The third equation can be solved for [image: z], and then we back-substitute to find [image: y] and [image: x].
 To write the system in upper triangular form, we can perform the following operations: 	Interchange the order of any two equations.
 	Multiply both sides of an equation by a nonzero constant.
 	Add a nonzero multiple of one equation to another equation.
 
 The solution set to a three-by-three system is an ordered triple [image: {(x,y,z)}].
  Number of Solutions
 When we solve a system of linear equations with three variables, we have many possible solutions.
 Graphically, if there is one solution, the ordered triple defines the point that is the intersection of three planes in space. You can visualize such an intersection by imagining any corner in a rectangular room. A corner is defined by three planes: two adjoining walls and the floor (or ceiling). Any point where two walls and the floor meet represents the intersection of three planes.
 	Systems that have a single solution is written as an ordered triple [image: \left\{\left(x,y,z\right)\right\}].
 	Systems that have an infinite number of solutions are those which, after elimination, result in an identity expression that is always true, such as [image: 0=0].
 	Systems that have no solution are those that, after elimination, result in a statement that is a contradiction, such as [image: 3=0].
 
 The solutions are summarized in the table below.[image: ]
 In the context of systems of equations, the terms “consistent,” “inconsistent,” and “dependent” are used to describe the nature of the solutions: 	Consistent System: A system of equations is consistent if it has at least one solution. This can be either a single unique solution or infinitely many solutions.
 	Inconsistent System: A system of equations is inconsistent if it has no solutions. This occurs when the equations represent parallel lines that never intersect.
 	Dependent System: A system of equations is dependent if it has infinitely many solutions. This occurs when the equations represent the same line (they are essentially the same equation written in different forms).
 
  An interactive online homework element has been excluded from the printed version of the text. To see the interactive element that was excluded, please visit the courseware online.
 
  An interactive online homework element has been excluded from the printed version of the text. To see the interactive element that was excluded, please visit the courseware online.
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				Solve Systems of Three Equations in Three Variables
 Solving a system with three variables is very similar to solving one with two variables. It is important to keep track of your work as the addition of one more equation creates more steps in the solution process.
 How To: Given a linear system of three equations, solve for three unknowns.
  	Pick any pair of equations and solve for one variable.
 	Pick another pair of equations and solve for the same variable.
 	You have created a system of two equations in two unknowns. Solve the resulting two-by-two system.
 	Back-substitute known variables into any one of the original equations and solve for the missing variable.
 
  We’ll take the steps slowly in the following few examples. First, we’ll look just at the last step in the process: back-substitution. Then, we’ll look at an example that requires the addition (elimination) method to reach the first solution. Then we’ll see some video examples that illustrate some of the different kinds of situations you may encounter when solving three-by-three systems. Finally, you’ll have the opportunity to practice applying the complete process. Determine whether the ordered triple [image: \left(3,-2,1\right)] is a solution to the system. [image: \begin{array}{l}\text{ }x+y+z=2\hfill \\ 6x - 4y+5z=31\hfill \\ 5x+2y+2z=13\hfill \end{array}]
 Show Solution We will check each equation by substituting in the values of the ordered triple for [image: x,y], and [image: z].
 [image: \begin{align} x+y+z=2\\ \left(3\right)+\left(-2\right)+\left(1\right)=2\\ \text{True}\end{align}\hspace{5mm}] [image: \hspace{5mm}\begin{align} 6x - 4y+5z=31\\ 6\left(3\right)-4\left(-2\right)+5\left(1\right)=31\\ 18+8+5=31\\ \text{True}\end{align}\hspace{5mm}] [image: \hspace{5mm}\begin{align}5x+2y+2z=13\\ 5\left(3\right)+2\left(-2\right)+2\left(1\right)=13\\ 15 - 4+2=13\\ \text{True}\end{align}]
 The ordered triple [image: \left(3,-2,1\right)] is indeed a solution to the system.
   An interactive online homework element has been excluded from the printed version of the text. To see the interactive element that was excluded, please visit the courseware online.
 
  Solve the given system.[image: \displaystyle\begin{cases}x-\dfrac{1}{3}y+\dfrac{1}{2}z=1\\\,\,\,\,\,\,\,\,\,\,\,\,\,\,y-\dfrac{1}{2}z=4\\\,\,\,\,\,\,\,\,\,\,\,\,\,\,\,\,\,\,\,\,\,\,\,\,\,\,z=-1\end{cases}] Show Solution The third equation states that [image: z = −1], so we substitute this into the second equation to obtain a solution for [image: y].
 [image: \begin{array}{l}y-\dfrac{1}{2}(-1)=4\\y+\dfrac{1}{2}=4\\y=4-\dfrac{1}{2}\\y=\dfrac{8}{2}-\dfrac{1}{2}\\y=\dfrac{7}{2}\end{array}]
 Now we have two of our solutions, and we can substitute them both into the first equation to solve for [image: x].
 [image: \begin{array}{l}x-\dfrac{1}{3}\left(\dfrac{7}{2}\right)+\dfrac{1}{2}\left(-1\right)=1\\x-\dfrac{7}{6}-\dfrac{1}{2}=1\\x-\dfrac{7}{6}-\dfrac{3}{6}=1\\x-\dfrac{10}{6}=1\\x=1+\dfrac{10}{6}\\x=\dfrac{6}{6}+\dfrac{10}{6}\\x=\dfrac{16}{6}=\dfrac{8}{3}\end{array}]
 Now we have our ordered triple; remember to place each variable solution in order.
 [image: (x,y,z)=\left(\dfrac{8}{3},\dfrac{7}{2},-1\right)]
 Analysis of the Solution
 Each of the lines in the system above represents a plane (think about a sheet of paper). If you imagine three sheets of notebook paper each representing a portion of these planes, you will start to see the complexities involved in how three such planes can intersect. Below is a sketch of the three planes. It turns out that any two of these planes intersect in a line, so our intersection point is where all three of these lines meet.
 [image: Three Planes Intersecting.]Three planes intersecting.   An interactive online homework element has been excluded from the printed version of the text. To see the interactive element that was excluded, please visit the courseware online.
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				Solving a System of Three Equations in Three Variables by Elimination
 Solving a system with three variables is very similar to solving one with two variables. It is important to keep track of your work as the addition of one more equation creates more steps in the solution process.
 How to: Solve a system of linear equations with three variables by elimination 	Write the equations in standard form. If any coefficients are fractions, clear them.
 	Eliminate the same variable from two equations. 	Decide which variable you will eliminate.
 	Work with a pair of equations to eliminate the chosen variable.
 	Multiply one or both equations so that the coefficients of that variable are opposites.
 	Add the equations resulting from Step 2 to eliminate one variable.
 
 
 	Repeat Step 2 using two other equations and eliminate the same variable as in Step 2.
 	The two new equations form a system of two equations with two variables. Solve this system.
 	Use the values of the two variables found in Step 4 to find the third variable.
 	Write the solution as an ordered triple.
 	Check that the ordered triple is a solution to all three original equations
 
  Find a solution to the following system: [image: \begin{array}{lll}x-y+z=5\,\,\,\,(1)\\-2y+z=6\,\,\,\,(2)\\2y-2z=-12\,\,\,\,(3)\end{array}]
 Show Solution We labeled the equations this time to be able to keep track of things a little more easily. The most obvious first step here is to eliminate [image: y] by adding equations (2) and (3).
 [image: \begin{array}{lll}\,\,\,\,\,\,\,\,\,-2y+z=6\,\,\,\,(2)\\\underline{\,\,\,\,2y-2z=-12}\,\,\,\,(3)\\\,\,\,\,\,\,\,\,\,\,\,\,\,\,\,\,\,\,\,\,-z=-6\\\,\,\,\,\,\,\,\,\,\,\,\,\,\,\,\,\,\,\,\,\,\,\,\,\,\,\,\,z=6\end{array}]
  
 Now we can substitute the value for [image: z] that we obtained into equation [image: (2)].
 [image: \begin{array}{rrr}-2y+(6)=6\\-2y=6-6\\-2y=0\\\,\,\,\,y=0\end{array}]
 Be careful here not to get confused with a solution of [image: y = 0] and an inconsistent solution.  It is ok for variables to equal [image: 0].
 Now we can substitute [image: z = 6] and [image: y = 0] back into the first equation.
 [image: \begin{array}{rrr}x-y+z=5\\x-0+6=5\\x+6=5\\x=5-6\\x=-1\end{array}]
 Solution: [image: {(x,y,z)}={(-1,0,6)}]
   Solving three-by-three systems involves both creativity and careful, well-organized work. It will take some practice before it begins to feel natural. Find a solution to the following system: [image: \begin{align}x - 2y+3z=9& &\text{(1)} \\ -x+3y-z=-6& &\text{(2)} \\ 2x - 5y+5z=17& &\text{(3)} \end{align}]
 Show Solution There will always be several choices as to where to begin, but the most obvious first step here is to eliminate [image: x] by adding equations (1) and (2).
 [image: \begin{align}x - 2y+3z&=9\\ -x+3y-z&=-6 \\ \hline y+2z&=3 \end{align}][image: \hspace{5mm}\begin{gathered}\text{(1})\\ \text{(2)}\\ \text{(4)}\end{gathered}]
 The second step is multiplying equation (1) by [image: -2] and adding the result to equation (3). These two steps will eliminate the variable [image: x].
 [image: \begin{align}−2x+4y−6z&=−18 \\ 2x−5y+5z&=17 \\ \hline −y−z&=−1\end{align}][image: \hspace{5mm}\begin{align}&\text{(2) multiplied by }−2\\&\left(3\right)\\&(5)\end{align}]
 In equations (4) and (5), we have created a new two-by-two system. We can solve for [image: z] by adding the two equations.
 [image: \begin{align}y+2z&=3 \\ -y-z&=-1 \\ \hline z&=2 \end{align}][image: \hspace{5mm}\begin{align}(4)\\(5)\\(6)\end{align}]
 Choosing one equation from each new system, we obtain the upper triangular form:
 [image: \begin{align}x - 2y+3z&=9 && \left(1\right) \\ y+2z&=3 && \left(4\right) \\ z&=2 && \left(6\right) \end{align}]
 Next, we back-substitute [image: z=2] into equation (4) and solve for [image: y].
 [image: \begin{align}y+2\left(2\right)&=3 \\ y+4&=3 \\ y&=-1 \end{align}]
 Finally, we can back-substitute [image: z=2] and [image: y=-1] into equation (1). This will yield the solution for [image: x].
 [image: \begin{align} x - 2\left(-1\right)+3\left(2\right)&=9\\ x+2+6&=9\\ x&=1\end{align}]
 The solution is the ordered triple [image: \left(1,-1,2\right)].
 [image: Three planes intersect at 1, negative 1, 2. The light blue plane's equation is x=1. The dark blue plane's equation is z=2. The orange plane's equation is y=negative 2.]
   An interactive online homework element has been excluded from the printed version of the text. To see the interactive element that was excluded, please visit the courseware online.
 
  An interactive online homework element has been excluded from the printed version of the text. To see the interactive element that was excluded, please visit the courseware online.
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				Inconsistent Systems of Equations Containing Three Variables
 Just as with systems of equations in two variables, we may come across an inconsistent system of equations in three variables, which means that it does not have a solution that satisfies all three equations. The equations could represent three parallel planes, two parallel planes and one intersecting plane, or three planes that intersect the other two but not at the same location. The process of elimination will result in a false statement, such as [image: 3=7] or some other contradiction.
 As you discovered when solving systems that have one solution, well-organized work is essential to being certain about the result you obtain. It can take several steps for the contradiction in a system with no solution to appear, as in the example below. Solve the system. [image: \begin{align}x - 3y+z=4 && \left(1\right) \\ -x+2y - 5z=3 && \left(2\right) \\ 5x - 13y+13z=8 && \left(3\right) \end{align}]
 Show Solution Looking at the coefficients of [image: x], we can see that we can eliminate [image: x] by adding equation (1) to equation (2).
 [image: \begin{align}x - 3y+z=4 \\ -x+2y - 5z=3 \\ \hline -y - 4z=7\end{align}][image: \hspace{5mm} \begin{align} (1) \\ (2) \\ (4) \end{align}]
 Next, we multiply equation (1) by [image: -5] and add it to equation (3).
 [image: \begin{align}−5x+15y−5z&=−20 \\ 5x−13y+13z&=8 \\ \hline 2y+8z&=−12\end{align}][image: \hspace{5mm} \begin{align}&(1)\text{ multiplied by }−5 \\ &(3) \\ &(5) \end{align}]
 Then, we multiply equation (4) by 2 and add it to equation (5).
 [image: \begin{align}−2y−8z&=14 \\ 2y+8z&=−12 \\ \hline 0&=2\end{align}][image: \hspace{5mm} \begin{align}&(4)\text{ multiplied by }2 \\ &(5) \\& \end{align}]
 The final equation [image: 0=2] is a contradiction, so we conclude that the system of equations in inconsistent and, therefore, has no solution.
 Analysis of the Solution
 In this system, each plane intersects the other two, but not at the same location. Therefore, the system is inconsistent.
   Dependent Systems of Equations Containing Three Variables
 We know from working with systems of equations in two variables that a dependent system of equations has an infinite number of solutions. The same is true for dependent systems of equations in three variables. An infinite number of solutions can result from several situations. The three planes could be the same, so that a solution to one equation will be the solution to the other two equations. All three equations could be different but they intersect on a line, which has infinite solutions. Or two of the equations could be the same and intersect the third on a line.
 Find the solution to the given system of three equations in three variables. [image: \begin{align}2x+y - 3z=0 && \left(1\right)\\ 4x+2y - 6z=0 && \left(2\right)\\ x-y+z=0 && \left(3\right)\end{align}]
 Show Solution First, we can multiply equation (1) by [image: -2] and add it to equation (2).
 [image: \begin{align} −4x−2y+6z=0 &\hspace{9mm} (1)\text{ multiplied by }−2 \\ 4x+2y−6z=0 &\hspace{9mm} (2) \end{align}]
 We do not need to proceed any further. The result we get is an identity, [image: 0=0], which tells us that this system has an infinite number of solutions. There are other ways to begin to solve this system, such as multiplying equation (3) by [image: -2], and adding it to equation (1). We then perform the same steps as above and find the same result, [image: 0=0].
 When a system is dependent, we can find general expressions for the solutions. Adding equations (1) and (3), we have
 [image: \begin{align}2x+y−3z=0 \\ x−y+z=0 \\ \hline 3x−2z=0 \end{align}]
 We then solve the resulting equation for [image: z].
 [image: \begin{align}3x - 2z=0 \\ z=\frac{3}{2}x \end{align}]
 We back-substitute the expression for [image: z] into one of the equations and solve for [image: y].
 [image: \begin{align}&2x+y - 3\left(\frac{3}{2}x\right)=0 \\ &2x+y-\frac{9}{2}x=0 \\ &y=\frac{9}{2}x - 2x \\ &y=\frac{5}{2}x \end{align}]
 So the general solution is [image: \left(x,\frac{5}{2}x,\frac{3}{2}x\right)]. In this solution, [image: x] can be any real number. The values of [image: y] and [image: z] are dependent on the value selected for [image: x].
 Analysis of the Solution
 As shown below, two of the planes are the same and they intersect the third plane on a line. The solution set is infinite, as all points along the intersection line will satisfy all three equations.
 [image: Two overlapping planes intersecting a third. The first overlapping plane's equation is negative 4x minus 2y plus 6z equals zero. The second overlapping plane's equation is 4x plus 2y minus 6z equals zero. The third plane's equation is x minus y plus z equals zero.]
   We can express the solution of a dependent system of equations with three variables using only one of the variable. 	If we choose [image: x] as our variable, you should express [image: y] and [image: z] in term of [image: x] Thus, the general solution would have the formatting: [image: {(x,y,z)} = {(x, y = mx+b, z = nx+c)}].
 	If we choose [image: z] as our variable, the general solution would be [image: {(x,y,z)} = {(x = mz+a, y = nz+b, z)}].
 
  An interactive online homework element has been excluded from the printed version of the text. To see the interactive element that was excluded, please visit the courseware online.
 
  An interactive online homework element has been excluded from the printed version of the text. To see the interactive element that was excluded, please visit the courseware online.
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				 	Solve three equations with three different variables
 	Figure out when a set of three equations has no solution
 	Find and explain when a set of three equations has infinitely many solutions
 
  Applications of Systems of Three Equations in Three Variables
 Now we are ready to handle the problem we encountered as we began this section by using what we know about linear equations to translate the situation into a system of three equations. Then, we’ll use our new understanding of three-by-three systems to find the solution.
 John received an inheritance of [image: $12,000] that he divided into three parts and invested in three ways: in a money-market fund paying [image: 3\%] annual interest; in municipal bonds paying [image: 4\%] annual interest; and in mutual funds paying [image: 7\%] annual interest. John invested [image: $4,000] more in municipal funds than in municipal bonds. He earned [image: $670] in interest the first year. How much did John invest in each type of fund? Show Solution To solve this problem, we use all of the information given and set up three equations. First, we assign a variable to each of the three investment amounts:
 [image: \begin{align}&x=\text{amount invested in money-market fund} \\ &y=\text{amount invested in municipal bonds} \\ z&=\text{amount invested in mutual funds} \end{align}]
 The first equation indicates that the sum of the three principal amounts is [image: $12,000].
 [image: x+y+z=12{,}000]
 We form the second equation according to the information that John invested [image: $4,000] more in mutual funds than he invested in municipal bonds.
 [image: z=y+4{,}000]
 The third equation shows that the total amount of interest earned from each fund equals [image: $670].
 [image: 0.03x+0.04y+0.07z=670]
 Then, we write the three equations as a system.
 [image: \begin{align}x+y+z=12{,}000 \\ -y+z=4{,}000 \\ 0.03x+0.04y+0.07z=670 \end{align}]
 To make the calculations simpler, we can multiply the third equation by [image: 100]. Thus,
 [image: \begin{align}x+y+z=12{,}000 \hspace{5mm} \left(1\right) \\ -y+z=4{,}000 \hspace{5mm} \left(2\right) \\ 3x+4y+7z=67{,}000 \hspace{5mm} \left(3\right) \end{align}]
 Step 1. Interchange equation (2) and equation (3) so that the two equations with three variables will line up.
 [image: \begin{align}x+y+z=12{,}000\hfill \\ 3x+4y +7z=67{,}000 \\ -y+z=4{,}000 \end{align}]
 Step 2. Multiply equation (1) by [image: -3] and add to equation (2). Write the result as row 2.
 [image: \begin{align}x+y+z=12{,}000 \\ y+4z=31{,}000 \\ -y+z=4{,}000 \end{align}]
 Step 3. Add equation (2) to equation (3) and write the result as equation (3).
 [image: \begin{align}x+y+z=12{,}000 \\ y+4z=31{,}000 \\ 5z=35{,}000 \end{align}]
 Step 4. Solve for [image: z] in equation (3). Back-substitute that value in equation (2) and solve for [image: y]. Then, back-substitute the values for [image: z] and [image: y] into equation (1) and solve for [image: x].
 [image: \begin{align}&5z=35{,}000 \\ &z=7{,}000 \\ \\ &y+4\left(7{,}000\right)=31{,}000 \\ &y=3{,}000 \\ \\ &x+3{,}000+7{,}000=12{,}000 \\ &x=2{,}000 \end{align}]
 John invested [image: $2,000] in a money-market fund, [image: $3,000] in municipal bonds, and [image: $7,000] in mutual funds.
   Andrea sells photographs at art fairs. She prices the photos according to size: small photos cost [image: $10], medium photos cost [image: $15], and large photos cost [image: $40]. She usually sells as many small photos as medium and large photos combined. She also sells twice as many medium photos as large. A booth at the art fair costs [image: $300].If her sales go as usual, how many of each size photo must she sell to pay for the booth? Show Solution To set up the system, first choose the variables. In this case the unknown values are the number of small, medium, and large photos.[image: S] = number of small photos sold[image: M] = number of medium photos sold[image: L] = number of large photos sold
 The total of her sales must be [image: $300] to pay for the booth. We can find the total by multiplying the cost for each size by the number of that size sold.
 [image: 10S] = money received for small photos
 [image: 15M] = money received for medium photos
 [image: 40L] = money received for large photos
 Total Sales:[image: 10]S +[image: 15]M +[image: 40]L =[image: 300]
 The number of small photos is the same as the total of medium and large photos combined.
 [image: S = M + L]
 She sells twice as many medium photos as large photos.
 [image: M =2L]
 To make things easier, rewrite the equations to be in the same format, with all variables on the left side of the equal sign and only a constant number on the right.
 [image: \begin{cases}10S+15M+40L=300\\\,\,\,\,\,\,\,\,\,\,\,\,\,\,\,\,\,\,\,\,\,\,\,\,\,\,\,S–M–L=0\\\,\,\,\,\,\,\,\,\,\,\,\,\,\,\,\,\,\,\,\,\,\,\,\,\,\,\,\,M–2L=0\end{cases}]
 Now solve the system.
 Step 1: First choose two equations and eliminate a variable. Since one equation has no [image: S] variable, it may be helpful to use the other two equations and eliminate the [image: S] variable from them. Multiply both sides of the second equation by [image: −10].
 [image: \begin{array}{l}-10(S–M–L)=-10(0)\\-10s+10M+10L=0\end{array}]
 Now add this modified equation with the first equation in the original list of equation.
 [image: \begin{array}{ccc}10S+15M+40L=300\\\underline{+(-10s+10M+10L=0)}\\25M+50L=300\end{array}]
 Step 2: The other equation for our two-variable system will be the remaining equation (that has no [image: S] variable). Eliminate a second variable using the equation from step [image: 1]. While you could multiply the third of the original equations by [image: 25] to eliminate [image: L], the numbers will stay nicer if you divide the resulting equation from step [image: 1] by [image: 25]. Do not forget to be careful of the signs!
 Divide first:
 [image: \begin{array}{ccc}\dfrac{25}{25}M+\dfrac{50}{25}L=\dfrac{300}{25}\\M+2L=12\end{array}]
 Now eliminate [image: L] by adding [image: M-2L=0] to this new equation.
 [image: \begin{array}{l}M+2L=12\\\underline{M–2L=0}\\2M=12\\M=\dfrac{12}{2}=6\end{array}]
 Step 3: Use latex]M=[6[/latex] and one of the equations containing just two variables to solve for the second variable.  It is best to use one of the original equation in case an error was made in multiplication.
 [image: \begin{array}{ccc}M-2L=0\\6-2L=0\\-2L=-6\\L=3\end{array}]
 Step 4: Use the two found values and one of the original equations to solve for the third variable.
 [image: \begin{array}{ccc}S–M–L=0\\S-6-3=0\\S-9=0\\S=9\end{array}]
 Step 5: Check your answer. With application problems, it is sometimes easier (and better) to use the original wording of the problem rather than the equations you write.
 She usually sells as many small photos as medium and large photos combined.
 	Medium and large photos combined: [image: 6 + 3 = 9], which is the number of small photos.
 
 She also sells twice as many medium photos as large.
 	Medium photos is [image: 6], which is twice the number of large photos [image: (3)].
 
 A booth at the art fair costs  [image: $300].
 	Andrea receives [image: $10(9)] or [image: $90] for the [image: 9] small photos, [image: $15(6)] or [image: $90] for the [image: 6] medium photos, and [image: $40(3)] or [image: $120] for the large photos. [image: $90 + $90 + $120 = $300].
 
 If Andrea sells [image: 9] small photos, [image: 6] medium photos, and [image: 3] large photos, she will receive exactly the amount of money needed to pay for the booth.
 
  An interactive online homework element has been excluded from the printed version of the text. To see the interactive element that was excluded, please visit the courseware online.
 
  An interactive online homework element has been excluded from the printed version of the text. To see the interactive element that was excluded, please visit the courseware online.
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				 	Solve equations with squared variables or other exponents using substitution and elimination
 	Graph curved inequalities and find where they overlap
 
  Solving a System of Nonlinear Equations Using Substitution
 A system of nonlinear equations is a system of two or more equations in two or more variables containing at least one equation that is not linear. Recall that a linear equation can take the form [image: Ax+By+C = 0].Any equation that cannot be written in this form in nonlinear.
 The substitution method we used for linear systems is the same method we will use for nonlinear systems. We solve one equation for one variable and then substitute the result into the second equation to solve for another variable, and so on. There is, however, a variation in the possible outcomes.
 Intersection of a Parabola and a Line
 There are three possible types of solutions for a system of nonlinear equations involving a parabola and a line.
 possible types of solutions for points of intersection of a parabola and a line
 The graphs below illustrate possible solution sets for a system of equations involving a parabola (quadratic function) and a line (linear function).
 	No solution. The line will never intersect the parabola.
 	One solution. The line is tangent to the parabola and intersects the parabola at exactly one point.
 	Two solutions. The line crosses on the inside of the parabola and intersects the parabola at two points.
 
 [image: The image illustrates three scenarios of intersections between a parabola and a line. In the first graph, there are no intersections, indicating no solutions. The second graph shows the line touching the parabola at a single point, representing one solution. In the third graph, the line intersects the parabola at two points, resulting in two solutions.]
  Given a system of equations containing a line and a parabola, find the solution.
 	Solve the linear equation for one of the variables.
 	Substitute the expression obtained in step one into the parabola equation.
 	Solve for the remaining variable.
 	Check your solutions in both equations.
 
  Solve the system of equations. [image: \begin{array}{l}x-y=-1\hfill \\ y={x}^{2}+1\hfill \end{array}]
 Show Solution Solve the first equation for [image: x] and then substitute the resulting expression into the second equation.
 [image: \begin{align}&x-y=-1 \\ &x=y - 1 && \text{Solve for }x. \\ \\ &y={x}^{2}+1 \\ &y={\left(y - 1\right)}^{2}+1 && \text{Substitute expression for }x. \\ &y=\left({y}^{2}-2y+1\right)+1 && \text{Expand} \\ &y={y}^{2}-2y+2 \\[3mm] &0={y}^{2}-3y+2 && \text{Set equal to 0 and solve.} \\ &0=\left(y - 2\right)\left(y - 1\right) \end{align}]
 
 Solving for [image: y] gives [image: y=2] and [image: y=1].
 [image: \\]
 Next, substitute each value for [image: y] into the first equation to solve for [image: x]. Always substitute the value into the linear equation to check for extraneous solutions.
 [image: \begin{gathered}x-y=-1 \\ x-\left(2\right)=-1 \\ x=1 \\[3mm] x-\left(1\right)=-1 \\ x=0 \end{gathered}]
 The solutions are [image: \left(1,2\right)] and [image: \left(0,1\right),\text{}], which can be verified by substituting these [image: \left(x,y\right)] values into both of the original equations.
 [image: Line x minus y equals negative one crosses parabola y equals x squared plus one at the points zero, one and one, two.]
 Could we have substituted values for [image: y] into the second equation to solve for [image: x]?
 Yes, but because [image: x] is squared in the second equation this could give us extraneous solutions for [image: x]. 
 For [image: y=1]
 [image: \begin{align}&y={x}^{2}+1 \\ &y={x}^{2}+1 \\ &{x}^{2}=0 \\ &x=\pm \sqrt{0}=0 \end{align}]
 This gives us the same value as in the solution.
 For [image: y=2]
 [image: \begin{align}&y={x}^{2}+1 \\ &2={x}^{2}+1 \\ &{x}^{2}=1 \\ &x=\pm \sqrt{1}=\pm 1 \end{align}]
 
 Notice that [image: -1] is an extraneous solution.
   Use an online graphing calculator to graph the parabola [image: y\ =\ x^2+2x-3]. Now graph the line [image: ax+by+c\ =\ 0] and adjust the values of [image: a], [image: b], and [image: c] to find equations for lines that produce systems with the following types of solutions: 	One solution
 	Two solutions
 	No solutions
 
  Intersection of a Circle and a Line
 Just as with a parabola and a line, there are three possible outcomes when solving a system of equations representing a circle and a line.
 possible types of solutions for the points of intersection of a circle and a line
 The graph below illustrates possible solution sets for a system of equations involving a circle and a line.
 	No solution. The line does not intersect the circle.
 	One solution. The line is tangent to the circle and intersects the circle at exactly one point.
 	Two solutions. The line crosses the circle and intersects it at two points.
 
 [image: This image shows three cases of intersections between a line and a circle. In the first case, the line does not touch the circle, resulting in no solutions. In the second case, the line is tangent to the circle, touching it at a single point, indicating one solution. In the third case, the line crosses the circle at two points, giving two solutions.]
  How To: Given a system of equations containing a line and a circle, find the solution.
  	Solve the linear equation for one of the variables.
 	Substitute the expression obtained in step one into the equation for the circle.
 	Solve for the remaining variable.
 	Check your solutions in both equations.
 
  Find the intersection of the given circle and the given line by substitution. [image: \begin{gathered}{x}^{2}+{y}^{2}=5 \\ y=3x - 5 \end{gathered}]
 
 Show Solution One of the equations has already been solved for [image: y]. We will substitute [image: y=3x - 5] into the equation for the circle.
 [image: \begin{gathered}{x}^{2}+{\left(3x - 5\right)}^{2}=5\\ {x}^{2}+9{x}^{2}-30x+25=5\\ 10{x}^{2}-30x+20=0\end{gathered}]
  
 Now, we factor and solve for [image: x].
 [image: \begin{gathered}10\left({x}^{2}-3x+2\right)=0 \\ 10\left(x - 2\right)\left(x - 1\right)=0 \\ x=2 \hspace{5mm} x=1 \end{gathered}]
 Substitute the two x-values into the original linear equation to solve for [image: y].
 [image: \begin{align}y&=3\left(2\right)-5 \\ &=1 \\[3mm] y&=3\left(1\right)-5 \\ &=-2 \end{align}]
 The line intersects the circle at [image: \left(2,1\right)] and [image: \left(1,-2\right)], which can be verified by substituting these [image: \left(x,y\right)] values into both of the original equations.
 [image: Line y equals 3x minus 5 crosses circle x squared plus y squared equals five at the points 2,1 and 1, negative 2.]
 
  [ohm_question hide_question_numbers=1]291803[/ohm_question] 
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				Solving a System of Nonlinear Equations Using Elimination
 We have seen that substitution is often the preferred method when a system of equations includes a linear equation and a nonlinear equation. However, when both equations in the system have like variables of the second degree, solving them using elimination by addition is often easier than substitution. Generally, elimination is a far simpler method when the system involves only two equations in two variables (a two-by-two system), rather than a three-by-three system, as there are fewer steps.
 It is not necessary that you know the form of an equation given in a system in order to solve the system (such as with an ellipse or hyperbola in the examples below) . If you are unable to sketch the graph of an equation given in the system, you must be extra diligent with your algebra though to avoid missing or extraneous solutions. possible types of solutions for the points of intersection of a circle and an ellipse
 The figure below illustrates possible solution sets for a system of equations involving a circle and an ellipse.
 	No solution. The circle and ellipse do not intersect. One shape is inside the other or the circle and the ellipse are a distance away from the other.
 	One solution. The circle and ellipse are tangent to each other, and intersect at exactly one point.
 	Two solutions. The circle and the ellipse intersect at two points.
 	Three solutions. The circle and the ellipse intersect at three points.
 	Four solutions. The circle and the ellipse intersect at four points.
 
 [image: This image illustrates the different possible intersections between a circle and an ellipse. In the first case, there is no intersection, resulting in no solutions. In the second case, the circle and ellipse touch at one point, indicating one solution. In the third case, the shapes intersect at two points, resulting in two solutions. In the fourth case, they intersect at three points, showing three solutions. In the fifth case, the circle and ellipse intersect at four points, yielding four solutions.]
  Solve the system of nonlinear equations. [image: \begin{align} {x}^{2}+{y}^{2}=26 \hspace{5mm} \left(1\right)\\ 3{x}^{2}+25{y}^{2}=100 \hspace{5mm} \left(2\right)\end{align}]
  
 Show Solution Let’s begin by multiplying equation (1) by [image: -3], and adding it to equation (2).
 [image: \left(-3\right)\left({x}^{2}+{y}^{2}\right)=\left(-3\right)\left(26\right)]
 
 [image: \begin{align}-3{x}^{2}-3{y}^{2}&=-78 \\ 3{x}^{2}+25{y}^{2}&=100 \\ \hline 22{y}^{2}&=22 \end{align}]
 
 
 After we add the two equations together, we solve for [image: y].
 
 [image: \begin{align}&{y}^{2}=1 \\ &y=\pm \sqrt{1}=\pm 1 \end{align}]
 
 Substitute [image: y=\pm 1] into one of the equations and solve for [image: x].
 [image: \begin{align}&{x}^{2}+{\left(1\right)}^{2}=26 \\ &{x}^{2}+1=26 \\ &{x}^{2}=25 \\ &x=\pm \sqrt{25}=\pm 5 \\ \\ &{x}^{2}+{\left(-1\right)}^{2}=26 \\ &{x}^{2}+1=26 \\ &{x}^{2}=25=\pm 5 \end{align}]
 There are four solutions:
 [image: \left(5,1\right),\left(-5,1\right),\left(5,-1\right),\text{and}\left(-5,-1\right)].
 [image: Circle intersected by ellipse at four points. Those points are negative five, one; five, one; five, negative one; and negative five, negative one.]
   [ohm_question hide_question_numbers=1]291805[/ohm_question] 
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				Graphing Inequalities
 All of the equations in the systems that we have encountered so far have involved equalities, but we may also encounter systems that involve inequalities.
 So, how do you get from the algebraic form of an inequality to a graph of that inequality?
 Plotting inequalities is fairly straightforward if you follow a couple steps. 	Start by converting the inequality to an equation by replacing the inequality sign with an equal sign.
 	Plot the equation on a coordinate plane. The line/curve will serve as the boundary for your inequality. 	The line/curve is solid if the inequality includes [image: \geq] or [image: \leq].
 	The line/curve is dahsed if the inequality includes [image: \gt] or [image: \lt].
 
 
 	Choose a test point that is not on the line to determine which side of the line/curve satisfies the inequality.
 	Shade the area of the graph where the inequality is true. This is the solution region.
 
  Graph the inequality [image: x+4y\leq4]. Show Answer 	[image: Solid downward-sloping line that crosses the points (0,1) and (4,0). The point (-1,3) and the point (2,0) are also plotted.]Convert the Inequality to an Equation: [image: x+4y = 4].
 	Graph the Equation:
 Two points that satisfy the equation:[image: \begin{align*} \text{Let } x = 0: & \quad 0 + 4y = 4 \implies y = 1 \quad \text{(point: } (0, 1)\text{)} \\ \text{Let } y = 0: & \quad x + 4(0) = 4 \implies x = 4 \quad \text{(point: } (4, 0)\text{)} \end{align*}]
 Plot these points on a coordinate plane and draw a solid line through them because the inequality includes [image: \leq].
 	Choose a test point (or two): 	[image: (2,0)]: [image: 2 + 4(0) \leq 4 \implies 2 \leq 4 \quad \text{(True)}]
 	[image: (-1,3)]: [image: (-1) + 4(3) \leq 4 \implies -1 + 12 \leq 4 \implies 11 \leq 4 \quad \text{(False)}]
 
 
 	Shade the Solution Region:
 
 [image: Solid downward-sloping line marked x+4y=4. The region below the line is shaded and is labeled x+4y is less than or equal to 4.]
   Now we will follow similar steps to graph a nonlinear inequality so that we can learn to solve systems of nonlinear inequalities. A nonlinear inequality is an inequality containing a nonlinear expression. Graphing a nonlinear inequality is much like graphing a linear inequality.
 Recall that when the inequality is strictly greater than, [image: y>a], or less than, [image: y < a,\text{}] the graph is drawn with a dashed line. When the inequality is greater than or equal to, [image: y\ge a,\text{}] or less than or equal to, [image: y\le a,\text{}] the graph is drawn with a solid line. The graphs will create regions in the plane, and we will test each region for a solution. If one point in the region works, the whole region works. That is the region we shade.
 [image: Four parabolas. For y greater than x squared minus 4 the parabola is dotted, and the region above the parabola is shaded. For y greater than or equal to x squared minus 4 the parabola is solid, and the region above it is shaded. For y less than x squared minus 4 the parabola is dotted, and the region below it is shaded. For y less than or equal to x squared minus 4 the parabola is solid, and the region below it is shaded.](a) an example of [image: y>a]; (b) an example of [image: y\ge a]; (c) an example of [image: y<a]; (d) an example of [image: y\le a] How To: Given an inequality bounded by a parabola, sketch a graph. 	Graph the parabola as if it were an equation. This is the boundary for the region that is the solution set.
 	If the boundary is included in the region (the operator is [image: \le] or [image: \ge] ), the parabola is graphed as a solid line.
 	If the boundary is not included in the region (the operator is < or >), the parabola is graphed as a dashed line.
 	Test a point in one of the regions to determine whether it satisfies the inequality statement. If the statement is true, the solution set is the region including the point. If the statement is false, the solution set is the region on the other side of the boundary line.
 	Shade the region representing the solution set.
 
  Graph the inequality [image: y>{x}^{2}+1]. Show Solution 	Convert the Inequality to an Equation: [image: y={x}^{2}+1].
 	Since [image: y>{x}^{2}+1] has a greater than symbol, we draw the graph with a dashed line.
 	Then we choose points to test both inside and outside the parabola. Let’s test the points [image: \left(0,2\right)] and [image: \left(2,0\right)]. One point is clearly inside the parabola and the other point is clearly outside.[image: \begin{align}y&>{x}^{2}+1 \\ 2&>{\left(0\right)}^{2}+1 \\ 2&>1 &&\text{True} \\[5mm] 0&>{\left(2\right)}^{2}+1 \\ 0&>5 &&\text{False} \end{align}]
 	The graph is shown below. We can see that the solution set consists of all points inside the parabola, but not on the graph itself.
 
 [image: A dotted parabola with the region above it shaded. The point 0,2 is within the shaded region. The point 2,0 is not within the shaded region.]
   An interactive online homework element has been excluded from the printed version of the text. To see the interactive element that was excluded, please visit the courseware online.
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				Graphing a System of Nonlinear Inequalities
 Now that we have learned to graph nonlinear inequalities, we can learn how to graph systems of nonlinear inequalities. A system of nonlinear inequalities is a system of two or more inequalities in two or more variables containing at least one inequality that is not linear.
 Graphing a system of nonlinear inequalities is similar to graphing a system of linear inequalities. The difference is that our graph may result in more shaded regions that represent a solution than we find in a system of linear inequalities. The solution to a nonlinear system of inequalities is the region of the graph where the shaded regions of the graph of each inequality overlap, or where the regions intersect, called the feasible region.
 How To: Given a system of nonlinear inequalities, sketch a graph. 	Find the intersection points by solving the corresponding system of nonlinear equations.
 	Graph the nonlinear equations.
 	Find the shaded regions of each inequality.
 	Identify the feasible region as the intersection of the shaded regions of each inequality or the set of points common to each inequality.
 
  Graph the given system of inequalities. [image: \begin{gathered} {x}^{2}-y\le 0\\ 2{x}^{2}+y\le 12\end{gathered}]
 Show Solution These two equations are clearly parabolas. We can find the points of intersection by the elimination process: Add both equations and the variable [image: y] will be eliminated. Then we solve for [image: x].
 [image: \begin{align} x^{2}−y&=0 \\ 2x^{2}+y&=12 \\ \hline 3x^{2}&=12 \\ x^{2}&=4 \\ x&=\pm 2\end{align}]
 Substitute the [image: x]-values into one of the equations and solve for [image: y].
 [image: \begin{align} {x}^{2}-y&=0\\ {\left(2\right)}^{2}-y&=0\\ 4-y&=0\\ y&=4\\[5mm] {\left(-2\right)}^{2}-y&=0\\ 4-y&=0\\ y&=4\end{align}]
 The two points of intersection are [image: \left(2,4\right)] and [image: \left(-2,4\right)]. Notice that the equations can be rewritten as follows.
 [image: \begin{align}{x}^{2}-y&\le 0 \\ {x}^{2}&\le y \\ y&\ge {x}^{2}\end{align}]
  
 [image: \begin{gathered} 2{x}^{2}+y\le 12 \\ y\le -2{x}^{2}+12 \end{gathered}]
 Graph each inequality. The feasible region is the region between the two equations bounded by [image: 2{x}^{2}+y\le 12] on the top and [image: {x}^{2}-y\le 0] on the bottom.
 [image: Two parabolas that intersect at the points negative 2, four and two, four. The region above the orange parabola is shaded, and the region below the blue parabola is shaded.]
   An interactive online homework element has been excluded from the printed version of the text. To see the interactive element that was excluded, please visit the courseware online.
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				 	Solve equations with squared variables or other exponents using substitution and elimination
 	Graph curved inequalities and find where they overlap
 
  Real-World Applications
 Ready to tackle a real-world challenge using your math skills? Imagine you’re solving a practical problem that involves finding the dimensions or quantities for various objects under specific constraints. Let’s dive into how you can use nonlinear equations to find the solution!
 You’re tasked with designing an inclusive community center that features a rectangular activity room and a circular meditation space. The center aims to be accessible and welcoming, providing a variety of activities and quiet spaces for reflection and relaxation. 	The activity room needs to be large enough to host diverse group activities and should have an area of [image: 200] square meters.
 	The length of the activity room is [image: 5] meters more than its width.
 	The meditation space should have an area of [image: 50] square meters, providing a peaceful environment for mindfulness and relaxation.
 
 Determine the optimal dimensions for these spaces while adhering to the stated requirements.
 Show Answer Let’s solve for the rectangular activity room first
 	Let’s call the width of the room [image: w] meters
 	Given that length is [image: 5] meters more than width, length = [image: w + 5] meters
 	Area of a rectangle = length [image: \times] width
 	We know area = [image: 200 m^2]
 
 Set up and solve the equation:
 [image: \begin{array}{rcl} 200 &=& w(w + 5) \\ 200 &=& w^2 + 5 \times w \\ 0 &=& w^2 + 5w - 200 \end{array}]
 Using quadratic formula:
 [image: \begin{array}{rcl} w &=& \frac{-5 \pm \sqrt{25 + 800}}{2} \\ w &=& \frac{-5 \pm \sqrt{825}}{2} \\ w &=& \frac{-5 \pm 28.7228}{2} \\ w &=& 11.8614 \text{ or } -16.8614 \end{array}]Since width can’t be negative, [image: w \approx 11.86] meters
 Therefore, length = [image: 11.86 + 5 = 16.86] meters
 For the circular meditation space, the area of a circle = [image: \pi r^2].
 [image: \begin{array}{rcl} 50 &=& \pi r^2 \\ r^2 &=& \frac{50}{\pi} \\ r &=& \sqrt{\frac{50}{\pi}} \\ r &\approx& 3.99 \text{ meters} \end{array}]
 Therefore, the dimensions are:
 Activity Room:
 	Width [image: \approx 11.86] meters
 	Length [image: \approx 16.86] meters
 	Area = [image: 200] square meters
 
 Meditation Space:
 	Radius [image: \approx 3.99] meters
 	Area = [image: 50] square meters
 
   An interactive online homework element has been excluded from the printed version of the text. To see the interactive element that was excluded, please visit the courseware online.
 
  An interactive online homework element has been excluded from the printed version of the text. To see the interactive element that was excluded, please visit the courseware online.
 
   An interactive online homework element has been excluded from the printed version of the text. To see the interactive element that was excluded, please visit the courseware online.
 
    
	

			
			


		
	
		
			
	
		278

		Partial Fraction Decomposition: Learn It 1

								

	
				 	Break down fractions with polynomials when the denominator can be factored into different linear terms
 	Break down fractions with polynomials when the denominator includes quadratic terms that can’t be factored
 
  Linear Factors
 Recall the algebra regarding adding and subtracting rational expressions. These operations depend on finding a common denominator so that we can write the sum or difference as a single, simplified rational expression.
 How to: Add Rational Expressions 	Factor the numerator and denominator.
 	Find the LCD of the expressions.
 	Multiply the expressions by a form of 1 that changes the denominators to the LCD.
 	Add or subtract the numerators over the common denominator.
 	Simplify.
 
  In this section, we will look at partial fraction decomposition, which is the undoing of the procedure to add or subtract rational expressions. In other words, it is a return from the single simplified rational expression to the original expressions, called the partial fractions. Some types of rational expressions require solving a system of equations in order to decompose them.
 For example, suppose we add the following fractions: [image: \dfrac{2}{x - 3}+\dfrac{-1}{x+2}]
 We would first need to find a common denominator,
 [image: \left(x+2\right)\left(x - 3\right)].
 Next, we would write each expression with this common denominator and find the sum of the terms.
 [image: \begin{align}&\frac{2}{x - 3}\left(\frac{x+2}{x+2}\right)+\frac{-1}{x+2}\left(\frac{x - 3}{x - 3}\right) \\[2mm] &=\frac{2x+4-x+3}{\left(x+2\right)\left(x - 3\right)} \\[2mm] &=\frac{x+7}{{x}^{2}-x - 6} \end{align}]
 Partial fraction decomposition is the reverse of this procedure. We would start with the solution and rewrite (decompose) it as the sum of two fractions.
 [image: \begin{align} \dfrac{x+7}{{x}^{2}-x - 6}&=\dfrac{2}{x - 3}+\dfrac{-1}{x+2} \\[2mm]\text{Simplified sum}&\hspace{6mm}\text{Partial fraction decomposition} \end{align}]
  When the denominator of the simplified expression contains distinct linear factors, it is likely that each of the original rational expressions, which were added or subtracted, had one of the linear factors as the denominator. In other words, using the example above, the factors of [image: {x}^{2}-x - 6] are [image: \left(x - 3\right)\left(x+2\right)], the denominators of the decomposed rational expression. So we will rewrite the simplified form as the sum of individual fractions and use a variable for each numerator. Then, we will solve for each numerator using one of several methods available for partial fraction decomposition.
 partial fraction decomposition: nonrepeated linear factors
 The partial fraction decomposition of [image: \dfrac{P\left(x\right)}{Q\left(x\right)}] when [image: Q\left(x\right)] has nonrepeated linear factors and the degree of [image: P\left(x\right)] is less than the degree of [image: Q\left(x\right)] is
  
 [image: \dfrac{P\left(x\right)}{Q\left(x\right)}=\dfrac{{A}_{1}}{\left({a}_{1}x+{b}_{1}\right)}+\dfrac{{A}_{2}}{\left({a}_{2}x+{b}_{2}\right)}+\dfrac{{A}_{3}}{\left({a}_{3}x+{b}_{3}\right)}+\cdot \cdot \cdot +\dfrac{{A}_{n}}{\left({a}_{n}x+{b}_{n}\right)}].
  How To: Given a rational expression with distinct linear factors in the denominator, decompose it. 	Use a variable for the original numerators, usually [image: A,B,] or [image: C], depending on the number of factors, placing each variable over a single factor. For the purpose of this definition, we use [image: {A}_{n}] for each numerator [image: \dfrac{P\left(x\right)}{Q\left(x\right)}=\dfrac{{A}_{1}}{\left({a}_{1}x+{b}_{1}\right)}+\dfrac{{A}_{2}}{\left({a}_{2}x+{b}_{2}\right)}+\cdots \text{+}\dfrac{{A}_{n}}{\left({a}_{n}x+{b}_{n}\right)}]
 
 	Multiply both sides of the equation by the common denominator to eliminate fractions.
 	Expand the right side of the equation and collect like terms.
 	Set coefficients of like terms from the left side of the equation equal to those on the right side to create a system of equations to solve for the numerators.
 
  Decompose the given rational expression with nonrepeated linear factors. [image: \dfrac{3x}{\left(x+2\right)\left(x - 1\right)}]
 Show Answer We will separate the denominator factors and give each numerator a symbolic label, like [image: A,B], or [image: C].
 [image: \dfrac{3x}{\left(x+2\right)\left(x - 1\right)}=\dfrac{A}{\left(x+2\right)}+\dfrac{B}{\left(x - 1\right)}]
 Multiply both sides of the equation by the common denominator to eliminate the fractions:
 [image: \cancel{\left(x+2\right)}\cancel{\left(x - 1\right)}\left[\dfrac{3x}{\cancel{\left(x+2\right)}\cancel{\left(x - 1\right)}}\right]=\cancel{\left(x+2\right)}\left(x - 1\right)\left[\dfrac{A}{\cancel{\left(x+2\right)}}\right]+\left(x+2\right)\cancel{\left(x - 1\right)}\left[\dfrac{B}{\cancel{\left(x - 1\right)}}\right]]
 The resulting equation is
 [image: 3x=A\left(x - 1\right)+B\left(x+2\right)]
 Expand the right side of the equation and collect like terms.
 [image: \begin{gather*} 3x = Ax - A + Bx + 2B \\ 3x = (A + B)x - A + 2B \\ 3x + 0 = (A + B)x + (-A + 2B) \end{gather*}]
 Set up a system of equations associating corresponding coefficients.
 [image: \begin{align*} \text{Coefficient of } x: & \quad 3 = A + B \\ \text{Constant term: } & \quad 0 = -A + 2B \end{align*}]
 Solving the system of equation.
 [image: \begin{align*} 3 &= A + B \\ 0 &= -A + 2B \\ \hline  3 &= 3B \\ B &= 1 \\ \text{Substitute } B = 1 \text{ into } 3 = A + B: \\ 3 &= A + 1 \\ A &= 3 - 1 \\ A &= 2 \end{align*}]
 Thus, the partial fraction decomposition is
 [image: \dfrac{3x}{\left(x+2\right)\left(x - 1\right)}=\dfrac{2}{\left(x+2\right)}+\dfrac{1}{\left(x - 1\right)}]
  Heaviside Method Another method to use to solve for [image: A] or [image: B] is by considering the equation that resulted from eliminating the fractions and substituting a value for [image: x] that will make either the [image: A-] or [image: B-]term equal [image: 0]. If we let [image: x=1], the [image: A-] term becomes [image: 0] and we can simply solve for [image: B].
 [image: \begin{align}3x&=A\left(x - 1\right)+B\left(x+2\right) \\ 3\left(1\right)&=A\left[\left(1\right)-1\right]+B\left[\left(1\right)+2\right] \\ 3&=0+3B\hfill \\ B&=1 \end{align}]
 Next, either substitute [image: B=1] into the equation and solve for [image: A], or make the [image: B-]term 0 by substituting [image: x=-2] into the equation.
 [image: \begin{align}3x&=A\left(x - 1\right)+B\left(x+2\right) \\ 3\left(-2\right)&=A\left[\left(-2\right)-1\right]+B\left[\left(-2\right)+2\right] \\ -6&=-3A+0 \\ \frac{-6}{-3}&=A \\ A&=2 \end{align}]
 We obtain the same values for [image: A] and [image: B] using either method, so the decompositions are the same using either method.
 [image: \dfrac{3x}{\left(x+2\right)\left(x - 1\right)}=\dfrac{2}{\left(x+2\right)}+\dfrac{1}{\left(x - 1\right)}]
 Although this method is not seen very often in textbooks, we present it here as an alternative that may make some partial fraction decompositions easier. It is known as the Heaviside method, named after Charles Heaviside, a pioneer in the study of electronics.
   An interactive online homework element has been excluded from the printed version of the text. To see the interactive element that was excluded, please visit the courseware online.
 
  
 
 
 
	

			
			


		
	
		
			
	
		279

		Partial Fraction Decomposition: Learn It 2

								

	
				Repeated Linear Factors
 Some fractions we may come across are special cases that we can decompose into partial fractions with repeated linear factors. We must remember that we account for repeated factors by writing each factor in increasing powers.
 partial fraction decomposition: repeated linear factors
 The partial fraction decomposition of [image: \dfrac{P\left(x\right)}{Q\left(x\right)}], when [image: Q\left(x\right)] has a repeated linear factor occurring [image: n] times and the degree of [image: P\left(x\right)] is less than the degree of [image: Q\left(x\right)], is
  
 [image: \dfrac{P\left(x\right)}{Q\left(x\right)}=\dfrac{{A}_{1}}{\left(ax+b\right)}+\dfrac{{A}_{2}}{{\left(ax+b\right)}^{2}}+\dfrac{{A}_{3}}{{\left(ax+b\right)}^{3}}+\cdot \cdot \cdot +\dfrac{{A}_{n}}{{\left(ax+b\right)}^{n}}]
  
 Write the denominator powers in increasing order.
  How To: Given a rational expression with repeated linear factors, decompose it. 	Use a variable like [image: A,B], or [image: C] for the numerators and account for increasing powers of the denominators. [image: \dfrac{P\left(x\right)}{Q\left(x\right)}=\dfrac{{A}_{1}}{\left(ax+b\right)}+\dfrac{{A}_{2}}{{\left(ax+b\right)}^{2}}+ \text{. }\text{. }\text{. + }\dfrac{{A}_{n}}{{\left(ax+b\right)}^{n}}]
 
 	Multiply both sides of the equation by the common denominator to eliminate fractions.
 	Expand the right side of the equation and collect like terms.
 	Set coefficients of like terms from the left side of the equation equal to those on the right side to create a system of equations to solve for the numerators.
 
  Decompose the given rational expression with repeated linear factors. [image: \dfrac{-{x}^{2}+2x+4}{{x}^{3}-4{x}^{2}+4x}]
 Show Solution Factoring the denominator: [image: x(x^2-4x+4) = x{\left(x - 2\right)}^{2}].
 To allow for the repeated factor of [image: \left(x - 2\right)], the decomposition will include three denominators: [image: x,\left(x - 2\right)], and [image: {\left(x - 2\right)}^{2}].
 Thus,
 [image: \dfrac{-{x}^{2}+2x+4}{{x}^{3}-4{x}^{2}+4x}=\dfrac{A}{x}+\dfrac{B}{\left(x - 2\right)}+\dfrac{C}{{\left(x - 2\right)}^{2}}]
 Next, we multiply both sides by the common denominator.
 [image: \begin{gathered}x{\left(x - 2\right)}^{2}\left[\dfrac{-{x}^{2}+2x+4}{x{\left(x - 2\right)}^{2}}\right]=\left[\dfrac{A}{x}+\dfrac{B}{\left(x - 2\right)}+\dfrac{C}{{\left(x - 2\right)}^{2}}\right]x{\left(x - 2\right)}^{2} \\[2mm] -{x}^{2}+2x+4=A{\left(x - 2\right)}^{2}+Bx\left(x - 2\right)+Cx \end{gathered}]
 On the right side of the equation, we expand and collect like terms.
 [image: -{x}^{2}+2x+4=A\left({x}^{2}-4x+4\right)+B\left({x}^{2}-2x\right)+Cx]
 [image: \begin{align}&=A{x}^{2}-4Ax+4A+B{x}^{2}-2Bx+Cx \\ &=\left(A+B\right){x}^{2}+\left(-4A - 2B+C\right)x+4A \end{align}]
 Next, we compare the coefficients of both sides. This will give the system of equations in three variables:
 [image: -{x}^{2}+2x+4=\left(A+B\right){x}^{2}+\left(-4A - 2B+C\right)x+4A]
 [image: \begin{array}{rr}\hfill A+B=-1& \hfill \text{(1)}\\ \hfill -4A - 2B+C=2& \hfill \text{(2)}\\ \hfill 4A=4& \hfill \text{(3)}\end{array}]
 Solving for [image: A] , we have
 [image: \begin{align}4A&=4 \\ A&=1 \end{align}]
 Substitute [image: A=1] into equation (1).
 [image: \begin{align}A+B=-1 \\ \left(1\right)+B=-1 \\ B=-2 \end{align}]
 Then, to solve for [image: C], substitute the values for [image: A] and [image: B] into equation (2).
 [image: \begin{align}-4A - 2B+C=2\\ -4\left(1\right)-2\left(-2\right)+C=2\\ -4+4+C=2\\ C=2\end{align}]
 Thus,
 [image: \dfrac{-{x}^{2}+2x+4}{{x}^{3}-4{x}^{2}+4x}=\dfrac{1}{x}-\dfrac{2}{\left(x - 2\right)}+\dfrac{2}{{\left(x - 2\right)}^{2}}]
   An interactive online homework element has been excluded from the printed version of the text. To see the interactive element that was excluded, please visit the courseware online.
 
  An interactive online homework element has been excluded from the printed version of the text. To see the interactive element that was excluded, please visit the courseware online.
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				Nonrepeated Irreducible Quadratic Factor
 So far we have performed partial fraction decomposition with expressions that have had linear factors in the denominator, and we applied numerators [image: A,B], or [image: C] representing constants.
 Now we will look at an example where one of the factors in the denominator is a quadratic expression that does not factor. This is referred to as an irreducible quadratic factor. In cases like this, we use a linear numerator such as [image: Ax+B,Cx+D], etc.
 partial fraction decomposition: nonrepeated irreducible quadratic factor
 The partial fraction decomposition of [image: \dfrac{P\left(x\right)}{Q\left(x\right)}] such that [image: Q\left(x\right)] has a nonrepeated irreducible quadratic factor and the degree of [image: P\left(x\right)] is less than the degree of [image: Q\left(x\right)] is written as
  
 [image: \dfrac{P\left(x\right)}{Q\left(x\right)}=\dfrac{{A}_{1}x+{B}_{1}}{\left({a}_{1}{x}^{2}+{b}_{1}x+{c}_{1}\right)}+\dfrac{{A}_{2}x+{B}_{2}}{\left({a}_{2}{x}^{2}+{b}_{2}x+{c}_{2}\right)}+\cdot \cdot \cdot +\dfrac{{A}_{n}x+{B}_{n}}{\left({a}_{n}{x}^{2}+{b}_{n}x+{c}_{n}\right)}]
  
 The decomposition may contain more rational expressions if there are linear factors. Each linear factor will have a different constant numerator: [image: A,B,C], and so on.
  How To: Given a rational expression where the factors of the denominator are distinct, irreducible quadratic factors, decompose it. 	Use variables such as [image: A,B], or [image: C] for the constant numerators over linear factors, and linear expressions such as [image: {A}_{1}x+{B}_{1},{A}_{2}x+{B}_{2}], etc., for the numerators of each quadratic factor in the denominator. [image: \dfrac{P\left(x\right)}{Q\left(x\right)}=\dfrac{A}{ax+b}+\dfrac{{A}_{1}x+{B}_{1}}{\left({a}_{1}{x}^{2}+{b}_{1}x+{c}_{1}\right)}+\dfrac{{A}_{2}x+{B}_{2}}{\left({a}_{2}{x}^{2}+{b}_{2}x+{c}_{2}\right)}+\cdot \cdot \cdot +\dfrac{{A}_{n}x+{B}_{n}}{\left({a}_{n}{x}^{2}+{b}_{n}x+{c}_{n}\right)}]
 
 	Multiply both sides of the equation by the common denominator to eliminate fractions.
 	Expand the right side of the equation and collect like terms.
 	Set coefficients of like terms from the left side of the equation equal to those on the right side to create a system of equations to solve for the numerators.
 
  Find a partial fraction decomposition of the given expression. [image: \dfrac{8{x}^{2}+12x - 20}{\left(x+3\right)\left({x}^{2}+x+2\right)}]
 Show Solution We have one linear factor and one irreducible quadratic factor in the denominator, so one numerator will be a constant and the other numerator will be a linear expression. Thus,
 [image: \dfrac{8{x}^{2}+12x - 20}{\left(x+3\right)\left({x}^{2}+x+2\right)}=\dfrac{A}{\left(x+3\right)}+\dfrac{Bx+C}{\left({x}^{2}+x+2\right)}]
 We follow the same steps as in previous problems. First, clear the fractions by multiplying both sides of the equation by the common denominator.
 [image: \begin{align}\left(x+3\right)\left({x}^{2}+x+2\right)\left[\frac{8{x}^{2}+12x - 20}{\left(x+3\right)\left({x}^{2}+x+2\right)}\right]&=\left[\frac{A}{\left(x+3\right)}+\frac{Bx+C}{\left({x}^{2}+x+2\right)}\right]\left(x+3\right)\left({x}^{2}+x+2\right) \\[2mm] 8{x}^{2}+12x - 20&=A\left({x}^{2}+x+2\right)+\left(Bx+C\right)\left(x+3\right) \end{align}]
 Notice we could easily solve for [image: A] by choosing a value for [image: x] that will make the [image: Bx+C] term equal 0. Let [image: x=-3] and substitute it into the equation.
 [image: \begin{align}8{x}^{2}+12x - 20&=A\left({x}^{2}+x+2\right)+\left(Bx+C\right)\left(x+3\right) \\ 8{\left(-3\right)}^{2}+12\left(-3\right)-20&=A\left({\left(-3\right)}^{2}+\left(-3\right)+2\right)+\left(B\left(-3\right)+C\right)\left(\left(-3\right)+3\right) \\ 16&=8A \\ A&=2 \end{align}]
 Now that we know the value of [image: A], substitute it back into the equation. Then expand the right side and collect like terms.
 [image: \begin{align} &8{x}^{2}+12x - 20=2\left({x}^{2}+x+2\right)+\left(Bx+C\right)\left(x+3\right) \\ &8{x}^{2}+12x - 20=2{x}^{2}+2x+4+B{x}^{2}+3B+Cx+3C \\ &8{x}^{2}+12x - 20=\left(2+B\right){x}^{2}+\left(2+3B+C\right)x+\left(4+3C\right) \end{align}]
 Setting the coefficients of terms on the right side equal to the coefficients of terms on the left side gives the system of equations.
 [image: \begin{align}2+B=8 && \text{(1)} \\ 2+3B+C=12 && \text{(2)} \\ 4+3C=-20 && \text{(3)} \end{align}]
 Solve for [image: B] using equation (1) and solve for [image: C] using equation (3).
 [image: \begin{align}2+B=8 && \text{(1)} \\ B=6 \\ \\ 4+3C=-20 && \text{(3)} \\ 3C=-24 \\ C=-8 \end{align}]
 Thus, the partial fraction decomposition of the expression is
 [image: \dfrac{8{x}^{2}+12x - 20}{\left(x+3\right)\left({x}^{2}+x+2\right)}=\dfrac{2}{\left(x+3\right)}+\dfrac{6x - 8}{\left({x}^{2}+x+2\right)}]
  
 Could we have just set up a system of equations to solve for [image: A, B, \text{ and } C]?
 Yes, we could have solved it by setting up a system of equations without solving for [image: A] first. The expansion on the right would be:
 [image: \begin{align} 8{x}^{2}+12x - 20&=A{x}^{2}+Ax+2A+B{x}^{2}+3B+Cx+3C \\ 8{x}^{2}+12x - 20&=\left(A+B\right){x}^{2}+\left(A+3B+C\right)x+\left(2A+3C\right) \end{align}]
 So the system of equations would be:
 [image: \begin{align}A+B=8 \\ A+3B+C=12 \\ 2A+3C=-20 \end{align}]
 If you solve this system of equation, you will also find that [image: A = 2, B = 6, \text{ and } C = -8].
   Sometimes, a combination of methods is helpful to obtain the decomposition. In the example above, you could have set the system up first, then used [image: x=-3] to obtain the value for [image: A], and it would be quick work to obtain [image: B] and [image: C] from the system.Remember that creativity is a key component of doing mathematics and that there is often more than one good way to reach a conclusion.  An interactive online homework element has been excluded from the printed version of the text. To see the interactive element that was excluded, please visit the courseware online.
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		Partial Fraction Decomposition: Learn It 4

								

	
				Repeated Irreducible Quadratic Factor
 Now that we can decompose a simplified rational expression with an irreducible quadratic factor, we will learn how to do partial fraction decomposition when the simplified rational expression has repeated irreducible quadratic factors. The decomposition will consist of partial fractions with linear numerators over each irreducible quadratic factor represented in increasing powers.
 partial fraction decomposition: repeated irreducible quadratic factor
 The partial fraction decomposition of [image: \dfrac{P\left(x\right)}{Q\left(x\right)}], when [image: Q\left(x\right)] has a repeated irreducible quadratic factor and the degree of [image: P\left(x\right)] is less than the degree of [image: Q\left(x\right)], is
  
 [image: \dfrac{P\left(x\right)}{{\left(a{x}^{2}+bx+c\right)}^{n}}=\dfrac{{A}_{1}x+{B}_{1}}{\left(a{x}^{2}+bx+c\right)}+\dfrac{{A}_{2}x+{B}_{2}}{{\left(a{x}^{2}+bx+c\right)}^{2}}+\dfrac{{A}_{3}x+{B}_{3}}{{\left(a{x}^{2}+bx+c\right)}^{3}}+\cdot \cdot \cdot +\dfrac{{A}_{n}x+{B}_{n}}{{\left(a{x}^{2}+bx+c\right)}^{n}}] 
 Write the denominators in increasing powers.
  How To: Given a rational expression that has a repeated irreducible factor, decompose it. 	Use variables like [image: A,B], or [image: C] for the constant numerators over linear factors, and linear expressions such as [image: {A}_{1}x+{B}_{1},{A}_{2}x+{B}_{2}], etc., for the numerators of each quadratic factor in the denominator written in increasing powers, such as [image: \dfrac{P\left(x\right)}{Q\left(x\right)}=\dfrac{A}{ax+b}+\dfrac{{A}_{1}x+{B}_{1}}{\left(a{x}^{2}+bx+c\right)}+\dfrac{{A}_{2}x+{B}_{2}}{{\left(a{x}^{2}+bx+c\right)}^{2}}+\cdots +\text{ }\dfrac{{A}_{n}+{B}_{n}}{{\left(a{x}^{2}+bx+c\right)}^{n}}]
 
 	Multiply both sides of the equation by the common denominator to eliminate fractions.
 	Expand the right side of the equation and collect like terms.
 	Set coefficients of like terms from the left side of the equation equal to those on the right side to create a system of equations to solve for the numerators.
 
  Decompose the given expression that has a repeated irreducible factor in the denominator. [image: \dfrac{{x}^{4}+{x}^{3}+{x}^{2}-x+1}{x{\left({x}^{2}+1\right)}^{2}}]
 Show Solution The factors of the denominator are [image: x,\left({x}^{2}+1\right)], and [image: {\left({x}^{2}+1\right)}^{2}]. Recall that, when a factor in the denominator is a quadratic that includes at least two terms, the numerator must be of the linear form [image: Ax+B]. So, let’s begin the decomposition.
 [image: \dfrac{{x}^{4}+{x}^{3}+{x}^{2}-x+1}{x{\left({x}^{2}+1\right)}^{2}}=\dfrac{A}{x}+\dfrac{Bx+C}{\left({x}^{2}+1\right)}+\dfrac{Dx+E}{{\left({x}^{2}+1\right)}^{2}}]
 We eliminate the denominators by multiplying each term by [image: x{\left({x}^{2}+1\right)}^{2}]. Thus,
 [image: {x}^{4}+{x}^{3}+{x}^{2}-x+1=A{\left({x}^{2}+1\right)}^{2}+\left(Bx+C\right)\left(x\right)\left({x}^{2}+1\right)+\left(Dx+E\right)\left(x\right)]
 Expand the right side.
 [image: \begin{align}&{x}^{4}+{x}^{3}+{x}^{2}-x+1=A\left({x}^{4}+2{x}^{2}+1\right)+B{x}^{4}+B{x}^{2}+C{x}^{3}+Cx+D{x}^{2}+Ex \\ &=A{x}^{4}+2A{x}^{2}+A+B{x}^{4}+B{x}^{2}+C{x}^{3}+Cx+D{x}^{2}+Ex \end{align}]
 Now we will collect like terms.
 [image: {x}^{4}+{x}^{3}+{x}^{2}-x+1=\left(A+B\right){x}^{4}+\left(C\right){x}^{3}+\left(2A+B+D\right){x}^{2}+\left(C+E\right)x+A]
 Set up the system of equations matching corresponding coefficients on each side of the equal sign.
 [image: \begin{align}A+B=1 \\ C=1 \\ \\ 2A+B+D=1 \\ C+E=-1 \\ A=1 \end{align}]
 We can use substitution from this point. Substitute [image: A=1] into the first equation.
 [image: \begin{align}1+B=1 \\ B=0 \end{align}]
 Substitute [image: A=1] and [image: B=0] into the third equation.
 [image: \begin{align}2\left(1\right)+0+D=1 \\ D=-1 \end{align}]
 Substitute [image: C=1] into the fourth equation.
 [image: \begin{align} 1+E=-1\\ E=-2\end{align}]
 Now we have solved for all of the unknowns on the right side of the equal sign. We have [image: A=1], [image: B=0], [image: C=1], [image: D=-1], and [image: E=-2]. We can write the decomposition as follows:
 [image: \dfrac{{x}^{4}+{x}^{3}+{x}^{2}-x+1}{x{\left({x}^{2}+1\right)}^{2}}=\dfrac{1}{x}+\dfrac{1}{\left({x}^{2}+1\right)}-\dfrac{x+2}{{\left({x}^{2}+1\right)}^{2}}]
   An interactive online homework element has been excluded from the printed version of the text. To see the interactive element that was excluded, please visit the courseware online.
 
  An interactive online homework element has been excluded from the printed version of the text. To see the interactive element that was excluded, please visit the courseware online.
 
  
	

			
			


		
	
		
			
	
		282

		Partial Fraction Decomposition: Apply It 1

								

	
				 	Break down fractions with polynomials when the denominator can be factored into different linear terms
 	Break down fractions with polynomials when the denominator includes quadratic terms that can’t be factored
 
  When training for long-distance events like marathons, athletes need to carefully track their workouts to build endurance safely. Breaking down a workout session into different speeds – walking, jogging, and running – helps runners avoid injury and gradually increase their stamina. Mathematics can help us analyze these mixed-pace workouts to better understand the total distance covered and time spent training.
 [image: ]Photo by cottonbro studio on Pexels Rosa is training for a marathon. Every day, she does a combination of walking, jogging, and running. She calls it “doing her cardio.” Her goal is to gradually increase the number of consecutive miles that she can do. Below is an expression for the total time Rosa spent doing her cardio on Tuesday where [image: j] is her jogging speed in miles per hour.
 [image: \dfrac{5j^2+4j-4}{j^3-4j}]
 An interactive online homework element has been excluded from the printed version of the text. To see the interactive element that was excluded, please visit the courseware online.
 
  To mix up her training, Rosa decided to spend a week doing a combination of walking, power walking, and sprinting. She walked at a speed that was 1mph less than her power walking speed and sprinted at a speed that was the square of her walking speed. The following expression is the total time Rosa spent doing this cardio combo for the week where [image: p] is her power walking speed in miles per hour.
 [image: \dfrac{22p^2-27p+7}{p^3-2p^2+p}]
 An interactive online homework element has been excluded from the printed version of the text. To see the interactive element that was excluded, please visit the courseware online.
 
  Another week, Rosa decided to go on a run each morning that would start with a set distance at a warm-up speed, [image: w], in miles per hour, and then finish at a faster speed for a distance that varied with her warm-up pace. The following expression represents the total time for each morning run.
 [image: \dfrac{3w^2-1}{w^3-w^2-w}]
 An interactive online homework element has been excluded from the printed version of the text. To see the interactive element that was excluded, please visit the courseware online.
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		System of Equations With Matrices: Background You'll Need 1

								

	
				 	Use the commutative, associative, and distributive properties of numbers to solve math problems.
 
  For some activities we perform, the order of certain operations does not matter, but the order of other operations does. For example, it does not make a difference if we put on the right shoe before the left or vice-versa. However, it does matter whether we put on shoes or socks first. The same thing is true for operations in mathematics.
 Commutative Properties
 The commutative property of addition states that numbers may be added in any order without affecting the sum. [image: a+b=b+a]
 The commutative property of multiplication states that numbers may be multiplied in any order without affecting the product.
 [image: a\cdot b=b\cdot a]
 
  Examples: 	[image: \left(-2\right)+7=5\text{ and }7+\left(-2\right)=5]
 	[image: \left(-11\right)\cdot\left(-4\right)=44\text{ and }\left(-4\right)\cdot\left(-11\right)=44]
 
 It is important to note that neither subtraction nor division is commutative.
 Non-examples:
 	[image: 17 - 5] is not the same as [image: 5 - 17].
 	[image: 20\div 5\ne 5\div 20].
 
  An interactive online homework element has been excluded from the printed version of the text. To see the interactive element that was excluded, please visit the courseware online.
 
  An interactive online homework element has been excluded from the printed version of the text. To see the interactive element that was excluded, please visit the courseware online.
 
  Associative Properties
 The associative property of multiplication tells us that it does not matter how we group numbers when multiplying. We can move the grouping symbols to make the calculation easier, and the product remains the same. [image: a\left(bc\right)=\left(ab\right)c]
 The associative property of addition tells us that numbers may be grouped differently without affecting the sum.
 [image: a+\left(b+c\right)=\left(a+b\right)+c]
 
  Examples: 	[image: \left(3\cdot4\right)\cdot5=60\text{ and }3\cdot\left(4\cdot5\right)=60]
 	[image: [15+\left(-9\right)]+23=29\text{ and }15+[\left(-9\right)+23]=29]
 
 Non-examples:
 	[image: \begin{align}8-\left(3-15\right) & \stackrel{?}{=}\left(8-3\right)-15 \\ 8-\left(-12\right) & \stackrel{?}=5-15 \\ 20 & \neq 20-10 \\ \text{ }\end{align}]
 
 
 	[image: \begin{align}64\div\left(8\div4\right)&\stackrel{?}{=}\left(64\div8\right)\div4 \\ 64\div2 & \stackrel{?}{=}8\div4 \\ 32 & \neq 2 \\ \text{ }\end{align}]
 
 
 Note: neither subtraction nor division is associative.
  An interactive online homework element has been excluded from the printed version of the text. To see the interactive element that was excluded, please visit the courseware online.
 
  Distributive Property
 The distributive property states that the product of a factor times a sum is the sum of the factor times each term in the sum. [image: a\cdot \left(b+c\right)=a\cdot b+a\cdot c]
  This property combines both addition and multiplication (and is the only property to do so).
 Example:[image: The number four is separated by a multiplication symbol from a bracketed expression reading: twelve plus negative seven. Arrows extend from the four pointing to the twelve and negative seven separately. This expression equals four times twelve plus four times negative seven. Under this line the expression reads forty eight plus negative twenty eight. Under this line the expression reads twenty as the answer.]Non-example: [image: \begin{align} 6+\left(3\cdot 5\right)& \stackrel{?}{=} \left(6+3\right)\cdot \left(6+5\right) \\ 6+\left(15\right)& \stackrel{?}{=} \left(9\right)\cdot \left(11\right) \\ 21& \ne 99 \end{align}]
  Multiplication does not distribute over subtraction, and division distributes over neither addition nor subtraction.
 A special case of the distributive property occurs when a sum of terms is subtracted.
 [image: a-b=a+\left(-b\right)]
 Consider the difference [image: 12-\left(5+3\right)].
 [image: \\]
 We can rewrite the difference of the two terms [image: 12] and [image: \left(5+3\right)] by turning the subtraction expression into addition of the opposite. So instead of subtracting [image: \left(5+3\right)], we add the opposite. [image: 12+\left(-1\right)\cdot \left(5+3\right)]
 Now, distribute [image: -1] and simplify the result.
 [image: \begin{align}12+\left(-1\right)\cdot\left(5+3\right)&=12+[\left(-1\right)\cdot5+\left(-1\right)\cdot3] \\&=12+(-5-3) \\&=12+\left(-8\right) \\&=4 \end{align}]
 This seems like a lot of trouble for a simple sum, but it illustrates a powerful result that will be useful once we introduce algebraic terms. To subtract a sum of terms, change the sign of each term and add the results. With this in mind, we can rewrite the last example.
 [image: \begin{align}12-\left(5+3\right) &=12+\left(-5-3\right) \\ &=12+\left(-8\right) \\ &=4\end{align}]
 
  An interactive online homework element has been excluded from the printed version of the text. To see the interactive element that was excluded, please visit the courseware online.
 
  An interactive online homework element has been excluded from the printed version of the text. To see the interactive element that was excluded, please visit the courseware online.
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				 	Use the identity and inverse properties of numbers to solve math problems.
 
  Identity Properties
 The identity property of addition states that there is a unique number, called the additive identity (0) that, when added to a number, results in the original number.  [image: a+0=a]
 
 The identity property of multiplication states that there is a unique number, called the multiplicative identity (1) that, when multiplied by a number, results in the original number.
 [image: a\cdot 1=a]
  	[image: \left(-6\right)+0=-6]
 	[image: 23\cdot 1=23]
 
 Note: There are no exceptions for these properties; they work for every real number, including [image: 0] and [image: 1].
  Inverse Properties
 The inverse property of addition states that, for every real number [image: a], there is a unique number, called the additive inverse (or opposite), denoted [image: −a], that, when added to the original number, results in the additive identity, [image: 0]. [image: a+\left(-a\right)=0]
 The inverse property of multiplication holds for all real numbers except [image: 0] because the reciprocal of [image: 0] is not defined. The property states that, for every real number [image: a], there is a unique number, called the multiplicative inverse (or reciprocal), denoted [image: \frac{1}{a}], that, when multiplied by the original number, results in the multiplicative identity, [image: 1].
 [image: a\cdot \dfrac{1}{a}=1]
 
 
  	If [image: a=-8], the additive inverse is [image: 8], since [image: \left(-8\right)+8=0].
 	If [image: a=-\frac{2}{3}], the reciprocal, denoted [image: \frac{1}{a}], is [image: -\frac{3}{2}] because [image: a\cdot \dfrac{1}{a}=\left(-\dfrac{2}{3}\right)\cdot \left(-\dfrac{3}{2}\right)=1]
 
 
  An interactive online homework element has been excluded from the printed version of the text. To see the interactive element that was excluded, please visit the courseware online.
 
  An interactive online homework element has been excluded from the printed version of the text. To see the interactive element that was excluded, please visit the courseware online.
 
  An interactive online homework element has been excluded from the printed version of the text. To see the interactive element that was excluded, please visit the courseware online.
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				 	Understand how to add and subtract matrices
 	Figure out how to multiply a matrix by a number (scalar) to change its scale
 	Learn to multiply two matrices together to find a new matrix
 
  Matrices
 Two club soccer teams, the Wildcats and the Mud Cats, are hoping to obtain new equipment for an upcoming season. The table shows the needs of both teams.
 	 	Wildcats 	Mud Cats 
  	Goals 	[image: 6] 	[image: 10] 
 	Balls 	[image: 30] 	[image: 24] 
 	Jerseys 	[image: 14] 	[image: 20] 
  
 A goal costs [image: $300]; a ball costs [image: $10]; and a jersey costs [image: $30]. How can we find the total cost for the equipment needed for each team?
 To solve a problem like this, we can use a matrix, which is a rectangular array of numbers. A row in a matrix is a set of numbers that are aligned horizontally. A column in a matrix is a set of numbers that are aligned vertically. Each number is an entry, sometimes called an element, of the matrix. Matrices (plural) are enclosed in [ ] or ( ) and are usually named with capital letters.
 For example, three matrices named [image: A,B,\text{}] and [image: C] are shown below. [image: A=\left[\begin{array}{cc}1& 2\\ 3& 4\end{array}\right],B=\left[\begin{array}{ccc}\hfill 1& \hfill 2& \hfill 7\\ \hfill 0& \hfill -5& \hfill 6\\ \hfill 7& \hfill 8& \hfill 2\end{array}\right],C=\left[\begin{array}{c}\hfill -1\\ \hfill 0\\ \hfill 3\end{array}\begin{array}{c}3\\ 2\\ 1\end{array}\right]]
  A matrix is often referred to by its size or dimensions: [image: \text{ }m\text{ }\times \text{ }n\text{ }] indicating [image: m] rows and [image: n] columns. Matrix entries are defined first by row and then by column.
 For example, to locate the entry in matrix [image: A] identified as [image: {a}_{ij},\text{}] we look for the entry in row [image: i,\text{}] column [image: j]. In matrix [image: A] shown below, the entry in row 2, column 3 is [image: {a}_{23}]. [image: A=\left[\begin{array}{ccc}{a}_{11}& {a}_{12}& {a}_{13}\\ {a}_{21}& {a}_{22}& {a}_{23}\\ {a}_{31}& {a}_{32}& {a}_{33}\end{array}\right]]
  matrix
 A matrix is a rectangular array of numbers arranged in rows and columns.
  
 A matrix with [image: m] rows and [image: n] columns has dimension [image: m \times n].
 Each number in the matrix is called an element or entry in the matrix.
  
 
 [image: ]
 
 
 
 
 
  Type of Matrices
 	A square matrix is a matrix with dimensions [image: \text{ }n\text{ }\times \text{ }n,\text{}] meaning that it has the same number of rows as columns:
 [image: A=\left[\begin{array}{ccc}{a}_{11}& {a}_{12}& {a}_{13}\\ {a}_{21}& {a}_{22}& {a}_{23}\\ {a}_{31}& {a}_{32}& {a}_{33}\end{array}\right]]
 	A row matrix is a matrix consisting of one row with dimensions [image: 1\text{ }\times \text{ }n]:
 [image: \left[\begin{array}{ccc}{a}_{11}& {a}_{12}& {a}_{13}\end{array}\right]]
 	A column matrix is a matrix consisting of one column with dimensions [image: m\text{ }\times \text{ }1]:
 [image: \left[\begin{array}{c}{a}_{11}\\ {a}_{21}\\ {a}_{31}\end{array}\right]]
 
 Given matrix [image: A:] 	What are the dimensions of matrix [image: A?]
 	What are the entries at [image: {a}_{31}] and [image: {a}_{22}?]
 
 [image: A=\left[\begin{array}{rrrr}\hfill 2& \hfill & \hfill 1& \hfill 0\\ \hfill 2& \hfill & \hfill 4& \hfill 7\\ \hfill 3& \hfill & \hfill 1& \hfill -2\end{array}\right]]
 Show Solution 	The dimensions are [image: \text{ }3\text{ }\times \text{ }3\text{ }] because there are three rows and three columns.
 	Entry [image: {a}_{31}] is the number at row 3, column 1 which is [image: 3]. The entry [image: {a}_{22}] is the number at row 2, column 2 which is [image: 4]. Remember, the row comes first, then the column.
 
   [ohm_question hide_question_numbers=1]291197[/ohm_question] 
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				Adding and Subtracting Matrices
 Now that we understand the basics of what a matrix is, let’s move on to two important operations: adding and subtracting matrices.
 Matrices are made up of numbers arranged in rows and columns. Since these are numbers, we can add and subtract them just like we do with regular numbers. To add or subtract matrices, they must be of the same dimensions, meaning they must have the same number of rows and columns.
 When adding or subtracting matrices, we perform the operation on each corresponding element. For example, the number in row [image: 1], column [image: 2] of the first matrix must be added to or subtracted from the number in row [image: 1], column [image: 2] of the second matrix.
 adding and subtracting matrices
 Given matrices [image: A] and [image: B] of like dimensions, addition and subtraction of [image: A] and [image: B] will produce matrix [image: C] or matrix [image: D] of the same dimension.
 [image: A+B=C\text{ such that }{a}_{ij}+{b}_{ij}={c}_{ij}]
 [image: A-B=D\text{ such that }{a}_{ij}-{b}_{ij}={d}_{ij}]
 Matrix addition is commutative.
 [image: A+B=B+A]
 It is also associative.
 [image: \left(A+B\right)+C=A+\left(B+C\right)]
  Given [image: A] and [image: B:] [image: A=\left[\begin{array}{rrr}\hfill 2& \hfill -10& \hfill -2\\ \hfill 14& \hfill 12& \hfill 10\\ \hfill 4& \hfill -2& \hfill 2\end{array}\right]\text{ and }B=\left[\begin{array}{rrr}\hfill 6& \hfill 10& \hfill -2\\ \hfill 0& \hfill -12& \hfill -4\\ \hfill -5& \hfill 2& \hfill -2\end{array}\right]]
 	Find the sum.
 	Find the difference.
 
 Show Solution 	Add the corresponding entries. [image: \begin{array}{ll}\hfill \\ A+B& =\left[\begin{array}{rrr}\hfill 2& \hfill -10& \hfill -2\\ \hfill 14& \hfill 12& \hfill 10\\ \hfill 4& \hfill -2& \hfill 2\end{array}\right]+\left[\begin{array}{rrr}\hfill 6& \hfill 10& \hfill -2\\ \hfill 0& \hfill -12& \hfill -4\\ \hfill -5& \hfill 2& \hfill -2\end{array}\right]\hfill \\ & =\left[\begin{array}{rrr}\hfill 2+6& \hfill -10+10& \hfill -2 - 2\\ \hfill 14+0& \hfill 12 - 12& \hfill 10 - 4\\ \hfill 4 - 5& \hfill -2+2& \hfill 2 - 2\end{array}\right]\hfill \\ & =\left[\begin{array}{rrr}\hfill 8& \hfill 0& \hfill -4\\ \hfill 14& \hfill 0& \hfill 6\\ \hfill -1& \hfill 0& \hfill 0\end{array}\right]\hfill \end{array}]
 
 	Subtract the corresponding entries. [image: \begin{array}{ll}\hfill \\ A-B & =\left[\begin{array}{rrr}\hfill 2& \hfill -10& \hfill -2\\ \hfill 14& \hfill 12& \hfill 10\\ \hfill 4& \hfill -2& \hfill 2\end{array}\right]-\left[\begin{array}{rrr}\hfill 6& \hfill 10& \hfill -2\\ \hfill 0& \hfill -12& \hfill -4\\ \hfill -5& \hfill 2& \hfill -2\end{array}\right]\hfill \\ & =\left[\begin{array}{rrr}\hfill 2 - 6& \hfill -10 - 10& \hfill -2+2\\ \hfill 14 - 0& \hfill 12+12& \hfill 10+4\\ \hfill 4+5& \hfill -2 - 2& \hfill 2+2\end{array}\right]\hfill \\ & =\left[\begin{array}{rrr}\hfill -4& \hfill -20& \hfill 0\\ \hfill 14& \hfill 24& \hfill 14\\ \hfill 9& \hfill -4& \hfill 4\end{array}\right]\hfill \end{array}]
 
 
   An interactive online homework element has been excluded from the printed version of the text. To see the interactive element that was excluded, please visit the courseware online.
 
  [ohm_question hide_question_numbers=1]292670[/ohm_question] 
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				Scalar Multiples of a Matrix
 Besides adding and subtracting whole matrices, there are many situations in which we need to multiply a matrix by a constant called a scalar. Recall that a scalar is a real number quantity that has magnitude, but not direction. For example, time, temperature, and distance are scalar quantities.
 The process of scalar multiplication involves multiplying each entry in a matrix by a scalar. A scalar multiple is any entry of a matrix that results from scalar multiplication.
 Consider a real-world scenario in which a university needs to add to its inventory of computers, computer tables, and chairs in two of the campus labs due to increased enrollment from the fall 2013 semester to the fall of 2014. They estimate that [image: 15\%] more equipment is needed in both labs. The school’s current inventory is displayed in the table below. 	 	Lab A 	Lab B 
  	Computers 	[image: 15] 	[image: 27] 
 	Computer Tables 	[image: 16] 	[image: 34] 
 	Chairs 	[image: 16] 	[image: 34] 
  
 Converting the data to a matrix, we have the computer inventory in fall 2013 given by
 [image: {C}_{2013}=\left[\begin{array}{c}15\\ 16\\ 16\end{array}\begin{array}{c}27\\ 34\\ 34\end{array}\right]]
 To calculate how much computer equipment will be needed in 2014, we multiply all entries in matrix [image: C] by [image: 0.15].
 [image: \left(0.15\right){C}_{2013}=\left[\begin{array}{c}\left(0.15\right)15\\ \left(0.15\right)16\\ \left(0.15\right)16\end{array}\begin{array}{c}\left(0.15\right)27\\ \left(0.15\right)34\\ \left(0.15\right)34\end{array}\right]=\left[\begin{array}{c}2.25\\ 2.4\\ 2.4\end{array}\begin{array}{c}4.05\\ 5.1\\ 5.1\end{array}\right]]
 We must round up to the next integer, so the amount of new equipment needed is
 [image: \left[\begin{array}{c}3\\ 3\\ 3\end{array}\begin{array}{c}5\\ 6\\ 6\end{array}\right]]
 Adding the two matrices as shown below, we see the new inventory amounts.
 [image: \left[\begin{array}{c}15\\ 16\\ 16\end{array}\begin{array}{c}27\\ 34\\ 34\end{array}\right]+\left[\begin{array}{c}3\\ 3\\ 3\end{array}\begin{array}{c}5\\ 6\\ 6\end{array}\right]=\left[\begin{array}{c}18\\ 19\\ 19\end{array}\begin{array}{c}32\\ 40\\ 40\end{array}\right]]
 This means
 [image: {C}_{2014}=\left[\begin{array}{c}18\\ 19\\ 19\end{array}\begin{array}{c}32\\ 40\\ 40\end{array}\right]]
 Thus, Lab A will have [image: 18] computers, [image: 19] computer tables, and [image: 19] chairs; Lab B will have [image: 32] computers, [image: 40] computer tables, and [image: 40] chairs.
  scalar multiplication
 Scalar multiplication involves finding the product of a constant by each entry in the matrix. Given
 [image: A=\left[\begin{array}{cccc}{a}_{11}& & & {a}_{12}\\ {a}_{21}& & & {a}_{22}\end{array}\right]]
 the scalar multiple [image: cA] is
 [image: \begin{array}{ll}cA & =c\left[\begin{array}{ccc}{a}_{11}& & {a}_{12}\\ {a}_{21}& & {a}_{22}\end{array}\right]\hfill \\ & =\left[\begin{array}{ccc}c{a}_{11}& & c{a}_{12}\\ c{a}_{21}& & c{a}_{22}\end{array}\right]\hfill \end{array}]
 Scalar multiplication is distributive. For the matrices [image: A,B], and [image: C] with scalars [image: a] and [image: b],
 [image: \begin{array}{l}\\ \begin{array}{c}a\left(A+B\right)=aA+aB\\ \left(a+b\right)A=aA+bA\end{array}\end{array}]
  Multiply matrix [image: A] by the scalar [image: 3]. [image: A=\left[\begin{array}{cc}8& 1\\ 5& 4\end{array}\right]]
 Show Solution Multiply each entry in [image: A] by the scalar [image: 3].
 [image: \begin{array}{ll}3A & =3\left[\begin{array}{rr}\hfill 8& \hfill 1\\ \hfill 5& \hfill 4\end{array}\right]\hfill \\ & = \left[\begin{array}{rr}\hfill 3\cdot 8& \hfill 3\cdot 1\\ \hfill 3\cdot 5& \hfill 3\cdot 4\end{array}\right]\hfill \\ & = \left[\begin{array}{rr}\hfill 24& \hfill 3\\ \hfill 15& \hfill 12\end{array}\right]\hfill \end{array}]
   An interactive online homework element has been excluded from the printed version of the text. To see the interactive element that was excluded, please visit the courseware online.
 
  Given: [image: A=\left[\begin{array}{rrr}\hfill 1& \hfill -2& \hfill 0\\ \hfill 0& \hfill -1& \hfill 2\\ \hfill 4& \hfill 3& \hfill -6\end{array}\right]\text{ and }B=\left[\begin{array}{rrr}\hfill -1& \hfill 2& \hfill 1\\ \hfill 0& \hfill -3& \hfill 2\\ \hfill 0& \hfill 1& \hfill -4\end{array}\right]]
 Find the sum [image: 3A+2B].
 Show Solution First, find [image: 3A,\text{}] then [image: 2B].
 [image: \begin{array}{l}\hfill \\ \hfill \\ 3A & =\left[\begin{array}{lll}3\cdot 1\hfill & 3\left(-2\right)\hfill & 3\cdot 0\hfill \\ 3\cdot 0\hfill & 3\left(-1\right)\hfill & 3\cdot 2\hfill \\ 3\cdot 4\hfill & 3\cdot 3\hfill & 3\left(-6\right)\hfill \end{array}\right]\hfill \\ & =\left[\begin{array}{rrr}\hfill 3& \hfill -6& \hfill 0\\ \hfill 0& \hfill -3& \hfill 6\\ \hfill 12& \hfill 9& \hfill -18\end{array}\right]\hfill \end{array}]
 [image: \begin{array}{l}\hfill \\ \hfill \\ 2B & =\left[\begin{array}{lll}2\left(-1\right)\hfill & 2\cdot 2\hfill & 2\cdot 1\hfill \\ 2\cdot 0\hfill & 2\left(-3\right)\hfill & 2\cdot 2\hfill \\ 2\cdot 0\hfill & 2\cdot 1\hfill & 2\left(-4\right)\hfill \end{array}\right]\hfill \\ & =\left[\begin{array}{rrr}\hfill -2& \hfill 4& \hfill 2\\ \hfill 0& \hfill -6& \hfill 4\\ \hfill 0& \hfill 2& \hfill -8\end{array}\right]\hfill \end{array}]
 Now, add [image: 3A+2B].
 [image: \begin{array}{l}\hfill \\ \hfill \\ 3A+2B & =\left[\begin{array}{rrr}\hfill 3& \hfill -6& \hfill 0\\ \hfill 0& \hfill -3& \hfill 6\\ \hfill 12& \hfill 9& \hfill -18\end{array}\right]+\left[\begin{array}{rrr}\hfill -2& \hfill 4& \hfill 2\\ \hfill 0& \hfill -6& \hfill 4\\ \hfill 0& \hfill 2& \hfill -8\end{array}\right]\hfill \\ & =\left[\begin{array}{rrr}\hfill 3 - 2& \hfill -6+4& \hfill 0+2\\ \hfill 0+0& \hfill -3 - 6& \hfill 6+4\\ \hfill 12+0& \hfill 9+2& \hfill -18 - 8\end{array}\right]\hfill \\ & =\left[\begin{array}{rrr}\hfill 1& \hfill -2& \hfill 2\\ \hfill 0& \hfill -9& \hfill 10\\ \hfill 12& \hfill 11& \hfill -26\end{array}\right]\hfill \end{array}]
   An interactive online homework element has been excluded from the printed version of the text. To see the interactive element that was excluded, please visit the courseware online.
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				Finding the Product of Two Matrices
 In addition to multiplying a matrix by a scalar, we can multiply two matrices.
 Finding the product of two matrices is only possible when the inner dimensions are the same, meaning that the number of columns of the first matrix is equal to the number of rows of the second matrix. If [image: A] is an [image: \text{ }m\text{ }\times \text{ }r\text{ }] matrix and [image: B] is an [image: \text{ }r\text{ }\times \text{ }n\text{ }] matrix, then the product matrix [image: AB] is an [image: \text{ }m\text{ }\times \text{ }n\text{ }] matrix. For example, the product [image: AB] is possible because the number of columns in [image: A] is the same as the number of rows in [image: B]. If the inner dimensions do not match, the product is not defined.
 [image: A has two rows and three columns and B has three rows and three columns. Because the number of columns in A matches the number of rows in B, the product of A and B is defined.]
 We multiply entries of [image: A] with entries of [image: B] according to a specific pattern as outlined below. The process of matrix multiplication becomes clearer when working a problem with real numbers.
 Work through the example model of matrix multiplication below on paper, then apply the process to the example problem below. It may take more than once to gain familiarity with it. Don’t be discouraged if you don’t understand fully right away. Matrix multiplication is a new skill and it will take time and practice for it to feel comfortable. To obtain the entries in row [image: i] of [image: AB,\text{}] we multiply the entries in row [image: i] of [image: A] by column [image: j] in [image: B] and add.
 For example, given matrices [image: A] and [image: B,\text{}] where the dimensions of [image: A] are [image: 2\text{ }\times \text{ }3] and the dimensions of [image: B] are [image: 3\text{ }\times \text{ }3,\text{}] the product of [image: AB] will be a [image: 2\text{ }\times \text{ }3] matrix. [image: A=\left[\begin{array}{rrr}\hfill {a}_{11}& \hfill {a}_{12}& \hfill {a}_{13}\\ \hfill {a}_{21}& \hfill {a}_{22}& \hfill {a}_{23}\end{array}\right]\text{ and }B=\left[\begin{array}{rrr}\hfill {b}_{11}& \hfill {b}_{12}& \hfill {b}_{13}\\ \hfill {b}_{21}& \hfill {b}_{22}& \hfill {b}_{23}\\ \hfill {b}_{31}& \hfill {b}_{32}& \hfill {b}_{33}\end{array}\right]]
 Multiply and add as follows to obtain the first entry of the product matrix [image: AB].
 	To obtain the entry in row 1, column 1 of [image: AB,\text{}] multiply the first row in [image: A] by the first column in [image: B] and add. [image: \left[\begin{array}{ccc}{a}_{11}& {a}_{12}& {a}_{13}\end{array}\right]\cdot \left[\begin{array}{c}{b}_{11}\\ {b}_{21}\\ {b}_{31}\end{array}\right]={a}_{11}\cdot {b}_{11}+{a}_{12}\cdot {b}_{21}+{a}_{13}\cdot {b}_{31}]
 
 	To obtain the entry in row 1, column 2 of [image: AB,\text{}] multiply the first row of [image: A] by the second column in [image: B] and add. [image: \left[\begin{array}{ccc}{a}_{11}& {a}_{12}& {a}_{13}\end{array}\right]\cdot \left[\begin{array}{c}{b}_{12}\\ {b}_{22}\\ {b}_{32}\end{array}\right]={a}_{11}\cdot {b}_{12}+{a}_{12}\cdot {b}_{22}+{a}_{13}\cdot {b}_{32}]
 
 	To obtain the entry in row 1, column 3 of [image: AB,\text{}] multiply the first row of [image: A] by the third column in [image: B] and add. [image: \left[\begin{array}{ccc}{a}_{11}& {a}_{12}& {a}_{13}\end{array}\right]\cdot \left[\begin{array}{c}{b}_{13}\\ {b}_{23}\\ {b}_{33}\end{array}\right]={a}_{11}\cdot {b}_{13}+{a}_{12}\cdot {b}_{23}+{a}_{13}\cdot {b}_{33}]
 
 
 We proceed the same way to obtain the second row of [image: AB]. In other words, row 2 of [image: A] times column 1 of [image: B]; row 2 of [image: A] times column 2 of [image: B]; row 2 of [image: A] times column 3 of [image: B]. When complete, the product matrix will be
 [image: AB=\left[\begin{array}{c}\begin{array}{l}{a}_{11}\cdot {b}_{11}+{a}_{12}\cdot {b}_{21}+{a}_{13}\cdot {b}_{31}\\ \end{array}\\ {a}_{21}\cdot {b}_{11}+{a}_{22}\cdot {b}_{21}+{a}_{23}\cdot {b}_{31}\end{array} \quad \begin{array}{c}\begin{array}{l}{a}_{11}\cdot {b}_{12}+{a}_{12}\cdot {b}_{22}+{a}_{13}\cdot {b}_{32}\\ \end{array}\\ {a}_{21}\cdot {b}_{12}+{a}_{22}\cdot {b}_{22}+{a}_{23}\cdot {b}_{32}\end{array} \quad \begin{array}{c}\begin{array}{l}{a}_{11}\cdot {b}_{13}+{a}_{12}\cdot {b}_{23}+{a}_{13}\cdot {b}_{33}\\ \end{array}\\ {a}_{21}\cdot {b}_{13}+{a}_{22}\cdot {b}_{23}+{a}_{23}\cdot {b}_{33}\end{array}\right]]
  matrix multiplication
 In matrix multiplication, we calculate each element of the resulting matrix by taking the dot product of the corresponding row from the first matrix and the column from the second matrix. This involves multiplying corresponding entries and then summing those products.
 Properties of Matrix Multiplication
 	Matrix multiplication is associative: [image: \left(AB\right)C=A\left(BC\right)]
 
 	Matrix multiplication is distributive: [image: \begin{array}{l}\begin{array}{l}\\ C\left(A+B\right)=CA+CB,\end{array}\hfill \\ \left(A+B\right)C=AC+BC.\hfill \end{array}]
 
 
 Note that matrix multiplication is not commutative.
  Multiply matrix [image: A] and matrix [image: B]. [image: A=\left[\begin{array}{cc}1& 2\\ 3& 4\end{array}\right]\text{ and }B=\left[\begin{array}{cc}5& 6\\ 7& 8\end{array}\right]]
 Show Solution First, we check the dimensions of the matrices. Matrix [image: A] has dimensions [image: 2\times 2] and matrix [image: B] has dimensions [image: 2\times 2]. The inner dimensions are the same so we can perform the multiplication. The product will have the dimensions [image: 2\times 2].
 We perform the operations outlined previously.
 [image: The first column of the product of A and B is defined as the result of matrix -vector multiplication of A and the first column of B. Column two of the product of A and B is defined as the result of the matrix-vector multiplication of A and the second column of B.]
   Given [image: A] and [image: B:] [image: A=\left[\begin{array}{ccc}\hfill -1& \hfill 2& \hfill 3\\ \hfill 4& \hfill 0& \hfill 5\end{array}\right]\text{ and }B=\left[\begin{array}{cc}\hfill 5& \hfill -1\\ \hfill -4& \hfill 0\\ \hfill 2& \hfill 3\end{array}\right]]
 	Find [image: AB].
 	Find [image: BA].
 
 Show Solution 	As the dimensions of [image: A] are [image: 2\text{}\times \text{}3] and the dimensions of [image: B] are [image: 3\text{}\times \text{}2,\text{}] these matrices can be multiplied together because the number of columns in [image: A] matches the number of rows in [image: B]. The resulting product will be a [image: 2\text{}\times \text{}2] matrix, the number of rows in [image: A] by the number of columns in [image: B]. [image: \begin{array}{l}\hfill \\ AB & =\left[\begin{array}{rrr}\hfill -1& \hfill 2& \hfill 3\\ \hfill 4& \hfill 0& \hfill 5\end{array}\right]\text{ }\left[\begin{array}{rr}\hfill 5& \hfill -1\\ \hfill -4& \hfill 0\\ \hfill 2& \hfill 3\end{array}\right]\hfill \\ & =\left[\begin{array}{rr}\hfill -1\left(5\right)+2\left(-4\right)+3\left(2\right)& \hfill -1\left(-1\right)+2\left(0\right)+3\left(3\right)\\ \hfill 4\left(5\right)+0\left(-4\right)+5\left(2\right)& \hfill 4\left(-1\right)+0\left(0\right)+5\left(3\right)\end{array}\right]\hfill \\ & =\left[\begin{array}{rr}\hfill -7& \hfill 10\\ \hfill 30& \hfill 11\end{array}\right]\hfill \end{array}]
 
 	The dimensions of [image: B] are [image: 3\times 2] and the dimensions of [image: A] are [image: 2\times 3]. The inner dimensions match so the product is defined and will be a [image: 3\times 3] matrix. [image: \begin{array}{l}\hfill \\ BA & =\left[\begin{array}{rr}\hfill 5& \hfill -1\\ \hfill -4& \hfill 0\\ \hfill 2& \hfill 3\end{array}\right]\text{ }\left[\begin{array}{rrr}\hfill -1& \hfill 2& \hfill 3\\ \hfill 4& \hfill 0& \hfill 5\end{array}\right]\hfill \\ & =\left[\begin{array}{rrr}\hfill 5\left(-1\right)+-1\left(4\right)& \hfill 5\left(2\right)+-1\left(0\right)& \hfill 5\left(3\right)+-1\left(5\right)\\ \hfill -4\left(-1\right)+0\left(4\right)& \hfill -4\left(2\right)+0\left(0\right)& \hfill -4\left(3\right)+0\left(5\right)\\ \hfill 2\left(-1\right)+3\left(4\right)& \hfill 2\left(2\right)+3\left(0\right)& \hfill 2\left(3\right)+3\left(5\right)\end{array}\right]\hfill \\ & =\left[\begin{array}{rrr}\hfill -9& \hfill 10& \hfill 10\\ \hfill 4& \hfill -8& \hfill -12\\ \hfill 10& \hfill 4& \hfill 21\end{array}\right]\hfill \end{array}]
 
 
 Analysis of the Solution
 Notice that the products [image: AB] and [image: BA] are not equal.
 [image: AB=\left[\begin{array}{cc}-7& 10\\ 30& 11\end{array}\right]\ne \left[\begin{array}{ccc}-9& 10& 10\\ 4& -8& -12\\ 10& 4& 21\end{array}\right]=BA]
 This illustrates the fact that matrix multiplication is not commutative.
   An interactive online homework element has been excluded from the printed version of the text. To see the interactive element that was excluded, please visit the courseware online.
 
  Is it possible for [image: AB] to be defined but not [image: BA]?
  
 Yes, consider a matrix [image: A] with dimension [image: 3\times 4] and matrix [image: B] with dimension [image: 4\times 2]. For the product [image: AB] the inner dimensions are [image: 4] and the product is defined, but for the product [image: BA] the inner dimensions are [image: 2] and [image: 3] so the product is undefined.
  An interactive online homework element has been excluded from the printed version of the text. To see the interactive element that was excluded, please visit the courseware online.
 
  Let’s return to the problem presented at the opening of this section. We have the table below, representing the equipment needs of two soccer teams. 	 	Wildcats 	Mud Cats 
  	Goals 	[image: 6] 	[image: 10] 
 	Balls 	[image: 30] 	[image: 24] 
 	Jerseys 	[image: 14] 	[image: 20] 
  
 We are also given the prices of the equipment, as shown in the table below.
 	Goal 	[image: $300] 
 	Ball 	[image: $10] 
 	Jersey 	[image: $30] 
  
 We will convert the data to matrices. Thus, the equipment need matrix is written as
 [image: E=\left[\begin{array}{c}6\\ 30\\ 14\end{array}\begin{array}{c}10\\ 24\\ 20\end{array}\right]]
 The cost matrix is written as
 [image: C=\left[\begin{array}{ccc}300& 10& 30\end{array}\right]]
 We perform matrix multiplication to obtain costs for the equipment.
 [image: \begin{array}{l}\hfill \\ \hfill \\ CE & =\left[\begin{array}{rrr}\hfill 300& \hfill 10& \hfill 30\end{array}\right]\cdot \left[\begin{array}{rr}\hfill 6& \hfill 10\\ \hfill 30& \hfill 24\\ \hfill 14& \hfill 20\end{array}\right]\hfill \\ & =\left[\begin{array}{rr}\hfill 300\left(6\right)+10\left(30\right)+30\left(14\right)& \hfill 300\left(10\right)+10\left(24\right)+30\left(20\right)\end{array}\right]\hfill \\ & =\left[\begin{array}{rr}\hfill 2,520& \hfill 3,840\end{array}\right]\hfill \end{array}]
 The total cost for equipment for the Wildcats is [image: $2,520], and the total cost for equipment for the Mud Cats is [image: $3,840].
  How To: Given a matrix operation, evaluate using a calculator
  	Save each matrix as a matrix variable [image: \left[A\right],\left[B\right],\left[C\right],..]
 
 	Enter the operation into the calculator, calling up each matrix variable as needed.
 	If the operation is defined, the calculator will present the solution matrix; if the operation is undefined, it will display an error message.
 
  Using a calculator, find [image: AB-C] given [image: A=\left[\begin{array}{rrr}\hfill -15& \hfill 25& \hfill 32\\ \hfill 41& \hfill -7& \hfill -28\\ \hfill 10& \hfill 34& \hfill -2\end{array}\right],B=\left[\begin{array}{rrr}\hfill 45& \hfill 21& \hfill -37\\ \hfill -24& \hfill 52& \hfill 19\\ \hfill 6& \hfill -48& \hfill -31\end{array}\right],\text{and }C=\left[\begin{array}{rrr}\hfill -100& \hfill -89& \hfill -98\\ \hfill 25& \hfill -56& \hfill 74\\ \hfill -67& \hfill 42& \hfill -75\end{array}\right]].
 Show Solution On the matrix page of the calculator, we enter matrix [image: A] above as the matrix variable [image: \left[A\right]], matrix [image: B] above as the matrix variable [image: \left[B\right]], and matrix [image: C] above as the matrix variable [image: \left[C\right]].
 On the home screen of the calculator, we type in the problem and call up each matrix variable as needed.
 [image: \left[A\right]\times \left[B\right]-\left[C\right]]
 The calculator gives us the following matrix.
 [image: \left[\begin{array}{rrr}\hfill -983& \hfill -462& \hfill 136\\ \hfill 1,820& \hfill 1,897& \hfill -856\\ \hfill -311& \hfill 2,032& \hfill 413\end{array}\right]]
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		Introduction to Matrices and Matrix Operations: Apply It 1

								

	
				 	Understand how to add and subtract matrices
 	Figure out how to multiply a matrix by a number (scalar) to change its scale
 	Learn to multiply two matrices together to find a new matrix
 
  Using Matrices in Real-World Problems
 Consider a real-world scenario in which a university needs to add to its inventory of computers, computer tables, and chairs in two of the campus labs due to increased enrollment from the fall 2013 semester to the fall of 2014. They estimate that [image: 15\%] more equipment is needed in both labs. The school’s current inventory is displayed in the table below. 	 	Lab [image: A] 	Lab [image: B] 
  	Computers 	[image: 15] 	[image: 27] 
 	Computer Tables 	[image: 16] 	[image: 34] 
 	Chairs 	[image: 16] 	[image: 34] 
  
 Convert the data to a matrix and find the inventory for 2014.
 Computer inventory in fall 2013:
 [image: {C}_{2013}=\left[\begin{array}{c}15\\ 16\\ 16\end{array}\begin{array}{c}27\\ 34\\ 34\end{array}\right]]
 To calculate how much computer equipment will be needed in 2014, we multiply all entries in matrix [image: C] by [image: 0.15].
 [image: \left(0.15\right){C}_{2013}=\left[\begin{array}{c}\left(0.15\right)15\\ \left(0.15\right)16\\ \left(0.15\right)16\end{array}\begin{array}{c}\left(0.15\right)27\\ \left(0.15\right)34\\ \left(0.15\right)34\end{array}\right]=\left[\begin{array}{c}2.25\\ 2.4\\ 2.4\end{array}\begin{array}{c}4.05\\ 5.1\\ 5.1\end{array}\right]]
 We must round up to the next integer, so the amount of new equipment needed is
 [image: \left[\begin{array}{c}3\\ 3\\ 3\end{array}\begin{array}{c}5\\ 6\\ 6\end{array}\right]]
 Adding the two matrices as shown below, we see the new inventory amounts.
 [image: \left[\begin{array}{c}15\\ 16\\ 16\end{array}\begin{array}{c}27\\ 34\\ 34\end{array}\right]+\left[\begin{array}{c}3\\ 3\\ 3\end{array}\begin{array}{c}5\\ 6\\ 6\end{array}\right]=\left[\begin{array}{c}18\\ 19\\ 19\end{array}\begin{array}{c}32\\ 40\\ 40\end{array}\right]]
 This means
 [image: {C}_{2014}=\left[\begin{array}{c}18\\ 19\\ 19\end{array}\begin{array}{c}32\\ 40\\ 40\end{array}\right]]
 Thus, Lab A will have [image: 18] computers, [image: 19] computer tables, and [image: 19] chairs; Lab B will have [image: 32] computers, [image: 40] computer tables, and [image: 40] chairs.
  Two club soccer teams, the Wildcats and the Mud Cats, are hoping to obtain new equipment for an upcoming season.The table below, representing the equipment needs of two soccer teams. 	 	Wildcats 	Mud Cats 
  	Goals 	[image: 6] 	[image: 10] 
 	Balls 	[image: 30] 	[image: 24] 
 	Jerseys 	[image: 14] 	[image: 20] 
  
 We are also given the prices of the equipment, as shown in the table below.
 	Goal 	[image: $300] 
 	Ball 	[image: $10] 
 	Jersey 	[image: $30] 
  
 How can we find the total cost for the equipment needed for each team?
 Show Answer We will convert the data to matrices. Thus, the equipment need matrix is written as
 [image: E=\left[\begin{array}{c}6\\ 30\\ 14\end{array}\begin{array}{c}10\\ 24\\ 20\end{array}\right]]
 The cost matrix is written as
 [image: C=\left[\begin{array}{ccc}300& 10& 30\end{array}\right]]
 We perform matrix multiplication to obtain costs for the equipment.
 [image: \begin{array}{l}\hfill \\ \hfill \\ CE & =\left[\begin{array}{rrr}\hfill 300& \hfill 10& \hfill 30\end{array}\right]\cdot \left[\begin{array}{rr}\hfill 6& \hfill 10\\ \hfill 30& \hfill 24\\ \hfill 14& \hfill 20\end{array}\right]\hfill \\ & =\left[\begin{array}{rr}\hfill 300\left(6\right)+10\left(30\right)+30\left(14\right)& \hfill 300\left(10\right)+10\left(24\right)+30\left(20\right)\end{array}\right]\hfill \\ & =\left[\begin{array}{rr}\hfill 2,520& \hfill 3,840\end{array}\right]\hfill \end{array}]
 The total cost for equipment for the Wildcats is [image: $2,520], and the total cost for equipment for the Mud Cats is [image: $3,840].
   [ohm_question hide_question_numbers=1]293729[/ohm_question]  
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		Solving System of Equations using Matrices: Learn It 1

								

	
				 	Write the augmented matrix for a system of equations
 	Write the system of equations from an augmented matrix
 	Perform row operations on a matrix
 	Use matrix operations and row reductions to find solutions to systems of linear equations
 
  Augmented Matrix of a System of Equations
 A matrix can serve as a device for representing and solving a system of equations. To express a system in matrix form, we extract the coefficients of the variables and the constants, and these become the entries of the matrix. We use a vertical line to separate the coefficient entries from the constants, essentially replacing the equal signs. When a system is written in this form, we call it an augmented matrix.
 
 [image: ]
 	Each column then would be the coefficients of one of the variables in the system or the constants.
 	A vertical line replaces the equal signs.
 
 We call the resulting matrix the augmented matrix for the system of equations.
 For example, consider the following [image: 2\times 2] system of equations. [image: \begin{array}{l}3x+4y=7\\ 4x - 2y=5\end{array}]
 We can write this system as an augmented matrix:
 [image: \left[\begin{array}{cc|c}\hfill 3& \hfill 4& \hfill 7\\ \hfill 4& \hfill -2& \hfill 5\\ \end{array}\right]]
 We can also write a matrix containing just the coefficients. This is called the coefficient matrix.
 [image: \left[\begin{array}{cc}3& 4\\ 4& -2\end{array}\right]]
 A three-by-three system of equations such as
 [image: \begin{array}{l}3x-y-z=0\hfill \\ \text{ }x+y=5\hfill \\ \text{ }2x - 3z=2\hfill \end{array}]
 has a coefficient matrix
 [image: \left[\begin{array}{rrr}\hfill 3& \hfill -1& \hfill -1\\ \hfill 1& \hfill 1& \hfill 0\\ \hfill 2& \hfill 0& \hfill -3\end{array}\right]]
 and is represented by the augmented matrix
 [image: \left[\begin{array}{ccc|c}\hfill 3& \hfill -1& \hfill -1& \hfill 0\\ \hfill 1& \hfill 1& \hfill 0& \hfill 5\\ \hfill 2& \hfill 0& \hfill -3& \hfill 2\\ \end{array}\right]]
 Notice that the matrix is written so that the variables line up in their own columns: [image: x-]terms go in the first column, [image: y-]terms in the second column, and [image: z-]terms in the third column. It is very important that each equation is written in standard form [image: ax+by+cz=d] so that the variables line up. When there is a missing variable term in an equation, the coefficient is [image: 0].
  How To: Given a system of equations, write an augmented matrix 	Write the coefficients of the [image: x-]terms as the numbers down the first column.
 	Write the coefficients of the [image: y-]terms as the numbers down the second column.
 	If there are [image: z-]terms, write the coefficients as the numbers down the third column.
 	Draw a vertical line and write the constants to the right of the line.
 
  Write the augmented matrix for the given system of equations. [image: \begin{array}{l}\text{ }x+2y-z=3\hfill \\ \text{ }2x-y+2z=6\hfill \\ \text{ }x - 3y+3z=4\hfill \end{array}]
 Show Solution The augmented matrix displays the coefficients of the variables and an additional column for the constants.
 [image: \left[\begin{array}{ccc|c}\hfill 1& \hfill 2& \hfill -1& \hfill 3\\ \hfill 2& \hfill -1& \hfill 2& \hfill 6\\ \hfill 1& \hfill -3& \hfill 3& \hfill 4\\ \end{array}\right]]
   An interactive online homework element has been excluded from the printed version of the text. To see the interactive element that was excluded, please visit the courseware online.
 
  [ohm_question hide_question_numbers=1]288791[/ohm_question]  We can use augmented matrices to help us solve systems of equations because they simplify operations when the systems are not encumbered by the variables. However, it is important to understand how to move back and forth between formats in order to make finding solutions smoother and more intuitive. Here, we will use the information in an augmented matrix to write the system of equations in standard form.
 Find the system of equations from the augmented matrix. [image: \left[\begin{array}{ccc|c}\hfill 1& \hfill -3& \hfill -5& \hfill -2\\ \hfill 2& \hfill -5& \hfill -4& \hfill 5\\ \hfill -3& \hfill 5& \hfill 4& \hfill 6\\ \end{array}\right]]
 Show Solution When the columns represent the variables [image: x], [image: y], and [image: z],
 [image: \left[\begin{array}{ccc|c}\hfill 1& \hfill -3& \hfill -5& \hfill -2\\ \hfill 2& \hfill -5& \hfill -4& \hfill 5\\ \hfill -3& \hfill 5& \hfill 4& \hfill 6\\ \end{array}\right]\to \begin{array}{l}x - 3y - 5z=-2\hfill \\ 2x - 5y - 4z=5\hfill \\ -3x+5y+4z=6\hfill \end{array}]
 
  An interactive online homework element has been excluded from the printed version of the text. To see the interactive element that was excluded, please visit the courseware online.
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		Solving System of Equations using Matrices: Learn It 2

								

	
				Row Operations
 Now that we can write systems of equations in augmented matrix form, we will examine the various row operations that can be performed on a matrix, such as addition, multiplication by a constant, and interchanging rows. Performing row operations on a matrix is the method we use for solving a system of equations.
 When solving systems of equations using matrices, our goal is to transform the matrix into a simpler form while maintaining the same solution. Row operations help us do this systematically. Think of it like simplifying an equation – we can perform certain operations that don’t change the solution but make it easier to solve.
 In a matrix, the following operations can be performed on any row and the resulting matrix will be equivalent to the original matrix.
 	Interchange any two rows.
 	Multiply a row by any real number except [image: 0].
 	Add a nonzero multiple of one row to another row.
 
 These actions are called row operations and will help us use the matrix to solve a system of equations.
 When we perform row operations, we use special notation to show what we’re doing. Here are the common notations you’ll see:
 For swapping rows:
 	[image: R_i \leftrightarrow R_j] means we swap row [image: i] and row [image: j]
 
 For multiplying a row by a constant:
 	[image: cR_i] or [image: R_i \rightarrow cR_i] means we multiply row [image: i] by the constant [image: c]
 	Example: [image: 5R_2 \rightarrow R_2] means multiply row [image: 2] by [image: 5]
 
 For adding multiples of rows:
 	[image: cR_i + R_j \rightarrow R_j] means we multiply row [image: i] by [image: c] and add it to row [image: j]
 	[image: R_j \rightarrow R_j + cR_i] is another common way to write this
 	Example: [image: -3R_3 + R_1 \rightarrow R_1] means multiply row [image: 3] by [image: -3] and add to row [image: 1]
 
 These operations can be combined and will be used throughout our work with matrices to solve systems of equations.
 Use the indicated row operations on the augmented matrix:[image: \left[\begin{array}{ccc|c}\hfill 6& \hfill -5& \hfill 2& \hfill 3\\ \hfill 1& \hfill 1& \hfill -4& \hfill 5\\ \hfill 3& \hfill -3& \hfill 1& \hfill -1\\ \end{array}\right]] 	Interchange rows [image: 2] and [image: 3].
 Show Answer [image: ]
 
 	Multiply row [image: 2] by [image: 5].
 Show Answer [image: ]
 
 	Multiply row [image: 3] by [image: −2] and add to row [image: 1].
 Show Answer [image: ] 
 
  An interactive online homework element has been excluded from the printed version of the text. To see the interactive element that was excluded, please visit the courseware online.
 
  An interactive online homework element has been excluded from the printed version of the text. To see the interactive element that was excluded, please visit the courseware online.
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				Performing Row Operations on a Matrix
 Performing row operations on a matrix is the method we use for solving a system of equations. In order to solve the system of equations, we want to convert the matrix to row-echelon form, in which there are ones down the main diagonal from the upper left corner to the lower right corner and zeros in every position below the main diagonal as shown.
 [image: \begin{array}{c}\text{Row-echelon form}\\ \left[\begin{array}{ccc}1& a& b\\ 0& 1& d\\ 0& 0& 1\end{array}\right]\end{array}]
 Row-echelon Form
 Row echelon form is a specific arrangement of a matrix used to solve systems of linear equations. In this form, each row has a leading entry of [image: 1] (called a leading [image: 1]) that appears to the right of the leading [image: 1] in the row above it. All entries below each leading [image: 1] are zeros.
  
 [image: \begin{array}{c}\text{Row-echelon form}\\ \left[\begin{array}{ccc}1& a& b\\ 0& 1& d\\ 0& 0& 1\end{array}\right]\end{array}]
  We use row operations corresponding to equation operations to obtain a new matrix that is row-equivalent in a simpler form. Here are the guidelines to obtaining row-echelon form.
 	In any nonzero row, the first nonzero number is a 1. It is called a leading 1.
 	Any all-zero rows are placed at the bottom of the matrix.
 	Any leading 1 is below and to the right of a previous leading 1.
 	Any column containing a leading 1 has zeros in all other positions in the column.
 
 Each of the row operations corresponds to the operations we have already learned to solve systems of equations in three variables. With these operations, there are some key moves that will quickly achieve the goal of writing a matrix in row-echelon form. To obtain a matrix in row-echelon form for finding solutions, we use Gaussian elimination, a method that uses row operations to obtain a 1 as the first entry so that row 1 can be used to convert the remaining rows.
 Gaussian Elimination
 The Gaussian elimination method refers to a strategy used to obtain the row-echelon form of a matrix. The goal is to write matrix [image: A] with the number 1 as the entry down the main diagonal and have all zeros below.
 [image: A=\left[\begin{array}{rrr}\hfill {a}_{11}& \hfill {a}_{12}& \hfill {a}_{13}\\ \hfill {a}_{21}& \hfill {a}_{22}& \hfill {a}_{23}\\ \hfill {a}_{31}& \hfill {a}_{32}& \hfill {a}_{33}\end{array}\right]\stackrel{\text{After Gaussian elimination}}{\to }A=\left[\begin{array}{rrr}\hfill 1& \hfill {b}_{12}& \hfill {b}_{13}\\ \hfill 0& \hfill 1& \hfill {b}_{23}\\ \hfill 0& \hfill 0& \hfill 1\end{array}\right]]
 
 The first step of the Gaussian strategy includes obtaining a [image: 1] as the first entry, so that row [image: 1] may be used to alter the rows below.
  How To: Given an augmented matrix, perform row operations to achieve row-echelon form 	The first equation should have a leading coefficient of [image: 1]. Interchange rows or multiply by a constant, if necessary.
 	Use row operations to obtain zeros down the first column below the first entry of [image: 1].
 	Use row operations to obtain a [image: 1] in row 2, column 2.
 	Use row operations to obtain zeros down column 2, below the entry of [image: 1].
 	Use row operations to obtain a [image: 1] in row 3, column 3.
 	Continue this process for all rows until there is a [image: 1] in every entry down the main diagonal and there are only zeros below.
 	If any rows contain all zeros, place them at the bottom.
 
  Perform row operations on the given matrix to obtain row-echelon form. [image: \left[\begin{array}{ccc|c}\hfill 1& \hfill -3& \hfill 4& \hfill 3\\ \hfill 2& \hfill -5& \hfill 6& \hfill 6\\ \hfill -3& \hfill 3& \hfill 4& \hfill 6\\ \end{array}\right]]
 Show Solution The first row already has a 1 in row 1, column 1. The next step is to multiply row 1 by [image: -2] and add it to row 2. Then replace row 2 with the result.
 [image: -2{R}_{1}+{R}_{2}={R}_{2}\to \left[\begin{array}{ccc|c}\hfill 1& \hfill -3& \hfill 4& \hfill 3\\ \hfill 0& \hfill 1& \hfill -2& \hfill 0\\ \hfill -3& \hfill 3& \hfill 4& \hfill 6\\ \end{array}\right]]
 Next, obtain a zero in row 3, column 1.
 [image: 3{R}_{1}+{R}_{3}={R}_{3}\to \left[\begin{array}{ccc|c}\hfill 1& \hfill -3& \hfill 4& \hfill 3\\ \hfill 0& \hfill 1& \hfill -2& \hfill 0\\ \hfill 0& \hfill -6& \hfill 16& \hfill 15\\ \end{array}\right]]
 Next, obtain a zero in row 3, column 2.
 [image: 6{R}_{2}+{R}_{3}={R}_{3}\to \left[\begin{array}{ccc|c}\hfill 1& \hfill -3& \hfill 4& \hfill 3\\ \hfill 0& \hfill 1& \hfill -2& \hfill 0\\ \hfill 0& \hfill 0& \hfill 4& \hfill 15\\ \end{array}\right]]
 The last step is to obtain a 1 in row 3, column 3.
 [image: \frac{1}{4}{R}_{3}={R}_{3}\to \left[\begin{array}{ccc|c}\hfill 1& \hfill -3& \hfill 4& \hfill 3\\ \hfill 0& \hfill 1& \hfill -2& \hfill -6\\ \hfill 0& \hfill 0& \hfill 1& \hfill \frac{15}{4}\\ \end{array}\right]]
   We have seen how to write a system of equations with an augmented matrix and then how to use row operations and back-substitution to obtain row-echelon form. Now we will use Gaussian Elimination as a tool for solving a system written as an augmented matrix. In our first example, we will show you the process for using Gaussian Elimination on a system of two equations in two variables.
 Solve the given system by Gaussian elimination. [image: \begin{array}{l}2x+3y=6\hfill \\ \text{ }x-y=\frac{1}{2}\hfill \end{array}]
 Show Answer First, we write this as an augmented matrix.
 [image: \left[\begin{array}{cc|c}\hfill 2& \hfill 3& \hfill 6\\ \hfill 1& \hfill -1& \hfill \frac{1}{2}\\ \end{array}\right]]
 We want a 1 in row 1, column 1. This can be accomplished by interchanging row 1 and row 2.
 [image: {R}_{1}\leftrightarrow {R}_{2}\implies \left[\begin{array}{cc|c}\hfill 1& \hfill -1& \hfill \frac{1}{2}\\ \hfill 2& \hfill 3& \hfill 6\\ \end{array}\right]]
 We now have a 1 as the first entry in row 1, column 1. Now let’s obtain a 0 in row 2, column 1. This can be accomplished by multiplying row 1 by [image: -2] and then adding the result to row 2.
 [image: -2{R}_{1}+{R}_{2} \rightarrow {R}_{2}\implies \left[\begin{array}{cc|c}\hfill 1& \hfill -1& \hfill \frac{1}{2}\\ \hfill 0& \hfill 5& \hfill 5\\ \end{array}\right]]
 We only have one more step, to multiply row 2 by [image: \frac{1}{5}].
 [image: \frac{1}{5}{R}_{2} \rightarrow {R}_{2}\implies \left[\begin{array}{cc|c}\hfill 1& \hfill -1& \hfill \frac{1}{2}\\ \hfill 0& \hfill 1& \hfill 1\\ \end{array}\right]]
 Now we can either use back-substitution or get a 0 in row 1, column 2.
 	Use back-substitution. The second row of the matrix represents [image: y=1]. Back-substitute [image: y=1] into the first equation.
 [image: \begin{array}{l}x-\left(1\right)=\frac{1}{2}\hfill \\ \text{ }x=\frac{3}{2}\hfill \end{array}]
 	 Get a 0 in row 1, column 2.
 
 [image: R_1 + R_2 \rightarrow R_1 \implies \left[\begin{array}{cc|c} 1 & -1 & \frac{1}{2} \\ 0 & 1 & 1 \\ \end{array}\right] + \left[\begin{array}{cc|c} 0 & 1 & 1 \\ 0 & 0 & 0 \\ \end{array}\right] = \left[\begin{array}{cc|c} 1 & 0 & \frac{3}{2} \\ 0 & 1 & 1 \\ \end{array}\right]]
 The solution is the point [image: \left(\frac{3}{2},1\right)].
 
 
  An interactive online homework element has been excluded from the printed version of the text. To see the interactive element that was excluded, please visit the courseware online.
 
  In our next example, we will solve a system of two equations in two variables that is dependent. Recall that a dependent system has an infinite number of solutions and the result of row operations on its augmented matrix will be an equation such as [image: 0=0]. We also review writing the general solution to a dependent system.
 Solve the system of equations.
 [image: \begin{array}{l}3x+4y=12\\ 6x+8y=24\end{array}] Show Solution Perform row operations on the augmented matrix to try and achieve row-echelon form.
 [image: A=\left[\begin{array}{cc|c}\hfill 3& \hfill 4& \hfill 12\\ \hfill 6& \hfill 8& \hfill 24\\ \end{array}\right]]
 [image: \begin{array}{l}\hfill \\ \begin{array}{l}-\frac{1}{2}{R}_{2}+{R}_{1}={R}_{1}\to \left[\begin{array}{cc|c}\hfill 0& \hfill 0& \hfill 0\\ \hfill 6& \hfill 8& \hfill 24\\ \end{array}\right]\hfill \\ {R}_{1}\leftrightarrow {R}_{2}\to \left[\begin{array}{cc|c}\hfill 6& \hfill 8& \hfill 24\\ \hfill 0& \hfill 0& \hfill 0\\ \end{array}\right]\hfill \end{array}\hfill \end{array}]
 The matrix ends up with all zeros in the last row: [image: 0y=0]. Thus, there are an infinite number of solutions and the system is classified as dependent. To find the generic solution, return to one of the original equations and solve for [image: y].
 [image: \begin{array}{l}3x+4y=12\hfill \\ \text{ }4y=12 - 3x\hfill \\ \text{ }y=3-\frac{3}{4}x\hfill \end{array}]
 So the solution to this system is [image: \left(x,3-\frac{3}{4}x\right)].
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				Solving a System of Linear Equations Using Matrices
 We have seen how to write a system of equations with an augmented matrix, and then how to use row operations and back-substitution to obtain row-echelon form. Now, we will take row-echelon form a step farther to solve a 3 by 3 system of linear equations. The general idea is to eliminate all but one variable using row operations and then back-substitute to solve for the other variables.
 Solve the system of linear equations using matrices. [image: \begin{array}{c}\begin{array}{l}\hfill \\ \hfill \\ x-y+z=8\hfill \end{array}\\ 2x+3y-z=-2\\ 3x - 2y - 9z=9\end{array}]
 Show Solution First, we write the augmented matrix.
 [image: \left[\begin{array}{ccc|c}\hfill 1& \hfill -1& \hfill 1& \hfill 8\\ \hfill 2& \hfill 3& \hfill -1& \hfill -2\\ \hfill 3& \hfill -2& \hfill -9& \hfill 9\end{array}\right]]
 Next, we perform row operations to obtain row-echelon form.
 [image: \begin{array}{rrrrr}\hfill -2{R}_{1}+{R}_{2}={R}_{2}\to \left[\begin{array}{ccc|c}\hfill 1& \hfill -1& \hfill 1& \hfill 8\\ \hfill 0& \hfill 5& \hfill -3& \hfill -18\\ \hfill 3& \hfill -2& \hfill -9& \hfill 9\end{array}\right]& \hfill & \hfill & \hfill & \hfill -3{R}_{1}+{R}_{3}={R}_{3}\to \left[\begin{array}{ccc|c}\hfill 1& \hfill -1& \hfill 1& \hfill 8\\ \hfill 0& \hfill 5& \hfill -3& \hfill -18\\ \hfill 0& \hfill 1& \hfill -12& \hfill -15\end{array}\right]\end{array}]
 The easiest way to obtain a 1 in row 2 of column 1 is to interchange [image: {R}_{2}] and [image: {R}_{3}].
 [image: \text{Interchange }{R}_{2}\text{ and }{R}_{3}\to \left[\begin{array}{ccc|c}\hfill 1& \hfill -1& \hfill 1& \hfill 8\\ \hfill 0& \hfill 1& \hfill -12& \hfill -15\\ \hfill 0& \hfill 5& \hfill -3& \hfill -18\end{array}\right]]
 Then
 [image: \begin{array}{l}\\ \begin{array}{rrrrr}\hfill -5{R}_{2}+{R}_{3}={R}_{3}\to \left[\begin{array}{ccc|c}\hfill 1& \hfill -1& \hfill 1& \hfill 8\\ \hfill 0& \hfill 1& \hfill -12& \hfill -15\\ \hfill 0& \hfill 0& \hfill 57& \hfill 57\end{array}\right]& \hfill & \hfill & \hfill & \hfill -\frac{1}{57}{R}_{3}={R}_{3}\to \left[\begin{array}{ccc|c}\hfill 1& \hfill -1& \hfill 1& \hfill 8\\ \hfill 0& \hfill 1& \hfill -12& \hfill -15\\ \hfill 0& \hfill 0& \hfill 1& \hfill 1\end{array}\right]\end{array}\end{array}]
 The last matrix represents the equivalent system.
 [image: \begin{array}{l}\text{ }x-y+z=8\hfill \\ \text{ }y - 12z=-15\hfill \\ \text{ }z=1\hfill \end{array}]
 Using back-substitution, we obtain the solution as [image: \left(4,-3,1\right)].
   Recall that there are three possible outcomes for solutions to linear systems.  In the previous example, the solution [image: \left(4,-3,1\right)] represents a point in three dimensional space. This point represents the intersection of three planes.  In the next example, we solve a system using row operations and find that it represents a dependent system.  A dependent system in 3 dimensions can be represented by two planes that are identical, much like in 2 dimensions where a dependent system represents two lines that are identical.
 Solve the following system of linear equations using Gaussian Elimination. [image: \begin{array}{r}\hfill -x - 2y+z=-1\\ \hfill 2x+3y=2\\ \hfill y - 2z=0\end{array}]
 Show Solution Write the augmented matrix.
 [image: \left[\begin{array}{ccc|c}\hfill -1& \hfill -2& \hfill 1& \hfill -1\\ \hfill 2& \hfill 3& \hfill 0& \hfill 2\\ \hfill 0& \hfill 1& \hfill -2& \hfill 0\end{array}\right]]
 First, multiply row 1 by [image: -1] to get a 1 in row 1, column 1. Then, perform row operations to obtain row-echelon form.
 [image: -{R}_{1}\to \left[\begin{array}{ccc|c}\hfill 1& \hfill 2& \hfill -1& \hfill 1\\ \hfill 2& \hfill 3& \hfill 0& \hfill 2\\ \hfill 0& \hfill 1& \hfill -2& \hfill 0\end{array}\right]]
 [image: {R}_{2}\leftrightarrow {R}_{3}\to \left[\begin{array}{ccc|c}\hfill 1& \hfill 2& \hfill -1& \hfill 1\\ \hfill 0& \hfill 1& \hfill -2& \hfill 0\\ \hfill 2& \hfill 3& \hfill 0& \hfill 2\end{array}\right]]
 [image: -2{R}_{1}+{R}_{3}={R}_{3}\to\left[\begin{array}{ccc|c}\hfill 1& \hfill 2& \hfill -1& \hfill 1\\ \hfill 0& \hfill 1& \hfill -2& \hfill 0\\ \hfill 0& \hfill -1& \hfill 2& \hfill 0\end{array}\right]]
 [image: {R}_{2}+{R}_{3}={R}_{3}\to\left[\begin{array}{ccc|c}\hfill 1& \hfill 2& \hfill -1& \hfill 2\\ \hfill 0& \hfill 1& \hfill -2& \hfill 1\\ \hfill 0& \hfill 0& \hfill 0& \hfill 0\end{array}\right]]
 The last matrix represents the following system.
 [image: \begin{array}{l}\text{ }x+2y-z=1\hfill \\ \text{ }y - 2z=0\hfill \\ \text{ }0=0\hfill \end{array}]
 We see by the identity [image: 0=0] that this is a dependent system with an infinite number of solutions. We then find the generic solution.
 First, solve the second equation for [image: y]:
 [image: \begin{align} y - 2z &= 0 \\ y &= 2z \end{align}]
 Next, substitute [image: y = 2z] into the first equation:
 [image: \begin{align} x + 2(2z) - z &= 1 \\ x + 4z - z &= 1 \\ x + 3z &= 1 \\ x &= 1 - 3z \end{align}]
 The generic solution is [image: (1-3z,2z,z)].
   Recall that when you solve a dependent system of linear equations in two variables using elimination or substitution, you can write the solution [image: (x,y)] in terms of [image: x], because there are infinitely many [image: (x,y)] pairs that will satisfy a dependent system of equations, and they all fall on the line [image: (x, mx+b)]. Now that you are working in three dimensions, the solution will represent a plane, so you would write it in the general form [image: (x, m_{1}x+b_{1}, m_{2}x+b_{2})]. However, in three dimensions, it is often convenient to express the solution in terms of the single variable [image: z].
 An interactive online homework element has been excluded from the printed version of the text. To see the interactive element that was excluded, please visit the courseware online.
 
  An interactive online homework element has been excluded from the printed version of the text. To see the interactive element that was excluded, please visit the courseware online.
 
  How To: Given a system of equations, solve with matrices using a calculator 	Save the augmented matrix as a matrix variable [image: \left[A\right],\left[B\right],\left[C\right]\text{,} \dots].
 	Use the ref( function in the calculator, calling up each matrix variable as needed.
 
  https://youtube.com/watch?v=wBmWsW26U7s%3Fenablejsapi%3D1+
 
 
You can view the transcript for “Augmented Matrices on the TI83/84” here (opens in new window).
  Solve the system of equations using a calculator. [image: \begin{array}{r}\hfill 5x+3y+9z=-1\\ \hfill -2x+3y-z=-2\\ \hfill -x - 4y+5z=1\end{array}]
 Show Solution Write the augmented matrix for the system of equations.
 [image: \left[\begin{array}{ccc|c}\hfill 5& \hfill 3& \hfill 9& \hfill -1\\ \hfill -2& \hfill 3& \hfill -1& \hfill -2\\ \hfill -1& \hfill -4& \hfill 5& \hfill 1\end{array}\right]]
 On the matrix page of the calculator, enter the augmented matrix above as the matrix variable [image: \left[A\right]].
 [image: \left[A\right]=\left[\begin{array}{rrrrrrr}\hfill 5& \hfill & \hfill 3& \hfill & \hfill 9& \hfill & \hfill -1\\ \hfill -2& \hfill & \hfill 3& \hfill & \hfill -1& \hfill & \hfill -2\\ \hfill -1& \hfill & \hfill -4& \hfill & \hfill 5& \hfill & \hfill 1\end{array}\right]]
 Use the ref( function in the calculator, calling up the matrix variable [image: \left[A\right]].
 [image: \text{ref}\left(\left[A\right]\right)]
 Evaluate.
 [image: \begin{array}{l}\hfill \\ \left[\begin{array}{rrrr}\hfill 1& \hfill \frac{3}{5}& \hfill \frac{9}{5}& \hfill \frac{1}{5}\\ \hfill 0& \hfill 1& \hfill \frac{13}{21}& \hfill -\frac{4}{7}\\ \hfill 0& \hfill 0& \hfill 1& \hfill -\frac{24}{187}\end{array}\right]\to \begin{array}{l}x+\frac{3}{5}y+\frac{9}{5}z=-\frac{1}{5}\hfill \\ \text{ }y+\frac{13}{21}z=-\frac{4}{7}\hfill \\ \text{ }z=-\frac{24}{187}\hfill \end{array}\hfill \end{array}</p>]
 Using back-substitution, the solution is [image: \left(\frac{61}{187},-\frac{92}{187},-\frac{24}{187}\right)].
   
	

			All rights reserved content
	Augmented Matrices on the TI83/84. Provided by: Mathispower4u. Retrieved from: https://youtu.be/wBmWsW26U7s. License: All Rights Reserved. License Terms: Standard YouTube License
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		Solving System of Equations using Matrices: Apply It 1

								

	
				 	Write the augmented matrix for a system of equations
 	Write the system of equations from an augmented matrix
 	Perform row operations on a matrix
 	Use matrix operations and row reductions to find solutions to systems of linear equations
 
  Applications of Systems of Equations
 Now we will turn to the applications for which systems of equations are used. In the next example we determine how much money was invested at two different rates given the sum of the interest earned by both accounts.
 Setting up a system of equations in the following examples uses the same ideas you have used before to write a system of linear equations to model a situation. The only difference is that now you’ll use matrices and Gaussian elimination to solve the system. Carolyn invests a total of [image: $12,000] in two municipal bonds, one paying [image: 10.5\%] interest and the other paying [image: 12\%] interest. The annual interest earned on the two investments last year was [image: $1,335]. How much was invested at each rate? Show Solution We have a system of two equations in two variables. Let [image: x=] the amount invested at 10.5% interest, and [image: y=] the amount invested at 12% interest.
 [image: \begin{array}{l}\text{ }x+y=12,000\hfill \\ 0.105x+0.12y=1,335\hfill \end{array}]
 As a matrix, we have
 [image: \left[\begin{array}{cc|c}\hfill 1& \hfill 1& \hfill 12,000\\ \hfill 0.105& \hfill 0.12& \hfill 1,335\\ \end{array}\right]]
 Multiply row 1 by [image: -0.105] and add the result to row 2.
 [image: \left[\begin{array}{cc|c}\hfill 1& \hfill 1& \hfill 12,000\\ \hfill 0& \hfill 0.015& \hfill 75\\ \end{array}\right]]
 Then,
 [image: \begin{array}{l}0.015y=75\hfill \\ \text{ }y=5,000\hfill \end{array}]
 So [image: 12,000 - 5,000=7,000].
 Thus, [image: $5,000]was invested at [image: 12\%] interest and [image: $7,000]at [image: 10.5\%] interest.
   An interactive online homework element has been excluded from the printed version of the text. To see the interactive element that was excluded, please visit the courseware online.
 
  Ava invests a total of [image: $10,000] in three accounts, one paying [image: 5\%] interest, another paying [image: 8\%] interest, and the third paying [image: 9\%] interest. The annual interest earned on the three investments last year was [image: $770]. The amount invested at [image: 9\%] was twice the amount invested at [image: 5\%]. How much was invested at each rate? Show Solution We have a system of three equations in three variables. Let [image: x] be the amount invested at [image: 5\%] interest, let [image: y] be the amount invested at [image: 8\%] interest, and let [image: z] be the amount invested at [image: 9\%] interest. Thus,
 [image: \begin{array}{l}\text{ }x+y+z=10,000\hfill \\ 0.05x+0.08y+0.09z=770\hfill \\ \text{ }2x-z=0\hfill \end{array}]
 As a matrix, we have
 [image: \left[\begin{array}{ccc|c}\hfill 1& \hfill 1& \hfill 1& \hfill 10,000\\ \hfill 0.05& \hfill 0.08& \hfill 0.09& \hfill 770\\ \hfill 2& \hfill 0& \hfill -1& \hfill 0\end{array}\right]]
 Now, we perform Gaussian elimination to achieve row-echelon form.
 [image: \begin{array}{l}\begin{array}{l}\hfill \\ -0.05{R}_{1}+{R}_{2}={R}_{2}\to \left[\begin{array}{ccc|c}\hfill 1& \hfill 1& \hfill 1& \hfill 10,000\\ \hfill 0& \hfill 0.03& \hfill 0.04& \hfill 270\\ \hfill 2& \hfill 0& \hfill -1& \hfill 0\end{array}\right]\hfill \end{array}\hfill \\ -2{R}_{1}+{R}_{3}={R}_{3}\to \left[\begin{array}{ccc|c}\hfill 1& \hfill 1& \hfill 1& \hfill 10,000\\ \hfill 0& \hfill 0.03& \hfill 0.04& \hfill 270\\ \hfill 0& -2& \hfill -3& \hfill -20,000 \end{array}\right]\hfill \\ \frac{1}{0.03}{R}_{2}={R}_{2}\to \left[\begin{array}{ccc|c}\hfill 1& \hfill 1& \hfill 1& \hfill 10,000\\ \hfill 0& \hfill 1& \hfill \frac{4}{3}& \hfill 9,000\\ \hfill 0& -2& \hfill -3& \hfill -20,000 \end{array}\right]\hfill \\ 2{R}_{2}+{R}_{3}={R}_{3}\to \left[\begin{array}{ccc|c}\hfill 1& \hfill 1& \hfill 1& \hfill 10,000\\ \hfill 0& \hfill 1& \hfill \frac{4}{3}& \hfill 9,000\\ \hfill 0& 0& \hfill -\frac{1}{3}& \hfill -2,000 \end{array}\right]\hfill \end{array}]
 The third row tells us [image: -\frac{1}{3}z=-2,000]; thus [image: z=6,000].
 The second row tells us [image: y+\frac{4}{3}z=9,000].
 Substituting [image: z=6,000], we get
 [image: \begin{array}{r}\hfill y+\frac{4}{3}\left(6,000\right)=9,000\\ \hfill y+8,000=9,000\\ \hfill y=1,000\end{array}]
 The first row tells us [image: x+y+z=10,000]. Substituting [image: y=1,000] and [image: z=6,000], we get
 [image: \begin{array}{l}x+1,000+6,000=10,000\hfill \\ \text{ }x=3,000\text{ }\hfill \end{array}]
 The answer is [image: $3,000] invested at [image: 5\%] interest, [image: $1,000] invested at [image: 8\%], and [image: $6,000] invested at [image: 9\%] interest.
   An interactive online homework element has been excluded from the printed version of the text. To see the interactive element that was excluded, please visit the courseware online.
 
  A small shoe company took out a loan of [image: $1,500,000] to expand their inventory. Part of the money was borrowed at [image: 7\%], part was borrowed at [image: 8\%], and part was borrowed at [image: 10\%]. The amount borrowed at [image: 10\%] was four times the amount borrowed at [image: 7\%], and the annual interest on all three loans was [image: $130,500]. Use matrices to find the amount borrowed at each rate. Show Solution [image: $150,000] at [image: 7\%], [image: $750,000] at [image: 8\%], [image: $600,000] at [image: 10\%]
  An interactive online homework element has been excluded from the printed version of the text. To see the interactive element that was excluded, please visit the courseware online.
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		Solving Systems with Inverses: Learn It 1

								

	
				 	Find the inverse of a matrix when possible
 	Solve a system of linear equations using an inverse matrix
 
  In this section, we will explore how to solve systems of linear equations using the inverse of a matrix. This method is particularly useful for handling larger systems and provides a systematic and efficient approach to finding solutions. We will discuss the advantages of using matrix inversion and outline the steps involved in this process. Understanding this method will enhance your ability to solve complex systems and apply these techniques in various practical scenarios.
 Finding the Inverse of a Matrix
 We know that the multiplicative inverse of a real number [image: a] is [image: {a}^{-1}] and [image: a{a}^{-1}={a}^{-1}a=\left(\frac{1}{a}\right)a=1]. For example, [image: {2}^{-1}=\frac{1}{2}] and [image: \left(\frac{1}{2}\right)2=1].
 The multiplicative inverse of a matrix is similar in concept, except that the product of matrix [image: A] and its inverse [image: {A}^{-1}] equals the identity matrix. The identity matrix is a square matrix containing ones down the main diagonal and zeros everywhere else. We identify identity matrices by [image: {I}_{n}] where [image: n] represents the dimension of the matrix. The equations below are the identity matrices for a [image: 2\text{}\times \text{}2] matrix and [image: 3\text{}\times \text{}3] matrix, respectively.
 [image: {I}_{2}=\left[\begin{array}{rrr}\hfill 1& \hfill & \hfill 0\\ \hfill 0& \hfill & \hfill 1\end{array}\right]]
 [image: {I}_{3}=\left[\begin{array}{rrrrr}\hfill 1& \hfill & \hfill 0& \hfill & \hfill 0\\ \hfill 0& \hfill & \hfill 1& \hfill & \hfill 0\\ \hfill 0& \hfill & \hfill 0& \hfill & \hfill 1\end{array}\right]]
 The identity matrix acts as a [image: 1] in matrix algebra. For example, [image: AI=IA=A].
 A matrix that has a multiplicative inverse has the properties
 [image: \begin{array}{l}A{A}^{-1}=I\\ {A}^{-1}A=I\end{array}]
 A matrix that has a multiplicative inverse is called an invertible matrix. Only a square matrix may have a multiplicative inverse, as the reversibility, [image: A{A}^{-1}={A}^{-1}A=I], is a requirement. Not all square matrices have an inverse, but if [image: A] is invertible, then [image: {A}^{-1}] is unique. We will look at two methods for finding the inverse of a [image: 2\text{}\times \text{}2] matrix and a third method that can be used on both [image: 2\text{}\times \text{}2] and [image: 3\text{}\times \text{}3] matrices.
 the identity matrix and multiplicative inverse
 The identity matrix, [image: {I}_{n}], is a square matrix containing ones down the main diagonal and zeros everywhere else.
 [image: \begin{array}{l}\begin{array}{l}\hfill \\ {I}_{2} & =\left[\begin{array}{rr}\hfill 1& \hfill 0\\ \hfill 0& \hfill 1\end{array}\right]\begin{array}{cccc}& & & \end{array} & {I}_{3} & =\left[\begin{array}{rrr}\hfill 1& \hfill 0& \hfill 0\\ \hfill 0& \hfill 1& \hfill 0\\ \hfill 0& \hfill 0& \hfill 1\end{array}\right]\hfill \\ & \text{}2\times 2 & & \text{3}\times 3\hfill \end{array}\hfill \end{array}]
  
 If [image: A] is an [image: n\times n] matrix and [image: B] is an [image: n\times n] matrix such that [image: AB=BA={I}_{n}], then [image: B={A}^{-1}], the multiplicative inverse of a matrix [image: A].
  An interactive online homework element has been excluded from the printed version of the text. To see the interactive element that was excluded, please visit the courseware online.
 
  Given matrix [image: A], show that [image: AI=IA=A].
 [image: A=\left[\begin{array}{cc}3& 4\\ -2& 5\end{array}\right]] Show Solution Use matrix multiplication to show that the product of [image: A] and the identity is equal to the product of the identity and [image: A].
 [image: AI=\left[\begin{array}{rrr}\hfill 3& \hfill & \hfill 4\\ \hfill -2& \hfill & \hfill 5\end{array}\right]\begin{array}{r}\hfill \end{array}\left[\begin{array}{rrr}\hfill 1& \hfill & \hfill 0\\ \hfill 0& \hfill & \hfill 1\end{array}\right]=\left[\begin{array}{rrrr}\hfill 3\cdot 1+4\cdot 0& \hfill & \hfill & \hfill 3\cdot 0+4\cdot 1\\ \hfill -2\cdot 1+5\cdot 0& \hfill & \hfill & \hfill -2\cdot 0+5\cdot 1\end{array}\right]=\left[\begin{array}{rrr}\hfill 3& \hfill & \hfill 4\\ \hfill -2& \hfill & \hfill 5\end{array}\right]]
 [image: AI=\left[\begin{array}{rrr}\hfill 1& \hfill & \hfill 0\\ \hfill 0& \hfill & \hfill 1\end{array}\right]\begin{array}{r}\hfill \end{array}\left[\begin{array}{rrr}\hfill 3& \hfill & \hfill 4\\ \hfill -2& \hfill & \hfill 5\end{array}\right]=\left[\begin{array}{rrrr}\hfill 1\cdot 3+0\cdot \left(-2\right)& \hfill & \hfill & \hfill 1\cdot 4+0\cdot 5\\ \hfill 0\cdot 3+1\cdot \left(-2\right)& \hfill & \hfill & \hfill 0\cdot 4+1\cdot 5\end{array}\right]=\left[\begin{array}{rrr}\hfill 3& \hfill & \hfill 4\\ \hfill -2& \hfill & \hfill 5\end{array}\right]]
   How To: Given two matrices, show that one is the multiplicative inverse of the other
  	Given matrix [image: A] of order [image: n\times n] and matrix [image: B] of order [image: n\times n] multiply [image: AB].
 	If [image: AB=I], then find the product [image: BA]. If [image: BA=I], then [image: B={A}^{-1}] and [image: A={B}^{-1}].
 
  Show that the given matrices are multiplicative inverses of each other. [image: A=\left[\begin{array}{rrr}\hfill 1& \hfill & \hfill 5\\ \hfill -2& \hfill & \hfill -9\end{array}\right],B=\left[\begin{array}{rrr}\hfill -9& \hfill & \hfill -5\\ \hfill 2& \hfill & \hfill 1\end{array}\right]]
 Show Solution Multiply [image: AB] and [image: BA]. If both products equal the identity, then the two matrices are inverses of each other.
 [image: \begin{array}{l}AB & =\left[\begin{array}{rrr}\hfill 1& \hfill & \hfill 5\\ \hfill -2& \hfill & \hfill -9\end{array}\right]\cdot \left[\begin{array}{rrr}\hfill -9& \hfill & \hfill -5\\ \hfill 2& \hfill & \hfill 1\end{array}\right]\hfill \\ & =\left[\begin{array}{rrr}\hfill 1\left(-9\right)+5\left(2\right)& \hfill & \hfill 1\left(-5\right)+5\left(1\right)\\ \hfill -2\left(-9\right)-9\left(2\right)& \hfill & \hfill -2\left(-5\right)-9\left(1\right)\end{array}\right]\hfill \\ & =\left[\begin{array}{ccc}1& & 0\\ 0& & 1\end{array}\right]\hfill \end{array}]
 [image: \begin{array}{l}BA & =\left[\begin{array}{rrr}\hfill -9& \hfill & \hfill -5\\ \hfill 2& \hfill & \hfill 1\end{array}\right]\cdot \left[\begin{array}{rrr}\hfill 1& \hfill & \hfill 5\\ \hfill -2& \hfill & \hfill -9\end{array}\right]\hfill \\ & =\left[\begin{array}{rrr}\hfill -9\left(1\right)-5\left(-2\right)& \hfill & \hfill -9\left(5\right)-5\left(-9\right)\\ \hfill 2\left(1\right)+1\left(-2\right)& \hfill & \hfill 2\left(-5\right)+1\left(-9\right)\end{array}\right]\hfill \\ & =\left[\begin{array}{ccc}1& & 0\\ 0& & 1\end{array}\right]\hfill \end{array}]
 [image: A] and [image: B] are inverses of each other.
   An interactive online homework element has been excluded from the printed version of the text. To see the interactive element that was excluded, please visit the courseware online.
 
  An interactive online homework element has been excluded from the printed version of the text. To see the interactive element that was excluded, please visit the courseware online.
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		Solving Systems with Inverses: Learn It 2

								

	
				Finding the Multiplicative Inverse
 We can now determine whether two matrices are inverses, but how would we find the inverse of a given matrix?
 There are several methods to accomplish this, each with its own advantages and applications. Understanding these techniques will provide you with a solid foundation for solving systems of linear equations and other matrix-related problems. Let’s dive into the different approaches to finding the inverse of a matrix!
 Matrix Multiplication
 Since we know that the product of a matrix and its inverse is the identity matrix, we can find the inverse of a matrix by setting up an equation using matrix multiplication.
 Use matrix multiplication to find the inverse of the given matrix. [image: A=\left[\begin{array}{rrr}\hfill 1& \hfill & \hfill -2\\ \hfill 2& \hfill & \hfill -3\end{array}\right]]
 Show Solution For this method, we multiply [image: A] by a matrix containing unknown constants and set it equal to the identity.
 [image: \left[\begin{array}{rr}\hfill 1& \hfill -2\\ \hfill 2& \hfill -3\end{array}\right]\text{ }\left[\begin{array}{rr}\hfill a& \hfill b\\ \hfill c& \hfill d\end{array}\right]=\left[\begin{array}{rr}\hfill 1& \hfill 0\\ \hfill 0& \hfill 1\end{array}\right]]
 Find the product of the two matrices on the left side of the equal sign.
 [image: \left[\begin{array}{rr}\hfill 1& \hfill -2\\ \hfill 2& \hfill -3\end{array}\right]\text{ }\left[\begin{array}{rr}\hfill a& \hfill b\\ \hfill c& \hfill d\end{array}\right]=\left[\begin{array}{rr}\hfill 1a - 2c& \hfill 1b - 2d\\ \hfill 2a - 3c& \hfill 2b - 3d\end{array}\right]]
 Next, set up a system of equations with the entry in row 1, column 1 of the new matrix equal to the first entry of the identity, 1. Set the entry in row 2, column 1 of the new matrix equal to the corresponding entry of the identity, which is 0.
 [image: \begin{array}{c}1a - 2c=1\text{ }{R}_{1}\\ 2a - 3c=0\text{ }{R}_{2}\end{array}]
 Using row operations, multiply and add as follows: [image: \left(-2\right){R}_{1}+{R}_{2}\to {R}_{2}]. Add the equations, and solve for [image: c].
 [image: \begin{array}{r}\hfill 1a - 2c=1\\ \hfill 0+1c=-2\\ \hfill c=-2\end{array}]
 Back-substitute to solve for [image: a].
 [image: \begin{array}{r}\hfill a - 2\left(-2\right)=1\\ \hfill a+4=1\\ \hfill a=-3\end{array}]
 Write another system of equations setting the entry in row 1, column 2 of the new matrix equal to the corresponding entry of the identity, 0. Set the entry in row 2, column 2 equal to the corresponding entry of the identity.
 [image: \begin{array}{rr}\hfill 1b - 2d=0& \hfill {R}_{1}\\ \hfill 2b - 3d=1& \hfill {R}_{2}\end{array}]
 Using row operations, multiply and add as follows: [image: \left(-2\right){R}_{1}+{R}_{2}={R}_{2}]. Add the two equations and solve for [image: d].
 [image: \begin{array}{r}\hfill 1b - 2d=0\\ \hfill \frac{0+1d=1}{d=1}\\ \hfill \end{array}]
 Once more, back-substitute and solve for [image: b].
 [image: \begin{array}{r}\hfill b - 2\left(1\right)=0\\ \hfill b - 2=0\\ \hfill b=2\end{array}]
 [image: {A}^{-1}=\left[\begin{array}{rrr}\hfill -3& \hfill & \hfill 2\\ \hfill -2& \hfill & \hfill 1\end{array}\right]]
   Augmenting with the Identity
 Another way to find the multiplicative inverse is by augmenting with the identity. When matrix [image: A] is transformed into [image: I], the augmented matrix [image: I] transforms into [image: {A}^{-1}].
 For example, given [image: A=\left[\begin{array}{rrr}\hfill 2& \hfill & \hfill 1\\ \hfill 5& \hfill & \hfill 3\end{array}\right]]
 augment [image: A] with the identity
 [image: \left[\begin{array}{cc|cc}\hfill 2& \hfill 1& \hfill 1& \hfill 0\\ \hfill 5& \hfill 3& \hfill 0& \hfill 1\\ \end{array}\right]]
 Perform row operations with the goal of turning [image: A] into the identity.
 	Switch row 1 and row 2.
 [image: \left[\begin{array}{cc|cc}\hfill 5& \hfill 3& \hfill 0& \hfill 1\\ \hfill 2& \hfill 1& \hfill 1& \hfill 0\\ \end{array}\right]]
 	Multiply row 2 by [image: -2] and add to row 1.
 [image: \left[\begin{array}{cc|cc}\hfill 1& \hfill 1& \hfill -2& \hfill 1\\ \hfill 2& \hfill 1& \hfill 1& \hfill 0\\ \end{array}\right]]
 	Multiply row 1 by [image: -2] and add to row 2.
 [image: \left[\begin{array}{cc|cc}\hfill 1& \hfill 1& \hfill -2& \hfill 1\\ \hfill 0& \hfill -1& \hfill 5& \hfill -2\\ \end{array}\right]]
 	Add row 2 to row 1.
 [image: \left[\begin{array}{cc|cc}\hfill 1& \hfill 0& \hfill 3& \hfill -1\\ \hfill 0& \hfill -1& \hfill 5& \hfill -2\\ \end{array}\right]]
 	Multiply row 2 by [image: -1].
 [image: \left[\begin{array}{cc|cc}\hfill 1& \hfill 0& \hfill 3& \hfill -1\\ \hfill 0& \hfill 1& \hfill -5& \hfill 2\\ \end{array}\right]]
 
 The matrix we have found is [image: {A}^{-1}].
 [image: {A}^{-1}=\left[\begin{array}{rrr}\hfill 3& \hfill & \hfill -1\\ \hfill -5& \hfill & \hfill 2\end{array}\right]]
  Find the inverse of the given matrix by augmenting with the identity. [image: A=\left[\begin{array}{rrr}\hfill 1& \hfill & \hfill -2\\ \hfill 2& \hfill & \hfill -3\end{array}\right]]
 Show Answer [image: \begin{array}{l} \text{1. Augment } A \text{ with the identity matrix:} \\ \left[\begin{array}{cc|cc} 1 & -2 & 1 & 0 \\ 2 & -3 & 0 & 1 \\ \end{array}\right] \\ \\ \text{2. Perform row operations with the goal of turning } A \text{ into the identity matrix.} \\ \text{First, multiply row 1 by } -2 \text{ and add to row 2:} \\ \left[\begin{array}{cc|cc} 1 & -2 & 1 & 0 \\ 2 & -3 & 0 & 1 \\ \end{array}\right] \rightarrow \left[\begin{array}{cc|cc} 1 & -2 & 1 & 0 \\ 0 & 1 & -2 & 1 \\ \end{array}\right] \\ \\ \text{Next, multiply row 2 by } 2 \text{ and add to row 1:} \\ \left[\begin{array}{cc|cc} 1 & -2 & 1 & 0 \\ 0 & 1 & -2 & 1 \\ \end{array}\right] \rightarrow \left[\begin{array}{cc|cc} 1 & 0 & -3 & 2 \\ 0 & 1 & -2 & 1 \\ \end{array}\right] \\ \\ \text{3. The matrix we have found is } A^{-1} : \\ A^{-1} = \left[\begin{array}{rr} -3 & 2 \\ -2 & 1 \\ \end{array}\right] \\ \end{array}]
   Inverse Formula
 When we need to find the multiplicative inverse of a [image: 2\times 2] matrix, we can use a special formula instead of using matrix multiplication or augmenting with the identity.
 multiplicative inverse of 2×2 matrices formula
 If [image: A] is a [image: 2\times 2] matrix, such as
 [image: A=\left[\begin{array}{rrr}\hfill a& \hfill & \hfill b\\ \hfill c& \hfill & \hfill d\end{array}\right]]
 the multiplicative inverse of [image: A] is given by the formula
 [image: {A}^{-1}=\frac{1}{ad-bc}\left[\begin{array}{rrr}\hfill d& \hfill & \hfill -b\\ \hfill -c& \hfill & \hfill a\end{array}\right]]
 where [image: ad-bc\ne 0].
  
 If [image: ad-bc=0], then [image: A] has no inverse.
  Use the formula to find the multiplicative inverse of [image: A=\left[\begin{array}{cc}1& -2\\ 2& -3\end{array}\right]]
 Show Solution Using the formula, we have
 [image: \begin{array}{l}{A}^{-1} & =\frac{1}{\left(1\right)\left(-3\right)-\left(-2\right)\left(2\right)}\left[\begin{array}{cc}-3& 2\\ -2& 1\end{array}\right]\hfill \\ & =\frac{1}{-3+4}\left[\begin{array}{cc}-3& 2\\ -2& 1\end{array}\right]\hfill \\ & =\left[\begin{array}{cc}-3& 2\\ -2& 1\end{array}\right]\hfill \end{array}]
 Analysis of the Solution
 We can check that our formula works by using one of the other methods to calculate the inverse. Let’s augment [image: A] with the identity.
 [image: \left[\begin{array}{cc|cc}\hfill 1& \hfill -2& \hfill 1& \hfill 0\\ \hfill 2& \hfill -3& \hfill 0& \hfill 1\\ \end{array}\right]]
 Perform row operations with the goal of turning [image: A] into the identity.
 	Multiply row 1 by [image: -2] and add to row 2.
 [image: \left[\begin{array}{cc|cc}\hfill 1& \hfill -2& \hfill 1& \hfill 0\\ \hfill 0& \hfill 1& \hfill -2& \hfill 1\\ \end{array}\right]]
 	Multiply row 1 by 2 and add to row 1.
 [image: \left[\begin{array}{cc|cc}\hfill 1& \hfill 0& \hfill -3& \hfill 2\\ \hfill 0& \hfill 1& \hfill -2& \hfill 1\\ \end{array}\right]]
 
 So, we have verified our original solution.
 [image: {A}^{-1}=\left[\begin{array}{cc}-3& 2\\ -2& 1\end{array}\right]]
   An interactive online homework element has been excluded from the printed version of the text. To see the interactive element that was excluded, please visit the courseware online.
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				Multiplicative Inverse of 3×3 Matrices
 Unfortunately, we do not have a formula similar to the one for a [image: 2\text{}\times \text{}2] matrix to find the inverse of a [image: 3\text{}\times \text{}3] matrix. But, we can still find the inverse by using a systematic approach involving row operations. This method requires augmenting the given matrix with the identity matrix and performing a series of row operations to transform the original matrix into the identity matrix. The resulting augmented matrix will then have the inverse of the original matrix on its right side.
 How To: Given a [image: 3\times 3] matrix, find the inverse 	Write the original matrix augmented with the identity matrix on the right.
 	Use elementary row operations so that the identity appears on the left.
 	What is obtained on the right is the inverse of the original matrix.
 	Use matrix multiplication to show that [image: A{A}^{-1}=I] and [image: {A}^{-1}A=I].
 
  Given the [image: 3\times 3] matrix [image: A], find the inverse. [image: A=\left[\begin{array}{ccc}2& 3& 1\\ 3& 3& 1\\ 2& 4& 1\end{array}\right]]
 Show Solution Augment [image: A] with the identity matrix, and then begin row operations until the identity matrix replaces [image: A]. The matrix on the right will be the inverse of [image: A].
 [image: \left[\begin{array}{ccc|ccc}\hfill 2& \hfill 3& \hfill 1& \hfill 1& \hfill 0& \hfill 0\\ \hfill 3& \hfill 3& \hfill 1& \hfill 0& \hfill 1& \hfill 0\\ \hfill 2& \hfill 4& \hfill 1& \hfill 0& \hfill 0& \hfill 1\end{array}\right]\stackrel{\text{Interchange }{R}_{2}\text{ and }{R}_{1}}{\to }\left[\begin{array}{ccc|ccc}\hfill 3& \hfill 3& \hfill 1& \hfill 0& \hfill 1& \hfill 0\\ \hfill 2& \hfill 3& \hfill 1& \hfill 1& \hfill 0& \hfill 0\\ \hfill 2& \hfill 4& \hfill 1& \hfill 0& \hfill 0& \hfill 1\end{array}\right]]
 [image: -{R}_{2}+{R}_{1}={R}_{1}\to \left[\begin{array}{ccc|ccc}\hfill 1& \hfill 0& \hfill 0& \hfill -1& \hfill 1& \hfill 0\\ \hfill 2& \hfill 3& \hfill 1& \hfill 1& \hfill 0& \hfill 0\\ \hfill 2& \hfill 4& \hfill 1& \hfill 0& \hfill 0& \hfill 1\end{array}\right]]
 [image: -{R}_{2}+{R}_{3}={R}_{3}\to \left[\begin{array}{ccc|ccc}\hfill 1& \hfill 0& \hfill 0& \hfill -1& \hfill 1& \hfill 0\\ \hfill 2& \hfill 3& \hfill 1& \hfill 1& \hfill 0& \hfill 0\\ \hfill 0& \hfill 1& \hfill 0& \hfill -1& \hfill 0& \hfill 1\end{array}\right]]
 [image: {R}_{3}\leftrightarrow {R}_{2}\to \left[\begin{array}{ccc|ccc}\hfill 1& \hfill 0& \hfill 0& \hfill -1& \hfill 1& \hfill 0\\ \hfill 0& \hfill 1& \hfill 0& \hfill -1& \hfill 0& \hfill 1\\ \hfill 2& \hfill 3& \hfill 1& \hfill 1& \hfill 0& \hfill 0\end{array}\right]]
 [image: -2{R}_{1}+{R}_{3}={R}_{3}\to\left[\begin{array}{ccc|ccc}\hfill 1& \hfill 0& \hfill 0& \hfill -1& \hfill 1& \hfill 0\\ \hfill 0& \hfill 1& \hfill 0& \hfill -1& \hfill 0& \hfill 1\\ \hfill 0& \hfill 3& \hfill 1& \hfill 3& \hfill -2& \hfill 0\end{array}\right]]
 [image: -3{R}_{2}+{R}_{3}={R}_{3}\to\left[\begin{array}{ccc|ccc}\hfill 1& \hfill 0& \hfill 0& \hfill -1& \hfill 1& \hfill 0\\ \hfill 0& \hfill 1& \hfill 0& \hfill -1& \hfill 0& \hfill 1\\ \hfill 0& \hfill 0& \hfill 1& \hfill 6& \hfill -2& \hfill -3\end{array}\right]]
 Thus,
 [image: {A}^{-1}=B=\left[\begin{array}{ccc}-1& 1& 0\\ -1& 0& 1\\ 6& -2& -3\end{array}\right]]
 Analysis of the Solution
 To prove that [image: B={A}^{-1}], let’s multiply the two matrices together to see if the product equals the identity, if [image: A{A}^{-1}=I] and [image: {A}^{-1}A=I].
 [image: \begin{array}{l}\begin{array}{l}\hfill \\ \hfill \end{array}\hfill \\ A{A}^{-1} & =\left[\begin{array}{ccc}2& 3& 1\\ 3& 3& 1\\ 2& 4& 1\end{array}\right]\text{ }\left[\begin{array}{rrr}\hfill -1& \hfill 1& \hfill 0\\ \hfill -1& \hfill 0& \hfill 1\\ \hfill 6& \hfill -2& \hfill -3\end{array}\right]\hfill \\ & =\left[\begin{array}{ccc}2\left(-1\right)+3\left(-1\right)+1\left(6\right)& 2\left(1\right)+3\left(0\right)+1\left(-2\right)& 2\left(0\right)+3\left(1\right)+1\left(-3\right)\\ 3\left(-1\right)+3\left(-1\right)+1\left(6\right)& 3\left(1\right)+3\left(0\right)+1\left(-2\right)& 3\left(0\right)+3\left(1\right)+1\left(-3\right)\\ 2\left(-1\right)+4\left(-1\right)+1\left(6\right)& 2\left(1\right)+4\left(0\right)+1\left(-2\right)& 2\left(0\right)+4\left(1\right)+1\left(-3\right)\end{array}\right]\hfill \\ & =\left[\begin{array}{ccc}1& 0& 0\\ 0& 1& 0\\ 0& 0& 1\end{array}\right]\hfill \end{array}]
 [image: \begin{array}{l}\begin{array}{l}\hfill \\ \hfill \end{array}\hfill \\ {A}^{-1}A & =\left[\begin{array}{rrr}\hfill -1& \hfill 1& \hfill 0\\ \hfill -1& \hfill 0& \hfill 1\\ \hfill 6& \hfill -2& \hfill -3\end{array}\right]\text{ }\left[\begin{array}{ccc}2& 3& 1\\ 3& 3& 1\\ 2& 4& 1\end{array}\right]\hfill \\ & =\left[\begin{array}{rrr}\hfill -1\left(2\right)+1\left(3\right)+0\left(2\right)& \hfill -1\left(3\right)+1\left(3\right)+0\left(4\right)& \hfill -1\left(1\right)+1\left(1\right)+0\left(1\right)\\ \hfill -1\left(2\right)+0\left(3\right)+1\left(2\right)& \hfill -1\left(3\right)+0\left(3\right)+1\left(4\right)& \hfill -1\left(1\right)+0\left(1\right)+1\left(1\right)\\ \hfill 6\left(2\right)+-2\left(3\right)+-3\left(2\right)& \hfill 6\left(3\right)+-2\left(3\right)+-3\left(4\right)& \hfill 6\left(1\right)+-2\left(1\right)+-3\left(1\right)\end{array}\right]\hfill \\ & =\left[\begin{array}{rrr}\hfill 1& \hfill 0& \hfill 0\\ \hfill 0& \hfill 1& \hfill 0\\ \hfill 0& \hfill 0& \hfill 1\end{array}\right]\hfill \end{array}]
   Given the [image: 3\times 3] matrix [image: A], find the inverse. [image: A = \left[\begin{array}{ccc} 1 & 2 & 3 \\ 4 & 5 & 6 \\ 7 & 8 & 9 \end{array}\right]]
 Show Answer 	Augment the matrix [image: A] with the identity matrix:
 [image: \left[\begin{array}{ccc|ccc} 1 & 2 & 3 & 1 & 0 & 0 \\ 4 & 5 & 6 & 0 & 1 & 0 \\ 7 & 8 & 9 & 0 & 0 & 1 \end{array}\right]]
 	Perform row operations to try to transform the left side into the identity matrix: 	Subtract 4 times row 1 from row 2:
 [image: R_2 \leftarrow R_2 - 4R_1]
 [image: \left[\begin{array}{ccc|ccc} 1 & 2 & 3 & 1 & 0 & 0 \\ 0 & -3 & -6 & -4 & 1 & 0 \\ 7 & 8 & 9 & 0 & 0 & 1 \end{array}\right]]
 	Subtract 7 times row 1 from row 3:
 [image: R_3 \leftarrow R_3 - 7R_1]
 [image: \left[\begin{array}{ccc|ccc} 1 & 2 & 3 & 1 & 0 & 0 \\ 0 & -3 & -6 & -4 & 1 & 0 \\ 0 & -6 & -12 & -7 & 0 & 1 \end{array}\right]]
 	Subtract 2 times row 2 from row 3:
 [image: R_3 \leftarrow R_3 - 2R_2]
 [image: \left[\begin{array}{ccc|ccc} 1 & 2 & 3 & 1 & 0 & 0 \\ 0 & -3 & -6 & -4 & 1 & 0 \\ 0 & 0 & 0 & 1 & -2 & 1 \end{array}\right]]
 
 
 
 The third row of the left side of the augmented matrix is all zeros. This indicates that the original matrix A is singular, meaning it does not have an inverse.
   An interactive online homework element has been excluded from the printed version of the text. To see the interactive element that was excluded, please visit the courseware online.
 
  An interactive online homework element has been excluded from the printed version of the text. To see the interactive element that was excluded, please visit the courseware online.
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				Solving a System of Linear Equations Using the Inverse of a Matrix
 Solving a system of linear equations using the inverse of a matrix requires the definition of two new matrices: [image: X] is the matrix representing the variables of the system, and [image: B] is the matrix representing the constants. Using matrix multiplication, we may define a system of equations with the same number of equations as variables as [image: AX=B]
 system of equation in matrix form
 To solve a system of linear equations using an inverse matrix, let [image: A] be the coefficient matrix, let [image: X] be the variable matrix, and let [image: B] be the constant matrix. Thus, we want to solve a system [image: AX=B].
  
 For example, look at the following system of equations.
 [image: \begin{array}{c}{a}_{1}x+{b}_{1}y={c}_{1}\\ {a}_{2}x+{b}_{2}y={c}_{2}\end{array}]
 From this system, the coefficient matrix is
 [image: A=\left[\begin{array}{cc}{a}_{1}& {b}_{1}\\ {a}_{2}& {b}_{2}\end{array}\right]]
 The variable matrix is
 [image: X=\left[\begin{array}{c}x\\ y\end{array}\right]]
 And the constant matrix is
 [image: B=\left[\begin{array}{c}{c}_{1}\\ {c}_{2}\end{array}\right]]
  
 Then [image: AX=B] looks like
 [image: \left[\begin{array}{cc}{a}_{1}& {b}_{1}\\ {a}_{2}& {b}_{2}\end{array}\right]\text{ }\left[\begin{array}{c}x\\ y\end{array}\right]=\left[\begin{array}{c}{c}_{1}\\ {c}_{2}\end{array}\right]]
  Recall the discussion earlier in this section regarding multiplying a real number by its inverse, [image: \left({2}^{-1}\right)2=\left(\frac{1}{2}\right)2=1].
 [image: \\]
 To solve a single linear equation [image: ax=b] for [image: x], we would simply multiply both sides of the equation by the multiplicative inverse (reciprocal) of [image: a]. Thus, [image: \begin{array}{c}\text{ }ax=b\\ \text{ }\left(\frac{1}{a}\right)ax=\left(\frac{1}{a}\right)b\\ \left({a}^{-1}\text{ }\right)ax=\left({a}^{-1}\right)b\\ \left[\left({a}^{-1}\right)a\right]x=\left({a}^{-1}\right)b\\ \text{ }1x=\left({a}^{-1}\right)b\\ \text{ }x=\left({a}^{-1}\right)b\end{array}]
 The only difference between solving a linear equation and a system of equations written in matrix form is that finding the inverse of a matrix is more complicated, and matrix multiplication is a longer process. However, the goal is the same—to isolate the variable.
  Given a system of equations, write the coefficient matrix [image: A], the variable matrix [image: X], and the constant matrix [image: B]. Then [image: AX=B]. Multiply both sides by the inverse of [image: A] to obtain the solution.
 [image: \begin{array}{r}\hfill \left({A}^{-1}\right)AX=\left({A}^{-1}\right)B\\ \hfill \left[\left({A}^{-1}\right)A\right]X=\left({A}^{-1}\right)B\\ \hfill IX=\left({A}^{-1}\right)B\\ \hfill X=\left({A}^{-1}\right)B\end{array}]
 Solve the given system of equations using the inverse of a matrix. [image: \begin{array}{r}\hfill 3x+8y=5\\ \hfill 4x+11y=7\end{array}]
 Show Solution Write the system in terms of a coefficient matrix, a variable matrix, and a constant matrix.
 [image: A=\left[\begin{array}{cc}3& 8\\ 4& 11\end{array}\right],X=\left[\begin{array}{c}x\\ y\end{array}\right],B=\left[\begin{array}{c}5\\ 7\end{array}\right]]
 Then
 [image: \left[\begin{array}{cc}3& 8\\ 4& 11\end{array}\right]\text{ }\left[\begin{array}{c}x\\ y\end{array}\right]=\left[\begin{array}{c}5\\ 7\end{array}\right]]
 First, we need to calculate [image: {A}^{-1}]. Using the formula to calculate the inverse of a 2 by 2 matrix, we have:
 [image: \begin{array}{l}{A}^{-1} & =\frac{1}{ad-bc}\left[\begin{array}{cc}d& -b\\ -c& a\end{array}\right]\hfill \\ & =\frac{1}{3\left(11\right)-8\left(4\right)}\left[\begin{array}{cc}11& -8\\ -4& 3\end{array}\right]\hfill \\ & =\frac{1}{1}\left[\begin{array}{cc}11& -8\\ -4& 3\end{array}\right]\hfill \end{array}]
 So,
 [image: {A}^{-1}=\left[\begin{array}{cc}11& -8\\ -4& \text{ }\text{ }3\end{array}\right]]
 Now we are ready to solve. Multiply both sides of the equation by [image: {A}^{-1}].
 [image: \begin{array}{l}\left({A}^{-1}\right)AX=\left({A}^{-1}\right)B\hfill \\ \left[\begin{array}{rr}\hfill 11& \hfill -8\\ \hfill -4& \hfill 3\end{array}\right]\text{ }\left[\begin{array}{cc}3& 8\\ 4& 11\end{array}\right]\text{ }\left[\begin{array}{c}x\\ y\end{array}\right]=\left[\begin{array}{rr}\hfill 11& \hfill -8\\ \hfill -4& \hfill 3\end{array}\right]\text{ }\left[\begin{array}{c}5\\ 7\end{array}\right]\hfill \\ \left[\begin{array}{cc}1& 0\\ 0& 1\end{array}\right]\text{ }\left[\begin{array}{c}x\\ y\end{array}\right]=\left[\begin{array}{r}\hfill 11\left(5\right)+\left(-8\right)7\\ \hfill -4\left(5\right)+3\left(7\right)\end{array}\right]\hfill \\ \left[\begin{array}{c}x\\ y\end{array}\right]=\left[\begin{array}{r}\hfill -1\\ \hfill 1\end{array}\right]\hfill \end{array}]
 The solution is [image: \left(-1,1\right)].
   Can we solve for [image: X] by finding the product [image: B{A}^{-1}?]
  
 No, recall that matrix multiplication is not commutative, so [image: {A}^{-1}B\ne B{A}^{-1}]. Consider our steps for solving the matrix equation.
 [image: \begin{array}{r}\hfill \left({A}^{-1}\right)AX=\left({A}^{-1}\right)B\\ \hfill \left[\left({A}^{-1}\right)A\right]X=\left({A}^{-1}\right)B\\ \hfill IX=\left({A}^{-1}\right)B\\ \hfill X=\left({A}^{-1}\right)B\end{array}]
 Notice in the first step we multiplied both sides of the equation by [image: {A}^{-1}], but the [image: {A}^{-1}] was to the left of [image: A] on the left side and to the left of [image: B] on the right side. Because matrix multiplication is not commutative, order matters.
  An interactive online homework element has been excluded from the printed version of the text. To see the interactive element that was excluded, please visit the courseware online.
 
  Solve the following system using the inverse of a matrix. [image: \begin{array}{r}\hfill 5x+15y+56z=35\\ \hfill -4x - 11y - 41z=-26\\ \hfill -x - 3y - 11z=-7\end{array}]
 Show Solution Write the equation [image: AX=B].
 [image: \left[\begin{array}{ccc}5& 15& 56\\ -4& -11& -41\\ -1& -3& -11\end{array}\right]\text{ }\left[\begin{array}{c}x\\ y\\ z\end{array}\right]=\left[\begin{array}{r}\hfill 35\\ \hfill -26\\ \hfill -7\end{array}\right]]
 First, we will find the inverse of [image: A] by augmenting with the identity.
 [image: \left[\begin{array}{ccc|ccc}\hfill 5& \hfill 15& \hfill 56& \hfill 1& \hfill 0& \hfill0\\ \hfill -4& \hfill -11& \hfill -41& \hfill 0& \hfill 1& \hfill 0\\ \hfill-1& \hfill -3& \hfill -11& \hfill 0& \hfill 0& \hfill 1\end{array}\right]]
 Multiply row 1 by [image: \frac{1}{5}].
 [image: \left[\begin{array}{ccc|ccc}\hfill 1& \hfill 3& \hfill \frac{56}{5}& \hfill \frac{1}{5}& \hfill 0& \hfill0\\ \hfill -4& \hfill -11& \hfill -41& \hfill 0& \hfill 1& \hfill 0\\ \hfill-1& \hfill -3& \hfill -11& \hfill 0& \hfill 0& \hfill 1\end{array}\right]]
 Multiply row 1 by 4 and add to row 2.
 [image: \left[\begin{array}{ccc|ccc}\hfill 1& \hfill 3& \hfill \frac{56}{5}& \hfill \frac{1}{5}& \hfill 0& \hfill0\\ \hfill 0& \hfill 1& \hfill \frac{19}{5}& \hfill \frac{4}{5}& \hfill 1& \hfill 0\\ \hfill-1& \hfill -3& \hfill -11& \hfill 0& \hfill 0& \hfill 1\end{array}\right]]
 Add row 1 to row 3.
 [image: \left[\begin{array}{ccc|ccc}\hfill 1& \hfill 3& \hfill \frac{56}{5}& \hfill \frac{1}{5}& \hfill 0& \hfill0\\ \hfill 0& \hfill 1& \hfill \frac{19}{5}& \hfill \frac{4}{5}& \hfill 1& \hfill 0\\ \hfill0& \hfill 0& \hfill \frac{1}{5}& \hfill \frac{1}{5}& \hfill 0& \hfill 1\end{array}\right]]
 Multiply row 2 by −3 and add to row 1.
 [image: \left[\begin{array}{ccc|ccc}\hfill 1& \hfill 0& \hfill -\frac{1}{5}& \hfill -\frac{11}{5}& \hfill -3& \hfill0\\ \hfill 0& \hfill 1& \hfill \frac{19}{5}& \hfill \frac{4}{5}& \hfill 1& \hfill 0\\ \hfill0& \hfill 0& \hfill \frac{1}{5}& \hfill \frac{1}{5}& \hfill 0& \hfill 1\end{array}\right]]
 Multiply row 3 by 5.
 [image: \left[\begin{array}{ccc|ccc}\hfill 1& \hfill 0& \hfill -\frac{1}{5}& \hfill -\frac{11}{5}& \hfill -3& \hfill0\\ \hfill 0& \hfill 1& \hfill \frac{19}{5}& \hfill \frac{4}{5}& \hfill 1& \hfill 0\\ \hfill0& \hfill 0& \hfill 1& \hfill 1& \hfill 0& \hfill 5\end{array}\right]]
 Multiply row 3 by [image: \frac{1}{5}] and add to row 1.
 [image: \left[\begin{array}{ccc|ccc}\hfill 1& \hfill 0& \hfill 0& \hfill -2& \hfill -3& \hfill 1\\ \hfill 0& \hfill 1& \hfill \frac{19}{5}& \hfill \frac{4}{5}& \hfill 1& \hfill 0\\ \hfill0& \hfill 0& \hfill 1& \hfill 1& \hfill 0& \hfill 5\end{array}\right]]
 Multiply row 3 by [image: -\frac{19}{5}] and add to row 2.
 [image: \left[\begin{array}{ccc|ccc}\hfill 1& \hfill 0& \hfill 0& \hfill -2& \hfill -3& \hfill 1\\ \hfill 0& \hfill 1& \hfill 0& \hfill -3& \hfill 1& \hfill -19\\ \hfill0& \hfill 0& \hfill 1& \hfill 1& \hfill 0& \hfill 5\end{array}\right]]
 So,
 [image: {A}^{-1}=\left[\begin{array}{ccc}-2& -3& 1\\ -3& 1& -19\\ 1& 0& 5\end{array}\right]]
 Multiply both sides of the equation by [image: {A}^{-1}]. We want
 [image: {A}^{-1}AX={A}^{-1}B:]
 [image: \left[\begin{array}{rrr}\hfill -2& \hfill -3& \hfill 1\\ \hfill -3& \hfill 1& \hfill -19\\ \hfill 1& \hfill 0& \hfill 5\end{array}\right]\text{ }\left[\begin{array}{rrr}\hfill 5& \hfill 15& \hfill 56\\ \hfill -4& \hfill -11& \hfill -41\\ \hfill -1& \hfill -3& \hfill -11\end{array}\right]\text{ }\left[\begin{array}{c}x\\ y\\ z\end{array}\right]=\left[\begin{array}{rrr}\hfill -2& \hfill -3& \hfill 1\\ \hfill -3& \hfill 1& \hfill -19\\ \hfill 1& \hfill 0& \hfill 5\end{array}\right]\text{ }\left[\begin{array}{r}\hfill 35\\ \hfill -26\\ \hfill -7\end{array}\right]]
 Thus,
 [image: {A}^{-1}B=\left[\begin{array}{r}\hfill -70+78 - 7\\ \hfill -105 - 26+133\\ \hfill 35+0 - 35\end{array}\right]=\left[\begin{array}{c}1\\ 2\\ 0\end{array}\right]]
 The solution is [image: \left(1,2,0\right)].
   How To: Given a system of equations, solve with matrix inverses using a calculator
  	Save the coefficient matrix and the constant matrix as matrix variables [image: \left[A\right]] and [image: \left[B\right]].
 	Enter the multiplication into the calculator, calling up each matrix variable as needed.
 	If the coefficient matrix is invertible, the calculator will present the solution matrix; if the coefficient matrix is not invertible, the calculator will present an error message.
 
  Solve the system of equations with matrix inverses using a calculator [image: \begin{array}{l}2x+3y+z=32\hfill \\ 3x+3y+z=-27\hfill \\ 2x+4y+z=-2\hfill \end{array}]
 Show Solution On the matrix page of the calculator, enter the coefficient matrix as the matrix variable [image: \left[A\right]], and enter the constant matrix as the matrix variable [image: \left[B\right]].
 [image: \left[A\right]=\left[\begin{array}{ccc}2& 3& 1\\ 3& 3& 1\\ 2& 4& 1\end{array}\right],\text{ }\left[B\right]=\left[\begin{array}{c}32\\ -27\\ -2\end{array}\right]]
 On the home screen of the calculator, type in the multiplication to solve for [image: X], calling up each matrix variable as needed.
 [image: {\left[A\right]}^{-1}\times \left[B\right]]
 Evaluate the expression.
 [image: \left[\begin{array}{c}-59\\ -34\\ 252\end{array}\right]]
   An interactive online homework element has been excluded from the printed version of the text. To see the interactive element that was excluded, please visit the courseware online.
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		Solving Systems with Inverses: Apply It 1

								

	
				 	Find the inverse of a matrix when possible
 	Solve a system of linear equations using an inverse matrix
 
  Applications of Systems of Equations Using Matrices
 In this section, we will explore various real-world applications of systems of equations using matrices. Matrices provide a powerful and efficient way to represent and solve complex systems of equations. By leveraging matrix operations, we can model and solve problems in diverse fields such as economics, engineering, computer science, and natural sciences. Understanding how to apply matrices to these problems will enhance your problem-solving skills and provide you with valuable tools for analyzing and interpreting complex situations.
 [image: A man slides a long block of wood over a table equipped with tools to cut the wood.]Our furniture-making company has two workshops (Atlanta and Boston) that specialize in creating chairs and tables. Suppose we have received an order of [image: 620] chairs and [image: 360] tables. If the production rates for each workshop are given in the table below, how many days should each workshop commit to fulfilling the order keeping in mind that we are striving for efficiency? 	 	Atlanta 	Boston 
 	Chairs 	[image: 20] per day 	[image: 30] per day 
 	Tables 	[image: 15] per day 	[image: 12] per day 
  
 
 Maximum production rates for chairs and tables at each of the two workshops, Atlanta and Boston.
 To make the problem more general, let’s set it up for an arbitrary order of  [image: C] chairs and [image: T] tables. As discussed at the beginning of this module, this scenario requires us to write a system of linear equations:
 [image: 20A+30B=C]
 [image: 15A+12B=T]
 The system may then be expressed as an equation of matrices,
 [image: \begin{bmatrix} {20} & {30} \\[0.3em] {15} & {12} \\[0.3em] \end{bmatrix} \begin{bmatrix} {A}\\[0.3em] {B}\\[0.3em] \end{bmatrix}=\begin{bmatrix} {C}\\[0.3em] {T}\\[0.3em] \end{bmatrix}]
 Now to solve the system for the unknowns [image: A] and [image: B], we need the inverse of the coefficient matrix. Because the coefficient matrix is 2 by 2, we may use the special shortcut formula for the inverse.
 [image: \begin{bmatrix} {20} & {30} \\[0.3em] {15} & {12} \\[0.3em] \end{bmatrix}^{-1}={\large\frac{1}{(20)(12)-(30)(15)}} \begin{bmatrix} {12} & {-30} \\[0.3em] {-15} & {20} \\[0.3em] \end{bmatrix}]
 [image: ={\large\frac{1}{-210}} \begin{bmatrix} {12} & {-30} \\[0.3em] {-15} & {20} \\[0.3em] \end{bmatrix}]
 [image: =\begin{bmatrix} -\frac{2}{35} & \frac{1}{7} \\[0.3em] \frac{1}{14} & -\frac{2}{21} \\[0.3em] \end{bmatrix}]
 This means that the required production levels ([image: A] and [image: B] ) can be found by the matrix multiplication,
 [image: \begin{bmatrix} {A} \\[0.3em] {B} \\[0.3em] \end{bmatrix}= \begin{bmatrix} {20} & {30} \\[0.3em] {15} & {12} \\[0.3em] \end{bmatrix}^{-1} \begin{bmatrix} {C} \\[0.3em] {T} \\[0.3em] \end{bmatrix}=\begin{bmatrix} -\frac{2}{35} & \frac{1}{7} \\[0.3em] \frac{1}{14} & -\frac{2}{21} \\[0.3em] \end{bmatrix} \begin{bmatrix} {C} \\[0.3em] {T} \\[0.3em] \end{bmatrix}]
 For example, in the case that [image: C=620] and [image: T=360], we find:
 [image: \begin{bmatrix} {A} \\[0.3em] {B} \\[0.3em] \end{bmatrix}=\begin{bmatrix} -\frac{2}{35} & \frac{1}{7} \\[0.3em] \frac{1}{14} & -\frac{2}{21} \\[0.3em] \end{bmatrix} \begin{bmatrix} {620} \\[0.3em] {360} \\[0.3em] \end{bmatrix}]
 [image: =\begin{bmatrix} -\frac{2}{35}(620) & \frac{1}{7}(360) \\[0.3em] \frac{1}{14}(620) & -\frac{2}{21}(360) \\[0.3em] \end{bmatrix}]
 [image: =\begin{bmatrix} {16} \\[0.3em] {10} \\[0.3em] \end{bmatrix}]
 Therefore, [image: A=16] and [image: B=10], which means that the Atlanta workshop should work on producing chairs and tables for 16 days and the Boston workshop should take 10 days.
 While this may seem like a lot of work just to solve a simple system of equations, the general equation in terms of [image: C] and [image: T] may now be used for the next order and the order after that! No matter what the particular numbers of chairs and tables required, the same matrix equation can determine how many hours each workshop should run to efficiently produce the furniture.
  [ohm_question hide_question_numbers=1]293730[/ohm_question]  
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		Conic Sections: Background You'll Need 1

								

	
				Factor trinomials and perfect square trinomials into binomials. Factoring by Grouping (Factoring a Trinomial with Leading Coefficient of Not 1)
 Trinomials with leading coefficients other than 1 are slightly more complicated to factor. For these trinomials, we can factor by grouping by dividing the [image: x] term into the sum of two terms, factoring each portion of the expression separately, and then factoring out the GCF of the entire expression.
 Factoring Trinomial (Leading Coefficient [image: \ne 1])
 Factoring by grouping is a method used to decompose a trinomial of the form [image: ax^2+bx+c] into a product of two binomials.
  
 This method involves finding two numbers that combine to give the product of the leading coefficient and the constant term ([image: a \times c]) and the sum of the middle coefficient ([image: b]). We use these numbers to divide the [image: x] term into the sum of two terms and factor each portion of the expression separately then factor out the GCF of the entire expression.
  How To: Given a trinomial in the form [image: a{x}^{2}+bx+c], factor by grouping 	List factors of [image: a \times c].
 	Find [image: p] and [image: q], a pair of factors of [image: a \times c] with a sum of [image: b].
 	Rewrite the original expression as [image: a{x}^{2}+px+qx+c].
 	Pull out the GCF of [image: a{x}^{2}+px].
 	Pull out the GCF of [image: qx+c].
 	Factor out the GCF of the expression.
 
  Factor [image: 5{x}^{2}+7x - 6].Solution 	List factors of [image: a \times c]. 	Calculate [image: a \times c]: [image: a = 5] and [image: c = -6], so [image: a \times c = -30].
 	Factors of [image: -30]:
 	Factors of [image: -30] 	Sum of Factors 
  	[image: 1,-30] 	[image: -29] 
 	[image: -1,30] 	[image: 29] 
 	[image: 2,-15] 	[image: -13] 
 	[image: -2,15] 	[image: 13] 
 	[image: 3,-10] 	[image: -7] 
 	[image: -3,10] 	[image: 7] 
  
 
 
 
 	Find [image: p] and [image: q], a pair of factors of [image: a \times c] with a sum of [image: b]. 	Based on the table above, the correct pair is [image: p = -3] and [image: q = 10].
 
 
 	Rewrite the original expression as [image: a{x}^{2}+px+qx+c].
 
 [image: 5{x}^{2}+7x - 6 = 5{x}^{2} -3x+10x-6]
 	Group the first 2 terms and the last 2 terms. Then, pull out the GCF of each group.
 
 [image: 5{x}^{2}+7x - 6 = (5{x}^{2} -3x)+(10x-6) = x(5x-3)+2(5x-3)]
 	Factor out the GCF of the expression.
 
 [image: 5{x}^{2}+7x - 6 = (x+2)(5x-3)]
  Factor the following. 	[image: 2{x}^{2}+9x+9]
 	[image: 6{x}^{2}+x - 1]
 
 Show Solution 	[image: \left(2x+3\right)\left(x+3\right)]
 	[image: \left(3x - 1\right)\left(2x+1\right)]

  An interactive online homework element has been excluded from the printed version of the text. To see the interactive element that was excluded, please visit the courseware online.
 
  An interactive online homework element has been excluded from the printed version of the text. To see the interactive element that was excluded, please visit the courseware online.
 
  Factoring a Perfect Square Trinomial
 A perfect square trinomial is a trinomial that can be written as the square of a binomial. Recall that when a binomial is squared, the result is the square of the first term added to twice the product of the two terms and the square of the last term.
 [image: \begin{array}{ccc}\hfill {a}^{2}+2ab+{b}^{2}& =& {\left(a+b\right)}^{2}\hfill \\ & \text{and}& \\ \hfill {a}^{2}-2ab+{b}^{2}& =& {\left(a-b\right)}^{2}\hfill \end{array}]
 We can use this equation to factor any perfect square trinomial.
 perfect square trinomial
 A perfect square trinomial can be written as the square of a binomial:
 [image: {a}^{2}+2ab+{b}^{2}={\left(a+b\right)}^{2}]
  How To: Given a perfect square trinomial, factor it into the square of a binomial
  	Confirm that the first and last term are perfect squares.
 	Confirm that the middle term is twice the product of [image: ab].
 	Write the factored form as [image: {\left(a+b\right)}^{2}].
 
  Factor [image: 25{x}^{2}+20x+4].Solution To factor the quadratic expression [image: 25{x}^{2}+20x+4], recognizing it as a perfect square trinomial will streamline the process. This type of expression comes from squaring a binomial and has a special format, [image: a^2 +2ab+b^2], where it can be rewritten as [image: (a+b)^2].[image: \begin{align*} \text{Original expression:} & \quad 25x^2 + 20x + 4 \\ \text{Identify square terms:} & \quad 25x^2 = (5x)^2 \quad \text{and} \quad 4 = 2^2 \\ \text{Check middle term:} & \quad 2 \times 5x \times 2 = 20x \\ \text{Write as a square of a binomial:} & \quad (5x + 2)^2 \end{align*}]
  Factor [image: 49{x}^{2}-14x+1]. Show Solution [image: {\left(7x - 1\right)}^{2}]
  An interactive online homework element has been excluded from the printed version of the text. To see the interactive element that was excluded, please visit the courseware online.
 
  An interactive online homework element has been excluded from the printed version of the text. To see the interactive element that was excluded, please visit the courseware online.
 
  Factoring a Difference of Squares
 A difference of squares is a perfect square subtracted from a perfect square. Recall that a difference of squares can be rewritten as factors containing the same terms but opposite signs because the middle terms cancel each other out when the two factors are multiplied.
 [image: {a}^{2}-{b}^{2}=\left(a+b\right)\left(a-b\right)]
 We can use this equation to factor any differences of squares.
 difference of squares
 A difference of squares can be rewritten as two factors containing the same terms but opposite signs.
 [image: {a}^{2}-{b}^{2}=\left(a+b\right)\left(a-b\right)]
  How To: Given a difference of squares, factor it into binomials 	Confirm that the first and last term are perfect squares.
 	Write the factored form as [image: \left(a+b\right)\left(a-b\right)].
 
  Factor [image: 9{x}^{2}-25].Solution To factor the quadratic expression [image: 9{x}^{2}-25], we recognize that it is a difference of squares.[image: \begin{align*} \text{Original expression:} & \quad 9x^2 - 25 \\ \text{Identify square terms:} & \quad 9x^2 = (3x)^2 \quad \text{and} \quad 25 = 5^2 \\ \text{Apply difference of squares formula:} & \quad (3x + 5)(3x - 5) \end{align*}]
  Factor [image: 81{y}^{2}-100]. Show Solution [image: \left(9y+10\right)\left(9y - 10\right)]
  An interactive online homework element has been excluded from the printed version of the text. To see the interactive element that was excluded, please visit the courseware online.
 
  An interactive online homework element has been excluded from the printed version of the text. To see the interactive element that was excluded, please visit the courseware online.
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				 	Use the distance formula
 
  Distance Formula
 [image: This is an image of a triangle on an x, y coordinate plane. The x and y axes range from 0 to 7. The points (x sub 1, y sub 1); (x sub 2, y sub 1); and (x sub 2, y sub 2) are labeled and connected to form a triangle. Along the base of the triangle, the following equation is displayed: the absolute value of x sub 2 minus x sub 1 equals a. The hypotenuse of the triangle is labeled: d = c. The remaining side is labeled: the absolute value of y sub 2 minus y sub 1 equals b.]Derived from the Pythagorean Theorem, the distance formula is used to find the distance between two points in the plane. The Pythagorean Theorem, [image: {a}^{2}+{b}^{2}={c}^{2}], is based on a right triangle where [image: a] and [image: b] are the lengths of the legs adjacent to the right angle, and [image: c] is the length of the hypotenuse.
 The relationship of sides [image: |{x}_{2}-{x}_{1}|] and [image: |{y}_{2}-{y}_{1}|] to side d is the same as that of sides a and b to side c. We use the absolute value symbol to indicate that the length is a positive number because the absolute value of any number is positive. (For example, [image: |-3|=3]. ) The symbols [image: |{x}_{2}-{x}_{1}|] and [image: |{y}_{2}-{y}_{1}|] indicate that the lengths of the sides of the triangle are positive. To find the length c, take the square root of both sides of the Pythagorean Theorem.
 [image: {c}^{2}={a}^{2}+{b}^{2}\rightarrow c=\sqrt{{a}^{2}+{b}^{2}}]
 It follows that the distance formula is given as
 [image: {d}^{2}={\left({x}_{2}-{x}_{1}\right)}^{2}+{\left({y}_{2}-{y}_{1}\right)}^{2}\to d=\sqrt{{\left({x}_{2}-{x}_{1}\right)}^{2}+{\left({y}_{2}-{y}_{1}\right)}^{2}}]
 Distance Formula
 The distance formula is a mathematical equation used to determine the exact distance between two points ([image: \left({x}_{1},{y}_{1}\right)] and [image: \left({x}_{2},{y}_{2}\right)]) on a coordinate plane.
 [image: \text{Distance}: d=\sqrt{{\left({x}_{2}-{x}_{1}\right)}^{2}+{\left({y}_{2}-{y}_{1}\right)}^{2}}]
  Use the distance formula to find the distance between the points [image: (-5, -3)] and [image: (7,2)].[image: \begin{align*} d &= \sqrt{(x_2 - x_1)^2 + (y_2 - y_1)^2} \\ d &= \sqrt{(72 - (-5))^2 + (2 - (-3))^2} \\ d &= \sqrt{12^2 + 5^2} = \sqrt{144 + 25} = \sqrt{169} \\ d &= 13 \end{align*}]  Find the distance between the points [image: \left(-3,-1\right)] and [image: \left(2,3\right)]. Show Answer Let us first look at the graph of the two points. Connect the points to form a right triangle.[image: This is an image of a triangle on an x, y coordinate plane. The x-axis ranges from negative 4 to 4. The y-axis ranges from negative 2 to 4. The points (-3, -1); (2, -1); and (2, 3) are plotted and labeled on the graph. The points are connected to form a triangle]Then, calculate the length of d using the distance formula.
 [image: \begin{array}{l}d=\sqrt{{\left({x}_{2}-{x}_{1}\right)}^{2}+{\left({y}_{2}-{y}_{1}\right)}^{2}}\hfill \\ d=\sqrt{{\left(2-\left(-3\right)\right)}^{2}+{\left(3-\left(-1\right)\right)}^{2}}\hfill \\ =\sqrt{{\left(5\right)}^{2}+{\left(4\right)}^{2}}\hfill \\ =\sqrt{25+16}\hfill \\ =\sqrt{41}\hfill \end{array}]
 
  An interactive online homework element has been excluded from the printed version of the text. To see the interactive element that was excluded, please visit the courseware online.
 
  An interactive online homework element has been excluded from the printed version of the text. To see the interactive element that was excluded, please visit the courseware online.
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				 	Write the equations for circles using the standard form
 	Graph a circle
 	Solve system of equations involving circles
 
  Write the Equation of a Circle in Standard Form
 A circle is one of the most familiar shapes in geometry. It’s defined as the set of all points in a plane that are the same distance from a given point in the plane. The given point is called the center, [image: (h,k)], and the fixed distance is called the radius, [image: r], of the circle.
 equation of a circle
 The standard form of the equation of a circle with center at [image: (h,k)] and radius [image: r] is:
 [image: (x-h)^2+(y-k)^2 = r^2]
  
 [image: Figure shows circle with center at (h, k) and a radius of r. A point on the circle is labeled x, y. The formula is open parentheses x minus h close parentheses squared plus open parentheses y minus k close parentheses squared equals r squared.]
 
 
 
  Write the standard form of the equation of the circle with 	radius [image: 3] and center [image: (0,0)].
 
 Show Answer Substitute in the values [image: (h, k)=(0,0)], where [image: h=0], [image: k=0], and simplify.
 [image: (x-(0))^2+(y-(0))^2 = 3^2]
 [image: x^2+y^2 = 9]
  	radius [image: 2] and center [image: (-1,3)].
 
 Show Answer Substitute in the values [image: (h, k)=(1, -3)], where [image: h=1], [image: k=-3], and simplify.
 [image: (x-(-1))^2+(y-(3))^2 = 2^2]
 [image: (x+1)^2+(y-3)^2 = 4]
   An interactive online homework element has been excluded from the printed version of the text. To see the interactive element that was excluded, please visit the courseware online.
 
  Graph a Circle
 Graphing a circle involves a few key steps that build upon our understanding of the standard form equation [image: (x-h)^2+(y-k)^2 = r^2]. Let’s break down the process.
 How to: Graph a Circle
  	Identify the Center and Radius 	The center is given by the point [image: (h,k)].
 	The radius is the square root of the right side of the equation, [image: r].
 
 
 	Plot the Center 	Locate and mark the point [image: (h,k)] on the coordinate plane.
 
 
 	Draw the Radius 	From the center, measure [image: r] units in all directions.
 	You can do this by measuring [image: r] units right, left, up, and down from the center.
 
 
 	Complete the Circle 	Connect the points to form a smooth, round shape.
 
 
 	Check Key Points 	Verify the four points where the circle intersects the axes: 	[image: (h+r,k)], [image: (h-r,k)], [image: (h,k+r)], and [image: (h,k-r)]
 
 
 
 
 
  Find the center and radius and then graph the circle: [image: (x+3)^2 + (y+4)^2 = 4]
 
 Show Answer Use the standard form of the equation of a circle. Identify the center, [image: (h,k)] and radius, [image: r].
 [image: (x+3)^2 + (y+4)^2 = 4]
 [image: (x-(-3))^2 + (y-(-4))^2 = 2^2]
 Thus, the center is [image: (-3, -4)] and the radius is [image: 2].
 Graph the circle:
 [image: ]
 
  An interactive online homework element has been excluded from the printed version of the text. To see the interactive element that was excluded, please visit the courseware online.
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				 General Form of the Equation of a Circle
 In algebra, circles can be described using different equations. One common way is the general form, which can look a bit complicated at first. This form doesn’t directly show the center or the radius of the circle, making it harder to visualize and can be a little tricky to work with.
 general form of the equation of a circle
 The general form of the equation of a circle is:
 [image: x^2+y^2+ax+by+c = 0]
  To make things clearer, we often convert the general form to another version known as the standard form, [image: (x-h)^2+(y-k)^2 = r^2]. This transformation involves a process called completing the square, in both [image: x] and [image: y], which helps us easily identify the circle’s center and radius. Then, we can graph the circle using its center and radius.
 Find the center and radius, then graph the circle:
 [image: x^2+y^2-4x-6y+4 = 0]
 Show Answer We need to rewrite this general form into standard form in order to find the center and radius.
 Step 1: Move the constant term to the other side
 [image: x^2 + y^2 - 4x - 6y = -4]
 Step 2: Group the [image: x] and [image: y] terms
 [image: (x^2 - 4x) + (y^2 - 6y) = -4]
 Step 3: Complete the square for [image: x] and [image: y]
 	For [image: x]: [image: x^2 - 4x]
 Take half of [image: -4], which is [image: -2], and square it, giving [image: 4].
 Add and subtract:
 
 [image: x^2 - 4x + 4 - 4 = (x^2 - 4x + 4) - 4 = (x - 2)^2 - 4]
 	For [image: y]: [image: y^2 - 6y]
 Take half of [image: -6], which is [image: -3], and square it, giving [image: 9].
 Add and subtract:
 
 [image: y^2 - 6y + 9 - 9 = (y^2 - 6y + 9 )- 9 = (y- 3)^2 - 9]
 Step 4: Rewrite the equation with the completed squares
 [image: (x - 2)^2 - 4 + (y - 3)^2 - 9 = -4]
 Step 5: Simplify and move the constant terms to the other side
 [image: (x - 2)^2 + (y - 3)^2 - 13 = -4]
 [image: (x - 2)^2 + (y - 3)^2 = 9]
 Now we have the standard form: [image: (x - 2)^2 + (y - 3)^2 = 9]
 Thus, center: [image: (2,3)] and radius: [image: r = 3].
 Graph:
 [image: ]
 
 
 
  
 
 
  An interactive online homework element has been excluded from the printed version of the text. To see the interactive element that was excluded, please visit the courseware online.
 
   An interactive online homework element has been excluded from the printed version of the text. To see the interactive element that was excluded, please visit the courseware online.
 
  An interactive online homework element has been excluded from the printed version of the text. To see the interactive element that was excluded, please visit the courseware online.
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				Finding the Equation of a Circle
 When we’re tasked with finding the equation of a circle, we’re essentially trying to fill in the blanks of the standard form: [image: (x - h)^2 + (y - k)^2 = r^2]. Here, [image: (h, k)] represents the center of the circle, and [image: r] is its radius. But how do we proceed when we’re given different pieces of information? Let’s explore this through various scenarios.
 We might encounter three scenarios:
 	We know the center and radius
 	We know the center and a point on the circle
 	We know two points on the circle (often the diameter)
 
 So far all the problems we have worked with fall into the first scenario, but that will not always be the case. Let’s break down how to find the equation of a circle in standard form given the other two scenarios.
 The Center and a Point
 Let’s say you know the center of the circle and one point on its circumference. This is akin to knowing where you’re standing (the center) and spotting a friend waving from the edge of a circular field. To find the equation, you’ll use the distance formula to calculate the radius.
 [image: d = \sqrt{(x_2 - x_1)^2 + (y_2 - y_1)^2}]
 The distance between the center [image: (h, k)] and your point [image: (x, y)] is the radius. Once you have this, you can complete the standard form equation. It’s like measuring the distance to your friend to figure out how big the field is.
 Two Points on the Circle
 Now, what if we don’t know the center either? Imagine your friend has brought along another buddy, and they’re standing on opposite sides of the circular field. This scenario builds on the previous one, but with a twist – we need to find the center first.
 Picture these two friends standing on opposite sides of a circular pool. To find the equation, you’ll first need to determine the center. The good news is that the line connecting your two friends is actually the diameter of the circle. The midpoint between these two points is your center.
 You can find the center by using the midpoint formula, which is like finding the middle point between two ends:
 [image: \left( \frac{x_1 + x_2}{2}, \frac{y_1 + y_2}{2} \right)]
 Once you’ve found the center this way, you’re back in familiar territory. You can now use the distance formula we learned in the previous scenario to calculate the radius. Simply measure the distance from your newly found center to either of your friends’ positions. With the center and radius now in hand, writing the circle’s equation becomes a piece of cake!
 The diameter of a circle has endpoints [image: (-1,-4)] and [image: (7,2)]. Find the center and radius of the circle and also write its standard form equation. Show Answer The center of a circle is the center, or midpoint, of its diameter.  Thus the midpoint formula will yield the center point.
 [image: \begin{align*} M &= \left( \frac{x_1 + x_2}{2}, \frac{y_1 + y_2}{2} \right) \\ &= \left( \frac{-1 + 7}{2}, \frac{-4 + 2}{2} \right) \\ &= \left( \frac{6}{2}, \frac{-2}{2} \right) \\ &= (3, -1) \end{align*}]
 The center is [image: (3, -1)]. 
 The distance formula will be used to find the distance from the center to one of the points on the circle.  This will yield the radius:
 [image: \begin{align*} d &= \sqrt{(x_2 - x_1)^2 + (y_2 - y_1)^2} \\ d &= \sqrt{(7 - 3)^2 + (2 - (-1))^2} \\ d &= \sqrt{4^2 + 3^2} = 5 \end{align*}]
 The distance from the center to a point on the circle is [image: 5].  Therefore, the radius is [image: 5].  
 The center and radius can now be used to find the standard form of the circle:
 [image: \begin{align*} (x - 3)^2 + (y - (-1))^2 &= 5^2 \\ (x - 3)^2 + (y + 1)^2 &= 25 \end{align*}]
   An interactive online homework element has been excluded from the printed version of the text. To see the interactive element that was excluded, please visit the courseware online.
 
  An interactive online homework element has been excluded from the printed version of the text. To see the interactive element that was excluded, please visit the courseware online.
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				Intersection of a Circle and a Line
 Now that we’ve got a solid understanding of circles and how to write their equations, let’s explore what happens when a circle intersects with a line. This is a common situation in algebra and geometry, and it’s fascinating to see how these two shapes interact. By analyzing the intersection points, we can solve various real-world problems, from finding the shortest path to designing curves in engineering.
 When we talk about the intersection of a circle and a line, we’re essentially looking for points that satisfy both the equation of the circle and the equation of the line simultaneously. This creates a system of equations:
 	The circle equation: [image: (x - h)^2 + (y - k)^2 = r^2]
 	The line equation: [image: y = mx + b]
 
 Solving this system will give us the points where the line meets the circle, if any.
 How To: Find the Intersection Points 	Substitute the equation of the line into the equation of the circle
 	Simplify and rearrange to get a quadratic equation in terms of [image: x] (or [image: y])
 	Solve the quadratic equation
 	Use the solutions to find the corresponding [image: y]-values (or [image: x]-values)
 
  The nature of the solutions to the quadratic equation tells us about the intersection:
 	No real solutions: The line doesn’t intersect the circle
 	One real solution: The line is tangent to the circle
 	Two real solutions: The line crosses through the circle
 
 types of solutions for the points of intersection of a circle and a line
 There are [image: 3] possible solution sets for a system of equations involving a circle and a line.
 [image: ]
 	No solution. 	The line does not intersect the circle.
 
 
 	One solution. 	The line is tangent to the circle and intersects the circle at exactly one point.
 
 
 	Two solutions. 	The line crosses the circle and intersects it at two points.
 
 
 
  Find the intersection of the given circle and the given line by substitution. [image: \begin{gathered}{x}^{2}+{y}^{2}=5 \\ y=3x - 5 \end{gathered}]
 
 Show Solution One of the equations has already been solved for [image: y]. We will substitute [image: y=3x - 5] into the equation for the circle.
 [image: \begin{gathered}{x}^{2}+{\left(3x - 5\right)}^{2}=5\\ {x}^{2}+9{x}^{2}-30x+25=5\\ 10{x}^{2}-30x+20=0\end{gathered}]
 Now, we factor and solve for [image: x].
 [image: \begin{gathered}10\left({x}^{2}-3x+2\right)=0 \\ 10\left(x - 2\right)\left(x - 1\right)=0 \\ x=2 \hspace{5mm} x=1 \end{gathered}]
 Substitute the two [image: x]-values into the original linear equation to solve for [image: y].
 [image: \begin{align}y&=3\left(2\right)-5 \\ &=1 \\[3mm] y&=3\left(1\right)-5 \\ &=-2 \end{align}]
 The line intersects the circle at [image: \left(2,1\right)] and [image: \left(1,-2\right)], which can be verified by substituting these [image: \left(x,y\right)] values into both of the original equations.
 [image: Line y equals 3x minus 5 crosses circle x squared plus y squared equals five at the points 2,1 and 1, negative 2.]
 
  An interactive online homework element has been excluded from the printed version of the text. To see the interactive element that was excluded, please visit the courseware online.
 
  An interactive online homework element has been excluded from the printed version of the text. To see the interactive element that was excluded, please visit the courseware online.
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				 	Write the equations for circles using the standard form
 	Graph a circle
 	Solve system of equations involving circles
 
  You’re working with a city planning team on several infrastructure projects that involve circular designs. Your expertise in calculating precise measurements is crucial for these public works projects to meet safety standards and budget requirements.
 An interactive online homework element has been excluded from the printed version of the text. To see the interactive element that was excluded, please visit the courseware online.
 
  An interactive online homework element has been excluded from the printed version of the text. To see the interactive element that was excluded, please visit the courseware online.
 
  An interactive online homework element has been excluded from the printed version of the text. To see the interactive element that was excluded, please visit the courseware online.
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				 	Write equations of ellipses in standard form
 	Graph ellipses, understanding how their position changes based on whether they are centered at the origin or at another point
 	Solve applied problems involving ellipses
 
  [image: A large ornate room with statues.]Figure 1. The National Statuary Hall in Washington, D.C. (credit: Greg Palmer, Flickr) Ellipses
 Can you imagine standing at one end of a large room and still being able to hear a whisper from a person standing at the other end? The National Statuary Hall in Washington, D.C. is such a room.[1] It is an oval-shaped room called a whispering chamber because the shape makes it possible for sound to travel along the walls. The oval-shaped room is called an ellipse, and it is this unique shape that allows sound to travel along the walls.
 A conic section, or conic, is a shape resulting from intersecting a right circular cone with a plane. The angle at which the plane intersects the cone determines the shape.
 [image: image]
 Conic sections can also be described by a set of points in the coordinate plane. Later in this chapter we will see that the graph of any quadratic equation in two variables is a conic section. The signs of the equations and the coefficients of the variable terms determine the shape. This section focuses on the four variations of the standard form of the equation for the ellipse. An ellipse is the set of all points [image: \left(x,y\right)] in a plane such that the sum of their distances from two fixed points is a constant. Each fixed point is called a focus (plural: foci) of the ellipse.
 The angle at which the plane intersects the cone determines the shape. When the plane intersects the cone at an angle, but not steep enough to reach the base of the cone, the resulting shape is an ellipse. If we pull out the cross section from the figure on the right, we will get an ellipse.
 Here are some key characteristics:
 	Every ellipse has two axes of symmetry. The longer axis is called the major axis, and the shorter axis is called the minor axis.
 	Each endpoint of the major axis is the vertex of the ellipse (plural: vertices), and each endpoint of the minor axis is a co-vertex of the ellipse.
 	The center of an ellipse is the midpoint of both the major and minor axes. The axes are perpendicular at the center.
 	The foci always lie on the major axis, and the sum of the distances from the foci to any point on the ellipse (the constant sum) is greater than the distance between the foci.
 
 [image: ]
 ellipse
 An ellipse is a geometric shape that looks like a stretched-out circle.
 An ellipse is the set of all points [image: \left(x,y\right)] in a plane such that the sum of their distances from two fixed points is a constant. Each fixed point is called a focus (plural: foci) of the ellipse.
  
	Architect of the Capitol. http://www.aoc.gov. Accessed April 15, 2014. ↵
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				Writing Equations and Graphing Ellipses Centered at the Origin in Standard Form
 The key features of the ellipse are its center, vertices, co-vertices, foci, and lengths and positions of the major and minor axes. Just as with other equations, we can identify all of these features just by looking at the standard form of the equation. There are four variations of the standard form of the ellipse. These variations are categorized first by the location of the center (the origin or not the origin), and then by the position (horizontal or vertical). Each is presented along with a description of how the parts of the equation relate to the graph. Interpreting these parts allows us to form a mental picture of the ellipse.
 standard forms of the equation of an ellipse with center [image: (0,0)]
 The standard form of the equation of an ellipse with center [image: \left(0,0\right)] and major axis parallel to the [image: x]-axis is
 [image: \dfrac{{x}^{2}}{{a}^{2}}+\dfrac{{y}^{2}}{{b}^{2}}=1]
  
 where:
 [image: ]
 	[image: a>b]
 	the length of the major axis is [image: 2a]
 	the coordinates of the vertices are [image: \left(\pm a,0\right)]
 	the length of the minor axis is [image: 2b]
 	the coordinates of the co-vertices are [image: \left(0,\pm b\right)]
 	the coordinates of the foci are [image: \left(\pm c,0\right)], where [image: {c}^{2}={a}^{2}-{b}^{2}].
 
 The standard form of the equation of an ellipse with center [image: \left(0,0\right)] and major axis parallel to the y-axis is
 [image: \dfrac{{x}^{2}}{{b}^{2}}+\dfrac{{y}^{2}}{{a}^{2}}=1]
 where
 	[image: ][image: a>b]
 	the length of the major axis is [image: 2a]
 	the coordinates of the vertices are [image: \left(0,\pm a\right)]
 	the length of the minor axis is [image: 2b]
 	the coordinates of the co-vertices are [image: \left(\pm b,0\right)]
 	the coordinates of the foci are [image: \left(0,\pm c\right)], where [image: {c}^{2}={a}^{2}-{b}^{2}].
 
  How To: Given the vertices and foci of an ellipse centered at the origin, write its equation in standard form. 	Determine whether the major axis is on the [image: x]– or [image: y]-axis. 	If the given coordinates of the vertices and foci have the form [image: (\pm a,0)] and [image: (\pm c,0)] respectively, then the major axis is parallel to the [image: x]-axis. Use the standard form [image: \dfrac{{x}^{2}}{{a}^{2}}+\dfrac{{y}^{2}}{{b}^{2}}=1].
 	If the given coordinates of the vertices and foci have the form [image: (0,\pm a)] and [image: (0,\pm c)] respectively, then the major axis is parallel to the [image: y]-axis. Use the standard form [image: \dfrac{{x}^{2}}{{b}^{2}}+\dfrac{{y}^{2}}{{a}^{2}}=1].
 
 
 	Use the equation [image: c^2=a^2-b^2] along with the given coordinates of the vertices and foci, to solve for [image: b^2].
 	Substitute the values for [image: a^2] and [image: b^2] into the standard form of the equation determined in Step 1.
 
  What is the standard form equation of the ellipse that has vertices [image: (\pm 8,0)] and foci [image: (\pm 5,0)]? Show Solution The foci are on the [image: x]-axis, so the major axis is the [image: x]-axis. Thus the equation will have the form:
 [image: \dfrac{{x}^{2}}{{a}^{2}}+\dfrac{{y}^{2}}{{b}^{2}}=1]
 The vertices are [image: (\pm 8,0)], so [image: a=8] and [image: a^2=64].
 The foci are [image: (\pm 5,0)], so [image: c=5] and [image: c^2=25].
 We know that the vertices and foci are related by the equation [image: c^2=a^2-b^2]. Solving for [image: b^2] we have
 [image: \begin{align}&c^2=a^2-b^2&& \\ &25 = 64 - b^2 && \text{Substitute for }c^2 \text{ and }a^2. \\ &b^2=39 && \text{Solve for } b^2. \end{align}]
 Now we need only substitute [image: a^2 = 64] and [image: b^2=39] into the standard form of the equation. The equation of the ellipse is
 [image: \dfrac{{x}^{2}}{64}+\dfrac{{y}^{2}}{39}=1]
   [ohm_question hide_question_numbers=1]291343[/ohm_question] Just as we can write the equation for an ellipse given its graph, we can graph an ellipse given its equation. To graph ellipses centered at the origin, we use the standard form [image: \dfrac{{x}^{2}}{{a}^{2}}+\dfrac{{y}^{2}}{{b}^{2}}=1,\text{ }a>b] for horizontal ellipses and [image: \dfrac{{x}^{2}}{{b}^{2}}+\dfrac{{y}^{2}}{{a}^{2}}=1,\text{ }a>b] for vertical ellipses.
 How To: Given the standard form of an equation for an ellipse centered at [image: \left(0,0\right)], sketch the graph. 	Use the standard forms of the equations of an ellipse to determine the major axis, vertices, co-vertices, and foci. 	If the equation is in the form [image: \dfrac{{x}^{2}}{{a}^{2}}+\dfrac{{y}^{2}}{{b}^{2}}=1], where [image: a>b], then 	the major axis is the [image: x]-axis
 	the coordinates of the vertices are [image: \left(\pm a,0\right)]
 	the coordinates of the co-vertices are [image: \left(0,\pm b\right)]
 	the coordinates of the foci are [image: \left(\pm c,0\right)]
 
 
 	If the equation is in the form [image: \dfrac{{x}^{2}}{{b}^{2}}+\dfrac{{y}^{2}}{{a}^{2}}=1], where [image: a>b], then 	the major axis is the [image: y]-axis
 	the coordinates of the vertices are [image: \left(0,\pm a\right)]
 	the coordinates of the co-vertices are [image: \left(\pm b,0\right)]
 	the coordinates of the foci are [image: \left(0,\pm c\right)]
 
 
 
 
 	Solve for [image: c] using the equation [image: {c}^{2}={a}^{2}-{b}^{2}].
 	Plot the center, vertices, co-vertices, and foci in the coordinate plane, and draw a smooth curve to form the ellipse.
 
  Graph the ellipse given by the equation, [image: \dfrac{{x}^{2}}{9}+\dfrac{{y}^{2}}{25}=1]. Identify and label the center, vertices, co-vertices, and foci. Show Solution First, we determine the position of the major axis. Because [image: 25>9], the major axis is on the [image: y]-axis. It is vertically oriented.Comparing the equation with the standard form:
 [image: a^2 = 25 \text{ and }b^2 = 9]
 Therefore: [image: a = \sqrt{25} = 5] and [image: b = \sqrt{9} = 3].
 First, let’s find the value of [image: c] to find the coordinates of the foci:
 [image: \begin{align}c&=\pm \sqrt{{a}^{2}-{b}^{2}} \\ &=\pm \sqrt{25 - 9} \\ &=\pm \sqrt{16} \\ &=\pm 4 \end{align}]
 Key Components:
 [image: \begin{align*} &\text{Center: } (0, 0) \\ &\text{Vertices: } (0, \pm 5) \\ &\text{Co-vertices: } (\pm 3, 0) \\ &\text{Foci: } (0, \pm 4) \\ \end{align*}]
 Next, we plot and label the center, vertices, co-vertices, and foci, and draw a smooth curve to form the ellipse.
 [image: image]
   Graph the ellipse given by the equation [image: 4{x}^{2}+25{y}^{2}=100]. Rewrite the equation in standard form. Then identify and label the center, vertices, co-vertices, and foci. Show Solution First, use algebra to rewrite the equation in standard form.
 [image: \begin{gathered} 4{x}^{2}+25{y}^{2}=100 \\[1.5mm] \dfrac{4{x}^{2}}{100}+\dfrac{25{y}^{2}}{100}=\dfrac{100}{100} \\[1.5mm] \dfrac{{x}^{2}}{25}+\dfrac{{y}^{2}}{4}=1 \end{gathered}]
 Next, we determine the position of the major axis. Because [image: 25>4], the major axis is on the [image: x]-axis. Therefore, the equation is in the form [image: \dfrac{{x}^{2}}{{a}^{2}}+\dfrac{{y}^{2}}{{b}^{2}}=1], where [image: {a}^{2}=25] and [image: {b}^{2}=4]. It follows that:
 	the center of the ellipse is [image: \left(0,0\right)]
 	the coordinates of the vertices are [image: \left(\pm a,0\right)=\left(\pm \sqrt{25},0\right)=\left(\pm 5,0\right)]
 	the coordinates of the co-vertices are [image: \left(0,\pm b\right)=\left(0,\pm \sqrt{4}\right)=\left(0,\pm 2\right)]
 	the coordinates of the foci are [image: \left(\pm c,0\right)], where [image: {c}^{2}={a}^{2}-{b}^{2}]. Solving for [image: c], we have:
 
 [image: \begin{align}c&=\pm \sqrt{{a}^{2}-{b}^{2}} \\ &=\pm \sqrt{25 - 4} \\ &=\pm \sqrt{21} \end{align}]
 Therefore the coordinates of the foci are [image: \left(\pm \sqrt{21},0\right)].
 Next, we plot and label the center, vertices, co-vertices, and foci, and draw a smooth curve to form the ellipse.
 [image: image]
   An interactive online homework element has been excluded from the printed version of the text. To see the interactive element that was excluded, please visit the courseware online.
 
  An interactive online homework element has been excluded from the printed version of the text. To see the interactive element that was excluded, please visit the courseware online.
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				Writing Equations and Graphing Ellipses Not Centered at the Origin
 In algebra, we often encounter ellipses centered at the origin, but what if the center is somewhere else? We can handle this by using a transformation.
 Imagine shifting the entire coordinate plane so that the new center of the ellipse is at a point [image: (h,k)]. This horizontal and vertical shift changes the equation of the ellipse to account for its new position. Remember that when we shift horizontally, the [image: x^2] term becomes [image: (x-h)^2], and when we shift vertically, the [image: y^2] term becomes [image: (y-k)^2]. This allows us to easily find the new center, vertices, co-vertices, and foci as well.
 standard forms of the equation of an ellipse with center [image: (h, k)]
 The standard form of the equation of an ellipse with center [image: \left(h,\text{ }k\right)] and major axis parallel to the [image: x]-axis is
 [image: \dfrac{{\left(x-h\right)}^{2}}{{a}^{2}}+\dfrac{{\left(y-k\right)}^{2}}{{b}^{2}}=1]
 where
 	[image: a>b]
 	the length of the major axis is [image: 2a]
 	the coordinates of the vertices are [image: \left(h\pm a,k\right)]
 	the length of the minor axis is [image: 2b]
 	the coordinates of the co-vertices are [image: \left(h,k\pm b\right)]
 	the coordinates of the foci are [image: \left(h\pm c,k\right)], where [image: {c}^{2}={a}^{2}-{b}^{2}].
 
 The standard form of the equation of an ellipse with center [image: \left(h,k\right)] and major axis parallel to the [image: y]-axis is
 [image: \dfrac{{\left(x-h\right)}^{2}}{{b}^{2}}+\dfrac{{\left(y-k\right)}^{2}}{{a}^{2}}=1]
 where
 	[image: a>b]
 	the length of the major axis is [image: 2a]
 	the coordinates of the vertices are [image: \left(h,k\pm a\right)]
 	the length of the minor axis is [image: 2b]
 	the coordinates of the co-vertices are [image: \left(h\pm b,k\right)]
 	the coordinates of the foci are [image: \left(h,k\pm c\right)], where [image: {c}^{2}={a}^{2}-{b}^{2}].
 
 
 [image: (a) Horizontal ellipse with center (h,k) (b) Vertical ellipse with center (h,k)]
  Just as with ellipses centered at the origin, ellipses that are centered at a point [image: \left(h,k\right)] have vertices, co-vertices, and foci that are related by the equation [image: {c}^{2}={a}^{2}-{b}^{2}]. We can use this relationship along with the midpoint and distance formulas to find the equation of the ellipse in standard form when the vertices and foci are given.
 Writing equations of ellipses not centered at the origin uses several concepts that you’ve built up for yourself over the entirety of this course such as transformations of graphs, rational equations, and the midpoint formula, to name a few.Remember that you can return to earlier module sections at any time if you need a refresher. As always, give yourself plenty of time to apply patient, repeated study of the examples and practice problems below. How To: Given the vertices and foci of an ellipse not centered at the origin, write its equation in standard form. 	Determine whether the major axis is parallel to the [image: x]– or [image: y]-axis. 	If the [image: y]-coordinates of the given vertices and foci are the same, then the major axis is parallel to the [image: x]-axis. Use the standard form [image: \dfrac{{\left(x-h\right)}^{2}}{{a}^{2}}+\dfrac{{\left(y-k\right)}^{2}}{{b}^{2}}=1].
 	If the [image: x]-coordinates of the given vertices and foci are the same, then the major axis is parallel to the [image: y]-axis. Use the standard form [image: \dfrac{{\left(x-h\right)}^{2}}{{b}^{2}}+\dfrac{{\left(y-k\right)}^{2}}{{a}^{2}}=1].
 
 
 	Identify the center of the ellipse [image: \left(h,k\right)] using the midpoint formula and the given coordinates for the vertices.
 	Find [image: {a}^{2}] by solving for the length of the major axis, [image: 2a], which is the distance between the given vertices.
 	Find [image: {c}^{2}] using [image: h] and [image: k], found in Step 2, along with the given coordinates for the foci.
 	Solve for [image: {b}^{2}] using the equation [image: {c}^{2}={a}^{2}-{b}^{2}].
 	Substitute the values for [image: h,k,{a}^{2}], and [image: {b}^{2}] into the standard form of the equation determined in Step 1.
 
  What is the standard form equation of the ellipse that has vertices [image: \left(-2,-8\right)] and [image: \left(-2,\text{2}\right)] and foci [image: \left(-2,-7\right)] and [image: \left(-2,\text{1}\right)?] Show Solution The x-coordinates of the vertices and foci are the same, so the major axis is parallel to the [image: y]-axis. Thus, the equation of the ellipse will have the form
 [image: \dfrac{{\left(x-h\right)}^{2}}{{b}^{2}}+\dfrac{{\left(y-k\right)}^{2}}{{a}^{2}}=1]
 First, we identify the center, [image: \left(h,k\right)]. The center is halfway between the vertices, [image: \left(-2,-8\right)] and [image: \left(-2,\text{2}\right)]. Applying the midpoint formula, we have:
 [image: \begin{align}\left(h,k\right)&=\left(\dfrac{-2+\left(-2\right)}{2},\dfrac{-8+2}{2}\right) \\ &=\left(-2,-3\right) \end{align}]
 Next, we find [image: {a}^{2}]. The length of the major axis, [image: 2a], is bounded by the vertices. We solve for [image: a] by finding the distance between the [image: y]-coordinates of the vertices.
 [image: \begin{align}2a&=2-\left(-8\right)\\ 2a&=10\\ a&=5\end{align}]
 So [image: {a}^{2}=25].
 Now we find [image: {c}^{2}]. The foci are given by [image: \left(h,k\pm c\right)]. So, [image: \left(h,k-c\right)=\left(-2,-7\right)] and [image: \left(h,k+c\right)=\left(-2,\text{1}\right)]. We substitute [image: k=-3] using either of these points to solve for [image: c].
 [image: \begin{gathered}k+c=1\\ -3+c=1\\ c=4\end{gathered}]
 So [image: {c}^{2}=16].
 Next, we solve for [image: {b}^{2}] using the equation [image: {c}^{2}={a}^{2}-{b}^{2}].
 [image: \begin{gathered}^{2}={a}^{2}-{b}^{2}\\ 16=25-{b}^{2}\\ {b}^{2}=9\end{gathered}]
 Finally, we substitute the values found for [image: h,k,{a}^{2}], and [image: {b}^{2}] into the standard form equation for an ellipse:
 [image: \dfrac{{\left(x+2\right)}^{2}}{9}+\dfrac{{\left(y+3\right)}^{2}}{25}=1]
 
  When an ellipse is not centered at the origin, we can still use the standard forms to find the key features of the graph. When the ellipse is centered at some point, [image: \left(h,k\right)], we use the standard forms [image: \dfrac{{\left(x-h\right)}^{2}}{{a}^{2}}+\dfrac{{\left(y-k\right)}^{2}}{{b}^{2}}=1,\text{ }a>b] for horizontal ellipses and [image: \dfrac{{\left(x-h\right)}^{2}}{{b}^{2}}+\dfrac{{\left(y-k\right)}^{2}}{{a}^{2}}=1,\text{ }a>b] for vertical ellipses. From these standard equations, we can easily determine the center, vertices, co-vertices, foci, and positions of the major and minor axes.
 How To: Given the standard form of an equation for an ellipse centered at [image: \left(h,k\right)], sketch the graph. 	Use the standard forms of the equations of an ellipse to determine the center, position of the major axis, vertices, co-vertices, and foci. 	If the equation is in the form [image: \dfrac{{\left(x-h\right)}^{2}}{{a}^{2}}+\dfrac{{\left(y-k\right)}^{2}}{{b}^{2}}=1], where [image: a>b], then 	the center is [image: \left(h,k\right)]
 	the major axis is parallel to the [image: x]-axis
 	the coordinates of the vertices are [image: \left(h\pm a,k\right)]
 	the coordinates of the co-vertices are [image: \left(h,k\pm b\right)]
 	the coordinates of the foci are [image: \left(h\pm c,k\right)]
 
 
 	If the equation is in the form [image: \dfrac{{\left(x-h\right)}^{2}}{{b}^{2}}+\dfrac{{\left(y-k\right)}^{2}}{{a}^{2}}=1], where [image: a>b], then 	the center is [image: \left(h,k\right)]
 	the major axis is parallel to the [image: y]-axis
 	the coordinates of the vertices are [image: \left(h,k\pm a\right)]
 	the coordinates of the co-vertices are [image: \left(h\pm b,k\right)]
 	the coordinates of the foci are [image: \left(h,k\pm c\right)]
 
 
 
 
 	Solve for [image: c] using the equation [image: {c}^{2}={a}^{2}-{b}^{2}].
 	Plot the center, vertices, co-vertices, and foci in the coordinate plane, and draw a smooth curve to form the ellipse.
 
  Graph the ellipse given by the equation, [image: \dfrac{{\left(x+2\right)}^{2}}{4}+\dfrac{{\left(y - 5\right)}^{2}}{9}=1]. Identify and label the center, vertices, co-vertices, and foci. Show Solution First, we determine the position of the major axis. Because [image: 9>4], the major axis is parallel to the y-axis. Therefore, the equation is in the form [image: \dfrac{{\left(x-h\right)}^{2}}{{b}^{2}}+\dfrac{{\left(y-k\right)}^{2}}{{a}^{2}}=1], where [image: {b}^{2}=4] and [image: {a}^{2}=9]. It follows that:
 	the center of the ellipse is [image: \left(h,k\right)=\left(-2,\text{5}\right)]
 	the coordinates of the vertices are [image: \left(h,k\pm a\right)=\left(-2,5\pm \sqrt{9}\right)=\left(-2,5\pm 3\right)], or [image: \left(-2,\text{2}\right)] and [image: \left(-2,\text{8}\right)]
 	the coordinates of the co-vertices are [image: \left(h\pm b,k\right)=\left(-2\pm \sqrt{4},5\right)=\left(-2\pm 2,5\right)], or [image: \left(-4,5\right)] and [image: \left(0,\text{5}\right)]
 	the coordinates of the foci are [image: \left(h,k\pm c\right)], where [image: {c}^{2}={a}^{2}-{b}^{2}]. Solving for [image: c], we have:
 
 [image: \begin{align}c&=\pm \sqrt{{a}^{2}-{b}^{2}} \\ &=\pm \sqrt{9 - 4} \\ &=\pm \sqrt{5} \end{align}]
 Therefore, the coordinates of the foci are [image: \left(-2,\text{5}-\sqrt{5}\right)] and [image: \left(-2,\text{5+}\sqrt{5}\right)].
 Next, we plot and label the center, vertices, co-vertices, and foci, and draw a smooth curve to form the ellipse.
 [image: image]
   An interactive online homework element has been excluded from the printed version of the text. To see the interactive element that was excluded, please visit the courseware online.
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				Graphing an Ellipse in General Form
 Graphing an ellipse that’s not in its simplest form might seem challenging at first, but with a few steps, it becomes manageable and even fun! When you start with a more complex form of an ellipse, the key is to transform it into the standard form. This transformation process often involves completing the square and sometimes adjusting the coordinate system.
 general form of an ellipse
 [image: a{x}^{2}+b{y}^{2}+cx+dy+e=0]
  
 To rewrite the equation into standard form:
 	Rearrange the equation by grouping terms that contain the same variable. Move the constant term to the opposite side of the equation
 	Factor out the coefficients of the [image: x^2] and [image: y^2] terms in preparation for completing the square.
 	Complete the square for each variable to rewrite the equation in the form of the sum of multiples of two binomials squared set equal to a constant [image: a(x-h)^2+b(y-k)^2 = \text{constant}]. 
 
 
 
 
 	Divide both sides of the equation by the constant term to express the equation in standard form.
 
  To write the equation of an ellipse in standard form, you’ll need to complete the square two times.Given an expression of the form [image: a\left(x^2+bx\right)], add [image: \left(\dfrac{b}{2}\right)^2] inside the parentheses, then subtract [image: a\left(\dfrac{b}{2}\right)^2] to counteract the change you made.If completing the square on one side of an equation, you may either subtract the value of [image: a\left(\dfrac{b}{2}\right)^2] from that side, or add it to the other to maintain equality. Then factor the perfect square trinomial you created inside the original parentheses.
 Example
 [image: \qquad a\left(x^2+bx\right)]
 [image: =a\left(x^2+bx+ \left(\dfrac{b}{2}\right)^2\right)-a\left(\dfrac{b}{2}\right)^2]
 [image: =a\left(x+ \dfrac{b}{2}\right)^2-a\left(\dfrac{b}{2}\right)^2]
  Graph the ellipse given by the equation [image: 4{x}^{2}+9{y}^{2}-40x+36y+100=0]. Identify and label the center, vertices, co-vertices, and foci. Show Solution We must begin by rewriting the equation in standard form.
 [image: 4{x}^{2}+9{y}^{2}-40x+36y+100=0]
 Group terms that contain the same variable, and move the constant to the opposite side of the equation.
 [image: \left(4{x}^{2}-40x\right)+\left(9{y}^{2}+36y\right)=-100]
 Factor out the coefficients of the squared terms.
 [image: 4\left({x}^{2}-10x\right)+9\left({y}^{2}+4y\right)=-100]
 Complete the square twice. Remember to balance the equation by adding the same constants to each side.
 [image: 4\left({x}^{2}-10x+25\right)+9\left({y}^{2}+4y+4\right)=-100+100+36]
 Rewrite as perfect squares.
 [image: 4{\left(x - 5\right)}^{2}+9{\left(y+2\right)}^{2}=36]
 Divide both sides by the constant term to place the equation in standard form.
 [image: \dfrac{{\left(x - 5\right)}^{2}}{9}+\dfrac{{\left(y+2\right)}^{2}}{4}=1]
 Now that the equation is in standard form, we can determine the position of the major axis. Because [image: 9>4], the major axis is parallel to the x-axis. Therefore, the equation is in the form [image: \dfrac{{\left(x-h\right)}^{2}}{{a}^{2}}+\dfrac{{\left(y-k\right)}^{2}}{{b}^{2}}=1], where [image: {a}^{2}=9] and [image: {b}^{2}=4]. It follows that:
 	the center of the ellipse is [image: \left(h,k\right)=\left(5,-2\right)]
 	the coordinates of the vertices are [image: \left(h\pm a,k\right)=\left(5\pm \sqrt{9},-2\right)=\left(5\pm 3,-2\right)], or [image: \left(2,-2\right)] and [image: \left(8,-2\right)]
 	the coordinates of the co-vertices are [image: \left(h,k\pm b\right)=\left(\text{5},-2\pm \sqrt{4}\right)=\left(\text{5},-2\pm 2\right)], or [image: \left(5,-4\right)] and [image: \left(5,\text{0}\right)]
 	the coordinates of the foci are [image: \left(h\pm c,k\right)], where [image: {c}^{2}={a}^{2}-{b}^{2}]. Solving for [image: c], we have:
 
 [image: \begin{align}c&=\pm \sqrt{{a}^{2}-{b}^{2}} \\ &=\pm \sqrt{9 - 4} \\ &=\pm \sqrt{5} \end{align}]
 Therefore, the coordinates of the foci are [image: \left(\text{5}-\sqrt{5},-2\right)] and [image: \left(\text{5+}\sqrt{5},-2\right)].
 Next we plot and label the center, vertices, co-vertices, and foci, and draw a smooth curve to form the ellipse.
 [image: image]
   An interactive online homework element has been excluded from the printed version of the text. To see the interactive element that was excluded, please visit the courseware online.
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				 	Write equations of ellipses in standard form
 	Graph ellipses, understanding how their position changes based on whether they are centered at the origin or at another point
 	Solve applied problems involving ellipses
 
  Solving Applied Problems Involving Ellipses
 Many real-world situations can be represented by ellipses, including orbits of planets, satellites, moons and comets, and shapes of boat keels, rudders, and some airplane wings. A medical device called a lithotripter uses elliptical reflectors to break up kidney stones by generating sound waves. Some buildings, called whispering chambers, are designed with elliptical domes so that a person whispering at one focus can easily be heard by someone standing at the other focus. This occurs because of the acoustic properties of an ellipse. When a sound wave originates at one focus of a whispering chamber, the sound wave will be reflected off the elliptical dome and back to the other focus. In the whisper chamber at the Museum of Science and Industry in Chicago, two people standing at the foci—about 43 feet apart—can hear each other whisper.
 [image: image]
 The Statuary Hall in the Capitol Building in Washington, D.C. is a whispering chamber. Its dimensions are 46 feet wide by 96 feet long. 	What is the standard form of the equation of the ellipse representing the outline of the room? Hint: assume a horizontal ellipse, and let the center of the room be the point [image: \left(0,0\right)].
 	If two senators standing at the foci of this room can hear each other whisper, how far apart are the senators? Round to the nearest foot.
 
 [image: image]
 Show Solution 	We are assuming a horizontal ellipse with center [image: \left(0,0\right)], so we need to find an equation of the form [image: \dfrac{{x}^{2}}{{a}^{2}}+\dfrac{{y}^{2}}{{b}^{2}}=1], where [image: a>b]. We know that the length of the major axis, [image: 2a], is longer than the length of the minor axis, [image: 2b]. So the length of the room, 96, is represented by the major axis, and the width of the room, 46, is represented by the minor axis. 	Solving for [image: a], we have [image: 2a=96], so [image: a=48], and [image: {a}^{2}=2304].
 	Solving for [image: b], we have [image: 2b=46], so [image: b=23], and [image: {b}^{2}=529].
 
 Therefore, the equation of the ellipse is [image: \dfrac{{x}^{2}}{2304}+\dfrac{{y}^{2}}{529}=1].

 	To find the distance between the senators, we must find the distance between the foci, [image: \left(\pm c,0\right)], where [image: {c}^{2}={a}^{2}-{b}^{2}]. Solving for [image: c], we have: [image: \begin{align}&{c}^{2}={a}^{2}-{b}^{2} \\ &{c}^{2}=2304 - 529 && \text{Substitute using the values found in part (a)}. \\ &c=\pm \sqrt{2304 - 529} && \text{Take the square root of both sides}. \\ &c=\pm \sqrt{1775} && \text{Subtract}. \\ &c\approx \pm 42 && \text{Round to the nearest foot}. \end{align}]
 The points [image: \left(\pm 42,0\right)] represent the foci. Thus, the distance between the senators is [image: 2\left(42\right)=84] feet.

 
   Suppose a whispering chamber is [image: 480] feet long and [image: 320] feet wide. 	What is the standard form of the equation of the ellipse representing the room? Hint: assume a horizontal ellipse, and let the center of the room be the point [image: \left(0,0\right)].
 	If two people are standing at the foci of this room and can hear each other whisper, how far apart are the people? Round to the nearest foot.
 
 Show Solution 	[image: \dfrac{{x}^{2}}{57,600}+\dfrac{{y}^{2}}{25,600}=1]
 	The people are standing [image: 358] feet apart.
 
   An interactive online homework element has been excluded from the printed version of the text. To see the interactive element that was excluded, please visit the courseware online.
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				 	Identify the key points of a hyperbola, including where it turns and its focus points
 	Write equations of hyperbolas in standard form
 	Draw hyperbolas on a graph, noting how their position and orientation change based on their center
 	Solve applied problems involving hyperbolas
 
  Hyperbolas
 A shock wave intersecting the ground forms a portion of a conic and results in a sonic boom.
 Most people are familiar with the sonic boom created by supersonic aircraft, but humans were breaking the sound barrier long before the first supersonic flight. The crack of a whip occurs because the tip is exceeding the speed of sound. The bullets shot from many firearms also break the sound barrier, although the bang of the gun usually supersedes the sound of the sonic boom.
 A portion of a conic is formed when the wave intersects the ground, resulting in a sonic boom. This portion is a hyperbola.
 [image: ]
 In analytic geometry, a hyperbola is a conic section formed by intersecting a right circular cone with a plane at an angle such that both halves of the cone are intersected. This intersection produces two separate unbounded curves that are mirror images of each other.
 [image: ]Like the ellipse, the hyperbola can also be defined as a set of points in the coordinate plane. A hyperbola is the set of all points [image: \left(x,y\right)] in a plane such that the difference of the distances between [image: \left(x,y\right)] and the foci is a positive constant.
 
 
 
 hyperbola
 A hyperbola is all points in a plane where the difference of their distances from two fixed points is constant. Each of the fixed points is called a focus of the hyperbola.
 
 
 
  
 Characteristics:
 	The line through the foci is called the transverse axis.
 	The two points where the transverse axis intersects the hyperbola are each a vertex of the hyperbola.
 	The midpoint of the segment joining the foci is called the center of the hyperbola.
 	The line perpendicular to the transverse axis that passes through the center is called the conjugate axis.
 	Each piece of the graph is called a branch of the hyperbola.
 
 
 
 
  Notice that the definition of a hyperbola is very similar to that of an ellipse. The distinction is that the hyperbola is defined in terms of the difference of two distances, whereas the ellipse is defined in terms of the sum of two distances. As with the ellipse, every hyperbola has two axes of symmetry. The transverse axis is a line segment that passes through the center of the hyperbola and has vertices as its endpoints. The foci lie on the line that contains the transverse axis. The conjugate axis is perpendicular to the transverse axis and has the co-vertices as its endpoints. The center of a hyperbola is the midpoint of both the transverse and conjugate axes, where they intersect. Every hyperbola also has two asymptotes that pass through its center. As a hyperbola recedes from the center, its branches approach these asymptotes. The central rectangle of the hyperbola is centered at the origin with sides that pass through each vertex and co-vertex; it is a useful tool for graphing the hyperbola and its asymptotes. To sketch the asymptotes of the hyperbola, simply sketch and extend the diagonals of the central rectangle.
 [image: ]Key features of the hyperbola In this section we will limit our discussion to hyperbolas that are positioned vertically or horizontally in the coordinate plane; the axes will either lie on or be parallel to the x- and y-axes. We will consider two cases: those that are centered at the origin, and those that are centered at a point other than the origin.
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				Standard Form of the Equation of a Hyperbola Centered at the Origin
 The standard form of an equation of a hyperbola centered at the origin with vertices [image: \left(\pm a,0\right)] and co-vertices [image: \left(0\pm b\right)] is [image: \dfrac{{x}^{2}}{{a}^{2}}-\dfrac{{y}^{2}}{{b}^{2}}=1].
 standard forms of the equation of a hyperbola with center [image: (0,0)]
 The standard form of the equation of a hyperbola with center [image: \left(0,0\right)] and transverse axis on the [image: x]-axis is
 [image: \dfrac{{x}^{2}}{{a}^{2}}-\dfrac{{y}^{2}}{{b}^{2}}=1]
 where
 	the length of the transverse axis is [image: 2a]
 	the coordinates of the vertices are [image: \left(\pm a,0\right)]
 	the length of the conjugate axis is [image: 2b]
 	the coordinates of the co-vertices are [image: \left(0,\pm b\right)]
 	the distance between the foci is [image: 2c], where [image: {c}^{2}={a}^{2}+{b}^{2}]
 	the coordinates of the foci are [image: \left(\pm c,0\right)]
 	the equations of the asymptotes are [image: y=\pm \dfrac{b}{a}x]
 
 The standard form of the equation of a hyperbola with center [image: \left(0,0\right)] and transverse axis on the [image: y]-axis is
 [image: \dfrac{{y}^{2}}{{a}^{2}}-\dfrac{{x}^{2}}{{b}^{2}}=1]
 where
 	the length of the transverse axis is [image: 2a]
 	the coordinates of the vertices are [image: \left(0,\pm a\right)]
 	the length of the conjugate axis is [image: 2b]
 	the coordinates of the co-vertices are [image: \left(\pm b,0\right)]
 	the distance between the foci is [image: 2c], where [image: {c}^{2}={a}^{2}+{b}^{2}]
 	the coordinates of the foci are [image: \left(0,\pm c\right)]
 	the equations of the asymptotes are [image: y=\pm \dfrac{a}{b}x]
 
 Note that the vertices, co-vertices, and foci are related by the equation [image: {c}^{2}={a}^{2}+{b}^{2}]. When we are given the equation of a hyperbola, we can use this relationship to identify its vertices and foci.
 [image: ](a) Horizontal hyperbola with center [image: \left(0,0\right)] (b) Vertical hyperbola with center [image: \left(0,0\right)]  How To: Given the equation of a hyperbola in standard form, locate its vertices and foci. 	Determine whether the transverse axis lies on the [image: x]– or [image: y]-axis. Notice that [image: {a}^{2}] is always under the variable with the positive coefficient. So, if you set the other variable equal to zero, you can easily find the intercepts. In the case where the hyperbola is centered at the origin, the intercepts coincide with the vertices. 	If the equation has the form [image: \dfrac{{x}^{2}}{{a}^{2}}-\dfrac{{y}^{2}}{{b}^{2}}=1], then the transverse axis lies on the [image: x]-axis. The vertices are located at [image: \left(\pm a,0\right)], and the foci are located at [image: \left(\pm c,0\right)].
 	If the equation has the form [image: \dfrac{{y}^{2}}{{a}^{2}}-\dfrac{{x}^{2}}{{b}^{2}}=1], then the transverse axis lies on the [image: y]-axis. The vertices are located at [image: \left(0,\pm a\right)], and the foci are located at [image: \left(0,\pm c\right)].
 
 
 	Solve for [image: a] using the equation [image: a=\sqrt{{a}^{2}}].
 	Solve for [image: c] using the equation [image: c=\sqrt{{a}^{2}+{b}^{2}}].
 
  Identify the vertices and foci of the hyperbola with equation [image: \dfrac{{y}^{2}}{49}-\dfrac{{x}^{2}}{32}=1]. Show Solution The equation has the form [image: \dfrac{{y}^{2}}{{a}^{2}}-\dfrac{{x}^{2}}{{b}^{2}}=1], so the transverse axis lies on the [image: y]-axis. The hyperbola is centered at the origin, so the vertices serve as the y-intercepts of the graph. To find the vertices, set [image: x=0], and solve for [image: y].
 [image: \begin{align}1=\frac{{y}^{2}}{49}-\frac{{x}^{2}}{32} \\[1mm] 1=\frac{{y}^{2}}{49}-\frac{{0}^{2}}{32} \\[1mm] 1=\frac{{y}^{2}}{49} \\[1mm] {y}^{2}=49 \\[1mm] y=\pm \sqrt{49}=\pm 7 \end{align}]
 The foci are located at [image: \left(0,\pm c\right)]. Solving for [image: c],
 [image: c=\sqrt{{a}^{2}+{b}^{2}}=\sqrt{49+32}=\sqrt{81}=9]
 Therefore, the vertices are located at [image: \left(0,\pm 7\right)], and the foci are located at [image: \left(0,9\right)].
   An interactive online homework element has been excluded from the printed version of the text. To see the interactive element that was excluded, please visit the courseware online.
 
  Writing Equations of Hyperbolas Centered at the Origin
 Just as with ellipses, writing the equation for a hyperbola in standard form allows us to calculate the key features: its center, vertices, co-vertices, foci, asymptotes, and the lengths and positions of the transverse and conjugate axes. Conversely, an equation for a hyperbola can be found given its key features. We begin by finding standard equations for hyperbolas centered at the origin.
 Reviewing the standard forms given for hyperbolas centered at [image: \left(0,0\right)], we see that the vertices, co-vertices, and foci are related by the equation [image: {c}^{2}={a}^{2}+{b}^{2}]. Note that this equation can also be rewritten as [image: {b}^{2}={c}^{2}-{a}^{2}]. This relationship is used to write the equation for a hyperbola when given the coordinates of its foci and vertices.
 How To: Given the vertices and foci of a hyperbola centered at [image: \left(0,\text{0}\right)], write its equation in standard form. 	Determine whether the transverse axis lies on the [image: x]– or [image: y]-axis. 	If the given coordinates of the vertices and foci have the form [image: \left(\pm a,0\right)] and [image: \left(\pm c,0\right)], respectively, then the transverse axis is the [image: x]-axis. Use the standard form [image: \dfrac{{x}^{2}}{{a}^{2}}-\dfrac{{y}^{2}}{{b}^{2}}=1].
 	If the given coordinates of the vertices and foci have the form [image: \left(0,\pm a\right)] and [image: \left(0,\pm c\right)], respectively, then the transverse axis is the [image: y]-axis. Use the standard form [image: \dfrac{{y}^{2}}{{a}^{2}}-\dfrac{{x}^{2}}{{b}^{2}}=1].
 
 
 	Find [image: {b}^{2}] using the equation [image: {b}^{2}={c}^{2}-{a}^{2}].
 	Substitute the values for [image: {a}^{2}] and [image: {b}^{2}] into the standard form of the equation determined in Step 1.
 
  What is the standard form equation of the hyperbola that has vertices [image: \left(\pm 6,0\right)] and foci [image: \left(\pm 2\sqrt{10},0\right)?] Show Solution The vertices and foci are on the [image: x]-axis. Thus, the equation for the hyperbola will have the form [image: \dfrac{{x}^{2}}{{a}^{2}}-\dfrac{{y}^{2}}{{b}^{2}}=1].
 The vertices are [image: \left(\pm 6,0\right)], so [image: a=6] and [image: {a}^{2}=36].
 The foci are [image: \left(\pm 2\sqrt{10},0\right)], so [image: c=2\sqrt{10}] and [image: {c}^{2}=40].
 Solving for [image: {b}^{2}], we have
 [image: \begin{align}&{b}^{2}={c}^{2}-{a}^{2} \\ &{b}^{2}=40 - 36 && \text{Substitute for }{c}^{2}\text{ and }{a}^{2}. \\ &{b}^{2}=4 && \text{Subtract}. \end{align}]
 Finally, we substitute [image: {a}^{2}=36] and [image: {b}^{2}=4] into the standard form of the equation, [image: \dfrac{{x}^{2}}{{a}^{2}}-\dfrac{{y}^{2}}{{b}^{2}}=1]. The equation of the hyperbola is [image: \dfrac{{x}^{2}}{36}-\dfrac{{y}^{2}}{4}=1].
 [image: image]
   An interactive online homework element has been excluded from the printed version of the text. To see the interactive element that was excluded, please visit the courseware online.
 
  An interactive online homework element has been excluded from the printed version of the text. To see the interactive element that was excluded, please visit the courseware online.
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				Hyperbolas Not Centered at the Origin
 Like the graphs for other equations, the graph of a hyperbola can be translated. If a hyperbola is translated units horizontally and units vertically, the center of the hyperbola will be [image: (h,k)]. This translation results in the standard form of the equation we saw previously, with [image: x] replaced by [image: (x-h)] and [image: y] replaced by [image: (y-k)].
 standard forms of the equation of a hyperbola with center [image: (h,k)]
 The standard form of the equation of a hyperbola with center [image: \left(h,k\right)] and transverse axis parallel to the [image: x]-axis is
 [image: \dfrac{{\left(x-h\right)}^{2}}{{a}^{2}}-\dfrac{{\left(y-k\right)}^{2}}{{b}^{2}}=1]
 where
 	the length of the transverse axis is [image: 2a]
 	the coordinates of the vertices are [image: \left(h\pm a,k\right)]
 	the length of the conjugate axis is [image: 2b]
 	the coordinates of the co-vertices are [image: \left(h,k\pm b\right)]
 	the distance between the foci is [image: 2c], where [image: {c}^{2}={a}^{2}+{b}^{2}]
 	the coordinates of the foci are [image: \left(h\pm c,k\right)]
 
 [image: ](a) Horizontal hyperbola with center [image: \left(h,k\right)] (b) Vertical hyperbola with center [image: \left(h,k\right)]  Like hyperbolas centered at the origin, hyperbolas centered at a point [image: \left(h,k\right)] have vertices, co-vertices, and foci that are related by the equation [image: {c}^{2}={a}^{2}+{b}^{2}]. We can use this relationship along with the midpoint and distance formulas to find the standard equation of a hyperbola when the vertices and foci are given.
 How To: Given the vertices and foci of a hyperbola centered at [image: \left(h,k\right)], write its equation in standard form. 	Determine whether the transverse axis is parallel to the [image: x]– or [image: y]-axis. 	If the [image: y]-coordinates of the given vertices and foci are the same, then the transverse axis is parallel to the [image: x]-axis. Use the standard form [image: \dfrac{{\left(x-h\right)}^{2}}{{a}^{2}}-\dfrac{{\left(y-k\right)}^{2}}{{b}^{2}}=1].
 	If the [image: x]-coordinates of the given vertices and foci are the same, then the transverse axis is parallel to the [image: y]-axis. Use the standard form [image: \dfrac{{\left(y-k\right)}^{2}}{{a}^{2}}-\dfrac{{\left(x-h\right)}^{2}}{{b}^{2}}=1].
 
 
 	Identify the center of the hyperbola, [image: \left(h,k\right)], using the midpoint formula and the given coordinates for the vertices.
 	Find [image: {a}^{2}] by solving for the length of the transverse axis, [image: 2a] , which is the distance between the given vertices.
 	Find [image: {c}^{2}] using [image: h] and [image: k] found in Step 2 along with the given coordinates for the foci.
 	Solve for [image: {b}^{2}] using the equation [image: {b}^{2}={c}^{2}-{a}^{2}].
 	Substitute the values for [image: h,k,{a}^{2}], and [image: {b}^{2}] into the standard form of the equation determined in Step 1.
 
  What is the standard form equation of the hyperbola that has vertices at [image: \left(0,-2\right)] and [image: \left(6,-2\right)] and foci at [image: \left(-2,-2\right)] and [image: \left(8,-2\right)?] Show Solution The y-coordinates of the vertices and foci are the same, so the transverse axis is parallel to the x-axis. Thus, the equation of the hyperbola will have the form
  
 [image: \dfrac{{\left(x-h\right)}^{2}}{{a}^{2}}-\dfrac{{\left(y-k\right)}^{2}}{{b}^{2}}=1]
 First, we identify the center, [image: \left(h,k\right)]. The center is halfway between the vertices [image: \left(0,-2\right)] and [image: \left(6,-2\right)]. Applying the midpoint formula, we have
 [image: \left(h,k\right)=\left(\dfrac{0+6}{2},\dfrac{-2+\left(-2\right)}{2}\right)=\left(3,-2\right)]
 Next, we find [image: {a}^{2}]. The length of the transverse axis, [image: 2a], is bounded by the vertices. So, we can find [image: {a}^{2}] by finding the distance between the x-coordinates of the vertices.
 [image: \begin{gathered}2a=|0 - 6| \\ 2a=6 \\ a=3 \\ {a}^{2}=9 \end{gathered}]
 Now we need to find [image: {c}^{2}]. The coordinates of the foci are [image: \left(h\pm c,k\right)]. So [image: \left(h-c,k\right)=\left(-2,-2\right)] and [image: \left(h+c,k\right)=\left(8,-2\right)]. We can use the x-coordinate from either of these points to solve for [image: c]. Using the point [image: \left(8,-2\right)], and substituting [image: h=3],
 [image: \begin{gathered}h+c=8 \\ 3+c=8 \\ c=5 \\ {c}^{2}=25 \end{gathered}]
 Next, solve for [image: {b}^{2}] using the equation [image: {b}^{2}={c}^{2}-{a}^{2}:]
 [image: \begin{align}{b}^{2}&={c}^{2}-{a}^{2} \\ &=25 - 9 \\ &=16 \end{align}]
 Finally, substitute the values found for [image: h,k,{a}^{2}], and [image: {b}^{2}] into the standard form of the equation.
 [image: \dfrac{{\left(x - 3\right)}^{2}}{9}-\dfrac{{\left(y+2\right)}^{2}}{16}=1]
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				Graphing Hyperbolas
 When we have an equation in standard form for a hyperbola centered at the origin, we can interpret its parts to identify the key features of its graph: the center, vertices, co-vertices, asymptotes, foci, and lengths and positions of the transverse and conjugate axes. To graph hyperbolas centered at the origin, we use the standard form [image: \dfrac{{x}^{2}}{{a}^{2}}-\dfrac{{y}^{2}}{{b}^{2}}=1] for horizontal hyperbolas and the standard form [image: \dfrac{{y}^{2}}{{a}^{2}}-\dfrac{{x}^{2}}{{b}^{2}}=1] for vertical hyperbolas.
 How To: Given a standard form equation for a hyperbola centered at [image: \left(0,0\right)], sketch the graph. 	Determine which of the standard forms applies to the given equation.
 	Use the standard form identified in Step 1 to determine the position of the transverse axis; coordinates for the vertices, co-vertices, and foci; and the equations for the asymptotes. 	If the equation is in the form [image: \dfrac{{x}^{2}}{{a}^{2}}-\dfrac{{y}^{2}}{{b}^{2}}=1], then 	the transverse axis is on the [image: x]-axis
 	the coordinates of the vertices are [image: \left(\pm a,0\right)]
 	the coordinates of the co-vertices are [image: \left(0,\pm b\right)]
 	the coordinates of the foci are [image: \left(\pm c,0\right)]
 	the equations of the asymptotes are [image: y=\pm \frac{b}{a}x]
 
 
 	If the equation is in the form [image: \dfrac{{y}^{2}}{{a}^{2}}-\dfrac{{x}^{2}}{{b}^{2}}=1], then 	the transverse axis is on the [image: y]-axis
 	the coordinates of the vertices are [image: \left(0,\pm a\right)]
 	the coordinates of the co-vertices are [image: \left(\pm b,0\right)]
 	the coordinates of the foci are [image: \left(0,\pm c\right)]
 	the equations of the asymptotes are [image: y=\pm \frac{a}{b}x]
 
 
 
 
 	Solve for the coordinates of the foci using the equation [image: c=\pm \sqrt{{a}^{2}+{b}^{2}}].
 	Plot the vertices, co-vertices, foci, and asymptotes in the coordinate plane, and draw a smooth curve to form the hyperbola.
 
  Graph the hyperbola given by the equation [image: \dfrac{{y}^{2}}{64}-\dfrac{{x}^{2}}{36}=1]. Identify and label the vertices, co-vertices, foci, and asymptotes. Show Solution The standard form that applies to the given equation is [image: \dfrac{{y}^{2}}{{a}^{2}}-\dfrac{{x}^{2}}{{b}^{2}}=1]. Thus, the transverse axis is on the [image: y]-axis.
 [image: \\]
 The coordinates of the vertices are [image: \left(0,\pm a\right)=\left(0,\pm \sqrt{64}\right)=\left(0,\pm 8\right)].
 [image: \\]
 The coordinates of the co-vertices are [image: \left(\pm b,0\right)=\left(\pm \sqrt{36},\text{ }0\right)=\left(\pm 6,0\right)]The coordinates of the foci are [image: \left(0,\pm c\right)], where [image: c=\pm \sqrt{{a}^{2}+{b}^{2}}]. Solving for [image: c] we have
 [image: \begin{align} c&=\pm \sqrt{{a}^{2}+{b}^{2}} \\ &=\pm \sqrt{64+36} \\ &=\pm \sqrt{100} \\ &=\pm 10 \end{align}]
 Therefore, the coordinates of the foci are [image: \left(0,\pm 10\right)]
 The equations of the asymptotes are
 [image: \begin{align} y=\pm \frac{a}{b}x \\ y=\pm \frac{8}{6}x \\ y=\pm \frac{4}{3}x \end{align}]
 Plot and label the vertices and co-vertices, and then sketch the central rectangle. Sides of the rectangle are parallel to the axes and pass through the vertices and co-vertices. Sketch and extend the diagonals of the central rectangle to show the asymptotes. The central rectangle and asymptotes provide the framework needed to sketch an accurate graph of the hyperbola. Label the foci and asymptotes, and draw a smooth curve to form the hyperbola.
 [image: image]
   [ohm_question hide_question_numbers=1]291352[/ohm_question] An interactive online homework element has been excluded from the printed version of the text. To see the interactive element that was excluded, please visit the courseware online.
 
   Graphing hyperbolas centered at a point [image: \left(h,k\right)] other than the origin is similar to graphing ellipses centered at a point other than the origin. We use the standard forms [image: \dfrac{{\left(x-h\right)}^{2}}{{a}^{2}}-\dfrac{{\left(y-k\right)}^{2}}{{b}^{2}}=1] for horizontal hyperbolas, and [image: \dfrac{{\left(y-k\right)}^{2}}{{a}^{2}}-\dfrac{{\left(x-h\right)}^{2}}{{b}^{2}}=1] for vertical hyperbolas. From these standard form equations we can easily calculate and plot key features of the graph: the coordinates of its center, vertices, co-vertices, and foci; the equations of its asymptotes; and the positions of the transverse and conjugate axes.
 How To: Given a general form for a hyperbola centered at [image: \left(h,k\right)], sketch the graph. 	Convert the general form to that standard form. Determine which of the standard forms applies to the given equation.
 	Use the standard form identified in Step 1 to determine the position of the transverse axis; coordinates for the center, vertices, co-vertices, foci; and equations for the asymptotes. 	If the equation is in the form [image: \dfrac{{\left(x-h\right)}^{2}}{{a}^{2}}-\dfrac{{\left(y-k\right)}^{2}}{{b}^{2}}=1], then 	the transverse axis is parallel to the [image: x]-axis
 	the center is [image: \left(h,k\right)]
 	the coordinates of the vertices are [image: \left(h\pm a,k\right)]
 	the coordinates of the co-vertices are [image: \left(h,k\pm b\right)]
 	the coordinates of the foci are [image: \left(h\pm c,k\right)]
 	the equations of the asymptotes are [image: y=\pm \frac{b}{a}\left(x-h\right)+k]
 
 
 	If the equation is in the form [image: \dfrac{{\left(y-k\right)}^{2}}{{a}^{2}}-\dfrac{{\left(x-h\right)}^{2}}{{b}^{2}}=1], then 	the transverse axis is parallel to the [image: y]-axis
 	the center is [image: \left(h,k\right)]
 	the coordinates of the vertices are [image: \left(h,k\pm a\right)]
 	the coordinates of the co-vertices are [image: \left(h\pm b,k\right)]
 	the coordinates of the foci are [image: \left(h,k\pm c\right)]
 	the equations of the asymptotes are [image: y=\pm \frac{a}{b}\left(x-h\right)+k]
 
 
 
 
 	Solve for the coordinates of the foci using the equation [image: c=\pm \sqrt{{a}^{2}+{b}^{2}}].
 	Plot the center, vertices, co-vertices, foci, and asymptotes in the coordinate plane and draw a smooth curve to form the hyperbola.
 
  Graph the hyperbola given by the equation [image: 9{x}^{2}-4{y}^{2}-36x - 40y - 388=0]. Identify and label the center, vertices, co-vertices, foci, and asymptotes. Show Solution Start by expressing the equation in standard form. Group terms that contain the same variable, and move the constant to the opposite side of the equation.
 [image: \left(9{x}^{2}-36x\right)-\left(4{y}^{2}+40y\right)=388]
 Factor the leading coefficient of each expression.
 [image: 9\left({x}^{2}-4x\right)-4\left({y}^{2}+10y\right)=388]
 Complete the square twice. Remember to balance the equation by adding the same constants to each side.
 [image: 9\left({x}^{2}-4x+4\right)-4\left({y}^{2}+10y+25\right)=388+9\cdot4 - 4\cdot25]
 Rewrite as perfect squares.
 [image: 9{\left(x - 2\right)}^{2}-4{\left(y+5\right)}^{2}=324]
 Divide both sides by the constant term to place the equation in standard form.
 [image: \dfrac{{\left(x - 2\right)}^{2}}{36}-\dfrac{{\left(y+5\right)}^{2}}{81}=1]
 The standard form that applies to the given equation is [image: \dfrac{{\left(x-h\right)}^{2}}{{a}^{2}}-\dfrac{{\left(y-k\right)}^{2}}{{b}^{2}}=1], where [image: {a}^{2}=36] and [image: {b}^{2}=81], or [image: a=6] and [image: b=9]. Thus, the transverse axis is parallel to the [image: x]-axis. It follows that:
 the center of the ellipse is [image: \left(h,k\right)=\left(2,-5\right)]
 	the coordinates of the vertices are [image: \left(h\pm a,k\right)=\left(2\pm 6,-5\right)], or [image: \left(-4,-5\right)] and [image: \left(8,-5\right)]
 	the coordinates of the co-vertices are [image: \left(h,k\pm b\right)=\left(2,-5\pm 9\right)], or [image: \left(2,-14\right)] and [image: \left(2,4\right)]
 	the coordinates of the foci are [image: \left(h\pm c,k\right)], where [image: c=\pm \sqrt{{a}^{2}+{b}^{2}}]. Solving for [image: c], we have
 
 [image: c=\pm \sqrt{36+81}=\pm \sqrt{117}=\pm 3\sqrt{13}]
 Therefore, the coordinates of the foci are [image: \left(2 - 3\sqrt{13},-5\right)] and [image: \left(2+3\sqrt{13},-5\right)].
 The equations of the asymptotes are [image: y=\pm \frac{b}{a}\left(x-h\right)+k=\pm \frac{3}{2}\left(x - 2\right)-5].
 Next, we plot and label the center, vertices, co-vertices, foci, and asymptotes and draw smooth curves to form the hyperbola.
 [image: image]
   An interactive online homework element has been excluded from the printed version of the text. To see the interactive element that was excluded, please visit the courseware online.
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		Hyperbola: Apply It 1

								

	
				 	Identify the key points of a hyperbola, including where it turns and its focus points
 	Write equations of hyperbolas in standard form
 	Draw hyperbolas on a graph, noting how their position and orientation change based on their center
 	Solve applied problems involving hyperbolas
 
  Solving Applied Problems Involving Hyperbolas
 As we discussed at the beginning of this section, hyperbolas have real-world applications in many fields, such as astronomy, physics, engineering, and architecture. The design efficiency of hyperbolic cooling towers is particularly interesting. Cooling towers are used to transfer waste heat to the atmosphere and are often touted for their ability to generate power efficiently. Because of their hyperbolic form, these structures are able to withstand extreme winds while requiring less material than any other forms of their size and strength. For example a [image: 500]-foot tower can be made of a reinforced concrete shell only [image: 6] or [image: 8] inches wide!
 [image: description in caption]Cooling towers at the Drax power station in North Yorkshire, United Kingdom (credit: Les Haines, Flickr) The first hyperbolic towers were designed in 1914 and were [image: 35]meters high. Today, the tallest cooling towers are in France, standing a remarkable [image: 170] meters tall.
 The design layout of a cooling tower is shown below. The tower stands [image: 179.6] meters tall. The diameter of the top is [image: 72] meters. At their closest, the sides of the tower are [image: 60] meters apart. [image: image]Project design for a natural draft cooling tower Find the equation of the hyperbola that models the sides of the cooling tower. Assume that the center of the hyperbola—indicated by the intersection of dashed perpendicular lines in the figure—is the origin of the coordinate plane. Round final values to four decimal places.
 Show Solution We are assuming the center of the tower is at the origin, so we can use the standard form of a horizontal hyperbola centered at the origin: [image: \dfrac{{x}^{2}}{{a}^{2}}-\dfrac{{y}^{2}}{{b}^{2}}=1], where the branches of the hyperbola form the sides of the cooling tower. We must find the values of [image: {a}^{2}] and [image: {b}^{2}] to complete the model.
 First, we find [image: {a}^{2}]. Recall that the length of the transverse axis of a hyperbola is [image: 2a]. This length is represented by the distance where the sides are closest, which is given as [image: \text{ }65.3\text{ }] meters. So, [image: 2a=60]. Therefore, [image: a=30] and [image: {a}^{2}=900].
 To solve for [image: {b}^{2}], we need to substitute for [image: x] and [image: y] in our equation using a known point. To do this, we can use the dimensions of the tower to find some point [image: \left(x,y\right)] that lies on the hyperbola. We will use the top right corner of the tower to represent that point. Since the y-axis bisects the tower, our x-value can be represented by the radius of the top, or 36 meters. The y-value is represented by the distance from the origin to the top, which is given as 79.6 meters. Therefore,
 [image: \begin{align}\dfrac{{x}^{2}}{{a}^{2}}&-\dfrac{{y}^{2}}{{b}^{2}}=1 && \text{Standard form of horizontal hyperbola}. \\ {b}^{2}&=\frac{{y}^{2}}{\frac{{x}^{2}}{{a}^{2}}-1} && \text{Isolate }{b}^{2} \\ &=\frac{{\left(79.6\right)}^{2}}{\frac{{\left(36\right)}^{2}}{900}-1} && \text{Substitute for }{a}^{2},x,\text{ and }y \\ &\approx 14400.3636 && \text{Round to four decimal places} \end{align}]
 The sides of the tower can be modeled by the hyperbolic equation
 [image: \dfrac{{x}^{2}}{900}-\dfrac{{y}^{2}}{14400.3636 }=1,\text{ or }\dfrac{{x}^{2}}{{30}^{2}}-\dfrac{{y}^{2}}{{120.0015}^{2} }=1]
   A design for a cooling tower project is shown below. Find the equation of the hyperbola that models the sides of the cooling tower. Assume that the center of the hyperbola—indicated by the intersection of dashed perpendicular lines in the figure—is the origin of the coordinate plane. Round final values to four decimal places.[image: image] Show Solution The sides of the tower can be modeled by the hyperbolic equation. [image: \dfrac{{x}^{2}}{400}-\dfrac{{y}^{2}}{3600}=1\text{ or }\dfrac{{x}^{2}}{{20}^{2}}-\dfrac{{y}^{2}}{{60}^{2}}=1].
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				 	Draw parabolas on a graph, understanding how their shapes change based on whether their vertex is at the origin or another point
 	Write equations of parabolas in standard form
 	Solve applied problems involving parabolas
 
  [image: ]Katherine Johnson is the pioneering NASA mathematician who was integral to the successful and safe flight and return of many human missions as well as satellites. Prior to the work featured in the movie Hidden Figures, she had already made major contributions to the space program. She provided trajectory analysis for the Mercury mission, in which Alan Shepard became the first American to reach space, and she and engineer Ted Sopinski authored a monumental paper regarding placing an object in a precise orbital position and having it return safely to Earth. Many of the orbits she determined were made up of parabolas, and her ability to combine different types of math enabled an unprecedented level of precision. Johnson said, “You tell me when you want it and where you want it to land, and I’ll do it backwards and tell you when to take off.”
 Johnson’s work on parabolic orbits and other complex mathematics resulted in successful orbits, Moon landings, and the development of the Space Shuttle program. Applications of parabolas are also critical to other areas of science. Parabolic mirrors (or reflectors) are able to capture energy and focus it to a single point. The advantages of this property are evidenced by the vast list of parabolic objects we use every day: satellite dishes, suspension bridges, telescopes, microphones, spotlights, and car headlights, to name a few. Parabolic reflectors are also used in alternative energy devices, such as solar cookers and water heaters, because they are inexpensive to manufacture and need little maintenance. In this section we will explore the parabola and its uses, including low-cost, energy-efficient solar designs.
 Parabolas
 [image: ]
 A parabola is a U-shaped curve that is the result of intersecting a cone with a plane parallel to one of the cone’s sides. This unique intersection creates a symmetrical open curve.
 Like the ellipse and hyperbola, the parabola can also be defined by a set of points in the coordinate plane. A parabola is the set of all points [image: \left(x,y\right)] in a plane that are the same distance from a fixed line, called the directrix, and a fixed point (the focus) not on the directrix. Other key features of a parabola are its vertex, axis of symmetry, and focal diameter.
 parabola
 A parabola is all points in a plane that are the same distance from a fixed point and a fixed line.
 	[image: ]The fixed point is called the focus.
 	The fixed line is called the directrix of the parabola.
 	The axis of symmetry passes through the focus and vertex and is perpendicular to the directrix. 
 	The vertex is the midpoint between the directrix and the focus.
 	The line segment that passes through the focus and is parallel to the directrix is called the latus rectum.The endpoints of the latus rectum lie on the curve.
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				Graphing Parabolas with Vertices at the Origin
 Just as we have seen with ellipse and hyperbolas, parabolas have a standard forms. These standard forms are given below, along with their general graphs and key features. standard forms of parabolas with vertex [image: (0, 0)]
 The table below summarizes the standard features of parabolas with a vertex at the origin.
 	Axis of Symmetry 	Equation 	Focus 	Directrix 	Endpoints of Focal Diameter 
 	[image: x]-axis 	[image: {y}^{2}=4px] 	[image: \left(p,\text{ }0\right)] 	[image: x=-p] 	[image: \left(p,\text{ }\pm 2p\right)] 
 	[image: y]-axis 	[image: {x}^{2}=4py] 	[image: \left(0,\text{ }p\right)] 	[image: y=-p] 	[image: \left(\pm 2p,\text{ }p\right)] 
  
 [image: ](a) When [image: p>0] and the axis of symmetry is the x-axis, the parabola opens right. (b) When [image: p<0] and the axis of symmetry is the x-axis, the parabola opens left. (c) When [image: p<0] and the axis of symmetry is the y-axis, the parabola opens up. (d) When [image: \text{ }p<0\text{ }] and the axis of symmetry is the y-axis, the parabola opens down.  Our work so far has only dealt with parabolas that open up or down, or vertical parabolas. Do you know that there is such thing as horizontal parabolas? These parabolas open either to the left or to the right. If we interchange the [image: x] and [image: y] in the vertical parabolas, we get the equations for the parabolas that open to the left or to the right. The key features of a parabola are its vertex, axis of symmetry, focus, directrix, and focal diameter. When given a standard equation for a parabola centered at the origin, we can easily identify the key features to graph the parabola.
 A line is said to be tangent to a curve if it intersects the curve at exactly one point. If we sketch lines tangent to the parabola at the endpoints of the focal diameter, these lines intersect on the axis of symmetry.
 [image: image]
 How To: Given a standard form equation for a parabola centered at (0, 0), sketch the graph. 	Determine which of the standard forms applies to the given equation: [image: {y}^{2}=4px] or [image: {x}^{2}=4py].
 	Use the standard form identified in Step 1 to determine the axis of symmetry, focus, equation of the directrix, and endpoints of the focal diameter. 	If the equation is in the form [image: {y}^{2}=4px], then 	the axis of symmetry is the [image: x]-axis, [image: y=0]
 	set [image: 4p] equal to the coefficient of [image: x] in the given equation to solve for [image: p]. If [image: p>0], the parabola opens right. If [image: p<0], the parabola opens left.
 	use [image: p] to find the coordinates of the focus, [image: \left(p,0\right)]
 	use [image: p] to find the equation of the directrix, [image: x=-p]
 	use [image: p] to find the endpoints of the focal diameter, [image: \left(p,\pm 2p\right)]. Alternately, substitute [image: x=p] into the original equation.
 
 
 	If the equation is in the form [image: {x}^{2}=4py], then 	the axis of symmetry is the [image: y]-axis, [image: x=0]
 	set [image: 4p] equal to the coefficient of [image: y] in the given equation to solve for [image: p]. If [image: p>0], the parabola opens up. If [image: p<0], the parabola opens down.
 	use [image: p] to find the coordinates of the focus, [image: \left(0,p\right)]
 	use [image: p] to find equation of the directrix, [image: y=-p]
 	use [image: p] to find the endpoints of the focal diameter, [image: \left(\pm 2p,p\right)]
 
 
 
 
 	Plot the focus, directrix, and focal diameter, and draw a smooth curve to form the parabola.
 
  Graph [image: {y}^{2}=24x]. Identify and label the focus, directrix, and endpoints of the focal diameter. Show Solution The standard form that applies to the given equation is [image: {y}^{2}=4px]. Thus, the axis of symmetry is the [image: x]-axis.It follows that:
 	[image: 24=4p], so [image: p=6]. Since [image: p>0], the parabola opens right the coordinates of the focus are [image: \left(p,0\right)=\left(6,0\right)]
 	the equation of the directrix is [image: x=-p=-6]
 	the endpoints of the focal diameter have the same [image: x]-coordinate at the focus. To find the endpoints, substitute [image: x=6] into the original equation: [image: \left(6,\pm 12\right)]
 
 Next we plot the focus, directrix, and focal diameter, and draw a smooth curve to form the parabola.
 [image: image]
   Graph [image: {x}^{2}=-6y]. Identify and label the focus, directrix, and endpoints of the focal diameter. Show Solution The standard form that applies to the given equation is [image: {x}^{2}=4py]. Thus, the axis of symmetry is the [image: y]-axis.It follows that:
 	[image: -6=4p], so [image: p=-\frac{3}{2}]. Since [image: p<0], the parabola opens down.
 	the coordinates of the focus are [image: \left(0,p\right)=\left(0,-\frac{3}{2}\right)]
 	the equation of the directrix is [image: y=-p=\frac{3}{2}]
 	the endpoints of the focal diameter can be found by substituting [image: \text{ }y=\frac{3}{2}\text{ }] into the original equation, [image: \left(\pm 3,-\frac{3}{2}\right)]
 
 Next we plot the focus, directrix, and latus rectum, and draw a smooth curve to form the parabola.
 [image: image]
   An interactive online homework element has been excluded from the printed version of the text. To see the interactive element that was excluded, please visit the courseware online.
 
  An interactive online homework element has been excluded from the printed version of the text. To see the interactive element that was excluded, please visit the courseware online.
 
  An interactive online homework element has been excluded from the printed version of the text. To see the interactive element that was excluded, please visit the courseware online.
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		Parabolas: Learn It 3

								

	
				Writing Equations of Parabolas in Standard Form
 In the previous examples we used the standard form equation of a parabola to calculate the locations of its key features. We can also use the calculations in reverse to write an equation for a parabola when given its key features.
 In this section, we will write the equation of a parabola in standard form, as opposed to the equation of a quadratic or second degree polynomial. The language we use when discussing the object is specific.It is true that a quadratic function forms a parabola when graphed in the plane, but here we are using the phrase standard form of the equation of a parabola to indicate that we wish to describe the geometric object. When talking about this object in this context, we would naturally use the equations described below.  How To: Given its focus and directrix, write the equation for a parabola in standard form. 	Determine whether the axis of symmetry is the [image: x]– or [image: y]-axis. 	If the given coordinates of the focus have the form [image: \left(p,0\right)], then the axis of symmetry is the [image: x]-axis. Use the standard form [image: {y}^{2}=4px].
 	If the given coordinates of the focus have the form [image: \left(0,p\right)], then the axis of symmetry is the [image: y]-axis. Use the standard form [image: {x}^{2}=4py].
 
 
 	Multiply [image: 4p].
 	Substitute the value from Step 2 into the equation determined in Step 1.
 
  What is the equation for the parabola with focus [image: \left(-\frac{1}{2},0\right)] and directrix [image: x=\frac{1}{2}?] Show Solution The focus has the form [image: \left(p,0\right)], so the equation will have the form [image: {y}^{2}=4px].
 Multiplying [image: 4p], we have [image: 4p=4\left(-\frac{1}{2}\right)=-2]. Substituting for [image: 4p], we have [image: {y}^{2}=4px=-2x].
 Therefore, the equation for the parabola is [image: {y}^{2}=-2x].
   An interactive online homework element has been excluded from the printed version of the text. To see the interactive element that was excluded, please visit the courseware online.
 
  An interactive online homework element has been excluded from the printed version of the text. To see the interactive element that was excluded, please visit the courseware online.
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				Parabolas with Vertices Not at the Origin
 Like other graphs we’ve worked with, the graph of a parabola can be translated. If a parabola is translated [image: h] units horizontally and [image: k] units vertically, the vertex will be [image: \left(h,k\right)]. This translation results in the standard form of the equation we saw previously with [image: x] replaced by [image: \left(x-h\right)] and [image: y] replaced by [image: \left(y-k\right)].
 To graph parabolas with a vertex [image: \left(h,k\right)] other than the origin, we use the standard form [image: {\left(y-k\right)}^{2}=4p\left(x-h\right)] for parabolas that have an axis of symmetry parallel to the x-axis, and [image: {\left(x-h\right)}^{2}=4p\left(y-k\right)] for parabolas that have an axis of symmetry parallel to the y-axis. These standard forms are given below, along with their general graphs and key features.
 standard forms of parabolas with vertex [image: (h, k)]
 The table summarizes the standard features of parabolas with a vertex at a point [image: \left(h,k\right)].
 	Axis of Symmetry 	Equation 	Focus 	Directrix 	Endpoints of focal diameter 
 	[image: y=k] 	[image: {\left(y-k\right)}^{2}=4p\left(x-h\right)] 	[image: \left(h+p,\text{ }k\right)] 	[image: x=h-p] 	[image: \left(h+p,\text{ }k\pm 2p\right)] 
 	[image: x=h] 	[image: {\left(x-h\right)}^{2}=4p\left(y-k\right)] 	[image: \left(h,\text{ }k+p\right)] 	[image: y=k-p] 	[image: \left(h\pm 2p,\text{ }k+p\right)] 
  
 [image: ](a) When [image: p>0], the parabola opens right. (b) When [image: p<0], the parabola opens left. (c) When [image: p>0], the parabola opens up. (d) When [image: p<0], the parabola opens down.  How To: Given a standard form equation for a parabola centered at (h, k), sketch the graph. 	Determine which of the standard forms applies to the given equation: [image: {\left(y-k\right)}^{2}=4p\left(x-h\right)] or [image: {\left(x-h\right)}^{2}=4p\left(y-k\right)].
 	Use the standard form identified in Step 1 to determine the vertex, axis of symmetry, focus, equation of the directrix, and endpoints of the focal diameter. 	If the equation is in the form [image: {\left(y-k\right)}^{2}=4p\left(x-h\right)], then: 	use the given equation to identify [image: h] and [image: k] for the vertex, [image: \left(h,k\right)]
 	use the value of [image: k] to determine the axis of symmetry, [image: y=k]
 	set [image: 4p] equal to the coefficient of [image: \left(x-h\right)] in the given equation to solve for [image: p]. If [image: p>0], the parabola opens right. If [image: p<0], the parabola opens left.
 	use [image: h,k], and [image: p] to find the coordinates of the focus, [image: \left(h+p,\text{ }k\right)]
 	use [image: h] and [image: p] to find the equation of the directrix, [image: x=h-p]
 	use [image: h,k], and [image: p] to find the endpoints of the focal diameter, [image: \left(h+p,k\pm 2p\right)]
 
 
 	If the equation is in the form [image: {\left(x-h\right)}^{2}=4p\left(y-k\right)], then: 	use the given equation to identify [image: h] and [image: k] for the vertex, [image: \left(h,k\right)]
 	use the value of [image: h] to determine the axis of symmetry, [image: x=h]
 	set [image: 4p] equal to the coefficient of [image: \left(y-k\right)] in the given equation to solve for [image: p]. If [image: p>0], the parabola opens up. If [image: p<0], the parabola opens down.
 	use [image: h,k], and [image: p] to find the coordinates of the focus, [image: \left(h,\text{ }k+p\right)]
 	use [image: k] and [image: p] to find the equation of the directrix, [image: y=k-p]
 	use [image: h,k], and [image: p] to find the endpoints of the focal diameter, [image: \left(h\pm 2p,\text{ }k+p\right)]
 
 
 
 
 	Plot the vertex, axis of symmetry, focus, directrix, and focal diameter, and draw a smooth curve to form the parabola.
 
  Graph [image: {\left(y - 1\right)}^{2}=-16\left(x+3\right)]. Identify and label the vertex, axis of symmetry, focus, directrix, and endpoints of the focal diameter. Show Solution The standard form that applies to the given equation is [image: {\left(y-k\right)}^{2}=4p\left(x-h\right)]. Thus, the axis of symmetry is parallel to the [image: x]-axis.It follows that:
 	the vertex is [image: \left(h,k\right)=\left(-3,1\right)]
 	the axis of symmetry is [image: y=k=1]
 	[image: -16=4p], so [image: p=-4]. Since [image: p<0], the parabola opens left.
 	the coordinates of the focus are [image: \left(h+p,k\right)=\left(-3+\left(-4\right),1\right)=\left(-7,1\right)]
 	the equation of the directrix is [image: x=h-p=-3-\left(-4\right)=1]
 	the endpoints of the focal diameter are [image: \left(h+p,k\pm 2p\right)=\left(-3+\left(-4\right),1\pm 2\left(-4\right)\right)], or [image: \left(-7,-7\right)] and [image: \left(-7,9\right)]
 
 Next we plot the vertex, axis of symmetry, focus, directrix, and focal diameter, and draw a smooth curve to form the parabola.
 [image: image]
   Sometimes, our equations for parabolas might not initially appear in the standard form, which can make it challenging to identify their key features like the vertex, focus, and directrix. To address this, we often need to convert the given equation into the standard form by completing the square. This transformation allows us to rewrite the equation in a more familiar format, making it easier to analyze and graph the parabola. Completing the square helps us identify important components of the parabola and better understand its geometric properties.
 Graph [image: {x}^{2}-8x - 28y - 208=0]. Identify and label the vertex, axis of symmetry, focus, directrix, and endpoints of the focal diameter. Show Solution Start by writing the equation of the parabola in standard form. The standard form that applies to the given equation is [image: {\left(x-h\right)}^{2}=4p\left(y-k\right)]. Thus, the axis of symmetry is parallel to the [image: y]-axis.To express the equation of the parabola in this form, we begin by isolating the terms that contain the variable [image: x] in order to complete the square.
 [image: \begin{gathered}{x}^{2}-8x - 28y - 208=0 \\ {x}^{2}-8x=28y+208 \\ {x}^{2}-8x+16=28y+208+16 \\ {\left(x - 4\right)}^{2}=28y+224 \\ {\left(x - 4\right)}^{2}=28\left(y+8\right) \\ {\left(x - 4\right)}^{2}=4\cdot 7\cdot \left(y+8\right) \end{gathered}]
 It follows that:
 	the vertex is [image: \left(h,k\right)=\left(4,-8\right)]
 	the axis of symmetry is [image: x=h=4]
 	since [image: p=7,p>0] and so the parabola opens up
 	the coordinates of the focus are [image: \left(h,k+p\right)=\left(4,-8+7\right)=\left(4,-1\right)]
 	the equation of the directrix is [image: y=k-p=-8 - 7=-15]
 	the endpoints of the focal diameter are [image: \left(h\pm 2p,k+p\right)=\left(4\pm 2\left(7\right),-8+7\right)], or [image: \left(-10,-1\right)] and [image: \left(18,-1\right)]
 
 Next we plot the vertex, axis of symmetry, focus, directrix, and focal diameter, and draw a smooth curve to form the parabola.
 [image: image]
   An interactive online homework element has been excluded from the printed version of the text. To see the interactive element that was excluded, please visit the courseware online.
 
  An interactive online homework element has been excluded from the printed version of the text. To see the interactive element that was excluded, please visit the courseware online.
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				 	Draw parabolas on a graph, understanding how their shapes change based on whether their vertex is at the origin or another point
 	Write equations of parabolas in standard form
 	Solve applied problems involving parabolas
 
  Solving Applied Problems Involving Parabolas
 [image: Description in caption]The Olympic torch concludes its journey around the world when it is used to light the Olympic cauldron during the opening ceremony. (credit: Ken Hackman, U.S. Air Force) As we mentioned at the beginning of the section, parabolas are used to design many objects we use every day, such as telescopes, suspension bridges, microphones, and radar equipment. Parabolic mirrors, such as the one used to light the Olympic torch, have a very unique reflecting property.
 Did you know that the Olympic torch is lit several months before the start of the games? The ceremonial method for lighting the flame is the same as in ancient times. The ceremony takes place at the Temple of Hera in Olympia, Greece, and is rooted in Greek mythology, paying tribute to Prometheus, who stole fire from Zeus to give to all humans. One of eleven acting priestesses places the torch at the focus of a parabolic mirror, which focuses light rays from the sun to ignite the flame.
 [image: image]Reflecting property of parabolas When rays of light parallel to the parabola’s axis of symmetry are directed toward any surface of the mirror, the light is reflected directly to the focus. This is why the Olympic torch is ignited when it is held at the focus of the parabolic mirror.
 Parabolic mirrors have the ability to focus the sun’s energy to a single point, raising the temperature hundreds of degrees in a matter of seconds. Thus parabolic mirrors are featured in many low-cost, energy efficient solar products, such as solar cookers, solar heaters, and even travel-sized fire starters.
  
 A cross-section of a design for a travel-sized solar fire starter. The sun’s rays reflect off the parabolic mirror toward an object attached to the igniter. Because the igniter is located at the focus of the parabola, the reflected rays cause the object to burn in just seconds. 	Find the equation of the parabola that models the fire starter. Assume that the vertex of the parabolic mirror is the origin of the coordinate plane.
 	Use the equation found in part (a) to find the depth of the fire starter.
 
 [image: ]Cross-section of a travel-sized solar fire starter Show Solution  
 The vertex of the dish is the origin of the coordinate plane, so the parabola will take the standard form [image: {x}^{2}=4py], where [image: p>0]. The igniter, which is the focus, is 1.7 inches above the vertex of the dish. Thus we have [image: p=1.7].
 [image: \begin{align}&{x}^{2}=4py && \text{Standard form of upward-facing parabola with vertex (0,0)} \\ &{x}^{2}=4\left(1.7\right)y && \text{Substitute 1}\text{.7 for }p. \\ &{x}^{2}=6.8y && \text{Multiply}. \end{align}]
 The dish extends [image: \frac{4.5}{2}=2.25] inches on either side of the origin. We can substitute 2.25 for [image: x] in the equation from part (a) to find the depth of the dish.
 [image: \begin{align}&{x}^{2}=6.8y && \text{Equation found in part (a)}. \\ &{\left(2.25\right)}^{2}=6.8y && \text{Substitute 2}\text{.25 for }x. \\ &y\approx 0.74 && \text{Solve for }y. \end{align}]
 The dish is about [image: 0.74] inches deep.
   [image: solar cooker]Solar cookers have become an innovative solution for sustainable cooking in many parts of the world, particularly in regions with abundant sunlight. These devices harness solar energy to prepare food, reducing reliance on traditional fuels and decreasing environmental impact.Let’s consider a specific design of a parabolic solar cooker: The top of the dish-shaped reflector has a diameter of [image: 1600] mm. The sun’s rays reflect off the parabolic mirror toward the “cooker” (the focal point where food is placed for cooking), which is positioned [image: 320] mm from the base of the parabola.
 	Find an equation that models a cross-section of the solar cooker. Assume that the vertex of the parabolic mirror is the origin of the coordinate plane, and that the parabola opens to the right (i.e., has the [image: x]-axis as its axis of symmetry).
 	Use the equation found in part (a) to find the depth of the cooker.
 
 Show Solution 	[image: {y}^{2}=1280x]
 	The depth of the cooker is 500 mm
 
   An interactive online homework element has been excluded from the printed version of the text. To see the interactive element that was excluded, please visit the courseware online.
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		Sequences and Series: Background You'll Need 1

								

	
				 	Understand and simplify math expressions
 
  Algebraic Expressions
 In mathematics, we may see expressions such as [image: x+5,\frac{4}{3}\pi {r}^{3}], or [image: \sqrt{2{m}^{3}{n}^{2}}]. In the expression [image: x+5, 5] is called a constant because it does not vary and x is called a variable because it does. An algebraic expression is a collection of constants and variables joined together by the algebraic operations of addition, subtraction, multiplication, and division. For example, [image: 3x + 2y - 7] is an algebraic expression that contains two variables [image: x] and [image: y] and three constants [image: 3], [image: 2], and [image: 7].
 constant, variable, algebraic expression
 	A constant is a fixed value or a number that does not change in a particular context.
 	A variable is a symbol that represents a value or quantity that can change or vary in a given situation or context.
 	An algebraic expression is a mathematical phrase or combination of numbers, variables, and arithmetic operations such as addition, subtraction, multiplication, and division.
 
 
  We have already seen some real number examples of exponential notation, a shorthand method of writing products of the same factor. When variables are used, the constants and variables are treated the same way.
 [image: \begin{align}&\left(-3\right)^{5}=\left(-3\right)\cdot\left(-3\right)\cdot\left(-3\right)\cdot\left(-3\right)\cdot\left(-3\right) && x^{5}=x\cdot x\cdot x\cdot x\cdot x \\ &\left(2\cdot7\right)^{3}=\left(2\cdot7\right)\cdot\left(2\cdot7\right)\cdot\left(2\cdot7\right) && \left(yz\right)^{3}=\left(yz\right)\cdot\left(yz\right)\cdot\left(yz\right)\\ \text{ }\end{align}]
 In each case, the exponent tells us how many factors of the base to use, whether the base consists of constants or variables. When naming the variable, ignore any exponents or radicals containing the variable.
 List the constants and variables for each algebraic expression. 	[image: x + 5]
 	[image: \frac{4}{3}\pi {r}^{3}]
 	[image: \sqrt{2{m}^{3}{n}^{2}}]
 
 Show Solution 	 	Constants 	Variables 
  	1. [image: x + 5] 	[image: 5] 	[image: x] 
 	2. [image: \frac{4}{3}\pi {r}^{3}] 	[image: \frac{4}{3},\pi] 	[image: r] 
 	3. [image: \sqrt{2{m}^{3}{n}^{2}}] 	[image: 2] 	[image: m,n] 
  
   An interactive online homework element has been excluded from the printed version of the text. To see the interactive element that was excluded, please visit the courseware online.
 
  Any variable in an algebraic expression may take on or be assigned different values. When that happens, the value of the algebraic expression changes. To evaluate an algebraic expression means to determine the value of the expression for a given value of each variable in the expression.
 How To: Evaluate Algebraic ExpressionsUse the following steps to evaluate an algebraic expression: 	Replace each variable in the expression with the given value
 	Simplify the resulting expression using the order of operations
 
 Note: If the algebraic expression contains more than one variable, replace each variable with its assigned value and simplify the expression as before.
  Be Careful when simplifying fractions!
 [image: \\]
 Why does the fraction [image: \dfrac{(25)}{3(25)-1}] not simplify to [image: \dfrac{\cancel{(25)}}{3\cancel{(25)}-1}=\dfrac{1}{3-1}=\dfrac{1}{2}]?
 [image: \\]
 Using the inverse property of multiplication, we are permitted to “cancel out” common factors in the numerator and denominator such that [image: \dfrac{a}{a}=1].
 [image: \\]
 But be careful! We have no rule that allows us to cancel numbers in the top and bottom of a fractions that are contained in sums or differences. You’ll see this idea reappear frequently throughout the course. Evaluate each expression for the given values. 	[image: x+5] for [image: x=-5]
 	[image: \frac{t}{2t - 1}] for [image: t=10]
 	[image: \dfrac{4}{3}\pi {r}^{3}] for [image: r=5]
 	[image: a+ab+b] for [image: a=11,b=-8]
 	[image: \sqrt{2{m}^{3}{n}^{2}}] for [image: m=2,n=3]
 
 Show Solution 	Substitute [image: -5] for [image: x]. [image: \begin{align}x+5 &=\left(-5\right)+5 \\ &=0\end{align}]
 
 	Substitute [image: 10] for [image: t]. [image: \begin{align}\frac{t}{2t-1} & =\frac{\left(10\right)}{2\left(10\right)-1} \\ & =\frac{10}{20-1} \\ & =\frac{10}{19}\end{align}]
 
 	Substitute [image: 5] for [image: r]. [image: \begin{align}\frac{4}{3}\pi r^{3} & =\frac{4}{3}\pi\left(5\right)^{3} \\ & =\frac{4}{3}\pi\left(125\right) \\ & =\frac{500}{3}\pi\end{align}]
 
 	Substitute [image: 11] for [image: a] and –8 for [image: b]. [image: \begin{align}a+ab+b & =\left(11\right)+\left(11\right)\left(-8\right)+\left(-8\right) \\ & =11-8-8 \\ & =-85\end{align}]
 
 	Substitute [image: 2] for [image: m] and 3 for [image: n]. [image: \begin{align}\sqrt{2m^{3}n^{2}} & =\sqrt{2\left(2\right)^{3}\left(3\right)^{2}} \\ & =\sqrt{2\left(8\right)\left(9\right)} \\ & =\sqrt{144} \\ & =12\end{align}]
 
 
   An interactive online homework element has been excluded from the printed version of the text. To see the interactive element that was excluded, please visit the courseware online.
 
  An interactive online homework element has been excluded from the printed version of the text. To see the interactive element that was excluded, please visit the courseware online.
 
  An interactive online homework element has been excluded from the printed version of the text. To see the interactive element that was excluded, please visit the courseware online.
 
  Simplify Algebraic Expressions
 Sometimes we can simplify an algebraic expression to make it easier to evaluate or to use in some other way. To do so, we use the properties of real numbers. We can use the same properties in formulas because they contain algebraic expressions.
 When simplifying algebraic expressions, we may sometimes need to add, subtract, simplify, multiply, or divide fractions. It is important to be able to do these operations on the fractions without converting them to decimals.
 [image: \\]
 To multiply fractions, multiply the numerators and place them over the product of the denominators. [image: \dfrac{a}{b}\cdot\dfrac{c}{d} = \dfrac {ac}{bd}]
 To divide fractions, multiply the first by the reciprocal of the second.
  [image: \dfrac{a}{b}\div\dfrac{c}{d}=\dfrac{a}{b}\cdot\dfrac{d}{c}=\dfrac{ad}{bc}]
 To simplify fractions, find common factors in the numerator and denominator that cancel.
  [image: \dfrac{24}{32}=\dfrac{2\cdot2\cdot2\cdot3}{2\cdot2\cdot2\cdot2\cdot2}=\dfrac{3}{2\cdot2}=\dfrac{3}{4}]
 To add or subtract fractions, first rewrite each fraction as an equivalent fraction such that each has a common denominator, then add or subtract the numerators and place the result over the common denominator.
  [image: \dfrac{a}{b}\pm\dfrac{c}{d} = \dfrac{ad \pm bc}{bd}]
  Simplify the following algebraic expressions: 	[image: 3x - 2y+x - 3y - 7]
 	[image: 2r - 5\left(3-r\right)+4]
 	[image: \left(4t-\dfrac{5}{4}s\right)-\left(\dfrac{2}{3}t+2s\right)]
 	[image: 2mn - 5m+3mn+n]
 
 Show Solution 	[image: \begin{align}3x-2y+x-3y-7 & =3x+x-2y-3y-7 && \text{Commutative property of addition} \\ & =4x-5y-7 && \text{Simplify} \\ \text{ }\end{align}]
 	[image: \begin{align}2r-5\left(3-r\right)+4 & =2r-15+5r+4 && \text{Distributive property}\\&=2r+5r-15+4 && \text{Commutative property of addition} \\ & =7r-11 && \text{Simplify} \\ \text{ }\end{align}]
 	[image: \begin{align} 4t-\frac{5}{4}s -\left(\frac{2}{3}t+2s\right) &=4t-\frac{5}{4}s-\frac{2}{3}t-2s &&\text{Distributive property}\\&=4t-\frac{2}{3}t-\frac{5}{4}s-2s && \text{Commutative property of addition}\\&=\frac{12}{3}t-\frac{2}{3}t-\frac{5}{4}s-\frac{8}{4}s && \text{Common Denominators}\\ & =\frac{10}{3}t-\frac{13}{4}s && \text{Simplify} \\ \text{ }\end{align}]
 	[image: \begin{align}mn-5m+3mn+n & =2mn+3mn-5m+n && \text{Commutative property of addition} \\ & =5mn-5m+n && \text{Simplify}\end{align}]
 
   An interactive online homework element has been excluded from the printed version of the text. To see the interactive element that was excluded, please visit the courseware online.
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				 	Use rules for working with exponents to simplify expressions
 
  Properties of the Exponents
 The Power Rule for Exponents
 Another word for an exponent is power. You have likely seen or heard an example such as [image: 3^5] can be described as [image: 3] raised to the [image: 5]th power. In this section, we will further expand our capabilities with exponents. We will learn what to do when a term with a power is raised to another power, what to do when two numbers or variables are multiplied and both are raised to an exponent, and what to do when numbers or variables that are divided are raised to a power. We will begin by raising powers to powers.
 the power rule for exponents
 For any positive number [image: x] and integers [image: a] and [image: b]: [image: \left(x^{a}\right)^{b}=x^{a\cdot{b}}].
 
  [ohm_question hide_question_numbers=1]287140[/ohm_question] Raise a Product to a Power
 Raising a product to a power is a fundamental operation in algebra that demonstrates how exponents interact with multiplication. This operation is widely used across various mathematical disciplines, including geometry, where it might be used to calculate the volume of shapes, and in finance, where it can be used to calculate compounded interest over multiple periods.
 The rule simplifies the process of working with powers of products. Instead of multiplying the base numbers repeatedly, we apply the exponent to each factor individually. This is based on the distributive property of exponents over multiplication.
 a product raised to a power
 For any nonzero numbers [image: a] and [image: b] and any integer [image: x], [image: \left(ab\right)^{x}=a^{x}\cdot{b^{x}}].
 
  Simplify the following: [image: \left(2yz\right)^{6}] Show Solution Apply the exponent to each number in the product.[image: 2^{6}y^{6}z^{6}]
 [image: \left(2yz\right)^{6}=64y^{6}z^{6}]
  If the variable has an exponent with it, use the Power Rule: multiply the exponents.
 Simplify the following:[image: \left(−7a^{4}b\right)^{2}] Show Solution Apply the exponent [image: 2] to each factor within the parentheses.[image: \left(−7\right)^{2}\left(a^{4}\right)^{2}\left(b\right)^{2}]Square the coefficient and use the Power Rule to square [image: \left(a^{4}\right)^{2}].
 [image: 49a^{4\cdot2}b^{2}]
 Simplify.
 [image: 49a^{8}b^{2}]
  
 Answer: [image: \left(-7a^{4}b\right)^{2}=49a^{8}b^{2}]
  The Product Rule for Exponents
 The Product Rule for Exponents is one of the essential rules in algebra that simplifies the process of working with powers. This rule is pivotal when dealing with exponential expressions, particularly when multiplying them. In essence, it tells us that when we multiply two exponents with the same base, we can simply add the exponents to get the new power of the base.
 This rule is extremely useful in various mathematical and real-world applications, such as calculating compound interest, understanding scientific notation, or solving problems in physics and engineering. By using the Product Rule, we can manage and simplify complex expressions without the need for lengthy multiplication.
 the product rule for exponents
 For any number [image: x] and any integers [image: a] and [image: b], [image: \left(x^{a}\right)\left(x^{b}\right) = x^{a+b}].
 To multiply exponential terms with the same base, add the exponents.
 
  [image: Caution]Caution! When you are reading mathematical rules, it is important to pay attention to the conditions on the rule. For example, when using the product rule, you may only apply it when the terms being multiplied have the same base and the exponents are integers. Conditions on mathematical rules are often given before the rule is stated, as in this example it says “For any number [image: x] and any integers [image: a] and [image: b].”
 Simplify the following: [image: (a^{3})(a^{7})]
 Show Solution The base of both exponents is [image: a], so the product rule applies.
 [image: \left(a^{3}\right)\left(a^{7}\right)]
 Add the exponents with a common base.
 [image: a^{3+7}]
  
 Answer: [image: \left(a^{3}\right)\left(a^{7}\right) = a^{10}]
  When multiplying more complicated terms, multiply the coefficients and then multiply the variables.
 Simplify the following: [image: 5a^{4}\cdot7a^{6}]
 Show Solution Multiply the coefficients.
 [image: 35\cdot{a}^{4}\cdot{a}^{6}]
 The base of both exponents is [image: a], so the product rule applies. Add the exponents.
 [image: 35\cdot{a}^{4+6}]
 Add the exponents with a common base.
 [image: 35\cdot{a}^{10}]
  
 Answer: [image: 5a^{4}\cdot7a^{6}=35a^{10}]
  [ohm_question hide_question_numbers=1]287141[/ohm_question] The Quotient (Division) Rule for Exponents
 The Quotient Rule for Exponents is as crucial as the Product Rule and serves as its counterpart for division. This rule assists in simplifying expressions where we have exponential terms with the same base being divided. It states that when you divide exponents with the same base, you can subtract the exponents.
 This rule has significant practical applications, especially in fields that involve calculations of rates of change, decay, or growth when they are decreasing, such as in the case of depreciation in finance or radioactive decay in physics.
 the quotient (division) rule for exponents
 For any non-zero number [image: x] and any integers [image: a] and [image: b]:
 [image: \displaystyle \frac{{{x}^{a}}}{{{x}^{b}}}={{x}^{a-b}}]To divide exponential terms with the same base, subtract the exponents.
 
  Evaluate the following:[image: \displaystyle \frac{{{4}^{9}}}{{{4}^{4}}}] Show Solution These two exponents have the same base, [image: 4]. According to the Quotient Rule, you can subtract the power in the denominator from the power in the numerator.
 [image: \displaystyle {{4}^{9-4}}]
  
 [image: \displaystyle \frac{{{4}^{9}}}{{{4}^{4}}}=4^{5}]
  When dividing terms that also contain coefficients, divide the coefficients and then divide variable powers with the same base by subtracting the exponents.
 Simplify the following:[image: \displaystyle \frac{12{{x}^{4}}}{2x}] Show Solution Separate into numerical and variable factors.
 [image: \displaystyle \left( \frac{12}{2} \right)\left( \frac{{{x}^{4}}}{x} \right)]
 Since the bases of the exponents are the same, you can apply the Quotient Rule. Divide the coefficients and subtract the exponents of matching variables.
 [image: \displaystyle 6\left( {{x}^{4-1}} \right)]
  
 [image: \displaystyle \frac{12{{x}^{4}}}{2x}]=[image: \displaystyle 6{{x}^{3}}]
  [ohm_question hide_question_numbers=1]287143[/ohm_question] 
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				 	Write the terms of a sequence defined by an explicit formula and a recursive formula
 	Use factorial notation
 
  Sequences Defined by an Explicit Formula
 A video game company launches an exciting new advertising campaign. They predict the number of online visits to their website, or hits, will double each day. The model they are using shows [image: 2] hits the first day, [image: 4] hits the second day, [image: 8] hits the third day, and so on.
 	Day 	[image: 1] 	[image: 2] 	[image: 3] 	[image: 4] 	[image: 5] 	… 
 	Hits 	[image: 2] 	[image: 4] 	[image: 8] 	[image: 16] 	[image: 32] 	… 
  
 If their model continues, how many hits will there be at the end of the month? To answer this question, we’ll first need to know how to determine a list of numbers written in a specific order. One way to describe an ordered list of numbers is as a sequence. A sequence is a function whose domain is a subset of the counting numbers. The sequence established by the number of hits on the website is
 [image: \left\{2,4,8,16,32,\dots \right\}].
 The ellipsis (…) indicates that the sequence continues indefinitely. Each number in the sequence is called a term. The first five terms of this sequence are [image: 2], [image: 4], [image: 8], [image: 16], and [image: 32].
 Listing all of the terms for a sequence can be cumbersome. For example, finding the number of hits on the website at the end of the month would require listing out as many as [image: 31] terms. A more efficient way to determine a specific term is by writing a formula to define the sequence.
 One type of formula is an explicit formula, which defines the terms of a sequence using their position in the sequence. Explicit formulas are helpful if we want to find a specific term of a sequence without finding all of the previous terms. We can use the formula to find the [image: n\text{th}] term of the sequence, where [image: n] is any positive number. In our example, each number in the sequence is double the previous number, so we can use powers of [image: 2] to write a formula for the [image: n\text{th}] term.
 [image: Sequence of {2, 4, 8, 16, 32, ...} expressed in exponential form (i.e., {2^1, 2^2, 2^3, ..., 2^n, ...}]
 The first term of the sequence is [image: {2}^{1}=2], the second term is [image: {2}^{2}=4], the third term is [image: {2}^{3}=8], and so on. The [image: n\text{th}] term of the sequence can be found by raising 2 to the [image: n\text{th}] power. An explicit formula for a sequence is named by a lower case letter [image: a,b,c..]. with the subscript [image: n]. The explicit formula for this sequence is
 [image: {a}_{n}={2}^{n}].
 Another way to represent the sequence is by using a table. The first five terms of the sequence and the [image: n\text{th}] term of the sequence are shown in the table.
 	[image: n]  	[image: 1] 	[image: 2] 	[image: 3] 	[image: 4] 	[image: 5] 	[image: n] 
 	[image: n\text{th}] term of the sequence, [image: {a}_{n}]  	[image: 2] 	[image: 4] 	[image: 8] 	[image: 16] 	[image: 32] 	[image: {2}^{n}] 
  
 Graphing provides a visual representation of the sequence as a set of distinct points. We can see from the graph below that the number of hits is rising at an exponential rate. This particular sequence forms an exponential function.
 [image: Graph of a plotted exponential function, f(n) = 2^n, where the x-axis is labeled n and the y-axis is labeled a_n.]
 Lastly, we can write this particular sequence as
 [image: \left\{2,4,8,16,32,\dots ,{2}^{n},\dots \right\}].
 A sequence that continues indefinitely is called an infinite sequence. The domain of an infinite sequence is the set of counting numbers. If we consider only the first [image: 10] terms of the sequence, we could write
 [image: \left\{2,4,8,16,32,\dots ,1024\right\}]
 This sequence is called a finite sequence because it does not continue indefinitely.
 sequence
 A sequence is a function whose domain is the set of positive integers. Each number in the sequence is called a term, and there’s a rule or pattern that tells you how to find each term.
 	A finite sequence is a sequence whose domain consists of only the first [image: n] positive integers. The variable [image: a] with a number subscript is used to represent the terms in a sequence and to indicate the position of the term in the sequence.
 
 [image: {a}_{1},{a}_{2},{a}_{3},\dots ,{a}_{n},\dots]
 We call [image: {a}_{1}] the first term of the sequence, [image: {a}_{2}] the second term of the sequence, [image: {a}_{3}] the third term of the sequence, and so on. The term [image: {a}_{n}] is called the [image: n\text{th}] term of the sequence, or the general term of the sequence. An explicit formula defines the [image: n\text{th}] term of a sequence using the position of the term.
 	A sequence that continues indefinitely is an infinite sequence. The ellipsis [image: (...)] is used to indicate that the sequence continues indefinitely.
 
  Sequences can be simple, like adding a constant to get the next number, or they can be more complex, with different rules that might involve multiplication, division, or other operations.
 How To: Given an explicit formula, write the first [image: n] terms of a sequence. 	Substitute each value of [image: n] into the formula. Begin with [image: n=1] to find the first term, [image: {a}_{1}].
 	To find the second term, [image: {a}_{2}], use [image: n=2].
 	Continue in the same manner until you have identified all [image: n] terms.
 
  Write the first five terms of the sequence defined by the explicit formula [image: {a}_{n}=-3n+8]. Show Solution Substitute [image: n=1] into the formula. Repeat with values [image: 2] through [image: 5] for [image: n].
 [image: \begin{align}n=1 && {a}_{1}=-3\left(1\right)+8=5 \\ n=2 && {a}_{2}=-3\left(2\right)+8=2 \\ n=3 && {a}_{3}=-3\left(3\right)+8=-1 \\ n=4 && {a}_{4}=-3\left(4\right)+8=-4 \\ n=5 && {a}_{5}=-3\left(5\right)+8=-7 \end{align}]
 The first five terms are [image: \left\{5,2,-1,-4,-7\right\}].
 Analysis of the Solution
 The sequence values can be listed in a table. A table is a convenient way to input the function into a graphing utility.
 	[image: n]  	[image: 1] 	[image: 2] 	[image: 3] 	[image: 4] 	[image: 5] 
 	[image: {a}_{n}]  	[image: 5] 	[image: 2] 	[image: –1] 	[image: –4] 	[image: –7] 
  
 A graph can be made from this table of values. From the graph in Figure 2, we can see that this sequence represents a linear function, but notice the graph is not continuous because the domain is over the positive integers only.
 [image: Graph of a scattered plot where the x-axis is labeled n and the y-axis is labeled a_n.]
   An interactive online homework element has been excluded from the printed version of the text. To see the interactive element that was excluded, please visit the courseware online.
 
  Investigating Explicit Formulas
 We’ve learned that sequences are functions whose domain is over the positive integers. This is true for other types of functions, including some piecewise functions. Recall that a piecewise function is a function defined by multiple subsections. A different formula might represent each individual subsection.
 How To: Given an explicit formula for a piecewise function, write the first [image: n] terms of a sequence 	Identify the formula to which [image: n=1] applies.
 	To find the first term, [image: {a}_{1}], use [image: n=1] in the appropriate formula.
 	Identify the formula to which [image: n=2] applies.
 	To find the second term, [image: {a}_{2}], use [image: n=2] in the appropriate formula.
 	Continue in the same manner until you have identified all [image: n] terms.
 
   Write the first six terms of the sequence. [image: {a_{n}}=\begin{cases}n^{2} & \text{if }n\text{ is not divisible by 3} \\[1mm] \dfrac{n}{3} & \text{if }n\text{ is divisible by 3}\end{cases}]
 Show Solution A sequence can also be written as a piecewise function. We just need to use the correct explicit formula based on the rules that is given on the right side of the formulas.
 So, let’s substitute [image: n=1,n=2], and so on in the appropriate formula.
 	Use [image: {n}^{2}] when [image: n] is not a multiple of [image: 3].
 	Use [image: \frac{n}{3}] when [image: n] is a multiple of [image: 3].
 
 [image: \begin{align}&{a}_{1}={1}^{2}=1 && \text{1 is not a multiple of 3. Use }{n}^{2}. \\[1mm] &{a}_{2}={2}^{2}=4 && \text{2 is not a multiple of 3. Use }{n}^{2}. \\[1mm] &{a}_{3}=\frac{3}{3}=1 && \text{3 is a multiple of 3. Use }\frac{n}{3}. \\[1mm] &{a}_{4}={4}^{2}=16 && \text{4 is not a multiple of 3. Use }{n}^{2}. \\[1mm] &{a}_{5}={5}^{2}=25 && \text{5 is not a multiple of 3. Use }{n}^{2}. \\[1mm] &{a}_{6}=\frac{6}{3}=2 && \text{6 is a multiple of 3. Use }\frac{n}{3}. \end{align}]
 The first six terms are [image: \left\{1,4,1,16,25,2\right\}].
 Analysis of the Solution
 Notice that every third point on the graph stands out from the two nearby points. This occurs because the sequence was defined by a piecewise function.
 [image: Graph of a scattered plot where the x-axis is labeled n and the y-axis is labeled a_n.]
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				Finding an Explicit Formula
 What if you’re given a sequence and need to figure out the explicit formula for it?
 In this case, you can work backward to discover the formula using the first few terms. The key is to look for patterns in the sequence. These patterns might involve alternating terms, or there could be specific formulas for the numerators, denominators, exponents, or bases. Once you spot the pattern, you can use it to create the explicit formula for the entire sequence.
 Write an explicit formula for the [image: n\text{th}] term of each sequence. 	[image: \left\{-\dfrac{2}{25},-\dfrac{2}{125},-\dfrac{2}{625},-\dfrac{2}{3\text{,}125},-\dfrac{2}{15\text{,}625},\dots \right\}]
 	[image: \left\{{e}^{4},{e}^{5},{e}^{6},{e}^{7},{e}^{8},\dots \right\}]
 
 Show Solution Look for the pattern in each sequence.
 	The terms are all negative. [image: \begin{align} & \left\{-\dfrac{2}{25},-\dfrac{2}{125},-\dfrac{2}{625},-\dfrac{2}{3\text{,}125},-\dfrac{2}{15\text{,}625},\dots \right\}&& \text{The numerator is 2.} \\[1mm] & \left\{-\dfrac{2}{5^2},-\dfrac{2}{5^3},- \dfrac{2}{5^4},-\dfrac{2}{5^5},-\dfrac{2}{5^6},\dots,-\dfrac{2}{5^n},\dots \right\} && \text{The denominators are increasing powers of 5.}\end{align}]
 So we know that the fraction is negative, the numerator is [image: 2], and the denominator can be represented by [image: {5}^{n+1}].
 [image: {a}_{n}=-\dfrac{2}{{5}^{n+1}}]
 
 	The terms are powers of [image: e]. For [image: n=1], the first term is [image: {e}^{4}] so the exponent must be [image: n+3]. [image: {a}_{n}={e}^{n+3}]
 
 
   An interactive online homework element has been excluded from the printed version of the text. To see the interactive element that was excluded, please visit the courseware online.
 
  An interactive online homework element has been excluded from the printed version of the text. To see the interactive element that was excluded, please visit the courseware online.
 
  Alternating Sequences
 Sometimes sequences have terms that are alternate. In fact, the terms may actually alternate in sign. The steps to finding terms of the sequence are the same as if the signs did not alternate.
 Let’s take a look at the following sequence.
 [image: \left\{2,-4,6,-8\right\}]
 Notice the first term is greater than the second term, the second term is less than the third term, and the third term is greater than the fourth term. This trend continues forever. Do not rearrange the terms in numerical order to interpret the sequence.
 The sign of the term in the explicit formula is given by the [image: {\left(-1\right)}^{n}] if the first term is negative and [image: {\left(-1\right)}^{n-1}] if the first term is positive. Write the first five terms of the sequence. [image: {a}_{n}=\dfrac{{\left(-1\right)}^{n}{n}^{2}}{n+1}]
 Show Solution Substitute [image: n=1], [image: n=2], and so on in the formula.
 [image: \begin{align}&n=1 && {a}_{1}=\dfrac{{\left(-1\right)}^{1}{2}^{2}}{1+1}=-\dfrac{1}{2} \\[1mm] &n=2 && {a}_{2}=\dfrac{{\left(-1\right)}^{2}{2}^{2}}{2+1}=\dfrac{4}{3} \\[1mm] &n=3 && {a}_{3}=\dfrac{{\left(-1\right)}^{3}{3}^{2}}{3+1}=-\frac{9}{4} \\[1mm] &n=4 && {a}_{4}=\dfrac{{\left(-1\right)}^{4}{4}^{2}}{4+1}=\dfrac{16}{5} \\[1mm] &n=5 && {a}_{5}=\dfrac{{\left(-1\right)}^{5}{5}^{2}}{5+1}=-\dfrac{25}{6} \end{align}]
 
 The first five terms are [image: \left\{-\dfrac{1}{2},\dfrac{4}{3},-\dfrac{9}{4},\dfrac{16}{5},-\dfrac{25}{6}\right\}].
 Analysis of the Solution
 The graph of this function looks different from the ones we have seen previously in this section because the terms of the sequence alternate between positive and negative values.
 [image: Graph of a scattered plot with labeled points: (1, -1/2), (2, 4/3), (3, -9/4), (4, 16/5), and (5, -25/6). The x-axis is labeled n and the y-axis is labeled a_n.]
   An interactive online homework element has been excluded from the printed version of the text. To see the interactive element that was excluded, please visit the courseware online.
 
  Write an explicit formula for the [image: n\text{th}] term of each sequence. [image: \left\{-\dfrac{2}{11},\dfrac{3}{13},-\dfrac{4}{15},\dfrac{5}{17},-\dfrac{6}{19},\dots \right\}]
 Show Answer The terms alternate between positive and negative. We can use [image: {\left(-1\right)}^{n}] to make the terms alternate. The numerator can be represented by [image: n+1].
 The denominator can be represented by [image: 2n+9].
 [image: {a}_{n}=\dfrac{{\left(-1\right)}^{n}\left(n+1\right)}{2n+9}]
   An interactive online homework element has been excluded from the printed version of the text. To see the interactive element that was excluded, please visit the courseware online.
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				Recursive Formula
 Now that we’ve covered explicit formulas, let’s talk about another way to define sequences: the recursive formula. Unlike the explicit formula, which gives you a direct way to find any term in the sequence, a recursive formula builds each term based on the one before it. In other words, you need to know the previous term(s) to find the next one.
 recursive formula
 A recursive formula is a formula that defines each term of a sequence using preceding term(s). Recursive formulas must always state the initial term, or terms, of the sequence.
  Recursive formulas are especially useful when the sequence is defined by a step-by-step process or when each term depends on its predecessor. While it might seem a bit more complex, recursive formulas can be powerful tools for understanding and working with sequences.
 Do you notice how the sequence seems to mirror patterns found in nature?[image: What is the Fibonacci sequence? - BBC Science Focus Magazine]
 [image: \\]
 The Fibonacci sequence isn’t just a mathematical curiosity—it’s a fundamental part of the world around us. From the spirals of shells to the branching of trees, this sequence helps explain the structure and growth patterns of various natural forms. What’s fascinating is that each term relies on the ones before it, creating a beautiful and interconnected pattern that we can observe in so many living things. This dependency makes the Fibonacci sequence unique, as it’s best described by a recursive formula rather than an explicit one.
 [image: \\]
 Fibonacci sequence is [image: 1, 1, 2, 3, 5, 8, 13, 21, 34,….].
 [image: \\]
 Each number in the sequence is the sum of the two preceding ones, starting from [image: 1] and [image: 1]. This sequence is unique because of its recursive nature, meaning each term is defined by the terms that came before it.The formula for the Fibonacci sequence is: 	[image: F_1 = 1]
 	[image: F_2 = 1]
 	[image: F_n = F_{n-1}+F_{n-2}], for [image: n \ge 3]
 
  How To: Given a recursive formula with only the first term provided, write the first [image: n] terms of a sequence. 	Identify the initial term, [image: {a}_{1}], which is given as part of the formula. This is the first term.
 	To find the second term, [image: {a}_{2}], substitute the initial term into the formula for [image: {a}_{n - 1}]. Solve.
 	To find the third term, [image: {a}_{3}], substitute the second term into the formula. Solve.
 	Repeat until you have solved for the [image: n\text{th}] term.
 
  Write the first five terms of the sequence defined by the recursive formula. [image: \begin{align} {a}_{1}&=9 \\ {a}_{n}&=3{a}_{n - 1}-20\text{, for }n\ge 2 \end{align}]
 Show Solution The first term is given in the formula. For each subsequent term, we replace [image: {a}_{n - 1}] with the value of the preceding term.
 [image: \begin{align}&n=1 && {a}_{1}=9 \\ &n=2 && {a}_{2}=3{a}_{1}-20=3\left(9\right)-20=27 - 20=7 \\ &n=3 && {a}_{3}=3{a}_{2}-20=3\left(7\right)-20=21 - 20=1 \\ &n=4 && {a}_{4}=3{a}_{3}-20=3\left(1\right)-20=3 - 20=-17 \\ &n=5 && {a}_{5}=3{a}_{4}-20=3\left(-17\right)-20=-51 - 20=-71 \end{align}]
 The first five terms are [image: \left\{9,7,1,-17,-71\right\}]
   An interactive online homework element has been excluded from the printed version of the text. To see the interactive element that was excluded, please visit the courseware online.
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				Factorial Notation
 As we explore sequences further, another important concept to understand is factorial notation, often used in various mathematical contexts, including combinatorics and probability. Factorial notation, represented by an exclamation point ([image: !]), is a way to express the product of all positive integers up to a given number. For instance, [image: 4!] equals [image: 4 \times 3 \times 2 \times 1 = 24], and [image: 5!] equals [image: 5 \times 4 \times 3 \times 2 \times 1 = 120].
 factorial
 [image: n] factorial is a mathematical operation that can be defined using a recursive formula.
  
 The factorial of [image: n], denoted [image: n!], is defined for a positive integer [image: n] as:
 [image: \begin{array}{l}0!=1\\ 1!=1\\ n!=n\left(n - 1\right)\left(n - 2\right)\cdots \left(2\right)\left(1\right)\text{, for }n\ge 2\end{array}]
  
 The special case [image: 0!] is defined as [image: 0!=1].
  An interactive online homework element has been excluded from the printed version of the text. To see the interactive element that was excluded, please visit the courseware online.
 
  Factorials often appear in sequence-related problems. An example of formula containing a factorial is [image: {a}_{n}=\left(n+1\right)!]. The sixth term of the sequence can be found by substituting 6 for [image: n]. [image: \begin{align}{a}_{6}=\left(6+1\right)!=7!=7\cdot 6\cdot 5\cdot 4\cdot 3\cdot 2\cdot 1=5040 \\ \text{ }\end{align}]
  The factorial of any whole number [image: n] is [image: n\left(n - 1\right)!] We can therefore also think of [image: 5!] as [image: 5\cdot 4!\text{.}]  Write the first five terms of the sequence defined by the explicit formula [image: {a}_{n}=\dfrac{5n}{\left(n+2\right)!}]. Show Solution Substitute [image: n=1,n=2], and so on in the formula.
 [image: \begin{align}&n=1 && {a}_{1}=\dfrac{5\left(1\right)}{\left(1+2\right)!}=\dfrac{5}{3!}=\dfrac{5}{3\cdot 2\cdot 1}=\dfrac{5}{6} \\[1mm] &n=2 && {a}_{2}=\dfrac{5\left(2\right)}{\left(2+2\right)!}=\dfrac{10}{4!}=\dfrac{10}{4\cdot 3\cdot 2\cdot 1}=\dfrac{5}{12} \\[1mm] &n=3 && {a}_{3}=\dfrac{5\left(3\right)}{\left(3+2\right)!}=\dfrac{15}{5!}=\dfrac{15}{5\cdot 4\cdot 3\cdot 2\cdot 1}=\dfrac{1}{8} \\[1mm] &n=4 && {a}_{4}=\dfrac{5\left(4\right)}{\left(4+2\right)!}=\dfrac{20}{6!}=\dfrac{20}{6\cdot 5\cdot 4\cdot 3\cdot 2\cdot 1}=\dfrac{1}{36} \\[1mm] &n=5 && {a}_{5}=\dfrac{5\left(5\right)}{\left(5+2\right)!}=\dfrac{25}{7!}=\dfrac{25}{7\cdot 6\cdot 5\cdot 4\cdot 3\cdot 2\cdot 1}=\dfrac{5}{1\text{,}008}\\ \text{ } \end{align}]
 
 The first five terms are [image: \left\{\dfrac{5}{6},\dfrac{5}{12},\dfrac{1}{8},\dfrac{1}{36},\dfrac{5}{1,008}\right\}].
 Analysis of the Solution
 The figure below shows the graph of the sequence. Notice that, since factorials grow very quickly, the presence of the factorial term in the denominator results in the denominator becoming much larger than the numerator as [image: n] increases. This means the quotient gets smaller and, as the plot of the terms shows, the terms are decreasing and nearing zero.
 [image: Graph of a scatter plot with labeled points: (1, 5/6), (2, 5/12), (3, 1/8), (4, 1/36), and (5, 5/1008). The x-axis is labeled n and the y-axis is labeled a_n.]
   An interactive online homework element has been excluded from the printed version of the text. To see the interactive element that was excluded, please visit the courseware online.
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				 	Write the terms of a sequence defined by an explicit formula and a recursive formula
 	Use factorial notation
 
  Have you ever wondered how information spreads online? Whether it’s a viral video, a helpful tutorial, or an important message, understanding how content reaches people follows fascinating mathematical patterns. Even simple actions like sharing a post or following a creator can create predictable sequences of growth.
 [image: \\]
 Let’s explore how we can use different types of sequences – including geometric patterns, recursive formulas, and factorials – to understand and predict these patterns of digital growth.
 An interactive online homework element has been excluded from the printed version of the text. To see the interactive element that was excluded, please visit the courseware online.
 
  An interactive online homework element has been excluded from the printed version of the text. To see the interactive element that was excluded, please visit the courseware online.
 
  An interactive online homework element has been excluded from the printed version of the text. To see the interactive element that was excluded, please visit the courseware online.
 
  An interactive online homework element has been excluded from the printed version of the text. To see the interactive element that was excluded, please visit the courseware online.
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				 	Find the regular interval between terms in a simple sequence and use it to write the sequence’s terms
 	Use recursive and explicit formulas to represent and analyze arithmetic sequences
 
  Terms of an Arithmetic Sequence
 Companies often make large purchases, such as computers and vehicles, for business use. The book-value of these supplies decreases each year for tax purposes. This decrease in value is called depreciation. One method of calculating depreciation is straight-line depreciation, in which the value of the asset decreases by the same amount each year.
 As an example, consider a woman who starts a small contracting business. She purchases a new truck for [image: $25,000]. After five years she estimates that she will be able to sell the truck for [image: $8,000].
 [image: \\]
 The loss in value of the truck will therefore be [image: $17,000], which is [image: $3,400] per year for five years.
 [image: \\]
 The truck will be worth [image: $21,600] after the first year; [image: $18,200] after two years; [image: $14,800] after three years; [image: $11,400] after four years; and [image: $8,000] at the end of five years. The values of the truck in the example form an arithmetic sequence because they change by a constant amount each year. Each term increases or decreases by the same constant value called the common difference of the sequence. For this sequence the common difference is [image: –3,400]. You can choose any term of the sequence, and subtract [image: 3,400] to find the subsequent term.
 [image: A sequence, {25000, 21600, 18200, 14800, 8000}, that shows the terms differ only by -3400.]
 arithmetic sequence
 An arithmetic sequence is a sequence where the difference between consecutive terms is always the same.
 
 [image: \left\{{a}_{n}\right\}=\left\{{a}_{1},{a}_{1}+d,{a}_{1}+2d,{a}_{1}+3d,...\right\}]
 The difference between consecutive terms, [image: d], and is called the common difference, for [image: n] greater than or equal to two.
 
  
 
 
  The sequence below is another example of an arithmetic sequence. In this case the constant difference is [image: 3]. You can choose any term of the sequence, and add [image: 3] to find the subsequent term.[image: A sequence {3, 6, 9, 12, 15, ...} that shows the terms only differ by 3.] Is each sequence arithmetic? If so, find the common difference. 	[image: \left\{1,2,4,8,16,...\right\}]
 	[image: \left\{-3,1,5,9,13,...\right\}]
 
 Show Solution Subtract each term from the subsequent term to determine whether a common difference exists.
 	The sequence is not arithmetic because there is no common difference. [image: \begin{align}&2-1=1 && 4-2=2 && 8-4=4 && 16-8=8 \end{align}]
 
 	The sequence is arithmetic because there is a common difference. The common difference is [image: 4]. [image: \begin{align}&1-(-3)=4 && 5-1=4 && 9-5=4 && 13-9=4 \end{align}]
 
 
 Analysis of the Solution
 The graph of each of these sequences is shown in Figure 1. We can see from the graphs that, although both sequences show growth, [image: a] is not linear whereas [image: b] is linear. Arithmetic sequences have a constant rate of change so their graphs will always be points on a line.
 [image: Two graphs of arithmetic sequences. Graph (a) grows exponentially while graph (b) grows linearly.]
   An interactive online homework element has been excluded from the printed version of the text. To see the interactive element that was excluded, please visit the courseware online.
 
  An interactive online homework element has been excluded from the printed version of the text. To see the interactive element that was excluded, please visit the courseware online.
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				Writing Terms of Arithmetic Sequences
 Previously, we found a formula for the general term of a sequence, we can also find a formula for the general term of an arithmetic sequence.
 Let’s write the first few terms of a sequence where the first term is [image: a_1] and the common difference [image: d]. We will then look for a pattern.
 [image: ]
 Did you notice that the number of [image: d]s that were added to [image: a_1] is one less than the number of the term?
 general term (nth term) of an arithmetic sequence
 The general term of an arithmetic sequence with first term [image: a_1] and the common difference [image: d] is 
 [image: {a}_{n}={a}_{1}+\left(n - 1\right)d]
  Write the first five terms of the arithmetic sequence with [image: {a}_{1}=17] and [image: d=-3]. Show Solution Adding [image: -3] is the same as subtracting [image: 3]. Beginning with the first term, subtract [image: 3] from each term to find the next term.The first five terms are [image: \left\{17,14,11,8,5\right\}]
 [image: Graph of the arithmetic sequence. The points form a negative line.]
 Analysis of the Solution
 As expected, the graph of the sequence consists of points on a line.
   An interactive online homework element has been excluded from the printed version of the text. To see the interactive element that was excluded, please visit the courseware online.
 
  How To: Given any the first term and any other term in an arithmetic sequence, find a given term. 	Substitute the values given for [image: {a}_{1},{a}_{n},n] into the formula [image: {a}_{n}={a}_{1}+\left(n - 1\right)d] to solve for [image: d].
 	Find a given term by substituting the appropriate values for [image: {a}_{1},n], and [image: d] into the formula [image: {a}_{n}={a}_{1}+\left(n - 1\right)d].
 
  Given [image: {a}_{1}=8] and [image: {a}_{4}=14] , find [image: {a}_{5}] . Show Solution The sequence can be written in terms of the initial term [image: 8] and the common difference [image: d] .
 [image: \left\{8,8+d,8+2d,8+3d\right\}]
 We know the fourth term equals [image: 14]; we know the fourth term has the form [image: {a}_{1}+3d=8+3d] .
 We can find the common difference [image: d] .
 [image: \begin{align}&{a}_{n}={a}_{1}+\left(n - 1\right)d \\ &{a}_{4}={a}_{1}+3d \\ &{a}_{4}=8+3d && \text{Write the fourth term of the sequence in terms of } {a}_{1} \text{ and } d. \\ &14=8+3d && \text{Substitute } 14 \text{ for } {a}_{4}. \\ &d=2 && \text{Solve for the common difference}. \end{align}]
 Find the fifth term by adding the common difference to the fourth term.
 [image: {a}_{5}={a}_{4}+2=16]
 Analysis of the Solution
 Notice that the common difference is added to the first term once to find the second term, twice to find the third term, three times to find the fourth term, and so on. The tenth term could be found by adding the common difference to the first term nine times or by using the equation [image: {a}_{n}={a}_{1}+\left(n - 1\right)d].
   An interactive online homework element has been excluded from the printed version of the text. To see the interactive element that was excluded, please visit the courseware online.
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				Using Explicit Formulas for Arithmetic Sequences
 Now that you’ve written the terms of the sequence, your next task is to write the formula that represents the arithmetic sequence.
 explicit formula for an arithmetic sequence
 An explicit formula for the [image: n\text{th}] term of an arithmetic sequence is given by
 [image: {a}_{n}={a}_{1}+d\left(n - 1\right)]
  Try to use the pattern you’ve identified in the terms to create a formula that can generate any term in the sequence.
 How To: Given the first several terms for an arithmetic sequence, write an explicit formula. 	Find the common difference, [image: {a}_{2}-{a}_{1}].
 	Substitute the common difference and the first term into [image: {a}_{n}={a}_{1}+d\left(n - 1\right)].
 
  Write an explicit formula ([image: {a}_{n}={a}_{1}+d\left(n - 1\right)]) for the arithmetic sequence:
 [image: \left\{2\text{, }12\text{, }22\text{, }32\text{, }42\text{, }\ldots \right\}] Show Solution The common difference can be found by subtracting the first term from the second term.
 [image: \begin{align}d&={a}_{2}-{a}_{1} \\ & =12 - 2 \\ & =10 \end{align}]
 The common difference is [image: 10]. Substitute the common difference and the first term of the sequence into the formula and simplify.
 [image: \begin{align}&{a}_{n}=2+10\left(n - 1\right) \\ &{a}_{n}=10n - 8 \end{align}]
 [image: Graph of the arithmetic sequence. The points form a positive line.]
 Analysis of the Solution
 The graph of this sequence shows a slope of [image: 10] and a vertical intercept of [image: -8] .
   An interactive online homework element has been excluded from the printed version of the text. To see the interactive element that was excluded, please visit the courseware online.
 
  Using Recursive Formulas for Arithmetic Sequences
 Now that you’ve written the explicit formula, let’s explore a different approach: the recursive formula. Try writing a formula that defines each term of the sequence based on the previous term. Remember, the recursive formula builds the sequence step by step, starting from the first term.
 recursive formula for an arithmetic sequence
 The recursive formula for an arithmetic sequence with common difference [image: d] is:
 [image: \begin{align}&{a}_{n}={a}_{n - 1}+d && n\ge 2 \end{align}]
  How To: Given an arithmetic sequence, write its recursive formula. 	Subtract any term from the subsequent term to find the common difference.
 	State the initial term and substitute the common difference into the recursive formula for arithmetic sequences.
 
  Write a recursive formula for the arithmetic sequence.
 [image: \left\{-18,-7,4,15,26, \ldots \right\}] Show Solution The first term is given as [image: -18] . The common difference can be found by subtracting the first term from the second term.
 [image: d=-7-\left(-18\right)=11]
 Substitute the initial term and the common difference into the recursive formula for arithmetic sequences.
 [image: \begin{align}&{a}_{1}=-18 \\ &{a}_{n}={a}_{n - 1}+11,\text{ for }n\ge 2 \end{align}]
 [image: Graph of the arithmetic sequence. The points form a positive line.]
 Analysis of the Solution
 We see that the common difference is the slope of the line formed when we graph the terms of the sequence. The growth pattern of the sequence shows the constant difference of [image: 11] units.
   An interactive online homework element has been excluded from the printed version of the text. To see the interactive element that was excluded, please visit the courseware online.
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				Find the Number of Terms in an Arithmetic Sequence
 Explicit formulas can be used to determine the number of terms in a finite arithmetic sequence. We need to find the common difference, and then determine how many times the common difference must be added to the first term to obtain the final term of the sequence.
 How To: Given the first three terms and the last term of a finite arithmetic sequence, find the total number of terms. 	Find the common difference [image: d].
 	Substitute the common difference and the first term into [image: {a}_{n}={a}_{1}+d\left(n - 1\right)].
 	Substitute the last term for [image: {a}_{n}] and solve for [image: n].
 
  Find the number of terms in the finite arithmetic sequence: [image: \left\{8,1,-6, \dots ,-41\right\}]
 	The common difference can be found by subtracting the first term from the second term
 [image: 1 - 8=-7]
 The common difference is [image: -7].
 	Substitute the common difference and the initial term of the sequence into the [image: n\text{th}] term formula and simplify.[image: \begin{align}&{a}_{n}={a}_{1}+d\left(n - 1\right) \\ &{a}_{n}=8+-7\left(n - 1\right) \\ &{a}_{n}=15 - 7n \end{align}]
 	Substitute [image: -41] for [image: {a}_{n}] and solve for [image: n]
 
 [image: \begin{align}-41&=15 - 7n \\ 8&=n \end{align}]
 This means that there are eight terms in the sequence.
  An interactive online homework element has been excluded from the printed version of the text. To see the interactive element that was excluded, please visit the courseware online.
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				 	Find the regular interval between terms in a simple sequence and use it to write the sequence’s terms
 	Use recursive and explicit formulas to represent and analyze arithmetic sequences
 
  Solving Application Problems with Arithmetic Sequences
 In many application problems, it often makes sense to use an initial term of [image: {a}_{0}] instead of [image: {a}_{1}]. In these problems we alter the explicit formula slightly to account for the difference in initial terms. We use the following formula:
 [image: {a}_{n}={a}_{0}+dn]
 A five-year old child receives an allowance of [image: $1] each week. His parents promise him an annual increase of [image: $2] per week. 	Write a formula for the child’s weekly allowance in a given year.
 	What will the child’s allowance be when he is [image: 16] years old?
 
 Show Solution 	The situation can be modeled by an arithmetic sequence with an initial term of [image: 1] and a common difference of [image: 2]. Let [image: A] be the amount of the allowance and [image: n] be the number of years after age [image: 5]. Using the altered explicit formula for an arithmetic sequence we get:
 [image: {A}_{n}=1+2n]
 	We can find the number of years since age [image: 5] by subtracting.
 [image: 16 - 5=11]
 We are looking for the child’s allowance after [image: 11] years. Substitute [image: 11] into the formula to find the child’s allowance at age [image: 16].
 [image: {A}_{11}=1+2\left(11\right)=23]
 The child’s allowance at age [image: 16] will be [image: $23] per week.
 
   A woman decides to go for a [image: 10]-minute run every day this week and plans to increase the time of her daily run by [image: 4] minutes each week. Write a formula for the time of her run after [image: n] weeks. How long will her daily run be [image: 8] weeks from today? Show Solution The formula is [image: {T}_{n}=10+4n], and it will take her [image: 42] minutes.
  An interactive online homework element has been excluded from the printed version of the text. To see the interactive element that was excluded, please visit the courseware online.
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				 	Determine if a sequence is geometric, find the common ratio, list the terms, and find the general (nth) term of a geometric sequence
 	Use recursive and explicit formulas to describe and study geometric sequences
 
  Geometric Sequence
 Many companies offer an annual cost-of-living increase to keep salaries consistent with inflation. Let’s consider, for example, a recent college graduate who lands a position as a junior software developer with a starting annual salary of $[image: 54,000]. The company promises a [image: 2 \%] cost of living increase each year.
 To calculate the developer’s salary in any given year, we multiply their salary from the previous year by [image: 102 \%]. Let’s see how this plays out over the first few years:
 	After one year: [image: $54,000 \times 1.02 = $55,080]
 	After two years: [image: $55,080 \times 1.02 = $56,181.60]
 	After three years: [image: $56,181.60 \times 1.02 = $57,305.23]
 
 As we can see, when a salary increases by a constant rate each year, it grows by a constant factor. In this case, the factor is [image: 1.02] or [image: 102 \%] of the previous year’s salary.
 The yearly salary values described form a geometric sequence because they change by a constant factor each year. Each term of a geometric sequence increases or decreases by a constant factor called the common ratio.
 geometric sequence
 A sequence is called a geometric sequence if the ratio between consecutive terms is always the same.
 The ratio between consecutive terms in a geometric sequence is [image: r], the common ratio, where [image: n \ge 2].
 [image: r = \dfrac{a_n}{a_{n-1}}]
  
 The geometric sequence will be
 [image: \left\{{a}_{1}, {a}_{1}r,{a}_{1}{r}^{2},{a}_{1}{r}^{3},...\right\}]
  The sequence below is an example of a geometric sequence because each term increases by a constant factor of [image: 6]. Multiplying any term of the sequence by the common ratio [image: r = 6] generates the subsequent term.[image: A sequence , {1, 6, 36, 216, 1296, ...} that shows all the numbers have a common ratio of 6.] How To: Given a set of numbers, determine if they represent a geometric sequence. 	Divide each term by the previous term.
 	Compare the quotients. If they are the same, a common ratio exists and the sequence is geometric.
 
  Determine if the follow sequences are geometric? If so, find the common ratio. 	[image: 4, 8, 16, 32, 64, 128, \dots]
 Show Answer [image: ]The sequence is geometric because there is a common ratio. The common ratio is [image: 2].
 
 
 
 	[image: -2, 6, -12, 36, -72, 216, \dots]
 Show Answer [image: ]The sequence is not geometric. There is no common ratio. 
 
 
  An interactive online homework element has been excluded from the printed version of the text. To see the interactive element that was excluded, please visit the courseware online.
 
  An interactive online homework element has been excluded from the printed version of the text. To see the interactive element that was excluded, please visit the courseware online.
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				Writing Terms of Geometric Sequences
 Now that we can identify a geometric sequence, we will learn how to find the terms of a geometric sequence if we are given the first term and the common ratio. The terms of a geometric sequence can be found by beginning with the first term and multiplying by the common ratio repeatedly.
 For instance, if the first term of a geometric sequence is [image: {a}_{1}=-2] and the common ratio is [image: r=4], we can find subsequent terms by multiplying [image: -2\cdot 4] to get [image: -8] then multiplying the result [image: -8\cdot 4] to get [image: -32] and so on. [image: \begin{align}&{a}_{1}=-2 \\ &{a}_{2}=\left(-2\cdot 4\right)=-8 \\ &{a}_{3}=\left(-8\cdot 4\right)=-32 \\ &{a}_{4}=\left(-32\cdot 4\right)=-128 \end{align}]
 The first four terms are [image: \left\{-2,-8,-32,-128\right\}].
  How To: Given the first term and the common factor, find the first four terms of a geometric sequence. 	Multiply the initial term, [image: {a}_{1}], by the common ratio to find the next term, [image: {a}_{2}].
 	Repeat the process, using [image: {a}_{n}={a}_{2}] to find [image: {a}_{3}] and then [image: {a}_{3}] to find [image: {a}_{4,}] until all four terms have been identified.
 	Write the terms separated by commons within brackets.
 
  Write the first five terms of the geometric sequence with [image: {a}_{1}=3] and [image: r=-2]. Show Answer We start with the first term and multiply it by the common ratio. Then we multiply that result by the common ratio to get the next term, and so on.[image: ]The sequence is [image: 3, -6, 12, -24, 48, \dots]
  List the first four terms of the geometric sequence with [image: {a}_{1}=5] and [image: r=-2]. Show Solution Multiply [image: {a}_{1}] by [image: -2] to find [image: {a}_{2}]. Repeat the process, using [image: {a}_{2}] to find [image: {a}_{3}], and so on.
 [image: \begin{align}&{a}_{1}=5 \\ &{a}_{2}=-2{a}_{1}=-10 \\ &{a}_{3}=-2{a}_{2}=20 \\ &{a}_{4}=-2{a}_{3}=-40 \end{align}]
 The first four terms are [image: \left\{5,-10,20,-40\right\}].
   An interactive online homework element has been excluded from the printed version of the text. To see the interactive element that was excluded, please visit the courseware online.
 
  An interactive online homework element has been excluded from the printed version of the text. To see the interactive element that was excluded, please visit the courseware online.
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				Using Explicit Formulas for Geometric Sequences
 Because a geometric sequence is an exponential function whose domain is the set of positive integers, and the common ratio is the base of the function, we can write explicit formulas that allow us to find particular terms.
 [image: {a}_{n}={a}_{1}{r}^{n - 1}]
 Let’s write the first few terms of the sequence where the first term is [image: a_1] and the common ratio is[image: r] to see this pattern.
 [image: ]
 explicit formula for a geometric sequence
 The explicit formula of a geometric sequence with first term [image: a_1] and the common ratio [image: r] is
 [image: {a}_{n}={a}_{1}{r}^{n - 1}]
  Let’s take a look at the sequence [image: \left\{18\text{, }36\text{, }72\text{, }144\text{, }288\text{, }...\right\}].
 [image: \\]
 This is a geometric sequence with a common ratio of [image: 2] and an exponential function with a base of [image: 2]. An explicit formula for this sequence is [image: {a}_{n}=18\cdot {2}^{n - 1}]
 [image: Graph of the geometric sequence.]
  Given a geometric sequence with [image: {a}_{1}=3] and [image: {a}_{4}=24], find [image: {a}_{2}]. Show Solution The sequence can be written in terms of the initial term and the common ratio [image: r].
 [image: 3,3r,3{r}^{2},3{r}^{3},\dots]
 Find the common ratio using the given fourth term.
 [image: \begin{align}&{a}_{n}={a}_{1}{r}^{n - 1} \\ &{a}_{4}=3{r}^{3} && \text{Write the fourth term of sequence in terms of }{a}_{1}\text{ and }r \\ &24=3{r}^{3} && \text{Substitute }24\text{ for }{a}_{4} \\ &8={r}^{3} && \text{Divide} \\ &r=2 && \text{Solve for the common ratio} \end{align}]
 Find the second term by multiplying the first term by the common ratio.
 [image: \begin{align}{a}_{2} & =2{a}_{1} \\ & =2\left(3\right) \\ & =6 \end{align}]
   Write an explicit formula for the [image: n\text{th}] term of the following geometric sequence. [image: \left\{2,10,50,250,\dots\right\}]
 Show Solution The first term is [image: 2]. The common ratio can be found by dividing the second term by the first term.
 [image: \dfrac{10}{2}=5]
 The common ratio is [image: 5]. Substitute the common ratio and the first term of the sequence into the formula.
 [image: \begin{align}&{a}_{n}={a}_{1}{r}^{\left(n - 1\right)} \\ &{a}_{n}=2\cdot {5}^{n - 1} \end{align}]
 The graph of this sequence shows an exponential pattern.
 [image: Graph of the geometric sequence.]
   Find the ninth term of the sequence [image: 6, 18, 54, 162, 486, 1458, \dots] Then find the general term for the sequence. Show Answer [image: \begin{align*} \text{Let's first determine } a_1 \text{ and the common ratio } r: & \\ \text{The first term is } 6, \text{ so } a_1 &= 6 & \\ \text{The ratio is: } \frac{18}{6} &= \frac{54}{18} = \frac{162}{54} = \frac{486}{162} = \frac{1458}{486} = 3 & r &= 3 \end{align*}][image: \begin{align*} \text{To find the 9th term, use the formula with } a_1 = 6, \, r = 3, \text{ and } n=9: & \\ \text{Substitute these values and simplify:} & & \\ a_n &= a_1 r^{n-1} & \\ a_9 &= 6(3)^{9-1} & \\ a_9 &= 6(3)^8 & \\ a_9 &= 39366 & \end{align*}][image: \begin{align*} \text{To find the general term, substitute } a_1 = 6 \text{ and } r = 3 \text{ into the formula:} & \\ a_n &= a_1 r^{n-1} & \\ a_n &= 6(3)^{n-1} & \end{align*}]
  An interactive online homework element has been excluded from the printed version of the text. To see the interactive element that was excluded, please visit the courseware online.
 
  [ohm_question hide_question_numbers=1]291403[/ohm_question] 
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				Using Recursive Formulas for Geometric Sequences
 A recursive formula allows us to find any term of a geometric sequence by using the previous term. Each term is the product of the common ratio and the previous term. As with any recursive formula, the initial term must be given.
 recursive formula for a geometric sequence
 The recursive formula for a geometric sequence with common ratio [image: r] and first term [image: a_1] is
 [image: a_n = ra_{n-1}, n \ge 2]
  Write a recursive formula for the following geometric sequence. [image: \left\{6,9,13.5,20.25,\dots\right\}]
 Show Solution The first term is given as [image: 6]. The common ratio can be found by dividing the second term by the first term.
 [image: r=\dfrac{9}{6}=1.5]
 Substitute the common ratio into the recursive formula for geometric sequences and define [image: {a}_{1}].
 [image: \begin{align}&{a}_{n}=r\cdot{a}_{n - 1} \\ &{a}_{n}=1.5\cdot{a}_{n - 1}\text{ for }n\ge 2 \\ &{a}_{1}=6\end{align}]
 [image: Graph of the geometric sequence.]
 Analysis of the Solution
 The sequence of data points follows an exponential pattern. The common ratio is also the base of an exponential function.
   The common ratio is the base of an exponential function!
 [image: \\]
 Using the definition of the geometric sequence [image: \left\{{a}_{1}, {a}_{1}r,{a}_{1}{r}^{2},{a}_{1}{r}^{3},...\right\}], we have [image: a_n=a_1\left(r\right)^{n-1}].
 [image: \\]
 Recall the form of an exponential function [image: f(x)=a\left(b\right)^x]. An interactive online homework element has been excluded from the printed version of the text. To see the interactive element that was excluded, please visit the courseware online.
 
  An interactive online homework element has been excluded from the printed version of the text. To see the interactive element that was excluded, please visit the courseware online.
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				 	Determine if a sequence is geometric, find the common ratio, list the terms, and find the general (nth) term of a geometric sequence
 	Use recursive and explicit formulas to describe and study geometric sequences
 
  Solving Application Problems with Geometric Sequences
 In real-world scenarios involving arithmetic sequences, we may need to use an initial term of [image: {a}_{0}] instead of [image: {a}_{1}]. In these problems we can alter the explicit formula slightly by using the following formula:
 [image: {a}_{n}={a}_{0}{r}^{n}]
 In 2021, the number of students in a small school is [image: 284]. It is estimated that the student population will increase by [image: 4 \%] each year. 	Write a formula for the student population.
 	Estimate the student population in 2028.
 
 Show Solution 	The situation can be modeled by a geometric sequence with an initial term of [image: 284]. The student population will be [image: 104 \%] of the prior year, so the common ratio is [image: 1.04].Let [image: P] be the student population and [image: n] be the number of years after 2021. Using the explicit formula for a geometric sequence we get[image: {P}_{n} =284\cdot {1.04}^{n}]
 	We can find the number of years since 2021 by subtracting.
 [image: 2028 - 2021=7]
 We are looking for the population after [image: 7] years. We can substitute [image: 7] for [image: n] to estimate the population in 2028.
 [image: {P}_{7}=284\cdot {1.04}^{7}\approx 374]
 The student population will be about [image: 374] in 2028.
 
   A new investor places [image: $5,000] in a high-yield savings account that offers [image: 6 \%] annual interest, compounded annually. Assuming she doesn’t make any additional deposits or withdrawals, how much money will be in the account after [image: 10] years? Show Answer 	Identify the geometric sequence: 	Initial amount [image: a_1 = $5,000]
 	Common ratio [image: r = 1 + 0.06 = 1.06] ([image: 106 \%] of previous year’s amount)
 	We want to find the [image: 10]th term [image: (n = 10)]
 
 
 	Use the geometric sequence formula:
 [image: a_n = a_1 \cdot r^{n-1}]
 [image: a_{10} = 5000 \cdot (1.06)^{10-1}]
 	Calculate:
 [image: \begin{array}{rcl} a_{10} &=& 5000 \cdot (1.06)^9 \\ &=& 5000 \cdot 1.6895 \\ &\approx& $8,447.50 \end{array}]
 
 Therefore, after [image: 10] years, the account will contain approximately [image: $8,447.50].
   A new car is purchased for [image: $32,000]. Each year, its value decreases by [image: 15 \%] of its value from the previous year. What will be the car’s value after [image: 5] years? Show Answer 	Identify the geometric sequence: 	Initial value [image: a_1 = $32,000]
 	Common ratio [image: r = 1 - 0.15 = 0.85] ([image: 85 \%] of previous year’s value)
 	We want to find the [image: 5]th term [image: (n = 5)]
 
 
 	Use the geometric sequence formula:
 [image: a_n = a_1 \cdot r^{n-1}]
 [image: a_5 = 32000 \cdot (0.85)^{5-1}]
 	Calculate:
 [image: \begin{array}{rcl} a_5 &=& 32000 \cdot (0.85)^4 \\ &=& 32000 \cdot 0.522 \\ &\approx& $16,704 \end{array}]
 
 Therefore, after [image: 5] years, the car’s value will be approximately [image: $16,704].
   [ohm_question hide_question_numbers=1]291406[/ohm_question] 
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				 	Use summation notation to write a sum for a series
 	Use the formula for the sum of the first [image: n] terms of an arithmetic series
 	Use the formula for the sum of the first [image: n] terms of a geometric series
 	Use the formula to accurately find the sum of an infinite geometric series
 	Solve annuity problems by applying concepts of regular series additions
 
  Series and Summation Notation
 Now that we’ve explored sequences, let’s take it a step further and talk about series. While a sequence lists numbers in a specific order, a series is what you get when you add those numbers together. In other words, a series is the sum of the terms in a sequence. Understanding how to work with series is important because it allows us to find the total of a sequence of numbers, which has many practical applications in mathematics and beyond.
 Summation notation is used to represent series. Summation notation is often known as sigma notation because it uses the Greek capital letter sigma, [image: \Sigma], to represent the sum. Summation notation includes an explicit formula and specifies the first and last terms in the series. An explicit formula for each term of the series is given to the right of the sigma. A variable called the index of summation is written below the sigma. The index of summation is set equal to the lower limit of summation, which is the number used to generate the first term in the series. The number above the sigma, called the upper limit of summation, is the number used to generate the last term in a series.
 [image: Explanation of summation notion as described in the text.]If we interpret the given notation, we see that it asks us to find the sum of the terms in the series [image: {a}_{k}=2k] for [image: k=1] through [image: k=5]. We can begin by substituting the terms for [image: k] and listing out the terms of this series. [image: \begin{align} &{a}_{1}=2\left(1\right)=2 \\ &{a}_{2}=2\left(2\right)=4 \\ &{a}_{3}=2\left(3\right)=6 \\ &{a}_{4}=2\left(4\right)=8 \\ &{a}_{5}=2\left(5\right)=10 \end{align}]
 We can find the sum of the series by adding the terms:
 [image: \sum\limits _{k=1}^{5}2k=2+4+6+8+10=30]
  summation notation
 The sum of the first [image: n] terms of a series can be expressed in summation notation as follows:
 [image: \sum\limits _{k=1}^{n}{a}_{k}]
 This notation tells us to find the sum of [image: {a}_{k}] from
 [image: k=1] to [image: k=n].
 [image: k] is called the index of summation, 1 is the lower limit of summation, and [image: n] is the upper limit of summation.
  How To: Given summation notation for a series, evaluate the value. 	Identify the lower limit of summation.
 	Identify the upper limit of summation.
 	Substitute each value of [image: k] from the lower limit to the upper limit into the formula.
 	Add to find the sum.
 
  Use summation notation to write the sum:[image: 1+6+11+16+21+26+31] Show Answer Note that [image: 1+6+11+16+21+26+31] is the sum of the first seven terms of the arithmetic sequence with general term [image: a_n = 5n-4].
 [image: \\]
 This means that the summation notation of the series is
 [image: \sum_{n=1}^{7} (5n - 4)]
   Evaluate [image: \sum\limits _{k=3}^{7}{k}^{2}]. Show Solution According to the notation, the lower limit of summation is [image: 3] and the upper limit is [image: 7]. So we need to find the sum of [image: {k}^{2}] from [image: k=3] to [image: k=7].
 [image: \\]
 We find the terms of the series by substituting [image: k=3, 4, 5, 6], and [image: 7] into the function [image: {k}^{2}].
 [image: \\]
 We add the terms to find the sum.
 [image: \begin{align}\sum _{k=3}^{7}{k}^{2} & ={3}^{2}+{4}^{2}+{5}^{2}+{6}^{2}+{7}^{2} \\ & =9+16+25+36+49 \\ \\ & =135 \end{align}]
   An interactive online homework element has been excluded from the printed version of the text. To see the interactive element that was excluded, please visit the courseware online.
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				Arithmetic Series
 Just as we studied special types of sequences, we will look at special types of series. Recall that an arithmetic sequence is a sequence in which the difference between any two consecutive terms is the common difference. The sum of the terms of an arithmetic sequence is called an arithmetic series.
 formula for the partial sum of an arithmetic series
 The sum, [image: S_n], of the first [image: n] terms of an arithmetic sequence is
 [image: S_n = \sum_{k=1}^{n} a_k = \dfrac{n}{2}(a_1 + a_n)]
 where [image: a_1] is the first term and [image: a_n] is the [image: n]th term.
  Derivation of the formula. We can write the sum of the first [image: n] terms of an arithmetic series as:
 [image: {S}_{n}={a}_{1}+\left({a}_{1}+d\right)+\left({a}_{1}+2d\right)+...+\left({a}_{n}-d\right)+{a}_{n}].
 We can also reverse the order of the terms and write the sum as
 [image: {S}_{n}={a}_{n}+\left({a}_{n}-d\right)+\left({a}_{n}-2d\right)+...+\left({a}_{1}+d\right)+{a}_{1}].
 If we add these two expressions for the sum of the first [image: n] terms of an arithmetic series, we can derive a formula for the sum of the first [image: n] terms of any arithmetic series.
 [image: \begin{align}{S}_{n}&={a}_{1}+\left({a}_{1}+d\right)+\left({a}_{1}+2d\right)+...+\left({a}_{n}-d\right)+{a}_{n} \\ +{S}_{n}&={a}_{n}+\left({a}_{n}-d\right)+\left({a}_{n}-2d\right)+...+\left({a}_{1}+d\right)+{a}_{1} \\ \hline 2{S}_{n}&=\left({a}_{1}+{a}_{n}\right)+\left({a}_{1}+{a}_{n}\right)+...+\left({a}_{1}+{a}_{n}\right) \end{align}]
 Because there are [image: n] terms in the series, we can simplify this sum to
 [image: 2{S}_{n}=n\left({a}_{1}+{a}_{n}\right)].
 We divide by 2 to find the formula for the sum of the first [image: n] terms of an arithmetic series.
 [image: {S}_{n}=\dfrac{n\left({a}_{1}+{a}_{n}\right)}{2}]
 This is generally referred to as the partial sum of the series.
  How To: Given terms of an arithmetic series, find the partial sum 	Identify [image: {a}_{1}] and [image: {a}_{n}].
 	Determine [image: n].
 	Substitute values for [image: {a}_{1},{a}_{n}], and [image: n] into the formula [image: {S}_{n}=\dfrac{n\left({a}_{1}+{a}_{n}\right)}{2}].
 	Simplify to find [image: {S}_{n}].
 
  Find the sum of the first [image: n] terms of an arithmetic sequence. 	Find the sum of the first [image: 30] terms of the arithmetic sequence:[image: 7, 10, 13, 13, 19,...]
 Show Answer [image: \begin{align*} \text{To find the 30th term, use the formula with } a_1 = 7, \, d = 3, \text{ and } n = 30.\end{align*}]
 [image: a_n = a_1 + (n - 1)d]
 [image: \begin{align*} \text{Substitute} \quad & a_{30} = 7 + (30 - 1)(3) \end{align*}]
 [image: \begin{align*} \text{Simplify} \quad & a_{30} = 7 + (29)(8) \\ & a_{30} = 7 + 232 \\ & a_{30} = 239 \end{align*}]
 [image: \begin{align*} \text{To find } S_{30} \text{ use the formula with } a_1 = 7, \, a_{30} = 239, \text{ and } n = 30.  \end{align*}]
 [image: S_n = \frac{n}{2}(a_1 + a_n)]
 [image: \begin{align*} \text{Substitute and simplify} \quad & S_{30} = \frac{30}{2} (7 + 239) \\ & S_{30} = 15(246) \\ & S_{30} = 3690 \end{align*}]
 
 	Find the sum of the first [image: 50] terms of the arithmetic sequence whose general term is [image: a_n = 2n-5].
 Show Answer [image: \begin{align*} \text{To find the sum of the first 50 terms, we start by finding } a_1 \text{ and } a_{50}. \\ \text{The general term is given by } a_n &= 2n - 5. \\ \text{First, find the first term } a_1: & \\ a_1 &= 2(1) - 5 \\ a_1 &= 2 - 5 \\ a_1 &= -3 \\ \text{Next, find the 50th term } a_{50}: & \\ a_{50} &= 2(50) - 5 \\ a_{50} &= 100 - 5 \\ a_{50} &= 95 \\ \text{Now, use the sum formula for an arithmetic sequence:} & \\ S_n &= \frac{n}{2} \left(a_1 + a_n\right) \\ S_{50} &= \frac{50}{2} \left(-3 + 95\right) \\ S_{50} &= 25 \times 92 \\ S_{50} &= 2300 \end{align*}]
 
 	Find the sum [image: \sum_{i=1}^{30} (6i-4)]
 Show Answer [image: \begin{align*} \text{To find the sum } \sum_{i=1}^{30} (6i-4), \text{ first identify the sequence terms.} & \\ \text{The first term is:} & \\ a_1 &= 6(1) - 4 \\ a_1 &= 6 - 4 \\ a_1 &= 2 \\ \text{The 30th term is:} & \\ a_{30} &= 6(30) - 4 \\ a_{30} &= 180 - 4 \\ a_{30} &= 176 \\ \text{Now, use the sum formula:} & \\ S_n &= \frac{n}{2} \left(a_1 + a_n\right) \\ S_{30} &= \frac{30}{2} \left(2 + 176\right) \\ S_{30} &= 15 \times 178 \\ S_{30} &= 2670 \end{align*}]
 
 
  An interactive online homework element has been excluded from the printed version of the text. To see the interactive element that was excluded, please visit the courseware online.
 
  An interactive online homework element has been excluded from the printed version of the text. To see the interactive element that was excluded, please visit the courseware online.
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				Geometric Series
 Just as the sum of the terms of an arithmetic sequence is called an arithmetic series, the sum of the terms in a geometric sequence is called a geometric series.
 formula for the sum of the first [image: n] terms of a geometric series
 A geometric series is the sum of the terms in a geometric sequence.
 The formula for the sum of the first [image: n] terms of a geometric sequence is represented as
 [image: {S}_{n}=\dfrac{{a}_{1}\left(1-{r}^{n}\right)}{1-r}\text{ r}\ne \text{1}]
  Derivation of the formula. Recall that a geometric sequence is a sequence in which the ratio of any two consecutive terms is the common ratio, [image: r]. We can write the sum of the first [image: n] terms of a geometric series as
 [image: {S}_{n}={a}_{1}+{a}_{1}r+{a}_{1}{r}^{2}+...+{a}_{1}{r}^{n - 1}].
 Just as with arithmetic series, we can do some algebraic manipulation to derive a formula for the sum of the first [image: n] terms of a geometric series. We will begin by multiplying both sides of the equation by [image: r].
 [image: r{S}_{n}={a}_{1}r+{a}_{1}{r}^{2}+{a}_{1}{r}^{3}+...+{a}_{1}{r}^{n}]
 Next, we subtract this equation from the original equation.
 [image: \begin{align}{S}_{n}&={a}_{1}+{a}_{1}r+{a}_{1}{r}^{2}+...+{a}_{1}{r}^{n - 1} \\ -r{S}_{n}&=-\left({a}_{1}r+{a}_{1}{r}^{2}+{a}_{1}{r}^{3}+...+{a}_{1}{r}^{n}\right) \\ \hline \left(1-r\right){S}_{n}&={a}_{1}-{a}_{1}{r}^{n}\end{align}]
 Notice that when we subtract, all but the first term of the top equation and the last term of the bottom equation cancel out. To obtain a formula for [image: {S}_{n}], factor [image: a_1] on the right hand side and divide both sides by [image: \left(1-r\right)].
 [image: {S}_{n}=\dfrac{{a}_{1}\left(1-{r}^{n}\right)}{1-r}\text{ r}\ne \text{1}]
  How To: Given a geometric series, find the sum of the first [image: n] terms. 	Identify [image: {a}_{1},r,\text{ and }n].
 	Substitute values for [image: {a}_{1},r], and [image: n] into the formula [image: {S}_{n}=\dfrac{{a}_{1}\left(1-{r}^{n}\right)}{1-r}].
 	Simplify to find [image: {S}_{n}].
 
  Use the formula to find the indicated partial sum of each geometric series. 	[image: {S}_{11}] for the series [image: 8 + -4 + 2 + \dots]
 Show Answer [image: {a}_{1}=8], and we are given that [image: n=11]. We can find [image: r] by dividing the second term of the series by the first.
 [image: r=\dfrac{-4}{8}=-\frac{1}{2}]
 Substitute values for [image: {a}_{1}, r, \text{ and } n] into the formula and simplify.
 [image: \begin{align}&{S}_{n}=\dfrac{{a}_{1}\left(1-{r}^{n}\right)}{1-r} \\[1mm] &{S}_{11}=\dfrac{8\left(1-{\left(-\frac{1}{2}\right)}^{11}\right)}{1-\left(-\frac{1}{2}\right)}\approx 5.336 \\ \text{ } \end{align}]
 
 	[image: \sum\limits _{k=1}^6 3\cdot {2}^{k}]
 Show Answer Find [image: {a}_{1}] by substituting [image: k=1] into the given explicit formula.
 [image: {a}_{1}=3\cdot {2}^{1}=6]
 We can see from the given explicit formula that [image: r=2]. The upper limit of summation is [image: 6], so [image: n=6].Substitute values for [image: {a}_{1},r], and [image: n] into the formula, and simplify.[image: \begin{align}\\ &{S}_{n}=\dfrac{{a}_{1}\left(1-{r}^{n}\right)}{1-r} \\[1mm] &{S}_{6}=\frac{6\left(1-{2}^{6}\right)}{1 - 2}=378 \end{align}]
 
 
  
  An interactive online homework element has been excluded from the printed version of the text. To see the interactive element that was excluded, please visit the courseware online.
 
  An interactive online homework element has been excluded from the printed version of the text. To see the interactive element that was excluded, please visit the courseware online.
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				Infinite Geometric Series
 Thus far, we have looked only at finite series. Sometimes, however, we are interested in the sum of the terms of an infinite sequence rather than the sum of only the first n terms. An infinite series is the sum of the terms of an infinite sequence. An example of an infinite series is [image: 2+4+6+8+\dots].
 This series can also be written in summation notation as [image: \sum\limits _{k=1}^{\infty} 2k], where the upper limit of summation is infinity. Because the terms are not tending to zero, the sum of the series increases without bound as we add more terms. Therefore, the sum of this infinite series is not defined. When the sum is not a real number, we say the series diverges.
 If the terms of an infinite geometric series approach [image: 0], the sum of an infinite geometric series can be defined. As [image: n] gets large, the values of of [image: r^n] get very small and approach [image: 0]. Each successive term affects the sum less than the preceding term. As each succeeding term gets closer to [image: 0], the sum of the terms approaches a finite value. The terms of any infinite geometric series with [image: -1 < r < 1] approach [image: 0]; the sum of a geometric series is defined when [image: -1 < r < 1].
 determining whether the sum of an infinite geometric series is defined
 If the terms of an infinite geometric series approach [image: 0], the sum of an infinite geometric series can be defined.
  
 The sum of an infinite series is defined if the series is geometric and [image: -1 < r < 1].
 
  The terms in this series approach [image: 0]: [image: 1+0.2+0.04+0.008+0.0016+\dots]
 The common ratio is [image: r=0.2].
  How To: Given the first several terms of an infinite series, determine if the sum of the series exists. 	Find the ratio of the second term to the first term.
 	Find the ratio of the third term to the second term.
 	Continue this process to ensure the ratio of a term to the preceding term is constant throughout. If so, the series is geometric.
 	If a common ratio, [image: r], was found in step 3, check to see if [image: -1 < r < 1]. If so, the sum is defined. If not, the sum is not defined.
 
  Determine whether the sum of each infinite series is defined. 	[image: 12+8+4+\dots]
 	[image: \dfrac{3}{4}+\dfrac{1}{2}+\dfrac{1}{3}+\dots]
 	[image: \sum\limits _{k=1}^{\infty}{27}\cdot\left(\dfrac{1}{3}\right)^k]
 	[image: \sum\limits _{k=1}^{\infty}{5k}]
 
 Show Solution 	The ratio of the second term to the first is [image: \frac{2}{3}], which is not the same as the ratio of the third term to the second, [image: \frac{1}{2}]. The series is not geometric.
 	The ratio of the second term to the first is the same as the ratio of the third term to the second. The series is geometric with a common ratio of [image: \frac{2}{3}]. The sum of the infinite series is defined.
 	The given formula is exponential with a base of [image: \frac{1}{3}]; the series is geometric with a common ratio of [image: \frac{1}{3}]. The sum of the infinite series is defined.
 	The given formula is not exponential. The series is arithmetic, not geometric and so cannot yield a finite sum.
 
   
	

			
			


		
	
		
			
	
		343

		Series and Their Notations: Learn It 5

								

	
				Finding Sums of Infinite Series
 When the sum of an infinite geometric series exists, we can calculate the sum.
 The formula for the sum of an infinite series is related to the formula for the sum of the first [image: n] terms of a geometric series.
 [image: {S}_{n}=\dfrac{{a}_{1}\left(1-{r}^{n}\right)}{1-r}]
 As [image: n] gets large, [image: r^n] gets very small. We say that as [image: n] increases without bound, [image: r^n] approaches [image: 0]. As [image: r^n] approaches [image: 0], [image: 1-r^n] approaches [image: 1]. When this happens the numerator approaches [image: a_1]. This gives us the formula for the sum of an infinite geometric series.
 formula for the sum of an infinite geometric series
 The formula for the sum of an infinite geometric series with [image: -1 < r < 1] is
 [image: S=\dfrac{{a}_{1}}{1-r}]
  We will examine an infinite series with [image: r=\frac{1}{2}]. What happens to [image: r^n] as [image: n] increases? [image: \begin{align} &{\left(\frac{1}{2}\right)}^{2} = \frac{1}{4} \\&{\left(\frac{1}{2}\right)}^{3} = \frac{1}{8} \\&{\left(\frac{1}{2}\right)}^{4} = \frac{1}{16} \end{align}]
 The value of [image: r^n] decreases rapidly. What happens for greater values of [image: n]?
 [image: \begin{align} &{\left(\frac{1}{2}\right)}^{10} = \frac{1}{1\text{,}024} \\&{\left(\frac{1}{2}\right)}^{20} = \frac{1}{1\text{,}048\text{,}576} \\&{\left(\frac{1}{2}\right)}^{30} = \frac{1}{1\text{,}073\text{,}741\text{,}824} \end{align}]
  How To: Given an infinite geometric series, find its sum. 	Identify [image: a_1] and [image: r].
 	Confirm that [image: -1 < r < 1].
 	Substitute values for [image: a_1] and r into the formula, [image: S=\dfrac{{a}_{1}}{1-r}].
 	Simplify to find [image: S].
 
  Find the sum, if it exists, for the following: 	[image: 10+9+8+7+\dots]
 	[image: 248.6+99.44+39.776+\dots]
 	[image: \sum\limits _{k=1}^{\infty}4\text{,}374\cdot\left(-\dfrac{1}{3}\right)^{k-1}]
 	[image: \sum\limits _{k=1}^{\infty}\dfrac{1}{9}\cdot\left(\dfrac{4}{3}\right)^{k}]
 
 Show Solution 	There is not a constant ratio; the series is not geometric.
 	There is a constant ratio; the series is geometric. [image: a_1=248.6] and [image: r=\dfrac{99.44}{248.6}=0.4], so the sum exists. Substitute [image: a_1=248.6] and [image: r=0.4] into the formula and simplify to find the sum.
 [image: \begin{align} \\ &S=\frac{a_1}{1-r} \\[1.5mm] &S=\frac{248.6}{1-0.4}=\frac{1243}{3} \\ \text{ }\end{align}]
 	The formula is exponential, so the series is geometric with [image: r=-\frac{1}{3}]. Find [image: a_1] by substituting [image: k=1] into the given explicit formula.
 [image: \begin{align} \\ a_1=4\text{,}374\cdot\left(-\frac{1}{3}\right)^{1-1}=4\text{,}374 \\ \text{ }\end{align}]Substitute [image: 4\text{,}374] and [image: r=-\frac{1}{3}] into the formula, and simplify to find the sum.
 [image: \begin{align}\\&S=\frac{a_1}{1-r} \\[1.5mm] &S=\frac{4\text{,}374}{1-\left(-\frac{1}{3}\right)}=3\text{,}280.5 \\ \text{ }\end{align}]
 	The formula is exponential, so the series is geometric, but [image: r>1]. The sum does not exist.
 
   Find the equivalent fraction for the repeating decimal [image: 0.\overline{3}]. Show Solution We notice the repeating decimal [image: 0.\overline{3}=0.333\dots]. so we can rewrite the repeating decimal as a sum of terms.
 [image: 0.\overline{3}=0.3+0.03+0.003+\dots]
 Looking for a pattern, we rewrite the sum, noticing that we see the first term multiplied to [image: 0.1] in the second term, and the second term multiplied to [image: 0.1] in the third term.
 [image: \begin{align}0.\overline{3}&=0.3+0.3\cdot(0.1)+0.3\cdot(0.01)+0.3\cdot(0.001)+\dots \\ &=0.3+0.3\cdot(0.1)+0.3\cdot(0.1)^2+0.3\cdot(0.1)^3+\dots\end{align}]
 Notice the pattern; we multiply each consecutive term by a common ratio of [image: 0.1] starting with the first term of [image: 0.3]. So, substituting into our formula for an infinite geometric sum, we have
 [image: S=\dfrac{a_1}{1-r} =\dfrac{0.3}{1-0.1} =\dfrac{0.3}{0.9} =\dfrac{1}{3}]
   An interactive online homework element has been excluded from the printed version of the text. To see the interactive element that was excluded, please visit the courseware online.
 
  An interactive online homework element has been excluded from the printed version of the text. To see the interactive element that was excluded, please visit the courseware online.
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				 	Use summation notation to write a sum for a series
 	Use the formula for the sum of the first [image: n] terms of an arithmetic series
 	Use the formula for the sum of the first [image: n] terms of a geometric series
 	Use the formula to accurately find the sum of an infinite geometric series
 	Solve annuity problems by applying concepts of regular series additions
 
  Solving Application Problems with Arithmetic Series
 On the Sunday after a minor surgery, a woman is able to walk a half-mile. Each Sunday, she walks an additional quarter-mile. After [image: 8] weeks, what will be the total number of miles she has walked? Show Solution This problem can be modeled by an arithmetic series with [image: {a}_{1}=\frac{1}{2}] and [image: d=\frac{1}{4}]. We are looking for the total number of miles walked after [image: 8] weeks, so we know that [image: n=8], and we are looking for [image: {S}_{8}]. To find [image: {a}_{8}], we can use the explicit formula for an arithmetic sequence.
 [image: \begin{align} {a}_{n}&={a}_{1}+d\left(n - 1\right) \\ {a}_{8}&=\dfrac{1}{2}+\dfrac{1}{4}\left(8 - 1\right)=\dfrac{9}{4} \end{align}]
 We can now use the formula for arithmetic series.
 [image: \begin{align} {S}_{n}&=\dfrac{n\left({a}_{1}+{a}_{n}\right)}{2} \\ {S}_{8}&=\dfrac{8\left(\frac{1}{2}+\frac{9}{4}\right)}{2}=11 \end{align}]
 She will have walked a total of [image: 11] miles.
   A parent starts saving for their child’s college education when the child is [image: 5] years old. They initially deposit [image: $1000] and plan to increase their deposit by [image: $200] each year. If they continue this plan until the child is [image: 18] ([image: 14]deposits in total), how much money will they have saved? Show Answer 	Identify the arithmetic series: 	First term: [image: a_1 = 1000]
 	Common difference: [image: d = 200]
 	Number of terms: [image: n = 14]
 
 
 	Find the last term: [image: a_n = a_1 + (n-1)d = 1000 + (14-1)200 = 3600]
 	Use the formula for the sum of an arithmetic series: [image: S_n = \frac{n}{2}(a_1 + a_n)]
 	Substitute the values:[image: \begin{array}{rcl} S_{14} &=& \frac{14}{2}(1000 + 3600) \\&=& 7 \cdot 4600 \\ &=& 32,200 \end{array}]
 
 Therefore, the parent will have saved [image: $32,200]for their child’s college education.
   A new stadium is being built with [image: 30] rows of seats. The first row closest to the field has [image: 100] seats, and each row behind it has [image: 5] more seats than the row in front of it. How many total seats are in the stadium? Show Answer 	Identify the arithmetic series: 	First term: [image: a_1 = 100]
 	Common difference: [image: d = 5]
 	Number of terms: [image: n = 30]
 
 
 	Find the last term: [image: a_n = a_1 + (n-1)d = 100 + (30-1)5 = 245]
 	Use the formula for the sum of an arithmetic series: [image: S_n = \frac{n}{2}(a_1 + a_n)]
 	Substitute the values:
 [image: \begin{array}{rcl} S_{30} &=& \frac{30}{2}(100 + 245) \\ &=& 15 \cdot 345 \\ &=& 5,175 \end{array}]
 
 Therefore, there are [image: 5,175] seats in total in the stadium.
   An interactive online homework element has been excluded from the printed version of the text. To see the interactive element that was excluded, please visit the courseware online.
 
  Solving an Application Problem with a Geometric Series
 A social media influencer starts a viral marketing campaign for a new product. On the first day, they share the product with [image: 5,000] followers. Each day after, only [image: 30 \%] of the people who saw it the previous day share it with new people. How many total people will have seen the product advertisement after [image: 10] days?
 
 Show Answer 	Identify the geometric series: 	Initial term: [image: a = 5000]
 	Common ratio: [image: r = 0.30]
 	Number of terms: [image: n = 10]
 
 
 	Use the formula for the sum of a geometric series: [image: {S}_{n}=\dfrac{{a}_{1}\left(1-{r}^{n}\right)}{1-r}], where [image: S_n] is the sum of the series
 	Substitute the values:
 [image: \begin{array}{rcl} S_{10} &=&  \dfrac{5000(1-(0.30)^{10})}{1-0.30} \\  &\approx& 7,142 \end{array}]
 
 Therefore, approximately [image: 7,142] people will have seen the product advertisement after [image: 10] days.
 
  A sample of radioactive material initially weighs [image: 100] grams. Each year, [image: 15 \%] of the remaining material decays. What will be the total amount of material that has decayed after [image: 20] years? Show Answer 	Identify the geometric series: 	Initial term (amount decaying in first year): [image: a = 100 \cdot 0.15 = 15] grams
 	Common ratio (rate of decay each subsequent year): [image: r = 0.85]
 	Number of terms: [image: n = 20]
 
 
 	Use the formula for the sum of a geometric series: [image: {S}_{n}=\dfrac{{a}_{1}\left(1-{r}^{n}\right)}{1-r}]
 	Substitute the values:[image: \begin{array}{rcl} S_{20} &=& \frac{15(1-(0.85)^{20})}{1-0.85} \\  &\approx& 96.12 \end{array}]
 
 Therefore, approximately [image: 96.12] grams of the radioactive material will have decayed after [image: 20] years.
   An interactive online homework element has been excluded from the printed version of the text. To see the interactive element that was excluded, please visit the courseware online.
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				Annuities
 An annuity is an investment in which the purchaser makes a sequence of periodic, equal payments. To find the amount of an annuity, we need to find the sum of all the payments and the interest earned.
 A parent invests [image: $50] each month into a college fund. The account paid [image: 6\%] annual interest, compounded monthly. How much money will be accumulated in [image: 6] years? 
 To find the interest rate per payment period, we need to divide the [image: 6\%] annual percentage interest (APR) rate by [image: 12]. So, the monthly interest rate is [image: 0.5\%]. We can multiply the amount in the account each month by [image: 100.5 \%] to find the value of the account after interest has been added. We can find the value of the annuity right after the last deposit by using a geometric series with [image: {a}_{1}=50] and [image: r=100.5 \%=1.005].
 	After the first deposit, the value of the annuity will be [image: $50].
 
 Let us see if we can determine the amount in the college fund and the interest earned. We can find the value of the annuity after [image: n] deposits using the formula for the sum of the first [image: n] terms of a geometric series. In [image: 6] years, there are [image: 72] months, so [image: n=72]. We can substitute [image: {a}_{1}=50, r=1.005,] and [image: n=72] into the formula, and simplify to find the value of the annuity after [image: 6] years.
 [image: {S}_{72}=\dfrac{50\left(1-{1.005}^{72}\right)}{1 - 1.005}\approx 4\text{,}320.44]
 After the last deposit, the couple will have a total of [image: $4,320.44] in the account. 
 Notice, the couple made [image: 72] payments of [image: $50] each for a total of [image: 72\left(50\right) = $3,600].
 This means that because of the annuity, the couple earned [image: $720.44] interest in their college fund.
  How To: Given an initial deposit and an interest rate, find the value of an annuity. 	Determine [image: {a}_{1}], the value of the initial deposit.
 	Determine [image: n], the number of deposits.
 	Determine [image: r]. 	Divide the annual interest rate by the number of times per year that interest is compounded.
 	Add 1 to this amount to find [image: r].
 
 
 	Substitute values for [image: {a}_{1},r,] and [image: n]
 into the formula for the sum of the first [image: n] terms of a geometric series, [image: {S}_{n}=\dfrac{{a}_{1}\left(1-{r}^{n}\right)}{1-r}].
 	Simplify to find [image: {S}_{n}], the value of the annuity after [image: n] deposits.
 
  A deposit of [image: $100] is placed into a college fund at the beginning of every month for [image: 10] years. The fund earns [image: 9 \%] annual interest, compounded monthly, and paid at the end of the month. How much is in the account right after the last deposit? Show Solution The value of the initial deposit is [image: $100], so [image: {a}_{1}=100]. A total of [image: 120] monthly deposits are made in the [image: 10] years, so [image: n=120]. To find [image: r], divide the annual interest rate by [image: 12] to find the monthly interest rate and add [image: 1] to represent the new monthly deposit.
 [image: r=1+\dfrac{0.09}{12}=1.0075]
 Substitute [image: {a}_{1}=100,r=1.0075,] and [image: n=120] into the formula for the sum of the first [image: n] terms of a geometric series, and simplify to find the value of the annuity.
 [image: {S}_{120}=\dfrac{100\left(1-{1.0075}^{120}\right)}{1 - 1.0075}\approx 19\text{,}351.43]
 So the account has [image: $19,351.43] after the last deposit is made.
   At the beginning of each month, [image: $200] is deposited into a retirement fund. The fund earns [image: 6 \%] annual interest, compounded monthly, and paid into the account at the end of the month. How much is in the account if deposits are made for [image: 10] years? Show Solution [image: $92,408.18]
  An interactive online homework element has been excluded from the printed version of the text. To see the interactive element that was excluded, please visit the courseware online.
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		Probability and Counting Principles: Background You'll Need 1

								

	
				 	Change numbers between fractions, decimals, and percentages
 
  Decimals to Percents
 Converting a decimal into a percent is a straightforward process once you understand that ‘percent’ means ‘out of [image: 100]‘. This conversion is based on shifting the value of a decimal two places to the right to find its equivalent percent.
 How To: Convert a Decimal to a Percent 	Express the Decimal as a Fraction: Start by writing the decimal as a fraction with 1 as the denominator.
 	Adjust to a Denominator of [image: 100]: Since a percent is a fraction out of [image: 100], scale the fraction so that the denominator is [image: 100]. This may involve multiplying both the numerator and the denominator by an appropriate factor.
 	Convert to Percent: Once the denominator is [image: 100], the numerator is the percent value. Write this number followed by the percent sign (%).
 
  Convert each decimal to a percent: 	[image: 0.05]
 	[image: 0.83]
 
 Show Answer 		 	[image: 0.05] 
 	Write as a fraction. The denominator is [image: 100]. 	[image: {\Large\frac{5}{100}}] 
 	Write this ratio as a percent. 	[image: 5]% 
  
 
 		 	[image: 0.83] 
 	The denominator is [image: 100]. 	[image: {\Large\frac{83}{100}}] 
 	Write this ratio as a percent. 	[image: 83]% 
  
 
 
   To convert a mixed number to a percent, we first write it as an improper fraction. Convert each decimal to a percent: 	[image: 1.05]
 	[image: 0.075]
 
 Show Answer 		 	[image: 0.05] 
 	Write as a fraction. 	[image: 1{\Large\frac{5}{100}}] 
 	Write as an improper fraction. The denominator is [image: 100]. 	[image: {\Large\frac{105}{100}}] 
 	Write this ratio as a percent. 	[image: 105]% 
  
 Notice that since [image: 1.05>1], the result is more than [image: \text{100%.}]

 		 	[image: 0.075] 
 	Write as a fraction. The denominator is [image: 1,000]. 	[image: {\Large\frac{75}{1,000}}] 
 	Divide the numerator and denominator by [image: 10], so that the denominator is [image: 100]. 	[image: {\Large\frac{7.5}{100}}] 
 	Write this ratio as a percent. 	[image: 7.5]% 
  
 
 
   An interactive online homework element has been excluded from the printed version of the text. To see the interactive element that was excluded, please visit the courseware online.
 
  Fraction to Percents
 The process of converting fractions to percents involves two main steps: changing the fraction into a decimal, and then transforming that decimal into a percent. Understanding that ‘percent’ means ‘per hundred’ simplifies the conversion, as you’re essentially finding out how many parts out of [image: 100] the fraction represents.
 How To: Convert a Fraction to a Percent 	Convert the Fraction to a Decimal: Divide the numerator (the top number of the fraction) by the denominator (the bottom number of the fraction) to get a decimal.
 	Multiply by [image: 100] to Find the Percent: Take the decimal result and multiply it by [image: 100]. Then, add the percent sign ([image: \%]) to the product to express the answer as a percentage.
 
  Convert each fraction or mixed number to a percent: 	[image: {\Large\frac{3}{4}}]
 	[image: {\Large\frac{11}{8}}]
 	[image: 2{\Large\frac{1}{5}}]
 
 Show Answer To convert a fraction to a decimal, divide the numerator by the denominator.
 		Change to a decimal. 	[image: 0.75 showing the decimal place moves to the right to spaces.] 
 	Write as a percent by moving the decimal two places. 	[image: 75]% 
  
 
 		Change to a decimal. 	[image: 1.375 showing the decimal place moves to the right to spaces.] 
 	Write as a percent by moving the decimal two places. 	[image: 137.5]% 
  
 
 		Write as an improper fraction. 	[image: {\Large\frac{11}{5}}] 
 	Change to a decimal. 	[image: 2.20 showing the decimal place moves to the right to spaces.] 
 	Write as a percent. 	[image: 220]% 
  
 
 
   Notice that we needed to add zeros at the end of the number when moving the decimal two places to the right. Sometimes when changing a fraction to a decimal, the division continues for many decimal places and we will round off the quotient. The number of decimal places we round to will depend on the situation. If the decimal involves money, we round to the hundredths place. For most other cases in this book we will round the number to the nearest thousandth, so the percent will be rounded to the nearest tenth.
 An interactive online homework element has been excluded from the printed version of the text. To see the interactive element that was excluded, please visit the courseware online.
 
  
	

			
			


		
	
		
			
	
		347

		Probability and Counting Principles: Background You'll Need 2

								

	
				 	Understand what factorials are and calculate them for whole numbers
 
  Factorials
 Factorials are a fundamental concept in mathematics, playing a crucial role in combinatorics, probability theory, and various other mathematical fields. The factorial of a non-negative integer [image: n], denoted as [image: n!], is the product of all positive integers less than or equal to [image: n].
 factorial
 For any non-negative integer [image: n], the factorial of [image: n] is defined as:
 [image: n! = n \times (n-1) \times (n-2) \times \cdots \times 3 \times 2 \times 1]
 Special cases:
 	[image: 0! = 1] (by definition)
 	[image: 1! = 1]
 
  Let’s compute the factorials for the first few natural numbers:
 	[image: 1! = 1]
 	[image: 2! = 2 \times 1 = 2]
 	[image: 3! = 3 \times 2 \times 1 = 6]
 	[image: 4! = 4 \times 3 \times 2 \times 1 = 24]
 	[image: 5! = 5 \times 4 \times 3 \times 2 \times 1 = 120]
 
  Factorials grow extremely quickly. Even for relatively small values of [image: n], [image: n!] becomes very large. For example, [image: 10! = 3,628,800]. Compute [image: 7!]. Show Answer [image: \begin{align*} 7! &= 7 \times 6 \times 5 \times 4 \times 3 \times 2 \times 1 \\ &= 7 \times 6 \times 5 \times 24 \\ &= 7 \times 6 \times 120 \\ &= 7 \times 720 \\ &= 5040 \end{align*}]
  An interactive online homework element has been excluded from the printed version of the text. To see the interactive element that was excluded, please visit the courseware online.
 
  For any positive integers [image: m] and [image: n] where [image: m < n], [image: n!] is always divisible by [image: m!].
 When you have a fraction with factorials, look for a matching factorial pattern in both the numerator and denominator. Just like canceling regular numbers, you can cancel the smaller factorial by dividing both top and bottom by it. For example, if you see [image: \frac{8!}{6!}], you can rewrite [image: 8!] as [image: 8 \cdot 7 \cdot 6!] and then cancel the [image: 6!]:
 [image: \frac{8!}{6!} = \frac{8 \cdot 7 \cdot 6!}{6!} = 8 \cdot 7 = 56]
  An interactive online homework element has been excluded from the printed version of the text. To see the interactive element that was excluded, please visit the courseware online.
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				 	Solve counting problems using the Addition and Multiplication Principle
 	Solve counting problems using permutations involving [image: n] distinct objects
 	Solve counting problems using combinations
 	Find the number of subsets of a given set
 	Solve counting problems using permutations involving n non-distinct objects
 
  A new company sells customizable cases for tablets and smartphones. Each case comes in a variety of colors and can be personalized for an additional fee with images or a monogram. A customer can choose not to personalize or could choose to have one, two, or three images or a monogram. The customer can choose the order of the images and the letters in the monogram. The company is working with an agency to develop a marketing campaign with a focus on the huge number of options they offer. Counting the possibilities is challenging!
 We encounter a wide variety of counting problems every day. There is a branch of mathematics devoted to the study of counting problems such as this one. Other applications of counting include secure passwords, horse racing outcomes, and college scheduling choices. We will examine this type of mathematics in this section.
 Using the Addition Principle
 The company that sells customizable cases offers cases for tablets and smartphones. There are 3 supported tablet models and 5 supported smartphone models. The Addition Principle tells us that we can add the number of tablet options to the number of smartphone options to find the total number of options. By the Addition Principle there are 8 total options.
 [image: The addition of 3 iPods and 4 iPhones.]
 addition principle
 The Addition Principle states that if one event can occur in [image: A] ways ([image: A] outcomes) and a second event can occur in [image: B] ways ([image: B] outcomes) and both events cannot occur at the same time ([image: A] and [image: B] disjoints), then there are [image: A B] ways ([image: A B] outcomes) for the first event OR the second event to occur.
  A student is shopping for a new computer. He is deciding among [image: 3] desktop computers and [image: 4] laptop computers. What is the total number of computer options? Show Solution [image: 7]
  An interactive online homework element has been excluded from the printed version of the text. To see the interactive element that was excluded, please visit the courseware online.
 
  Using the Multiplication Principle
 The Multiplication Principle applies when we are making more than one selection.
 Suppose we are choosing an appetizer, an entrée, and a dessert. If there are [image: 2] appetizer options, [image: 3] entrée options, and [image: 2] dessert options on a fixed-price dinner menu, there are a total of [image: 12] possible choices of one each as shown in the tree diagram.[image: A tree diagram of the different menu combinations.] 	soup, chicken, cake
 	soup, chicken, pudding
 	soup, fish, cake
 	soup, fish, pudding
 	soup, steak, cake
 	soup, steak, pudding
 	salad, chicken, cake
 	salad, chicken, pudding
 	salad, fish, cake
 	salad, fish, pudding
 	salad, steak, cake
 	salad, steak, pudding
 
 We can also find the total number of possible dinners by multiplying.
 [image: ]
 Thus, there are [image: 12] possible dinner choices simply by applying the Multiplication Principle.
   multiplication principle
 The Multiplication Principle states that if one event can occur in [image: A] ways ([image: A] outcomes) and a second event can occur in [image: B] ways ([image: B] outcomes) after the first event has occurred then the two events can occur in [image: A \cdot B] ways.
  
 This is also known as the Fundamental Counting Principle.
  Diane packed [image: 2] skirts, [image: 4] blouses, and a sweater for her business trip. She will need to choose a skirt and a blouse for each outfit and decide whether to wear the sweater. Use the Multiplication Principle to find the total number of possible outfits. Show Solution To find the total number of outfits, find the product of the number of skirt options, the number of blouse options, and the number of sweater options.[image: The multiplication of number of skirt options (2) times the number of blouse options (4) times the number of sweater options (2) which equals 16.]There are [image: 16] possible outfits.
   An interactive online homework element has been excluded from the printed version of the text. To see the interactive element that was excluded, please visit the courseware online.
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				Finding the Number of Permutations of [image: n] Distinct Objects Using the Multiplication Principle
 The Multiplication Principle can be used to solve a variety of problem types. One type of problem involves placing objects in order. We arrange letters into words and digits into numbers, line up for photographs, decorate rooms, and more. An ordering of objects is called a permutation.
 To solve permutation problems, it is often helpful to draw line segments for each option. That enables us to determine the number of each option so we can multiply.
 Suppose we have four paintings, and we want to find the number of ways we can hang three of the paintings in order on the wall. We can draw three lines to represent the three places on the wall.[image: ]There are four options for the first place, so we write a [image: 4] on the first line.[image: Four times two blanks spots.]After the first place has been filled, there are three options for the second place so we write a [image: 3] on the second line. [image: Four times three times one blank spot.]
 After the second place has been filled, there are two options for the third place so we write a [image: 2] on the third line. Finally, we find the product.
 [image: ]
 There are [image: 24] possible permutations of the paintings.
  How To: Given [image: n] distinct options, determine how many permutations there are. 	Determine how many options there are for the first situation.
 	Determine how many options are left for the second situation.
 	Continue until all of the spots are filled.
 	Multiply the numbers together.
 
  At a swimming competition, nine swimmers compete in a race. 	How many ways can they place first, second, and third?
 	How many ways can they place first, second, and third if a swimmer named Ariel wins first place? (Assume there is only one contestant named Ariel.)
 	How many ways can all nine swimmers line up for a photo?
 
 Show Solution 	Draw lines for each place.[image: ]There are [image: 9] options for first place. Once someone has won first place, there are [image: 8] remaining options for second place. Once first and second place have been won, there are [image: 7] remaining options for third place.[image: ]Multiply to find that there are [image: 504] ways for the swimmers to place.
 	Draw lines for describing each place.[image: ]We know Ariel must win first place, so there is only [image: 1] option for first place. There are [image: 8] remaining options for second place, and then [image: 7] remaining options for third place.[image: ]Multiply to find that there are [image: 56] ways for the swimmers to place if Ariel wins first.
 	Draw lines for describing each place in the photo.[image: ]There are [image: 9] choices for the first spot, then [image: 8] for the second, [image: 7] for the third, [image: 6] for the fourth, and so on until only [image: 1] person remains for the last spot.[image: ]There are [image: 362,880] possible permutations for the swimmers to line up.
 
 Analysis of the Solution
 Note that in part c, we found there were [image: 9!] ways for [image: 9] people to line up. The number of permutations of [image: n] distinct objects can always be found by [image: n!].
   An interactive online homework element has been excluded from the printed version of the text. To see the interactive element that was excluded, please visit the courseware online.
 
  Finding the Number of Permutations of [image: n] Distinct Objects Using a Formula
 For some permutation problems, it is inconvenient to use the Multiplication Principle because there are so many numbers to multiply. Fortunately, we can solve these problems using a formula.
 Before we learn the formula, let’s look at two common notations for permutations. If we have a set of [image: n] objects and we want to choose [image: r] objects from the set in order, we write [image: P\left(n,r\right)]. Another way to write this is [image: {}_{n}{P}_{r}], a notation commonly seen on computers and calculators. To calculate [image: P\left(n,r\right)], we begin by finding [image: n!], the number of ways to line up all [image: n] objects. We then divide by [image: \left(n-r\right)!] to cancel out the [image: \left(n-r\right)] items that we do not wish to line up.
 Let’s see how this works with a simple example. Imagine a club of six people. They need to elect a president, a vice president, and a treasurer. Six people can be elected president, any one of the five remaining people can be elected vice president, and any of the remaining four people could be elected treasurer. The number of ways this may be done is [image: 6\times 5\times 4=120]. Using factorials, we get the same result. [image: \dfrac{6!}{3!}=\dfrac{6\cdot 5\cdot 4\cdot 3!}{3!}=6\cdot 5\cdot 4=120]
 There are [image: 120] ways to select [image: 3] officers in order from a club with [image: 6] members. We refer to this as a permutation of [image: 6] taken [image: 3] at a time. The general formula is as follows.
 [image: P\left(n,r\right)=\dfrac{n!}{\left(n-r\right)!}]
  Note that the formula stills works if we are choosing all [image: n] objects and placing them in order. In that case we would be dividing by [image: \left(n-n\right)!] or [image: 0!], which we said earlier is equal to [image: 1]. So the number of permutations of [image: n] objects taken [image: n] at a time is [image: \frac{n!}{1}] or just [image: n!]. formula for permutations of [image: n] distinct objects
 Given [image: n] distinct objects, the number of ways to select [image: r] objects from the set in order can be calculated using the permutation of [image: r] objects out of a set of [image: n] objects.
  
 The formula is:
 [image: P\left(n,r\right) = {}_{n}{P}_{r} =\dfrac{n!}{\left(n-r\right)!}]
  A professor is creating an exam of [image: 9] questions from a test bank of [image: 12] questions. How many ways can she select and arrange the questions? Show Solution Substitute [image: n=12] and [image: r=9] into the permutation formula and simplify.
 [image: \begin{align}&P\left(n,r\right)=\dfrac{n!}{\left(n-r\right)!} \\[1mm] &P\left(12,9\right)=\dfrac{12!}{\left(12 - 9\right)!}=\dfrac{12!}{3!}=79\text{,}833\text{,}600 \end{align}]
 There are [image: 79,833,600] possible permutations of exam questions!
 	Using Calculator: We can also use a calculator to find permutations. For this problem, we would enter [image: 12], press the [image: {}_{n}{P}_{r}] function, enter [image: 9], and then press Enter. The [image: {}_{n}{P}_{r}] function may be located under the MATH menu with probability commands.
 	Multiplication Principle: You can also find the answer using multiplication principle [image: 12\cdot 11\cdot 10\cdot 9\cdot 8\cdot 7\cdot 6\cdot 5\cdot 4] and obtained the same answer.
 
   An interactive online homework element has been excluded from the printed version of the text. To see the interactive element that was excluded, please visit the courseware online.
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				Finding the Number of Permutations of [image: n] Non-Distinct Objects
 We have studied permutations where all of the objects involved were distinct. What happens if some of the objects are indistinguishable?
 For example, suppose there is a sheet of [image: 12] stickers. If all of the stickers were distinct, there would be [image: 12!] ways to order the stickers.
 [image: \\]
 However, [image: 4] of the stickers are identical stars, and [image: 3] are identical moons. Because all of the objects are not distinct, many of the [image: 12!] permutations we counted are duplicates.
 [image: \\]
 This means we need to divide by the number of ways to order the [image: 4] stars and the ways to order the [image: 3] moons to find the number of unique permutations of the stickers. There are [image: 4!] ways to order the stars and [image: 3!] ways to order the moon. [image: \dfrac{12!}{4!3!}=3\text{,}326\text{,}400]
 There are [image: 3,326,400] ways to order the sheet of stickers.
  formula for finding the number of permutations of [image: n] non-distinct objects
 If there are [image: n] elements in a set and [image: {r}_{1}] are alike, [image: {r}_{2}] are alike, [image: {r}_{3}] are alike, and so on through [image: {r}_{k}], the number of permutations can be found by
 [image: \dfrac{n!}{{r}_{1}!{r}_{2}!\dots {r}_{k}!}]
  Find the number of rearrangements of the letters in the word DISTINCT. Show Solution 	There are [image: 8] letters.
 	Both I and T are repeated [image: 2] times.
 
 Substitute [image: n=8, {r}_{1}=2,] and [image: {r}_{2}=2] into the formula:
 [image: \dfrac{8!}{2!2!}=10\text{,}080]
 There are [image: 10,080] arrangements.
   An interactive online homework element has been excluded from the printed version of the text. To see the interactive element that was excluded, please visit the courseware online.
 
  An interactive online homework element has been excluded from the printed version of the text. To see the interactive element that was excluded, please visit the courseware online.
 
  
	

			
			


		
	
		
			
	
		351

		Counting Principles: Learn It 4

								

	
				Combinations
 So far, we have looked at problems asking us to put objects in order. There are many problems in which we want to select a few objects from a group of objects, but we do not care about the order. When we are selecting objects and the order does not matter, we are dealing with combinations. A selection of [image: r] objects from a set of [image: n] objects where the order does not matter can be written as [image: C\left(n,r\right)]. Just as with permutations, [image: \text{C}\left(n,r\right)] can also be written as [image: {}_{n}{C}_{r}]. In this case, the general formula is as follows.
 [image: \text{C}\left(n,r\right)=\dfrac{n!}{r!\left(n-r\right)!}]
 formula for combinations of [image: n] distinct objects
 Given [image: n] distinct objects, the number of ways to select [image: r] objects where the order does not matter from the set is
 [image: \text{C}\left(n,r\right) = {}_{n}{C}_{r} =\dfrac{n!}{r!\left(n-r\right)!}]
  An earlier problem considered choosing [image: 3] of [image: 4] possible paintings to hang on a wall. We found that there were [image: 24] ways to select [image: 3] of the [image: 4] paintings in order. But, what if we did not care about the order? We would expect a smaller number because selecting paintings [image: 1, 2, 3] would be the same as selecting paintings [image: 2, 3, 1].
 [image: \\]
 To find the number of ways to select [image: 3] of the [image: 4] paintings, disregarding the order of the paintings, divide the number of permutations by the number of ways to order [image: 3] paintings.
 [image: \\]
 There are [image: 3!=3\cdot 2\cdot 1=6] ways to order [image: 3] paintings.Thus, there are [image: \frac{24}{6} = 4] ways to select [image: 3] of the [image: 4] paintings.
 [image: \\]
 Using the formula: [image: \text{C}\left(4,3\right) = {}_{4}{C}_{3} =\dfrac{4!}{3!\left(4-3\right)!} = \dfrac{4 \cdot 3 \cdot 2 \cdot 1}{(3 \cdot 2 \cdot 1)(1)} = \dfrac{24}{6} = 4] ways.
  Note the similarity and difference between the formulas for permutations and combinations: 	Permutations (order matters), [image: P(n, r)=\dfrac{n!}{(n-r)!}]
 	Combinations (order does not matter), [image: C(n, r)=\dfrac{n!}{r!(n-r)!}]
 
 The formula for combinations is the formula for permutations with the number of ways to order [image: r] objects divided away from the result.
 A fast food restaurant offers five side dish options. Your meal comes with two side dishes. 	How many ways can you select your side dishes?
 	How many ways can you select [image: 3] side dishes?
 
 Show Solution 	We want to choose [image: 2] side dishes from [image: 5] options.
 [image: \text{C}\left(5,2\right)=\dfrac{5!}{2!\left(5 - 2\right)!}=10]
 	We want to choose [image: 3] side dishes from 5 options.
 [image: \text{C}\left(5,3\right)=\dfrac{5!}{3!\left(5 - 3\right)!}=10]
 
 Using Calculator:
 [image: \\]
 We can also use a graphing calculator to find combinations. Enter [image: 5], then press [image: {}_{n}{C}_{r}], enter [image: 3], and then press the equal sign. The [image: {}_{n}{C}_{r}], function may be located under the MATH menu with probability commands.
   An interactive online homework element has been excluded from the printed version of the text. To see the interactive element that was excluded, please visit the courseware online.
 
  An interactive online homework element has been excluded from the printed version of the text. To see the interactive element that was excluded, please visit the courseware online.
 
  An interactive online homework element has been excluded from the printed version of the text. To see the interactive element that was excluded, please visit the courseware online.
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				Finding the Number of Subsets of a Set
 We have looked only at combination problems in which we chose exactly objects. In some problems, we want to consider choosing every possible number of objects.
 A pizza restaurant that offers [image: 5] toppings. Any number of toppings can be ordered. How many different pizzas are possible?
 To answer this question, we need to consider pizzas with any number of toppings.
 	There is [image: C\left(5,0\right)=1] way to order a pizza with no toppings.
 	There are [image: C\left(5,1\right)=5] ways to order a pizza with exactly one topping.
 	If we continue this process, we get:
 
 [image: C\left(5,0\right)+C\left(5,1\right)+C\left(5,2\right)+C\left(5,3\right)+C\left(5,4\right)+C\left(5,5\right)=32]
 There are [image: 32] possible pizzas.
 This result [image: 32] is equal to [image: {2}^{5}] possible pizzas, which offers [image: 5] toppings. Coincidence? Definitely not!
 
 
 
  formula for the number of subsets of a set
 A set containing [image: n] distinct objects has [image: {2}^{n}] subsets.
  A restaurant offers butter, cheese, chives, and sour cream as toppings for a baked potato. How many different ways are there to order a potato? Show Solution We are looking for the number of subsets of a set with [image: 4] objects. Substitute [image: n=4] into the formula.
 [image: {2}^{n}={2}^{4} =16]
 There are [image: 16] possible ways to order a potato.
   An interactive online homework element has been excluded from the printed version of the text. To see the interactive element that was excluded, please visit the courseware online.
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				 	Solve counting problems using the Addition and Multiplication Principle
 	Solve counting problems using permutations involving [image: n] distinct objects
 	Solve counting problems using combinations
 	Find the number of subsets of a given set
 	Solve counting problems using permutations involving n non-distinct objects
 
  Application Problems Involving Counting
 When solving counting problems, it’s important to first understand the structure of the problem and identify what exactly is being counted.
 Here are a few key things to pay attention to:
 	Addition Principle: Use addition when you have separate, mutually exclusive choices or events. For example, if you can choose either one of several appetizers or one of several desserts, you add the number of options.
 	Multiplication Principle: Use multiplication when you have multiple stages or parts of a process, where each choice or event is independent of the others. For instance, if you choose an appetizer, an entrée, and a dessert, you multiply the number of options for each to find the total number of possible meal combinations.
 	Permutation: Use permutations when the order of selection matters. For example, if you are arranging books on a shelf, the order in which the books are placed is important, so you would use permutations.
 	Combination: Use combinations when the order of selection does not matter. For example, if you are selecting members for a committee, the order in which they are selected is irrelevant, so you would use combinations.
 
 By carefully analyzing the problem and understanding these principles, you can decide the appropriate method to use—whether it’s addition, multiplication, permutations, or combinations—to find the correct count.
 Let’s play the lottery! First assume that you not only need to pick six specific numbers from [image: 1 – 49], but you need to pick them in the correct order.  If this is the case, you know you need to use a permutation to figure out the size of the sample space. [image: P\left(n,r\right)=\dfrac{n!}{\left(n-r\right)!}]
 In this case, [image: n] is the possible numbers, which is [image: 49], and [image: r] is the number of choices you make, which is [image: 6].
 [image: P\left(49,6\right)=\dfrac{49!}{\left(49-6\right)!}]
 [image: P\left(49,6\right)=\dfrac{49!}{43!}=10,068,347,520]
 This tells you that there is one way out of about [image: 10] billion to win.  Your chances are not good at all.
 Fortunately, most lottery winnings do not depend on order so you can use a combination instead.
 [image: C\left(n,r\right)=\dfrac{n!}{r!\left(n-r\right)!}]
 [image: C\left(49,6\right)=\dfrac{49!}{6!\left(49-6\right)!}]
 [image: C\left(49,6\right)=\dfrac{49!}{6!\left(43\right)!}]
 [image: C\left(49,6\right)=\dfrac{49!}{6!\left(43\right)!}=13,983,816]
 Notice that the sample space has been greatly reduced from about [image: 10] billion to about [image: 14] million.  So the likelihood of you winning is much greater than before, but still very slim.
  After seeing how counting principles work in games of chance like the lottery, let’s explore how these same concepts apply to decisions you make every day on campus – from selecting your class schedule to joining student organizations.
 An interactive online homework element has been excluded from the printed version of the text. To see the interactive element that was excluded, please visit the courseware online.
 
  An interactive online homework element has been excluded from the printed version of the text. To see the interactive element that was excluded, please visit the courseware online.
 
  An interactive online homework element has been excluded from the printed version of the text. To see the interactive element that was excluded, please visit the courseware online.
 
  An interactive online homework element has been excluded from the printed version of the text. To see the interactive element that was excluded, please visit the courseware online.
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				 	Apply the Binomial Theorem
 
  A polynomial with two terms is called a binomial. We already know how to multiply binomials and to raise binomials to powers, but raising a binomial to a high power can be tedious and time-consuming.
 The Binomial Theorem is a powerful tool in counting because it allows us to expand expressions raised to a power, which can then be used to solve problems involving combinations. Specifically, it helps in counting the number of ways to choose a subset of items from a larger set when the order doesn’t matter.
 Let’s discuss a shortcut way that will allow us to find [image: (x+y)^n] without multiplying the binomial by itself [image: n] times!
 Binomial Coefficients
 Have you ever noticed that there’s a pattern to the coefficients when you expand [image: (x+y)^n]?
 These coefficients, known as binomial coefficients, follow a specific pattern that appears in Pascal’s Triangle. Each coefficient represents the number of ways to choose a certain number of terms from the binomial expansion.
 binomial coefficients
 If [image: n] and [image: r] are integers greater than or equal to [image: 0] with [image: n\ge r], then the binomial coefficient is
 [image: \left(\begin{gathered}n\\ r\end{gathered}\right)=C\left(n,r\right)=\dfrac{n!}{r!\left(n-r\right)!}]
  Find each binomial coefficient. 	[image: \left(\begin{gathered}5\\ 3\end{gathered}\right)]
 	[image: \left(\begin{gathered}9\\ 2\end{gathered}\right)]
 	[image: \left(\begin{gathered}9\\ 7\end{gathered}\right)]
 
 Show Solution Use the formula to calculate each binomial coefficient. You can also use the [image: {n}_{}{C}_{r}] function on your calculator.
 [image: \left(\begin{gathered}n\\ r\end{gathered}\right)=C\left(n,r\right)=\dfrac{n!}{r!\left(n-r\right)!}]
 	[image: \left(\begin{gathered}5\\ 3\end{gathered}\right)=\dfrac{5!}{3!\left(5 - 3\right)!}=\dfrac{5\cdot 4\cdot 3!}{3!2!}=10]
 	[image: \left(\begin{gathered}9\\ 2\end{gathered}\right)=\dfrac{9!}{2!\left(9 - 2\right)!}=\dfrac{9\cdot 8\cdot 7!}{2!7!}=36]
 	[image: \left(\begin{gathered}9\\ 7\end{gathered}\right)=\dfrac{9!}{7!\left(9 - 7\right)!}=\dfrac{9\cdot 8\cdot 7!}{7!2!}=36]
 
 Analysis of the Solution
 Notice that we obtained the same result for parts (b) and (c). If you look closely at the solution for these two parts, you will see that you end up with the same two factorials in the denominator, but the order is reversed, just as with combinations.
 [image: \left(\begin{gathered}n\\ r\end{gathered}\right)=\left(\begin{gathered}n\\ n-r\end{gathered}\right)]
   An interactive online homework element has been excluded from the printed version of the text. To see the interactive element that was excluded, please visit the courseware online.
 
  An interactive online homework element has been excluded from the printed version of the text. To see the interactive element that was excluded, please visit the courseware online.
 
  An interactive online homework element has been excluded from the printed version of the text. To see the interactive element that was excluded, please visit the courseware online.
 
  The patterns that emerge from calculating binomial coefficients and that are present in Pascal’s Triangle are handy and should be memorized over time as mathematical facts much in the same way that you just “know” [image: 4] and [image: 3] make [image: 7]. Of course, that will take a lot of time and patient practice. If you are continuing in mathematics beyond this course, it will be well worth the effort. 
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				The Binomial Theorem
 When we expand [image: {\left(x+y\right)}^{n}] by multiplying, the result is called a binomial expansion, and it includes binomial coefficients. If we wanted to expand [image: {\left(x+y\right)}^{52}], we might multiply [image: \left(x+y\right)] by itself fifty-two times. This could take hours!
 Let’s examine some simple binomial expansions, we can find patterns that will lead us to a shortcut for finding more complicated binomial expansions.
 [image: Graph of the function f_2.]
 Notice that:
 	There are [image: n+1] terms in the expansion of [image: {\left(x+y\right)}^{n}].
 	The degree (or sum of the exponents) for each term is [image: n].
 	The powers on [image: x] begin with [image: n] and decrease to [image: 0].
 	The powers on [image: y] begin with [image: 0] and increase to [image: n].
 	The coefficients are symmetric.
 
 But where do those coefficients come from? The binomial coefficients are symmetric. We can see these coefficients in an array known as Pascal’s Triangle.
 [image: Pascal's Triangle]
 How to generate the Pascal’s Triangle? To generate Pascal’s Triangle, we start by writing a 1. In the row below, row 2, we write two 1’s. In the 3rd row, flank the ends of the rows with 1’s, and add [image: 1+1] to find the middle number, 2. In the [image: n\text{th}] row, flank the ends of the row with 1’s. Each element in the triangle is the sum of the two elements immediately above it.
 Let’s put it side-by-side to see the connection between Pascal’s Triangle and binomial expansion. Pay attention to the coefficients!
 [image: Pascal's Triangle expanded to show the values of the triangle as x and y terms with exponents]
 These patterns lead us to the Binomial Theorem, which can be used to expand any binomial.
 Binomial Theorem
 The Binomial Theorem is a formula that can be used to expand any binomial.
 [image: \begin{align}{\left(x+y\right)}^{n}& =\sum\limits _{k=0}^{n}\left(\begin{gathered}n\\ k\end{gathered}\right){x}^{n-k}{y}^{k} \\ & ={x}^{n}+\left(\begin{gathered}n\\ 1\end{gathered}\right){x}^{n - 1}y+\left(\begin{gathered}n\\ 2\end{gathered}\right){x}^{n - 2}{y}^{2}+\dots+\left(\begin{gathered}n\\ n - 1\end{gathered}\right)x{y}^{n - 1}+{y}^{n} \end{align}]
  How To: Given a binomial, write it in expanded form. 	Determine the value of [image: n] according to the exponent.
 	Evaluate the [image: k=0] through [image: k=n] using the Binomial Theorem formula.
 	Simplify.
 
  Write in expanded form. 	[image: {\left(x+y\right)}^{5}]
 	[image: {\left(3x-y\right)}^{4}]
 
 Show Solution 	Substitute [image: n=5] into the formula. Evaluate the [image: k=0] through [image: k=5] terms. Simplify. [image: \begin{align}{\left(x+y\right)}^{5} & =\left(\begin{gathered}5\\ 0\end{gathered}\right){x}^{5}{y}^{0}+\left(\begin{gathered}5\\ 1\end{gathered}\right){x}^{4}{y}^{1}+\left(\begin{gathered}5\\ 2\end{gathered}\right){x}^{3}{y}^{2}+\left(\begin{gathered}5\\ 3\end{gathered}\right){x}^{2}{y}^{3}+\left(\begin{gathered}5\\ 4\end{gathered}\right){x}^{1}{y}^{4}+\left(\begin{gathered}5\\ 5\end{gathered}\right){x}^{0}{y}^{5} \\ {\left(x+y\right)}^{5} & ={x}^{5}+5{x}^{4}y+10{x}^{3}{y}^{2}+10{x}^{2}{y}^{3}+5x{y}^{4}+{y}^{5} \end{align}]
 
 
 	Substitute [image: n=4] into the formula. Evaluate the [image: k=0] through [image: k=4] terms. Notice that [image: 3x] is in the place that was occupied by [image: x] and that [image: -y] is in the place that was occupied by [image: y]. So we substitute them. Simplify. [image: \begin{align}{\left(3x-y\right)}^{4} & =\left(\begin{gathered}4\\ 0\end{gathered}\right){\left(3x\right)}^{4}{\left(-y\right)}^{0}+\left(\begin{gathered}4\\ 1\end{gathered}\right){\left(3x\right)}^{3}{\left(-y\right)}^{1}+\left(\begin{gathered}4\\ 2\end{gathered}\right){\left(3x\right)}^{2}{\left(-y\right)}^{2}+\left(\begin{gathered}4\\ 3\end{gathered}\right){\left(3x\right)}^{1}{\left(-y\right)}^{3}+\left(\begin{gathered}4\\ 4\end{gathered}\right){\left(3x\right)}^{0}{\left(-y\right)}^{4} \\ {\left(3x-y\right)}^{4} & =81{x}^{4}-108{x}^{3}y+54{x}^{2}{y}^{2}-12x{y}^{3}+{y}^{4} \end{align}]
 
 
 Analysis of the Solution
 Notice the alternating signs in part b. This happens because [image: \left(-y\right)] raised to odd powers is negative, but [image: \left(-y\right)] raised to even powers is positive. This will occur whenever the binomial contains a subtraction sign.
   An interactive online homework element has been excluded from the printed version of the text. To see the interactive element that was excluded, please visit the courseware online.
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				Using the Binomial Theorem to Find a Single Term
 Expanding a binomial with a high exponent such as [image: {\left(x+2y\right)}^{16}] can be a lengthy process.
 Sometimes we are interested only in a certain term of a binomial expansion. We do not need to fully expand a binomial to find a single specific term.
 Note the pattern of coefficients in the expansion of [image: {\left(x+y\right)}^{5}].
 [image: {\left(x+y\right)}^{5}={x}^{5}+\left(\begin{gathered}5\\ 1\end{gathered}\right){x}^{4}y+\left(\begin{gathered}5\\ 2\end{gathered}\right){x}^{3}{y}^{2}+\left(\begin{gathered}5\\ 3\end{gathered}\right){x}^{2}{y}^{3}+\left(\begin{gathered}5\\ 4\end{gathered}\right)x{y}^{4}+{y}^{5}]
 The second term is [image: \left(\begin{gathered}5\\ 1\end{gathered}\right){x}^{4}y]. The third term is [image: \left(\begin{gathered}5\\ 2\end{gathered}\right){x}^{3}{y}^{2}].
 We can generalize this result.
 [image: \left(\begin{gathered}n\\ r\end{gathered}\right){x}^{n-r}{y}^{r}]
 the [image: (r+1)]th term of a binomial expansion
 The [image: \left(r+1\right)\text{th}] term of the binomial expansion of [image: {\left(x+y\right)}^{n}] is:
 [image: \left(\begin{gathered}n\\ r\end{gathered}\right){x}^{n-r}{y}^{r}]
  How To: Given a binomial, write a specific term without fully expanding. 	Determine the value of [image: n] according to the exponent.
 	Determine [image: \left(r+1\right)].
 	Determine [image: r].
 	Replace [image: r] in the formula for the [image: \left(r+1\right)\text{th}] term of the binomial expansion.
 
  Find the tenth term of [image: {\left(x+2y\right)}^{16}] without fully expanding the binomial. Show Solution Because we are looking for the tenth term, [image: r+1=10], we will use [image: r=9] in our calculations.
 [image: \left(\begin{gathered}n\\ r\end{gathered}\right){x}^{n-r}{y}^{r}]
 [image: \left(\begin{gathered}16\\ 9\end{gathered}\right){x}^{16 - 9}{\left(2y\right)}^{9}=5\text{,}857\text{,}280{x}^{7}{y}^{9}]
   An interactive online homework element has been excluded from the printed version of the text. To see the interactive element that was excluded, please visit the courseware online.
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  An interactive online homework element has been excluded from the printed version of the text. To see the interactive element that was excluded, please visit the courseware online.
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				 	Apply the Binomial Theorem
 
  In professional sports analytics, probability plays a crucial role in making strategic decisions. One area where the Binomial Theorem becomes particularly useful is in analyzing possible outcomes of multiple events, such as a series of free throws in basketball or a sequence of at-bats in baseball.
 Imagine you’re working as a data analyst for a professional basketball team. The team wants to understand the probability of different possible outcomes when their star player, who has an 80% free throw success rate, takes multiple free throw attempts. This analysis will help inform coaching decisions in close games.
 An interactive online homework element has been excluded from the printed version of the text. To see the interactive element that was excluded, please visit the courseware online.
 
  An interactive online homework element has been excluded from the printed version of the text. To see the interactive element that was excluded, please visit the courseware online.
 
  An interactive online homework element has been excluded from the printed version of the text. To see the interactive element that was excluded, please visit the courseware online.
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				 	Construct probability models
 	Compute probabilities of equally likely outcomes
 	Compute probabilities of the union of two events
 	Use the complement rule to find probabilities
 	Compute probability using counting theory
 
  Probability
 Many events in life are inherently uncertain: will it snow tomorrow? Am I going to get an ‘A’ in this course? None of these questions can be answered with certainty, however, we might say that some are unlikely, and others are more likely.
 Suppose we roll a six-sided number cube. Rolling a number cube is an example of an experiment, or an activity with an observable result. The numbers on the cube are possible results, or outcomes, of this experiment. The set of all possible outcomes of an experiment is called the sample space of the experiment. The sample space for this experiment is [image: \left\{1,2,3,4,5,6\right\}]. An event is any subset of a sample space.
 The likelihood of an event is known as probability. The probability of an event [image: p] is a number that always satisfies [image: 0\le p\le 1], where [image: 0] indicates an impossible event and [image: 1] indicates a certain event. A probability model is a mathematical description of an experiment listing all possible outcomes and their associated probabilities. For instance, if there is a [image: 1\%] chance of winning a raffle and a [image: 99\%] chance of losing the raffle, a probability model would look much like the table below.
 	Outcome 	Probability 
  	Winning the raffle 	[image: 1\%] 
 	Losing the raffle 	[image: 99\%] 
  
 The sum of the probabilities listed in a probability model must equal [image: 1], or [image: 100\%].
 probability
 The probability of an event is a description of how likely it is that an event will happen.
 A probability is a number between [image: 0] and [image: 1] (that is, between [image: 0\%] and [image: 100\%]), where probabilities closer to [image: 100\%] are very likely to occur, and probabilities closer to [image: 0\%] are very unlikely to occur. A probability of [image: 0\%] means the event is impossible, and a probability of [image: 100\%] means the event will certainly occur.
  
 To calculate the probability of an event, we divide the number of possible outcomes of the event by the number of possible outcomes of the sample space.
 [image: P(\text{outcome}) = \dfrac{\text{Number of ways that outcome can occur}}{\text{Total number of outcomes}}]
 	It is important to note that in order to use this formula, all outcomes must be equally likely to happen.
 
  
 A probability model is a mathematical description of an experiment listing all possible outcomes and their associated probabilities. It is defined by its sample space, events within the sample space, and probabilities associated with each event.
 	The sample space [image: S] for a probability model is the set of all possible outcomes.
 	An event [image: A] is a subset of the sample space [image: S].
 
  How To: Given a probability event where each event is equally likely, construct a probability model. 	Identify every outcome.
 	Determine the total number of possible outcomes.
 	Compare each outcome to the total number of possible outcomes.
 
  Construct a probability model for rolling a single, fair die, with the event being the number shown on the die. Show Solution Begin by making a list of all possible outcomes for the experiment. The possible outcomes are the numbers that can be rolled: [image: 1, 2, 3, 4, 5,] and [image: 6]. There are six possible outcomes that make up the sample space.Assign probabilities to each outcome in the sample space by determining a ratio of the outcome to the number of possible outcomes. There is one of each of the six numbers on the cube, and there is no reason to think that any particular face is more likely to show up than any other one, so the probability of rolling any number is [image: \frac{1}{6}].
 	Outcome 	Roll of [image: 1] 	Roll of [image: 2] 	Roll of [image: 3] 	Roll of [image: 4] 	Roll of [image: 5] 	Roll of [image: 6] 
 	Probability 	[image: \frac{1}{6}] 	[image: \frac{1}{6}] 	[image: \frac{1}{6}] 	[image: \frac{1}{6}] 	[image: \frac{1}{6}] 	[image: \frac{1}{6}] 
  
   An interactive online homework element has been excluded from the printed version of the text. To see the interactive element that was excluded, please visit the courseware online.
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				Computing Probabilities of Equally Likely Outcomes
 Let [image: S] be a sample space for an experiment. When investigating probability, an event is any subset of [image: S]. When the outcomes of an experiment are all equally likely, we can find the probability of an event by dividing the number of outcomes in the event by the total number of outcomes in [image: S].
 probability of an event with equally likely outcomes
 The probability of an event [image: E] in an experiment with sample space [image: S] with equally likely outcomes is given by
  
 [image: P(E)=\dfrac{\text{number of elements in }E }{\text{number of elements in }S } = \dfrac{n(E)}{n(S)}]
  
 [image: E] is a subset of [image: S], so it is always true that [image: 0\le P\left(E\right)\le 1].
  A number cube (a fair six-sided die) is rolled. 	Find the probability of rolling an odd number.
 Show Solution The event “rolling an odd number” contains three outcomes. [image: E = \{1,3,5\}]. There are 6 equally likely outcomes in the sample space, [image: S = \{1,2,3,4,5,6\}]. Divide to find the probability of the event.
 [image: P\left(E\right)=\dfrac{3}{6}=\dfrac{1}{2}]
 
 	Find the probability of the event “rolling a number less than or equal to [image: 4].”
 Show Answer There are [image: 4] possible outcomes [image: \{1,2,3,4\}] in the event and [image: 6] possible outcomes in [image: S], so the probability of the event is [image: \frac{4}{6}=\frac{2}{3}].
 
 
  An interactive online homework element has been excluded from the printed version of the text. To see the interactive element that was excluded, please visit the courseware online.
 
  An interactive online homework element has been excluded from the printed version of the text. To see the interactive element that was excluded, please visit the courseware online.
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				Computing the Probability of the Union of Two Events
 We are often interested in finding the probability that one of multiple events occurs. Suppose we are playing a card game, and we will win if the next card drawn is either a heart or a king. We would be interested in finding the probability of the next card being a heart or a king. The union of two events [image: E\text{ and }F,\text{written }E\cup F], is the event that occurs if either or both events occur.
 [image: P\left(E\cup F\right)=P\left(E\right)+P\left(F\right)-P\left(E\cap F\right)]
 probability of the union of two events
 The union of two events [image: E\text{ and }F,\text{written }E\cup F], is the event that occurs if either or both events occur.
  
 The probability of the union of two events [image: E] or [image: F] (written [image: E\cup F] ) equals the sum of the probability of [image: E] and the probability of [image: F] minus the probability of [image: E] and [image: F] occurring together [image: \text{(}] which is called the intersection of [image: E] and [image: F] and is written as [image: E\cap F] ).
  
 [image: P(E \text{ or }F) = P(E \cup F)=P\left(E\right)+P\left(F\right)-P\left(E\cap F\right)]
  [image: A pie chart with six pieces with two a's colored orange, one b colored orange and another b colored red, one d colored blue, and one c colored green.]Suppose the spinner below is spun. We want to find the probability of spinning orange or spinning a [image: b].That is, find [image: P(\text{orange} \cup b)]. 	There are a total of [image: 6] sections, and [image: 3] of them are orange. So, the probability of spinning orange is [image: P(\text{orange}) = \frac{3}{6}].
 	There are a total of [image: 6] sections, and [image: 2] of them have a [image: b]. So the probability of spinning a [image: b] is [image: P(b) = \frac{2}{6}].
 
 If we added these two probabilities, we would be counting the sector that is both orange and a [image: b] twice. To find the probability of spinning an orange or a [image: b], we need to subtract the probability that the sector is both orange and has a [image: b].
 [image: P(\text{orange} \cup b) = P(\text{orange})+ P(b) - P(\text{orange} \cap b) = \dfrac{3}{6}+\dfrac{2}{6}-\dfrac{1}{6}=\dfrac{4}{6}]
 The probability of spinning orange or a [image: b] is [image: \dfrac{4}{6}] or [image: \dfrac{2}{3}].
  The union symbol given above [image: \cup] is the same symbol you used in the past to express the union of two intervals. Here we use it to represent the union of two events. Mathematically, it represents the word or. The union of [image: E]and [image: F] includes all the elements that could be present in [image: E] or in [image: F], one or the other.
 The intersection symbol given above [image: \cap] may be new notation for you. It is used to express the intersection of events. Mathematically, it represents the word and.
 The intersection of [image: E] and [image: F] includes all the elements present in both [image: E] and [image: F], and not in just one or the other.
 Try the example and practice problem below on paper to get familiar with the formula.
  A card is drawn from a standard deck. Find the probability of drawing a heart or a [image: 7]. Show Solution A standard deck of [image: 52] cards contains an equal number of hearts, diamonds, clubs, and spades.
 [image: ]
 	The probability of drawing a heart is [image: \frac{13}{52} = \frac{1}{4}].
 	There are four [image: 7]s in a standard deck, and there are a total of [image: 52] cards. So, the probability of drawing a [image: 7] is [image: \frac{4}{52} = \frac{1}{13}].
 	The only card in the deck that is both a heart and a [image: 7] is the [image: 7] of hearts, so the probability of drawing both a heart and a [image: 7] is [image: \frac{1}{52}].
 
 Substitute [image: P\left(H\right)=\dfrac{13}{52}, P\left(7\right)=\dfrac{4}{52}, \text{and} P\left(H\cap 7\right)=\dfrac{1}{52}] into the formula.
 [image: \begin{align}P\left(H\cup 7\right)&=P\left(H\right)+P\left(7\right)-P\left(H\cap 7\right) \\ &=\dfrac{13}{52}+\dfrac{4}{52}-\dfrac{1}{52} \\ &=\dfrac{16}{52} = \dfrac{4}{13}\end{align}]
 The probability of drawing a heart or a [image: 7] is [image: \dfrac{4}{13}].
   An interactive online homework element has been excluded from the printed version of the text. To see the interactive element that was excluded, please visit the courseware online.
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				Computing the Probability of Mutually Exclusive Events
 [image: A pie chart with six pieces with two a's colored orange, one b colored orange and another b colored red, one d colored blue, and one c colored green.]Suppose the spinner from earlier is spun again, but this time we are interested in the probability of spinning an orange or a [image: d]. There are no sectors that are both orange and contain a [image: d], so these two events have no outcomes in common. Events are said to be mutually exclusive events when they have no outcomes in common. Because there is no overlap, there is nothing to subtract, so the general formula is
 [image: P\left(E\cup F\right)=P\left(E\right)+P\left(F\right)]
 Notice that with mutually exclusive events, the intersection of [image: E] and [image: F] has no overlap, which means that the intersection of [image: E] and [image: F] is the empty set, [image: \{\}]. This means that [image: P(E \text{ and } F) = P(E \cap F) = 0]. The probability of spinning an orange is [image: \frac{3}{6}=\frac{1}{2}] and the probability of spinning a [image: d] is [image: \frac{1}{6}]. We can find the probability of spinning an orange or a [image: d] simply by adding the two probabilities.
 [image: \begin{align}P\left(E\cup F\right)&=P\left(E\right)+P\left(F\right) \\ &=\frac{1}{2}+\frac{1}{6} \\ &=\frac{2}{3} \end{align}]
 The probability of spinning an orange or a [image: d] is [image: \dfrac{2}{3}].
 probability of the union of mutually exclusive events
 The probability of the union of two mutually exclusive events [image: E] and [image: F] is given by
 [image: P\left(E\cup F\right)=P\left(E\right)+P\left(F\right)]
  How To: Given a set of events, compute the probability of the union of mutually exclusive events. 	Determine the total number of outcomes for the first event.
 	Find the probability of the first event.
 	Determine the total number of outcomes for the second event.
 	Find the probability of the second event.
 	Add the probabilities.
 
  [image: ]A card is drawn from a standard deck. Find the probability of drawing a heart or a spade.The events “drawing a heart” and “drawing a spade” are mutually exclusive because they cannot occur at the same time. 	The probability of drawing a heart is [image: \frac{13}{52}].
 	The probability of drawing a spade is also [image: \frac{13}{52}].
 
 So, the probability of drawing a heart or a spade is
 [image: P(\text{Heart or Spade}) = \dfrac{13}{52}+\dfrac{13}{52} = \dfrac{26}{52}=\dfrac{1}{2}]
  An interactive online homework element has been excluded from the printed version of the text. To see the interactive element that was excluded, please visit the courseware online.
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				Find the Probability That an Event Will Not Happen
 We have discussed how to calculate the probability that an event will happen. Sometimes, we are interested in finding the probability that an event will not happen. The complement of an event [image: E], denoted [image: {E}^{\prime }], is the set of outcomes in the sample space that are not in [image: E].
 the complement rule
 The complement of an event [image: E], denoted [image: {E}^{\prime }], is the set of outcomes in the sample space that are not in [image: E].
  
 The probability that the complement of an event will occur is given by
 [image: P\left({E}^{\prime }\right)=1-P\left(E\right)]
  To find the probability for a complement of an event, we need to use the fact that the sum of all probabilities in a probability model must be [image: 1]. This is why the rule subtracted the probability of the event from [image: 1]. Suppose we are interested in the probability that a horse will lose a race. If event [image: W] is the horse winning the race, then the complement of event [image: W] is the horse losing the race. To find the probability that the horse loses the race, we need to use the fact that the sum of all probabilities in a probability model must be [image: 1]. [image: P\left({E}^{\prime }\right)=1-P\left(E\right)]
 The probability of the horse winning added to the probability of the horse losing must be equal to [image: 1]. Therefore, if the probability of the horse winning the race is [image: \frac{1}{9}], the probability of the horse losing the race is simply
 [image: 1-\dfrac{1}{9}=\dfrac{8}{9}]
  Two six-sided number cubes are rolled.
 [image: ] 	Find the probability that the sum of the numbers rolled is less than or equal to [image: 3].
 	Find the probability that the sum of the numbers rolled is greater than [image: 3].
 
 Show Answer 	We need to count the number of ways to roll a sum of [image: 3] or less. These would include the following outcomes: [image: 1-1], [image: 1-2], and [image: 2-1].
 So, there are only three ways to roll a sum of [image: 3] or less. The probability is [image: \dfrac{3}{36}=\dfrac{1}{12}]
 
 	Rather than listing all the possibilities, we can use the Complement Rule. Because we have already found the probability of the complement of this event, we can simply subtract that probability from 1 to find the probability that the sum of the numbers rolled is greater than [image: 3]. [image: \begin{align}P\left({E}^{\prime }\right)&=1-P\left(E\right) \\ &=1-\frac{1}{12} \\ &=\frac{11}{12} \end{align}]
 
 
   An interactive online homework element has been excluded from the printed version of the text. To see the interactive element that was excluded, please visit the courseware online.
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				Computing Probability Using Counting Theory
 Many interesting probability problems involve counting principles, permutations, and combinations. In these problems, we will use permutations and combinations to find the number of elements in events and sample spaces. These problems can be complicated, but they can be made easier by breaking them down into smaller counting problems.
 A store has [image: 8] cellular phones and that [image: 3] of those are defective. Find the probability that a couple purchasing [image: 2] phones receives [image: 2] phones that are not defective. 
 
 To solve this problem, we need to calculate all of the ways to select [image: 2] phones that are not defective as well as all of the ways to select [image: 2] phones.
 	There are [image: 5] phones that are not defective, so there are [image: C\left(5,2\right)] ways to select [image: 2] phones that are not defective.
 	There are [image: 8] phones, so there are [image: C\left(8,2\right)] ways to select [image: 2] phones.
 
 The probability of selecting [image: 2] phones that are not defective is:
 [image: \begin{align}\dfrac{\text{Number of ways to select 2 phones that are not defective}}{\text{Number of ways to select 2 phones}}&=\dfrac{C\left(5,2\right)}{C\left(8,2\right)} \\[1mm] &=\dfrac{10}{28} \\[1mm] &=\dfrac{5}{14} \end{align}]
  A child randomly selects [image: 5] toys from a bin containing [image: 3] bunnies, [image: 5] dogs, and [image: 6] bears. 	Find the probability that only bears are chosen.
 	Find the probability that [image: 2] bears and [image: 3] dogs are chosen.
 	Find the probability that at least [image: 2] dogs are chosen.
 
 Show Solution 	We need to count the number of ways to choose only bears and the total number of possible ways to select [image: 5] toys. There are [image: 6] bears, so there are [image: C\left(6,5\right)] ways to choose [image: 5] bears. There are [image: 14] toys, so there are [image: C\left(14,5\right)] ways to choose any [image: 5] toys. [image: \dfrac{C\left(6\text{,}5\right)}{C\left(14\text{,}5\right)}=\dfrac{6}{2\text{,}002}=\dfrac{3}{1\text{,}001}]
 
 	We need to count the number of ways to choose [image: 2] bears and [image: 3] dogs and the total number of possible ways to select [image: 5] toys. There are [image: 6] bears, so there are [image: C\left(6,2\right)] ways to choose 2 bears. There are 5 dogs, so there are [image: C\left(5,3\right)] ways to choose 3 dogs. Since we are choosing both bears and dogs at the same time, we will use the Multiplication Principle. There are [image: C\left(6,2\right)\cdot C\left(5,3\right)] ways to choose 2 bears and 3 dogs. We can use this result to find the probability. [image: \dfrac{C\left(6\text{,}2\right)C\left(5\text{,}3\right)}{C\left(14\text{,}5\right)}=\dfrac{15\cdot 10}{2\text{,}002}=\dfrac{75}{1\text{,}001}]
 
 	It is often easiest to solve “at least” problems using the Complement Rule. We will begin by finding the probability that fewer than [image: 2] dogs are chosen. If less than [image: 2] dogs are chosen, then either no dogs could be chosen, or [image: 1] dog could be chosen. When no dogs are chosen, all [image: 5] toys come from the [image: 9] toys that are not dogs. There are [image: C\left(9,5\right)] ways to choose toys from the [image: 9] toys that are not dogs. Since there are [image: 14] toys, there are [image: C\left(14,5\right)] ways to choose the [image: 5] toys from all of the toys. [image: \dfrac{C\left(9\text{,}5\right)}{C\left(14\text{,}5\right)}=\dfrac{63}{1\text{,}001}]
 If there is [image: 1] dog chosen, then [image: 4] toys must come from the [image: 9] toys that are not dogs, and [image: 1] must come from the [image: 5] dogs. Since we are choosing both dogs and other toys at the same time, we will use the Multiplication Principle. There are [image: C\left(5,1\right)\cdot C\left(9,4\right)] ways to choose [image: 1] dog and [image: 1] other toy.
 [image: \dfrac{C\left(5\text{,}1\right)C\left(9\text{,}4\right)}{C\left(14\text{,}5\right)}=\dfrac{5\cdot 126}{2\text{,}002}=\dfrac{315}{1\text{,}001}]
 Because these events would not occur together and are therefore mutually exclusive, we add the probabilities to find the probability that fewer than [image: 2] dogs are chosen.
 [image: \dfrac{63}{1\text{,}001}+\dfrac{315}{1\text{,}001}=\dfrac{378}{1\text{,}001}]
 We then subtract that probability from [image: 1] to find the probability that at least [image: 2] dogs are chosen.
 [image: 1-\dfrac{378}{1\text{,}001}=\dfrac{623}{1\text{,}001}]
 
 
   An interactive online homework element has been excluded from the printed version of the text. To see the interactive element that was excluded, please visit the courseware online.
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				 	Construct probability models
 	Compute probabilities of equally likely outcomes
 	Compute probabilities of the union of two events
 	Use the complement rule to find probabilities
 	Compute probability using counting theory
 
  You’re working as a game designer for an educational gaming company. Your team is developing a new card game to teach probability concepts to college students. The game uses a special deck of [image: 40] cards with different colored backgrounds (red, blue, green, yellow) and different symbols (star, circle, triangle). Your task is to analyze the probability distribution to ensure the game is fair and engaging.
 The deck contains:
 	[image: 12] red cards ([image: 4] with stars, [image: 4] with circles, [image: 4] with triangles)
 	[image: 10] blue cards ([image: 4] with stars, [image: 3] with circles, [image: 3] with triangles)
 	[image: 10] green cards ([image: 3] with stars, [image: 4] with circles, [image: 3] with triangles)
 	[image: 8] yellow cards ([image: 2] with stars, [image: 3] with circles, [image: 3] with triangles)
 
 An interactive online homework element has been excluded from the printed version of the text. To see the interactive element that was excluded, please visit the courseware online.
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Sp0 =25 %92

Sa0

300
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Substitute using point (6, 180).
Divide and write in lowest terms.
Isolate b using properties of exponents
‘Round to 4 decimal places.
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165 = Ae™ + 35 Substitute (0,165).
A—130 Solve for A.
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D(t)" = A(t)" + E(t)"

D(t)* = (4t)" +(31)"

D(t)* = 1682 + 98

D(t)* = 25¢%

D(t) = +V3E Solve for D (£)by taking the square root of each side of the equation
D(t) = +5t
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5

922+ 121 — 64 (2 — 2)

Combine like terms.
Tsolate the second radical.

Square both sides.





EPUB/assets/1a0458d34866ce041f45e2f416e35c2a.png





EPUB/assets/c4e4b5029220e20bef2a210f907e615b.png





EPUB/assets/7727973c7a6b67c38621ee9eb12f3177.png
Function: f(z)=e"
Domain:  (~50,0)
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Write the fourth term of sequence in terms of a; and r
Substitute 24 for ay

Divide

Solve for the common ratio
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ab®
1= 662" = 6b' Substitute a.

-yt Use properties of exponents to isolate b

b= 0.6389 Round 4 decimal places.
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Simplify the power first.
Multiply.
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3(6+2i) =(3-6)+(3-2i)  Distribute.
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Simplify inside grouping system
Simplify absolute value
Simplify multiplication
Simplify subtraction

Simplify addition
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Set up the division problem.
2x3 divided by x is 2x2.

Multiply x + 2 by 2x2.
Subtract.
Bring down the next term.

—7x2 divided by x is —7x.
Multiply x + 2 by —7x.

Subtract. Bring down the next term.

18x divided by x is 18.
Multiply x + 2 by 18.
Subtract.
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Long Division
Step 1: 5 X3 =15and 17 - 15 =2

Step 2: Bring down the 8
Step3: 9 X3=27and28 - 27 =1

Answer: 59R 1 or 59%
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P Simplify.

o _

e =P Tsolate P,

P ~ 13,801 Divide and round to the nearest dollar.





EPUB/assets/d49674db04ec70d897e6e2578eef586e.png
axb=0xa





EPUB/assets/fddb963c8e9dd382d793d80116f1d00a.png





EPUB/assets/5343d4d6adf6600ca77f33dbad2f45e5.png
0z +22(z~1)0(x—~4)





EPUB/assets/9ab455fe14b6cb5ec67db2ebe7976b86.png





EPUB/assets/901a3ca61de683ceeb2c592e753a1e19.png





EPUB/assets/acd54b3605ae5d1fb4f273d66f6d83e6.png
3ay(227y") = 627y,
3ey(15zy) = 452%7,
3ay(T) = 21ay






EPUB/assets/0a472327c898b8f852a9b260f58286dd.png
20z +1)(xz — 4)





EPUB/assets/c68fa7fafb2da16610b232c92ee17e80.png





EPUB/assets/717c6360a7b420d68fea6e40de7499d5.png





EPUB/assets/f8d679898789a4eb034c5416c9bf7842.png
a(z®+bzx)





EPUB/assets/d1b580fe7e91f7e5414dd25559ba5577.png





EPUB/assets/d2c30b53014a6a5db5504ad9f3a8fb97.png





EPUB/assets/823d893df5272cf32a9e9abefa24ad22.png





EPUB/assets/19ad32b5f89b282abce06724cb0ac615.png
a-+ab <+ 0





EPUB/assets/c3e78d7e7e825d3cad37ae5a35f25369.png
2-intercept





EPUB/assets/da79d157a110dfbf1849528383266a2f.png





EPUB/assets/35d29d333f8a9d33035a9a25eaa011f1.png
1+B=1





EPUB/assets/8ff7a37d0e94b1511dc782fd29629480.png





EPUB/assets/f5846ca9ad1150cb19e038d921d2deda.png
z+y+2=12,000
32 + dy + Tz = 67,000
g+ z = 4,000






EPUB/assets/52b2e855d5e03c9a3d2d6293e3cee24a.png





EPUB/assets/f5608c848d17e8d623a52b1039c75719.png





EPUB/assets/fb99657663c1adf22d6cbb5f185340b9.png





EPUB/assets/dcce68d7d62a363418a1b32246d3ccdf.png
har





EPUB/assets/CNX_Precalc_Figure_10_01_0022.jpg





EPUB/assets/9c632a2a7941800d77c31dfce619d877.png
e~ 2 TIRZKY





EPUB/assets/23d78868a4293a705a6b11484f7b0289.png





EPUB/assets/2e5a32386c17f3e44b23cdfa5afca911.png





EPUB/assets/b961564f276044456079eaa67ef679eb.png





EPUB/assets/de5c36532a113626e105eb8d56e81e16.png
(0,80)





EPUB/assets/dfe6ef8f3da55ca20b85d0d79fb36eae.png
(0,+b) = (n,ivﬁ) = (0,+2)





EPUB/assets/58c4318d14ef696c1a5abaa0eebdb0fd.png
Ap= [fhnTan e A e e st T )

sy by 4 am - by + @z by @y - biy + azs-bos + @y - by @z - bys + @ - bas + s - by






EPUB/assets/dd5b8e895e7767b790edfae84ccc0afe.png
flz) =log, (~x)





EPUB/assets/b7b9f05b17976f70703e5a70c47ddc59.png
T+5=(-5)+5





EPUB/assets/cb0439863b87a8b6d48415ddf8031135.png
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Clear the fraction by cross-multiplying :
Calculate the product :

Solve for t :

Simplify to find the time for Joe alone

96
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Divide all parts by 2:
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Expand and Simplify: y— 8 = —3z + 12
Slope-Intercept Form: y = —3z + 20
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Substitute (10, 150).

115 = 130410 Subtract 35 from both sides.

e Divide both sides by 130.

In (42) = 10k Take the natural log of both sides.
k=208 _ 00123 Divide both sides by the coefficient of k.
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Ifc < 0,laz + b = ¢ has no solution.
Ifc = 0, |az + b| = ¢ has one solution.
If ¢ > 0, |az + bl — ¢ has two solutions.
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Original equation =

Set the expression inside the absolute value to zero :
Solve for z :

Divide by -5 :
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To find the 9th term, use the formula witha; =6, » =3, andn=9:
Substitute these values and simplify:

a, =a;r™ !
ag = 6(3)°"
ag = 6(3)°

ag = 39366
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‘Write as quotient of two radical expressions.

Simplify.
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Given equation:
2
Distribute the 2
tethe g

Subtract 2 rom both sides

Combine like terms:

Get common denominators for coefficients of r
Simplify:

Divide both sides by — % :

Simplify:
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Simplify parentheses
Simplify exponent
Simplify multiplication
Simplify subtraction
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(Given the perimeter formula:
Substitute P = 54 and L = W +3:
Expand and simplify:

Solve for L :

P=2L+2Ww
54=2(W +3) + 2W
W6+ 2W

1243=15
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Shift left
9(x) = logy(x + ¢)

Shift right
h(x) = log,(x — ¢)

y

*The asymptote changes to x
*The domain changes to (—c,
*The range remains (—x, ).

+The asymptote changes to x = c.
*The domain changes to (c, ).
*The range remains (—2, =).
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256 = 47
2 = (22)"°
2  g2et0
8 =2z — 10
18 =2z

Rewrite each side as a power with base 2.
To take a power of a power, multiply the exponents.
Apply the one-to-one property of exponents,

Add 10 to both sides

Divide by 2.
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Given the height equation: h=—21"+7t+4
Set h = 4 fect to find the time: 4= 2?47t +4
Simplify the equation: 0 = ~2¢* +7¢
Factor out the common term £ £(~2¢+7) =0
Solve each factor for
£=0 (at lnunch, not relevant for this query)

7= 1= T =55 seconds

Conelusion: The rocket is 4 feet above the ground at £ — 3.5 seconds.

“24T=0 Solve: —2t
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55 =47 There is no easy way to get the powers to have the same base.
In5**? = Ind? Take In of both sides.

(¢+2)in5=alnd  Use the power rule for logs.

aln5 +2In5 = lnd Use the distributive property.

aln5 — alnd = ~2In5  Get terms containing z on one side, terms without z on the other.
2 (In5 — Ind) = ~2In5 _ On the left hand side, factor out .

aln (%) =1n( Use the properties of logs.

) Divide by the coeffcient of z
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log; (2) + log, (3= = 5)

log, (2(32 ~5)) = 3 Apply the product rule of logarithms.
log, (62 —10) = 3 Distribute.

25 = 6210 Convert to exponential form.
8=6z—10 Calculate 2°.

18 = 6z ‘Add 10 to both sides.

Divide both sides by 6.
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Original expression: 252" + 20z + 4
Identify square terms:  25¢% = (52)° and 4 = 2°
Check middle term: 2 x 5z x 2 = 20z

Write as a square of a binomial: (5z + 2)?
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Subtract 3 from each side.
Factor.
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Reflection about the x-axis
g(x) = logp(x), b > 1

Reflection about the y-axis
h(x) = logy(—x), b > 1

The reflected function is decreasing as x moves
from zero to infinity.

*The asymptote remains x = 0.

*The x-intercept remains (1, 0).

The key point changes to (b %, 1)

*The domain remains (0, =).

*The range remains (—=, =).

*The reflected function is decreasing as x moves
from negative infinity to zero.

*The asymptote remains x = 0.

*The x-intercept changes to (-1, 0).

*The key point changes to (—b, 1)

*The domain changes to (—=, 0).

*The range remains (—x, =).
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To find S35 use the formula with a;

239, and n = 30.





EPUB/assets/9805491155cff5135444672eaf5dd3c6.png





EPUB/assets/0d978d7859b2b5c3bd205a0f5adb05b7.png
=5(2x + 3y)
~10z — 15y = 80

2 (52 — 10y) = 2(30)
10z — 20y = 60






EPUB/assets/18c6e5d17fb3b96084a5b3eac20ae308.png





EPUB/assets/d0b576847bb9bbf9b946771130d918c7.png
1+ %) ,as n increases without bound





EPUB/assets/CNX_Precalc_Figure_02_01_0122.jpg
500

o 2 g9
S & o
¥ ® «

(w) soumsiq

100

Time (s)





EPUB/assets/424e25ce83aa828bb525ce6613883ee8.png





EPUB/assets/b3a6262086a84da90badfa8ee08e331f.png





EPUB/assets/f21ab65516279c3d687923f7f8f59cb9.png





EPUB/assets/2cf5a45a61aed19eea65a9a338ac789d.png





EPUB/assets/94b85661c4094a720222a1c56fdc9fde.png





EPUB/assets/35b3102379a408b227329bd11537fd21.png
Original expression: 82" — 125
Identify cubes: 8z° = (2z)°, 125 =5°
Apply difference of cubes formula:  (2z)° — 5° = (2z — 5)(42* + 10z + 25)
Factored form: (2 — 5)(4z% + 10z + 25)
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15— 2(-5)~ -5
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Divide by the coefficient 20.

"Take In of both sides.

Use the fact that In (z) and e are inverse functions.
Divide by the coefficient of t.
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Add 32 to both sides: 3z +y = 3z — 3z + 20
Simy 32+ y=20
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Simplify.
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Multiply by the conjugate to rationalize the denominator.
Apply the conjugate.
Expand the mumerator and apply the difference of squares.

Simplify the squares and calculate the difference.

Combine like terms in the denominator.

Divide each term.

the numerator by 4.
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‘The continuous growth formula.
Substitute the half-lie for ¢ and 0.5, for f (£).

Divide both sides by A,
Take the natural log of both sides.

Divide by the coefficient of k.

Substitute for r in the continuous growth formula.
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*The asymptote remains x = 0.
*The x-intercept remains (1, 0).

*The domain remains (0, ).
*The range remains (—2, =).

+The asymptote remains x = 0.
+The x-intercept remains (1, 0).
+The domain remains (0, =).
+The range remains (—2, %).
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Start with the slope-intercept form:

Eliminate the fractions by m\l.lnplymg through by 5:
Rearrange the terms to get Az + By — C :
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To find the 30th term, use the formula with a,
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37 & Rewrite 3 as 3.
347 =321 Use the division property of exponents.
de~7 =2¢-1 Apply the one-to-one property of exponents.
2 6 Subtract 2z and add 7 to both sides.

r 3 Divide by 2.
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Factor the quadratic : (u—1)(u+ 12
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Subtract 3 from both sides.
Divide both sides by 2.
Rewrite in exponential form.
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Second inequality: 3(-4z +5) +15 2 —6z + 54

Expand and simplify: —122+ 15+ 15 > —6z + 54
Combine terms: —122+30 > 62+ 54
Add 12¢ and subtract 54: 30-54> 6z

~24> 62
z< -4
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Use definition of negative exponents.

Rewrite as a radical.

Use the quotient rule.

Simplify.
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24 = Age™
o Divide both sides by Ao.

Kkt Take the natural logarithm of both sides.
Iz Divide by the coefficient of .
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1. Augment A with the identity matrix:
1 -2 10
2 -3 01

2. Perform row operations with the goal of turning A into the identity matrix.
First, multiply row 1 by — 2 and add to row 2:

1210 -2 10
2 301 o1 -2
Next, multiply row 2 by 2 and add to row 1:
1.2 1 0 10 -3 2

-
0 1 71 2
3. The matrix we have found is 4~ :

-3 2]
.
=27
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Apply the formula (a + b)? = a® + 2ab + b?,

Sauare the first term (a°):

Double the product of the two terms (2ab): 2+ (3z) - (~8) =
Square the last term (b%): (—8)* = 64

Combine all terms: 927 — 48z + 64
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Factor the numerator and the denominator.

Cancel common factor (z +3).
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Multiply by ¥ to rationalize the denominator.
Va

Multiply the numerators and the denominators.

Simplify /a x Va to a.
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