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		Introduction to Integration: Background You'll Need 1

								

	
				 	Find the area of rectangles, triangles, trapezoids, and irregular shapes
 
  Find the Area of a Rectangle
 A rectangle has four sides and four right angles. The opposite sides of a rectangle are the same length. We refer to one side of the rectangle as the length, [image: L], and the adjacent side as the width, [image: W].
 [image: A rectangle is shown. Each angle is marked with a square. The top and bottom are labeled L, the sides are labeled W.]
  
 The area of a rectangle is calculated as the product of its length and width. This relationship can be expressed through the formula:
 [image: A=L \times W]
 Consider a rectangular rug that is [image: 2] feet long by [image: 3] feet wide.
 [image: A rectangle made up of 6 squares. The bottom is 2 squares across and marked as 2, the side is 3 squares long and marked as 3.]
 The area of this rug would be:
 [image: A = 2 \text{ ft } \times 3 \text{ ft } = 6 \text{ square feet}]
  area of rectangles
 	Rectangles have four sides and four right [image: \left(\text{90}^ \circ\right)] angles.
 	The lengths of opposite sides are equal.
 	The area, [image: A], of a rectangle is the length times the width. The area will be expressed in square units.
 
 [image: A=L\cdot W]

  The length of a rectangle is [image: 32] meters and the width is [image: 20] meters. Find the area or the rectangle. Show Solution 	Step 1. Read the problem. Draw the figure and label it with the given information. 	[image: A rectangle with the top and bottom labeled 32 m and the sides labeled 20 m] 
 	Step 2. Identify what you are looking for. 	the area of a rectangle 
 	Step 3. Name. Choose a variable to represent it. 	Let [image: A] = the area 
 	Step 4. Translate. Write the appropriate formula. Substitute. 	[image: The formula A = L times W. The formula is then written again with 32 substituted in for L and 20 substituted in for W] 
 	Step 5. Solve the equation. 	[image: A=640] 
 	Step 6. Check. 	[image: A\stackrel{?}{=}640]
 [image: 32\cdot 20\stackrel{?}{=}640]
 [image: 640=640\checkmark]  
 	Step 7. Answer the question. 	The area of the rectangle is [image: 640] square meters. 
  
   [ohm_question hide_question_numbers=1]288389[/ohm_question] Find the Area of a Triangle
 We now know how to find the area of a rectangle. We can use this fact to help us visualize the formula for the area of a triangle. In the rectangle below, we’ve labeled the length [image: b] and the width [image: h], so its area is [image: bh].
 [image: A rectangle with the side labeled h and the bottom labeled b. The center says A equals bh.]
  
 We can divide this rectangle into two congruent triangles (see the image below). Triangles that are congruent have identical side lengths and angles, and so their areas are equal. The area of each triangle is one-half the area of the rectangle, or [image: \Large\frac{1}{2}\normalsize bh]. This example helps us see why the formula for the area of a triangle is [image: A=\Large\frac{1}{2}\normalsize bh].
 [image: A rectangle with a diagonal line drawn from the upper left corner to the bottom right corner. The side of the rectangle is labeled h and the bottom is labeled b. Each triangle says one-half bh. To the right of the rectangle, it says "Area of each triangle A = one-half bh".]
  
 To find the area of the triangle, you need to know its base and height. The base is the length of one side of the triangle, usually the side at the bottom. The height is the length of the line that connects the base to the opposite vertex, and makes a [image: \text{90}^ \circ] angle with the base. The image below shows three triangles with the base and height of each marked.
 [image: Three triangles. The triangle on the left is a right triangle. The bottom is labeled b and the side is labeled h. The middle triangle is an acute triangle. The bottom is labeled b. There is a dotted line from the top vertex to the base of the triangle, forming a right angle with the base. That line is labeled h. The triangle on the right is an obtuse triangle. The bottom of the triangle is labeled b. The base has a dotted line extended out and forms a right angle with a dotted line to the top of the triangle. The vertical line is labeled h.]
 area of a triangle
 The area of a triangle is one-half the base, [image: b], times the height, [image: h].
  
 [image: A={\Large\frac{1}{2}}bh]
  
 [image: A triangle, with vertices labeled A, B, and C. The sides are labeled a, b, and c. There is a vertical dotted line from vertex B at the top of the triangle to the base of the triangle, meeting the base at a right angle. The dotted line is labeled h.]
  
  Find the area of a triangle whose base is [image: 11] inches and whose height is [image: 8] inches. Show Solution <tr”>Step 1. Read the problem. Draw the figure and label it with the given information.[image: A triangle with the base labeled 11 in and a dotted vertical line from the top vertex to the base to form a right angle. This dotted line is labeled 8 in.]Step 7. Answer the question.The area is [image: 44] square inches.
 	Step 2. Identify what you are looking for. 	the area of the triangle 
 	Step 3. Name. Choose a variable to represent it. 	Let [image: A] = area of the triangle 
 	Step 4.Translate.
 Write the appropriate formula.
 Substitute.
  	[image: The equation A = one half times b times h. The equation is written again with 11 substituted for b and 8 substituted for h.] 
 	Step 5. Solve the equation. 	[image: A=44] square inches. 
 	Step 6. Check.
  	[image: A=\frac{1}{2}bh]
 [image: 44\stackrel{?}{=}\frac{1}{2}(11)8]
 [image: 44=44\quad\checkmark]  
  
   [ohm_question hide_question_numbers=1]288390[/ohm_question]
  Find the Area of a Trapezoid
 A trapezoid is four-sided figure, a quadrilateral, with two sides that are parallel and two sides that are not. The parallel sides are called the bases. We call the length of the smaller base [image: b], and the length of the bigger base [image: B]. The height, [image: h], of a trapezoid is the distance between the two bases as shown in the image below.
 [image: A trapezoid, with the top is labeled b and marked as the smaller base. The bottom is labeled B and marked as the larger base. A vertical line forms a right angle with both bases and is marked as h.]
  
 The formula for the area of a trapezoid is: [image: {\text{Area}}_{\text{trapezoid}}=\Large\frac{1}{2}\normalsize h\left(b+B\right)]. Splitting the trapezoid into two triangles may help us understand the formula. The area of the trapezoid is the sum of the areas of the two triangles.
 [image: A trapezoid, with the top labeled with a small b and the bottom with a big B. A diagonal is drawn in from the upper left corner to the bottom right corner.]
  
 The height of the trapezoid is also the height of each of the two triangles.
 [image: A trapezoid, with the top labeled with a small b and the bottom with a big B. A diagonal is drawn in from the upper left corner to the bottom right corner. The upper right-hand side of the trapezoid forms a blue triangle, with the height of the trapezoid drawn in as a dotted line. The lower left-hand side of the trapezoid forms a red triangle, with the height of the trapezoid drawn in as a dotted line.]
  
 The formula for the area of a trapezoid is
 [image: The formula for the area of a trapezoid, which is one half h times the quantity of lowercase b plus capital B]
  
 If we distribute, we get,
 [image: The top line says area of trapezoid equals one-half times blue little b times h plus one-half times red big B times h. Below this is area of trapezoid equals A sub blue triangle plus A sub red triangle.]
  
 properties of trapezoids
 	A trapezoid has four sides.
 	Two of its sides are parallel and two sides are not.
 	The area, [image: A], of a trapezoid is [image: \text{A}=\Large\frac{1}{2}\normalsize h\left(b+B\right)] .
 
 
  Find the area of a trapezoid whose height is [image: 6] inches and whose bases are [image: 14] and [image: 11] inches. Show Solution 	Step 1. Read the problem. Draw the figure and label it with the given information. 	[image: A trapezoid with one parallel side labeled 11 in and the other labeled 14 in. There is a dotted line between the two parallel sides forming right angles with each of them. It is labeled 6 in.] 
 	Step 2. Identify what you are looking for. 	the area of the trapezoid 
 	Step 3. Name. Choose a variable to represent it. 	Let [image: A=\text{the area}] 
 	Step 4.Translate. Write the appropriate formula. Substitute. 	[image: The equation A = one half times h times the quantity of little b plus big b. This formula is written again with 6 substituted in for h, 11 substituted in for little b and 14 substituted in for big b.] 
 	Step 5. Solve the equation. 	[image: A={\Large\frac{1}{2}}\normalsize\cdot 6(25)] [image: A=3(25)] [image: A=75] square inches 
 	Step 6. Check: Is this answer reasonable? 	 [image: \checkmark]  see reasoning below 
  
 If we draw a rectangle around the trapezoid that has the same big base [image: B] and a height [image: h], its area should be greater than that of the trapezoid. If we draw a rectangle inside the trapezoid that has the same little base [image: b] and a height [image: h], its area should be smaller than that of the trapezoid.[image: A table is shown with 3 columns and 4 rows. The first column has an image of a trapezoid with a rectangle drawn around it in red. The larger base of the trapezoid is labeled 14 and is the same as the base of the rectangle. The height of the trapezoid is labeled 6 and is the same as the height of the rectangle. The smaller base of the trapezoid is labeled 11. Below this is A sub rectangle equals b times h. Below is A sub rectangle equals 14 times 6. Below is A sub rectangle equals 84 square inches. The second column has an image of a trapezoid. The larger base is labeled 14, the smaller base is labeled 11, and the height is labeled 6. Below this is A sub trapezoid equals one-half times h times parentheses little b plus big B. Below this is A sub trapezoid equals one-half times 6 times parentheses 11 plus 14. Below this is A sub trapezoid equals 75 square inches. The third column has an image of a trapezoid with a red rectangle drawn inside of it. The height is labeled 6. Below this is A sub rectangle equals b times h. Below is A sub rectangle equals 11 times 6. Below is A sub rectangle equals 66 square inches.]
  
 The area of the larger rectangle is [image: 84] square inches and the area of the smaller rectangle is [image: 66] square inches. So it makes sense that the area of the trapezoid is between [image: 84] and [image: 66] square inches Step 7. Answer the question. The area of the trapezoid is [image: 75] square inches. 
   Vinny has a garden that is shaped like a trapezoid. The trapezoid has a height of [image: 3.4] yards and the bases are [image: 8.2] and [image: 5.6] yards. How many square yards will be available to plant? 
 Show Solution Solution
 	Step 1. Read the problem. Draw the figure and label it with the given information. 	[image: A trapezoid with shorter base 5.6 yards and longer base 82 yards and a height of 3.4 yards.] 
 	Step 2. Identify what you are looking for. 	the area of a trapezoid 
 	Step 3. Name. Choose a variable to represent it. 	Let [image: A] = the area 
 	Step 4.Translate. Write the appropriate formula. Substitute. 	[image: The equation A = one half times h times the quantity of little b plus big b. The equation is rewritten with 3.4 substituted in for h, 5.6 substituted in for little b and 8.2 substituted in for big b.] 
 	Step 5. Solve the equation. 	[image: A={\Large\frac{1}{2}}\normalsize(3.4)(13.8)] [image: A=23.46] square yards. 
 	Step 6. Check: Is this answer reasonable? Yes. The area of the trapezoid is less than the area of a rectangle with a base of [image: 8.2] yd and height [image: 3.4] yd, but more than the area of a rectangle with base [image: 5.6] yd and height [image: 3.4] yd.[image: A table with two rows. the first row is split into three columns. The first column is the formula Area of a rectangle (shown in red) equals base times height. On the next line under this it has numbers plugged into the formula; the base, 8.2 in parentheses times the height 3.4 in parentheses. Under this is it has the result 27.88 yards squared. The second column is the formula Area of a trapezoid with numbers already plugged in; one half times 3.4 yards times the quantity of 5.6 plus 8.2. Under this is has the result 23.46 yards squared. The third column is the formula Area of a rectangle (shown in blue) equals base times height. On the next line under it has number plugged into the formula; the base, 5.6 in parentheses times the height 3.4 in parentheses. Under this it has the result 19.04 yards squared. The second row shows that the Area of the red rectangle is greater than the Area of a trapezoid is greater than the Area of the blue rectangle. Beneath this, it shows the areas 27.88 for the red rectangle, 23.46 for the trapezoid, and 19.04 for the blue rectangle.] 
 	Step 7. Answer the question. 	Vinny has [image: 23.46] square yards in which he can plant. 
  
   [ohm_question hide_question_numbers=1]146944[/ohm_question]
  Find the Area of Irregular Figures
 So far, we have found area for rectangles, triangles, and trapezoids. An irregular figure is a figure that is not a standard geometric shape. Its area cannot be calculated using any of the standard area formulas. But some irregular figures are made up of two or more standard geometric shapes. To find the area of one of these irregular figures, we can split it into figures whose formulas we know and then add the areas of the figures.
 Find the area of the shaded region.
 [image: An image of an attached horizontal rectangle and a vertical rectangle is shown. The top is labeled 12, the side of the horizontal rectangle is labeled 4. The side is labeled 10, the width of the vertical rectangle is labeled 2.] Show Solution The given figure is irregular, but we can break it into two rectangles. The area of the shaded region will be the sum of the areas of both rectangles.
 [image: An image of an attached horizontal rectangle and a vertical rectangle is shown. The top is labeled 12, the side of the horizontal rectangle is labeled 4. The side is labeled 10, the width of the vertical rectangle is labeled 2.]
  
 The blue rectangle has a width of [image: 12] and a length of [image: 4]. The red rectangle has a width of [image: 2], but its length is not labeled. The right side of the figure is the length of the red rectangle plus the length of the blue rectangle. Since the right side of the blue rectangle is [image: 4] units long, the length of the red rectangle must be [image: 6] units.[image: An image of a blue horizontal rectangle attached to a red vertical rectangle is shown. The top is labeled 12, the side of the blue rectangle is labeled 4. The whole side is labeled 10, the blue portion is labeled 4 and the red portion is labeled 6. The width of the red rectangle is labeled 2.]
  
 [image: The first line says A sub figure equals A sub rectangle plus A sub red rectangle. Below this is A sub figure equals bh plus red bh. Below this is A sub figure equals 12 times 4 plus red 2 times 6. Below this is A sub figure equals 48 plus red 12. Below this is A sub figure equals 60.]
  
 The area of the figure is [image: 60] square units.
 Is there another way to split this figure into two rectangles? Try it, and make sure you get the same area.
 
   Find the area of the shaded region.
 [image: A blue geometric shape is shown. It looks like a rectangle with a triangle attached to the top on the right side. The left side is labeled 4, the top 5, the bottom 8, the right side 7.]
  
 Show Solution We can break this irregular figure into a triangle and rectangle. The area of the figure will be the sum of the areas of the triangle and the rectangle. The rectangle has a length of [image: 8] units and a width of [image: 4] units. We need to find the base and height of the triangle.
 Since both sides of the rectangle are [image: 4], the vertical side of the triangle is [image: 3] , which is [image: 7 - 4] .
 The length of the rectangle is [image: 8], so the base of the triangle will be [image: 3] , which is [image: 8 - 5] .
 [image: A geometric shape is shown. It is a blue rectangle with a red triangle attached to the top on the right side. The left side is labeled 4, the top 5, the bottom 8, the right side 7. The right side of the rectangle is labeled 4. The right side and bottom of the triangle are labeled 3.]
  
 Now we can add the areas to find the area of the irregular figure.
 [image: The top line reads A sub figure equals A sub rectangle plus A sub red triangle. The second line reads A sub figure equals lw plus one-half red bh. The next line says A sub figure equals 8 times 4 plus one-half times red 3 times red 3. The next line reads A sub figure equals 32 plus red 4.5. The last line says A sub figure equals 36.5 sq. units.]
  
 The area of the figure is [image: 36.5] square units.
  [ohm_question hide_question_numbers=1]246488[/ohm_question]
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				 	Use sigma notation to add up integers and their powers
 
  Sigma Notation
 To simplify writing lengthy sums, we use sigma notation (summation notation). The Greek letter [image: Σ] represents the sum of values. For example, if we want to add all the integers from [image: 1] to [image: 20], instead of writing out
 [image: 1+2+3+4+5+6+7+8+9+10+11+12+13+14+15+16+17+18+19+20]
 we can use sigma notation:
 [image: \displaystyle\sum_{i=1}^{20} i].
 Typically, sigma notation is presented in the form
 [image: \displaystyle\sum_{i=1}^{n} a_i]
 where [image: a_i] are the terms being added and [image: i] is the index.
 sigma notation
 Sigma notation uses the Greek letter sigma ([image: ∑]) to represent the sum of a series of terms.
 [image: \displaystyle\sum_{i=1}^{n} a_i]
 Each term [image: a_i] is evaluated for all integer values of [image: i] from the lower limit to the upper limit, and then all these values are added together.
  How to: Evaluate Sigma Notation
 	Identify the Index and Limits: Locate the index variable [image: i], the starting value (often [image: 1]), and the upper limit [image: n].
 	Determine the Term Expression: Identify the term [image: a_i] that you will be summing.
 	Evaluate Each Term: Substitute each integer value from the starting value to the upper limit into the term expression.
 	Sum the Evaluated Terms: Add up all the evaluated terms to get the final sum.
 
  For example, an expression like [image: \displaystyle\sum_{i=2}^{7} s_i] is interpreted as [image: s_2+s_3+s_4+s_5+s_6+s_7].
  Note that the index is used only to keep track of the terms to be added; it does not factor into the calculation of the sum itself. The index is therefore called a dummy variable. We can use any letter we like for the index.
 Typically, mathematicians use [image: i], [image: j], [image: k], [image: m], and [image: n] for indices.
  Let’s try a couple of examples of using sigma notation.
 	Write in sigma notation and evaluate the sum of terms [image: 3^i] for [image: i=1,2,3,4,5].
 	Write the sum in sigma notation: [image: 1+\frac{1}{4}+\frac{1}{9}+\frac{1}{16}+\frac{1}{25}].
 
 
 Show Solution 
 	Write [image: \begin{array}{ll}\displaystyle\sum_{i=1}^{5} 3^i & =3+3^2+3^3+3^4+3^5 \\ & =363 \end{array}]
 
 	The denominator of each term is a perfect square. Using sigma notation, this sum can be written as [image: \displaystyle\sum_{i=1}^{5} \frac{1}{i^2}].
 
 Watch the following video to see the worked solution to Example: Using Sigma Notation.
 https://youtube.com/watch?v=qx-gvr8k8SY%3Fcontrols%3D0%26start%3D22%26end%3D150%26autoplay%3D0For closed captioning, open the video on its original page by clicking the Youtube logo in the lower right-hand corner of the video display. In YouTube, the video will begin at the same starting point as this clip, but will continue playing until the very end.
 You can view the transcript for this segmented clip of “5.1 Approximating Areas” here (opens in new window).
  The following rules summarize key properties of sigma notation.
 Properties of Sigma Notation
 Let [image: a_1,a_2, \cdots,a_n] and [image: b_1,b_2,\cdots,b_n] represent two sequences of terms and let [image: c] be a constant.
  
 The following properties hold for all positive integers [image: n] and for integers [image: m], with [image: 1\le m\le n].
 	[image: \underset{i=1}{\overset{n}{\Sigma}}c=nc]
 
 	[image: \underset{i=1}{\overset{n}{\Sigma}}ca_i=c\underset{i=1}{\overset{n}{\Sigma}}a_i]
 
 	[image: \underset{i=1}{\overset{n}{\Sigma}}(a_i+b_i)=\underset{i=1}{\overset{n}{\Sigma}}a_i+\underset{i=1}{\overset{n}{\Sigma}}b_i]
 
 	[image: \underset{i=1}{\overset{n}{\Sigma}}(a_i-b_i)=\underset{i=1}{\overset{n}{\Sigma}}a_i-\underset{i=1}{\overset{n}{\Sigma}}b_i]
 
 	[image: \underset{i=1}{\overset{n}{\Sigma}}a_i=\underset{i=1}{\overset{m}{\Sigma}}a_i+\underset{i=m+1}{\overset{n}{\Sigma}}a_i]
 
 
 
  Proof
 
 Let’s prove properties 2 and 3, and leave the proof of the other properties for the examples.
 Proof of Property 2: 
 [image: \begin{array}{ll}\displaystyle\sum_{i=1}^{n} ca_i & =ca_1+ca_2+ca_3+\cdots+ca_n \\ & =c(a_1+a_2+a_3+\cdots+a_n) \\ & =c\displaystyle\sum_{i=1}^{n} a_i \end{array}]
  
 Proof of Property 3: 
 [image: \begin{array}{ll}\displaystyle\sum_{i=1}^{n} (a_i+b_i) & =(a_1+b_1)+(a_2+b_2)+(a_3+b_3)+\cdots+(a_n+b_n) \\ & =(a_1+a_2+a_3+\cdots+a_n)+(b_1+b_2+b_3+\cdots+b_n) \\ & =\displaystyle\sum_{i=1}^{n} a_i+ \displaystyle\sum_{i=1}^{n} b_i \end{array}]
 [image: _\blacksquare]
  Here are a few more formulas that simplify the summation process for frequently encountered functions. These rules, which apply to sums and powers of integers, will be used in the upcoming examples.
 Sums and Powers of Integers
 	The sum of [image: n] integers is given by [image: \underset{i=1}{\overset{n}{\Sigma}}i=1+2+\cdots+n=\frac{n(n+1)}{2}].
 
 	The sum of consecutive integers squared is given by [image: \underset{i=1}{\overset{n}{\Sigma}}i^2=1^2+2^2+\cdots+n^2=\frac{n(n+1)(2n+1)}{6}].
 
 	The sum of consecutive integers cubed is given by [image: \underset{i=1}{\overset{n}{\Sigma}}i^3=1^3+2^3+\cdots+n^3=\frac{n^2(n+1)^2}{4}].
 
 
  Write using sigma notation and evaluate:
 	The sum of the terms [image: (i-3)^2] for [image: i=1,2,\cdots,200].
 	The sum of the terms [image: (i^3-i^2)] for [image: i=1,2,3,4,5,6].
 
 Show Solution 
 	Multiplying out [image: (i-3)^2], we can break the expression into three terms. [image: \begin{array}{ll}\underset{i=1}{\overset{200}{\Sigma}}(i-3)^2 & =\underset{i=1}{\overset{200}{\Sigma}}(i^2-6i+9) \\ & =\underset{i=1}{\overset{200}{\Sigma}}i^2-\underset{i=1}{\overset{200}{\Sigma}}6i+\underset{i=1}{\overset{200}{\Sigma}}9 \\ & =\underset{i=1}{\overset{200}{\Sigma}}i^2-6\underset{i=1}{\overset{200}{\Sigma}}i+\underset{i=1}{\overset{200}{\Sigma}}9 \\ & =\frac{200(200+1)(400+1)}{6}-6[\frac{200(200+1)}{2}]+9(200) \\ & =2,686,700-120,600+1800 \\ & =2,567,900 \end{array}]
 
 	Use sigma notation property iv. and the rules for the sum of squared terms and the sum of cubed terms. [image: \begin{array}{ll}\underset{i=1}{\overset{6}{\Sigma}}(i^3-i^2) & =\underset{i=1}{\overset{6}{\Sigma}}i^3-\underset{i=1}{\overset{6}{\Sigma}}i^2 \\ & =\frac{6^2(6+1)^2}{4}-\frac{6(6+1)(2(6)+1)}{6} \\ & =\frac{1764}{4}-\frac{546}{6} \\ & =350 \end{array}]
 
 
 Watch the following video to see the worked solution this example.
 https://youtube.com/watch?v=qx-gvr8k8SY%3Fcontrols%3D0%26start%3D194%26end%3D377%26autoplay%3D0For closed captioning, open the video on its original page by clicking the Youtube logo in the lower right-hand corner of the video display. In YouTube, the video will begin at the same starting point as this clip, but will continue playing until the very end.
 You can view the transcript for this segmented clip of “5.1 Approximating Areas” here (opens in new window)./p>
   Find the sum of the values of [image: 4+3i] for [image: i=1,2,\cdots,100].
 Show Solution 
 [image: 15,550]
   Evaluate the sum indicated by the notation [image: \displaystyle\sum_{k=1}^{20} (2k+1)].
 Show Solution 
 [image: 440]
   [ohm_question hide_question_numbers=1]288430[/ohm_question]
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				 	Determine whether a function is even, odd, or neither
 
  Determine Whether a Functions is Even, Odd, or Neither
 Functions often display specific symmetries that define their characteristics. For instance:
 	Even Functions 	A function [image: f(x)] is called even if it is symmetric about the [image: y]-axis. This means [image: f(−x)=f(x)] for all [image: x].
 	Graphically, this symmetry means that if the graph of the function is folded along the [image: y]-axis, the two halves will match exactly.
 	Examples include [image: f(x)=x^2] or [image: f(x)=∣x∣], where horizontal reflections produce the original graph.
 
 
 	Odd Functions 	A function [image: f(x)] is called odd if it has rotational symmetry about the origin, which means [image: f(−x)=−f(x)] for all [image: x].
 	This property implies that if the function’s graph is rotated [image: 180] degrees about the origin, it will coincide with its original shape.
 	An example is [image: f(x)=x^3], where reflecting the graph both horizontally and vertically reproduces the original graph.
 
 
 
 The function [image: f(x)=x^3] demonstrates odd symmetry. As shown in the graphs below:
 [image: Graph of x^3 and its reflections.](a) The cubic toolkit function (b) Horizontal reflection of the cubic toolkit function (c) Horizontal and vertical reflections reproduce the original cubic function.   even and odd functions
 A function is called an even function if for every input [image: x],
  
 [image: f\left(x\right)=f\left(-x\right)]
  
 The graph of an even function is symmetric about the [image: y\text{-}] axis.
  
 A function is called an odd function if for every input [image: x],
  
 [image: f\left(x\right)=-f\left(-x\right)]
  
 The graph of an odd function is symmetric about the origin.
  A function can be neither even nor odd if it does not exhibit either symmetry. For example, [image: f\left(x\right)={2}^{x}] is neither even nor odd. Also, the only function that is both even and odd is the constant function [image: f\left(x\right)=0].
  How To: Determine If a Function is Even, Odd, or Neither
 	Check for Even Symmetry: 	Evaluate [image: f(−x)] and compare it with [image: f(x)]
 	If [image: f(−x)=f(x)] for all values of [image: x] in the domain of the function, then the function is even.
 
 
 	Check for Odd Symmetry: 	Evaluate [image: f(−x)] and compare it with [image: f(x)]
 	If [image: f(−x)=−f(x)] for all values of [image: x], then the function is odd.
 
 
 	Neither Even nor Odd: If neither of the above conditions is met, the function is neither even nor odd.
 
  Is the function [image: f\left(x\right)={x}^{3}+2x] even, odd, or neither?
 Show Solution 
 Without looking at a graph, we can determine whether the function is even or odd by finding formulas for the reflections and determining if they return us to the original function. Let’s begin with the rule for even functions.
 [image: f\left(-x\right)={\left(-x\right)}^{3}+2\left(-x\right)=-{x}^{3}-2x]
 This does not return us to the original function, so this function is not even. We can now test the rule for odd functions.
 [image: -f\left(-x\right)=-\left(-{x}^{3}-2x\right)={x}^{3}+2x]
 Because [image: -f\left(-x\right)=f\left(x\right)], this is an odd function.
 Consider the graph of [image: f]. Notice that the graph is symmetric about the origin. For every point [image: \left(x,y\right)] on the graph, the corresponding point [image: \left(-x,-y\right)] is also on the graph. For example, (1, 3) is on the graph of [image: f], and the corresponding point [image: \left(-1,-3\right)] is also on the graph.
 [image: Graph of f(x) with labeled points at (1, 3) and (-1, -3).]
   Is the function [image: f\left(s\right)={s}^{4}+3{s}^{2}+7] even, odd, or neither?
 Show Solution 
 Even
   [ohm_question hide_question_numbers=1]293883[/ohm_question]
  //plugin.3playmedia.com/show?mf=6454976&p3sdk_version=1.10.1&p=20361&pt=375&video_id=VvUI6E78cN4&video_target=tpm-plugin-saqsqzpb-VvUI6E78cN4
 You can view the transcript for “Introduction to Odd and Even Functions” here (opens in new window).
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				 	Estimate the area under a curve by adding up the areas of rectangles
 	Estimate the area under a curve using Riemann sums
 
  Approximating Area
 Archimedes used a process known as the method of exhaustion to calculate the area of various shapes. This involved using smaller and smaller shapes to approximate the area more accurately. We can use a similar method to approximate the area under a curve, [image: f(x)], between [image: a] and b. By dividing the area into smaller rectangles, we get closer approximations.
 Let [image: f(x)] be a continuous, nonnegative function defined on the closed interval [image: [a,b]]. Our goal is to approximate the area [image: A] bounded by [image: f(x)] above, the [image: x]-axis below, the line [image: x=a] on the left, and the line [image: x=b] on the right (Figure 1).
 [image: A graph in quadrant one of an area bounded by a generic curve f(x) at the top, the x-axis at the bottom, the line x = a to the left, and the line x = b to the right. About midway through, the concavity switches from concave down to concave up, and the function starts to increases shortly before the line x = b.]Figure 1. An area (shaded region) bounded by the curve [image: f(x)] at top, the x-axis at bottom, the line [image: x=a] to the left, and the line [image: x=b] at right. To approximate the area under this curve, we use a geometric approach. By dividing the region into many small shapes with known area formulas, we can sum these areas to estimate the true area reasonably well.
 We begin by dividing the interval [image: [a,b]] into [image: n] subintervals of equal width, [image: \frac{b-a}{n}]. We select equally spaced points [image: x_0,x_1,x_2,\cdots,x_n] with [image: x_0=a, \, x_n=b], and
 [image: x_i-x_{i-1}=\dfrac{b-a}{n}]
 for [image: i=1,2,3,\cdots,n].
 The width of each subinterval is denoted as [image: \Delta x], so [image: \Delta x=\dfrac{b-a}{n}] and the points are defined by
 [image: x_i=x_0+i \Delta x]
 for [image: i=1,2,3,\cdots,n].
 This method of dividing an interval [image: [a,b]] into subintervals using equally spaced points is commonly used to approximate the area under a curve. Let’s define some relevant terminology to make this process clearer.
 partition
 A set of points [image: P=\{x_i\}] for [image: i=0,1,2,\cdots,n] with [image: a=x_0 < x_1 < x_2 < \cdots < x_n=b], which divides the interval [image: [a,b]] into subintervals of the form [image: [x_0,x_1], \, [x_1,x_2],\cdots,[x_{n-1},x_n]] is called a partition of [image: [a,b]]. If the subintervals all have the same width, the set of points forms a regular partition of the interval [image: [a,b]].

  We can use this regular partition as the basis of a method for estimating the area under the curve. We next examine two methods: the left-endpoint approximation and the right-endpoint approximation.
 Left-Endpoint Approximation
 On each subinterval [image: [x_{i-1},x_i]] (for [image: i=1,2,3,\cdots,n]), construct a rectangle with width [image: \Delta x] and height equal to [image: f(x_{i-1})], which is the function value at the left endpoint of the subinterval. Then the area of this rectangle is [image: f(x_{i-1})\Delta x].
 Adding the areas of all these rectangles, we get an approximate value for [image: A]. We use the notation [image: L_n] to denote that this is a left-endpoint approximation of [image: A] using [image: n] subintervals.
 [image: \begin{array}{ll} A \approx L_n & =f(x_0)\Delta x+f(x_1)\Delta x+\cdots+f(x_{n-1})\Delta x \\ & =\displaystyle\sum_{i=1}^{n} f(x_{i-1})\Delta x \end{array}]
 left-endpoint approximation
 In the left-endpoint approximation, we estimate the area under a curve by constructing rectangles whose heights are determined by the function values at the left endpoints of subintervals.
  
 The approximation of the area [image: A] using [image: n] subintervals is given by the formula:
 [image: A \approx L_n = \displaystyle\sum_{i=1}^{n} f(x_{i-1})\Delta x]
 where [image: \Delta x =\frac{b-a}{n}] is the width of each subinterval, and [image: x_{i-1}] are the left endpoints of the subintervals.
  [image: A diagram showing the left-endpoint approximation of area under a curve. Under a parabola with vertex on the y axis and above the x axis, rectangles are drawn between a=x0 on the origin and b = xn. The rectangles have endpoints at a=x0, x1, x2…x(n-1), and b = xn, spaced equally. The height of each rectangle is determined by the value of the given function at the left endpoint of the rectangle.]Figure 2. In the left-endpoint approximation of area under a curve, the height of each rectangle is determined by the function value at the left of each subinterval. How to: Perform Left-Endpoint Approximation
 	Identify the Interval and Function: Determine the interval [image: [a,b]] and the function [image: f(x)] you are working with.
 	Divide the Interval: Divide [image: [a,b]] into [image: n] subintervals of equal width [image: \Delta x =\frac{b-a}{n}].
 	Determine Left Endpoints: Identify the left endpoints of each subinterval: [image: x_0,x_1,x_2,\cdots,x_{n-1}]
 	Evaluate the Function: Calculate the function values at each left endpoint: [image: f(x_0), f(x_1), f(x_2), \cdots, f(x_{n-1})].
 	Calculate Rectangle Areas: Multiply each function value by the width [image: Δx] to get the area of each rectangle.
 	Sum the Areas: Add up all the rectangle areas to get the approximate area under the curve[image: A \approx \displaystyle\sum_{i=1}^{n} f(x_{i-1})\Delta x]
 
  
	

			CC licensed content, Original
	5.1 Approximating Areas. Authored by: Ryan Melton. License: CC BY: Attribution

CC licensed content, Shared previously
	Calculus Volume 1. Authored by: Gilbert Strang, Edwin (Jed) Herman. Provided by: OpenStax. Retrieved from: https://openstax.org/details/books/calculus-volume-1. License: CC BY-NC-SA: Attribution-NonCommercial-ShareAlike. License Terms: Access for free at https://openstax.org/books/calculus-volume-1/pages/1-introduction



			


		
	
		
			
	
		5

		Approximating Areas: Learn It 2

								

	
				Approximating Area Cont.
 Right-Endpoint Approximation
 The second method for approximating area under a curve is the right-endpoint approximation. It is almost the same as the left-endpoint approximation, but now the heights of the rectangles are determined by the function values at the right of each subinterval.
 Right-Endpoint Approximation
 In the right-endpoint approximation, we estimate the area under a curve by constructing rectangles whose heights are determined by the function values at the right endpoints of subintervals.
  
 The approximation of the area [image: A] using [image: n] subintervals is given by the formula:
 [image: A \approx R_n = \displaystyle\sum_{i=1}^{n} f(x_i)\Delta x]
  
 where [image: \Delta x =\frac{b-a}{n}] is the width of each subinterval, and [image: x_{i}] are the right endpoints of the subintervals.
  [image: A diagram showing the right-endpoint approximation of area under a curve. Under a parabola with vertex on the y axis and above the x axis, rectangles are drawn between a=x0 on the origin and b = xn. The rectangles have endpoints at a=x0, x1, x2…x(n-1), and b = xn, spaced equally. The height of each rectangle is determined by the value of the given function at the right endpoint of the rectangle.]Figure 3. In the right-endpoint approximation of area under a curve, the height of each rectangle is determined by the function value at the right of each subinterval. Note that the right-endpoint approximation differs from the left-endpoint approximation in (Figure). Since we have already seen how to solve using left-endpoint approximation, the right-endpoint approximation follows a similar process. The key difference is that the heights of the rectangles are determined by the function values at the right endpoints of the subintervals, rather than the left endpoints. This means:
 	Left-Endpoint Approximation: Uses [image: f(x_{i -1})] for each subinterval.
 	Right-Endpoint Approximation: Uses [image: f(x_i)] for each subinterval.
 
 By adjusting the endpoint used, we slightly alter the position and height of the rectangles, which can affect the accuracy of the approximation depending on the behavior of the function.
  The graphs in Figure 4 represent the curve [image: f(x)=\frac{x^2}{2}].
 [image: Diagrams side by side, showing the differences in approximating the area under a parabolic curve with vertex at the origin between the left endpoints method (the first diagram) and the right endpoints method (the second diagram). In the first diagram, rectangles are drawn at even intervals (delta x) under the curve with heights determined by the value of the function at the left endpoints. In the second diagram, the rectangles are drawn in the same fashion, but with heights determined by the value of the function at the right endpoints. The endpoints in both are spaced equally from the origin to (3, 0), labeled x0 to x6.]Figure 4. Methods of approximating the area under a curve by using (a) the left endpoints and (b) the right endpoints. In graph (a) we divide the region represented by the interval [image: [0,3]] into six subintervals, each of width [image: 0.5]. Thus, [image: \Delta x=0.5].
 We then form six rectangles by drawing vertical lines perpendicular to [image: x_{i-1}], the left endpoint of each subinterval.
 We determine the height of each rectangle by calculating [image: f(x_{i-1})] for [image: i=1,2,3,4,5,6].
 The intervals are [image: [0,0.5], \, [0.5,1], \, [1,1.5], \, [1.5,2], \, [2,2.5], \, [2.5,3]].
 We find the area of each rectangle by multiplying the height by the width.
 Then, the sum of the rectangular areas approximates the area between [image: f(x)] and the [image: x]-axis.
 When the left endpoints are used to calculate height, we have a left-endpoint approximation. Thus,
 [image: \begin{array}{ll} A \approx L_6 & =\displaystyle\sum_{i=1}^{6} f(x_{i-1})\Delta x=f(x_0)\Delta x+f(x_1)\Delta x+f(x_2)\Delta x+f(x_3)\Delta x+f(x_4)\Delta x+f(x_5)\Delta x \\ & =f(0)0.5+f(0.5)0.5+f(1)0.5+f(1.5)0.5+f(2)0.5+f(2.5)0.5 \\ & =(0)0.5+(0.125)0.5+(0.5)0.5+(1.125)0.5+(2)0.5+(3.125)0.5 \\ & =0+0.0625+0.25+0.5625+1+1.5625 \\ & =3.4375 \end{array}] 
 In Figure 4(b), we draw vertical lines perpendicular to [image: x_i] such that [image: x_i] is the right endpoint of each subinterval, and calculate [image: f(x_i)] for [image: i=1,2,3,4,5,6].
 We multiply each [image: f(x_i)] by [image: \Delta x] to find the rectangular areas, and then add them. This is a right-endpoint approximation of the area under [image: f(x)]. Thus,
 [image: \begin{array}{ll} A \approx R_6 & =\displaystyle\sum_{i=1}^{6} f(x_i)\Delta x=f(x_1)\Delta x+f(x_2)\Delta x+f(x_3)\Delta x+f(x_4)\Delta x+f(x_5)\Delta x+f(x_6)\Delta x \\ & =f(0.5)0.5+f(1)0.5+f(1.5)0.5+f(2)0.5+f(2.5)0.5+f(3)0.5 \\ & =(0.125)0.5+(0.5)0.5+(1.125)0.5+(2)0.5+(3.125)0.5+(4.5)0.5 \\ & =0.0625+0.25+0.5625+1+1.5625+2.25 \\ & =5.6875 \end{array}]
  Use both left-endpoint and right-endpoint approximations to approximate the area under the curve of [image: f(x)=x^2] on the interval [image: [0,2]]; use [image: n=4].
 Show Solution 
 First, divide the interval [image: [0,2]] into [image: n] equal subintervals.
 Using [image: n=4, \, \Delta x=\frac{(2-0)}{4}=0.5]. This is the width of each rectangle.
 The intervals [image: [0,0.5], \, [0.5,1], \, [1,1.5], \, [1.5,2]] are shown in Figure 5.
 [image: A graph of the left-endpoint approximation of the area under the curve f(x) = x^2 from 0 to 2 with endpoints spaced .5 units apart. The heights of the rectangle are determined by the values of the function at their left endpoints.]Figure 5. The graph shows the left-endpoint approximation of the area under [image: f(x)=x^2] from 0 to 2. 
 Using a left-endpoint approximation, the heights are [image: f(0)=0, \, f(0.5)=0.25, \, f(1)=1, \, f(1.5)=2.25]. Then,
 [image: \begin{array}{ll} L_4 & =f(x_0)\Delta x+f(x_1)\Delta x+f(x_2)\Delta x+f(x_3)\Delta x \\ & =0(0.5)+0.25(0.5)+1(0.5)+2.25(0.5) \\ & =1.75 \end{array}]
 The right-endpoint approximation is shown in Figure 6. The intervals are the same, [image: \Delta x=0.5], but now use the right endpoint to calculate the height of the rectangles.
 [image: A graph of the right-endpoint approximation method of the area under the curve f(x) = x^2 from 0 to 2 with endpoints spaced .5 units apart. The heights of the rectangles are determined by the values of the function at the right endpoints.]Figure 6. The graph shows the right-endpoint approximation of the area under [image: f(x)=x^2] from 0 to 2. We have
 [image: \begin{array}{ll} R_4 & =f(x_1)\Delta x+f(x_2)\Delta x+f(x_3)\Delta x+f(x_4)\Delta x \\ & =0.25(0.5)+1(0.5)+2.25(0.5)+4(0.5) \\ & =3.75 \end{array}]
  
 
 The left-endpoint approximation is [image: 1.75]; the right-endpoint approximation is [image: 3.75].
 Watch the following video to see the worked solution to this example.
 https://youtube.com/watch?v=qx-gvr8k8SY%3Fcontrols%3D0%26start%3D570%26end%3D820%26autoplay%3D0For closed captioning, open the video on its original page by clicking the Youtube logo in the lower right-hand corner of the video display. In YouTube, the video will begin at the same starting point as this clip, but will continue playing until the very end.
 You can view the transcript for this segmented clip of “5.1 Approximating Areas” here (opens in new window).
  
  Sketch left-endpoint and right-endpoint approximations for [image: f(x)=\frac{1}{x}] on [image: [1,2]]; use [image: n=4]. Approximate the area using both methods.
 Show Solution 
 The left-endpoint approximation is [image: 0.7595]. The right-endpoint approximation is [image: 0.6345]. See the graphs below.
 [image: Two graphs side by side showing the left-endpoint approximation ad right-endpoint approximation of the area under the curve f(x) = 1/x from 1 to 2 with endpoints spaced evenly at .25 units. The heights of the left-endpoint approximation one are determined by the values of the function at the left endpoints, and the height of the right-endpoint approximation one are determined by the values of the function at the right endpoints.]Figure 7.  
  Looking at Figure 4 and the graphs in the previous example, we can see that when we use a small number of intervals, neither the left-endpoint approximation nor the right-endpoint approximation is a particularly accurate estimate of the area under the curve.
 However, it seems logical that if we increase the number of points in our partition, our estimate of [image: A] will improve. We will have more rectangles, but each rectangle will be thinner, so we will be able to fit the rectangles to the curve more precisely.
 We can demonstrate the improved approximation obtained through smaller intervals with an example.
 Let’s explore the idea of increasing [image: n], first in a left-endpoint approximation with four rectangles, then eight rectangles, and finally [image: 32] rectangles. Then, let’s do the same thing in a right-endpoint approximation, using the same sets of intervals, of the same curved region.
 Figure 8 shows the area of the region under the curve [image: f(x)=(x-1)^3+4] on the interval [image: [0,2]] using a left-endpoint approximation where [image: n=4].
 [image: A graph of the left-endpoint approximation of the area under the given curve from a = x0 to b=x4. The heights of the rectangles are determined by the values of the function at the left endpoints.]Figure 8. With a left-endpoint approximation and dividing the region from a to b into four equal intervals, the area under the curve is approximately equal to the sum of the areas of the rectangles. The width of each rectangle is
 [image: \Delta x=\frac{2-0}{4}=\frac{1}{2}]
 The area is approximated by the summed areas of the rectangles, or
 [image: \begin{array}{ll} L_4 & =f(0)(0.5)+f(0.5)(0.5)+f(1)(0.5)+f(1.5)0.5 \\ & =7.5 \end{array}]
  
 
 Figure 9 shows the same curve divided into eight subintervals.
 [image: A graph showing the left-endpoint approximation for the area under the given curve from a=x0 to b = x8. The heights of the rectangles are determined by the values of the function at the left endpoints.]Figure 9. The region under the curve is divided into [image: n=8] rectangular areas of equal width for a left-endpoint approximation. Comparing the graph with four rectangles in Figure 8 with this graph with eight rectangles, we can see there appears to be less white space under the curve when [image: n=8]. This white space is area under the curve we are unable to include using our approximation.
 The area of the rectangles is
 [image: \begin{array}{ll} L_8 & =f(0)(0.25)+f(0.25)(0.25)+f(0.5)(0.25)+f(0.75)(0.25) \\ & +f(1)(0.25)+f(1.25)(0.25)+f(1.5)(0.25)+f(1.75)(0.25) \\ & =7.75 \end{array}]
  
 
 The graph in Figure 10 shows the same function with 32 rectangles inscribed under the curve.
 [image: A graph of the left-endpoint approximation of the area under the given curve from a = x0 to b = x32. The heights of the rectangles are determined by the values of the function at the left endpoints.]Figure 10. Here, 32 rectangles are inscribed under the curve for a left-endpoint approximation. There appears to be little white space left. The area occupied by the rectangles is
 [image: \begin{array}{ll} L_{32} & =f(0)(0.0625)+f(0.0625)(0.0625)+f(0.125)(0.0625)+\cdots+f(1.9375)(0.0625) \\ & =7.9375 \end{array}]
  
 
 We can carry out a similar process for the right-endpoint approximation method. A right-endpoint approximation of the same curve, using four rectangles (Figure 11), yields an area
 [image: \begin{array}{ll} R_4 & =f(0.5)(0.5)+f(1)(0.5)+f(1.5)(0.5)+f(2)(0.5) \\ & =8.5 \end{array}]
  
 [image: A graph of the right-endpoint approximation for the area under the given curve from x0 to x4. The heights of the rectangles are determined by the values of the function at the right endpoints.]Figure 11. Now we divide the area under the curve into four equal subintervals for a right-endpoint approximation. 
 Dividing the region over the interval [image: [0,2]] into eight rectangles results in [image: \Delta x=\frac{2-0}{8}=0.25]. The graph is shown in Figure 12. The area is
 [image: \begin{array}{ll} R_8 & =f(0.25)(0.25)+f(0.5)(0.25)+f(0.75)(0.25)+f(1)(0.25) \\ & +f(1.25)(0.25)+f(1.5)(0.25)+f(1.75)(0.25)+f(2)(0.25) \\ & =8.25 \end{array}]
  
 [image: A graph of the right-endpoint approximation for the area under the given curve from a=x0 to b=x8.The heights of the rectangles are determined by the values of the function at the right endpoints.]Figure 12. Here we use right-endpoint approximation for a region divided into eight equal subintervals. 
 Last, the right-endpoint approximation with [image: n=32] is close to the actual area (Figure 13). The area is approximately
 [image: \begin{array}{ll} R_{32} & =f(0.0625)(0.0625)+f(0.125)(0.0625)+f(0.1875)(0.0625)+\cdots+f(2)(0.0625) \\ & =8.0625 \end{array}]
  
 [image: A graph of the right-endpoint approximation for the area under the given curve from a=x0 to b=x32. The heights of the rectangles are determined by the values of the function at the right endpoints.]Figure 13. The region is divided into 32 equal subintervals for a right-endpoint approximation. 
 Based on these figures and calculations, it appears we are on the right track; the rectangles appear to approximate the area under the curve better as [image: n] gets larger.
 Furthermore, as [image: n] increases, both the left-endpoint and right-endpoint approximations appear to approach an area of [image: 8] square units.
 The table below shows a numerical comparison of the left- and right-endpoint methods. 
 Converging Values of Left- and Right-Endpoint Approximations as [image: n] Increases 	Values of [image: n] 	Approximate Area [image: L_n] 	Approximate Area [image: R_n] 
  	[image: n=4] 	[image: 7.5] 	[image: 8.5] 
 	[image: n=8] 	[image: 7.75] 	[image: 8.25] 
 	[image: n=32] 	[image: 7.94] 	[image: 8.06] 
  
  The idea that the approximations of the area under the curve get better and better as [image: n] gets larger and larger is very important, and we now explore this idea in more detail.
  [ohm_question hide_question_numbers=1]219940[/ohm_question]
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		Approximating Areas: Learn It 3

								

	
				Riemann Sums
 So far we have been using rectangles to approximate the area under a curve. We’ve determined the heights of these rectangles by evaluating the function at either the right or left endpoints of each subinterval [image: [x_{i-1},x_i]].
 However, we do not have to restrict the evaluation to just these points. We can evaluate the function at any point [image: x_i^*] within the subinterval [image: [x_{i-1},x_i]], and use [image: f(x_i^*)] as the height of our rectangle. This gives us an estimate for the area of the form:
 [image: A \approx \displaystyle\sum_{i=1}^{n} f(x_i^*)\Delta x].
 A sum of this form is called a Riemann sum, named after the 19th-century mathematician Bernhard Riemann.
 Riemann sum
 Let [image: f(x)] be defined on a closed interval [image: [a,b]] and let [image: P] be a regular partition of [image: [a,b]]. Let [image: \Delta x] be the width of each subinterval [image: [x_{i-1},x_i]] and for each [image: i], let [image: x_i^*] be any point in [image: [x_{i-1},x_i]].

  
 A Riemann sum is defined for [image: f(x)] as
 [image: \displaystyle\sum_{i=1}^{n} f(x_i^*)\Delta x].
  When using left- and right-endpoint approximations, our estimates improve as we increase the number of subintervals [image: n]. The same idea applies to Riemann sums: the more subintervals we use, the better our approximation. Now, let’s define the area under a curve using Riemann sums.
 area under a curve using Riemann sums
 Let [image: f(x)] be a continuous, nonnegative function on an interval [image: [a,b]], and let [image: \displaystyle\sum_{i=1}^{n} f(x_i^*)\Delta x] be a Riemann sum for [image: f(x)].

  
 Then, the area under the curve [image: y=f(x)] on [image: [a,b]] is given by
 [image: A=\underset{n\to \infty }{\lim}\displaystyle\sum_{i=1}^{n} f(x_i^*)\Delta x].
  Taking the limit of a sum is a bit different from taking the limit of a function [image: f(x)] as [image: x] goes to infinity. We discuss limits of sums in more detail in the chapter on Sequences and Series in Calculus 2. For now, assume that the techniques we use to compute limits of functions also apply to sums.
 We must also consider what happens if our sum converges to different limits for different choices of [image: x_i^*]. If [image: f(x)] is continuous on [image: [a,b]], the limit:
 [image: \underset{n\to \infty }{\lim}\displaystyle\sum_{i=1}^{n} f(x_i^*)\Delta x]
 is unique and does not depend on the choice of [image: x_i^*].
 Before we dive into examples, let’s discuss some specific choices for [image: x_i^*]. Any choice for [image: x_i^*] gives us an estimate of the area under the curve, but we might want to know if our estimate is too high or too low. We can choose [image: x_i^*] to guarantee one result or the other.
 	Overestimate: Choose [image: x_i^*] so that [image: f(x_i^*)] is the maximum value on [image: [x_{i-1},x_i]]. This makes our Riemann sum an upper sum.
 	Underestimate: Choose [image: x_i^*] so that [image: f(x_i^*)] is the minimum value on [image: [x_{i-1},x_i]]. This makes our Riemann sum a lower sum.
 
 	If a function is increasing over an interval, using the right endpoints for the upper sum and the left endpoints for the lower sum gives us a good estimate.
 	If a function is decreasing, using the left endpoints for the upper sum and the right endpoints for the lower sum is effective.
 
  Find a lower sum for [image: f(x)=10-x^2] on [image: [1,2]]; use [image: n=4] subintervals.
 Show Solution With [image: n=4] over the interval [image: [1,2], \, \Delta x=\frac{1}{4}]. We can list the intervals as [image: [1,1.25], \, [1.25,1.5], \, [1.5,1.75], \, [1.75,2]]. Because the function is decreasing over the interval [image: [1,2]], (Figure 14) shows that a lower sum is obtained by using the right endpoints.
 [image: The graph of f(x) = 10 − x^2 from 0 to 2. It is set up for a right-end approximation of the area bounded by the curve and the x axis on [1, 2], labeled a=x0 to x4. It shows a lower sum.]Figure 14. The graph of [image: f(x)=10-x^2] is set up for a right-endpoint approximation of the area bounded by the curve and the x-axis on [image: [1,2]], and it shows a lower sum. The Riemann sum is
 [image: \begin{array}{ll}\displaystyle\sum_{k=1}^{4} (10-x^2)(0.25)& =0.25[10-(1.25)^2+10-(1.5)^2+10-(1.75)^2+10-(2)^2] \\ & =0.25[8.4375+7.75+6.9375+6] \\ & =7.28 \end{array}]
  
 The area of [image: 7.28] is a lower sum and an underestimate.
 Watch the following video to see the worked solution to this example.
 https://youtube.com/watch?v=qx-gvr8k8SY%3Fcontrols%3D0%26start%3D825%26end%3D1020%26autoplay%3D0For closed captioning, open the video on its original page by clicking the Youtube logo in the lower right-hand corner of the video display. In YouTube, the video will begin at the same starting point as this clip, but will continue playing until the very end.
 You can view the transcript for this segmented clip of “5.1 Approximating Areas” here (opens in new window).
   	Find an upper sum for [image: f(x)=10-x^2] on [image: [1,2]]; let [image: n=4].
 	Sketch the approximation.
 
 Hint 
 [image: f(x)] is decreasing on [image: [1,2]], so the maximum function values occur at the left endpoints of the subintervals.
  Show Solution 
 	Upper sum [image: =8.0313].
 	[image: A graph of the function f(x) = 10 − x^2 from 0 to 2. It is set up for a right endpoint approximation over the area [1,2], which is labeled a=x0 to x4. It is an upper sum.]Figure 15. 
 
 
  
 [ohm_question hide_question_numbers=1]210547[/ohm_question]
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		Approximating Areas: Apply It

								

	
				 	Estimate the area under a curve by adding up the areas of rectangles
 	Estimate the area under a curve using Riemann sums
 
  Exploring Area Under Curves with Riemann Sums
 In this apply-it task, we’ll dive into the concept of Riemann sums and their application in approximating the area under curves. We’ll explore how different choices of evaluation points affect our estimates and how increasing the number of subintervals improves our approximation. This exercise will help you understand the foundation of integral calculus and its connection to finding areas of complex shapes.
 [ohm_question hide_question_numbers=1]288324[/ohm_question]
  [ohm_question hide_question_numbers=1]288325[/ohm_question]
  [ohm_question hide_question_numbers=1]288326[/ohm_question]
  [ohm_question hide_question_numbers=1]288327[/ohm_question]
  [ohm_question hide_question_numbers=1]288328[/ohm_question]
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		The Definite Integral: Learn It 1

								

	
				 	Recognize the parts of an integral and when it can be used
 	Explain how definite integrals relate to the net area under a curve and use geometry to evaluate them
 	Determine the average value of a function
 
  Defining and Evaluating Definite Integrals
 In the preceding section we defined the area under a curve in terms of Riemann sums:
 [image: A=\underset{n\to \infty }{\lim} \displaystyle\sum_{i=1}^{n} f(x_i^*)\Delta x].
 However, this definition came with restrictions. We required [image: f(x)] to be continuous and nonnegative. Unfortunately, real-world problems don’t always meet these restrictions. In this section, we look at how to apply the concept of the area under the curve to a broader set of functions through the use of the definite integral.
 Definition and Notation
 The definite integral generalizes the concept of the area under a curve. We relax the requirement that [image: f(x)] be continuous and nonnegative and define the definite integral as follows.
 definite integral
 If [image: f(x)] is a function defined on an interval [image: [a,b]], the definite integral of [image: f] from [image: a] to [image: b] is given by

 [image: \displaystyle\int_a^b f(x) dx=\underset{n\to \infty }{\lim} \displaystyle\sum_{i=1}^{n} f(x_i^*)\Delta x],
 provided the limit exists.
  
 If this limit exists, the function [image: f(x)] is said to be integrable on [image: [a,b]], or is an integrable function.
  The integral symbol in the previous definition should look familiar. We have seen similar notation in the chapter on Applications of Derivatives, where we used the indefinite integral symbol (without the [image: a] and [image: b] above and below) to represent an antiderivative.
  Although the notation for indefinite integrals may look similar to the notation for a definite integral, they are not the same.
 A definite integral is a number. An indefinite integral is a family of functions.
 Later in this chapter we examine how these concepts are related. However, close attention should always be paid to notation so we know whether we’re working with a definite integral or an indefinite integral.
 Integral notation goes back to the late seventeenth century and is one of the contributions of Gottfried Wilhelm Leibniz, who is often considered to be the codiscoverer of calculus, along with Isaac Newton.
  The integration symbol [image: \displaystyle\int] is an elongated S, suggesting sigma or summation. On a definite integral, the bounds [image: a] and [image: b] are the limits of integration, specifying the interval [image: [a,b]]; specifically, [image: a] is the lower limit and [image: b] is the upper limit.
 To clarify, we are using the word limit in two different ways in the context of the definite integral. First, we talk about the limit of a sum as [image: n\to \infty]. Second, the boundaries of the region are called the limits of integration.
  We call the function [image: f(x)] the integrand, and the [image: dx] indicates that [image: f(x)] is a function with respect to [image: x], called the variable of integration. Note that, like the index in a sum, the variable of integration is a dummy variable, and has no impact on the computation of the integral. We could use any variable we like as the variable of integration:
 [image: \displaystyle\int_a^b f(x) dx=\displaystyle\int_a^b f(t) dt=\displaystyle\int_a^b f(u) du]
 Previously, we discussed the fact that if [image: f(x)] is continuous on [image: [a,b]], then the limit
 [image: \underset{n\to \infty }{\lim} \displaystyle\sum_{i=1}^{n} f(x_i^*)\Delta x]
 exists and is unique. 
 integrability of continuous functions
 If [image: f(x)] is continuous on [image: [a,b]], then [image: f] is integrable on [image: [a,b]].
  Functions that are not continuous on [image: [a,b]] may still be integrable, depending on the nature of the discontinuities. For example, functions with a finite number of jump discontinuities on a closed interval are integrable.
 It is also worth noting here that we have retained the use of a regular partition in the Riemann sums. This restriction is not strictly necessary.
 Any partition can be used to form a Riemann sum. However, if a nonregular partition is used to define the definite integral, it is not sufficient to take the limit as the number of subintervals goes to infinity. Instead, we must take the limit as the width of the largest subinterval goes to zero.
 This introduces a little more complex notation in our limits and makes the calculations more difficult without really gaining much additional insight, so we stick with regular partitions for the Riemann sums.
 Use the definition of the definite integral to evaluate [image: \displaystyle\int_0^2 x^2 dx]. Use a right-endpoint approximation to generate the Riemann sum.
 
 Show Solution We first want to set up a Riemann sum.
 Based on the limits of integration, we have [image: a=0] and [image: b=2]. For [image: i=0,1,2, \cdots ,n], let [image: P=\{x_i\}] be a regular partition of [image: [0,2]]. Then,
 [image: \Delta x=\frac{b-a}{n}=\frac{2}{n}].
 Since we are using a right-endpoint approximation to generate Riemann sums, for each [image: i], we need to calculate the function value at the right endpoint of the interval [image: [x_{i-1},x_i]].
 The right endpoint of the interval is [image: x_i], and since [image: P] is a regular partition,
 [image: x_i=x_0+i \Delta x=0+i(\frac{2}{n})=\frac{2i}{n}].
 Thus, the function value at the right endpoint of the interval is,
  
 [image: f(x_i)=x_i^2=(\frac{2i}{n})^2=\frac{4i^2}{n^2}].
 Then the Riemann sum takes the form,
 [image: \displaystyle\sum_{i=1}^{n} f(x_i)\Delta x=\displaystyle\sum_{i=1}^{n} (\frac{4i^2}{n^2})\frac{2}{n}=\displaystyle\sum_{i=1}^{n} \frac{8i^2}{n^3}=\frac{8}{n^3}\displaystyle\sum_{i=1}^{n} i^2].
 Using the summation formula for [image: \displaystyle\sum_{i=1}^{n} i^2], we have,
 [image: \begin{array}{ll} \displaystyle\sum_{i=1}^{n} f(x_i)\Delta x & =\frac{8}{n^3}\displaystyle\sum_{i=1}^{n} i^2 \\ & =\frac{8}{n^3}\left[\frac{n(n+1)(2n+1)}{6}\right] \\ & =\frac{8}{n^3}\left[\frac{2n^3+3n^2+n}{6}\right] \\ & =\frac{16n^3+24n^2+n}{6n^3} \\ & =\frac{8}{3}+\frac{4}{n}+\frac{1}{6n^2} \end{array}]
 Now, to calculate the definite integral, we need to take the limit as [image: n\to \infty]. We get,
 [image: \begin{array}{ll} \displaystyle\int_0^2 x^2 dx & =\underset{n\to \infty }{\lim} \displaystyle\sum_{i=1}^{n} f(x_i)\Delta x \\ & =\underset{n\to \infty }{\lim}\left(\frac{8}{3}+\frac{4}{n}+\frac{1}{6n^2}\right) \\ & =\underset{n\to \infty }{\lim}\left(\frac{8}{3}\right)+\underset{n\to \infty }{\lim}\left(\frac{4}{n}\right)+\underset{n\to \infty }{\lim}\left(\frac{1}{6n^2}\right) \\ & =\frac{8}{3}+0+0=\frac{8}{3} \end{array}]
   Evaluating Definite Integrals
 Evaluating definite integrals using Riemann sums can be quite tedious due to the complexity of the calculations. Later in this chapter, we will learn techniques for evaluating definite integrals without taking the limits of Riemann sums.
 For now, we can rely on the fact that definite integrals represent the area under the curve. We can evaluate definite integrals by using geometric formulas to calculate that area. This helps us confirm that definite integrals do indeed represent areas, and we can then discuss how to handle cases where the curve of a function drops below the [image: x]-axis.
 Use the formula for the area of a circle to evaluate [image: \displaystyle\int_3^6 \sqrt{9-(x-3)^2} dx].
 Show Solution 
 The function describes a semicircle with radius [image: 3]. To find
 [image: \displaystyle\int_3^6 \sqrt{9-(x-3)^2} dx],
  
 we want to find the area under the curve over the interval [image: [3,6]]. The formula for the area of a circle is [image: A=\pi r^2]. The area of a semicircle is just one-half the area of a circle, or [image: A=(\frac{1}{2})\pi r^2]. The shaded area in Figure 1 covers one-half of the semicircle, or [image: A=(\frac{1}{4})\pi r^2]. Thus,
 [image: \begin{array}{ll} \displaystyle\int_3^6 \sqrt{9-(x-3)^2} & =\frac{1}{4}\pi (3)^2 \\ & =\frac{9}{4}\pi \\ & \approx 7.069. \end{array}]
  
  
 [image: A graph of a semi circle in quadrant one over the interval [0,6] with center at (3,0). The area under the curve over the interval [3,6] is shaded in blue.]Figure 1. The value of the integral of the function [image: f(x)] over the interval [image: [3,6]] is the area of the shaded region. 
 Watch the following video to see the worked solution to this example.
 https://youtube.com/watch?v=tto0E7yOSLo%3Fcontrols%3D0%26end%3D689%26autoplay%3D0
 For closed captioning, open the video on its original page by clicking the Youtube logo in the lower right-hand corner of the video display. In YouTube, the video will begin at the same starting point as this clip, but will continue playing until the very end.
 You can view the transcript for this segmented clip of “5.2 The Definite Integral” here (opens in new window).
   Use the formula for the area of a trapezoid to evaluate [image: \displaystyle\int_2^4 (2x+3) dx].
 Hint 
 Graph the function [image: f(x)] and calculate the area under the function on the interval [image: [2,4]].
  Show Solution 
 [image: 18] square units
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		The Definite Integral: Learn It 2

								

	
				Area and the Definite Integral
 When we defined the definite integral, we lifted the requirement that [image: f(x)] be nonnegative. But how do we interpret “the area under the curve” when [image: f(x)] is negative?
 Net Signed Area
 Let us return to the Riemann sum.
 Consider, for example, the function [image: f(x)=2-2x^2] (shown in Figure 2) on the interval [image: [0,2]]. Use [image: n=8] and choose [image: x_i^*] as the left endpoint of each interval. Construct a rectangle on each subinterval of height [image: f(x_i^*)] and width [image: \Delta x].
 [image: A graph of a downward opening parabola over [-1, 2] with vertex at (0,2) and x-intercepts at (-1,0) and (1,0). Eight rectangles are drawn evenly over [0,2] with heights determined by the value of the function at the left endpoints of each.]Figure 2. For a function that is partly negative, the Riemann sum is the area of the rectangles above the [image: x]-axis minus the area of the rectangles below the [image: x]-axis. When [image: f(x_i^*)] is positive, the product [image: f(x_i^*) \Delta x] represents the area of the rectangle, as before. When [image: f(x_i^*)] is negative, however, the product [image: f(x_i^*) \Delta x] represents the negative of the area of the rectangle.
 The Riemann sum then becomes
 [image: \displaystyle\sum_{i=1}^{8}f(x_i^*) \Delta x =] (Area of rectangles above the [image: x]-axis) [image: -] (Area of rectangles below the [image: x]-axis)
  
 
 Taking the limit as [image: n\to \infty], the Riemann sum approaches the area between the curve above the [image: x]-axis and the [image: x]-axis, minus the area between the curve below the [image: x]-axis and the [image: x]-axis, as shown in Figure 3.
 [image: A graph of a downward opening parabola over [-2, 2] with vertex at (0,2) and x-intercepts at (-1,0) and (1,0). The area in quadrant one under the curve is shaded blue and labeled A1. The area in quadrant four above the curve and to the left of x=2 is shaded blue and labeled A2.]Figure 3. In the limit, the definite integral equals area [image: A_1] minus area [image: A_2], or the net signed area. Then,
 [image: \begin{array}{ll} \displaystyle\int_0^2 f(x) dx & =\underset{n\to \infty}{\lim} \displaystyle\sum_{i=1}^{n} f(c_i) \Delta x \\ & =A_1-A_2 \end{array}]
 The quantity [image: A_1-A_2] is called the net signed area.
 Notice that net signed area can be positive, negative, or zero. If the area above the [image: x]-axis is larger, the net signed area is positive. If the area below the [image: x]-axis is larger, the net signed area is negative. If the areas above and below the [image: x]-axis are equal, the net signed area is zero.
  Find the net signed area between the curve of the function [image: f(x)=2x] and the [image: x]-axis over the interval [image: [-3,3]].
 Show Solution 
 The function produces a straight line that forms two triangles: one from [image: x=-3] to [image: x=0] and the other from [image: x=0] to [image: x=3] (Figure 4). Using the geometric formula for the area of a triangle, [image: A=\frac{1}{2}bh], the area of triangle [image: A_1], above the axis, is
 [image: A_1=\frac{1}{2}3(6)=9],
 where [image: 3] is the base and [image: 2(3)=6] is the height. The area of triangle [image: A_2], below the axis, is
 [image: A_2=\frac{1}{2}(3)(6)=9],
 where [image: 3] is the base and [image: 6] is the height. Thus, the net area is
 [image: \displaystyle\int_{-3}^3 2x dx=A_1-A_2=9-9=0].
 [image: A graph of an increasing line over [-6, 6] going through the origin and (-3, -6) and (3,6). The area under the line in quadrant one over [0,3] is shaded blue and labeled A1, and the area above the line in quadrant three over [-3,0] is shaded blue and labeled A2.]Figure 4. The area above the curve and below the [image: x]-axis equals the area below the curve and above the [image: x]-axis. 
 Analysis
 If [image: A_1] is the area above the [image: x]-axis and [image: A_2] is the area below the [image: x]-axis, then the net area is [image: A_1-A_2]. Since the areas of the two triangles are equal, the net area is zero.
 Watch the following video to see the worked solution to this example.
 https://youtube.com/watch?v=tto0E7yOSLo%3Fcontrols%3D0%26start%3D520%26end%3D689%26autoplay%3D0
 For closed captioning, open the video on its original page by clicking the Youtube logo in the lower right-hand corner of the video display. In YouTube, the video will begin at the same starting point as this clip, but will continue playing until the very end.
 You can view the transcript for this segmented clip of “5.2 The Definite Integral” here (opens in new window).
   Total Area
 One application of the definite integral is finding displacement when given a velocity function. If [image: v(t)] represents the velocity of an object as a function of time, then the area under the curve tells us how far the object is from its original position.
 This is a very important application of the definite integral, and we examine it in more detail later in the chapter. For now, we’re just going to look at some basics to get a feel for how this works by studying constant velocities.
 When velocity is a constant, the area under the curve is just velocity times time. This idea is already very familiar.
 If a car travels away from its starting position in a straight line at a speed of [image: 70] mph for [image: 2] hours, then it is [image: 140] mi away from its original position (Figure 6). Using integral notation, we have
 [image: \displaystyle\int_0^2 70 dt=140]
 [image: A graph in quadrant 1 with the x-axis labeled as t (hours) and y-axis labeled as v (mi/hr). The area under the line v(t) = 75 is shaded blue over [0,2].]Figure 6. The area under the curve [image: v(t)=75] tells us how far the car is from its starting point at a given time. 
 In the context of displacement, net signed area allows us to take direction into account.
 If a car travels straight north at a speed of [image: 60] mph for [image: 2] hours, it is [image: 120] mi north of its starting position. If the car then turns around and travels south at a speed of [image: 40] mph for [image: 3] hours, it will be back at it starting position (Figure 7).
 [image: A graph in quadrants one and four with the x-axis labeled as t (hours) and the y axis labeled as v (mi/hr). The first part of the graph is the line v(t) = 60 over [0,2], and the area under the line in quadrant one is shaded. The second part of the graph is the line v(t) = -40 over [2,5], and the area above the line in quadrant four is shaded.]Figure 7. The area above the axis and the area below the axis are equal, so the net signed area is zero. Again, using integral notation, we have
 [image: \begin{array}{ll} \displaystyle\int_0^2 60 dt + \displaystyle\int_2^5 -40 dt & =120-120 \\ & =0 \end{array}]
 In this case the displacement is zero. 
 Suppose we want to know how far the car travels overall, regardless of direction. In this case, we want to know the area between the curve and the [image: x]-axis, regardless of whether that area is above or below the axis. This is called the total area.
 Graphically, it is easiest to think of calculating total area by adding the areas above the axis and the areas below the axis (rather than subtracting the areas below the axis, as we did with net signed area).
 To accomplish this mathematically, we use the absolute value function. Thus, the total distance traveled by the car is
 [image: \begin{array}{ll} \displaystyle\int_0^2 |60| dt + \displaystyle\int_2^5 |-40| dt & = \displaystyle\int_0^2 60 dt + \displaystyle\int_2^5 40 dt \\ & =120+120 \\ & =240 \end{array}]
  Bringing these ideas together formally, we state the following definitions.
 net signed area and total area
 Let [image: f(x)] be an integrable function defined on an interval [image: [a,b]]. Let [image: A_1] represent the area between [image: f(x)] and the [image: x]-axis that lies above the axis and let [image: A_2] represent the area between [image: f(x)] and the [image: x]-axis that lies below the axis.
  
 Then, the net signed area between [image: f(x)] and the [image: x]-axis is given by
 [image: \displaystyle\int_a^b f(x) dx = A_1-A_2]
  
 The total area between [image: f(x)] and the [image: x]-axis is given by
 [image: \displaystyle\int_a^b |f(x)| dx = A_1+A_2]
  Find the total area between [image: f(x)=x-2] and the [image: x]-axis over the interval [image: [0,6]].
 Show Solution 
 Calculate the [image: x]-intercept as [image: (2,0)] (set [image: y=0], solve for [image: x]). To find the total area, take the area below the [image: x]-axis over the subinterval [image: [0,2]] and add it to the area above the [image: x]-axis on the subinterval [image: [2,6]] (Figure 8).
 [image: A graph of a increasing line f(x) = x-2 going through the points (-2,-4), (0,2), (2,0), (4,2), and (6,4). The area under the line in quadrant one and to the left of the line x=6 is shaded and labeled A1. The area above the line in quadrant four is shaded and labeled A2.]Figure 8. The total area between the line and the [image: x]-axis over [image: [0,6]] is [image: A_2] plus [image: A_1]. We have
 [image: \displaystyle\int_0^6 |(x-2)| dx = A_2+A_1]
 Then, using the formula for the area of a triangle, we obtain
 [image: A_2=\frac{1}{2}bh=\frac{1}{2} \cdot 2 \cdot 2=2]
 [image: A_1=\frac{1}{2}bh=\frac{1}{2} \cdot 4 \cdot 4=8]
 The total area, then, is
 [image: A_1+A_2=8+2=10].
 Watch the following video to see the worked solution to this example.
 For closed captioning, open the video on its original page by clicking the Youtube logo in the lower right-hand corner of the video display. In YouTube, the video will begin at the same starting point as this clip, but will continue playing until the very end.
 You can view the transcript for this segmented clip of “5.2 The Definite Integral” here (opens in new window). 
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				Properties of the Definite Integral
 The properties of indefinite integrals apply to definite integrals as well. Definite integrals also have properties related to the limits of integration. These properties, along with the rules of integration that we examine later, help us manipulate expressions to evaluate definite integrals.
 Properties of the Definite Integral
 	[image: \displaystyle\int_a^a f(x) dx = 0]
 If the limits of integration are the same, the integral is just a line and contains no area.
 
 	[image: \displaystyle\int_b^a f(x) dx = −\displaystyle\int_a^b f(x) dx]
 If the limits are reversed, then place a negative sign in front of the integral.
 
 	[image: \displaystyle\int_a^b [f(x)+g(x)] dx = \displaystyle\int_a^b f(x) dx + \displaystyle\int_a^b g(x) dx]
 The integral of a sum is the sum of the integrals.
 
 	[image: \displaystyle\int_a^b [f(x)-g(x)] dx = \displaystyle\int_a^b f(x) dx - \displaystyle\int_a^b g(x) dx]
 The integral of a difference is the difference of the integrals.
 
 	[image: \displaystyle\int_a^b cf(x) dx= c \displaystyle\int_a^b f(x) dx]
 for constant [image: c]. The integral of the product of a constant and a function is equal to the constant multiplied by the integral of the function.
 
 	[image: \displaystyle\int_a^b f(x) dx = \displaystyle\int_a^c f(x) dx + \displaystyle\int_c^b f(x) dx]
 Although this formula normally applies when [image: c] is between [image: a] and [image: b], the formula holds for all values of [image: a], [image: b], and [image: c], provided [image: f(x)] is integrable on the largest interval.
 
 
  Use the properties of the definite integral to express the definite integral of [image: f(x)=-3x^3+2x+2] over the interval [image: [-2,1]] as the sum of three definite integrals.
 Show Solution 
 Using integral notation, we have [image: \displaystyle\int_{-2}^1 (-3x^3+2x+2) dx]. We apply properties 3 and 5 to get
 [image: \begin{array}{ll} \displaystyle\int_{-2}^1 (-3x^3+2x+2) dx & = \displaystyle\int_{-2}^1 -3x^3 dx + \displaystyle\int_{-2}^1 2x dx + \displaystyle\int_{-2}^1 2 dx \\ & =-3 \displaystyle\int_{-2}^1 x^3 dx + 2 \displaystyle\int_{-2}^1 x dx + \displaystyle\int_{-2}^1 2 dx \end{array}]
  If it is known that [image: \displaystyle\int_0^8 f(x) dx = 10] and [image: \displaystyle\int_0^5 f(x) dx = 5], find the value of [image: \displaystyle\int_5^8 f(x) dx].
 Show Solution 
 By property 6,
 [image: \displaystyle\int_a^b f(x) dx = \displaystyle\int_a^c f(x) dx + \displaystyle\int_c^b f(x) dx].
 Thus,
 [image: \begin{array}{lll} \displaystyle\int_0^8 f(x) dx & = & \displaystyle\int_0^5 f(x) dx + \displaystyle\int_5^8 f(x) dx \\ 10 & = & 5 + \displaystyle\int_5^8 f(x) dx \\ 5 & = & \displaystyle\int_5^8 f(x) dx \end{array}]
 Watch the following video to see the worked solution to this example.
 https://youtube.com/watch?v=tto0E7yOSLo%3Fcontrols%3D0%26start%3D1016%26end%3D1107%26autoplay%3D0
 For closed captioning, open the video on its original page by clicking the Youtube logo in the lower right-hand corner of the video display. In YouTube, the video will begin at the same starting point as this clip, but will continue playing until the very end.
 You can view the transcript for this segmented clip of “5.2 The Definite Integral” here (opens in new window). 
  Comparison Properties of Integrals
 A picture can sometimes tell us more about a function than the results of computations. Comparing functions by their graphs as well as by their algebraic expressions can often give new insight into the process of integration.
 Intuitively, we might say that if a function [image: f(x)] is above another function [image: g(x)], then the area between [image: f(x)] and the [image: x]-axis is greater than the area between [image: g(x)] and the [image: x]-axis. This is true depending on the interval over which the comparison is made. The properties of definite integrals are valid whether [image: a<b, \, a=b], or [image: a>b].
 The following properties, however, concern only the case [image: a \le b], and are used when we want to compare the sizes of integrals.
 Comparison Theorem
 	If [image: f(x) \ge 0] for [image: a \le x \le b], then [image: \displaystyle\int_a^b f(x) dx \ge 0].
 
 	If [image: f(x) \ge g(x)] for [image: a \le x \le b], then [image: \displaystyle\int_a^b f(x) dx \ge \displaystyle\int_a^b g(x) dx].
 
 	If [image: m] and [image: M] are constants such that [image: m \le f(x) \le M] for [image: a \le x \le b], then [image: m(b-a) \le \displaystyle\int_a^b f(x) dx \le M(b-a)].
 
 
  Compare [image: f(x)=\sqrt{1+x^2}] and [image: g(x)=\sqrt{1+x}] over the interval [image: [0,1]].
 Show Solution 
 Graphing these functions is necessary to understand how they compare over the interval [image: [0,1]].
 Initially, when graphed on a graphing calculator, [image: f(x)] appears to be above [image: g(x)] everywhere. However, on the interval [image: [0,1]], the graphs appear to be on top of each other. We need to zoom in to see that, on the interval [image: [0,1], \, g(x)] is above [image: f(x)].
 The two functions intersect at [image: x=0] and [image: x=1] (Figure 9).
 [image: A graph of the function f(x) = sqrt(1 + x^2) in red and g(x) = sqrt(1 + x) in blue over [-2, 3]. The function f(x) appears above g(x) except over the interval [0,1]. A second, zoomed-in graph shows this interval more clearly.]Figure 9. (a) The function [image: f(x)] appears above the function [image: g(x)] except over the interval [image: [0,1]] (b) Viewing the same graph with a greater zoom shows this more clearly. We can see from the graph that over the interval [image: [0,1], \, g(x) \ge f(x)].
 Comparing the integrals over the specified interval [image: [0,1]], we also see that [image: \displaystyle\int_0^1 g(x) dx \ge \displaystyle\int_0^1 f(x) dx] (Figure 10). The thin, red-shaded area shows just how much difference there is between these two integrals over the interval [image: [0,1]].
 [image: A graph showing the functions f(x) = sqrt(1 + x^2) and g(x) = sqrt(1 + x) over [-3, 3]. The area under g(x) in quadrant one over [0,1] is shaded. The area under g(x) and f(x) is included in this shaded area. The second, zoomed-in graph shows more clearly that equality between the functions only holds at the endpoints.]Figure 10. (a) The graph shows that over the interval [image: [0,1], \, g(x) \ge f(x)], where equality holds only at the endpoints of the interval. (b) Viewing the same graph with a greater zoom shows this more clearly. Watch the following video to see the worked solution to this example.
 https://youtube.com/watch?v=tto0E7yOSLo%3Fcontrols%3D0%26start%3D1240%26end%3D1411%26autoplay%3D0For closed captioning, open the video on its original page by clicking the Youtube logo in the lower right-hand corner of the video display. In YouTube, the video will begin at the same starting point as this clip, but will continue playing until the very end.
 You can view the transcript for this segmented clip of “5.2 The Definite Integral” here (opens in new window).
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				Average Value of a Function
 We often need to find the average of a set of numbers, such as an average test grade.
 Suppose you received the following test scores in your algebra class: [image: 89, 90, 56, 78, 100], and [image: 69]. Your semester grade is your average of test scores and you want to know what grade to expect.
 We can find the average by adding all the scores and dividing by the number of scores. In this case, there are six test scores. Thus,
 [image: \dfrac{89+90+56+78+100+69}{6}=\dfrac{482}{6}\approx 80.33]
 Therefore, your average test grade is approximately [image: 80.33].
  Suppose, however, that we have a function [image: v(t)] that gives us the speed of an object at any time [image: t], and we want to find the object’s average speed. The function [image: v(t)] takes on an infinite number of values, so we can’t use the process just described. Fortunately, we can use a definite integral to find the average value of a function such as this.
 Let [image: f(x)] be continuous over the interval [image: [a,b]] and let [image: [a,b]] be divided into [image: n] subintervals of width [image: \Delta x=\frac{(b-a)}{n}]. Choose a representative [image: x_i^*] in each subinterval and calculate [image: f(x_i^*)] for [image: i=1,2, \cdots , n].
 In other words, consider each [image: f(x_i^*)] as a sampling of the function over each subinterval. The average value of the function may then be approximated as,
 [image: \dfrac{f(x_1^*)+f(x_2^*)+ \cdots +f(x_n^*)}{n}],
 which is basically the same expression used to calculate the average of discrete values.
 But we know [image: \Delta x=\frac{b-a}{n}], so [image: n=\frac{b-a}{\Delta x}], and we get,
 [image: \dfrac{f(x_1^*)+f(x_2^*)+ \cdots +f(x_n^*)}{n}=\dfrac{f(x_1^*)+f(x_2^*)+ \cdots +f(x_n^*)}{\dfrac{(b-a)}{\Delta x}}].
 Following through with the algebra, the numerator is a sum that is represented as [image: \displaystyle\sum_{i=1}^{n} f(x_i^*)], and we are dividing by a fraction. 
 To divide by a fraction, invert the denominator and multiply.
  Thus, an approximate value for the average value of the function is given by,
 [image: \begin{array}{ll}\frac{\displaystyle\sum_{i=1}^{n} f(x_i^*)}{\dfrac{\left(b-a\right)}{\Delta x}} & =\left(\dfrac{\Delta x}{b-a}\right)\displaystyle\sum_{i=1}^{n} f(x_i^*) \\ & =\left(\dfrac{1}{b-a}\right)\displaystyle\sum_{i=1}^{n} f(x_i^*) \Delta x \end{array}]
 This is a Riemann sum. To get the exact average value, take the limit as [image: n] goes to infinity. Thus, the average value of a function is given by,
 [image: \dfrac{1}{b-a}\underset{n\to \infty }{\lim}\displaystyle\sum_{i=1}^{n} f(x_i) \Delta x=\dfrac{1}{b-a} \displaystyle\int_a^b f(x) dx].
 average value of a function
 Let [image: f(x)] be continuous over the interval [image: [a,b]]. Then, the average value of the function [image: f(x)] (or [image: f_{\text{ave}}]) on [image: [a,b]] is given by,
 [image: f_{\text{ave}}=\dfrac{1}{b-a} \displaystyle\int_a^b f(x) dx].
  Find the average value of [image: f(x)=x+1] over the interval [image: [0,5]].
 Show Solution 
 First, graph the function on the stated interval, as shown in Figure 11.
 [image: A graph in quadrant one showing the shaded area under the function f(x) = x + 1 over [0,5].]Figure 11. The graph shows the area under the function [image: f(x)=x+1] over [image: [0,5]]. The region is a trapezoid lying on its side, so we can use the area formula for a trapezoid [image: A=\frac{1}{2}h(a+b)], where [image: h] represents height, and [image: a] and [image: b] represent the two parallel sides. Then,
 [image: \begin{array}{ll} \displaystyle\int_0^5 x+1 dx & =\frac{1}{2}h(a+b) \\ & =\frac{1}{2} \cdot 5 \cdot (1+6) \\ & =\frac{35}{2} \end{array}]
 Thus the average value of the function is
 [image: \frac{1}{5-0} \displaystyle\int_0^5 x+1 dx = \frac{1}{5} \cdot \frac{35}{2}=\frac{7}{2}.]
 Watch the following video to see the worked solution to Example: Finding the Average Value of a Linear Function.
 https://youtube.com/watch?v=tto0E7yOSLo%3Fcontrols%3D0%26start%3D1427%26end%3D1559%26autoplay%3D0For closed captioning, open the video on its original page by clicking the Youtube logo in the lower right-hand corner of the video display. In YouTube, the video will begin at the same starting point as this clip, but will continue playing until the very end.
 You can view the transcript for this segmented clip of “5.2 The Definite Integral” here (opens in new window). 
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				 	Recognize the parts of an integral and when it can be used
 	Explain how definite integrals relate to the net area under a curve and use geometry to evaluate them
 	Determine the average value of a function
 
  Exploring Definite Integrals: Properties, Comparisons, and Average Values
 In this apply-it task, we’ll dive into the fundamental properties of definite integrals, explore how to compare integrals, and calculate the average value of functions over given intervals. These concepts are crucial for understanding the behavior of functions and their integrals, and have wide-ranging applications in physics, engineering, and economics. Let’s put your knowledge to the test!
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				 	Understand the Mean Value Theorem for Integrals and both components of the Fundamental Theorem of Calculus
 	Use the Fundamental Theorem of Calculus to find derivatives of integral functions and calculate definite integrals
 	Describe how differentiation and integration are interconnected
 
  In the previous two sections, we looked at the definite integral and its relationship to the area under the curve of a function. Unfortunately, the only tools we have available to calculate the value of a definite integral are geometric area formulas and limits of Riemann sums, and both approaches are extremely cumbersome. In this section, we will look at more powerful and useful techniques for evaluating definite integrals.
 These new techniques rely on the relationship between differentiation and integration. This relationship was discovered and explored by both Sir Isaac Newton and Gottfried Wilhelm Leibniz (among others) during the late 1600s and early 1700s, and it is codified in what we now call the Fundamental Theorem of Calculus.
 Isaac Newton’s contributions to mathematics and physics changed the way we look at the world. The relationships he discovered, codified as Newton’s laws and the law of universal gravitation, are still taught as foundational material in physics today, and his calculus has spawned entire fields of mathematics. To learn more, read a brief biography of Newton with multimedia clips.
  The Mean Value Theorem for Integrals
 The Mean Value Theorem for Integrals states that a continuous function on a closed interval takes on its average value at the same point in that interval. The theorem guarantees that if [image: f(x)] is continuous, a point [image: c] exists in an interval [image: \left[a,b\right]] such that the value of the function at [image: c] is equal to the average value of [image: f(x)] over [image: \left[a,b\right].]
 We state this theorem mathematically with the help of the formula for the average value of a function that we presented at the end of the preceding section.
 the mean value theorem for integrals
 If [image: f(x)] is continuous over an interval [image: \left[a,b\right],] then there is at least one point [image: c\in \left[a,b\right]] such that
 [image: f(c)=\frac{1}{b-a}{\displaystyle\int }_{a}^{b}f(x)dx.]
 This formula can also be stated as
 [image: {\displaystyle\int }_{a}^{b}f(x)dx=f(c)(b-a).]
  Proof
 
 Since [image: f(x)] is continuous on [image: \left[a,b\right],] by the extreme value theorem, it assumes minimum and maximum values—[image: m] and M, respectively—on [image: \left[a,b\right].] Then, for all [image: x] in [image: \left[a,b\right],] we have [image: m\le f(x)\le M.] Therefore, by the comparison theorem, we have
 [image: m(b-a)\le {\displaystyle\int }_{a}^{b}f(x)dx\le M(b-a).]
 Dividing by [image: b-a] gives us
 [image: m\le \frac{1}{b-a}{\displaystyle\int }_{a}^{b}f(x)dx\le M.]
 Since [image: \frac{1}{b-a}{\displaystyle\int }_{a}^{b}f(x)dx] is a number between [image: m] and M, and since [image: f(x)] is continuous and assumes the values [image: m] and M over [image: \left[a,b\right],] by the Intermediate Value Theorem, there is a number [image: c] over [image: \left[a,b\right]] such that
 [image: f(c)=\dfrac{1}{b-a}{\displaystyle\int}_{a}^{b}f(x)dx,]
 and the proof is complete.
 [image: _\blacksquare]
  Find the average value of the function [image: f(x)=8-2x] over the interval [image: \left[0,4\right]] and find [image: c] such that [image: f(c)] equals the average value of the function over [image: \left[0,4\right].]
 Show Solution The formula states the mean value of [image: f(x)] is given by
 [image: \frac{1}{4-0}{\displaystyle\int }_{0}^{4}(8-2x)dx.]
 We can see in Figure 1 that the function represents a straight line and forms a right triangle bounded by the [image: x]– and [image: y]-axes. The area of the triangle is [image: A=\frac{1}{2}(\text{base})(\text{height}).] We have
 [image: A=\frac{1}{2}(4)(8)=16.]
 The average value is found by multiplying the area by [image: \frac{1}{(4-0)}.] Thus, the average value of the function is
 [image: \frac{1}{4}(16)=4.]
 Set the average value equal to [image: f(c)] and solve for [image: c].
 [image: \begin{array}{ccc}8-2c\hfill & =\hfill & 4\hfill \\ \hfill c& =\hfill & 2\hfill \end{array}]
 At [image: c=2,f(2)=4.]
 [image: The graph of a decreasing line f(x) = 8 – 2x over [-1,4.5]. The line y=4 is drawn over [0,4], which intersects with the line at (2,4). A line is drawn down from (2,4) to the x axis and from (4,4) to the y axis. The area under y=4 is shaded.]Figure 1. By the Mean Value Theorem, the continuous function [image: f(x)] takes on its average value at c at least once over a closed interval. Watch the following video to see the worked solution to this example.
 https://youtube.com/watch?v=UdsTNaiWmbs%3Fcontrols%3D0%26start%3D76%26end%3D215%26autoplay%3D0For closed captioning, open the video on its original page by clicking the Youtube logo in the lower right-hand corner of the video display. In YouTube, the video will begin at the same starting point as this clip, but will continue playing until the very end.
 You can view the transcript for this segmented clip of “5.3 The Fundamental Theorem of Calculus” here (opens in new window). 
  Given [image: {\displaystyle\int }_{0}^{3}{x}^{2}dx=9,] find [image: c] such that [image: f(c)] equals the average value of [image: f(x)={x}^{2}] over [image: \left[0,3\right].]
 Show Solution 
 We are looking for the value of [image: c] such that
 [image: f(c)=\frac{1}{3-0}{\displaystyle\int }_{0}^{3}{x}^{2}dx=\frac{1}{3}(9)=3.]
 Replacing [image: f(c)] with [image: c^2], we have
 [image: \begin{array}{ccc}{c}^{2}\hfill & =\hfill & 3\hfill \\ c\hfill & =\hfill & \text{±}\sqrt{3}.\hfill \end{array}]
 Since [image: \text{−}\sqrt{3}] is outside the interval, take only the positive value. Thus, [image: c=\sqrt{3}] (Figure 2).
 [image: A graph of the parabola f(x) = x^2 over [-2, 3]. The area under the curve and above the x axis is shaded, and the point (sqrt(3), 3) is marked.]Figure 2. Over the interval [image: \left[0,3\right],] the function [image: f(x)={x}^{2}] takes on its average value at [image: c=\sqrt{3}.] Watch the following video to see the worked solution to this example.https://youtube.com/watch?v=UdsTNaiWmbs%3Fcontrols%3D0%26start%3D218%26end%3D299%26autoplay%3D0
 For closed captioning, open the video on its original page by clicking the Youtube logo in the lower right-hand corner of the video display. In YouTube, the video will begin at the same starting point as this clip, but will continue playing until the very end.
 You can view the transcript for this segmented clip of “5.3 The Fundamental Theorem of Calculus” here (opens in new window). 
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		The Fundamental Theorem of Calculus: Learn It 2

								

	
				Fundamental Theorem of Calculus Part 1: Integrals and Antiderivatives
 As mentioned earlier, the Fundamental Theorem of Calculus is an extremely powerful theorem that establishes the relationship between differentiation and integration, and gives us a way to evaluate definite integrals without using Riemann sums or calculating areas.
 The theorem is comprised of two parts. The first part, which is stated here, establishes the relationship between differentiation and integration.
 Fundamental Theorem of Calculus, Part 1
 If [image: f(x)] is continuous over an interval [image: \left[a,b\right],] and the function [image: F(x)] is defined by
 [image: F(x)={\displaystyle\int }_{a}^{x}f(t)dt,]
 then [image: {F}^{\prime }(x)=f(x)] over [image: \left[a,b\right].]
  Before we look at the proof, let’s clarify a few points:
 	Notation: We define [image: F(x)] as the definite integral of [image: f(t)] from [image: a] to [image: x]. This might seem confusing because we’ve said a definite integral is a number. However, [image: F(x)] is a function that gives the value of the definite integral for each [image: x].
 
 	Implications: The Fundamental Theorem of Calculus is crucial because it shows that integration and differentiation are inverse processes. It guarantees that any continuous function [image: f(x)] has an antiderivative [image: F(x)].
 
 Proof
 
 Applying the definition of the derivative, we have
 [image: \begin{array}{}{F}^{\prime }(x)\hfill & =\underset{h\to 0}{\text{lim}}\dfrac{F(x+h)-F(x)}{h}\hfill \\ & =\underset{h\to 0}{\text{lim}}\dfrac{1}{h}\left[{\displaystyle\int }_{a}^{x+h}f(t)dt-{\displaystyle\int }_{a}^{x}f(t)dt\right]\hfill \\ & =\underset{h\to 0}{\text{lim}}\dfrac{1}{h}\left[{\displaystyle\int }_{a}^{x+h}f(t)dt+{\displaystyle\int }_{x}^{a}f(t)dt\right]\hfill \\ & =\underset{h\to 0}{\text{lim}}\dfrac{1}{h}{\displaystyle\int }_{x}^{x+h}f(t)dt.\hfill \end{array}]
 Looking carefully at this last expression, we see [image: \dfrac{1}{h}{\displaystyle\int }_{x}^{x+h}f(t)dt] is just the average value of the function [image: f(x)] over the interval [image: \left[x,x+h\right].] Therefore, by the mean value theorem for integrals, there is some number [image: c] in [image: \left[x,x+h\right]] such that
 [image: \dfrac{1}{h}{\displaystyle\int }_{x}^{x+h}f(x)dx=f(c).]
 In addition, since [image: c] is between [image: x] and [image: x+h], [image: c] approaches [image: x] as [image: h] approaches zero. Also, since [image: f(x)] is continuous, we have [image: \underset{h\to 0}{\text{lim}}f(c)=\underset{c\to x}{\text{lim}}f(c)=f(x).]
 Putting all these pieces together, we have
 [image: \begin{array}{}{F}^{\prime }(x)\hfill & =\underset{h\to 0}{\text{lim}}\frac{1}{h}{\displaystyle\int }_{x}^{x+h}f(x)dx\hfill \\ & =\underset{h\to 0}{\text{lim}}f(c)\hfill \\ & =f(x),\hfill \end{array}]
 and the proof is complete.
 [image: _\blacksquare]
  Use the first part of the Fundamental Theorem of Calculus to find the derivative of
 [image: g(x)={\displaystyle\int }_{1}^{x}\dfrac{1}{{t}^{3}+1}dt.]
 Show Solution 
 According to the Fundamental Theorem of Calculus, the derivative is given by
 [image: {g}^{\prime }(x)=\frac{1}{{x}^{3}+1}.]
  Let [image: F(x)={\displaystyle\int }_{1}^{\sqrt{x}} \sin tdt.] Find [image: {F}^{\prime }(x).]
 Show Solution 
 Letting [image: u(x)=\sqrt{x},] we have [image: F(x)={\displaystyle\int }_{1}^{u(x)} \sin tdt.] Thus, by the Fundamental Theorem of Calculus and the chain rule,
 [image: \begin{array}{}\\ {F}^{\prime }(x)\hfill & = \sin (u(x))\frac{du}{dx}\hfill \\ & = \sin (u(x))·(\frac{1}{2}{x}^{-1\text{/}2})\hfill \\ & =\frac{ \sin \sqrt{x}}{2\sqrt{x}}.\hfill \end{array}]
 
 
  Let [image: F(x)={\displaystyle\int }_{x}^{2x}{t}^{3}dt.] Find [image: {F}^{\prime }(x).]
 Show Solution 
 We have [image: F(x)={\displaystyle\int }_{x}^{2x}{t}^{3}dt.] Both limits of integration are variable, so we need to split this into two integrals. We get
 [image: \begin{array}{}\\ F(x)\hfill & ={\displaystyle\int }_{x}^{2x}{t}^{3}dt\hfill \\ & ={\displaystyle\int }_{x}^{0}{t}^{3}dt+{\displaystyle\int }_{0}^{2x}{t}^{3}dt\hfill \\ & =\text{−}{\displaystyle\int }_{0}^{x}{t}^{3}dt+{\displaystyle\int }_{0}^{2x}{t}^{3}dt.\hfill \end{array}]
 Differentiating the first term, we obtain
 [image: \frac{d}{dx}\left[\text{−}{\displaystyle\int }_{0}^{x}{t}^{3}dt\right]=\text{−}{x}^{3}.]
 Differentiating the second term, we first let [image: u(x)=2x.] Then,
 [image: \begin{array}{}\\ \frac{d}{dx}\left[{\displaystyle\int }_{0}^{2x}{t}^{3}dt\right]\hfill & =\frac{d}{dx}\left[{\displaystyle\int }_{0}^{u(x)}{t}^{3}dt\right]\hfill \\ & ={(u(x))}^{3}\frac{du}{dx}\hfill \\ & ={(2x)}^{3}·2\hfill \\ & =16{x}^{3}.\hfill \end{array}]
 Thus,
 [image: \begin{array}{}\\ \\ {F}^{\prime }(x)\hfill & =\frac{d}{dx}\left[\text{−}{\displaystyle\int }_{0}^{x}{t}^{3}dt\right]+\frac{d}{dx}\left[{\displaystyle\int }_{0}^{2x}{t}^{3}dt\right]\hfill \\ & =\text{−}{x}^{3}+16{x}^{3}\hfill \\ & =15{x}^{3}.\hfill \end{array}]
 Watch the following video to see the worked solution to this example.
 https://youtube.com/watch?v=UdsTNaiWmbs%3Fcontrols%3D0%26start%3D707%26end%3D831%26autoplay%3D0For closed captioning, open the video on its original page by clicking the Youtube logo in the lower right-hand corner of the video display. In YouTube, the video will begin at the same starting point as this clip, but will continue playing until the very end.
 You can view the transcript for this segmented clip of “5.3 The Fundamental Theorem of Calculus” here (opens in new window). 
 
  [ohm_question hide_question_numbers=1]288431[/ohm_question]
  [ohm_question hide_question_numbers=1]288432[/ohm_question]
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		The Fundamental Theorem of Calculus: Learn It 3

								

	
				Fundamental Theorem of Calculus, Part 2: The Evaluation Theorem
 The Fundamental Theorem of Calculus, Part 2, is perhaps the most important theorem in calculus. After tireless efforts by mathematicians for approximately 500 years, new techniques emerged that provided scientists with the necessary tools to explain many phenomena. Using calculus, astronomers could finally determine distances in space and map planetary orbits. Everyday financial problems such as calculating marginal costs or predicting total profit could now be handled with simplicity and accuracy. Engineers could calculate the bending strength of materials or the three-dimensional motion of objects. Our view of the world was forever changed with calculus.
 After finding approximate areas by adding the areas of [image: n] rectangles, the application of this theorem is straightforward by comparison. It almost seems too simple that the area of an entire curved region can be calculated by just evaluating an antiderivative at the first and last endpoints of an interval.
 The Fundamental Theorem of Calculus, Part 2
 If [image: f] is continuous over the interval [image: \left[a,b\right]] and [image: F(x)] is any antiderivative of [image: f(x),] then
 [image: {\displaystyle\int }_{a}^{b}f(x)dx=F(b)-F(a)]
  We often see the notation [image: {F(x)|}_{a}^{b}] to denote the expression [image: F(b)-F(a).]
 We use this vertical bar and associated limits [image: a] and [image: b] to indicate that we should evaluate the function [image: F(x)] at the upper limit (in this case, [image: b]), and subtract the value of the function [image: F(x)] evaluated at the lower limit (in this case, [image: a]).
  The Fundamental Theorem of Calculus, Part 2 (also known as the evaluation theorem) states that if we can find an antiderivative for the integrand, then we can evaluate the definite integral by evaluating the antiderivative at the endpoints of the interval and subtracting.
 Proof
 
 Let [image: P=\left\{{x}_{i}\right\},i=0,1\text{,…,}n] be a regular partition of [image: \left[a,b\right].] Then, we can write
 [image: \begin{array}{cc}F(b)-F(a)\hfill & =F({x}_{n})-F({x}_{0})\hfill \\ & =\left[F({x}_{n})-F({x}_{n-1})\right]+\left[F({x}_{n-1})-F({x}_{n-2})\right]+\text{…}+\left[F({x}_{1})-F({x}_{0})\right]\hfill \\ \\ & =\underset{i=1}{\overset{n}{\text{∑}}}\left[F({x}_{i})-F({x}_{i-1})\right].\hfill \end{array}]
 Now, we know F is an antiderivative of [image: f] over [image: \left[a,b\right],] so by the Mean Value Theorem for [image: i=0,1\text{,…,}n] we can find [image: {c}_{i}] in [image: \left[{x}_{i-1},{x}_{i}\right]] such that
 [image: F({x}_{i})-F({x}_{i-1})={F}^{\prime }({c}_{i})({x}_{i}-{x}_{i-1})=f({c}_{i})\text{Δ}x.]
 Then, substituting into the previous equation, we have
 [image: F(b)-F(a)=\underset{i=1}{\overset{n}{\text{∑}}}f({c}_{i})\text{Δ}x.]
 Taking the limit of both sides as [image: n\to \infty ,] we obtain
 [image: \begin{array}{}\\ \\ F(b)-F(a)\hfill & =\underset{n\to \infty }{\text{lim}}\underset{i=1}{\overset{n}{\text{∑}}}f({c}_{i})\text{Δ}x\hfill \\ & ={\displaystyle\int }_{a}^{b}f(x)dx.\hfill \end{array}]
 [image: _\blacksquare]
  Use the second part of the Fundamental Theorem of Calculus to evaluate
 [image: {\displaystyle\int }_{-2}^{2}({t}^{2}-4)dt.]
 Show Solution 
 Recall the power rule for antiderivatives:
 [image: \text{ If }y={x}^{n},\displaystyle\int {x}^{n}dx=\frac{{x}^{n+1}}{n+1}+C.]
 Use this rule to find the antiderivative of the function and then apply the theorem. We have
 [image: \begin{array}{cc}{\displaystyle\int }_{-2}^{2}({t}^{2}-4)dt\hfill & =\frac{{t}^{3}}{3}-{4t|}_{-2}^{2}\hfill \\ \\ \\ & =\left[\frac{{(2)}^{3}}{3}-4(2)\right]-\left[\frac{{(-2)}^{3}}{3}-4(-2)\right]\hfill \\ & =(\frac{8}{3}-8)-(-\frac{8}{3}+8)\hfill \\ & =\frac{8}{3}-8+\frac{8}{3}-8\hfill \\ & =\frac{16}{3}-16\hfill \\ & =-\frac{32}{3}.\hfill \end{array}]
 Analysis
 Notice that we did not include the “+ C” term when we wrote the antiderivative. The reason is that, according to the Fundamental Theorem of Calculus, Part 2, any antiderivative works. So, for convenience, we chose the antiderivative with [image: C=0.] If we had chosen another antiderivative, the constant term would have canceled out. This always happens when evaluating a definite integral.
 The region of the area we just calculated is depicted in Figure 3. Note that the region between the curve and the [image: x]-axis is all below the [image: x]-axis. Area is always positive, but a definite integral can still produce a negative number (a net signed area). For example, if this were a profit function, a negative number indicates the company is operating at a loss over the given interval.
 [image: The graph of the parabola f(t) = t^2 – 4 over [-4, 4]. The area above the curve and below the x axis over [-2, 2] is shaded.]Figure 3. The evaluation of a definite integral can produce a negative value, even though area is always positive.   Use the second part of the Fundamental Theorem of Calculus to evaluate [image: {\displaystyle\int }_{1}^{2}{x}^{-4}dx.]
 Show Solution 
 [image: \frac{7}{24}]
   James and Kathy are racing on roller skates. They race along a long, straight track, and whoever has gone the farthest after [image: 5] sec wins a prize. If James can skate at a velocity of [image: f(t)=5+2t] ft/sec and Kathy can skate at a velocity of [image: g(t)=10+ \cos (\frac{\pi }{2}t)] ft/sec, who is going to win the race?
 Show Solution 
 We need to integrate both functions over the interval [image: \left[0,5\right]] and see which value is bigger. For James, we want to calculate
 [image: {\displaystyle\int }_{0}^{5}(5+2t)dt.]
 Using the power rule, we have
 [image: \begin{array}{cc}{\displaystyle\int }_{0}^{5}(5+2t)dt\hfill & ={(5t+{t}^{2})|}_{0}^{5}\hfill \\ & =(25+25)=50.\hfill \end{array}]
 Thus, James has skated [image: 50] ft after [image: 5] sec. Turning now to Kathy, we want to calculate
 [image: {\displaystyle\int }_{0}^{5}10+ \cos (\frac{\pi }{2}t)dt.]
 We know [image: \sin t] is an antiderivative of [image: \cos t,] so it is reasonable to expect that an antiderivative of [image: \cos (\frac{\pi }{2}t)] would involve [image: \sin (\frac{\pi }{2}t).] However, when we differentiate [image: \sin (\frac{\pi }{2}t),] we get [image: \frac{\pi }{2} \cos (\frac{\pi }{2}t)] as a result of the chain rule, so we have to account for this additional coefficient when we integrate. We obtain
 [image: \begin{array}{cc}{\displaystyle\int }_{0}^{5}10+ \cos (\frac{\pi }{2}t)dt\hfill & ={(10t+\frac{2}{\pi } \sin (\frac{\pi }{2}t))|}_{0}^{5}\hfill \\ & =(50+\frac{2}{\pi })-(0-\frac{2}{\pi } \sin 0)\hfill \\ & \approx 50.6.\hfill \end{array}]
 Kathy has skated approximately [image: 50.6] ft after [image: 5] sec. Kathy wins, but not by much!
 Watch the following video to see the worked solution to this example.
 https://youtube.com/watch?v=UdsTNaiWmbs%3Fcontrols%3D0%26start%3D1072%26end%3D1258%26autoplay%3D0For closed captioning, open the video on its original page by clicking the Youtube logo in the lower right-hand corner of the video display. In YouTube, the video will begin at the same starting point as this clip, but will continue playing until the very end.
 You can view the transcript for this segmented clip of “5.3 The Fundamental Theorem of Calculus” here (opens in new window).
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		The Fundamental Theorem of Calculus: Apply It

								

	
				 	Understand the Mean Value Theorem for Integrals and both components of the Fundamental Theorem of Calculus
 	Use the Fundamental Theorem of Calculus to find derivatives of integral functions and calculate definite integrals
 	Describe how differentiation and integration are interconnected
 
  A Parachutist in Free Fall
  
 [image: Two skydivers free falling in the sky.]Figure 5. Skydivers can adjust the velocity of their dive by changing the position of their body during the free fall. (credit: Jeremy T. Lock) Julie is an avid skydiver. She has more than [image: 300] jumps under her belt and has mastered the art of making adjustments to her body position in the air to control how fast she falls. If she arches her back and points her belly toward the ground, she reaches a terminal velocity of approximately [image: 120] mph ([image: 176] ft/sec). If, instead, she orients her body with her head straight down, she falls faster, reaching a terminal velocity of [image: 150] mph ([image: 220] ft/sec).
 Since Julie will be moving (falling) in a downward direction, we assume the downward direction is positive to simplify our calculations. Julie executes her jumps from an altitude of [image: 12,500] ft. After she exits the aircraft, she immediately starts falling at a velocity given by [image: v(t)=32t.] She continues to accelerate according to this velocity function until she reaches terminal velocity. After she reaches terminal velocity, her speed remains constant until she pulls her ripcord and slows down to land.
 On her first jump of the day, Julie orients herself in the slower “belly down” position (terminal velocity is [image: 176] ft/sec). Using this information, answer the following questions.
 [ohm_question hide_question_numbers=1]288189[/ohm_question]
  We can now set up an expression that represents the distance Julie falls after [image: 30] sec.
 [image: \int_0^{5.5} 32t \, dt + \int_{5.5}^{30} 176 \, dt]
 [ohm_question hide_question_numbers=1]288190[/ohm_question]
  [ohm_question hide_question_numbers=1]288191[/ohm_question]
  On Julie’s second jump of the day, she decides she wants to fall a little faster and orients herself in the “head down” position. Her terminal velocity in this position is [image: 220] ft/sec. Answer these questions based on this velocity: 
 [ohm_question hide_question_numbers=1]288192[/ohm_question]
  [ohm_question hide_question_numbers=1]288193[/ohm_question]
  Some jumpers wear “wingsuits” (see Figure 6). These suits have fabric panels between the arms and legs and allow the wearer to glide around in a free fall, much like a flying squirrel. (Indeed, the suits are sometimes called “flying squirrel suits.”) When wearing these suits, terminal velocity can be reduced to about [image: 30] mph ([image: 44] ft/sec), allowing the wearers a much longer time in the air. Wingsuit flyers still use parachutes to land; although the vertical velocities are within the margin of safety, horizontal velocities can exceed [image: 70] mph, much too fast to land safely.
 [image: A person falling in a wingsuit, which works to reduce the vertical velocity of a skydiver’s fall.]Figure 6. The fabric panels on the arms and legs of a wingsuit work to reduce the vertical velocity of a skydiver’s fall. (credit: Richard Schneider) Answer the following question based on the velocity in a wingsuit.
 [ohm_question hide_question_numbers=1]288194[/ohm_question]
  
	

			
			


		
	
		
			
	
		17

		Integration Formulas and the Net Change Theorem: Learn It 1

								

	
				 	Understand and apply the net change theorem to calculate how quantities change over an interval
 	Use integration formulas to calculate the integrals of odd and even functions
 
  In this section, we will use basic integration formulas to solve key applied problems. It is important to note that these formulas are presented in terms of indefinite integrals. While definite and indefinite integrals are closely related, there are some key differences:
 	A definite integral represents a number (when the limits of integration are constants) or a function (when the limits are variables).
 	An indefinite integral represents a family of functions, all differing by a constant.
 
 As you become more familiar with integration, you will learn when to use definite integrals and when to use indefinite integrals. You will naturally select the correct approach for a given problem without much thought. However, until these concepts are firmly understood, consider carefully whether you need a definite or indefinite integral and use the proper notation accordingly.
 Basic Integration Formulas
 To solve problems using integration, we need to recall the integration formulas given in the Table of Antiderivatives (below) and the properties of definite integrals covered in the Differentiation Rules section.
 Integration Formulas 	Differentiation Formula 	Indefinite Integral 
  	[image: \frac{d}{dx}(k)=0] 	[image: \displaystyle\int kdx=\displaystyle\int kx^0 dx=kx+C] 
 	[image: \frac{d}{dx}(x^n)=nx^{n-1}] 	[image: \displaystyle\int x^n dx=\frac{x^{n+1}}{n+1}+C] for [image: n\ne −1] 
 	[image: \frac{d}{dx}(\ln |x|)=\frac{1}{x}] 	[image: \displaystyle\int \frac{1}{x}dx=\ln |x|+C] 
 	[image: \frac{d}{dx}(e^x)=e^x] 	[image: \displaystyle\int e^x dx=e^x+C] 
 	[image: \frac{d}{dx}(\sin x)= \cos x] 	[image: \displaystyle\int \cos x dx= \sin x+C] 
 	[image: \frac{d}{dx}(\cos x)=− \sin x] 	[image: \displaystyle\int \sin x dx=− \cos x+C] 
 	[image: \frac{d}{dx}(\tan x)= \sec^2 x] 	[image: \displaystyle\int \sec^2 x dx= \tan x+C] 
 	[image: \frac{d}{dx}(\csc x)=−\csc x \cot x] 	[image: \displaystyle\int \csc x \cot x dx=−\csc x+C] 
 	[image: \frac{d}{dx}(\sec x)= \sec x \tan x] 	[image: \displaystyle\int \sec x \tan x dx= \sec x+C] 
 	[image: \frac{d}{dx}(\cot x)=−\csc^2 x] 	[image: \displaystyle\int \csc^2 x dx=−\cot x+C] 
 	[image: \frac{d}{dx}( \sin^{-1} x)=\frac{1}{\sqrt{1-x^2}}] 	[image: \displaystyle\int \frac{1}{\sqrt{1-x^2}} dx= \sin^{-1} x+C] 
 	[image: \frac{d}{dx}(\tan^{-1} x)=\frac{1}{1+x^2}] 	[image: \displaystyle\int \frac{1}{1+x^2} dx= \tan^{-1} x+C] 
 	[image: \frac{d}{dx}(\sec^{-1} |x|)=\frac{1}{x\sqrt{x^2-1}}] 	[image: \displaystyle\int \frac{1}{x\sqrt{x^2-1}} dx= \sec^{-1} |x|+C] 
  
  Let’s look at a few examples of how to apply these rules.
 Use the power rule to integrate the function [image: {\displaystyle\int }_{1}^{4}\sqrt{t}(1+t)dt.]
 Show Solution 
 The first step is to rewrite the function and simplify it so we can apply the power rule:
 [image: \begin{array}{cc}{\displaystyle\int }_{1}^{4}\sqrt{t}(1+t)dt\hfill & ={\displaystyle\int }_{1}^{4}{t}^{1\text{/}2}(1+t)dt\hfill \\ \\ & ={\displaystyle\int }_{1}^{4}({t}^{1\text{/}2}+{t}^{3\text{/}2})dt.\hfill \end{array}]
 Now apply the power rule:
 [image: \begin{array}{cc}{\displaystyle\int }_{1}^{4}({t}^{1\text{/}2}+{t}^{3\text{/}2})dt\hfill & ={(\frac{2}{3}{t}^{3\text{/}2}+\frac{2}{5}{t}^{5\text{/}2})|}_{1}^{4}\hfill \\ & =\left[\frac{2}{3}{(4)}^{3\text{/}2}+\frac{2}{5}{(4)}^{5\text{/}2}\right]-\left[\frac{2}{3}{(1)}^{3\text{/}2}+\frac{2}{5}{(1)}^{5\text{/}2}\right]\hfill \\ & =\frac{256}{15}.\hfill \end{array}]
 Watch the following video to see the worked solution to this example.
 https://youtube.com/watch?v=v7nDnOyx8Mw%3Fcontrols%3D0%26start%3D9%26end%3D96%26autoplay%3D0
 For closed captioning, open the video on its original page by clicking the Youtube logo in the lower right-hand corner of the video display. In YouTube, the video will begin at the same starting point as this clip, but will continue playing until the very end.
 You can view the transcript for this segmented clip of “5.4 Integration Formulas and the Net Change Theorem” here (opens in new window). 
  Find the definite integral of [image: f(x)={x}^{2}-3x] over the interval [image: \left[1,3\right].]
 Show Solution 
 [image: -\frac{10}{3}]
   [ohm_question hide_question_numbers=1]20040[/ohm_question]
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				The Net Change Theorem
 The net change theorem considers the integral of a rate of change. It says that when a quantity changes, the new value equals the initial value plus the integral of the rate of change of that quantity.
 The formula can be expressed in two ways. The second is more familiar; it is simply the definite integral.
 net change theorem
 The new value of a changing quantity equals the initial value plus the integral of the rate of change:
 [image: \begin{array}{}\\ \\ F(b)=F(a)+{\displaystyle\int }_{a}^{b}F\text{'}(x)dx\hfill \\ \hfill \text{or}\hfill \\ {\displaystyle\int }_{a}^{b}F\text{'}(x)dx=F(b)-F(a).\hfill \end{array}]
  Subtracting [image: F(a)] from both sides of the first equation yields the second equation. Since they are equivalent formulas, which one we use depends on the application.
  The significance of the net change theorem lies in the results. Net change can be applied to area, distance, and volume, to name only a few applications. Net change accounts for negative quantities automatically without having to write more than one integral.
 To illustrate, let’s apply the net change theorem to a velocity function in which the result is displacement. We looked at a simple example of this in The Definite Integral section.
 Suppose a car is moving due north (the positive direction) at [image: 40] mph between [image: 2] p.m. and [image: 4] p.m., then the car moves south at [image: 30] mph between [image: 4] p.m. and [image: 5] p.m. We can graph this motion as shown in the figure below.
 [image: A graph with the x axis marked as t and the y axis marked normally. The lines y=40 and y=-30 are drawn over [2,4] and [4,5], respectively.The areas between the lines and the x axis are shaded.]Figure 1. The graph shows speed versus time for the given motion of a car. Just as we did before, we can use definite integrals to calculate the net displacement as well as the total distance traveled. The net displacement is given by
 [image: \begin{array}{cc}{\displaystyle\int }_{2}^{5}v(t)dt\hfill & ={\int }_{2}^{4}40dt+{\displaystyle\int }_{4}^{5}-30dt\hfill \\ & =80-30\hfill \\ & =50.\hfill \end{array}]
 Thus, at [image: 5] p.m. the car is [image: 50] mi north of its starting position. The total distance traveled is given by
 [image: \begin{array}{} {\displaystyle\int }_{2}^{5}|v(t)|dt\hfill & ={\int }_{2}^{4}40dt+{\displaystyle\int }_{4}^{5}30dt\hfill \\ & =80+30\hfill \\ & =110.\hfill \end{array}]
 Therefore, between [image: 2] p.m. and [image: 5] p.m., the car traveled a total of [image: 110] mi.
  To summarize, net displacement can include both positive and negative values, accounting for both forward and backward distances. To find the net displacement, integrate the velocity function over the given interval.
 Total distance traveled, however, is always positive. To find the total distance traveled by an object, regardless of direction, integrate the absolute value of the velocity function.
 Given a velocity function [image: v(t)=3t-5] (in meters per second) for a particle in motion from time [image: t=0] to time [image: t=3,] find the net displacement of the particle.
 Show Solution 
 Applying the net change theorem, we have
 [image: \begin{array}{ll}{\int }_{0}^{3}(3t-5)dt\hfill & =\frac{3{t}^{2}}{2}-5t{|}_{0}^{3}\hfill \\ \\ & =\left[\frac{3{(3)}^{2}}{2}-5(3)\right]-0\hfill \\ & =\frac{27}{2}-15\hfill \\ & =\frac{27}{2}-\frac{30}{2}\hfill \\ & =-\frac{3}{2}.\hfill \end{array}]
  
 The net displacement is [image: -\frac{3}{2}] m.
 [image: A graph of the line v(t) = 3t – 5, which goes through points (0, -5) and (5/3, 0). The area over the line and under the x axis in the interval [0, 5/3] is shaded. The area under the line and above the x axis in the interval [5/3, 3] is shaded.]Figure 2. The graph shows velocity versus time for a particle moving with a linear velocity function.   Use the previous example to find the total distance traveled by a particle according to the velocity function [image: v(t)=3t-5] m/sec over a time interval [image: \left[0,3\right].]
 Show Solution 
 The total distance traveled includes both the positive and the negative values. Therefore, we must integrate the absolute value of the velocity function to find the total distance traveled.
 To continue with the example, use two integrals to find the total distance. First, find the [image: t]-intercept of the function, since that is where the division of the interval occurs. Set the equation equal to zero and solve for [image: t].
 Thus,
 [image: \begin{array}{ccc}3t-5\hfill & =\hfill & 0\hfill \\ \hfill 3t& =\hfill & 5\hfill \\ \hfill t& =\hfill & \frac{5}{3}.\hfill \end{array}]
 The two subintervals are [image: \left[0,\frac{5}{3}\right]] and [image: \left[\frac{5}{3},3\right].]
 To find the total distance traveled, integrate the absolute value of the function. Since the function is negative over the interval [image: \left[0,\frac{5}{3}\right],] we have [image: |v(t)|=\text{−}v(t)] over that interval. Over [image: \left[\frac{5}{3},3\right],] the function is positive, so [image: |v(t)|=v(t).]
 Thus, we have
 [image: \begin{array}{} {\int }_{0}^{3}|v(t)|dt\hfill & ={\int }_{0}^{5\text{/}3}\text{−}v(t)dt+{\int }_{5\text{/}3}^{3}v(t)dt\hfill \\ \\ & ={\int }_{0}^{5\text{/}3}5-3tdt+{\int }_{5\text{/}3}^{3}3t-5dt\hfill \\ & ={(5t-\frac{3{t}^{2}}{2})|}_{0}^{5\text{/}3}+{(\frac{3{t}^{2}}{2}-5t)|}_{5\text{/}3}^{3}\hfill \\ & =\left[5(\frac{5}{3})-\frac{3{(5\text{/}3)}^{2}}{2}\right]-0+\left[\frac{27}{2}-15\right]-\left[\frac{3{(5\text{/}3)}^{2}}{2}-\frac{25}{3}\right]\hfill \\ & =\frac{25}{3}-\frac{25}{6}+\frac{27}{2}-15-\frac{25}{6}+\frac{25}{3}\hfill \\ & =\frac{41}{6}.\hfill \end{array}]
 So, the total distance traveled is [image: \frac{41}{6}] m.
 Watch the following video to see the worked solution to this example.
 https://youtube.com/watch?v=v7nDnOyx8Mw%3Fcontrols%3D0%26start%3D244%26end%3D456%26autoplay%3D0
 For closed captioning, open the video on its original page by clicking the Youtube logo in the lower right-hand corner of the video display. In YouTube, the video will begin at the same starting point as this clip, but will continue playing until the very end.
 You can view the transcript for this segmented clip of “5.4 Integration Formulas and the Net Change Theorem” here (opens in new window).
   Applying the Net Change Theorem
 The net change theorem can be applied to the flow and consumption of fluids, as shown in the example below.
 If the motor on a motorboat is started at [image: t=0] and the boat consumes gasoline at a rate which can be modeled for the first two hours as [image: 5-\frac{t^{3}}{100}] gal/hr for the first hour, how much gasoline is used in the first hour?
 Show Solution 
 Express the problem as a definite integral, integrate, and evaluate using the Fundamental Theorem of Calculus. The limits of integration are the endpoints of the interval [image: \left[0,1\right].] We have
 [image: \begin{array}{cc}{\displaystyle\int _{0}^{1}}\left(5-\dfrac{{t}^{3}}{100}\right)dt\hfill & =\left(5t-\dfrac{{t}^{4}}{400}\right){\displaystyle |_{0}^{1}}\hfill \\ \\ \\ & =\left[5(1)-\dfrac{{(1)}^{4}}{400}\right]-0\hfill \\ & =5-\frac{1}{400}\hfill \\ & =4.9975.\hfill \end{array}]
 Thus, the motorboat uses [image: 4.9975] gal of gas in [image: 1] hour.
   Suppose that, instead of remaining steady during the second half hour of Andrew’s outing, the wind starts to die down according to the function [image: v(t)=-10t+15.] In other words, the wind speed is given by
 [image: v(t)=\bigg\{\begin{array}{lll}20t+5\hfill & \text{ for }\hfill & 0\le t\le \frac{1}{2}\hfill \\ -10t+15\hfill & \text{ for }\hfill & \frac{1}{2}\le t\le 1.\hfill \end{array}]
 Under these conditions, how far from his starting point is Andrew after [image: 1] hour?
 Hint 
 Don’t forget that Andrew’s iceboat moves twice as fast as the wind.
  Show Solution 
 [image: 17.5] mi
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				Integrating Even and Odd Functions
 Recall that an even function is a function in which [image: f(\text{−}x)=f(x)] for all [image: x] in the domain. This means the graph of the curve is unchanged when [image: x] is replaced with −[image: x]. The graphs of even functions are symmetric about the [image: y]-axis. An odd function is one in which [image: f(\text{−}x)=\text{−}f(x)] for all [image: x] in the domain, and the graph of the function is symmetric about the origin.
 Integrals of even functions, when the limits of integration are from [image: -a] to [image: a], involve two equal areas, because they are symmetric about the [image: y]-axis. Integrals of odd functions, when the limits of integration are similarly [image: \left[\text{−}a,a\right],] evaluate to zero because the areas above and below the [image: x]-axis are equal.
 Integrals of Even and Odd Functions
 For continuous even functions such that [image: f(\text{−}x)=f(x),]
 [image: {\displaystyle\int }_{\text{−}a}^{a}f(x)dx=2{\displaystyle\int }_{0}^{a}f(x)dx.]
  
 For continuous odd functions such that [image: f(\text{−}x)=\text{−}f(x),]
 [image: {\displaystyle\int }_{\text{−}a}^{a}f(x)dx=0.]
 
  Integrate the even function [image: {\displaystyle\int }_{-2}^{2}(3{x}^{8}-2)dx] and verify that the integration formula for even functions holds.
 Show Solution 
 The symmetry appears in the graphs in Figure 3. Graph (a) shows the region below the curve and above the [image: x]-axis. We have to zoom in to this graph by a huge amount to see the region. Graph (b) shows the region above the curve and below the [image: x]-axis. The signed area of this region is negative. Both views illustrate the symmetry about the [image: y]-axis of an even function.
 [image: Two graphs of the same function f(x) = 3x^8 – 2, side by side. It is symmetric about the y axis, has x-intercepts at (-1,0) and (1,0), and has a y-intercept at (0,-2). The function decreases rapidly as x increases until about -.5, where it levels off at -2. Then, at about .5, it increases rapidly as a mirror image. The first graph is zoomed-out and shows the positive area between the curve and the x axis over [-2,-1] and [1,2]. The second is zoomed-in and shows the negative area between the curve and the x-axis over [-1,1].]Figure 3. Graph (a) shows the positive area between the curve and the x-axis, whereas graph (b) shows the negative area between the curve and the x-axis. Both views show the symmetry about the y-axis. We have,
 [image: \begin{array}{ll}{\int }_{-2}^{2}(3{x}^{8}-2)dx\hfill & =(\frac{{x}^{9}}{3}-2x){|}_{-2}^{2}\hfill  \\ & =\left[\frac{{(2)}^{9}}{3}-2(2)\right]-\left[\frac{{(-2)}^{9}}{3}-2(-2)\right]\hfill \\ & =(\frac{512}{3}-4)-(-\frac{512}{3}+4)\hfill \\ & =\frac{1000}{3}.\hfill \end{array}]
 To verify the integration formula for even functions, we can calculate the integral from [image: 0] to [image: 2] and double it, then check to make sure we get the same answer.
 [image: \begin{array}{ll}{\int }_{0}^{2}(3{x}^{8}-2)dx\hfill & =(\frac{{x}^{9}}{3}-2x){|}_{0}^{2}\hfill \\ & =\frac{512}{3}-4\hfill \\ & =\frac{500}{3}\hfill \end{array}]
 Since [image: 2·\frac{500}{3}=\frac{1000}{3},] we have verified the formula for even functions in this particular example.
 Watch the following video to see the worked solution to this example.
 https://youtube.com/watch?v=v7nDnOyx8Mw%3Fcontrols%3D0%26start%3D795%26end%3D850%26autoplay%3D0
 For closed captioning, open the video on its original page by clicking the Youtube logo in the lower right-hand corner of the video display. In YouTube, the video will begin at the same starting point as this clip, but will continue playing until the very end.
 You can view the transcript for this segmented clip of “5.4 Integration Formulas and the Net Change Theorem” here (opens in new window). 
  Evaluate the definite integral of the odd function [image: -5 \sin x] over the interval [image: \left[\text{−}\pi ,\pi \right].]
 Show Solution 
 The graph is shown in Figure 4. We can see the symmetry about the origin by the positive area above the [image: x]-axis over [image: \left[\text{−}\pi ,0\right],] and the negative area below the [image: x]-axis over [image: \left[0,\pi \right].]
 [image: A graph of the given function f(x) = -5 sin(x). The area under the function but above the x axis is shaded over [-pi, 0], and the area above the function and under the x axis is shaded over [0, pi].]Figure 4. The graph shows areas between a curve and the x-axis for an odd function. We have,
 [image: \begin{array}{ll}{\int }_{\text{−}\pi }^{\pi }-5 \sin xdx\hfill & =-5(\text{−} \cos x){|}_{\text{−}\pi }^{\pi }\hfill \\ & =5 \cos x{|}_{\text{−}\pi }^{\pi }\hfill \\ & =\left[5 \cos \pi \right]-\left[5 \cos (\text{−}\pi )\right]\hfill \\ & =-5-(-5)\hfill \\ & =0.\hfill \end{array}]
  
 Watch the following video to see the worked solution to this example.
 https://youtube.com/watch?v=v7nDnOyx8Mw%3Fcontrols%3D0%26start%3D853%26end%3D917%26autoplay%3D0
 For closed captioning, open the video on its original page by clicking the Youtube logo in the lower right-hand corner of the video display. In YouTube, the video will begin at the same starting point as this clip, but will continue playing until the very end.
 You can view the transcript for this segmented clip of “5.4 Integration Formulas and the Net Change Theorem” here (opens in new window).
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				 	Understand and apply the net change theorem to calculate how quantities change over an interval
 	Use integration formulas to calculate the integrals of odd and even functions
 
  Exploring Integrals: From Basic Formulas to Advanced Applications
 In this activity, we will delve into the world of integrals, a fundamental concept in calculus with diverse applications. From finding antiderivatives and calculating displacement to determining the properties of functions and evaluating definite integrals, integrals play a crucial role in understanding and solving real-world problems. This series of exercises will guide you through the process of evaluating indefinite integrals, applying the net change theorem, and exploring the behavior of functions through integration. 
 [ohm_question hide_question_numbers=1]288334[/ohm_question]
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				 	Rewrite composite functions into its simpler parts
 
  In the Integration using Substitution topic, we will learn all about using substitution as an integration method. Substitution is basically the process used to find the antiderivative of a function that was differentiated using the chain rule. That being said, it is important to be able to look at a composite function and identify the inside function and outside function. Usually, the inside function is what we set our substitution variable equal to.
 Rewriting Composite Functions into Simpler Components
 Understanding the structure of composite functions is essential for dissecting complex mathematical expressions into more manageable parts. A composite function is formed when one function is applied to the result of another function. Decomposing these functions helps in understanding and simplifying their operations.
 Consider [image: f\left(x\right)=\sqrt{5-{x}^{2}}]. This can be seen as a composition of two simpler functions:
 	[image: g\left(x\right)=5-{x}^{2}]
 	[image: h\left(x\right)=\sqrt{x}]
 
 Here, [image: f(x) = h(g(x))], where [image: g(x)] is first evaluated, and then [image: h(x)] is applied to the result. 
  composite functions
 A composite function is formed when the output of one function becomes the input of another. They are expressed as 
 [image: f(x) = h(g(x))],
 with [image: g(x)] being evaluated first and [image: h(x)] applied to its output.
  How To: Decompose Composite Functions
 	Identify the Outer Function: Determine the last operation applied in the function. This is your outer function [image: h(x)]
 	Identify the Inner Function: Look for the operation inside the outer function. This operation, which is applied first, is your inner function [image: g(x)]
 	Express as a Composition: Write the original function as [image: f(x) = h(g(x))], where [image: g(x)] is evaluated first, and its result is used as the input for [image: h(x)] 
 
  Write [image: f\left(x\right)=e^{4x-3}] as the composition of two functions.
 Show Solution 
 We are looking for two functions, [image: g] and [image: h], so [image: f\left(x\right)=h\left(g\left(x\right)\right)]. To do this, we look for a function inside a function in the formula for [image: f\left(x\right)]. As one possibility, we might notice that the expression [image: 4x-3] is within the exponent of the exponential function. We could then decompose the function as
 [image: g\left(x\right)=4x-3\hspace{2mm}\text{and}\hspace{2mm}h\left(x\right)=e^{x}]
 We can check our answer by recomposing the functions.
 [image: h\left(g\left(x\right)\right)=h(4x-3)=e^{4x-3}]
   Write [image: f\left(x\right)=\dfrac{4}{3-\sqrt{4+{x}^{2}}}] as the composition of two functions.
 Show Solution 
 There are many possible answers, one potential answer is:
 [image: g\left(x\right)=\sqrt{4+{x}^{2}}]
 [image: h\left(x\right)=\dfrac{4}{3-x}]
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				 	Apply properties of exponential and logarithmic functions
 
  Exponential Functions
 Exponential functions arise in many applications. One common example is population growth.
 If a population starts with [image: P_0] individuals and then grows at an annual rate of [image: 2\%], its population after [image: 1] year is
 [image: P(1)=P_0+0.02P_0=P_0(1+0.02)=P_0(1.02)]
 Its population after [image: 2] years is
 [image: P(2)=P(1)+0.02P(1)=P(1)(1.02)=P_0(1.02)^2]
 In general, its population after [image: t] years is
 [image: P(t)=P_0(1.02)^t],
 which is an exponential function.
  More generally, any function of the form [image: f(x)=b^x], where [image: b>0, \, b \ne 1], is an exponential function with base [image: b] and exponent [image: x]. Exponential functions have constant bases and variable exponents.
 exponential function
 For any real number [image: x], an exponential function is a function with the form
 [image: f(x)=ab^x]
 where,
 	[image: a] is a non-zero real number called the initial value and
 	[image: b] is any positive real number ([image: b>0]) such that [image: b≠1].
 
 
  Evaluating Exponential Functions
 To evaluate an exponential function with the form [image: f(x)=b^x], we simply substitute [image: x] with the given value, and calculate the resulting power.
 Let [image: f(x)=2^x]. What is [image: f(3)]?
 [image: \begin{array}{rcl} f(x) & = & 2^x \\ f(3) & = & 2^3 & \quad \text{Substitute } x = 3. \\ & = & 8 & \quad \text{Evaluate the power.} \end{array}]
  
  To evaluate an exponential function with a form other than the basic form, it is important to follow the order of operations.
 Let [image: f(x)=30(2)^x]. What is [image: f(3)]?
 [image: \begin{array}{rcll} f(x) & = & 30(2)^x & \\ f(3) & = & 30(2)^3 & \quad \text{Substitute } x = 3. \\ & = & 30(8) & \quad \text{Simplify the power first.} \\ & = & 240 & \quad \text{Multiply.} \end{array}]Note that if the order of operations were not followed, the result would be incorrect:[image: f(3)=30(2)^3≠60^3=216,000]
 How To: Evaluating Exponential Functions
 	Given an exponential function, identify [image: a], [image: b], and the value of [image: x] you’re being asked to substitute into the function.
 	Replace the variable [image: x] in the function with the given number.
 	Compute the value of [image: b^x]. This means raising the base [image: b] to the power of [image: x].
 	If there is a coefficient [image: a] in front of the base, multiply the result of [image: b^x] by [image: a]. If [image: a] is [image: 1], this step does not change the value.
 	Simplify the expression if necessary. This could involve performing any additional multiplication or addition/subtraction if the function has more terms.
 
  Let [image: f(x)=5(3)^x+1]. Evaluate [image: f(2)] without using a calculator.
 
 Show Answer Follow the order of operations. Be sure to pay attention to the parentheses.
 [image: \begin{array}{rcll} f(x) & = & 5(3)^{x+1} & \\ f(2) & = & 5(3)^{2+1} & \quad \text{Substitute } x = 2. \\ & = & 5(3)^3 & \quad \text{Add the exponents.} \\ & = & 5(27) & \quad \text{Simplify the power.} \\ & = & 135 & \quad \text{Multiply.} \end{array}]
   [ohm_question hide_question_numbers=1]284250[/ohm_question]
  Suppose a particular population of bacteria is known to double in size every [image: 4] hours. If a culture starts with [image: 1000] bacteria, the number of bacteria after [image: 4] hours is [image: n(4)=1000·2]. The number of bacteria after [image: 8] hours is [image: n(8)=n(4)·2=1000·2^2].
 In general, the number of bacteria after [image: 4m] hours is [image: n(4m)=1000·2^m]. Letting [image: t=4m], we see that the number of bacteria after [image: t] hours is [image: n(t)=1000·2^{t/4}].
 Find the number of bacteria after [image: 6] hours, [image: 10] hours, and [image: 24] hours.
 Show Solution 
 The number of bacteria after [image: 6] hours is given by [image: n(6)=1000·2^{6/4} \approx 2828] bacteria.
 The number of bacteria after [image: 10] hours is given by [image: n(10)=1000·2^{10/4} \approx 5657] bacteria.
 The number of bacteria after [image: 24] hours is given by [image: n(24)=1000·2^{24/4}=1000·2^6=64,000] bacteria.
   Laws of Exponents
 The Laws of Exponents are fundamental rules that govern the operations involving powers. These rules are essential for simplifying expressions and are foundational for higher-level math.
 laws of exponents
 	The Product of Powers rule states that when you multiply two exponents with the same base, you can add the exponents.[image: b^x·b^y=b^{x+y}]
 	The Quotient of Powers rule tells us that when dividing exponents with the same base, we subtract the exponents.[image: \large\frac{b^x}{b^y} \normalsize = b^{x-y}]
 	The Power of a Power rule shows that when taking an exponent to another exponent, we multiply the exponents.[image: (b^x)^y=b^{xy}]
 	The Power of a Product rule lets us know that when raising a product to an exponent, each factor in the product is raised to the exponent.[image: (ab)^x=a^x b^x]
 	The Power of a Quotient rule indicates that when a quotient is raised to an exponent, both the numerator and the denominator are raised to the exponent.[image: \dfrac{a^x}{b^x} =\left(\dfrac{a}{b}\right)^x]
 
 Note: This is true for any constants [image: a>0, \, b>0], and for all [image: x] and [image: y]
  Use the laws of exponents to simplify each of the following expressions.
 	[image: \large \frac{(2x^{2/3})^3}{(4x^{-1/3})^2}]
 	[image: \large \frac{(x^3 y^{-1})^2}{(xy^2)^{-2}}]
 
 Show Solution 
 	We can simplify as follows: [image: \large \frac{(2x^{2/3})^3}{(4x^{-1/3})^2} \normalsize = \large \frac{2^3(x^{2/3})^3}{4^2(x^{-1/3})^2} \normalsize = \large \frac{8x^2}{16x^{-2/3}} \normalsize = \large \frac{x^2x^{2/3}}{2} \normalsize = \large \frac{x^{8/3}}{2}]
 
 	We can simplify as follows: [image: \large \frac{(x^3y^{-1})^2}{(xy^2)^{-2}} \normalsize = \large \frac{(x^3)^2(y^{-1})^2}{x^{-2}(y^2)^{-2}} \normalsize = \large \frac{x^6y^{-2}}{x^{-2}y^{-4}} \normalsize = x^6x^2y^{-2}y^4 = x^8y^2]
 
 
 Watch the following video to see the worked solution to this example.https://youtube.com/watch?v=tOkk_pSFpzk%3Fcontrols%3D0%26start%3D212%26end%3D380%26autoplay%3D0For closed captioning, open the video on its original page by clicking the Youtube logo in the lower right-hand corner of the video display. In YouTube, the video will begin at the same starting point as this clip, but will continue playing until the very end.
 You can view the transcript for this video using this link (opens in new window).
   When you encounter a negative exponent on a term in the denominator of a fraction, you can transform it into a positive exponent by moving the term to the numerator.
 [image: \frac{1}{a^-n}=a^{n}]Using this rule can significantly simplify expressions involving exponents.
 [ohm_question hide_question_numbers=1]123515[/ohm_question]
  Logarithmic Functions
 Using our understanding of exponential functions, we can discuss their inverses, which are the logarithmic functions. 
 Inverse Functions
 For any one-to-one function [image: f\left(x\right)=y], a function [image: {f}^{-1}\left(x\right)] is an inverse function of [image: f] if [image: {f}^{-1}\left(y\right)=x]. 
 The notation [image: {f}^{-1}] is read “[image: f] inverse.” Like any other function, we can use any variable name as the input for [image: {f}^{-1}], so we will often write [image: {f}^{-1}\left(x\right)], which we read as [image: "f] inverse of [image: x]“.
  Logarithmic functions come in handy when we need to consider any phenomenon that varies over a wide range of values, such as pH in chemistry or decibels in sound levels.
 The exponential function [image: f(x)=b^x] is one-to-one, with domain [image: (−\infty ,\infty)] and range [image: (0,\infty )]. Therefore, it has an inverse function, called the logarithmic function with base [image: b].
 For any [image: b>0, \, b \ne 1], the logarithmic function with base [image: b], denoted [image: \log_b], has domain [image: (0,\infty )] and range [image: (−\infty ,\infty )], and satisfies
 [image: \log_b(x)=y] if and only if [image: b^y=x].
 logarithmic functions
 A logarithmic function is the inverse of an exponential function and is written as [image: log_{b}(x)]. For a given base [image: b], it tells us the power to which [image: b] must be raised to get [image: x].
  [image: \begin{array}{cccc} \log_2 (8)=3\hfill & & & \text{since}\phantom{\rule{3em}{0ex}}2^3=8,\hfill \\ \log_{10} (\frac{1}{100})=-2\hfill & & & \text{since}\phantom{\rule{3em}{0ex}}10^{-2}=\frac{1}{10^2}=\frac{1}{100},\hfill \\ \log_b (1)=0\hfill & & & \text{since}\phantom{\rule{3em}{0ex}}b^0=1 \, \text{for any base} \, b>0.\hfill \end{array}]
  The most commonly used logarithmic function is the function [image: \log_e (x)]. Since this function uses natural [image: e] as its base, it is called the natural logarithm. Here we use the notation [image: \ln(x)] or [image: \ln x] to mean [image: \log_e (x)].
 [image: \begin{array}{l}\ln (e)=\log_e (e)=1 \\ \ln(e^3)=\log_e (e^3)=3 \\ \ln(1)=\log_e (1)=0\end{array}] Euler’s number, denoted as [image: e], is a fundamental mathematical constant approximately equal to [image: 2.71828]. It is the base of the natural logarithm and the natural exponential function, known for its unique properties in calculus, especially in relation to growth processes and compound interest calculations.
  Before solving some equations involving exponential and logarithmic functions, let’s review the basic properties of logarithms.
 Properties of Logarithms
 If [image: a,b,c>0, \, b\ne 1], and [image: r] is any real number, then
 [image: \begin{array}{cccc}1.\phantom{\rule{2em}{0ex}}\log_b (ac)=\log_b (a)+\log_b (c)\hfill & & & \text{(Product property)}\hfill \\ 2.\phantom{\rule{2em}{0ex}}\log_b(\frac{a}{c})=\log_b (a) -\log_b (c)\hfill & & & \text{(Quotient property)}\hfill \\ 3.\phantom{\rule{2em}{0ex}}\log_b (a^r)=r \log_b (a)\hfill & & & \text{(Power property)}\hfill \end{array}]
  Solve each of the following equations for [image: x].
 	[image: \ln \left(\frac{1}{x}\right)=4]
 	[image: \log_{10} \sqrt{x}+ \log_{10} x=2]
 	[image: \ln(2x)-3 \ln(x^2)=0]
 
 Show Solution 
 	By the definition of the natural logarithm function, [image: \ln\big(\frac{1}{x}\big)=4 \, \text{ if and only if } \, e^4=\frac{1}{x}]
 Therefore, the solution is [image: x=\frac{1}{e^4}].
 
 	Using the product and power properties of logarithmic functions, rewrite the left-hand side of the equation as [image: \log_{10} \sqrt{x}+ \log_{10} x = \log_{10} x \sqrt{x} = \log_{10}x^{3/2} = \frac{3}{2} \log_{10} x]
 Therefore, the equation can be rewritten as
 [image: \frac{3}{2} \log_{10} x = 2 \, \text{ or } \, \log_{10} x = \frac{4}{3}]
 The solution is [image: x=10^{4/3}=10\sqrt[3]{10}].
 
 	Using the power property of logarithmic functions, we can rewrite the equation as [image: \ln(2x) - \ln(x^6) = 0].
 Using the quotient property, this becomes [image: \ln\big(\frac{2}{x^5}\big)=0]
 Therefore, [image: \frac{2}{x^5}=1], which implies [image: x=\sqrt[5]{2}]. We should then check for any extraneous solutions.
 
 
   Solve each of the following equations for [image: x].
 	[image: 5^x=2]
 	[image: e^x+6e^{−x}=5]
 
 Show Solution 
 	Applying the natural logarithm function to both sides of the equation, we have [image: \ln 5^x=\ln 2]
 Using the power property of logarithms,
 [image: x \ln 5=\ln 2]
 Therefore, [image: x=\frac{\ln 2 }{\ln 5}].
 
 	Multiplying both sides of the equation by [image: e^x], we arrive at the equation [image: e^{2x}+6=5e^x]
 Rewriting this equation as
 [image: e^{2x}-5e^x+6=0],
 we can then rewrite it as a quadratic equation in [image: e^x]:
 [image: (e^x)^2-5(e^x)+6=0]
 Now we can solve the quadratic equation. Factoring this equation, we obtain
 [image: (e^x-3)(e^x-2)=0]
 Therefore, the solutions satisfy [image: e^x=3] and [image: e^x=2]. Taking the natural logarithm of both sides gives us the solutions
 [image: x=\ln 3, \, \ln 2]
 
 
 Watch the following video to see the worked solution to this example.https://youtube.com/watch?v=tOkk_pSFpzk%3Fcontrols%3D0%26start%3D640%26end%3D823%26autoplay%3D0For closed captioning, open the video on its original page by clicking the Youtube logo in the lower right-hand corner of the video display. In YouTube, the video will begin at the same starting point as this clip, but will continue playing until the very end.
 You can view the transcript for this video using this link (opens in new window).
   [ohm_question hide_question_numbers=1]217547[/ohm_question]
  
	

			
			


		
	
		
			
	
		23

		Techniques for Integration: Background You'll Need 3

								

	
				 	Find angles using inverse sine, cosine, and tangent functions
 
  Evaluating Angles Using Inverse Trigonometric Functions
 Inverse trigonometric functions are essential tools in mathematics for finding angles when the ratios of the sides of right triangles are known. These functions “undo” the calculations made by their respective trigonometric functions, translating a ratio back into an angle measurement. Inverse trigonometric functions allow us to retrieve the angle from a given trigonometric ratio. They provide crucial insights in fields ranging from engineering to physics, where angles need to be determined from known lengths or ratios.
 	Inverse Sine (arcsin): If [image: \sin{(y)}=x], then [image: y={\sin}^{-1}{(x)}]. 	[image: {\sin}^{-1}{(x)}] is defined for [image: x] in the interval [image: [-1,1]] and returns an angle [image: y] in the interval [image: [-\frac{\pi}{2},\frac{\pi}{2}]]
 
 
 	Inverse Cosine (arccos): If [image: \cos{(y)}=x], then [image: y={\cos}^{-1}{(x)}]. 	[image: {\cos}^{-1}{(x)}] is defined for [image: x] in the interval [image: [-1,1]] and returns an angle [image: y] in the interval [image: [0,\pi]]
 
 
 	Inverse Tangent (arctan): If [image: \tan{(y)}=x], then [image: y={\tan}^{-1}{(x)}]. 	[image: {\tan}^{-1}{(x)}] does not have restrictions on [image: x] but returns an angle [image: y] in the interval [image: [-\frac{\pi}{2},\frac{\pi}{2}]]
 
 
 
 inverse sine, cosine, and tangent
 For angles in the interval [image: \left[−\frac{\pi}{2}\text{, }\frac{\pi}{2}\right]], if [image: \sin{(y)}=x], then [image: {\sin}^{-1}{(x)}=y].
 For angles in the interval [image: [0,\pi]], if [image: \cos{(y)}=x], then [image: {\cos}^{-1}{(x)}=y].
 For angles in the interval [image: \left(−\frac{\pi}{2}\text{, }\frac{\pi}{2}\right)], if [image: \tan{(y)}=x], then [image: {\tan}^{-1}{(x)}=y].
  Be aware that [image: {\sin}^{-1}{(x)}] denotes the inverse sine function, which is not the same as the reciprocal of sine, [image: \frac{1}{\sin{(x)}}].
  To accurately evaluate inverse trigonometric functions, particularly for special input values, it’s essential to recognize the outputs for standard angles and adjust these for specific cases. This is analogous to the processes used with original trigonometric functions, enhancing the understanding of their inverse counterparts.
 With the inverse trigonometric functions, special angles such as [image: \frac{\pi}{ 6} (30^\circ)\text{, }\frac{\pi}{ 4} (45^\circ),\text{ and } \frac{\pi}{ 3} (60^\circ)], and their reflections are used to find exact values, mirroring the process used for trigonometric functions.
 Standard trigonometric functions—sine, cosine, and tangent—are used to find the ratio of sides in a right triangle given an angle. For instance, [image: \sin{(x)}] represents the ratio of the opposite side to the hypotenuse, [image: \cos{(x)}] is the adjacent side to the hypotenuse, and [image: \tan{(x)}] is the opposite side to the adjacent side.
 	Angle 	[image: \sin(\theta)] 	[image: \cos(\theta)] 	[image: \tan(\theta)] 
 	[image: \frac{\pi}{ 6}(30^\circ)] 	[image: \frac{1}{2}] 	[image: \frac{\sqrt{3}}{2}] 	[image: \frac{1}{\sqrt{3}}] 
 	[image: \frac{\pi}{ 4}(45^\circ)] 	[image: \frac{\sqrt{2}}{2}] 	[image: \frac{\sqrt{2}}{2}] 	[image: 1] 
 	[image: \frac{\pi}{ 3}(60^\circ)] 	[image: \frac{\sqrt{3}}{2}] 	[image: \frac{1}{2}] 	[image: \sqrt{3}] 
  
  How To: Evaluate an Inverse Trigonometric Function for Special Input Values
 	Identify the Corresponding Angle: Determine which angle [image: x] produces an output equal to the input value for the inverse trigonometric function based on known trigonometric values.
 	Check for Validity: Ensure that the identified [image: x] falls within the function’s defined range, and that it appropriately corresponds to the given inverse function (sine, cosine, or tangent).
 	Calculate the Inverse: For valid inputs, use the inverse function to compute the corresponding angle that the trigonometric ratio represents.
 
  Evaluate each of the following.
 a. [image: \sin−1\left(\frac{1}{2}\right)]
 b. [image: \sin−1\left(−\frac{2}{\sqrt{2}}\right)]
 c. [image: \cos−1\left(−\frac{3}{\sqrt{2}}\right)]
 d. [image: \tan^{− 1}(1)]
 Show Solution 
 a. Evaluating [image: \sin^{−1}(\frac{1}{2})] is the same as determining the angle that would have a sine value of [image: \frac{1}{2}]. In other words, what angle x would satisfy [image: \sin(x)=\frac{1}{2}]? There are multiple values that would satisfy this relationship, such as [image: \frac{\pi}{6}] and [image: \frac{5\pi}{6}], but we know we need the angle in the interval [image: \left[−\frac{\pi}{2}\text{, }\frac{\pi}{2}\right]], so the answer will be [image: \sin^{−1}(\frac{1}{2})=\frac{\pi}{6}]. Remember that the inverse is a function, so for each input, we will get exactly one output.
 b. To evaluate [image: \sin^{−1}\left(−\frac{\sqrt{2}}{2}\right)], we know that [image: \frac{5\pi}{4}] and [image: \frac{7\pi}{4}] both have a sine value of [image: −\frac{\sqrt{2}}{2}], but neither is in the interval [image: \left[−\frac{\pi}{2}\text{, }\frac{\pi}{2}\right]]. For that, we need the negative angle coterminal with [image: \frac{7\pi}{4}:\sin^{−1}\left(−\frac{\sqrt{2}}{2}\right)=−\frac{\pi}{4}].
 c. To evaluate [image: \cos^{−1}\left(−\frac{\sqrt{3}}{2}\right)], we are looking for an angle in the interval [image: [0,\pi]] with a cosine value of [image: −\frac{\sqrt{3}}{2}]. The angle that satisfies this is [image: \cos^{−1}\left(−\frac{\sqrt{3}}{2}\right)=\frac{5\pi}{6}].
 d. Evaluating [image: \tan^{−1}(1)], we are looking for an angle in the interval [image: (−\frac{\pi}{2}\text{, }\frac{\pi}{2})] with a tangent value of 1. The correct angle is [image: \tan^{−1}(1)=\frac{\pi}{4}].
   [ohm_question hide_question_numbers=1]288434[/ohm_question]
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		Integration using Substitution: Learn It 1

								

	
				 	Identify when to use substitution to simplify and solve integrals
 	Apply substitution methods to find indefinite integrals
 	Apply substitution methods to find definite integrals
 
  The Fundamental Theorem of Calculus gave us a method to evaluate integrals without using Riemann sums. The drawback of this method, though, is that we must be able to find an antiderivative, and this is not always easy. In this section we examine a technique, called integration by substitution, to help us find antiderivatives. Specifically, this method helps us find antiderivatives when the integrand is the result of a chain-rule derivative.
 Substitution for Indefinite Integrals
 At first, the approach to the substitution procedure may not appear very obvious. However, it is primarily a visual task—that is, the integrand shows you what to do; it is a matter of recognizing the form of the function. 
 So, what are we supposed to see? We are looking for an integrand of the form [image: f\left[g(x)\right]{g}^{\prime }(x)dx.]
 For example, in the integral [image: \displaystyle\int {({x}^{2}-3)}^{3}2xdx,] we have [image: f(x)={x}^{3},g(x)={x}^{2}-3,] and [image: g\text{‘}(x)=2x.] Then,
 [image: f\left[g(x)\right]{g}^{\prime }(x)={({x}^{2}-3)}^{3}(2x),]
 and we see that our integrand is in the correct form.
  The method is called substitution because we substitute part of the integrand with the variable [image: u] and part of the integrand with du. It is also referred to as change of variables because we are changing variables to obtain an expression that is easier to work with for applying the integration rules.
 substitution with indefinite integrals
 Let [image: u=g(x),,] where [image: {g}^{\prime }(x)] is continuous over an interval, let [image: f(x)] be continuous over the corresponding range of [image: g], and let [image: F(x)] be an antiderivative of [image: f(x).] Then,
 [image: \begin{array}{cc} {\displaystyle\int f\left[g(x)\right]{g}^{\prime }(x)dx}\hfill & = {\displaystyle\int f(u)du}\hfill \\ & =F(u)+C\hfill \\ & =F(g(x))+C.\hfill \end{array}]
 
  Proof
 
 Let [image: f], [image: g], [image: u], and F be as specified in the theorem. Then
 [image: \begin{array}{cc}\frac{d}{dx}F(g(x))\hfill & ={F}^{\prime }(g(x)){g}^{\prime }(x)\hfill \\ & =f\left[g(x)\right]{g}^{\prime }(x).\hfill \end{array}]
  
 Integrating both sides with respect to [image: x], we see that
 [image: \displaystyle\int f\left[g(x)\right]{g}^{\prime }(x)dx=F(g(x))+C.]
  
 If we now substitute [image: u=g(x),] and [image: du=g\text{‘}(x)dx,] we get
 [image: \begin{array}{cc} {\displaystyle\int f\left[g(x)\right]{g}^{\prime }(x)dx}\hfill & = {\displaystyle\int f(u)du}\hfill \\ & =F(u)+C\hfill \\ & =F(g(x))+C.\hfill \end{array}]
 [image: _\blacksquare]
  Returning to the problem we looked at originally, we let [image: u={x}^{2}-3] and then [image: du=2xdx.] Rewrite the integral in terms of [image: u]:
 [image: {\displaystyle\int \underset{u}{\underbrace{({x}^{2}-3)}}}^{3}\underset{du}{\underbrace{(2xdx)}}=\displaystyle\int {u}^{3}du.]
 Using the power rule for integrals, we have
 [image: \displaystyle\int {u}^{3}du=\frac{{u}^{4}}{4}+C]
  
 Substitute the original expression for [image: x] back into the solution:
 [image: \dfrac{{u}^{4}}{4}+C=\dfrac{{({x}^{2}-3)}^{4}}{4}+C]
 How To: Integrate by Substitution
 	Look carefully at the integrand and select an expression [image: g(x)] within the integrand to set equal to [image: u]. Let’s select [image: g(x).] such that [image: {g}^{\prime }(x)] is also part of the integrand.
 	Substitute [image: u=g(x)] and [image: du={g}^{\prime }(x)dx] into the integral.
 	We should now be able to evaluate the integral with respect to [image: u]. If the integral can’t be evaluated we need to go back and select a different expression to use as [image: u].
 	Evaluate the integral in terms of [image: u].
 	Write the result in terms of [image: x] and the expression [image: g(x).]
 
  Use substitution to find the antiderivative of [image: \displaystyle\int 6x{(3{x}^{2}+4)}^{4}dx.]
 Show Solution 
 The first step is to choose an expression for [image: u]. We choose [image: u=3{x}^{2}+4.] because then [image: du=6xdx.,] and we already have du in the integrand. Write the integral in terms of [image: u]:
 [image: \displaystyle\int 6x{(3{x}^{2}+4)}^{4}dx=\displaystyle\int {u}^{4}du.]
 Remember that du is the derivative of the expression chosen for [image: u], regardless of what is inside the integrand. Now we can evaluate the integral with respect to [image: u]:
 [image: \begin{array}{ll} {\displaystyle\int {u}^{4}du}\hfill & =\frac{{u}^{5}}{5}+C\hfill \\ \\ \\ & =\frac{{(3{x}^{2}+4)}^{5}}{5}+C.\hfill \end{array}]
 Analysis
 We can check our answer by taking the derivative of the result of integration. We should obtain the integrand. Picking a value for C of 1, we let [image: y=\frac{1}{5}{(3{x}^{2}+4)}^{5}+1.] We have
 [image: y=\frac{1}{5}{(3{x}^{2}+4)}^{5}+1,]
 so
 [image: \begin{array}{}\\ \hfill {y}^{\prime }& =(\frac{1}{5})5{(3{x}^{2}+4)}^{4}6x\hfill \\ & =6x{(3{x}^{2}+4)}^{4}.\hfill \end{array}]
 This is exactly the expression we started with inside the integrand.
 Watch the following video to see the worked solution to this example.
 https://youtube.com/watch?v=Ak_y3lsBNfE%3Fcontrols%3D0%26start%3D52%26end%3D163%26autoplay%3D0
 For closed captioning, open the video on its original page by clicking the Youtube logo in the lower right-hand corner of the video display. In YouTube, the video will begin at the same starting point as this clip, but will continue playing until the very end.
 You can view the transcript for this segmented clip of “5.5 Substitution” here (opens in new window).
  Sometimes we need to adjust the constants in our integral if they don’t match up exactly with the expressions we are substituting.
 As long as you select a [image: g(x)] for [image: u] such that a multiple of [image: g'(x)] exists in the integrand, it will work! In other words, make sure the exponents work – don’t worry about the constants.
 For instance, in the example below, if we select [image: {u={z}^{2}-5}], [image: g'(x)={2z}]. Although [image: g'(x)={2z}] doesn’t appear in the integrand, [image: z] does. Substitution can work here! 
  Use substitution to find the antiderivative of [image: \displaystyle\int z\sqrt{{z}^{2}-5}dz.]
 Show Solution 
 Rewrite the integral as [image: \displaystyle\int z{({z}^{2}-5)}^{1\text{/}2}dz.] Let [image: u={z}^{2}-5] and [image: du=2zdz.]
 Now we have a problem because [image: du=2zdz] and the original expression has only [image: zdz.] We have to alter our expression for du or the integral in [image: u] will be twice as large as it should be. If we multiply both sides of the du equation by [image: \frac{1}{2}.] we can solve this problem. Thus,
 [image: \begin{array}{}\\ \hfill u& ={z}^{2}-5\hfill \\ \hfill du& =2zdz\hfill \\ \hfill \frac{1}{2}du& =\frac{1}{2}(2z)dz=zdz.\hfill \end{array}]
 Write the integral in terms of [image: u], but pull the [image: \frac{1}{2}] outside the integration symbol:
 [image: \displaystyle\int z{({z}^{2}-5)}^{1\text{/}2}dz=\frac{1}{2}\displaystyle\int {u}^{1\text{/}2}du.]
 Integrate the expression in [image: u]:
 [image: \begin{array}{}\\ \frac{1}{2} {\displaystyle\int {u}^{1\text{/}2}du}\hfill & =(\frac{1}{2})\frac{{u}^{3\text{/}2}}{\frac{3}{2}}+C\hfill \\ \\ & =(\frac{1}{2})(\frac{2}{3}){u}^{3\text{/}2}+C\hfill \\ & =\frac{1}{3}{u}^{3\text{/}2}+C\hfill \\ & =\frac{1}{3}{({z}^{2}-5)}^{3\text{/}2}+C.\hfill \end{array}]   
 Watch the following video to see the worked solution to this example.
 https://youtube.com/watch?v=Ak_y3lsBNfE%3Fcontrols%3D0%26start%3D165%26end%3D266%26autoplay%3D0
 For closed captioning, open the video on its original page by clicking the Youtube logo in the lower right-hand corner of the video display. In YouTube, the video will begin at the same starting point as this clip, but will continue playing until the very end.
 You can view the transcript for this segmented clip of “5.5 Substitution” here (opens in new window).
  Use substitution to evaluate the integral [image: \displaystyle\int \frac{ \sin t}{{ \cos }^{3}t}dt.]
 Show Solution 
 We know the derivative of [image: \cos t] is [image: \text{−} \sin t,] so we set [image: u= \cos t.] Then [image: du=\text{−} \sin tdt.] Substituting into the integral, we have
 [image: \displaystyle\int \frac{ \sin t}{{ \cos }^{3}t}dt=\text{−}\displaystyle\int \frac{du}{{u}^{3}}.]
 Evaluating the integral, we get
 [image: \begin{array}{}\\ \\ \text{−}{\displaystyle\int \frac{du}{{u}^{3}}}\hfill & =\text{−} {\displaystyle\int {u}^{-3}du}\hfill \\ & =\text{−}(-\frac{1}{2}){u}^{-2}+C.\hfill \end{array}]
 Putting the answer back in terms of [image: t], we get
 [image: \begin{array}{cc} {\displaystyle\int \frac{ \sin t}{{ \cos }^{3}t}dt}\hfill & =\frac{1}{2{u}^{2}}+C\hfill \\ \\ & =\dfrac{1}{2{ \cos }^{2}t}+C.\hfill \end{array}] 

  Sometimes we need to manipulate an integral in ways that are more complicated than just multiplying or dividing by a constant. We need to eliminate all the expressions within the integrand that are in terms of the original variable. When we are done, [image: u] should be the only variable in the integrand.
 In some cases, this means solving for the original variable in terms of [image: u]. This technique should become clear in the next example.
 Use substitution to find the antiderivative of [image: \displaystyle\int \frac{x}{\sqrt{x-1}}dx.]
 Show Solution 
 If we let [image: u=x-1,] then [image: du=dx.] But this does not account for the [image: x] in the numerator of the integrand. We need to express [image: x] in terms of [image: u]. If [image: u=x-1,] then [image: x=u+1.] Now we can rewrite the integral in terms of [image: u]:
 [image: \begin{array}{ll} {\displaystyle\int \frac{x}{\sqrt{x-1}}dx}\hfill & = {\displaystyle\int \frac{u+1}{\sqrt{u}}du}\hfill \\ \\ & = {\displaystyle\int \sqrt{u}+\frac{1}{\sqrt{u}}du}\hfill \\ & = {\displaystyle\int ({u}^{1\text{/}2}+{u}^{-1\text{/}2})du}.\hfill \end{array}]
 Then we integrate in the usual way, replace [image: u] with the original expression, and factor and simplify the result. Thus,
 [image: \begin{array}{cc} {\displaystyle\int ({u}^{1\text{/}2}+{u}^{-1\text{/}2})du}\hfill & =\frac{2}{3}{u}^{3\text{/}2}+2{u}^{1\text{/}2}+C\hfill \\ \\ & =\frac{2}{3}{(x-1)}^{3\text{/}2}+2{(x-1)}^{1\text{/}2}+C\hfill \\ & ={(x-1)}^{1\text{/}2}\left[\frac{2}{3}(x-1)+2\right]+C\hfill \\ & ={(x-1)}^{1\text{/}2}(\frac{2}{3}x-\frac{2}{3}+\frac{6}{3})\hfill \\ & ={(x-1)}^{1\text{/}2}(\frac{2}{3}x+\frac{4}{3})\hfill \\ & =\frac{2}{3}{(x-1)}^{1\text{/}2}(x+2)+C.\hfill \end{array}] 
  [ohm_question hide_question_numbers=1]288435[/ohm_question]
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				Substitution for Definite Integrals
 Substitution can be used with definite integrals, too. However, using substitution to evaluate a definite integral requires a change to the limits of integration. If we change variables in the integrand, the limits of integration change as well.
 substitution with definite integrals
 Let [image: u=g(x)] and let [image: {g}^{\text{′}}] be continuous over an interval [image: \left[a,b\right],] and let [image: f] be continuous over the range of [image: u=g(x).] Then,
 [image: {\displaystyle\int }_{a}^{b}f(g(x)){g}^{\prime }(x)dx={\displaystyle\int }_{g(a)}^{g(b)}f(u)du]
 
  Although we will not formally prove this theorem, we justify it with some calculations here. From the substitution rule for indefinite integrals, if [image: F(x)] is an antiderivative of [image: f(x),] we have
 [image: \displaystyle\int f(g(x)){g}^{\prime }(x)dx=F(g(x))+C]
 Then
 [image: \begin{array}{cc}{\displaystyle\int }_{a}^{b}f\left[g(x)\right]{g}^{\prime }(x)dx\hfill & ={F(g(x))|}_{x=a}^{x=b}\hfill \\ & =F(g(b))-F(g(a))\hfill \\ & ={F(u)|}_{u=g(a)}^{u=g(b)}\hfill \\ \\ \\ & ={\displaystyle\int }_{g(a)}^{g(b)}f(u)du,\hfill \end{array}]
 and we have the desired result.
 Use substitution to evaluate [image: {\displaystyle\int }_{0}^{1}{x}^{2}{(1+2{x}^{3})}^{5}dx.]
 Show Solution 
 Let [image: u=1+2{x}^{3},] so [image: du=6{x}^{2}dx.]
 Since the original function includes one factor of [image: x^2] and [image: du=6{x}^{2}dx,] multiply both sides of the du equation by [image: \frac{1}{6}.]
 Then,
 [image: \begin{array}{ccc}du\hfill & =\hfill & 6{x}^{2}dx\hfill \\ \frac{1}{6}du\hfill & =\hfill & {x}^{2}dx.\hfill \end{array}]
 To adjust the limits of integration, note that when [image: x=0,u=1+2(0)=1,] and when [image: x=1,u=1+2(1)=3.]
 Then,
 [image: {\displaystyle\int }_{0}^{1}{x}^{2}{(1+2{x}^{3})}^{5}dx=\frac{1}{6}{\displaystyle\int }_{1}^{3}{u}^{5}du.]
 Evaluating this expression, we get
 [image: \begin{array}{}\frac{1}{6}{\displaystyle\int }_{1}^{3}{u}^{5}du\hfill & =(\frac{1}{6})(\frac{{u}^{6}}{6}){|}_{1}^{3}\hfill \\ & =\frac{1}{36}\left[{(3)}^{6}-{(1)}^{6}\right]\hfill \\ & =\frac{182}{9}.\hfill \end{array}]
 Watch the following video to see the worked solution to this example.
 https://youtube.com/watch?v=Ak_y3lsBNfE%3Fcontrols%3D0%26start%3D519%26end%3D664%26autoplay%3D0
 For closed captioning, open the video on its original page by clicking the Youtube logo in the lower right-hand corner of the video display. In YouTube, the video will begin at the same starting point as this clip, but will continue playing until the very end.
 You can view the transcript for this segmented clip of “5.5 Substitution” here (opens in new window).
  Use substitution to evaluate [image: {\displaystyle\int }_{0}^{1}x{e}^{4{x}^{2}+3}dx.]
 Show Solution 
 Let [image: u=4{x}^{3}+3.] Then, [image: du=8xdx.]
 To adjust the limits of integration, we note that when [image: x=0,u=3,] and when [image: x=1,u=7.]
 So our substitution gives,
 [image: \begin{array}{cc}{\displaystyle\int }_{0}^{1}x{e}^{4{x}^{2}+3}dx\hfill & =\frac{1}{8}{\displaystyle\int }_{3}^{7}{e}^{u}du\hfill \\ \\ & =\frac{1}{8}{e}^{u}{|}_{3}^{7}\hfill \\ & =\frac{{e}^{7}-{e}^{3}}{8}\hfill \\ & \approx 134.568.\hfill \end{array}]
  Substitution may be only one of the techniques needed to evaluate a definite integral. All of the properties and rules of integration apply independently, and trigonometric functions may need to be rewritten using a trigonometric identity before we can apply substitution. Also, we have the option of replacing the original expression for [image: u] after we find the antiderivative, which means that we do not have to change the limits of integration. These two approaches are shown in the following examples.
 Use substitution to evaluate [image: {\displaystyle\int }_{0}^{\pi \text{/}2}{ \cos }^{2}\theta d\theta .]
 Show Solution 
 Let us first use a trigonometric identity to rewrite the integral. The trig identity [image: { \cos }^{2}\theta =\frac{1+ \cos 2\theta }{2}] allows us to rewrite the integral as
 [image: {\displaystyle\int }_{0}^{\pi \text{/}2}{ \cos }^{2}\theta d\theta ={\displaystyle\int }_{0}^{\pi \text{/}2}\frac{1+ \cos 2\theta }{2}d\theta .]
  
 Then,
 [image: \begin{array}{cc}{\displaystyle\int }_{0}^{\pi \text{/}2}\left(\frac{1+ \cos 2\theta }{2}\right)d\theta \hfill & ={\displaystyle\int }_{0}^{\pi \text{/}2}\left(\frac{1}{2}+\frac{1}{2} \cos 2\theta \right)d\theta \hfill \\ \\ \\ & =\frac{1}{2}{\displaystyle\int }_{0}^{\pi \text{/}2}d\theta + \frac{1}{2}{\displaystyle\int }_{0}^{\pi \text{/}2} \cos 2\theta d\theta .\hfill \end{array}]
  
 We can evaluate the first integral as it is, but we need to make a substitution to evaluate the second integral. Let [image: u=2\theta .] Then, [image: du=2d\theta ,] or [image: \frac{1}{2}du=d\theta .] Also, when [image: \theta =0,u=0,] and when [image: \theta =\pi \text{/}2,u=\pi .] Expressing the second integral in terms of [image: u], we have
 [image: \begin{array}{}\\ \\ \frac{1}{2}{\displaystyle\int }_{0}^{\pi \text{/}2}d\theta +\frac{1}{2}{\displaystyle\int }_{0}^{\pi \text{/}2} \cos 2\theta d\theta \hfill & =\frac{1}{2}{\displaystyle\int }_{0}^{\pi \text{/}2}d\theta +\frac{1}{2}(\frac{1}{2}){\displaystyle\int }_{0}^{\pi } \cos udu\hfill \\ & =\frac{\theta }{2}{|}_{\theta =0}^{\theta =\pi \text{/}2}+\frac{1}{4} \sin u{|}_{u=0}^{u=\theta }\hfill \\ & =(\frac{\pi }{4}-0)+(0-0)=\frac{\pi }{4}.\hfill \end{array}]
 Watch the following video to see the worked solution to this example.
 https://youtube.com/watch?v=Ak_y3lsBNfE%3Fcontrols%3D0%26start%3D774%26end%3D978%26autoplay%3D0
 For closed captioning, open the video on its original page by clicking the Youtube logo in the lower right-hand corner of the video display. In YouTube, the video will begin at the same starting point as this clip, but will continue playing until the very end.
 You can view the transcript for this segmented clip of “5.5 Substitution” here (opens in new window).
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		Integration using Substitution: Apply It

								

	
				 	Identify when to use substitution to simplify and solve integrals
 	Apply substitution methods to find indefinite integrals
 	Apply substitution methods to find definite integrals
 
  Transforming Integrals: The Power of Substitution
 In this activity, we will explore the technique of integration by substitution, a powerful method for solving complex integrals. By transforming integrals into simpler forms, substitution allows us to evaluate them more easily.  
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		Integrals Involving Exponential and Logarithmic Functions: Learn It 1

								

	
				 	Perform integrations on functions that include exponential terms
 	Solve integrals that feature logarithmic functions
 
  Integrals of Exponential Functions
 The exponential function is perhaps the most efficient function in terms of the operations of calculus. The exponential function, [image: y={e}^{x},] is its own derivative and its own integral.
 integrals of exponential functions
 Exponential functions can be integrated using the following formulas.
 [image: \begin{array}{ccc} {\displaystyle\int{e}^{x}dx} & {=} & {{e}^{x}+C} \\ {\displaystyle\int{a}^{x}dx} & {=} & {\dfrac{{a}^{x}}{\text{ln}a}+C}\end{array}]
  The nature of the antiderivative of [image: {e}^{x}] makes it fairly easy to identify what to choose as [image: u]. 
 If only one [image: e] exists, choose the exponent of [image: e] as [image: u]. If more than one [image: e] exists, choose the more complicated function involving [image: e] as [image: u].
  Find the antiderivative of the exponential function [image: e^{-x}].
 Show Solution 
 Use substitution, setting [image: u=\text{−}x,] and then [image: du=-1dx.]
 Multiply the du equation by [image: −1], so you now have [image: \text{−}du=dx.]
 Then,
 [image: \begin{array}{cc}{\displaystyle\int {e}^{\text{−}x}dx}\hfill & =\text{−}{\displaystyle\int {e}^{u}du}\hfill \\ & =\text{−}{e}^{u}+C\hfill \\ & =\text{−}{e}^{\text{−}x}+C.\hfill \end{array}]
 
  A common mistake when dealing with exponential expressions is treating the exponent on [image: e] the same way we treat exponents in polynomial expressions. We cannot use the power rule for the exponent on [image: e]. This can be especially confusing when we have both exponentials and polynomials in the same expression, as in the previous checkpoint. In these cases, we should always double-check to make sure we’re using the right rules for the functions we’re integrating.
  Find the antiderivative of the exponential function [image: {e}^{x}\sqrt{1+{e}^{x}}.]
 Show Solution 
 First rewrite the problem using a rational exponent:
 [image: \displaystyle\int {e}^{x}\sqrt{1+{e}^{x}}dx=\displaystyle\int {e}^{x}{(1+{e}^{x})}^{1\text{/}2}dx.]
 Using substitution, choose [image: u=1+{e}^{x}.u=1+{e}^{x}.]
 Then, [image: du={e}^{x}dx.] We have,
 [image: \displaystyle\int {e}^{x}{(1+{e}^{x})}^{1\text{/}2}dx=\displaystyle\int {u}^{1\text{/}2}du.]
 Then
 [image: \displaystyle\int {u}^{1\text{/}2}du=\frac{{u}^{3\text{/}2}}{3\text{/}2}+C=\frac{2}{3}{u}^{3\text{/}2}+C=\frac{2}{3}{(1+{e}^{x})}^{3\text{/}2}+C.]
 [image: A graph of the function f(x) = e^x * sqrt(1 + e^x), which is an increasing concave up curve, over [-3, 1]. It begins close to the x axis in quadrant two, crosses the y axis at (0, sqrt(2)), and continues to increase rapidly.]Figure 1. The graph shows an exponential function times the square root of an exponential function.   Use substitution to evaluate the indefinite integral [image: \displaystyle\int 3{x}^{2}{e}^{2{x}^{3}}dx.]
 Show Solution 
 Here we choose to let [image: u] equal the expression in the exponent on [image: e].
 Let [image: u=2{x}^{3}] and [image: du=6{x}^{2}dx..] Again, du is off by a constant multiplier; the original function contains a factor of 3[image: x^2], not 6[image: x^2].
 Multiply both sides of the equation by [image: \frac{1}{2}] so that the integrand in [image: u] equals the integrand in [image: x].
 Thus,
 [image: \displaystyle\int 3{x}^{2}{e}^{2{x}^{3}}dx=\frac{1}{2}\displaystyle\int {e}^{u}du.]
 Integrate the expression in [image: u] and then substitute the original expression in [image: x] back into the [image: u] integral:
 [image: \frac{1}{2}\displaystyle\int {e}^{u}du=\frac{1}{2}{e}^{u}+C=\frac{1}{2}{e}^{2{x}^{3}}+C.]
  Exponential functions are used in many real-life applications. The number e is often associated with compounded or accelerating growth, as we have seen in earlier sections about the derivative. Although the derivative represents a rate of change or a growth rate, the integral represents the total change or the total growth. Let’s look at an example in which integration of an exponential function solves a common business application.
 A price–demand function tells us the relationship between the quantity of a product demanded and the price of the product. In general, price decreases as quantity demanded increases.
 The marginal price–demand function is the derivative of the price–demand function and it tells us how fast the price changes at a given level of production.
 These functions are used in business to determine the price–elasticity of demand, and to help companies determine whether changing production levels would be profitable.
  Find the price–demand equation for a particular brand of toothpaste at a supermarket chain when the demand is [image: 50] tubes per week at [image: $2.35] per tube, given that the marginal price—demand function, [image: {p}^{\prime }(x),] for [image: x] number of tubes per week, is given as
 [image: p\text{'}(x)=-0.015{e}^{-0.01x}.]
 If the supermarket chain sells [image: 100] tubes per week, what price should it set?
 Show Solution 
 To find the price–demand equation, integrate the marginal price–demand function. First find the antiderivative, then look at the particulars.
 Thus,
 [image: \begin{array}{}\\ \\ p(x)\hfill & =\int -0.015{e}^{-0.01x}dx\hfill \\ & =-0.015\int {e}^{-0.01x}dx.\hfill \end{array}]
 Using substitution, let [image: u=-0.01x] and [image: du=-0.01dx.] Then, divide both sides of the du equation by [image: −0.01].
 This gives,
 [image: \begin{array}{cc}\frac{-0.015}{-0.01}\int {e}^{u}du\hfill & =1.5\int {e}^{u}du\hfill \\ \\ & =1.5{e}^{u}+C\hfill \\ & =1.5{e}^{-0.01x}+C.\hfill \end{array}]
 The next step is to solve for [image: C]. We know that when the price is [image: $2.35] per tube, the demand is [image: 50] tubes per week. This means
 [image: \begin{array}{}\\ \\ p(50)\hfill & =1.5{e}^{-0.01(50)}+C\hfill \\ & =2.35.\hfill \end{array}]
 Now, just solve for [image: C]:
 [image: \begin{array}{}\\ C\hfill & =2.35-1.5{e}^{-0.5}\hfill \\ & =2.35-0.91\hfill \\ & =1.44.\hfill \end{array}]
 Thus,
 [image: p(x)=1.5{e}^{-0.01x}+1.44.]
 If the supermarket sells [image: 100] tubes of toothpaste per week, the price would be,
 [image: p(100)=1.5{e}^{-0.01(100)}+1.44=1.5{e}^{-1}+1.44\approx 1.99.]
 The supermarket should charge [image: $1.99] per tube if it is selling [image: 100] tubes per week.
 Watch the following video to see the worked solution to this example.
 https://youtube.com/watch?v=V9NlSl17duk%3Fcontrols%3D0%26start%3D465%26end%3D815%26autoplay%3D0
 For closed captioning, open the video on its original page by clicking the Youtube logo in the lower right-hand corner of the video display. In YouTube, the video will begin at the same starting point as this clip, but will continue playing until the very end.
 You can view the transcript for this segmented clip of “5.6.1” here (opens in new window).
  Evaluate the definite integral [image: {\displaystyle\int }_{1}^{2}{e}^{1-x}dx.]
 Show Solution 
 Again, substitution is the method to use. Let [image: u=1-x,] so [image: du=-1dx] or [image: \text{−}du=dx.] Then [image: \displaystyle\int {e}^{1-x}dx=\text{−}\displaystyle\int {e}^{u}du.] Next, change the limits of integration. Using the equation [image: u=1-x,] we have
 [image: \begin{array}{c}u=1-(1)=0\hfill \\ u=1-(2)=-1.\hfill \end{array}]
 The integral then becomes
 [image: \begin{array}{cc}{\displaystyle\int }_{1}^{2}{e}^{1-x}dx\hfill & =\text{−}{\displaystyle\int }_{0}^{-1}{e}^{u}du\hfill  \\ & ={\displaystyle\int }_{-1}^{0}{e}^{u}du\hfill \\ & ={{e}^{u}|}_{-1}^{0}\hfill \\ & ={e}^{0}-({e}^{-1})\hfill \\ & =\text{−}{e}^{-1}+1.\hfill \end{array}]
 [image: A graph of the function f(x) = e^(1-x) over [0, 3]. It crosses the y axis at (0, e) as a decreasing concave up curve and symptotically approaches 0 as x goes to infinity.]Figure 2. The indicated area can be calculated by evaluating a definite integral using substitution.   Suppose the rate of growth of bacteria in a Petri dish is given by [image: q(t)={3}^{t},] where [image: t] is given in hours and [image: q(t)] is given in thousands of bacteria per hour. If a culture starts with [image: 10,000] bacteria, find a function [image: Q(t)] that gives the number of bacteria in the Petri dish at any time [image: t]. How many bacteria are in the dish after [image: 2] hours?
 Show Solution 
 We have,
 [image: Q(t)=\int {3}^{t}dt=\frac{{3}^{t}}{\text{ln}3}+C.]
 Then, at [image: t=0] we have
 [image: Q(0)=10=\frac{1}{\text{ln}3}+C,] 
 so [image: C\approx 9.090] and we get,
 [image: Q(t)=\frac{{3}^{t}}{\text{ln}3}+9.090.]
 Note: We are using [image: 10] in place of [image: 10,000] since [image: 10 ,000] bacteria are [image: 10] thousands of bacteria. We will multiple our final answer by a power of [image: 1000] at the end of our calculation to account for this. 
 
 At time [image: t=2,] we have,
 [image: Q(2)=\frac{{3}^{2}}{\text{ln}3}+9.090=17.282]
 After [image: 2] hours, there are [image: 17,282] bacteria in the dish.
   Evaluate the definite integral using substitution:
 [image: {\displaystyle\int }_{1}^{2}\dfrac{{e}^{1\text{/}x}}{{x}^{2}}dx.]
 Show Solution 
 This problem requires some rewriting to simplify applying the properties.
 First, rewrite the exponent on [image: e] as a power of [image: x], then bring the [image: x^2] in the denominator up to the numerator using a negative exponent.
 We have,
 [image: {\displaystyle\int }_{1}^{2}\frac{{e}^{1\text{/}x}}{{x}^{2}}dx={\displaystyle\int }_{1}^{2}{e}^{{x}^{-1}}{x}^{-2}dx.]
 Let [image: u={x}^{-1},] the exponent on [image: e].
 Then,
 [image: \begin{array}{cc}\hfill du& =\text{−}{x}^{-2}dx\hfill \\ \hfill -du& ={x}^{-2}dx.\hfill \end{array}]
 Bringing the negative sign outside the integral sign, the problem now reads,
 [image: \text{−}\displaystyle\int {e}^{u}du.]
 Next, change the limits of integration:
 [image: \begin{array}{}\\ u={(1)}^{-1}=1\hfill \\ u={(2)}^{-1}=\frac{1}{2}.\hfill \end{array}]
 Notice that now the limits begin with the larger number, meaning we must multiply by [image: −1]and interchange the limits.
 Thus,
 [image: \begin{array}{cc}\\ \text{−}{\displaystyle\int }_{1}^{1\text{/}2}{e}^{u}du\hfill & ={\displaystyle\int }_{1\text{/}2}^{1}{e}^{u}du\hfill \\ & ={e}^{u}{|}_{1\text{/}2}^{1}\hfill \\ & =e-{e}^{1\text{/}2}\hfill \\ & =e-\sqrt{e}.\hfill \end{array}]
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				Integrals Involving Logarithmic Functions
 Integrating functions of the form [image: f(x)={x}^{-1}] result in the absolute value of the natural log function, as shown in the following rule. Integral formulas for other logarithmic functions, such as [image: f(x)=\text{ln}x] and [image: f(x)={\text{log}}_{a}x,] are also included in the rule.
 integration formulas involving logarithmic functions
 The following formulas can be used to evaluate integrals involving logarithmic functions.
 [image: \begin{array}{ccc}\hfill \displaystyle\int {x}^{-1}dx& =\hfill & \text{ln}|x|+C\hfill \\ \hfill \displaystyle\int \text{ln}xdx& =\hfill & x\text{ln}x-x+C=x(\text{ln}x-1)+C\hfill \\ \hfill \displaystyle\int {\text{log}}_{a}xdx& =\hfill & \frac{x}{\text{ln}a}(\text{ln}x-1)+C\hfill \end{array}]
  Find the antiderivative of the function [image: \dfrac{3}{x-10}.]
 Show Solution 
 First factor the [image: 3] outside the integral symbol. Then use the [image: u^{-1}] rule. Thus,
 [image: \begin{array}{ll}{\displaystyle\int \frac{3}{x-10}dx}\hfill & =3{\displaystyle\int \frac{1}{x-10}dx}\hfill \\ & =3{\displaystyle\int \frac{du}{u}}\hfill \\ & =3\text{ln}|u|+C\hfill \\ & =3\text{ln}|x-10|+C,x\ne 10.\hfill \end{array}]
 [image: A graph of the function f(x) = 3 / (x – 10). There is an asymptote at x=10. The first segment is a decreasing concave down curve that approaches 0 as x goes to negative infinity and approaches negative infinity as x goes to 10. The second segment is a decreasing concave up curve that approaches infinity as x goes to 10 and approaches 0 as x approaches infinity.]Figure 3. The domain of this function is [image: x\ne 10.]   Find the antiderivative of [image: \dfrac{2{x}^{3}+3x}{{x}^{4}+3{x}^{2}}.]
 Show Solution This can be rewritten as [image: \displaystyle\int (2{x}^{3}+3x){({x}^{4}+3{x}^{2})}^{-1}dx.] 
 Use substitution. Let [image: u={x}^{4}+3{x}^{2},] then [image: du=4{x}^{3}+6x.] Alter du by factoring out the [image: 2]. 
 Thus,
 [image: \begin{array}{}\\ \hfill du& =\hfill & (4{x}^{3}+6x)dx\hfill \\ & =\hfill & 2(2{x}^{3}+3x)dx\hfill \\ \hfill \frac{1}{2}du& =\hfill & (2{x}^{3}+3x)dx.\hfill \end{array}]
  
 Rewrite the integrand in [image: u]:
 [image: \displaystyle\int (2{x}^{3}+3x){({x}^{4}+3{x}^{2})}^{-1}dx=\frac{1}{2}\displaystyle\int {u}^{-1}du.]
 Then we have
 [image: \begin{array}{ll}\frac{1}{2}{\displaystyle\int {u}^{-1}du}\hfill & =\frac{1}{2}\text{ln}|u|+C\hfill \\ & =\frac{1}{2}\text{ln}|{x}^{4}+3{x}^{2}|+C.\hfill \end{array}]
 Watch the following video to see the worked solution to this example.
 https://youtube.com/watch?v=8mW2bG6HoPE%3Fcontrols%3D0%26start%3D162%26end%3D270%26autoplay%3D0
 For closed captioning, open the video on its original page by clicking the Youtube logo in the lower right-hand corner of the video display. In YouTube, the video will begin at the same starting point as this clip, but will continue playing until the very end.
 You can view the transcript for this segmented clip of “5.6.2” here (opens in new window).
  Find the antiderivative of the log function [image: {\text{log}}_{2}x.]
 Show Solution 
 Follow the format in the formula listed in the rule on integration formulas involving logarithmic functions. Based on this format, we have
 [image: \displaystyle\int {\text{log}}_{2}xdx=\frac{x}{\text{ln}2}(\text{ln}x-1)+C.]
  The example below is a definite integral of a trigonometric function. With trigonometric functions, we often have to apply a trigonometric property or an identity before we can move forward. Finding the right form of the integrand is usually the key to a smooth integration.
 Find the definite integral of [image: {\displaystyle\int }_{0}^{\pi \text{/}2}\frac{ \sin x}{1+ \cos x}dx.]
 Show Solution 
 We need substitution to evaluate this problem. Let [image: u=1+ \cos x,,] so [image: du=\text{−} \sin xdx.] Rewrite the integral in terms of [image: u], changing the limits of integration as well. Thus,
 [image: \begin{array}{c}u=1+ \cos (0)=2\hfill \\ u=1+ \cos (\frac{\pi }{2})=1\hfill \end{array}]
 Then
 [image: \begin{array}{cc}{\displaystyle\int} _{0}^{\pi \text{/}2}\dfrac{ \sin x}{1+ \cos x}\hfill & =\text{−}{\displaystyle\int }_{2}^{1}{u}^{-1}du\hfill  \\ & ={\displaystyle\int }_{1}^{2}{u}^{-1}du\hfill \\ & ={\text{ln}|u||}_{1}^{2}\hfill \\ & =\left[\text{ln}2-\text{ln}1\right]\hfill \\ & =\text{ln}2\hfill \end{array}]
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		Integrals Involving Exponential and Logarithmic Functions: Apply It

								

	
				 	Perform integrations on functions that include exponential terms
 	Solve integrals that feature logarithmic functions
 
  Exponential and Logarithmic Integrals in the Real World
 In this apply-it task, we’ll explore how exponential and logarithmic integrals are used to solve real-world problems. From population growth to radioactive decay, from compound interest to sound intensity, these mathematical tools help us understand and predict various phenomena.
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				 	Calculate integrals that lead to inverse trigonometric function solutions
 
  In this section we focus on integrals that result in inverse trigonometric functions. We have worked with these functions before.
 Recall that trigonometric functions are not one-to-one unless the domains are restricted.
  When working with inverses of trigonometric functions, we always need to be careful to take these restrictions into account. Also, we developed formulas for derivatives of inverse trigonometric functions. The formulas developed there give rise directly to integration formulas involving inverse trigonometric functions.
 Integrals Resulting in Inverse Trigonometric Functions
 Let us begin with the three formulas. Along with these formulas, we use substitution to evaluate the integrals. We prove the formula for the inverse sine integral.
 integration formulas resulting in inverse trigonometric Functions
 The following integration formulas yield inverse trigonometric functions:
 	[image: \displaystyle\int \frac{du}{\sqrt{{a}^{2}-{u}^{2}}}={ \sin }^{-1}\frac{u}{|a|}+C]
 
 	[image: \displaystyle\int \frac{du}{{a}^{2}+{u}^{2}}=\frac{1}{a}\phantom{\rule{0.05em}{0ex}}{ \tan }^{-1}\frac{u}{a}+C]
 
 	[image: \displaystyle\int \frac{du}{u\sqrt{{u}^{2}-{a}^{2}}}=\frac{1}{|a|}\phantom{\rule{0.05em}{0ex}}{ \sec }^{-1}\frac{|u|}{a}+C]
 
 
  Proof
 
 Let [image: y={ \sin }^{-1}\dfrac{x}{a}.] Then [image: a \sin y=x.]
 Now let’s use implicit differentiation. We obtain,
 [image: \begin{array}{ccc}\hfill \frac{d}{dx}(a \sin y)& =\hfill & \frac{d}{dx}(x)\hfill \\ \\ \hfill a \cos y\frac{dy}{dx}& =\hfill & 1\hfill \\ \hfill \frac{dy}{dx}& =\hfill & \frac{1}{a \cos y}.\hfill \end{array}]
  
 For [image: -\frac{\pi }{2}\le y\le \frac{\pi }{2}, \cos y\ge 0.]
 Thus, applying the Pythagorean identity [image: { \sin }^{2}y+{ \cos }^{2}y=1,] we have [image: \cos y=\sqrt{1={ \sin }^{2}y}.]
 This gives,
 [image: \begin{array}{cc}\frac{1}{a \cos y}\hfill & =\frac{1}{a\sqrt{1-{ \sin }^{2}y}}\hfill \\ \\ & =\frac{1}{\sqrt{{a}^{2}-{a}^{2}{ \sin }^{2}y}}\hfill \\ & =\frac{1}{\sqrt{{a}^{2}-{x}^{2}}}.\hfill \end{array}]
 Then for [image: \text{−}a\le x\le a,] we have,
 [image: \displaystyle\int \frac{1}{\sqrt{{a}^{2}-{u}^{2}}}du={ \sin }^{-1}\left(\frac{u}{a}\right)+C.]
 [image: _\blacksquare]
  Evaluate the definite integral [image: {\displaystyle\int }_{0}^{\frac{1}{2}}\dfrac{dx}{\sqrt{1-{x}^{2}}}.]
 Show Solution 
 We can go directly to the formula for the antiderivative in the rule on integration formulas resulting in inverse trigonometric functions, and then evaluate the definite integral.
 We have,
 [image: \begin{array}{}\\ {\displaystyle\int }_{0}^{\frac{1}{2}}\dfrac{dx}{\sqrt{1-{x}^{2}}}\hfill & ={ \sin }^{-1}x{|}_{0}^{\frac{1}{2}}\hfill \\ & ={ \sin }^{-1}{\frac{1}{2}}-{ \sin }^{-1}0\hfill \\ & =\frac{\pi }{6}-0\hfill \\ & =\frac{\pi }{6}.\hfill \end{array}]
  Evaluate the integral [image: \displaystyle\int \frac{dx}{\sqrt{4-9{x}^{2}}}.]
 Show Solution Substitute [image: u=3x.] Then [image: du=3dx] and we have,
 [image: \displaystyle\int \frac{dx}{\sqrt{4-9{x}^{2}}}=\frac{1}{3}\displaystyle\int \frac{du}{\sqrt{4-{u}^{2}}}.]
 Applying the formula with [image: a=2,] we obtain,
 [image: \begin{array}{cc}{\displaystyle\int} \dfrac{dx}{\sqrt{4-9{x}^{2}}}\hfill & =\frac{1}{3}{\displaystyle\int} \dfrac{du}{\sqrt{4-{u}^{2}}}\hfill \\ & =\frac{1}{3}{ \sin }^{-1}\left(\frac{u}{2}\right)+C\hfill \\ & =\frac{1}{3}{ \sin }^{-1}\left(\frac{3x}{2}\right)+C.\hfill \end{array}]
 
 
  Evaluate the definite integral [image: {\displaystyle\int }_{0}^{\sqrt{3}\text{/}2}\dfrac{du}{\sqrt{1-{u}^{2}}}.]
 Show Solution 
 The format of the problem matches the inverse sine formula. Thus,
 [image: \begin{array}{}\\ {\displaystyle\int }_{0}^{\sqrt{3}\text{/}2}\dfrac{du}{\sqrt{1-{u}^{2}}}\hfill & ={ \sin }^{-1}u{|}_{0}^{\sqrt{3}\text{/}2}\hfill \\ & =\left[{ \sin }^{-1}(\frac{\sqrt{3}}{2})\right]-\left[{ \sin }^{-1}(0)\right]\hfill \\ & =\frac{\pi }{3}.\hfill \end{array}]
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				Integrals Resulting in Other Inverse Trigonometric Functions 
 There are six inverse trigonometric functions. However, only three integration formulas are noted in the rule on integration formulas resulting in inverse trigonometric functions because the remaining three are negative versions of the ones we use. The only difference is whether the integrand is positive or negative.
 Rather than memorizing three more formulas, if the integrand is negative, simply factor out [image: −1] and evaluate the integral using one of the formulas already provided.
  Find an antiderivative of [image: \displaystyle\int \frac{1}{1+4{x}^{2}}dx.]
 Show Solution 
 Comparing this problem with the formulas stated in the rule on integration formulas resulting in inverse trigonometric functions, the integrand looks similar to the formula for [image: { \tan }^{-1}u+C.]
 So we use substitution, letting [image: u=2x,] then [image: du=2dx] and [image: \frac{1}{2}du=dx.]
 Then, we have,
 [image: \frac{1}{2}\displaystyle\int \frac{1}{1+{u}^{2}}du=\frac{1}{2}\phantom{\rule{0.05em}{0ex}}{ \tan }^{-1}u+C=\frac{1}{2}\phantom{\rule{0.05em}{0ex}}{ \tan }^{-1}(2x)+C.]
 
  Find the antiderivative of [image: \displaystyle\int \frac{1}{9+{x}^{2}}dx.]
 
 Show Solution 
 Apply the formula with [image: a=3.] Then,
 [image: \displaystyle\int \frac{dx}{9+{x}^{2}}=\frac{1}{3}\phantom{\rule{0.05em}{0ex}}{ \tan }^{-1}\left(\frac{x}{3}\right)+C]
 
 
 
  Evaluate the definite integral [image: {\displaystyle\int }_{\sqrt{3}\text{/}3}^{\sqrt{3}}\dfrac{dx}{1+{x}^{2}}.]
 Show Solution 
 Use the formula for the inverse tangent. We have,
 [image: \begin{array}{} \\ {\displaystyle\int }_{\sqrt{3}\text{/}3}^{\sqrt{3}}\dfrac{dx}{1+{x}^{2}}\hfill & ={ \tan }^{-1}x{|}_{\sqrt{3}\text{/}3}^{\sqrt{3}}\hfill \\ & =\left[{ \tan }^{-1}(\sqrt{3})\right]-\left[{ \tan }^{-1}\left(\frac{\sqrt{3}}{3}\right)\right]\hfill \\ & =\frac{\pi }{6}.\hfill \end{array}]
  
 
  

  [ohm_question hide_question_numbers=1]288438[/ohm_question]
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				 	Calculate integrals that lead to inverse trigonometric function solutions
 
  Exploring Integrals with Inverse Trigonometric Functions
 In this activity, we will explore the use of inverse trigonometric functions to solve integrals. These exercises will help you understand how to recognize and apply the formulas for integrals that match the forms of inverse sine, tangent, and secant functions. By practicing both indefinite and definite integrals, you will become more comfortable with identifying the appropriate substitution and integration techniques.
 [ohm_question hide_question_numbers=1]288346[/ohm_question]
  [ohm_question hide_question_numbers=1]288347[/ohm_question]
  [ohm_question hide_question_numbers=1]288348[/ohm_question]
  [ohm_question hide_question_numbers=1]288349[/ohm_question]
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				 	Understand that while all differentiable functions can be derived in a straightforward formula, not all functions can be integrated into a simple antiderivative
 	Calculate bounds for the area calculations under curves when direct integration methods aren’t applicable
 	Explain how estimating the bounds of an integral affects the accuracy of the approximation
 
  Approximating Integrals
 At this point on our calculus journey, we have developed the tools to find the derivative function of any differentiable function. Take, for example, the following function.
 [image: f(x)=\left[\ln\left(\tan^2\left(\frac{1}{x^{2}+3\sqrt{x}}\right)\right)\cos^{-1}\left(\frac{3x^{2}+5x-1}{22x+1}\right)+10x^{3^{x^{2}}}\right]^{e^{\sin(x^{3.2})}}]
 Finding the derivative of this function would take multiple pages using the Chain Rule, Quotient Rule, Product Rule, Sum Rule, and derivative formulas. By cutting some corners and letting Wolfram|Alpha find the derivative function for us, we see that it is:
 [image: Solution for the derivation of the given function above. The details of the final equation are not important, just that it is very long and extremely complex.]
 Don’t worry—we won’t be asked to do anything quite that crazy by hand. But the point is that for any differentiable function we are given, we can apply the tools in our calculus toolbelt to find the closed-form expression of its derivative function.
 However, integration is not always straightforward. There are many functions which are integrable but have no antiderivative in terms of standard elementary functions we’ve seen so far.
 Consider:
 [image: g(x)=\frac{1}{\sqrt{2\pi}}e^{-\frac{1}{2}x^{2}}]
 If we were asked to compute the definite integral [image: \displaystyle\int _{0}^{1} g(x)dx], the graphical area of which is shown in the figure below, could we use the Fundamental Theorem of Calculus, Part 2?
 Try this on your own for a moment. Can you find an antiderivative of [image: g(x)] in terms of elementary functions?
 [image: Graph of a function that is a curve, peak at y-axis 0.4 and shaded under the curve from x=0 to x=1, to the x-axis.]
 If your conclusion is “no,” then you are correct. While the function looks simple, it does not have an antiderivative in terms of elementary functions.
  In Calculus II, we will learn additional techniques to find antiderivatives and indefinite integrals, such as integration by parts and partial fraction decomposition. However, even these methods cannot help us with the function [image: g(x)].
 Finding an antiderivative of [image: g(x)] requires introducing special functions that are themselves defined in terms of integrals. This makes the process too complicated to apply the Fundamental Theorem of Calculus, Part 2, directly. (If you’re curious, you can look up the error function [image: \text{erf}(x)].
 So, what can we do to find [image: \displaystyle\int _{0}^{1} g(x)dx] if we cannot find an antiderivative of [image: g(x)] in terms of elementary functions? We approximate the definite integral!
 Remember, earlier in this module, we learned about using Riemann Sums to approximate the area under a curve. This method may not give us an exact answer but can get us very close when we’ve exhausted other tools. There are also tricks in mathematics that make approximations extremely useful.
 Let’s use a left-endpoint Riemann Sum to approximate [image: \displaystyle\int _{0}^{1} g(x)dx] where [image: g(x)] is defined as above. If we split the interval [image: [0,1]] into [image: n] subintervals of length [image: \frac{1}{n}], then the left-endpoint Riemann sum is:
 [image: L_{n}={\displaystyle\sum _{i=1}^{n}} g\left(\frac{i-1}{n}\right)\cdot\frac{1}{n}].
 If we choose [image: n=10], then our approximation would be:
 [image: {\displaystyle\int _{0}^{1}} \frac{1}{\sqrt{2\pi}}e^{-\frac{1}{2}x^{2}}dx\approx L_{10}={\displaystyle\sum_{i=1}^{10}}\left[\frac{1}{\sqrt{2\pi}}e^{-\frac{1}{2}(i-1/10)^{2}}\cdot\frac{1}{10}\right]\approx0.349].
 Graphically, this left-endpoint sum with [image: 10] subintervals looks as follows.
 [image: Curved function on graph, peak at y=0.4, rectangles are highlighted every increment of 0.1 along the x-axis using the left y-value to approximate the area under the curve. Bound from x=0 to x=1.]
 If we tell someone, “We have an approximation for [image: \displaystyle\int _{0}^{1} g(x)dx], and it is [image: 0.349]!” they might ask, “That’s great, but how close is your approximation to the true value? How large could your error be?” This is where the concept of bounds comes in handy.
 Instead of just giving a single approximation, we can provide upper and lower bounds for the true value. This gives more information because it tells us an interval within which the true value lies. If we choose a value from this interval as our approximation, we can also determine the maximum possible error.
 To find these bounds, we use the concepts of upper sums and lower sums.
 An upper sum uses the maximum function value on each subinterval, giving a weak over-approximation of the true area. A lower sum uses the minimum function value on each subinterval, giving a weak under-approximation of the true area.
  Therefore, we can state:
 [image: \text{Lower Sum}\le\text{True Value}\le\text{Upper Sum}].
 In our example, [image: g(x)=\frac{1}{\sqrt{2\pi}} e^{-\frac{1}{2}x^2}] is decreasing over the interval [image: [0,1]]. Therefore, left endpoints of subintervals give maximum function values, making left-endpoint Riemann sums upper sums. Right endpoints give minimum function values, making right-endpoint Riemann sums lower sums.
 A right-endpoint Riemann Sum to approximate [image: \displaystyle\int _{0}^{1} g(x)dx] with [image: n] subintervals is:
 [image: R_{n}={\displaystyle\sum _{i=1}^{n}} g\left(\frac{i}{n}\right)\cdot\frac{1}{n}]
 With [image: n=10], our right-endpoint approximation is:
 [image: {\displaystyle\int _{0}^{1}} \frac{1}{\sqrt{2\pi}}e^{-\frac{1}{2}x^{2}}dx\approx R_{10}={\displaystyle\sum_{i=1}^{10}}\left[\frac{1}{\sqrt{2\pi}}e^{-\frac{1}{2}(i/10)^{2}}\cdot\frac{1}{10}\right]\approx0.333].
 Graphically, this right-endpoint sum with [image: 10] subintervals looks as follows.
 [image: Curved function on graph, peak at y=0.4, rectangles are highlighted every increment of 0.1 along the x-axis using the right y-value to approximate the area under the curve. Bound from x=0 to x=1.]
 Now we have an upper sum [image: L_{10}] and a lower sum [image: R_{10}], meaning we can state:
 [image: R_{10}\le\displaystyle\int _{0}^{1} g(x)dx\le L_{10}].
 Therefore,
 [image: 0.333\le{\displaystyle\int _{0}^{1}} \frac{1}{\sqrt{2\pi}}e^{-\frac{1}{2}x^{2}}dx\le 0.349].
 Another way to express this is that the true value of [image: {\displaystyle\int _{0}^{1}} \frac{1}{\sqrt{2\pi}}e^{-\frac{1}{2}x^{2}}dx] must lie in the interval [image: [0.333, 0.349]]. If we choose a value from that interval for our approximation, what is the maximum possible error from the true value?
 Suppose we choose the midpoint of the interval [image: [0.333,0.349]], which is:
 [image: \text{midpoint }=\frac{0.333+0.349}{2}=0.341].
 Since the true value lies within [image: [0.333,0.349]], the maximum distance our approximation could be from [image: {\displaystyle\int _{0}^{1}} \frac{1}{\sqrt{2\pi}}e^{-\frac{1}{2}x^{2}}dx] is the distance from the midpoint to the endpoints of the interval. Let [image: \varepsilon (x)] be the maximum error that could be associated with the approximation [image: x]. Then,
 [image: \varepsilon(0.341)=0.349-0.341=0.341-0.333=0.008].
 In words, our approximation [image: 0.341] could be at most [image: 0.008] away from the true value of from the true value of [image: {\displaystyle\int _{0}^{1}} \frac{1}{\sqrt{2\pi}}e^{-\frac{1}{2}x^{2}}dx].
 There is no specific reason we chose [image: n=10] for the number of subintervals. As we choose larger and larger [image: n], the interval for our approximation would become smaller, as would the maximum error. Computers can perform these calculations efficiently for very large [image: n], often necessary when computing a definite integral for a function with no antiderivative in terms of elementary functions.
 Consider the function [image: f(x)=\sqrt{1-x^{4}}]. Can you find [image: \displaystyle\int _{-1}^{0} f(x)dx] using the Fundamental Theorem of Calculus, Part 2? If not, provide an upper bound and a lower bound for the true value of the definite integral. If you were to choose a single value from that interval to use as an approximation, what is the maximum error that could be associated with that approximation?
 
 Show Answer 
 Finding an antiderivative for [image: f(x) = \sqrt{1 - x^4}] in terms of elementary functions is not straightforward. Thus, we cannot directly apply the Fundamental Theorem of Calculus, Part 2.
 Since we cannot find an antiderivative, we will approximate the definite integral using Riemann sums and provide an upper and lower bound for the true value of the integral.
 We are approximating the integral over the interval [image: [-1, 0]]. Let’s split this interval into [image: n] equal subintervals.
 For simplicity, let [image: n = 10].
 For the left-endpoint sum: 
 [image: L_{n} = \sum_{i=1}^{n} f\left(a + (i-1)\Delta x\right) \Delta x]
 For the right-endpoint sum:
 [image: R_{n} = \sum_{i=1}^{n} f\left(a + i\Delta x\right) \Delta x]
 Where [image: \Delta x = \frac{b-a}{n} = \frac{0 - (-1)}{10} = 0.1].
 So the left-endpoint Riemann sum is:
 [image: L_{10} = \sum_{i=1}^{10} \sqrt{1 - \left(-1 + (i-1) \cdot 0.1\right)^4} \cdot 0.1]
 And the right-endpoint Riemann sum is:
 [image: R_{10} = \sum_{i=1}^{10} \sqrt{1 - \left(-1 + i \cdot 0.1\right)^4} \cdot 0.1]
 Calculating these sums:
 [image: L_{10} \approx 0.360] [image: R_{10} \approx 0.332]
 Establishing the bounds:
 [image: R_{10} \leq \int_{-1}^{0} \sqrt{1 - x^4} , dx \leq L_{10}]
 So,
 [image: 0.332 \leq \int_{-1}^{0} \sqrt{1 - x^4} , dx \leq 0.360]
 Let’s choose the midpoint of the interval [image: [0.332, 0.360]]:
 [image: \text{midpoint} = \frac{0.332 + 0.360}{2} = 0.346]
 The maximum possible error would be the distance from the midpoint to either endpoint:
 [image: \varepsilon(0.346) = 0.360 - 0.346 = 0.346 - 0.332 = 0.014]
 Thus, the maximum error associated with the approximation [image: 0.346] is [image: 0.014].
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				 	Understand that while all differentiable functions can be derived in a straightforward formula, not all functions can be integrated into a simple antiderivative
 	Calculate bounds for the area calculations under curves when direct integration methods aren’t applicable
 	Explain how estimating the bounds of an integral affects the accuracy of the approximation
 
  Approximating Integrals
 In calculus, we often encounter functions that are difficult or impossible to integrate using standard techniques. While we have a robust set of tools for finding derivatives of complex functions, integration sometimes requires us to use approximation methods. One such method is the Riemann Sum, which allows us to approximate the area under a curve by summing up the areas of multiple rectangles.
 For example, consider the function [image: g(x) = \frac{1}{\sqrt{2\pi}} e^{-\frac{1}{2}x^2}]. While it is simple in form, it does not have an antiderivative expressible in terms of elementary functions. To approximate the definite integral [image: \int_0^1 g(x) \, dx], we can use a Riemann Sum. By dividing the interval [image: [0,1]] into subintervals and calculating the sum of the areas of the rectangles, we can find an approximate value for the integral.
 We can further refine our approximation by calculating both left-endpoint and right-endpoint Riemann Sums. The left-endpoint sum tends to overestimate the integral, while the right-endpoint sum underestimates it. By combining these estimates, we can provide upper and lower bounds for the true value of the integral, offering a clearer picture of its range. This method of approximation is especially useful when dealing with integrals of functions without elementary antiderivatives, ensuring we can still make accurate and meaningful calculations.
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		Applications of Integration: Background You'll Need 1

								

	
				 	Identify the shapes you get from cutting through 3D objects and what 3D shapes are made by spinning flat shapes
 
  Grasping the concepts of cross sections and rotational solids is fundamental in visualizing and understanding the structure of three-dimensional objects. This topic bridges two-dimensional geometry and three-dimensional forms, providing insights into how shapes transform through different perspectives and manipulations.
 Identifying Cross Sections of 3D Figures
 A cross section is the intersection of a three-dimensional figure with a plane. Analyzing cross sections involves slicing through a 3D object and observing the 2D shape that results from this intersection. The shape of the cross section depends on the orientation of the cutting plane relative to the 3D figure.
 Here’s how you can identify cross sections in different 3D figures:
 	Cubes and Rectangular Prisms: When you slice a cube or rectangular prism with a plane parallel to one of its faces, the cross section is a rectangle or a square. A diagonal cut through the cube can yield a triangular or hexagonal cross section, depending on the angle and the dimensions of the cube.
 [image: Three green cubes with blue planes intersecting them. The first cube is intersected by a horizontal plane, resulting in a square cross-section. The second cube is intersected by an inclined plane, producing a rectangular cross-section. The third cube is intersected by a vertical plane, creating a triangular cross-section.]

 	Cylinders: Slicing a cylinder with a plane parallel to its base produces a circular cross section. If the plane is perpendicular to the base, the cross section is a rectangle. An angled cut through the cylinder can result in an elliptical cross section.
 [image: Three green cylinders with blue planes intersecting them. The first cylinder is intersected by a horizontal plane, resulting in a circular cross-section. The second cylinder is intersected by a vertical plane, producing a rectangular cross-section. The third cylinder is intersected by an inclined plane, creating an elliptical cross-section.]

 	Cones: A horizontal slice of a cone results in a circle. If the slice is parallel but not aligned with the base, it forms an ellipse. A vertical cut through the cone’s vertex produces a triangular cross section.
 [image: Three green cones with blue planes intersecting them. The first cone is intersected by a horizontal plane, resulting in a circular cross-section. The second cone is intersected by a vertical plane, producing a triangular cross-section. The third cone is intersected by an inclined plane, creating an elliptical cross-section.]

 	Spheres: Any plane that cuts through a sphere will always result in a circular cross section.
 [image: Three green spheres with blue planes intersecting them. The first sphere is intersected by a horizontal plane, resulting in a circular cross-section. The second sphere is intersected by a vertical plane, producing a circular cross-section. The third sphere is intersected by an inclined plane, creating another circular cross-section.]

 
 cross sections of 3D figures
 A cross section is the intersection of a plane with a 3D object. The shape of the cross section depends critically on the geometry of the 3D object and the orientation of the cutting plane.
 	Common Examples:
 	Cubes and Rectangular Prisms: Parallel cuts produce rectangles or squares, while diagonal cuts can yield triangles or hexagons.
 	Cylinders: Cuts parallel to the base result in circles; perpendicular cuts create rectangles, and angled cuts produce ellipses.
 	Cones: Horizontal slices produce circles, slices parallel but off-center yield ellipses, and vertical cuts through the vertex create triangles.
 	Spheres: Any cut through a sphere results in a circle, regardless of the angle or position of the plane.
 
 
 
  How-To: Determining the Cross Section of a Solid
 	Select the Solid and the Plane: Choose the 3D solid you want to examine, and decide the orientation of the slicing plane. This could be parallel, perpendicular, or at an angle to the base or another prominent feature of the solid.
 	Visualize the Intersection: Imagine or sketch how the plane cuts through the solid. Consider the symmetry and shape of the solid to predict the shape of the intersection.
 	Identify the Shape: Based on the orientation of the plane and the nature of the solid, determine the shape of the cross section. Use geometric properties and previous knowledge of common solids like cylinders, cones, and prisms.
 
  Identify the cross section that is created in the following scenarios:
 	A cylinder with a radius of [image: 3] units and a height of [image: 10] units is cut along a plane parallel to its base, [image: 4] units from the top.
 	A cone with a base radius of [image: 5] units and a height of [image: 12] units is cut horizontally [image: 3] units down from the apex.
 	A sphere with a diameter of [image: 10] units is cut through the center.
 
 Show Answer 	The plane parallel to the base of the cylinder creates a circular cross section. Since the plane does not tilt, the shape remains a perfect circle matching the base.
 	A horizontal slice of a cone, when not at the base, creates a circular cross section. The closer the cut is to the apex, the smaller the circle.
 	Any plane that cuts through the center of a sphere creates a circular cross section. The diameter of the circle will be equal to the diameter of the sphere.
 
   [ohm_question hide_question_numbers=1]288439[/ohm_question]
  Understanding these cross sections helps in visualizing the internal and external geometries of complex objects, which is crucial in fields such as engineering, architecture, and biology.
 Recognizing Solids Formed by Rotating 2D Shapes
 Rotational solids are formed when a two-dimensional shape is revolved around an axis. This method is commonly used in both theoretical mathematics and practical applications like engineering and design. Common examples include:
 	Rotating a Rectangle: If you rotate a rectangle around one of its sides, you create a cylinder. Rotating it around an axis that bisects the rectangle lengthwise results in a different type of cylindrical shape where the diameters vary.
 	Rotating a Triangle: Rotating a right triangle about one of its legs forms a cone. If the rotation is around the hypotenuse, the resulting shape is more complex, typically a sort of truncated cone.
 	Rotating a Circle: Rotating a circle around its diameter yields a sphere, which is a fundamental shape in both natural and manufactured objects.
 	Rotating a Semicircle: When a semicircle rotates around its diameter, the resulting solid is a sphere; if rotated around its base, the solid is a hemisphere.
 
 rotational solids
 Rotational solids are a three-dimensional figure obtained by rotating a two-dimensional shape around an axis that lies in the same plane as the shape.
  A revolving door is a practical example of a solid of revolution. These doors, often used in buildings for temperature control and to minimize air leakage, feature multiple panels that rotate around a central shaft. As each panel moves, it traces a cylindrical path, showing how rotating a rectangular panel around a vertical axis creates a cylindrical volume.
 [image: A close-up view of a revolving door. The door is divided into four compartments by metallic frames.]
 How-To: Determining the Shape Formed by Rotation
 	Identify the 2D Shape: Begin by recognizing the shape that will be rotated. Common shapes include rectangles, triangles, circles, and semicircles.
 	Determine the Axis of Rotation: Note whether the shape rotates around a horizontal or vertical axis, or along one of its edges or through its center.
 	Visualize the Rotation: Imagine the 2D shape spinning along the chosen axis. The path traced by the shape’s outer edges forms the surface of the new solid.
 	Predict the Solid’s Shape: Based on the rotation, predict the resulting solid’s shape: 	Rectangle rotating around its length forms a cylinder.
 	Triangle rotating around a leg forms a cone.
 	Circle rotating around its diameter forms a sphere.
 
 
 
  Determine the rotational solid formed in the following scenarios:
 	A rectangle of dimensions [image: 4] units by [image: 3] units is rotated around its longer side
 	A right triangle with legs of [image: 3] units and [image: 4] units is rotated around its shorter leg. 
 	A semicircle with a radius of [image: 5] units is rotated around its diameter.
 
 Show Answer 	Rotating the rectangle around its longer side forms a cylindrical solid, where the height is [image: 4] units (the length of the longer side) and the diameter of the base is [image: 6] units (twice the shorter side).
 	The rotation of the right triangle around its shorter leg ([image: 3] units) forms a cone. The height of the cone is [image: 3] units, and the radius of the base is [image: 4] units.
 	Rotating the semicircle around its diameter forms a sphere with a diameter of [image: 10] units, as the semicircle’s radius traces out the full sphere during rotation.
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				 	Find out if and where two graphs cross each other
 
  Determine Where Two Functions Intersect
 Understanding where two functions intersect is a fundamental concept in algebra and calculus. This process can reveal key insights into the relationship between the functions and is crucial for graph analysis and solving system of equations.
 To find where two functions intersect, the key is to understand that the intersection points are where the outputs of both functions are equal. This involves setting the equations of the functions equal to one another and solving for the variables involved. The solutions to these equations represent the coordinates of the points where the graphs of the functions intersect.
 intersection of functions
 The intersection of functions refers to the set of points where the graphs of two or more functions meet or cross each other. This occurs when the output values of the functions are equal at the same input value.
 To determine where two functions intersect, set their equations equal to each other and solve for the variable. This process finds the exact points where the graphs of the functions meet.
  Consider finding the intersection of the linear function [image: f(x) = 2x+3] and the quadratic function [image: g(x)=x^2+x+1].
 We start by setting the equations equal to one another.
 [image: 2x+3=x^2+x+1]
 Next we rearrange the equation to isolate [image: x] to one side and set the equation equal to zero.
 [image: 0=x^2-x-2]
 We can solve for [image: x] by factoring.
 [image: (x-2)(x+1)=0]
 [image: x = 2 \text{ and } x=-1]
 For [image: x=2], substituting back into [image: f(x)] gives [image: y=7]. For [image: x=-1], [image: y=1].
 Thus, the interaction points are [image: (2,7)] and [image: (-1,1)].
  How to: Find Intersection Points
 	Set Equations Equal: Align the functions such that [image: f(x)=g(x)]. This step equates the two functions’ outputs at their intersection points.
 	Rearrange the Equation: Simplify the equation to isolate terms involving [image: x] on one side. This often involves subtracting one side of the equation from the other.
 	Solve for [image: x]: Use algebraic methods such as factoring, applying the quadratic formula, or computational tools to find the value(s) of [image: x] where the functions intersect.
 	Find Corresponding [image: y] Values: Substitute the [image: x] values back into either original function to find the corresponding [image: y] values for each intersection point.
 
  Find the points of intersection of the functions [image: y=x+2] and [image: y=x^2+3x+2].
 Show Solution 
 Set the two functions equal to each other.
 So, we have:
 [image: x+2=x^2+3x+2]
 [image: 0=x^2+2x]
 [image: x^2+2x=0]
 [image: x(x+2)=0]
 Setting [image: x=0] gives us an intersection point at [image: x=0]. To find the corresponding [image: y]-value of the point, let [image: x=0] in either function equation: [image: y=x+2=0+2=2].
 Setting [image: x+2=0] gives us an intersection point at [image: x=-2]. To find the corresponding [image: y]-value of the point, let [image: x=-2] in either function equation: [image: y=x+2=-2+2=0].
 Notice that graphically, we can see that the line and the parabola intersect at the points [image: (0,2)] and [image: (-2,0)].
 [image: The graph of a parabola and line intersecting at (-2,0) and (0,2)]
   Find the points of intersection of the functions [image: y=x-2] and [image: y=2x^2-4x+1].
 Show Solution 
 [image: (1,-1)] and [image: (\dfrac{3}{2}, -\dfrac{1}{2})]
   [ohm_question hide_question_numbers=1]287923[/ohm_question]
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				 	Work with expressions that include square roots and raising numbers to powers.
 
  Manipulating Expressions Involving Square Roots and Powers
 Manipulating expressions involving square roots and powers is a fundamental skill necessary for understanding more advanced calculus topics, such as integration and differentiation. Understanding how to manipulate square roots and powers allows you to simplify expressions and solve equations effectively. Some key ways to simplify these expressions are:
 	The power rule for exponents: [image: (a^m)^n = a^{mn}]
 	The product rule for exponents: [image: a^m \cdot a^n = a^{m+n}]
 	The quotient rule for exponents: [image: \frac{a^m}{a^n} = a^{m-n}]
 	Simplifying square roots:[image: \sqrt{a} \cdot \sqrt{b} = \sqrt{ab}]
 
 The Power Rule for Exponents
 Another word for an exponent is power. You have likely seen or heard an example such as [image: 3^5] can be described as [image: 3] raised to the [image: 5]th power. In this section, we will further expand our capabilities with exponents. We will learn what to do when a term with a power is raised to another power, what to do when two numbers or variables are multiplied and both are raised to an exponent, and what to do when numbers or variables that are divided are raised to a power. We will begin by raising powers to powers.
 the power rule for exponents
 For any positive number [image: x] and integers [image: a] and [image: b]: [image: \left(x^{a}\right)^{b}=x^{a\cdot{b}}].
 
  [ohm_question hide_question_numbers=1]287140[/ohm_question] Raise a Product to a Power
 Raising a product to a power is a fundamental operation in algebra that demonstrates how exponents interact with multiplication. This operation is widely used across various mathematical disciplines, including geometry, where it might be used to calculate the volume of shapes, and in finance, where it can be used to calculate compounded interest over multiple periods.
 The rule simplifies the process of working with powers of products. Instead of multiplying the base numbers repeatedly, we apply the exponent to each factor individually. This is based on the distributive property of exponents over multiplication.
 a product raised to a power
 For any nonzero numbers [image: a] and [image: b] and any integer [image: x], [image: \left(ab\right)^{x}=a^{x}\cdot{b^{x}}].
 
  Simplify the following: [image: \left(2yz\right)^{6}] Show Solution Apply the exponent to each number in the product.[image: 2^{6}y^{6}z^{6}]
 Answer: [image: \left(2yz\right)^{6}=64y^{6}z^{6}]
  If the variable has an exponent with it, use the Power Rule: multiply the exponents.
 Simplify the following:[image: \left(−7a^{4}b\right)^{2}] Show Solution Apply the exponent [image: 2] to each factor within the parentheses.[image: \left(−7\right)^{2}\left(a^{4}\right)^{2}\left(b\right)^{2}]Square the coefficient and use the Power Rule to square [image: \left(a^{4}\right)^{2}].
 [image: 49a^{4\cdot2}b^{2}]
 Simplify.
 [image: 49a^{8}b^{2}]
  
 Answer: [image: \left(-7a^{4}b\right)^{2}=49a^{8}b^{2}]
   The Product Rule for Exponents
 The Product Rule for Exponents is one of the essential rules in algebra that simplifies the process of working with powers. This rule is pivotal when dealing with exponential expressions, particularly when multiplying them. In essence, it tells us that when we multiply two exponents with the same base, we can simply add the exponents to get the new power of the base.
 This rule is extremely useful in various mathematical and real-world applications, such as calculating compound interest, understanding scientific notation, or solving problems in physics and engineering. By using the Product Rule, we can manage and simplify complex expressions without the need for lengthy multiplication.
 the product rule for exponents
 For any number [image: x] and any integers [image: a] and [image: b], [image: \left(x^{a}\right)\left(x^{b}\right) = x^{a+b}].
  
 To multiply exponential terms with the same base, add the exponents.
 
  [image: Caution]Caution! When you are reading mathematical rules, it is important to pay attention to the conditions on the rule. For example, when using the product rule, you may only apply it when the terms being multiplied have the same base and the exponents are integers. Conditions on mathematical rules are often given before the rule is stated, as in this example it says “For any number [image: x] and any integers [image: a] and [image: b].”
 Simplify the following: [image: (a^{3})(a^{7})]
 Show Solution The base of both exponents is [image: a], so the product rule applies.
 [image: \left(a^{3}\right)\left(a^{7}\right)]
 Add the exponents with a common base.
 [image: a^{3+7}]
  
 Answer: [image: \left(a^{3}\right)\left(a^{7}\right) = a^{10}]
   When multiplying more complicated terms, multiply the coefficients and then multiply the variables.
 Simplify the following: [image: 5a^{4}\cdot7a^{6}]
 Show Solution Multiply the coefficients.
 [image: 35\cdot{a}^{4}\cdot{a}^{6}]
 The base of both exponents is [image: a], so the product rule applies. Add the exponents.
 [image: 35\cdot{a}^{4+6}]
 Add the exponents with a common base.
 [image: 35\cdot{a}^{10}]
  
 Answer: [image: 5a^{4}\cdot7a^{6}=35a^{10}]
   [ohm_question hide_question_numbers=1]287141[/ohm_question] The Quotient (Division) Rule for Exponents
 The Quotient Rule for Exponents is as crucial as the Product Rule and serves as its counterpart for division. This rule assists in simplifying expressions where we have exponential terms with the same base being divided. It states that when you divide exponents with the same base, you can subtract the exponents.
 This rule has significant practical applications, especially in fields that involve calculations of rates of change, decay, or growth when they are decreasing, such as in the case of depreciation in finance or radioactive decay in physics.
 the quotient (division) rule for exponents
 For any non-zero number [image: x] and any integers [image: a] and [image: b]:
 [image: \displaystyle \frac{{{x}^{a}}}{{{x}^{b}}}={{x}^{a-b}}]
 To divide exponential terms with the same base, subtract the exponents.
 
  Evaluate the following:[image: \displaystyle \frac{{{4}^{9}}}{{{4}^{4}}}] Show Solution These two exponents have the same base, [image: 4]. According to the Quotient Rule, you can subtract the power in the denominator from the power in the numerator.
 [image: \displaystyle {{4}^{9-4}}]
  
 [image: \displaystyle \frac{{{4}^{9}}}{{{4}^{4}}}=4^{5}]
   When dividing terms that also contain coefficients, divide the coefficients and then divide variable powers with the same base by subtracting the exponents.
 Simplify the following:[image: \displaystyle \frac{12{{x}^{4}}}{2x}] Show Solution Separate into numerical and variable factors.
 [image: \displaystyle \left( \frac{12}{2} \right)\left( \frac{{{x}^{4}}}{x} \right)]
 Since the bases of the exponents are the same, you can apply the Quotient Rule. Divide the coefficients and subtract the exponents of matching variables.
 [image: \displaystyle 6\left( {{x}^{4-1}} \right)]
  
 [image: \displaystyle \frac{12{{x}^{4}}}{2x}]=[image: \displaystyle 6{{x}^{3}}]
   [ohm_question hide_question_numbers=1]287143[/ohm_question] Simplifying Square Roots and Expressing Them in Lowest Terms
 To simplify a square root means that we rewrite the square root as a rational number times the square root of a number that has no perfect square factors. The act of changing a square root into such a form is simplifying the square root.
 The number inside the square root symbol is referred to as the radicand. So in the expression [image: \sqrt{a}] the number [image: a] is referred to as the radicand.
  Before discussing how to simplify a square root, we need to introduce a rule about square roots.
 the product rule for square roots
 The square root of a product of numbers equals the product of the square roots of those number.
 Given that [image: a] and [image: b] are nonnegative real numbers,
 [image: \sqrt{a \times {b}}=\sqrt{a} \times \sqrt{b}]

  Using this formula, we can factor an integer inside a square root into a perfect square times another integer. Then the square root can be applied to the perfect square, leaving an integer times the square root of another integer. If the number remaining under the square root has no perfect square factors, then we’ve simplified the square root into its lowest terms.
 A perfect square is an integer that can be expressed as the square of another integer. For example, [image: 16], [image: 25], and [image: 36] are perfect squares because they are [image: 4^2], [image: 5^2], and [image: 6^2], respectively.
  How to: To simplify a square root the lowest terms when [image: n] is an integer
 	Step 1: Determine the largest perfect square factor of [image: n], which we denote [image: a^2].
 	Step 2: Factor [image: n] into [image: a^2×b].
 	Step 3: Apply [image: \sqrt{a^2 \times b} =\sqrt{a^2} \times \sqrt{b}].
 	Step 4: Write [image: \sqrt{n}] in its simplified form, [image: a\sqrt{b}].
 
  Simplify [image: \sqrt{180}] and express in lowest terms. 
 Show Solution Begin by finding the largest perfect square that is a factor of [image: 180]. We can do this by writing out the factor pairs of [image: 180]:
 [image: 1 \times 180, \enspace 2 \times 90, \enspace 3 \times 60, \enspace 4 \times 45, \enspace 5 \times 36, \enspace 6 \times 30, \enspace 9 \times 20, \enspace 10 \times 18, \enspace 12 \times 15]
 Looking at the list of factors, the perfect squares are [image: 4], [image: 9], and [image: 36]. The largest is [image: 36], so we factor the into [image: 36×5=6^2×5]. In the formula, [image: a=6] and [image: b=5].
 Apply [image: \sqrt{a^2 \times b}=\sqrt{a^2} \times \sqrt{b}].
 [image: \sqrt{6^2 \times 5}=\sqrt{6^2} \times \sqrt{5}]
 The simplified form of [image: \sqrt{180}] is [image: 6\sqrt{5}]. 
   Simplify [image: \sqrt{330}] and express in lowest terms.
 Show Solution Begin by finding the largest perfect square that is a factor of [image: 330]. We can do this by writing out the factor pairs of [image: 330]:
 [image: 1 \times 330, \enspace 2 \times 165, \enspace 3 \times 110, \enspace 5 \times 66, \enspace 6 \times 55, \enspace 10 \times 33, \enspace 11 \times 30, \enspace 15 \times 22]
 Looking at the list of factors, there are no perfect squares other than [image: 1], which means [image: \sqrt{330}] is already expressed in lowest terms.
   [ohm_question hide_question_numbers=1]287142[/ohm_question]
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				 	Calculate the area between two curves by integrating with respect to [image: x]
 	Calculate the area of a compound region
 	Calculate the area between two curves by integrating with respect to [image: y]
 	Determine the most effective variable, [image: x] or [image: y], for integration based on the curves’ orientation
 
  Area of a Region between Two Curves
 We have developed the concept of the definite integral to calculate the area below a curve on a given interval. Now, we will expand that idea to calculate the area of more complex regions.
 Let [image: f(x)] and [image: g(x)] be continuous functions over an interval [image: \left[a,b\right]] such that [image: f(x)\ge g(x)] on [image: \left[a,b\right].] We want to find the area between the graphs of the functions.
 [image: This figure is a graph in the first quadrant. There are two curves on the graph. The higher curve is labeled “f(x)” and the lower curve is labeled “g(x)”. There are two boundaries on the x-axis labeled a and b. There is shaded area between the two curves bounded by lines at x=a and x=b.]Figure 1. The area between the graphs of two functions, [image: f(x)] and [image: g(x),] on the interval [image: \left[a,b\right].] As we did before, we are going to partition the interval on the [image: x]-axis and approximate the area between the graphs of the functions with rectangles.
 For [image: i=0,1,2\text{,…},n,] let [image: P=\left\{{x}_{i}\right\}] be a regular partition of [image: \left[a,b\right].] Then, for [image: i=1,2\text{,…},n,] choose a point [image: {x}_{i}^{*}\in \left[{x}_{i-1},{x}_{i}\right],] and on each interval [image: \left[{x}_{i-1},{x}_{i}\right]] construct a rectangle that extends vertically from [image: g({x}_{i}^{*})] to [image: f({x}_{i}^{*}).].
 [image: This figure has three graphs. The first graph has two curves, one over the other. In between the curves is a rectangle. The top of the rectangle is on the upper curve labeled “f(x*)” and the bottom of the rectangle is on the lower curve and labeled “g(x*)”. The second graph, labeled “(a)”, has two curves on the graph. The higher curve is labeled “f(x)” and the lower curve is labeled “g(x)”. There are two boundaries on the x-axis labeled a and b. There is shaded area between the two curves bounded by lines at x=a and x=b. The third graph, labeled “(b)” has two curves one over the other. The first curve is labeled “f(x*)” and the lower curve is labeled “g(x*)”. There is a shaded rectangle between the two. The width of the rectangle is labeled as “delta x”.]Figure 2. (a)We can approximate the area between the graphs of two functions, [image: f(x)] and [image: g(x),] with rectangles. (b) The area of a typical rectangle goes from one curve to the other. The height of each individual rectangle is [image: f({x}_{i}^{*})-g({x}_{i}^{*})] and the width of each rectangle is [image: \text{Δ}x.] Adding the areas of all the rectangles, we see that the area between the curves is approximated by:
 [image: A\approx\displaystyle\sum_{i=1}^{n} \left[f({x}_{i}^{*})-g({x}_{i}^{*})\right]\text{Δ}x.]
 This is a Riemann sum, so we take the limit as [image: n\to \infty] and we get:
 [image: A=\underset{n\to \infty }{\text{lim}}\displaystyle\sum_{i=1}^{n} \left[f({x}_{i}^{*})-g({x}_{i}^{*})\right]\text{Δ}x={\displaystyle\int }_{a}^{b}\left[f(x)-g(x)\right]dx.]
 These findings are summarized in the following theorem.
 finding the area between two curves
 Let [image: f(x)] and [image: g(x)] be continuous functions such that [image: f(x)\ge g(x)] over an interval [image: \left[a,b\right].]
  
 Let [image: R] denote the region bounded above by the graph of [image: f(x),] below by the graph of [image: g(x),] and on the left and right by the lines [image: x=a] and [image: x=b,] respectively.
  
 Then, the area of [image: R] is given by:
 [image: A={\displaystyle\int }_{a}^{b}\left[f(x)-g(x)\right]dx]
  Use this calculator to learn more about the areas between two curves.
  If [image: R] is the region bounded above by the graph of the function [image: f(x)=x+4] and below by the graph of the function [image: g(x)=3-\frac{x}{2}] over the interval [image: \left[1,4\right],] find the area of region [image: R.]
 Show Solution 
 The region is depicted in the following figure.
 [image: This figure is has two linear graphs in the first quadrant. They are the functions f(x) = x+4 and g(x)= 3-x/2. In between these lines is a shaded region, bounded above by f(x) and below by g(x). The shaded area is between x=1 and x=4.]Figure 3. A region between two curves is shown where one curve is always greater than the other. We have:
 [image: \begin{array}{cc}\hfill A& ={\displaystyle\int }_{a}^{b}\left[f(x)-g(x)\right]dx\hfill \\ & ={\displaystyle\int }_{1}^{4}\left[(x+4)-(3-\frac{x}{2})\right]dx={\displaystyle\int }_{1}^{4}\left[\frac{3x}{2}+1\right]dx\hfill \\ & ={\left[\frac{3{x}^{2}}{4}+x\right]|}_{1}^{4}=(16-\frac{7}{4})=\frac{57}{4}.\hfill \end{array}]
 The area of the region is [image: \frac{57}{4}{\text{units}}^{2}.]
   In the last example, we defined the interval of interest as part of the problem statement. Quite often, though, we want to define our interval of interest based on where the graphs of the two functions intersect. This is illustrated in the following example.
 If [image: R] is the region bounded above by the graph of the function [image: f(x)=9-{(\frac{x}{2})}^{2}] and below by the graph of the function [image: g(x)=6-x,] find the area of region [image: R.]
 Show Solution 
 The region is depicted in the following figure.
 [image: This figure is has two graphs in the first quadrant. They are the functions f(x) = 9-(x/2)^2 and g(x)= 6-x. In between these graphs, an upside down parabola and a line, is a shaded region, bounded above by f(x) and below by g(x).]Figure 4. This graph shows the region below the graph of [image: f(x)] and above the graph of [image: g(x).] We first need to compute where the graphs of the functions intersect. Setting [image: f(x)=g(x),] we get:
 [image: \begin{array}{ccc}\hfill f(x)& =\hfill & g(x)\hfill \\ \\ \hfill 9-{(\frac{x}{2})}^{2}& =\hfill & 6-x\hfill \\ \hfill 9-\frac{{x}^{2}}{4}& =\hfill & 6-x\hfill \\ \hfill 36-{x}^{2}& =\hfill & 24-4x\hfill \\ \hfill {x}^{2}-4x-12& =\hfill & 0\hfill \\ \hfill (x-6)(x+2)& =\hfill & 0.\hfill \end{array}]
 The graphs of the functions intersect when [image: x=6] or [image: x=-2,] so we want to integrate from [image: -2] to [image: 6].
 Since [image: f(x)\ge g(x)] for [image: -2\le x\le 6,] we obtain:
 [image: \begin{array}{cc}\hfill A& ={\displaystyle\int }_{a}^{b}\left[f(x)-g(x)\right]dx\hfill \\ & ={\displaystyle\int }_{-2}^{6}\left[9-{(\frac{x}{2})}^{2}-(6-x)\right]dx={\displaystyle\int }_{-2}^{6}\left[3-\frac{{x}^{2}}{4}+x\right]dx\hfill \\ & ={\left[3x-\frac{{x}^{3}}{12}+\frac{{x}^{2}}{2}\right]|}_{-2}^{6}=\frac{64}{3}.\hfill \end{array}]
 The area of the region is [image: \frac{64}{3}] units2.
   [ohm_question]288440[/ohm_question]
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				Areas of Compound Regions
 So far, we have required [image: f(x)\ge g(x)] over the entire interval of interest, but what if we want to look at regions bounded by the graphs of functions that cross one another? In that case, we modify the process we just developed by using the absolute value function.
 finding the area of a region between curves that cross
 Let [image: f(x)] and [image: g(x)] be continuous functions over an interval [image: \left[a,b\right].] Let [image: R] denote the region between the graphs of [image: f(x)] and [image: g(x),] and be bounded on the left and right by the lines [image: x=a] and [image: x=b,] respectively. Then, the area of [image: R] is given by:
 [image: A={\displaystyle\int }_{a}^{b}|f(x)-g(x)|dx]
  In practice, applying this theorem requires us to break up the interval [image: \left[a,b\right]] and evaluate several integrals, depending on which of the function values is greater over a given part of the interval. We study this process in the following example.
 If [image: R] is the region between the graphs of the functions [image: f(x)= \sin x] and [image: g(x)= \cos x] over the interval [image: \left[0,\pi \right],] find the area of region [image: R.]
 Show Solution 
 The region is depicted in the following figure.
 [image: This figure is has two graphs. They are the functions f(x) = sinx and g(x)= cosx. They are both periodic functions that resemble waves. There are two shaded areas between the graphs. The first shaded area is labeled “R1” and has g(x) above f(x). This region begins at the y-axis and stops where the curves intersect. The second region is labeled “R2” and begins at the intersection with f(x) above g(x). The shaded region stops at x=pi.]Figure 5. The region between two curves can be broken into two sub-regions. The graphs of the functions intersect at [image: x=\pi \text{/}4.]
 For [image: x\in \left[0,\pi \text{/}4\right],] [image: \cos x\ge \sin x,] so:
 [image: |f(x)-g(x)|=| \sin x- \cos x|= \cos x- \sin x]
 On the other hand, for [image: x\in \left[\pi \text{/}4,\pi \right],] [image: \sin x\ge \cos x,] so:
 [image: |f(x)-g(x)|=| \sin x- \cos x|= \sin x- \cos x]
 Then:
 [image: \begin{array}{cc}\hfill A& ={\displaystyle\int }_{a}^{b}|f(x)-g(x)|dx\hfill \\ & ={\displaystyle\int }_{0}^{\pi }| \sin x- \cos x|dx={\displaystyle\int }_{0}^{\pi \text{/}4}( \cos x- \sin x)dx+{\displaystyle\int }_{\pi \text{/}4}^{\pi }( \sin x- \cos x)dx\hfill \\ & ={\left[ \sin x+ \cos x\right]|}_{0}^{\pi \text{/}4}+{\left[\text{−} \cos x- \sin x\right]|}_{\pi \text{/}4}^{\pi }\hfill \\ & =(\sqrt{2}-1)+(1+\sqrt{2})=2\sqrt{2}.\hfill \end{array}]
 The area of the region is [image: 2\sqrt{2}] units2.
   Consider the region depicted in the following figure. Find the area of [image: R.]
 [image: This figure is has two graphs in the first quadrant. They are the functions f(x) = squareroot of x and g(x)= 3/2 – x/2. In between these graphs is a shaded region, bounded to the left by f(x) and to the right by g(x). All of which is above the x-axis. The shaded area is between x=0 and x=3.]Figure 7. 
 Hint The two curves intersect at [image: x=1.]
 Show Solution 
 [image: \frac{5}{3}] units2
 Watch the following video to see the worked solution to this example.
 https://youtube.com/watch?v=cm88bTFvRU4%3Fcontrols%3D0%26start%3D1269%26end%3D1353%26autoplay%3D0
 For closed captioning, open the video on its original page by clicking the Youtube logo in the lower right-hand corner of the video display. In YouTube, the video will begin at the same starting point as this clip, but will continue playing until the very end.
 You can view the transcript for this segmented clip of “2.1 Area Between Curves” here (opens in new window).
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				Regions Defined with Respect to [image: y]
 In the previous example, we had to evaluate two separate integrals to calculate the area of the region. However, there is another approach that requires only one integral. What if we treat the curves as functions of [image: y,] instead of as functions of [image: x?]
 Review the last example.
 Consider the region depicted in the following figure. Find the area of [image: R.]
 [image: This figure is has two graphs in the first quadrant. They are the functions f(x) = squareroot of x and g(x)= 3/2 – x/2. In between these graphs is a shaded region, bounded to the left by f(x) and to the right by g(x). All of which is above the x-axis. The shaded area is between x=0 and x=3.]Figure 7.  Note that the left graph, shown in red, is represented by the function [image: y=f(x)={x}^{2}.] We could just as easily solve this for [image: x] and represent the curve by the function [image: x=v(y)=\sqrt{y}.] However, based on the graph, it is clear we are interested in the positive square root. 
 Similarly, the right graph is represented by the function [image: y=g(x)=2-x,] but could just as easily be represented by the function [image: x=u(y)=2-y.]
 When the graphs are represented as functions of [image: y,] we see the region is bounded on the left by the graph of one function and on the right by the graph of the other function. Therefore, if we integrate with respect to [image: y,] we need to evaluate only one integral.
 Let’s develop a formula for this type of integration.
 Let [image: u(y)] and [image: v(y)] be continuous functions over an interval [image: \left[c,d\right]] such that [image: u(y)\ge v(y)] for all [image: y\in \left[c,d\right].] We want to find the area between the graphs of the functions, as shown in the following figure.
 [image: This figure is has two graphs in the first quadrant. They are the functions v(y) and u(y). In between these graphs is a shaded region, bounded to the left by v(y) and to the right by u(y). The region is labeled R. The shaded area is between the horizontal boundaries of y=c and y=d.]Figure 8. We can find the area between the graphs of two functions, [image: u(y)] and [image: v(y).] This time, we are going to partition the interval on the [image: y\text{-axis}] and use horizontal rectangles to approximate the area between the functions. So, for [image: i=0,1,2\text{,…},n,] let [image: Q=\left\{{y}_{i}\right\}] be a regular partition of [image: \left[c,d\right].] Then, for [image: i=1,2\text{,…},n,] choose a point [image: {y}_{i}^{*}\in \left[{y}_{i-1},{y}_{i}\right],] then over each interval [image: \left[{y}_{i-1},{y}_{i}\right]] construct a rectangle that extends horizontally from [image: v({y}_{i}^{*})] to [image: u({y}_{i}^{*}).] 
 [image: This figure is has three graphs. The first figure has two curves. They are the functions v(y*) and u(y*). In between these curves is a horizontal rectangle. The second figure labeled “(a)”, is a shaded region, bounded to the left by v(y) and to the right by u(y). The shaded area is between the horizontal boundaries of y=c and y=d. This shaded area is broken into rectangles between the curves. The third figure, labeled “(b)”, is the two curves v(y*) and u(y*). In between the curves is a horizontal rectangle with width delta y.]Figure 9. (a) Approximating the area between the graphs of two functions, [image: u(y)] and [image: v(y),] with rectangles. (b) The area of a typical rectangle. The height of each individual rectangle is [image: \text{Δ}y] and the width of each rectangle is [image: u({y}_{i}^{*})-v({y}_{i}^{*}).] Adding the areas of all the rectangles, we see that the area between the curves is approximated by:
 [image: A\approx \underset{i=1}{\overset{n}{\text{∑}}}\left[u({y}_{i}^{*})-v({y}_{i}^{*})\right]\text{Δ}y.]
 This is a Riemann sum, so we take the limit as [image: n\to \infty ,] and we get:
 [image: A=\underset{n\to \infty }{\text{lim}}\underset{i=1}{\overset{n}{\text{∑}}}\left[u({y}_{i}^{*})-v({y}_{i}^{*})\right]\text{Δ}y={\displaystyle\int }_{c}^{d}\left[u(y)-v(y)\right]dy.]
 These findings are summarized in the following theorem.
 finding the area between two curves, integrating along the [image: y]-axis
 Let [image: u(y)] and [image: v(y)] be continuous functions such that [image: u(y)\ge v(y)] for all [image: y\in \left[c,d\right].]
  
 Let [image: R] denote the region bounded on the right by the graph of [image: u(y),] on the left by the graph of [image: v(y),] and above and below by the lines [image: y=d] and [image: y=c,] respectively.
  
 Then, the area of [image: R] is given by:
 [image: A={\displaystyle\int }_{c}^{d}\left[u(y)-v(y)\right]dy.]
  Back to our previous example, let’s integrate with respect to [image: y]. Let [image: R] be the region depicted in the following figure. Find the area of [image: R] by integrating with respect to [image: y.]
 [image: This figure is has two graphs in the first quadrant. They are the functions f(x) = squareroot of x and g(x)= 3/2 – x/2. In between these graphs is a shaded region, bounded to the left by f(x) and to the right by g(x). All of which is above the x-axis. The shaded area is between x=0 and x=3.]Figure 11. Show Solution 
 [image: \frac{5}{3}] units2
 Watch the following video to see the worked solution to this example.
 https://youtube.com/watch?v=cm88bTFvRU4%3Fcontrols%3D0%26start%3D1588%26end%3D1707%26autoplay%3D0
 For closed captioning, open the video on its original page by clicking the Youtube logo in the lower right-hand corner of the video display. In YouTube, the video will begin at the same starting point as this clip, but will continue playing until the very end.
 You can view the transcript for this segmented clip of “2.1 Area Between Curves” here (opens in new window).
  Let [image: R] be the region depicted in the figure below. Find the area of [image: R] by integrating with respect to [image: y.]
 [image: This figure is has two graphs in the first quadrant. They are the functions f(x) = x^2 and g(x)= 2-x. In between these graphs is a shaded region, bounded to the left by f(x) and to the right by g(x). All of which is above the x-axis. The region is labeled R. The shaded area is between x=0 and x=2.]Figure 10. The area of region [image: R] can be calculated using one integral only when the curves are treated as functions of [image: y.] 
 Show Solution 
 We must first express the graphs as functions of [image: y.] As we saw at the beginning of this section, the curve on the left can be represented by the function [image: x=v(y)=\sqrt{y},] and the curve on the right can be represented by the function [image: x=u(y)=2-y.]
 Now we have to determine the limits of integration.
 The region is bounded below by the [image: x]-axis, so the lower limit of integration is [image: y=0.] The upper limit of integration is determined by the point where the two graphs intersect, which is the point [image: (1,1),] so the upper limit of integration is [image: y=1.]
 Thus, we have [image: \left[c,d\right]=\left[0,1\right].]
 Calculating the area of the region, we get:
 [image: \begin{array}{cc}\hfill A& ={\displaystyle\int }_{c}^{d}\left[u(y)-v(y)\right]dy\hfill \\ & ={\displaystyle\int }_{0}^{1}\left[(2-y)-\sqrt{y}\right]dy={\left[2y-\frac{{y}^{2}}{2}-\frac{2}{3}{y}^{3\text{/}2}\right]|}_{0}^{1}\hfill \\ & =\frac{5}{6}.\hfill \end{array}]
 The area of the region is [image: \frac{5}{6}] units2.
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				 	Calculate the area between two curves by integrating with respect to [image: x]
 	Calculate the area of a compound region
 	Calculate the area between two curves by integrating with respect to [image: y]
 	Determine the most effective variable, [image: x] or [image: y], for integration based on the curves’ orientation
 
  Sydney Michelle McLaughlin-Levrone and Femke Bol are track and field athletes who both hold world records and compete in sprint events.
 [image: On the left, McLaughlin-Levrone competing at the 2022 World Athletics Championships, running on a track with a focused expression. On the right, Bol smiling and holding her gold medal for the 400m hurdles at the 2023 World Championships in Budapest."]
  
 Suppose they were to run a long distance race rather than a sprint. In a sprint, runners accelerate quickly and maintain a very high velocity for a relatively short distance, whereas in a long distance race, endurance is key, and so runners must take a different approach to velocity and acceleration.
 [ohm_question hide_question_numbers=1]288024[/ohm_question]
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				 	Find the volume of a solid by using the slicing method
 	Find the volume of a solid by using the disk method
 	Compute the volume of a hollow solid of revolution by using the washer technique
 
  Volume and the Slicing Method
 Just as area measures a two-dimensional region, volume measures a three-dimensional solid. Most of us have computed volumes of solids using basic geometric formulas. For example, the volume of a rectangular solid can be computed by multiplying length, width, and height:
 [image: V=lwh.]
 Below are some other common volume formulas:
 	Sphere: [image: (V=\frac{4}{3}\pi {r}^{3}),]
 	Cone: [image: (V=\frac{1}{3}\pi {r}^{2}h),]
 	Pyramid: [image: (V=\frac{1}{3}Ah)].
 
 Although some of these formulas were derived using geometry alone, all these formulas can be obtained by using integration.
 Notice we did not give the formula for calculating the volume of a cylinder. To explore cylinders in this broader sense, we first need to define some terminology.  Although we typically think of a cylinder as having a circular base (like a soup can or a metal rod), in mathematics, the word “cylinder” has a more general meaning. 
 We define the cross-section of a solid to be the intersection of a plane with the solid. A cylinder is defined as any solid that can be generated by translating a plane region along a line perpendicular to the region, called the axis of the cylinder. Thus, all cross-sections perpendicular to the axis of a cylinder are identical. The solid shown in the figure below is an example of a cylinder with a non-circular base.
 [image: This graphic has two figures. The first figure is half of a cylinder, on the flat portion. The cylinder has a line through the center labeled “x”. Vertically cutting through the cylinder, perpendicular to the line is a plane. The second figure is a two dimensional cross section of the cylinder intersecting with the plane. It is a semi-circle.]Figure 1. Each cross-section of a particular cylinder is identical to the others. To calculate the volume of a cylinder, we multiply the area of the cross-section by the height of the cylinder:
 [image: V=A·h.]
 In the case of a right circular cylinder (such as a soup can), this becomes:
 [image: V=\pi {r}^{2}h.]
 If a solid does not have a constant cross-section (and it is not one of the other basic solids), we may not have a formula for its volume. In this case, we can use a definite integral to calculate the volume of the solid. We do this by slicing the solid into pieces, estimating the volume of each slice, and then adding those estimated volumes together. The slices should all be parallel to one another, and when we put all the slices together, we should get the whole solid.
 Consider, the solid [image: S] shown below, extending along the [image: x\text{-axis}\text{.}]
 [image: This figure is a graph of a 3-dimensional solid. It has one edge along the x-axis. The x-axis is part of the 2-dimensional coordinate system with the y-axis labeled. The edge of the solid along the x-axis starts at a point labeled “a” and stops at a point labeled “b”.]Figure 2. A solid with a varying cross-section. We want to divide [image: S] into slices perpendicular to the [image: x\text{-axis}\text{.}]
 As we see later in the chapter, there may be times when we want to slice the solid in some other direction—say, with slices perpendicular to the [image: y]-axis. The decision of which way to slice the solid is very important. If we make the wrong choice, the computations can get quite messy. Later in the chapter, we examine some of these situations in detail and look at how to decide which way to slice the solid. For the purposes of this section, however, we use slices perpendicular to the [image: x\text{-axis}\text{.}]
 Because the cross-sectional area is not constant, we let [image: A(x)] represent the area of the cross-section at point [image: x.]
 Now let [image: P=\left\{{x}_{0},{x}_{1}\text{…},{X}_{n}\right\}] be a regular partition of [image: \left[a,b\right],] and for [image: i=1,2\text{,…}n,] let [image: {S}_{i}] represent the slice of [image: S] stretching from [image: {x}_{i-1}\text{ to }{x}_{i}.]
 The following figure shows the sliced solid with [image: n=3.]
 [image: This figure is a graph of a 3-dimensional solid. It has one edge along the x-axis. The x-axis is part of the 2-dimensional coordinate system with the y-axis labeled. The edge of the solid along the x-axis starts at a point labeled “a=xsub0”. The solid is divided up into smaller solids with slices at xsub1, xsub2, and stops at a point labeled “b=xsub3”. These smaller solids are labeled Ssub1, Ssub2, and Ssub3. They are also shaded.]Figure 3. The solid [image: S] has been divided into three slices perpendicular to the [image: x\text{-axis}.] Finally, for [image: i=1,2\text{,…}n,] let [image: {x}_{i}^{*}] be an arbitrary point in [image: \left[{x}_{i-1},{x}_{i}\right].]
 Then the volume of slice [image: {S}_{i}] can be estimated by:
 [image: V({S}_{i})\approx A({x}_{i}^{*})\text{Δ}x.]
 Adding these approximations together, we see the volume of the entire solid [image: S] can be approximated by:
 [image: V(S)\approx \underset{i=1}{\overset{n}{\text{∑}}}A({x}_{i}^{*})\text{Δ}x]
 By now, we can recognize this as a Riemann sum, and our next step is to take the limit as [image: n\to \infty .]
 Then we have:
 [image: V(S)=\underset{n\to \infty }{\text{lim}}\underset{i=1}{\overset{n}{\text{∑}}}A({x}_{i}^{*})\text{Δ}x=\underset{a}{\overset{b}{\displaystyle\int }}A(x)dx]
  The technique we have just described is called the slicing method.
 slicing method
 To calculate the volume of a solid with a varying cross-section, we use the slicing method.
  
 This involves:
 	Slicing the solid into thin pieces perpendicular to a chosen axis (e.g., the [image: x]-axis).
 	Estimating the volume of each slice by calculating the area of the cross-section and multiplying by the thickness of the slice.
 	Summing the volumes of all slices to approximate the total volume of the solid.
 	Taking the limit as the number of slices approaches infinity to get the exact volume using a definite integral.
 
  To apply it, we use the following strategy.
 Problem-Solving Strategy: Finding Volumes by the Slicing Method
 	Examine the solid and determine the shape of a cross-section of the solid. It is often helpful to draw a picture if one is not provided.
 	Determine a formula for the area of the cross-section.
 	Integrate the area formula over the appropriate interval to get the volume.
 
  Recall that in this section, we assume the slices are perpendicular to the [image: x\text{-axis}\text{.}] Therefore, the area formula is in terms of [image: x] and the limits of integration lie on the [image: x\text{-axis}\text{.}] However, the problem-solving strategy shown here is valid regardless of how we choose to slice the solid.
  We know from geometry that the formula for the volume of a pyramid is [image: V=\frac{1}{3}Ah.] If the pyramid has a square base, this becomes [image: V=\frac{1}{3}{a}^{2}h,] where [image: a] denotes the length of one side of the base. Use the slicing method to derive this formula.
 Show Solution 
 We want to apply the slicing method to a pyramid with a square base. To set up the integral, consider the pyramid shown in Figure 4, oriented along the [image: x\text{-axis}\text{.}]
 [image: This figure has two graphs. The first graph, labeled “a”, is a pyramid on its side. The x-axis goes through the middle of the pyramid. The point of the top of the pyramid is at the origin of the x y coordinate system. The base of the pyramid is shaded and labeled “a”. Inside of the pyramid is a shaded rectangle labeled “s”. The distance from the y-axis to the base of the pyramid is labeled “h”. the distance the rectangle inside of the pyramid to the y-axis is labeled “x”. The second figure is a cross section of the pyramid with the x and y axes labeled. The cross section is a triangle with one side labeled “a”, perpendicular to the x-axis. The distance a is from the y-axis is h. There is another perpendicular line to the x-axis inside of the triangle. It is labeled “s”. It is x units from the y-axis.]Figure 4. (a) A pyramid with a square base is oriented along the x-axis. (b) A two-dimensional view of the pyramid is seen from the side. We first want to determine the shape of a cross-section of the pyramid. We are know the base is a square, so the cross-sections are squares as well (step 1). Now we want to determine a formula for the area of one of these cross-sectional squares. Looking at Figure 4(b), and using a proportion, since these are similar triangles, we have
 [image: \frac{s}{a}=\frac{x}{h}]   or   [image: s=\frac{ax}{h}]
 Therefore, the area of one of the cross-sectional squares is
 [image: A(x)={s}^{2}={(\frac{ax}{h})}^{2}]  (step [image: 2])
 Then we find the volume of the pyramid by integrating from [image: 0\text{ to }h] (step [image: 3)\text{:}]
 [image: \begin{array}{cc}\hfill V& =\underset{0}{\overset{h}{\displaystyle\int }}A(x)dx\hfill \\ & =\underset{0}{\overset{h}{\displaystyle\int }}{(\frac{ax}{h})}^{2}dx=\frac{{a}^{2}}{{h}^{2}}\underset{0}{\overset{h}{\displaystyle\int }}{x}^{2}dx\hfill \\ & ={\left[\frac{{a}^{2}}{{h}^{2}}(\frac{1}{3}{x}^{3})\right]|}_{0}^{h}=\frac{1}{3}{a}^{2}h.\hfill \end{array}]
 This is the formula we were looking for.
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				Solids of Revolution and the Slicing Method
 If a region in a plane is revolved around a line in that plane, the resulting solid is called a solid of revolution.
 [image: This figure has three graphs. The first graph, labeled “a” is a region in the x y plane. The region is created by a curve above the x-axis and the x-axis. The second graph, labeled “b” is the same region as in “a”, but it shows the region beginning to rotate around the x-axis. The third graph, labeled “c” is the solid formed by rotating the region from “a” completely around the x-axis, forming a solid.]Figure 5. (a) This is the region that is revolved around the x-axis. (b) As the region begins to revolve around the axis, it sweeps out a solid of revolution. (c) This is the solid that results when the revolution is complete. Solids of revolution are common in mechanical applications, such as machine parts produced by a lathe. We spend the rest of this section looking at solids of this type.
 The next example uses the slicing method to calculate the volume of a solid of revolution.
 Use the slicing method to find the volume of the solid of revolution bounded by the graphs of [image: f(x)={x}^{2}-4x+5,x=1,\text{ and }x=4,] and rotated about the [image: x\text{-axis}\text{.}]
 Show Solution 
 Using the problem-solving strategy, we first sketch the graph of the quadratic function over the interval [image: \left[1,4\right]] as shown in the following figure.
 [image: This figure is a graph of the parabola f(x)=x^2-4x+5. The parabola is the top of a shaded region above the x-axis. The region is bounded to the left by a line at x=1 and to the right by a line at x=4.]Figure 6. A region used to produce a solid of revolution. Next, revolve the region around the [image: x]-axis, as shown in the following figure.
 [image: This figure has two graphs of the parabola f(x)=x^2-4x+5. The parabola is the top of a shaded region above the x-axis. The region is bounded to the left by a line at x=1 and to the right by a line at x=4. The first graph has a shaded solid below the parabola. This solid has been formed by rotating the parabola around the x-axis. The second graph is the same as the first, with the solid being rotated to show the solid.]Figure 7. Two views, (a) and (b), of the solid of revolution produced by revolving the region in (Figure) about the [image: x\text{-axis}\text{.}] Since the solid was formed by revolving the region around the [image: x\text{-axis,}] the cross-sections are circles (step 1). The area of the cross-section, then, is the area of a circle, and the radius of the circle is given by [image: f(x).]
 Use the formula for the area of the circle:
 [image: A(x)=\pi {r}^{2}=\pi {\left[f(x)\right]}^{2}=\pi {({x}^{2}-4x+5)}^{2}]  (step 2)
 The volume, then, is (step 3):
 [image: \begin{array}{cc}\hfill V& =\underset{a}{\overset{h}{\displaystyle\int }}A(x)dx\hfill \\ & ={\displaystyle\int }_{1}^{4}\pi {({x}^{2}-4x+5)}^{2}dx=\pi {\displaystyle\int }_{1}^{4}({x}^{4}-8{x}^{3}+26{x}^{2}-40x+25)dx\hfill \\ & ={\pi (\frac{{x}^{5}}{5}-2{x}^{4}+\frac{26{x}^{3}}{3}-20{x}^{2}+25x)|}_{1}^{4}=\frac{78}{5}\pi .\hfill \end{array}]
 The volume is [image: \frac{78\pi}{5}.]
   Use the method of slicing to find the volume of the solid of revolution formed by revolving the region between the graph of the function [image: f(x)=\frac{1}{x}] and the [image: x\text{-axis}] over the interval [image: \left[1,2\right]] around the [image: x\text{-axis}\text{.}] See the following figure.
 [image: This figure has two graphs. The first graph is the curve f(x)=1/x. It is a decreasing curve, above the x-axis in the first quadrant. The graph has a shaded region under the curve between x=1 and x=2. The second graph is the curve f(x)=1/x in the first quadrant. Also, underneath this graph, there is a solid between x=1 and x=2 that has been formed by rotating the region from the first graph around the x-axis.]Figure 8. Show Solution 
 [image: \frac{\pi }{2}]
 Watch the following video to see the worked solution to this example.
 https://youtube.com/watch?v=7dG21yfKXHg%3Fcontrols%3D0%26start%3D495%26end%3D605%26autoplay%3D0
 For closed captioning, open the video on its original page by clicking the Youtube logo in the lower right-hand corner of the video display. In YouTube, the video will begin at the same starting point as this clip, but will continue playing until the very end.
 You can view the transcript for this segmented clip of “2.2 Determining Volumes by Slicing” here (opens in new window).
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				The Disk Method
 When we use the slicing method with solids of revolution, it is often called the disk method because, for solids of revolution, the slices used to over approximate the volume of the solid are disks.
 To see this, consider the solid of revolution generated by revolving the region between the graph of the function [image: f(x)={(x-1)}^{2}+1] and the [image: x\text{-axis}] over the interval [image: \left[-1,3\right]] around the [image: x\text{-axis}\text{.}] 
 [image: This figure has four graphs. The first graph, labeled “a” is a parabola f(x)=(x-1)^2+1. The curve is above the x-axis and intersects the y-axis at y=2. Under the curve in the first quadrant is a vertical rectangle starting at the x-axis and stopping at the curve. The second graph, labeled “b” is the same parabola as in the first graph. The rectangle under the parabola from the first graph has been rotated around the x-axis forming a solid disk. The third graph labeled “c” is the same parabola as the first graph. There is a shaded region bounded above by the parabola, to the left by the line x=-1 and to the right by the line x=3, and below by the x-axis. The fourth graph labeled “d” is the same parabola as the first graph. The region from the third graph has been revolved around the x-axis to form a solid.]Figure 9. (a) A thin rectangle for approximating the area under a curve. (b) A representative disk formed by revolving the rectangle about the [image: x\text{-axis}\text{.}] (c) The region under the curve is revolved about the [image: x\text{-axis},] resulting in (d) the solid of revolution. We already used the formal Riemann sum development of the volume formula when we developed the slicing method. We know that
 [image: V={\displaystyle\int }_{a}^{b}A(x)dx]
 The only difference with the disk method is that we know the formula for the cross-sectional area ahead of time; it is the area of a circle. 
 the disk method
 Let [image: f(x)] be continuous and nonnegative.
  
 Define [image: R] as the region bounded above by the graph of [image: f(x),] below by the [image: x\text{-axis,}] on the left by the line [image: x=a,] and on the right by the line [image: x=b.]
  
 Then, the volume of the solid of revolution formed by revolving [image: R] around the [image: x\text{-axis}] is given by:
 [image: V={\displaystyle\int }_{a}^{b}\pi {\left[f(x)\right]}^{2}dx.]
  Returning to our example, the volume is given by:
 [image: \begin{array}{cc}\hfill V& ={\displaystyle\int }_{a}^{b}\pi {\left[f(x)\right]}^{2}dx\hfill \\ & ={\displaystyle\int }_{-1}^{3}\pi {\left[{(x-1)}^{2}+1\right]}^{2}dx=\pi {\displaystyle\int }_{-1}^{3}{\left[{(x-1)}^{4}+2{(x-1)}^{2}+1\right]}^{2}dx\hfill \\ & =\pi {\left[\frac{1}{5}{(x-1)}^{5}+\frac{2}{3}{(x-1)}^{3}+x\right]|}_{-1}^{3}=\pi \left[(\frac{32}{5}+\frac{16}{3}+3)-(-\frac{32}{5}-\frac{16}{3}-1)\right]=\frac{412\pi }{15}{\text{units}}^{3}.\hfill \end{array}]
  
 Use the disk method to find the volume of the solid of revolution generated by rotating the region between the graph of [image: f(x)=\sqrt{x}] and the [image: x\text{-axis}] over the interval [image: \left[1,4\right]] around the [image: x\text{-axis}\text{.}]
 Show Solution 
 The graphs of the function and the solid of revolution are shown in the following figure.
 [image: This figure has two graphs. The first graph labeled “a” is the curve f(x) = squareroot(x). It is an increasing curve above the x-axis. The curve is in the first quadrant. Under the curve is a region bounded by x=1 and x=4. The bottom of the region is the x-axis. The second graph labeled “b” is the same curve as the first graph. The solid region from the first graph has been rotated around the x-axis to form a solid region.]Figure 10. (a) The function [image: f(x)=\sqrt{x}] over the interval [image: \left[1,4\right].] (b) The solid of revolution obtained by revolving the region under the graph of [image: f(x)] about the [image: x\text{-axis}.] We have
 [image: \begin{array}{cc}\hfill V& ={\displaystyle\int }_{a}^{b}\pi {\left[f(x)\right]}^{2}dx\hfill \\ & ={\displaystyle\int }_{1}^{4}\pi {\left[\sqrt{x}\right]}^{2}dx=\pi {\displaystyle\int }_{1}^{4}xdx\hfill \\ & ={\frac{\pi }{2}{x}^{2}|}_{1}^{4}=\frac{15\pi }{2}.\hfill \end{array}]
 The volume is [image: \frac{(15\pi )}{2}] units3.
   So far, our examples have all concerned regions revolved around the [image: x\text{-axis,}] but we can generate a solid of revolution by revolving a plane region around any horizontal or vertical line.
 the disk method for solids of revolution around the [image: y]-axis
 Let [image: g(y)] be continuous and nonnegative.
  
 Define [image: Q] as the region bounded on the right by the graph of [image: g(y),] on the left by the [image: y\text{-axis,}] below by the line [image: y=c,] and above by the line [image: y=d.]
  
 Then, the volume of the solid of revolution formed by revolving [image: Q] around the [image: y\text{-axis}] is given by:
 [image: V={\displaystyle\int }_{c}^{d}\pi {\left[g(y)\right]}^{2}dy.]
  In the next example, we look at a solid of revolution that has been generated by revolving a region around the [image: y\text{-axis}\text{.}] The mechanics of the disk method are nearly the same as when the [image: x\text{-axis}] is the axis of revolution, but we express the function in terms of [image: y] and we integrate with respect to [image: y] as well. 
 Let [image: R] be the region bounded by the graph of [image: g(y)=\sqrt{4-y}] and the [image: y\text{-axis}] over the [image: y\text{-axis}] interval [image: \left[0,4\right].] Use the disk method to find the volume of the solid of revolution generated by rotating [image: R] around the [image: y\text{-axis}\text{.}]
 Show Solution 
 Figure 11 shows the function and a representative disk that can be used to estimate the volume. Notice that since we are revolving the function around the [image: y\text{-axis,}] the disks are horizontal, rather than vertical.
 [image: This figure has two graphs. The first graph labeled “a” is the curve g(y) = squareroot(4-y). It is a decreasing curve starting on the y-axis at y=4. Between the curve and the y-axis is a horizontal rectangle. The rectangle starts at the y-axis and stops at the curve. The second graph labeled “b” is the same curve as the first graph. The rectangle from the first graph has been rotated around the y-axis to form a horizontal disk.]Figure 11. (a) Shown is a thin rectangle between the curve of the function [image: g(y)=\sqrt{4-y}] and the [image: y\text{-axis}\text{.}] (b) The rectangle forms a representative disk after revolution around the [image: y\text{-axis}\text{.}] The region to be revolved and the full solid of revolution are depicted in the following figure.
 [image: This figure has two graphs. The first graph labeled “a” is the curve g(y) = squareroot(4-y). It is a decreasing curve starting on the y-axis at y=4. The region formed by the x-axis, the y-axis, and the curve is shaded. This region is in the first quadrant. The second graph labeled “b” is the same curve as the first graph. The region from the first graph has been rotated around the y-axis to form a solid.]Figure 12. (a) The region to the left of the function [image: g(y)=\sqrt{4-y}] over the [image: y\text{-axis}] interval [image: \left[0,4\right].] (b) The solid of revolution formed by revolving the region about the [image: y\text{-axis}\text{.}] To find the volume, we integrate with respect to [image: y.] We obtain
 [image: \begin{array}{cc}\hfill V& ={\displaystyle\int }_{c}^{d}\pi {\left[g(y)\right]}^{2}dy\hfill \\ & ={\displaystyle\int }_{0}^{4}\pi {\left[\sqrt{4-y}\right]}^{2}dy=\pi {\displaystyle\int }_{0}^{4}(4-y)dy\hfill \\ & ={\pi \left[4y-\frac{{y}^{2}}{2}\right]|}_{0}^{4}=8\pi .\hfill \end{array}]
  
 The volume is [image: 8\pi] units3.
   [ohm_question hide_question_numbers=1]20075[/ohm_question]
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				The Washer Method
 Some solids of revolution have cavities in the middle; they are not solid all the way to the axis of revolution. This can happen because of the shape of the region of revolution with respect to the axis. Cavities also arise when the region of revolution is defined between the graphs of two functions or [image: x]-axis or [image: y]-axis is selected for revolution.
 When the solid of revolution has a cavity, the slices used to approximate the volume are not disks but washers (disks with holes in the center).
 For example, consider the region bounded above by the graph of the function [image: f(x)=\sqrt{x}] and below by the graph of the function [image: g(x)=1] over the interval [image: \left[1,4\right].] When this region is revolved around the [image: x\text{-axis,}] the result is a solid with a cavity in the middle, and the slices are washers. 
 [image: This figure has four graphs. The first graph is labeled “a” and has the two functions f(x)=squareroot(x) and g(x)=1 graphed in the first quadrant. f(x) is an increasing curve starting at the origin and g(x) is a horizontal line at y=1. The curves intersect at the ordered pair (1,1). In between the curves is a shaded rectangle with the bottom on g(x) and the top at f(x). The second graph labeled “b” is the same two curves as the first graph. The shaded rectangle between the curves from the first graph has been rotated around the x-axis to form an open disk or washer. The third graph labeled “a” has the same two curves as the first graph. There is a shaded region between the two curves between where they intersect and a line at x=4. The fourth graph is the same two curves as the first with the region from the third graph rotated around the x-axis forming a solid region with a hollow center. The hollow center is represented on the graph with broken horizontal lines at y=1 and y=-1.]Figure 13. (a) A thin rectangle in the region between two curves. (b) A representative disk formed by revolving the rectangle about the [image: x\text{-axis}.] (c) The region between the curves over the given interval. (d) The resulting solid of revolution. The cross-sectional area, then, is the area of the outer circle less the area of the inner circle. In this case,
 [image: A(x)=\pi {(\sqrt{x})}^{2}-\pi {(1)}^{2}=\pi (x-1).]
 Then the volume of the solid is:
 [image: \begin{array}{cc}\hfill V& ={\displaystyle\int }_{a}^{b}A(x)dx\hfill \\ & ={\displaystyle\int }_{1}^{4}\pi (x-1)dx={\pi \left[\frac{{x}^{2}}{2}-x\right]|}_{1}^{4}=\frac{9}{2}\pi {\text{units}}^{3}.\hfill \end{array}]
 Generalizing this process gives the washer method.
 the washer method
 Suppose [image: f(x)] and [image: g(x)] are continuous, nonnegative functions such that [image: f(x)\ge g(x)] over [image: \left[a,b\right].]
  
 Let [image: R] denote the region bounded above by the graph of [image: f(x),] below by the graph of [image: g(x),] on the left by the line [image: x=a,] and on the right by the line [image: x=b.]
  
 Then, the volume of the solid of revolution formed by revolving [image: R] around the [image: x\text{-axis}] is given by:
 [image: V={\displaystyle\int }_{a}^{b}\pi \left[{(f(x))}^{2}-{(g(x))}^{2}\right]dx.]
  Find the volume of a solid of revolution formed by revolving the region bounded above by the graph of [image: f(x)=x] and below by the graph of [image: g(x)=\frac{1}{x}] over the interval [image: \left[1,4\right]] around the [image: x\text{-axis}\text{.}]
 Show Solution 
 The graphs of the functions and the solid of revolution are shown in the following figure.
 [image: This figure has two graphs. The first graph is labeled “a” and has the two curves f(x)=x and g(x)=1/x. They are graphed only in the first quadrant. f(x) is a diagonal line starting at the origin and g(x) is a decreasing curve with the y-axis as a vertical asymptote and the x-axis as a horizontal asymptote. The graphs intersect at (1,1). There is a shaded region between the graphs, bounded to the right by a line at x=4. The second graph is the same two curves. There is a solid formed by rotating the shaded region from the first graph around the x-axis.]Figure 14. (a) The region between the graphs of the functions [image: f(x)=x] and [image: g(x)=\frac{1}{x}] over the interval [image: \left[1,4\right].] (b) Revolving the region about the [image: x\text{-axis}] generates a solid of revolution with a cavity in the middle. We have:
 [image: \begin{array}{cc}\hfill V& ={\displaystyle\int }_{a}^{b}\pi \left[{(f(x))}^{2}-{(g(x))}^{2}\right]dx\hfill \\ & =\pi {\displaystyle\int }_{1}^{4}\left[{x}^{2}-{(\frac{1}{x})}^{2}\right]dx\text{}={\pi \left[\frac{{x}^{3}}{3}+\frac{1}{x}\right]|}_{1}^{4}=\frac{81\pi }{4}{\text{units}}^{3}.\hfill \end{array}]
  As with the disk method, we can also apply the washer method to solids of revolution that result from revolving a region around the [image: y]-axis. In this case, the following rule applies.
 the washer method for solids of revolution around the [image: y]-axis
 Suppose [image: u(y)] and [image: v(y)] are continuous, nonnegative functions such that [image: v(y)\le u(y)] for [image: y\in \left[c,d\right].]
  
 Let [image: Q] denote the region bounded on the right by the graph of [image: u(y),] on the left by the graph of [image: v(y),] below by the line [image: y=c,] and above by the line [image: y=d.]
  
 Then, the volume of the solid of revolution formed by revolving [image: Q] around the [image: y\text{-axis}] is given by:
 [image: V={\displaystyle\int }_{c}^{d}\pi \left[{(u(y))}^{2}-{(v(y))}^{2}\right]dy]
  Rather than looking at an example of the washer method with the [image: y\text{-axis}] as the axis of revolution, we now consider an example in which the axis of revolution is a line other than one of the two coordinate axes. The same general method applies, but you may have to visualize just how to describe the cross-sectional area of the volume.
 An important thing to remember is that for both the disk and washer method, the rectangles (the radii of the cross-sectional circles) are always perpendicular to the axis of revolution.
  Find the volume of a solid of revolution formed by revolving the region bounded above by [image: f(x)=4-x] and below by the [image: x\text{-axis}] over the interval [image: \left[0,4\right]] around the line [image: y=-2.]
 Show Solution 
 The graph of the region and the solid of revolution are shown in the following figure.
 [image: This figure has two graphs. The first graph is labeled “a” and has the two curves f(x)=4-x and -2. There is a shaded region making a triangle bounded by the decreasing line f(x), the y-axis and the x-axis. The second graph is the same two curves. There is a solid formed by rotating the shaded region from the first graph around the line y=-2. There is a hollow cylinder inside of the solid represented by the lines y=-2 and y=-4.]Figure 15. (a) The region between the graph of the function [image: f(x)=4-x] and the [image: x\text{-axis}] over the interval [image: \left[0,4\right].] (b) Revolving the region about the line [image: y=-2] generates a solid of revolution with a cylindrical hole through its middle. We can’t apply the volume formula to this problem directly because the axis of revolution is not one of the coordinate axes. However, we still know that the area of the cross-section is the area of the outer circle less the area of the inner circle.
 Looking at the graph of the function, we see the radius of the outer circle is given by [image: f(x)+2,] which simplifies to:
 [image: f(x)+2=(4-x)+2=6-x.]
 The radius of the inner circle is [image: g(x)=2.] Therefore, we have:
 [image: \begin{array}{cc}\hfill V& ={\displaystyle\int }_{0}^{4}\pi \left[{(6-x)}^{2}-{(2)}^{2}\right]dx\hfill \\ & =\pi {\displaystyle\int }_{0}^{4}({x}^{2}-12x+32)dx\text{}={\pi \left[\frac{{x}^{3}}{3}-6{x}^{2}+32x\right]|}_{0}^{4}=\frac{160\pi }{3}{\text{units}}^{3}.\hfill \end{array}]
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				 	Find the volume of a solid by using the slicing method
 	Find the volume of a solid by using the disk method
 	Compute the volume of a hollow solid of revolution by using the washer technique
 
  3D Printing Martian Habitats: Calculating Volumes for Extraterrestrial Structures
 In 2019, NASA held Phase 3 of its 3D-Printed Habitat Challenge, where competitors created scale models of habitats that could be used on the moon or Mars. AI SpaceFactory won the competition with their design called Marsha, shown below. The habitat is designed to be 3D printed using a mixture of basalt fiber extracted from Martian rock and renewable bioplastic processed from plants grown on Mars.
 [image: This image depicts a Mars colony scene with two tall, conical, ribbed structures resembling modern habitats. In the foreground, astronauts in spacesuits are interacting with a small white rover and a modular living unit. The landscape is barren and rocky, characteristic of the Martian surface, with a hazy sky in the background.]Photo from https://spacefactory.ai/marsha [ohm_question hide_question_numbers=1]287929[/ohm_question]
  [ohm_question hide_question_numbers=1]287930[/ohm_question]
  Sources:
 https://www.space.com/nasa-3d-printed-habitat-competition-winners.html
 https://www.space.com/38944-nasa-3d-printed-habitat-challenge-submissions.html
 https://spacefactory.ai/marsha
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				 	Determine the volume of a solid formed by rotating a region around an axis using cylindrical shells
 	Evaluate the benefits and limitations of different methods (disk, washer, cylindrical shells) for calculating volumes
 
  Cylindrical Shells Method
 Let’s explore the final method for finding the volume of a solid of revolution—the method of cylindrical shells. This method can be used on the same types of solids as the disk or washer method; however, we integrate along the coordinate axis parallel to the axis of revolution. This ability to choose which variable of integration to use can be a significant advantage with more complicated functions. Additionally, the specific geometry of the solid sometimes makes the method of using cylindrical shells more appealing than the washer method.
 Again, we are working with a solid of revolution. We define a region [image: R,] bounded above by the graph of a function [image: y=f(x),] below by the [image: x]-axis, and on the left and right by the lines [image: x=a] and [image: x=b,] respectively, as shown in Figure 1(a). We then revolve this region around the [image: y]-axis, as shown in Figure 1(b). 
 [image: This figure has two graphs. The first graph is labeled “a” and is an increasing curve in the first quadrant. The curve is labeled “y=f(x)”. The curve starts on the y-axis at y=a. Under the curve, above the x-axis is a shaded region labeled “R”. The shaded region is bounded on the right by the line x=b. The second graph is a three dimensional solid. It has been created by rotating the shaded region from “a” around the y-axis.]Figure 1. (a) A region bounded by the graph of a function of [image: x.] (b) The solid of revolution formed when the region is revolved around the [image: y\text{-axis}\text{.}] Note that this is different from what we have done before. Previously, regions defined in terms of functions of [image: x] were revolved around the [image: x]-axis or a line parallel to it.
  Next, as we have done many times before, partition the interval [image: \left[a,b\right]] using a regular partition, [image: P=\left\{{x}_{0},{x}_{1}\text{,…},{x}_{n}\right\}] and, for [image: i=1,2\text{,…},n,] choose a point [image: {x}_{i}^{*}\in \left[{x}_{i-1},{x}_{i}\right].]
 Then, construct a rectangle over the interval [image: \left[{x}_{i-1},{x}_{i}\right]] of height [image: f({x}_{i}^{*})] and width [image: \text{Δ}x.] 
 When that rectangle is revolved around the [image: y]-axis, instead of a disk or a washer, we get a cylindrical shell, as shown in the following figure.
 [image: This figure has two images. The first is a cylindrical shell, hollow in the middle. It has a vertical axis in the center. There is also a curve that meets the top of the cylinder. The second image is a set of concentric cylinders, one inside of the other forming a nesting of cylinders.]Figure 2. (a) A representative rectangle. (b) When this rectangle is revolved around the [image: y\text{-axis},] the result is a cylindrical shell. (c) When we put all the shells together, we get an approximation of the original solid. To calculate the volume of this shell, consider the following.
 [image: This figure is a graph in the first quadrant. The curve is increasing and labeled “y=f(x)”. The curve starts on the y-axis at f(x*). Below the curve is a shaded rectangle. The rectangle starts on the x-axis. The width of the rectangle is delta x. The two sides of the rectangle are labeled “xsub(i-1)” and “xsubi”.]Figure 3. Calculating the volume of the shell. Notice that the rectangle we are using is parallel to the axis of revolution (y axis), not perpendicular like the disk and washer method. This could be very useful, particularly for [image: y]-axis revolutions.
 The shell is a cylinder, so its volume is the cross-sectional area multiplied by the height of the cylinder. The cross-sections are annuli (ring-shaped regions—essentially, circles with a hole in the center), with outer radius [image: {x}_{i}] and inner radius [image: {x}_{i-1}.]
 Thus, the cross-sectional area is [image: \pi {x}_{i}^{2}-\pi {x}_{i-1}^{2}.] The height of the cylinder is [image: f({x}_{i}^{*}).]
 Then the volume of the shell is:
 [image: \begin{array}{cc}\hfill {V}_{\text{shell}}& =f({x}_{i}^{*})(\pi {x}_{i}^{2}-\pi {x}_{i-1}^{2})\hfill \\ & =\pi f({x}_{i}^{*})({x}_{i}^{2}-{x}_{i-1}^{2})\hfill \\ & =\pi f({x}_{i}^{*})({x}_{i}+{x}_{i-1})({x}_{i}-{x}_{i-1})\hfill \\ & =2\pi f({x}_{i}^{*})(\frac{{x}_{i}+{x}_{i-1}}{2})({x}_{i}-{x}_{i-1}).\hfill \end{array}]
 Note that [image: {x}_{i}-{x}_{i-1}=\text{Δ}x,] so we have:
 [image: {V}_{\text{shell}}=2\pi f({x}_{i}^{*})(\frac{{x}_{i}+{x}_{i-1}}{2})\text{Δ}x]
 Furthermore, [image: \frac{{x}_{i}+{x}_{i-1}}{2}] is both the midpoint of the interval [image: \left[{x}_{i-1},{x}_{i}\right]] and the average radius of the shell, and we can approximate this by [image: {x}_{i}^{*}.]
 We then have:
 [image: {V}_{\text{shell}}\approx 2\pi f({x}_{i}^{*}){x}_{i}^{*}\text{Δ}x]
 Another way to think of this is to think of making a vertical cut in the shell and then opening it up to form a flat plate (Figure 4).
 [image: This figure has two images. The first is labeled “a” and is of a hollow cylinder around the y-axis. On the front of this cylinder is a vertical line labeled “cut line”. The height of the cylinder is “y=f(x)”. The second figure is labeled “b” and is a shaded rectangular block. The height of the rectangle is “f(x*), the width of the rectangle is “2pix*”, and the thickness of the rectangle is “delta x”.]Figure 4. (a) Make a vertical cut in a representative shell. (b) Open the shell up to form a flat plate. In reality, the outer radius of the shell is greater than the inner radius, and hence the back edge of the plate would be slightly longer than the front edge of the plate. However, we can approximate the flattened shell by a flat plate of height [image: f({x}_{i}^{*}),] width [image: 2\pi {x}_{i}^{*},] and thickness [image: \text{Δ}x] (Figure 4).
 The volume of the shell, then, is approximately the volume of the flat plate. Multiplying the height, width, and depth of the plate, we get:
 [image: {V}_{\text{shell}}\approx f({x}_{i}^{*})(2\pi {x}_{i}^{*})\text{Δ}x,]
 which is the same formula we had before.
 To calculate the volume of the entire solid, we then add the volumes of all the shells and obtain:
 [image: V\approx \underset{i=1}{\overset{n}{\text{∑}}}(2\pi {x}_{i}^{*}f({x}_{i}^{*})\text{Δ}x)]
 Here we have another Riemann sum, this time for the function [image: 2\pi xf(x).] Taking the limit as [image: n\to \infty] gives us:
 [image: V=\underset{n\to \infty }{\text{lim}}\underset{i=1}{\overset{n}{\text{∑}}}(2\pi {x}_{i}^{*}f({x}_{i}^{*})\text{Δ}x)={\displaystyle\int }_{a}^{b}(2\pi xf(x))dx]
 This leads to the following rule for the method of cylindrical shells.
 the method of cylindrical shells
 Let [image: f(x)] be continuous and nonnegative.
  
 Define [image: R] as the region bounded above by the graph of [image: f(x),] below by the [image: x\text{-axis},] on the left by the line [image: x=a,] and on the right by the line [image: x=b.]
  
 Then the volume of the solid of revolution formed by revolving [image: R] around the [image: y]-axis is given by:
 [image: V={\displaystyle\int }_{a}^{b}(2\pi xf(x))dx]
  Define [image: R] as the region bounded above by the graph of [image: f(x)=1\text{/}x] and below by the [image: x\text{-axis}] over the interval [image: \left[1,3\right].] Find the volume of the solid of revolution formed by revolving [image: R] around the [image: y\text{-axis}.]
 Show Solution 
 First we must graph the region [image: R] and the associated solid of revolution, as shown in the following figure.
 [image: This figure has three images. The first is a solid that has been formed by rotating the curve y=1/x about the y-axis. The solid begins on the x-axis and stops where y=1. The second image is labeled “a” and is the graph of y=1/x in the first quadrant. Under the curve is a shaded region labeled “R”. The region is bounded by the curve, the x-axis, to the left at x=1 and to the right at x=3. The third image is labeled “b” and is half of the solid formed by rotating the shaded region about the y-axis.]Figure 5. (a) The region [image: R] under the graph of [image: f(x)=1\text{/}x] over the interval [image: \left[1,3\right].] (b) The solid of revolution generated by revolving [image: R] about the [image: y\text{-axis}.] Then the volume of the solid is given by:
 [image: \begin{array}{cc}\hfill V& ={\displaystyle\int }_{a}^{b}(2\pi xf(x))dx\hfill \\ & ={\displaystyle\int }_{1}^{3}(2\pi x(\frac{1}{x}))dx\hfill \\ & ={\displaystyle\int }_{1}^{3}2\pi dx={2\pi x|}_{1}^{3}=4\pi {\text{units}}^{3}\text{.}\hfill \end{array}]
  Define [image: R] as the region bounded above by the graph of [image: f(x)=2x-{x}^{2}] and below by the [image: x\text{-axis}] over the interval [image: \left[0,2\right].] Find the volume of the solid of revolution formed by revolving [image: R] around the [image: y\text{-axis}.]
 Show Solution 
 First graph the region [image: R] and the associated solid of revolution, as shown in the following figure.
 [image: This figure has two graphs. The first graph is labeled “a” and is the curve f(x)=2x-x^2. It is an upside down parabola intersecting the x-axis at the origin ant at x=2. Under the curve the region in the first quadrant is shaded and is labeled “R”. The second figure is a graph of the same curve. On the graph is a solid that is formed by rotation the region from “a” about the y-axis.]Figure 6. (a) The region [image: R] under the graph of [image: f(x)=2x-{x}^{2}] over the interval [image: \left[0,2\right].] (b) The volume of revolution obtained by revolving [image: R] about the [image: y\text{-axis}.] Then the volume of the solid is given by:
 [image: \begin{array}{cc}\hfill V& ={\displaystyle\int }_{a}^{b}(2\pi xf(x))dx\hfill \\ & ={\displaystyle\int }_{0}^{2}(2\pi x(2x-{x}^{2}))dx=2\pi {\displaystyle\int }_{0}^{2}(2{x}^{2}-{x}^{3})dx\hfill \\ & ={2\pi \left[\frac{2{x}^{3}}{3}-\frac{{x}^{4}}{4}\right]|}_{0}^{2}=\frac{8\pi }{3}{\text{units}}^{3}\text{.}\hfill \end{array}]
  
	

			CC licensed content, Original
	2.3 Volumes of Revolution: Cylindrical Shells. Authored by: Ryan Melton. License: CC BY: Attribution

CC licensed content, Shared previously
	Calculus Volume 1. Authored by: Gilbert Strang, Edwin (Jed) Herman. Provided by: OpenStax. Retrieved from: https://openstax.org/details/books/calculus-volume-1. License: CC BY-NC-SA: Attribution-NonCommercial-ShareAlike. License Terms: Access for free at https://openstax.org/books/calculus-volume-1/pages/1-introduction



			


		
	
		
			
	
		48

		Volumes of Revolution: Cylindrical Shells: Learn It 2

								

	
				Cylindrical Shells Method Cont.
 As with the disk method and the washer method, we can use the method of cylindrical shells with solids of revolution, revolved around the [image: x\text{-axis},] when we want to integrate with respect to [image: y.]
 the method of cylindrical shells for solids of revolution around the [image: x]-axis
 Let [image: g(y)] be continuous and nonnegative.
  
 Define [image: Q] as the region bounded on the right by the graph of [image: g(y),] on the left by the [image: y\text{-axis},] below by the line [image: y=c,] and above by the line [image: y=d.]
  
 Then, the volume of the solid of revolution formed by revolving [image: Q] around the [image: x\text{-axis}] is given by:
 [image: V={\displaystyle\int }_{c}^{d}(2\pi yg(y))dy]
  Define [image: Q] as the region bounded on the right by the graph of [image: g(y)=2\sqrt{y}] and on the left by the [image: y\text{-axis}] for [image: y\in \left[0,4\right].] Find the volume of the solid of revolution formed by revolving [image: Q] around the [image: x]-axis.
 Show Solution 
 First, we need to graph the region [image: Q] and the associated solid of revolution, as shown in the following figure.
 [image: This figure has two graphs. The first graph is labeled “a” and is the curve g(y)=2squareroot(y). It is an increasing curve in the first quadrant beginning at the origin. Between the y-axis and the curve, there is a shaded region labeled “Q”. The shaded region is bounded above by the line y=4. The second graph is the same curve in “a” and labeled “b”. It also has a solid region that has been formed by rotating the curve in “a” about the x-axis. The solid starts at the y-axis and stops at x=4.]Figure 7. (a) The region [image: Q] to the left of the function [image: g(y)] over the interval [image: \left[0,4\right].] (b) The solid of revolution generated by revolving [image: Q] around the [image: x\text{-axis}.] Label the shaded region [image: Q.] Then the volume of the solid is given by:
 [image: \begin{array}{cc}\hfill V& ={\displaystyle\int }_{c}^{d}(2\pi yg(y))dy\hfill \\ & ={\displaystyle\int }_{0}^{4}(2\pi y(2\sqrt{y}))dy=4\pi {\displaystyle\int }_{0}^{4}{y}^{3\text{/}2}dy\hfill \\ & ={4\pi \left[\frac{2{y}^{5\text{/}2}}{5}\right]|}_{0}^{4}=\frac{256\pi }{5}{\text{units}}^{3}\text{.}\hfill \end{array}]
  For the next example, we look at a solid of revolution for which the graph of a function is revolved around a line other than one of the two coordinate axes. To set this up, we need to revisit the development of the method of cylindrical shells.
 Recall that we found the volume of one of the shells to be given by:
 [image: \begin{array}{cc}\hfill {V}_{\text{shell}}& =f({x}_{i}^{*})(\pi {x}_{i}^{2}-\pi {x}_{i-1}^{2})\hfill \\ & =\pi f({x}_{i}^{*})({x}_{i}^{2}-{x}_{i-1}^{2})\hfill \\ & =\pi f({x}_{i}^{*})({x}_{i}+{x}_{i-1})({x}_{i}-{x}_{i-1})\hfill \\ & =2\pi f({x}_{i}^{*})(\frac{{x}_{i}+{x}_{i-1}}{2})({x}_{i}-{x}_{i-1}).\hfill \end{array}]
 This was based on a shell with an outer radius of [image: {x}_{i}] and an inner radius of [image: {x}_{i-1}.] If, however, we rotate the region around a line other than the [image: y\text{-axis},] we have a different outer and inner radius. 
 Suppose, for example, that we rotate the region around the line [image: x=\text{−}k,] where [image: k] is some positive constant. Then, the outer radius of the shell is [image: {x}_{i}+k] and the inner radius of the shell is [image: {x}_{i-1}+k.] 
 Substituting these terms into the expression for volume, we see that when a plane region is rotated around the line [image: x=\text{−}k,] the volume of a shell is given by:
 [image: \begin{array}{cc}\hfill {V}_{\text{shell}}& =2\pi f({x}_{i}^{*})(\frac{({x}_{i}+k)+({x}_{i-1}+k)}{2})(({x}_{i}+k)-({x}_{i-1}+k))\hfill \\ & =2\pi f({x}_{i}^{*})((\frac{{x}_{i}+{x}_{i-2}}{2})+k)\text{Δ}x.\hfill \end{array}]
 As before, we notice that [image: \frac{{x}_{i}+{x}_{i-1}}{2}] is the midpoint of the interval [image: \left[{x}_{i-1},{x}_{i}\right]] and can be approximated by [image: {x}_{i}^{*}.] Then, the approximate volume of the shell is:
 [image: {V}_{\text{shell}}\approx 2\pi ({x}_{i}^{*}+k)f({x}_{i}^{*})\text{Δ}x]
 The remainder of the development proceeds as before, and we see that:
 [image: V={\displaystyle\int }_{a}^{b}(2\pi (x+k)f(x))dx]
 We could also rotate the region around other horizontal or vertical lines, such as a vertical line in the right half plane. In each case, the volume formula must be adjusted accordingly. Specifically, the [image: x\text{-term}] in the integral must be replaced with an expression representing the radius of a shell. To see how this works, consider the following example.
 Define [image: R] as the region bounded above by the graph of [image: f(x)=x] and below by the [image: x\text{-axis}] over the interval [image: \left[1,2\right].] Find the volume of the solid of revolution formed by revolving [image: R] around the line [image: x=-1.]
 Show Solution 
 First, graph the region [image: R] and the associated solid of revolution, as shown in the following figure.
 [image: This figure has two graphs. The first graph is labeled “a” and is the line f(x)=x, a diagonal line through the origin. There is a shaded region above the x-axis under the line labeled “R”. This region is bounded to the left by the line x=1 and to the right by the line x=2. There is also the vertical line x=-1 on the graph. The second figure has the same graphs as “a” and is labeled “b”. Also on the graph is a solid formed by rotating the region “R” from the first graph about the line x=-1.]Figure 8. (a) The region [image: R] between the graph of [image: f(x)] and the [image: x\text{-axis}] over the interval [image: \left[1,2\right].] (b) The solid of revolution generated by revolving [image: R] around the line [image: x=-1.] Note that the radius of a shell is given by [image: x+1.] Then the volume of the solid is given by:
 [image: \begin{array}{cc}\hfill V& ={\displaystyle\int }_{1}^{2}(2\pi (x+1)f(x))dx\hfill \\ & ={\displaystyle\int }_{1}^{2}(2\pi (x+1)x)dx=2\pi {\displaystyle\int }_{1}^{2}({x}^{2}+x)dx\hfill \\ & ={2\pi \left[\frac{{x}^{3}}{3}+\frac{{x}^{2}}{2}\right]|}_{1}^{2}=\frac{23\pi }{3}{\text{units}}^{3}\text{.}\hfill \end{array}]
  For our final example, let’s look at the volume of a solid of revolution for which the region of revolution is bounded by the graphs of two functions.
 Define [image: R] as the region bounded above by the graph of the function [image: f(x)=\sqrt{x}] and below by the graph of the function [image: g(x)=\frac{1}{x}] over the interval [image: \left[1,4\right].] Find the volume of the solid of revolution generated by revolving [image: R] around the [image: y\text{-axis}.]
 Show Solution 
 First, graph the region [image: R] and the associated solid of revolution, as shown in the following figure.
 [image: This figure has two graphs. The first graph is labeled “a” and has two curves. The curves are the graphs of f(x)=squareroot(x) and g(x)=1/x. In the first quadrant the curves intersect at (1,1). In between the curves in the first quadrant there is a shaded region labeled “R”, bounded to the right by the line x=4. The second graph is labeled “b” and is the same as the graphs in “a”. Also on this graph is a solid that has been formed by rotating the region “R” from the figure “a” about the y-axis.]Figure 9. (a) The region [image: R] between the graph of [image: f(x)] and the graph of [image: g(x)] over the interval [image: \left[1,4\right].] (b) The solid of revolution generated by revolving [image: R] around the [image: y\text{-axis}.] Note that the axis of revolution is the [image: y\text{-axis},] so the radius of a shell is given simply by [image: x.] We don’t need to make any adjustments to the [image: x]-term of our integrand. The height of a shell, though, is given by [image: f(x)-g(x),] so in this case we need to adjust the [image: f(x)] term of the integrand.
 Then the volume of the solid is given by:
 [image: \begin{array}{cc}\hfill V& ={\displaystyle\int }_{1}^{4}(2\pi x(f(x)-g(x)))dx\hfill \\ & ={\displaystyle\int }_{1}^{4}(2\pi x(\sqrt{x}-\frac{1}{x}))dx=2\pi {\displaystyle\int }_{1}^{4}({x}^{3\text{/}2}-1)dx\hfill \\ & ={2\pi \left[\frac{2{x}^{5\text{/}2}}{5}-x\right]|}_{1}^{4}=\frac{94\pi }{5}{\text{units}}^{3}.\hfill \end{array}]
  [ohm_question hide_question_numbers=1]288441[/ohm_question]
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				Comparing Methods for Volume Calculation
 We have studied several methods for finding the volume of a solid of revolution, but how do we know which method to use? It often comes down to a choice of which integral is easiest to evaluate.
 The figure below describes the different approaches for solids of revolution around the [image: x\text{-axis}.] It’s up to you to develop the analogous table for solids of revolution around the [image: y\text{-axis}.]
 [image: This figure is a table comparing the different methods for finding volumes of solids of revolution. The columns in the table are labeled “comparison”, “disk method”, “washer method”, and “shell method”. The rows are labeled “volume formula”, “solid”, “interval to partition”, “rectangles”, “typical region”, and “rectangle”. In the disk method column, the formula is given as the definite integral from a to b of pi times [f(x)]^2. The solid has no cavity in the center, the partition is [a,b], rectangles are vertical, and the typical region is a shaded region above the x-axis and below the curve of f(x). In the washer method column, the formula is given as the definite integral from a to b of pi times [f(x)]^2-[g(x)]^2. The solid has a cavity in the center, the partition is [a,b], rectangles are vertical, and the typical region is a shaded region above the curve of g(x) and below the curve of f(x). In the shell method column, the formula is given as the definite integral from c to d of 2pi times yg(y). The solid is with or without a cavity in the center, the partition is [c,d] rectangles are horizontal, and the typical region is a shaded region above the x-axis and below the curve of g(y).]Figure 10. Let’s take a look at a couple of additional problems and decide on the best approach to take for solving them.
 The tips below can help you decide the best method:
 	Axis of Revolution 	Method 	Variable 	Description 
 	[image: x]-axis 	Disk/washer 	[image: dx] 	Use when revolving around the [image: x]-axis and integrating with respect to [image: x]. The rectangles are perpendicular to the [image: x]-axis. 
 	Shell 	[image: dy] 	Use when revolving around the [image: x]-axis and integrating with respect to [image: y]. The rectangles are parallel to the [image: x]-axis. 
 	[image: y]-axis 	Disk/washer 	[image: dy] 	Use when revolving around the [image: y]-axis and integrating with respect to [image: y]. The rectangles are perpendicular to the [image: y]-axis. 
 	Shell 	[image: dx] 	Use when revolving around the [image: y]-axis and integrating with respect to [image: x]. The rectangles are parallel to the [image: y]-axis. 
  
 Most times, functions are presented in terms of [image: x]. If possible, keeping things in terms of [image: x] is beneficial.
 Generally speaking, for an [image: x]-axis revolution, a disk/washer method will allow us to avoid rewriting the equation in terms of [image: y]. For a [image: y]-axis revolution, the shell method will allow us the same advantage.
 Using this information, try to draw your rectangles in terms of [image: dx], if possible. If this requires you to separate the area, try the [image: dy] method!
  For each of the following problems, select the best method to find the volume of a solid of revolution generated by revolving the given region around the [image: x\text{-axis},] and set up the integral to find the volume (do not evaluate the integral).
 	The region bounded by the graphs of [image: y=x,] [image: y=2-x,] and the [image: x\text{-axis}.]
 	The region bounded by the graphs of [image: y=4x-{x}^{2}] and the [image: x\text{-axis}.]
 
 Show Solution 
 	First, sketch the region and the solid of revolution as shown. [image: This figure has two graphs. The first graph is labeled “a” and has two lines y=x and y=2-x drawn in the first quadrant. The lines intersect at (1,1) and form a triangle above the x-axis. The region that is the triangle is shaded. The second graph is labeled “b” and is the same graphs as “a”. The shaded triangular region in “a” has been rotated around the x-axis to form a solid on the second graph.]Figure 11. (a) The region [image: R] bounded by two lines and the [image: x\text{-axis}.] (b) The solid of revolution generated by revolving [image: R] about the [image: x\text{-axis}.] 
  
 Looking at the region, if we want to integrate with respect to [image: x,] we would have to break the integral into two pieces, because we have different functions bounding the region over [image: \left[0,1\right]] and [image: \left[1,2\right].]
 In this case, using the disk method, we would have:
 [image: V={\displaystyle\int }_{0}^{1}(\pi {x}^{2})dx+{\displaystyle\int }_{1}^{2}(\pi {(2-x)}^{2})dx.]
 If we used the shell method instead, we would use functions of [image: y] to represent the curves, producing:
 [image: \begin{array}{cc}\hfill V& ={\displaystyle\int }_{0}^{1}(2\pi y\left[(2-y)-y\right])dy\hfill \\ & ={\displaystyle\int }_{0}^{1}(2\pi y\left[2-2y\right])dy.\hfill \end{array}]
 Neither of these integrals is particularly onerous, but since the shell method requires only one integral, and the integrand requires less simplification, we should probably go with the shell method in this case.
 
 	First, sketch the region and the solid of revolution as shown. [image: This figure has two graphs. The first graph is labeled “a” and is the curve y=4x-x^2. It is an upside down parabola intersecting the x-axis at the origin and at x=4. The region above the x-axis and below the curve is shaded and labeled “R”. The second graph labeled “b” is the same as in “a”. On this graph the shaded region “R” has been rotated around the x-axis to form a solid.]Figure 12. (a) The region [image: R] between the curve and the [image: x\text{-axis}.] (b) The solid of revolution generated by revolving [image: R] about the [image: x\text{-axis}.] 
  
 Looking at the region, it would be problematic to define a horizontal rectangle; the region is bounded on the left and right by the same function. Therefore, we can dismiss the method of shells. The solid has no cavity in the middle, so we can use the method of disks. Then:
 [image: V={\displaystyle\int }_{0}^{4}\pi {(4x-{x}^{2})}^{2}dx.]
 
 
  
  Select the best method to find the volume of a solid of revolution generated by revolving the given region around the [image: x\text{-axis},] and set up the integral to find the volume (do not evaluate the integral): the region bounded by the graphs of [image: y=2-{x}^{2}] and [image: y={x}^{2}.]
 
 Hint Sketch the region and use the last example to decide which integral is easiest to evaluate.
 Show Solution 
 Use the method of washers
 [image: V={\displaystyle\int }_{-1}^{1}\pi \left[{(2-{x}^{2})}^{2}-{({x}^{2})}^{2}\right]dx]
  
 
  
  Watch the following video to see the worked solution to the two examples above.
 https://youtube.com/watch?v=3Rq70sJECwQ%3Fcontrols%3D0%26start%3D1551%26end%3D1827%26autoplay%3D0
 Closed Captioning and Transcript Information for Video For closed captioning, open the video on its original page by clicking the Youtube logo in the lower right-hand corner of the video display. In YouTube, the video will begin at the same starting point as this clip, but will continue playing until the very end.
 You can view the transcript for this segmented clip of “2.3 Volumes of Revolution: Cylindrical Shells” here (opens in new window).
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				 	Determine the volume of a solid formed by rotating a region around an axis using cylindrical shells
 	Evaluate the benefits and limitations of different methods (disk, washer, cylindrical shells) for calculating volumes
 
  Volumes of Revolution
 https://youtube.com/watch?v=FJbzYl_trm0%3Fsi%3DbeV5AwEREcht-j1V
  https://youtube.com/watch?v=PdOkVlAGtGE%3Fsi%3DmYLU2287N9MxfLD4
  https://youtube.com/watch?v=D5NOQa6utCw%3Fsi%3DcdH5j-Nbw31XbDeW
  https://youtube.com/watch?v=aKbyZWGWgYA%3Fsi%3D3BK0qxiURSx4m2ps
  https://youtube.com/watch?v=fap2H4Khico%3Fsi%3D3xb8irU7OAXP5J3K
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				 	Calculate the length of a curve described by y=f(x) from one point to another
 	Find the length of a curve defined by x=g(y) from one point to another
 	Calculate the total surface area of a solid formed by rotating a curve around an axis
 
  Arc Lengths of Curves
 In this section, we use definite integrals to find the arc length of a curve. We can think of arc length as the distance you would travel if you were walking along the path of the curve.
 Many real-world applications involve arc length. If a rocket is launched along a parabolic path, we might want to know how far the rocket travels. Or, if a curve on a map represents a road, we might want to know how far we have to drive to reach our destination.
 Arc Length of the Curve [image: y] = [image: f]([image: x])
 In previous applications of integration, we required the function [image: f(x)] to be integrable, or at most continuous. However, for calculating arc length we have a more stringent requirement for [image: f(x).] Here, we require [image: f(x)] to be differentiable, and furthermore we require its derivative, [image: {f}^{\prime }(x),] to be continuous. Functions like this, which have continuous derivatives, are called smooth. 
 Let [image: f(x)] be a smooth function defined over [image: \left[a,b\right].] We want to calculate the length of the curve from the point [image: (a,f(a))] to the point [image: (b,f(b)).]
 We start by using line segments to approximate the length of the curve.
 For [image: i=0,1,2\text{,…},n,] let [image: P=\left\{{x}_{i}\right\}] be a regular partition of [image: \left[a,b\right].]
 Then, for [image: i=1,2\text{,…},n,] construct a line segment from the point [image: ({x}_{i-1},f({x}_{i-1}))] to the point [image: ({x}_{i},f({x}_{i})).] Although it might seem logical to use either horizontal or vertical line segments, we want our line segments to approximate the curve as closely as possible. The figure below depicts this construct for [image: n=5.]
 [image: This figure is a graph in the first quadrant. The curve increases and decreases. It is divided into parts at the points a=xsub0, xsub1, xsub2, xsub3, xsub4, and xsub5=b. Also, there are line segments between the points on the curve.]Figure 1. We can approximate the length of a curve by adding line segments. To help us find the length of each line segment, we look at the change in vertical distance as well as the change in horizontal distance over each interval.
 Because we have used a regular partition, the change in horizontal distance over each interval is given by [image: \text{Δ}x.] The change in vertical distance varies from interval to interval, though, so we use [image: \text{Δ}{y}_{i}=f({x}_{i})-f({x}_{i-1})] to represent the change in vertical distance over the interval [image: \left[{x}_{i-1},{x}_{i}\right],] as shown below Note that some (or all) [image: \text{Δ}{y}_{i}] may be negative.
 [image: This figure is a graph. It is a curve above the x-axis beginning at the point f(xsubi-1). The curve ends in the first quadrant at the point f(xsubi). Between the two points on the curve is a line segment. A right triangle is formed with this line segment as the hypotenuse, a horizontal segment with length delta x, and a vertical line segment with length delta y.]Figure 2. A representative line segment approximates the curve over the interval [image: \left[{x}_{i-1},{x}_{i}\right].] By the Pythagorean theorem, the length of the line segment is:
 [image: \sqrt{{(\text{Δ}x)}^{2}+{(\text{Δ}{y}_{i})}^{2}}.]
 We can also write this as:
 [image: \text{Δ}x\sqrt{1+{((\text{Δ}{y}_{i})\text{/}(\text{Δ}x))}^{2}}.]
 Now, by the Mean Value Theorem, there is a point [image: {x}_{i}^{*}\in \left[{x}_{i-1},{x}_{i}\right]] such that [image: {f}^{\prime }({x}_{i}^{*})=(\text{Δ}{y}_{i})\text{/}(\text{Δ}x).]
 Then the length of the line segment is given by:
 [image: \text{Δ}x\sqrt{1+{\left[{f}^{\prime }({x}_{i}^{*})\right]}^{2}}.]
 Adding up the lengths of all the line segments, we get:
 [image: \text{Arc Length}\approx \underset{i=1}{\overset{n}{\text{∑}}}\sqrt{1+{\left[{f}^{\prime }({x}_{i}^{*})\right]}^{2}}\text{Δ}x.]
 This is a Riemann sum. Taking the limit as [image: n\to \infty ,] we have:
 [image: \text{Arc Length}=\underset{n\to \infty }{\text{lim}}\underset{i=1}{\overset{n}{\text{∑}}}\sqrt{1+{\left[{f}^{\prime }({x}_{i}^{*})\right]}^{2}}\text{Δ}x={\displaystyle\int }_{a}^{b}\sqrt{1+{\left[{f}^{\prime }(x)\right]}^{2}}dx.]
  We summarize these findings in the following theorem.
 arc length for [image: y] = [image: f]([image: x])
 Let [image: f(x)] be a smooth function over the interval [image: \left[a,b\right].] Then the arc length of the portion of the graph of [image: f(x)] from the point [image: (a,f(a))] to the point [image: (b,f(b))] is given by:
 [image: \text{Arc Length}={\displaystyle\int }_{a}^{b}\sqrt{1+{\left[{f}^{\prime }(x)\right]}^{2}}dx.]
  Note that we are integrating an expression involving [image: {f}^{\prime }(x),] so we need to be sure [image: {f}^{\prime }(x)] is integrable. This is why we require [image: f(x)] to be smooth. The following example shows how to apply the theorem.
 Let [image: f(x)=2{x}^{3\text{/}2}.] Calculate the arc length of the graph of [image: f(x)] over the interval [image: \left[0,1\right].] Round the answer to three decimal places.
 Show Solution 
 We have [image: {f}^{\prime }(x)=3{x}^{1\text{/}2},] so [image: {\left[{f}^{\prime }(x)\right]}^{2}=9x.] Then, the arc length is
 [image: \begin{array}{cc}\hfill \text{Arc Length}& ={\displaystyle\int }_{a}^{b}\sqrt{1+{\left[{f}^{\prime }(x)\right]}^{2}}dx\hfill \\ & ={\displaystyle\int }_{0}^{1}\sqrt{1+9x}dx.\hfill \end{array}]
 Substitute [image: u=1+9x.] Then, [image: du=9dx.] When [image: x=0,] then [image: u=1,] and when [image: x=1,] then [image: u=10.] Thus,
 [image: \begin{array}{cc}\hfill \text{Arc Length}& ={\displaystyle\int }_{0}^{1}\sqrt{1+9x}dx\hfill \\ & =\frac{1}{9}{\displaystyle\int }_{0}^{1}\sqrt{1+9x}9dx=\dfrac{1}{9}{\displaystyle\int }_{1}^{10}\sqrt{u}du\hfill \\ & ={\dfrac{1}{9}·\frac{2}{3}{u}^{3\text{/}2}|}_{1}^{10}=\frac{2}{27}\left[10\sqrt{10}-1\right]\approx 2.268\text{ units}.\hfill \end{array}]
  Although it is nice to have a formula for calculating arc length, this particular theorem can generate expressions that are difficult to integrate. In some cases, we may have to use a computer or calculator to approximate the value of the integral.
 Let [image: f(x)={x}^{2}.] Calculate the arc length of the graph of [image: f(x)] over the interval [image: \left[1,3\right].]
 Show Solution 
 We have [image: {f}^{\prime }(x)=2x,] so [image: {\left[{f}^{\prime }(x)\right]}^{2}=4{x}^{2}.] Then the arc length is given by
 [image: \text{Arc Length}={\displaystyle\int }_{a}^{b}\sqrt{1+{\left[{f}^{\prime }(x)\right]}^{2}}dx={\displaystyle\int }_{1}^{3}\sqrt{1+4{x}^{2}}dx.]
 Using a computer to approximate the value of this integral, we get
 [image: {\displaystyle\int }_{1}^{3}\sqrt{1+4{x}^{2}}dx\approx 8.26815.]
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				Arc Lengths of Curves Cont.
 Arc Length of the Curve [image: x] = [image: g]([image: y])
 We have just seen how to approximate the length of a curve with line segments. If we want to find the arc length of the graph of a function of [image: y,] we can repeat the same process, except we partition the [image: y\text{-axis}] instead of the [image: x\text{-axis}.]
 The figure below shows a representative line segment.
 [image: This figure is a graph. It is a curve to the right of the y-axis beginning at the point g(ysubi-1). The curve ends in the first quadrant at the point g(ysubi). Between the two points on the curve is a line segment. A right triangle is formed with this line segment as the hypotenuse, a horizontal segment with length delta x, and a vertical line segment with length delta y.]Figure 3. A representative line segment over the interval [image: \left[{y}_{i-1},{y}_{i}\right].] The length of the line segment is [image: \sqrt{{(\text{Δ}y)}^{2}+{(\text{Δ}{x}_{i})}^{2}},] which can also be written as [image: \text{Δ}y\sqrt{1+{((\text{Δ}{x}_{i})\text{/}(\text{Δ}y))}^{2}}.] If we now follow the same development we did earlier, we get a formula for arc length of a function [image: x=g(y).]
 arc length for [image: x] = [image: g]([image: y])
 Let [image: g(y)] be a smooth function over an interval [image: \left[c,d\right].] Then, the arc length of the graph of [image: g(y)] from the point [image: (c,g(c))] to the point [image: (d,g(d))] is given by:
 [image: \text{Arc Length}={\displaystyle\int }_{c}^{d}\sqrt{1+{\left[{g}^{\prime }(y)\right]}^{2}}dy]
  Let [image: g(y)=3{y}^{3}.] Calculate the arc length of the graph of [image: g(y)] over the interval [image: \left[1,2\right].]
 Show Solution 
 We have [image: {g}^{\prime }(y)=9{y}^{2},] so [image: {\left[{g}^{\prime }(y)\right]}^{2}=81{y}^{4}.] Then the arc length is
 [image: \text{Arc Length}={\displaystyle\int }_{c}^{d}\sqrt{1+{\left[{g}^{\prime }(y)\right]}^{2}}dy={\displaystyle\int }_{1}^{2}\sqrt{1+81{y}^{4}}dy.]
 Using a computer to approximate the value of this integral, we obtain
 [image: {\displaystyle\int }_{1}^{2}\sqrt{1+81{y}^{4}}dy\approx 21.0277.]
  Let [image: g(y)=\frac{1}{y}.] Calculate the arc length of the graph of [image: g(y)] over the interval [image: \left[1,4\right].] Use a computer or calculator to approximate the value of the integral.
 Show Solution 
 [image: \text{Arc Length}=3.15018]
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				Area of a Surface of Revolution
 The concepts used to find the arc length of a curve can be extended to find the surface area of a surface of revolution. Surface area is the total area of the outer layer of an object. For objects such as cubes or bricks, the surface area of the object is the sum of the areas of all its faces. For curved surfaces, the situation is a little more complex.
 Let [image: f(x)] be a nonnegative smooth function over the interval [image: [a, b]]. We wish to find the surface area of the surface of revolution created by revolving the graph of [image: y = f(x)] around the x-axis as shown in the following figure.
 [image: This figure has two graphs. The first graph is labeled “a” and is a curve in the first quadrant beginning at the y-axis. The curve is y=f(x). The second graph is labeled “b” and has the same curve y=f(x). There is also a solid surface formed by rotating the curve about the x-axis.]Figure 4. (a) A curve representing the function [image: f(x).] (b) The surface of revolution formed by revolving the graph of [image: f(x)] around the [image: x\text{-axis}.] As we have done many times before, we are going to partition the interval [image: \left[a,b\right]] and approximate the surface area by calculating the surface area of simpler shapes. We start by using line segments to approximate the curve, as we did earlier in this section.
 For [image: i=0,1,2\text{,…},n,] let [image: P=\left\{{x}_{i}\right\}] be a regular partition of [image: \left[a,b\right].] Then, for [image: i=1,2\text{,…},n,] construct a line segment from the point [image: ({x}_{i-1},f({x}_{i-1}))] to the point [image: ({x}_{i},f({x}_{i})).]
 Now, revolve these line segments around the [image: x\text{-axis}] to generate an approximation of the surface of revolution as shown in the following figure.
 [image: This figure has two graphs. The first graph is labeled “a” and is a curve in the first quadrant beginning at the y-axis. The curve is y=f(x). The area under the curve above the x-axis has been divided into regions with vertical lines. The second graph is labeled “b” and has the same curve y=f(x). There is also a solid surface formed by rotating the curve about the x-axis.]Figure 5. (a) Approximating [image: f(x)] with line segments. (b) The surface of revolution formed by revolving the line segments around the [image: x\text{-axis}.] Notice that when each line segment is revolved around the axis, it produces a band. These bands are actually pieces of cones (think of an ice cream cone with the pointy end cut off). A piece of a cone like this is called a frustum of a cone.
 To find the surface area of the band, we need to find the lateral surface area, [image: S,] of the frustum (the area of just the slanted outside surface of the frustum, not including the areas of the top or bottom faces).
 Let [image: {r}_{1}] and [image: {r}_{2}] be the radii of the wide end and the narrow end of the frustum, respectively, and let [image: l] be the slant height of the frustum as shown in the following figure.
 [image: This figure is a graph. It is a frustum of a cone above the x-axis with the y-axis in the center. The radius of the bottom of the frustum is rsub1 and the radius of the top is rsub2. The length of the side is labeled “l”.]Figure 6. A frustum of a cone can approximate a small part of surface area. We know the lateral surface area of a cone is given by:
 [image: \text{Lateral Surface Area}=\pi rs,]
 where [image: r] is the radius of the base of the cone and [image: s] is the slant height (see the following figure).
 [image: This figure is a cone. The cone has radius r, height h, and length of side s.]Figure 7. The lateral surface area of the cone is given by [image: \pi rs.] Since a frustum can be thought of as a piece of a cone, the lateral surface area of the frustum is given by the lateral surface area of the whole cone less the lateral surface area of the smaller cone (the pointy tip) that was cut off (see the following figure).
 [image: This figure is a graph. It is a frustum of a cone. The radius of the bottom of the frustum is rsub1 and the radius of the top is rsub2. The length of the side is labeled “l”. There is also the top of a cone with broken lines above the frustum. It has length of side s.]Figure 8. Calculating the lateral surface area of a frustum of a cone. The cross-sections of the small cone and the large cone are similar triangles, so we see that:
 [image: \frac{{r}_{2}}{{r}_{1}}=\frac{s-l}{s}.]
 Solving for [image: s,] we get:
 [image: \begin{array}{ccc}\hfill \frac{{r}_{2}}{{r}_{1}}& =\hfill & \frac{s-l}{s}\hfill \\ \hfill {r}_{2}s& =\hfill & {r}_{1}(s-l)\hfill \\ \hfill {r}_{2}s& =\hfill & {r}_{1}s-{r}_{1}l\hfill \\ \hfill {r}_{1}l& =\hfill & {r}_{1}s-{r}_{2}s\hfill \\ \hfill {r}_{1}l& =\hfill & ({r}_{1}-{r}_{2})s\hfill \\ \hfill \frac{{r}_{1}l}{{r}_{1}-{r}_{2}}& =\hfill & s.\hfill \end{array}]
 Then the lateral surface area (SA) of the frustum is:
 [image: \begin{array}{cc}\hfill S& =\text{(Lateral SA of large cone)}-\text{(Lateral SA of small cone)}\hfill \\ & =\pi {r}_{1}s-\pi {r}_{2}(s-l)\hfill \\ & =\pi {r}_{1}(\frac{{r}_{1}l}{{r}_{1}-{r}_{2}})-\pi {r}_{2}(\frac{{r}_{1}l}{{r}_{1}-{r}_{2}}-l)\hfill \\ & =\frac{\pi {r}_{1}^{2}l}{{r}_{1}-{r}_{2}}-\frac{\pi {r}_{1}{r}_{2}l}{{r}_{1}-{r}_{2}}+\pi {r}_{2}l\hfill \\ & =\frac{\pi {r}_{1}^{2}l}{{r}_{1}-{r}_{2}}-\frac{\pi {r}_{1}{r}_{2}l}{{r}_{1}-{r}_{2}}+\frac{\pi {r}_{2}l({r}_{1}-{r}_{2})}{{r}_{1}-{r}_{2}}\hfill \\ & =\frac{\pi {r}_{1}^{2}l}{{r}_{1}-{r}_{2}}-\frac{\pi {r}_{1}{r}_{2}l}{{r}_{1}-{r}_{2}}+\frac{\pi {r}_{1}{r}_{2}l}{{r}_{1}-{r}_{2}}-\frac{\pi {r}_{2}{}^{2}l}{{r}_{1}-{r}_{2}}\hfill \\ & =\frac{\pi ({r}_{1}^{2}-{r}_{2}^{2})l}{{r}_{1}-{r}_{2}}=\frac{\pi ({r}_{1}-{r}_{2})({r}_{1}+{r}_{2})l}{{r}_{1}-{r}_{2}}=\pi ({r}_{1}+{r}_{2})l.\hfill \end{array}]
 Let’s now use this formula to calculate the surface area of each of the bands formed by revolving the line segments around the [image: x\text{-axis}\text{.}] A representative band is shown in the following figure.
 [image: This figure has two graphics. The first is a curve in the first quadrant. Around the x-axis is a frustum of a cone. The edge of the frustum is against the curve. The edge begins at f(xsubi-1) and ends at f(xsubi). The second image is the same curve with the same frustum. the height of the frustum is delta x and the curve is labeled y=f(x).]Figure 9. A representative band used for determining surface area. Note that the slant height of this frustum is just the length of the line segment used to generate it. So, applying the surface area formula, we have:
 [image: \begin{array}{cc}\hfill S& =\pi ({r}_{1}+{r}_{2})l\hfill \\ & =\pi (f({x}_{i-1})+f({x}_{i}))\sqrt{\text{Δ}{x}^{2}+{(\text{Δ}{y}_{i})}^{2}}\hfill \\ & =\pi (f({x}_{i-1})+f({x}_{i}))\text{Δ}x\sqrt{1+{(\frac{\text{Δ}{y}_{i}}{\text{Δ}x})}^{2}}.\hfill \end{array}]
 Now, as we did in the development of the arc length formula, we apply the Mean Value Theorem to select [image: {x}_{i}^{*}\in \left[{x}_{i-1},{x}_{i}\right]] such that [image: {f}^{\prime }({x}_{i}^{*})=\frac{(\text{Δ}{y}_{i})}{\text{Δ}x}.] This gives us:
 [image: S=\pi (f({x}_{i-1})+f({x}_{i}))\text{Δ}x\sqrt{1+{({f}^{\prime }({x}_{i}^{*}))}^{2}}.]
 Furthermore, since [image: f(x)] is continuous, by the Intermediate Value Theorem, there is a point [image: {x}_{i}^{**}\in \left[{x}_{i-1},{x}_{i}\right]] such that [image: f({x}_{i}^{**})=\left(\frac{1}{2}\right)\left[f({x}_{i-1})+f({x}_{i})\right],] so we get:
 [image: S=2\pi f({x}_{i}^{**})\text{Δ}x\sqrt{1+{({f}^{\prime }({x}_{i}^{*}))}^{2}}.]
 Then the approximate surface area of the whole surface of revolution is given by:
 [image: \text{Surface Area}\approx \displaystyle\sum_{i=1}^{n} 2\pi f({x}_{i}^{**})\text{Δ}x\sqrt{1+{({f}^{\prime }({x}_{i}^{*}))}^{2}}.]
 This almost looks like a Riemann sum, except we have functions evaluated at two different points, [image: {x}_{i}^{*}] and [image: {x}_{i}^{**},] over the interval [image: \left[{x}_{i-1},{x}_{i}\right].]
 Although we do not examine the details here, it turns out that because [image: f(x)] is smooth, if we let [image: n\to \infty ,] the limit works the same as a Riemann sum even with the two different evaluation points. This makes sense intuitively.
 Both [image: {x}_{i}^{*}] and [image: {x}_{i}^{**}] are in the interval [image: \left[{x}_{i-1},{x}_{i}\right],] so it makes sense that as [image: n\to \infty ,] both [image: {x}_{i}^{*}] and [image: {x}_{i}^{**}] approach [image: x.] Those of you who are interested in the details should consult an advanced calculus text.
 Taking the limit as [image: n\to \infty ,] we get:
 [image: \text{Surface Area}=\underset{n\to \infty }{\text{lim}} \displaystyle\sum_{i=1}^{n} 2\pi f({x}_{i}^{**})\text{Δ}x\sqrt{1+{({f}^{\prime }({x}_{i}^{*}))}^{2}}={\displaystyle\int }_{a}^{b}(2\pi f(x)\sqrt{1+{({f}^{\prime }(x))}^{2}})dx.]
  As with arc length, we can conduct a similar development for functions of [image: y] to get a formula for the surface area of surfaces of revolution about the [image: y\text{-axis}.] These findings are summarized in the following theorem.
 surface area of a surface of revolution
 Let [image: f(x)] be a nonnegative smooth function over the interval [image: \left[a,b\right].] Then, the surface area of the surface of revolution formed by revolving the graph of [image: f(x)] around the [image: x]-axis is given by:
 [image: \text{Surface Area}={\displaystyle\int }_{a}^{b}(2\pi f(x)\sqrt{1+{({f}^{\prime }(x))}^{2}})dx.]
  
 Similarly, let [image: g(y)] be a nonnegative smooth function over the interval [image: \left[c,d\right].] Then, the surface area of the surface of revolution formed by revolving the graph of [image: g(y)] around the [image: y\text{-axis}] is given by:
 [image: \text{Surface Area}={\displaystyle\int }_{c}^{d}(2\pi g(y)\sqrt{1+{({g}^{\prime }(y))}^{2}})dy.]
  Let [image: f(x)=\sqrt{x}] over the interval [image: \left[1,4\right].] Find the surface area of the surface generated by revolving the graph of [image: f(x)] around the [image: x\text{-axis}.] Round the answer to three decimal places.
 Show Solution 
 The graph of [image: f(x)] and the surface of rotation are shown in the following figure.
 [image: This figure has two graphs. The first is the curve f(x)=squareroot(x). The curve is increasing and begins at the origin. Also on the graph are the vertical lines x=1 and x=4. The second graph is the same function as the first graph. The region between f(x) and the x-axis, bounded by x=1 and x=4 has been rotated around the x-axis to form a surface.]Figure 10. (a) The graph of [image: f(x).] (b) The surface of revolution. We have [image: f(x)=\sqrt{x}.] Then, [image: {f}^{\prime }(x)=\frac{1}{(2\sqrt{x})}] and [image: {({f}^{\prime }(x))}^{2}=\frac{1}{(4x)}.] Then,
 [image: \begin{array}{cc}\hfill \text{Surface Area}& ={\displaystyle\int }_{a}^{b}(2\pi f(x)\sqrt{1+{({f}^{\prime }(x))}^{2}})dx\hfill \\ & ={\displaystyle\int }_{1}^{4}(2\pi \sqrt{x}\sqrt{1+\frac{1}{4x}})dx\hfill \\ & ={\displaystyle\int }_{1}^{4}(2\pi \sqrt{x+\frac{1}{4}})dx.\hfill \end{array}]
 Let [image: u=x+\frac{1}{4}.] Then, [image: du=dx.] When [image: x=1,] [image: u=\frac{5}{4},] and when [image: x=4,] [image: u=\frac{17}{4}.] This gives us:
 [image: \begin{array}{cc}\hfill {\displaystyle\int }_{0}^{1}(2\pi \sqrt{x+\frac{1}{4}})dx& ={\displaystyle\int }_{5\text{/}4}^{17\text{/}4}2\pi \sqrt{u}du\hfill \\ & =2\pi {\left[\frac{2}{3}{u}^{3\text{/}2}\right]|}_{5\text{/}4}^{17\text{/}4}=\frac{\pi }{6}\left[17\sqrt{17}-5\sqrt{5}\right]\approx 30.846.\hfill \end{array}]
  Let [image: f(x)=y=\sqrt[3]{3x}.] Consider the portion of the curve where [image: 0\le y\le 2.] Find the surface area of the surface generated by revolving the graph of [image: f(x)] around the [image: y\text{-axis}.]
 Show Solution 
 Notice that we are revolving the curve around the [image: y\text{-axis},] and the interval is in terms of [image: y,] so we want to rewrite the function as a function of [image: y]. We get [image: x=g(y)=\left(\frac{1}{3}\right){y}^{3}.] The graph of [image: g(y)] and the surface of rotation are shown in the following figure.
 [image: This figure has two graphs. The first is the curve g(y)=1/3y^3. The curve is increasing and begins at the origin. Also on the graph are the horizontal lines y=0 and y=2. The second graph is the same function as the first graph. The region between g(y) and the y-axis, bounded by y=0 and y=2 has been rotated around the y-axis to form a surface.]Figure 11. (a) The graph of [image: g(y).] (b) The surface of revolution. We have [image: g(y)=\left(\frac{1}{3}\right){y}^{3},] so [image: {g}^{\prime }(y)={y}^{2}] and [image: {({g}^{\prime }(y))}^{2}={y}^{4}.] Then:
 [image: \begin{array}{cc}\hfill \text{Surface Area}& ={\displaystyle\int }_{c}^{d}(2\pi g(y)\sqrt{1+{({g}^{\prime }(y))}^{2}})dy\hfill \\ & ={\displaystyle\int }_{0}^{2}(2\pi (\frac{1}{3}{y}^{3})\sqrt{1+{y}^{4}})dy\hfill \\ & =\frac{2\pi }{3}{\displaystyle\int }_{0}^{2}({y}^{3}\sqrt{1+{y}^{4}})dy.\hfill \end{array}]
 Let [image: u={y}^{4}+1.] Then [image: du=4{y}^{3}dy.] When [image: y=0,] [image: u=1,] and when [image: y=2,] [image: u=17.] Then:
 [image: \begin{array}{cc}\hfill \frac{2\pi }{3}{\displaystyle\int }_{0}^{2}({y}^{3}\sqrt{1+{y}^{4}})dy& =\frac{2\pi }{3}{\displaystyle\int }_{1}^{17}\frac{1}{4}\sqrt{u}du\hfill \\ & =\frac{\pi }{6}{\left[\frac{2}{3}{u}^{3\text{/}2}\right]|}_{1}^{17}=\frac{\pi }{9}\left[{(17)}^{3\text{/}2}-1\right]\approx 24.118.\hfill \end{array}]
  [ohm_question hide_question_numbers=1]15198[/ohm_question]
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		Arc Length of a Curve and Surface Area: Apply It

								

	
				 	Calculate the length of a curve described by y=f(x) from one point to another
 	Find the length of a curve defined by x=g(y) from one point to another
 	Calculate the total surface area of a solid formed by rotating a curve around an axis
 
  Calculating Arc Lengths and Surface Area in Various Scenarios
 In this apply-it task, we’ll explore how to calculate the arc lengths of different curves as well as surface area. We’ll work with functions expressed in terms of [image: x] and [image: y], applying the formulas we’ve learned to determine the length of curve segments. Remember, the key to solving these problems is setting up the correct integral based on how the function is expressed and the given interval.
 [ohm_question hide_question_numbers=1]288257[/ohm_question]
  [ohm_question hide_question_numbers=1]288258[/ohm_question]
  [ohm_question hide_question_numbers=1]288259[/ohm_question]
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		Physical Applications of Integration: Background You'll Need 1

								

	
				 	Understand and use direct variation to solve problems
 
  Direct variation describes a simple relationship between two variables where one variable is a constant multiple of the other. This concept is crucial in various physical applications, such as calculating mass from density functions and determining work done by variable forces.
 Write Direct Variation Equations
 A used-car company has just offered their best candidate, Nicole, a position in sales. The position offers 16% commission on her sales. Her earnings depend on the amount of her sales. For instance if she sells a vehicle for $4,600, she will earn $736. She wants to evaluate the offer, but she is not sure how. 
 In the example above, Nicole’s earnings can be found by multiplying her sales by her commission. The formula [image: e = 0.16s] tells us her earnings, [image: e], come from the product of 0.16, her commission, and the sale price of the vehicle, [image: s]. If we create a table, we observe that as the sales price increases, the earnings increase as well, which should be intuitive.
 	[image: s] (Sales Prices) 	[image: e = 0.16s] 	Interpretation 
  	$4,600 	[image: \begin{array}{rcl} e & = & 0.16(4,600) \\ & = & 736 \end{array}] 	A sale of a $4,600 vehicle results in $736 earnings. 
 	$9,200 	[image: \begin{array}{rcl} e & = & 0.16(9,200) \\ & = & 1,472 \end{array}] 	A sale of a $9,200 vehicle results in $1472 earnings. 
 	$18,400 	[image: \begin{array}{rcl} e & = & 0.16(18,400) \\ & = & 2,944 \end{array}] 	A sale of a $18,400 vehicle results in $2944 earnings. 
  
 Notice that earnings are a multiple of sales. As sales increase, earnings increase in a predictable way. Double the sales of the vehicle from $4,600 to $9,200, and we double the earnings from $736 to $1,472. As the input increases, the output increases as a multiple of the input. A relationship in which one quantity is a constant multiplied by another quantity is called direct variation. Each variable in this type of relationship varies directly with the other.
 The graph below represents the data for Nicole’s potential earnings. We say that earnings vary directly with the sales price of the car. The formula [image: y=k{x}^{n}] is used for direct variation. The value [image: k] is a nonzero constant greater than zero and is called the constant of variation. In this case, [image: k=0.16] and [image: n=1].
 [image: Graph of y=(0.16)x where the horizontal axis is labeled,]
 direct variation
 If [image: x] and [image: y] are related by an equation of the form
 [image: y=k{x}^{n}]
 then we say that the relationship is direct variation and [image: y] varies directly with the [image: n]th power of [image: x]. 
 In direct variation relationships, there is a nonzero constant ratio [image: k=\dfrac{y}{{x}^{n}}], where [image: k] is called the constant of variation, which help defines the relationship between the variables.
  How To: Given a description of a direct variation problem, solve for an unknown
 
 	Identify the input, [image: x], and the output, [image: y].
 	Determine the constant of variation. You may need to divide [image: y] by the specified power of [image: x] to determine the constant of variation.
 	Use the constant of variation to write an equation for the relationship.
 	Substitute known values into the equation to find the unknown.
 
  The quantity [image: y] varies directly with the cube of [image: x]. If [image: y=25] when [image: x=2], write the equation that represents this relationship. Then, find [image: y] when [image: x] is 6.
 Show Solution 
 The general formula for direct variation with a cube is [image: y=k{x}^{3}]. The constant can be found by dividing [image: y] by the cube of [image: x].
 [image: \begin{align} k&=\dfrac{y}{{x}^{3}} \\[1mm] &=\dfrac{25}{{2}^{3}}\\[1mm] &=\dfrac{25}{8}\end{align}]
 Now use the constant to write an equation that represents this relationship.
 [image: y=\dfrac{25}{8}{x}^{3}]
 Substitute [image: x=6] and solve for [image: y].
 [image: \begin{align}y&=\dfrac{25}{8}{\left(6\right)}^{3} \\[1mm] &=675\hfill \end{align}]
   The quantity [image: y] varies directly with the square of [image: y]. If [image: y=24] when [image: x=3], find [image: y] when [image: x] is 4.
 Show Solution 
 [image: \dfrac{128}{3}]
   [ohm_question hide_question_numbers=1]288442[/ohm_question]
  Watch this video to see a quick lesson about direct variation. You will see more worked examples.
 //plugin.3playmedia.com/show?mf=6454977&p3sdk_version=1.10.1&p=20361&pt=375&video_id=plFOq4JaEyI&video_target=tpm-plugin-ncnoy4d6-plFOq4JaEyI
 You can view the transcript for “Direct Variation Applications” here (opens in new window).
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		Physical Applications of Integration: Background You'll Need 2

								

	
				 	Use geometric formulas to find the volume, area, and perimeter of shapes in real-life problems
 
  Understanding how to apply geometric formulas is essential for solving practical problems you will encounter in calculus and everyday life. These skills are particularly useful in various physical applications such as determining the mass of objects, calculating work done by variable forces, and finding the hydrostatic force against submerged plates.
 Appling Geometric Formulas to Solve for Volume, Area, and Perimeter
 To effectively apply these geometric formulas, it’s essential to understand the components of each formula and how they relate to the shapes involved. By mastering these basic principles, you will be better equipped to solve a variety of practical problems in both academic and real-world contexts.
 essential geometric formulas
 To solve practical problems involving geometry, remember the key formulas:
 	Volume: 	Rectangular Prism: [image: V = l \times w \times h] 
 	Cylinder:  [image: V = \pi r^2 h] 
 	Sphere: V = [image: \frac{4}{3} \pi r^3] 
 
 
 	Area: 	Rectangle: [image: A = l \times w]
 	Triangle: [image: A = \frac{1}{2} b \times h] 
 	Circle: [image: A = \pi r^2]
 
 
 	Perimeter: 	Rectangle: [image: P = 2l + 2w]
 	Triangle: [image: P = a + b + c]
 	Circle (Circumference): [image: C = 2\pi r]
 
 
 
 Here, [image: l] stands for length, [image: w] for width, [image: h] for height, [image: r] for radius, [image: b] for base (in area of a triangle formula), [image: a], [image: b], and [image: c] for the sides of a triangle (in perimeter of a triangle formula), and [image: \pi] is the constant Pi (approximately [image: 3.14159]).
  
  How to: Solve Volume, Area, and Perimeter Problems 	Identify the shape: Determine whether you are working with a rectangle, triangle, circle, cylinder, etc.
 	Choose the appropriate formula: Select the formula that corresponds to the shape and the measurement you need to find (volume, area, or perimeter).
 	Substitute the given values: Plug in the values provided in the problem into the formula.
 	Solve the equation: Perform the calculations to find the answer.
 
  When working with geometry formulas, we recommend using the following problem-solving strategy when solving.
 Problem-Solving Strategy for Geometry Applications
 	Read the problem and make sure you understand all the words and ideas. Draw a figure and label it with the given information.
 	Identify what you are looking for.
 	Name what you are looking for and choose a variable to represent it.
 	Translate into an equation by writing the appropriate formula or model for the situation. Substitute in the given information.
 	Solve the equation using good algebra techniques.
 	Check the answer in the problem and make sure it makes sense.
 	Answer the question with a complete sentence.
 
  The length of a rectangular playground is [image: 32] meters and the width is [image: 20] meters. Find the
 	Perimeter of the rectangular playground
 	Area of the rectangular playground
 
 Show Solution 		Step 1. Read the problem. Draw the figure and label it with the given information. 	[image: A rectangle with the top and bottom labeled 32 m and the sides labeled 20 m] 
 	Step 2. Identify what you are looking for. 	the perimeter of a rectangle 
 	Step 3. Name. Choose a variable to represent it. 	Let [image: P] = the perimeter 
 	Step 4. Translate. Write the appropriate formula. Substitute. 	[image: The formula P = 2L + 2W. The formula is then written again with 32 substituted in for L and 20 substituted in for W] 
 	Step 5. Solve the equation. 	[image: P=64+40] [image: P=104] 
 	Step 6. Check. 	[image: p\stackrel{?}{=}104]
 [image: 20+32+20+32\stackrel{?}{=}104]
 [image: 104=104\checkmark]  
 	Step 7. Answer the question. 	The perimeter of the rectangle is [image: 104] meters. 
  
 
 		Step 1. Read the problem. Draw the figure and label it with the given information. 	[image: A rectangle with the top and bottom labeled 32 m and the sides labeled 20 m] 
 	Step 2. Identify what you are looking for. 	the area of a rectangle 
 	Step 3. Name. Choose a variable to represent it. 	Let A = the area 
 	Step 4. Translate. Write the appropriate formula. Substitute. 	[image: The formula A = L times W. The formula is then written again with 32 substituted in for L and 20 substituted in for W] 
 	Step 5. Solve the equation. 	[image: A=640] 
 	Step 6. Check. 	[image: A\stackrel{?}{=}640]
 [image: 32\cdot 20\stackrel{?}{=}640]
 [image: 640=640\checkmark]  
 	Step 7. Answer the question. 	The area of the rectangular playground
 is [image: 640] square meters. 
  
 
 
   [ohm_question hide_question_numbers=1]288443[/ohm_question]
  The perimeter of a triangular garden is [image: 24] feet. The lengths of two sides are [image: 4] feet and [image: 9] feet. How long is the third side?
 Show Solution 
 	Step 1. Read the problem. Draw the figure and label it with the given information. 	[image: An acute triangle with one side labeled 4 feet, the second side labeled 9 feet, and the third side labeled c. Beneath the triangle, it says P = 24 feet.] 
 	Step 2. Identify what you are looking for. 	length of the third side of a triangle 
 	Step 3. Name. Choose a variable to represent it. 	Let c = the third side 
 	Step 4.Translate.
 Write the appropriate formula.
 Substitute in the given information.
  	[image: The equation P = a + b + c. The equation is written again with 24 substituted in for P, 4 substituted in for a, and 9 substituted in for b.] 
 	Step 5. Solve the equation. 	[image: 24=13+c]
 [image: 11=c]  
 	Step 6. Check.
  	[image: P=a+b+c]
 [image: 24\stackrel{?}{=}4+9+11]
 [image: 24=24\checkmark]  
 	Step 7. Answer the question. 	The third side is [image: 11] feet long. 
  
   A circular sandbox has a radius of [image: 2.5] feet. Find the
 	Circumference of the sandbox
 	Area of the sandbox
 
 Show Solution 	1. Circumference of the sandbox 
 	Step 1. Read the problem. Draw the figure and label it with the given information. 	[image: A circle with radius labeled as 2.5 feet] 
 	Step 2. Identify what you are looking for. 	the circumference of the circle 
 	Step 3. Name. Choose a variable to represent it. 	Let c = circumference of the circle 
 	Step 4. Translate. Write the appropriate formula Substitute 	[image: C=2\pi r] [image: C=2\pi \left(2.5\right)] 
 	Step 5. Solve the equation. 	[image: C\approx 2\left(3.14\right)\left(2.5\right)] [image: C\approx 15\text{ft}] 
 	Step 6. Check. Does this answer make sense? 	Yes. If we draw a square around the circle, its sides would be [image: 5] ft (twice the radius), so its perimeter would be [image: 20] ft. This is slightly more than the circle’s circumference, [image: 15.7] ft. [image: A circle in a red square. The circle's radius is shown as 2.5 feet and the sides of the square are each labeled as 5 feet.] 
 	Step 7. Answer the question. 	The circumference of the sandbox is [image: 15.7] feet. 
  
 	2. Area of the sandbox 
 	Step 1. Read the problem. Draw the figure and label it with the given information. 	[image: A circle with radius labeled as 2.5 feet] 
 	Step 2. Identify what you are looking for. 	the area of the circle 
 	Step 3. Name. Choose a variable to represent it. 	Let A = the area of the circle 
 	Step 4. Translate. Write the appropriate formula Substitute 	[image: A=\pi {r}^{2}] [image: A=\pi{\left(2.5\right)}^{2}] 
 	Step 5. Solve the equation. 	[image: A\approx \left(3.14\right){\left(2.5\right)}^{2}] [image: A\approx 19.625\text{ sq. ft}] 
 	Step 6. Check. Does this answer make sense? 	Yes. If we draw a square around the circle, its sides would be [image: 5] ft, as shown in part 1. So the area of the square would be [image: 25] sq. ft. This is slightly more than the circle’s area, [image: 19.625] sq. ft. 
 	Step 7. Answer the question. 	The area of the circle is [image: 19.625] square feet. 
  
   A small globe has a radius of [image: 6] centimeters. Find the volume of the globe. 
 [image: Image of globe]
 Show Solution 
 We will use the formula for calculating the volume of a sphere. In this case, [image: r=6].
 So, we have:
 [image: \begin{array}{l}V=\frac{4}{3}\pi r^3\\V=\frac{4}{3}\pi (6)^3\\V=\frac{4}{3}\pi (216)\\V=\frac{864}{3}\pi \\V=288\pi\\\\V=904.32 \text{ centimeters}^3\end{array}]
   [ohm_question hide_question_numbers=1]221901[/ohm_question]
  A rectangular fish tank has a length of [image: 14] inches, a height of [image: 17] inches, and a width of [image: 9] inches. Find its volume.
 Show Solution 
 We will use the formula for calculating the volume of a rectangular solid. In this case, [image: l=14], [image: h=17], and [image: w=9].
 So, we have:
 [image: \begin{array}{l}V=lwh\\V=(14)(9)(17)\\V=2142 \text{ inches}^3\end{array}]
   [ohm_question hide_question_numbers=1]221902[/ohm_question]
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				 	Recognize the fundamental concepts of reflection, rotation, and translation symmetry
 
  Symmetry
 Symmetry, in its simplest form, refers to a sense of harmonious and aesthetically pleasing proportionality and balance. It’s a principle that is deeply rooted in nature, mathematics, art, design, and architecture. The basic idea behind symmetry is that if you were to draw a line through an object, shape, or design, one side would be a mirror image of the other.
 [image: Two drawings of a tree are show, one with a line creating a symmetrical image and another with a line created an asymmetrical iamge]
  
 The line or plane that divides the shape, object or design into two equal and mirrored halves is called the axis of symmetry. This axis can be vertical, horizontal, or diagonal, depending on the orientation of the symmetrical shape.
 In visual arts, symmetry is used to create a sense of balance and harmony within a composition. Symmetrical compositions can be calming and stable, often conveying a sense of order and perfection.
 However, perfectly symmetrical compositions can also risk being seen as static or boring, which is why artists often balance symmetry with elements of asymmetry to create interest and dynamism. Breaking symmetry, while maintaining balance, can create visual interest and help guide the viewer’s eye to a focal point. This is often used in visual arts and design to create tension, emphasize certain elements, or convey movement and change.
 There are three primary types of symmetry – reflection, rotation, and translation symmetry – which are often used in different combinations to create aesthetically pleasing and balanced designs.
 reflection symmetry
 Reflection symmetry, also known as mirror or bilateral symmetry, occurs when one half of an image, shape or design is the mirror image of the other half. That is, one side reflects the other.
  
 [image: a set of four different shapes, three with reflection symmetry and one that is asymmetrical]Figures with the axes of symmetry drawn in. The figure with no axes is asymmetric.

  Reflection symmetry is common in architecture and design, as it imparts a sense of balance and harmony. Artists may also use it to create emphasis on a particular aspect of their work. For instance, think of a butterfly. The right wing is a mirror image of the left wing, hence it has reflection symmetry. In architecture, many buildings and structures – from the Taj Mahal to modern skyscrapers – feature reflection symmetry.
 rotation symmetry
 Rotation symmetry, or radial symmetry, happens when a design or image can be rotated around a central point and still appear the same. An object’s degree of rotational symmetry is the number of distinct orientations in which it looks exactly the same for each rotation.
 
  [image: A triangular sign with three degrees of rotation symmetry]An example of three degrees of rotation symmetry. [image: A drawing with four degrees of rotational symmetry]An example of four degrees of rotation symmetry. [image: A drawing with five degrees of rotation symmetry]An example of five degrees of rotation symmetry. [image: A drawing with six degrees of rotational symmetry]An example of six degrees of rotation symmetry.  This type of symmetry is common in nature, such as in flowers and snowflakes, and is often used in design and art to create patterns that convey movement and dynamism.
 A designer is creating a circular tile pattern with sixfold rotation symmetry for a floor. If the radius of the circle is [image: 1.5] meters, calculate the area of one segment (slice) of the pattern.
 
 Show Answer The area of the whole circle is:
 [image: \begin{array}{rcl} A & = & \pi \times r^2 \\ & = & \pi \times 1.5^2 \\ & = & 2.25\pi \text{ square meters} \end{array}]
 Since the pattern has six segments, the area of one segment is:
 [image: \frac{2.25\pi}{6}=0.375\pi\approx 1.17 \text{ square meters}]
   translation symmetry
 Translation symmetry, also known as slide symmetry, involves an image or design being repeated in a straight line. It’s like moving, or translating, an object without changing its orientation.
  
 [image: Two identical shapes separated along a diagonal line]

  This type of symmetry is commonly used in wallpaper designs, textiles, and other works of art that involve repeated patterns.
 A wallpaper design features a pattern that repeats every [image: 0.4] meters horizontally and every [image: 0.5] meters vertically. Calculate the total number of patterns in a wall that is [image: 3] meters high and [image: 2.8] meters wide.
 
 Show Answer The number of horizontal repeats: 
 [image: \frac{2.8}{0.4}=7]
 The number of vertical repeats: 
 [image: \frac{3}{0.5}=6]
 Total number of patterns:
 [image: 7 \times 6 = 42]
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				 	Calculate the mass of linear and circular objects using their density distributions
 	Compute the work required in various situations, such as pumping fluids or moving objects along a path
 	Determine the force exerted by water on a vertical surface underwater
 
  Mass and Density
 Mass–Density Formula of a One-Dimensional Object
 We can use integration to calculate the mass of a thin rod based on a density function. Let’s consider a rod oriented along the [image: x]-axis from [image: x=a] to [image: x=b] (Figure 1). 
 [image: This figure has the x and y axes. On the x-axis is a cylinder, beginning at x=a and ending at x=b.]Figure 1. We can calculate the mass of a thin rod oriented along the [image: x\text{-axis}] by integrating its density function. Note that although we depict the rod with some thickness in the figures, for mathematical purposes we assume the rod is thin enough to be treated as a one-dimensional object.
  If the rod has constant density [image: \rho ,] given in terms of mass per unit length, then the mass of the rod is just the product of the density and the length of the rod: [image: (b-a)\rho .]
 If the density varies along the rod, we use a linear density function [image: \rho (x)]. Let [image: \rho (x)] be an integrable linear density function. Partition the interval [image: [a,b]] into [image: n] segments, each of width Δx.
 [image: This figure has the x and y axes. On the x-axis is a cylinder, beginning at x=a and ending at x=b. The cylinder has been divided into segments. One segment in the middle begins at xsub(i-1) and ends at xsubi.]Figure 2. A representative segment of the rod. The mass of a segment [image: [x_{i−1},x_{i}]] is:
 [image: {m}_{i}=\rho ({x}_{i}^{*})\text{Δ}x.]
 Summing these segments gives an approximation for the total mass:
 [image: m=\displaystyle\sum_{i=1}^{n} {m}_{i}\approx \displaystyle\sum_{i=1}^{n} \rho ({x}_{i}^{*})\text{Δ}x.]
 This is a Riemann sum. Taking the limit as [image: n\to \infty ,] we get an expression for the exact mass of the rod:
 [image: m=\underset{n\to \infty }{\text{lim}}\displaystyle\sum_{i=1}^{n} \rho ({x}_{i}^{*})\text{Δ}x={\displaystyle\int }_{a}^{b}\rho (x)dx.]
 We state this result in the following theorem.
 mass–density formula of a one-dimensional object
 Given a thin rod oriented along the [image: x\text{-axis}] over the interval [image: \left[a,b\right],] let [image: \rho (x)] denote a linear density function giving the density of the rod at a point [image: x] in the interval. Then the mass of the rod is given by
 [image: m={\displaystyle\int }_{a}^{b}\rho (x)dx]
  Consider a thin rod oriented on the [image: x]-axis over the interval [image: \left[\frac{\pi}{2},\pi \right].] If the density of the rod is given by [image: \rho (x)= \sin x,] what is the mass of the rod?
 Show Solution 
 Applying the mass-density formula directly, we have
 [image: m={\displaystyle\int }_{a}^{b}\rho (x)dx={\displaystyle\int }_{\pi \text{/}2}^{\pi } \sin xdx={\text{−} \cos x|}_{\pi \text{/}2}^{\pi }=1.]
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				Mass and Density Cont.
 Mass–Density Formula of a Two-Dimensional Disk
 We now extend this concept to find the mass of a two-dimensional disk of radius [image: r.] As with the rod we looked at in the one-dimensional case, here we assume the disk is thin enough that, for mathematical purposes, we can treat it as a two-dimensional object.
 We assume the density is given in terms of mass per unit area (called area density), and further assume the density varies only along the disk’s radius (called radial density). We orient the disk in the [image: xy]-plane, with the center at the origin. Then, the density of the disk can be treated as a function of [image: x,] denoted [image: \rho (x).] We assume [image: \rho (x)] is integrable.
 Just as we did with the one-dimensional rod, we need to partition the interval. Partition the interval [image: [0,r]] into [image: n] segments, each of width [image: Δx].
 [image: This figure has two images. The first is labeled “a” and is a circle with radius r. The center of the circle is labeled 0. The circle also has the positive x-axis beginning at 0, extending through the circle. The second figure is labeled “b”. It has two concentric circles with center at 0 and the x-axis extending out from 0. The concentric circles form a washer. The width of the washer is from xsub(i-1) to xsubi and is labeled delta x.]Figure 3. (a) A thin disk in the xy-plane. (b) A representative washer. We now approximate the density and area of the washer to calculate an approximate mass, [image: {m}_{i}.] Note that the area of the washer is given by
 [image: \begin{array}{cc}\hfill {A}_{i}& =\pi {({x}_{i})}^{2}-\pi {({x}_{i-1})}^{2}\hfill \\ & =\pi \left[{x}_{i}^{2}-{x}_{i-1}^{2}\right]\hfill \\ & =\pi ({x}_{i}+{x}_{i-1})({x}_{i}-{x}_{i-1})\hfill \\ & =\pi ({x}_{i}+{x}_{i-1})\text{Δ}x.\hfill \end{array}]
 You may recall that we had an expression similar to this when we were computing volumes by shells. As we did there, we use [image: {x}_{i}^{*}\approx ({x}_{i}+{x}_{i-1})\text{/}2] to approximate the average radius of the washer. We obtain
 [image: {A}_{i}=\pi ({x}_{i}+{x}_{i-1})\text{Δ}x\approx 2\pi {x}_{i}^{*}\text{Δ}x.]
 Using [image: \rho ({x}_{i}^{*})] to approximate the density of the washer, we approximate the mass of the washer by
 [image: {m}_{i}\approx 2\pi {x}_{i}^{*}\rho ({x}_{i}^{*})\text{Δ}x.]
 Adding up the masses of the washers, we see the mass [image: m] of the entire disk is approximated by
 [image: m=\displaystyle\sum_{i=1}^{n} {m}_{i}\approx \displaystyle\sum_{i=1}^{n} 2\pi {x}_{i}^{*}\rho ({x}_{i}^{*})\text{Δ}x.]
 We again recognize this as a Riemann sum, and take the limit as [image: n\to \infty .] This gives us
 [image: m=\underset{n\to \infty }{\text{lim}} \displaystyle\sum_{i=1}^{n} 2\pi {x}_{i}^{*}\rho ({x}_{i}^{*})\text{Δ}x={\displaystyle\int }_{0}^{r}2\pi x\rho (x)dx.]
 We summarize these findings in the following theorem.
 mass–density formula of a two-dimensional disk
 Let [image: \rho (x)] be an integrable function representing the radial density of a disk of radius [image: r.] Then the mass of the disk is given by
 [image: m={\displaystyle\int }_{0}^{r}2\pi x\rho (x)dx]
  Let [image: \rho (x)=\sqrt{x}] represent the radial density of a disk. Calculate the mass of a disk of radius [image: 4].
 Show Solution Applying the formula, we find
 [image: \begin{array}{cc}\hfill m& ={\displaystyle\int }_{0}^{r}2\pi x\rho (x)dx\hfill \\ & ={\displaystyle\int }_{0}^{4}2\pi x\sqrt{x}dx=2\pi {\displaystyle\int }_{0}^{4}{x}^{3\text{/}2}dx\hfill \\ & =2\pi {\frac{2}{5}{x}^{5\text{/}2}|}_{0}^{4}=\frac{4\pi }{5}\left[32\right]=\frac{128\pi }{5}.\hfill \end{array}]
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				Work Done by a Force
 In physics, work is related to force, which is often intuitively defined as a push or pull on an object. When a force moves an object, we say the force does work on the object.
 In other words, work can be thought of as the amount of energy it takes to move an object.
  The unit of force is the newton ([image: N]), and work is measured in joules ([image: J]).
 When the force is constant, calculating work is straightforward.. According to physics, when we have a constant force, work can be expressed as the product of force and distance. It is rare, however, for a force to be constant. 
 However, when the force varies, we need to partition the interval [image: [a,b]] into [image: n] segments. For a variable force [image: F(x)], the work done over each subinterval can be approximated as:
 [image: {W}_{i}\approx F({x}_{i}^{*})({x}_{i}-{x}_{i-1})=F({x}_{i}^{*})\text{Δ}x.]
  
 Summing the work done over all segments gives:
 [image: W=\displaystyle\sum_{i=1}^{n} {W}_{i}\approx \displaystyle\sum_{i=1}^{n} F({x}_{i}^{*})\text{Δ}x.]
  
 Taking the limit as [image: n\to \infty], we get the exact value for work:
 [image: W=\underset{n\to \infty }{\text{lim}} \displaystyle\sum_{i=1}^{n} F({x}_{i}^{*})\text{Δ}x={\displaystyle\int }_{a}^{b}F(x)dx.]
  
 This integral provides the exact value of the work done by a varying force.
 work done by a variable force
 If a variable force [image: F(x)] moves an object in a positive direction along the [image: x]-axis from point [image: a] to point [image: b], then the work done on the object is
 [image: W={\displaystyle\int }_{a}^{b}F(x)dx]
 If the force is constant, the integral evaluates to [image: F·(b-a)=F·d.]
  Consider a block attached to a horizontal spring. The block moves back and forth as the spring stretches and compresses. Although in the real world we would have to account for the force of friction between the block and the surface on which it is resting, we ignore friction here and assume the block is resting on a frictionless surface. 
 When the spring is at its natural length (at rest), the system is said to be at equilibrium. In this state, the spring is neither elongated nor compressed, and in this equilibrium position the block does not move until some force is introduced. We orient the system such that [image: x=0] corresponds to the equilibrium position.
 [image: "This]
 Spring Behavior:
 	[image: x=0]: Equilibrium
 	[image: x<0]: Compressed
 	[image: x>o]: Stretched
 
 According to Hooke’s law, the force required to compress or stretch the spring is [image: F(x)=kx], where [image: k] is the spring constant. The constant [image: k] depends on the spring’s physical characteristics and is always positive. This information helps calculate the work done to compress or elongate the spring.
  Suppose it takes a force of [image: 10] N (in the negative direction) to compress a spring [image: 0.2] m from the equilibrium position. How much work is done to stretch the spring [image: 0.5] m from the equilibrium position?
 Show Solution 
 First find the spring constant, [image: k.] When [image: x=-0.2,] we know [image: F(x)=-10,] so
 [image: \begin{array}{ccc}\hfill F(x)& =\hfill & kx\hfill \\ \hfill -10& =\hfill & k(-0.2)\hfill \\ \hfill k& =\hfill & 50\hfill \end{array}]
 and [image: F(x)=50x.] Then, to calculate work, we integrate the force function, obtaining
 [image: W={\displaystyle\int }_{a}^{b}F(x)dx={\displaystyle\int }_{0}^{0.5}50xdx={25{x}^{2}|}_{0}^{0.5}=6.25.]
 The work done to stretch the spring is [image: 6.25] J.
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				Work Done in Pumping
 Consider the work done to pump water (or some other liquid) out of a tank. Pumping problems are a little more complicated than spring problems because many of the calculations depend on the tank’s shape and size. In addition, instead of being concerned about the work done to move a single mass, we are looking at the work done to move a volume of water, and it takes more work to move the water from the bottom of the tank than it does to move the water from the top of the tank.
 Assume a cylindrical tank of radius [image: 4] m and height [image: 10] m is filled to a depth of [image: 8] m. How much work does it take to pump all the water over the top edge of the tank?
 The first thing we need to do is define a frame of reference. We let [image: x] represent the vertical distance below the top of the tank. That is, we orient the [image: x\text{-axis}] vertically, with the origin at the top of the tank and the downward direction being positive.
 [image: This figure is a right circular cylinder that is vertical. It represents a tank of water. The radius of the cylinder is 4 m, the height of the cylinder is 10 m. The height of the water inside the cylinder is 8 m. There is also a horizontal line on top of the tank representing the x=0. A line is drawn vertical beside the cylinder with a downward arrow labeled x.]Figure 5. How much work is needed to empty a tank partially filled with water? Using this coordinate system, the water extends from [image: x=2] to [image: x=10.]
 Therefore, we partition the interval [image: \left[2,10\right]] and look at the work required to lift each individual “layer” of water.
 [image: This figure is a right circular cylinder representing a tank of water. Inside of the cylinder is a layer of water with thickness delta x. The thickness begins at xsub(i-1) and ends at xsubi.]Figure 6. A representative layer of water. In pumping problems, the force required to lift water to the top of the tank is equal to the weight of the water, overcoming gravity. Given that the weight-density of water is [image: 9800 N/m^3], or [image: 62.4 lb/ft^3].
 Calculating the volume of each layer gives us the weight. In this case, we have,
 [image: V=\pi {(4)}^{2}\text{Δ}x=16\pi \text{Δ}x]
 Then, the force needed to lift each layer is,
 [image: F=9800·16\pi \text{Δ}x=156,800\pi \text{Δ}x]
 Note that this step becomes a little more difficult if we have a noncylindrical tank. We look at a noncylindrical tank in the next example.
 Based on our choice of coordinate systems, we can use [image: {x}_{i}^{*}] as an approximation of the distance the layer must be lifted.
 Then the work to lift the [image: i\text{th}] layer of water [image: {W}_{i}] is approximately,
 [image: {W}_{i}\approx 156,800\pi {x}_{i}^{*}\text{Δ}x]
 Adding the work for each layer, we see the approximate work to empty the tank is given by
 [image: W=\underset{i=1}{\overset{n}{\text{∑}}}{W}_{i}\approx \underset{i=1}{\overset{n}{\text{∑}}}156,800\pi {x}_{i}^{*}\text{Δ}x]
 This is a Riemann sum, so taking the limit as [image: n\to \infty ,] we get
 [image: \begin{array}{cc}\hfill W& =\underset{n\to \infty }{\text{lim}}\underset{i=1}{\overset{n}{\text{∑}}}156,800\pi {x}_{i}^{*}\text{Δ}x\hfill \\ & =156,800\pi {\displaystyle\int }_{2}^{10}xdx\hfill \\ & =156,800\pi {\left[\frac{{x}^{2}}{2}\right]|}_{2}^{10}\hfill \\ & =7,526,400\pi\hfill \\ & \approx 23,644,883.\hfill \end{array}]
 The work required to empty the tank is approximately [image: 23,650,000 J].
  For pumping problems, the calculations vary depending on the shape of the tank or container.
 The following problem-solving strategy lays out a step-by-step process for solving pumping problems.
 Problem-Solving Strategy: Solving Pumping Problems
 	Sketch a picture of the tank and select an appropriate frame of reference.
 	Calculate the volume of a representative layer of water.
 	Multiply the volume by the weight-density of water to get the force.
 	Calculate the distance the layer of water must be lifted.
 	Multiply the force and distance to get an estimate of the work needed to lift the layer of water.
 	Sum the work required to lift all the layers. This expression is an estimate of the work required to pump out the desired amount of water, and it is in the form of a Riemann sum.
 	Take the limit as [image: n\to \infty] and evaluate the resulting integral to get the exact work required to pump out the desired amount of water.
 
  We now apply this problem-solving strategy in an example with a noncylindrical tank.
 Assume a tank in the shape of an inverted cone, with height [image: 12] ft and base radius [image: 4] ft. The tank is full to start with, and water is pumped over the upper edge of the tank until the height of the water remaining in the tank is [image: 4] ft.
 How much work is required to pump out that amount of water?
 Show Solution As we did in the example with the cylindrical tank, we orient the [image: x\text{-axis}] vertically, with the origin at the top of the tank and the downward direction being positive (step 1).
 [image: This figure is an upside-down cone. The cone has an axis through the center. The top of the cone on the axis is labeled x=0.]Figure 7. A water tank in the shape of an inverted cone. The tank starts out full and ends with [image: 4] ft of water left, so, based on our chosen frame of reference, we need to partition the interval [image: \left[0,8\right].] Then, for [image: i=0,1,2\text{,…},n,] let [image: P=\left\{{x}_{i}\right\}] be a regular partition of the interval [image: \left[0,8\right],] and for [image: i=1,2\text{,…},n,] choose an arbitrary point [image: {x}_{i}^{*}\in \left[{x}_{i-1},{x}_{i}\right].] We can approximate the volume of a layer by using a disk, then use similar triangles to find the radius of the disk (see the following figure).
 [image: This figure has two images. The first has the x-axis. Below the axis, on a slant is a line segment extending up to the x-axis. Beside the line segment is a horizontal right circular cylinder. The second image has a triangle. The right triangle mirrors the first image with the hypotenuse the line segment in the first image. The top of the triangle is 4 units. the length of the vertical side is 12 units. The vertical side is also divided into two parts; the first is xsubi, the second is 12-xsubi. It is divided at the level where the first image has the cylinder.]Figure 8. Using similar triangles to express the radius of a disk of water. From properties of similar triangles, we have
 [image: \begin{array}{ccc}\hfill \frac{{r}_{i}}{12-{x}_{i}^{*}}& =\hfill & \frac{4}{12}=\frac{1}{3}\hfill \\ \hfill 3{r}_{i}& =\hfill & 12-{x}_{i}^{*}\hfill \\ \hfill {r}_{i}& =\hfill & \frac{12-{x}_{i}^{*}}{3}\hfill \\ & =\hfill & 4-\frac{{x}_{i}^{*}}{3}.\hfill \end{array}]
 Then the volume of the disk is
 [image: {V}_{i}=\pi {(4-\frac{{x}_{i}^{*}}{3})}^{2}\text{Δ}x\text{(step 2).}]
 The weight-density of water is [image: 62.4 lb/ft^3], so the force needed to lift each layer is approximately
 [image: {F}_{i}\approx 62.4\pi {(4-\frac{{x}_{i}^{*}}{3})}^{2}\text{Δ}x\text{(step 3).}]
 Based on the diagram, the distance the water must be lifted is approximately [image: {x}_{i}^{*}] feet (step 4), so the approximate work needed to lift the layer is
 [image: {W}_{i}\approx 62.4\pi {x}_{i}^{*}{(4-\frac{{x}_{i}^{*}}{3})}^{2}\text{Δ}x\text{(step 5).}]
 Summing the work required to lift all the layers, we get an approximate value of the total work:
 [image: W=\underset{i=1}{\overset{n}{\text{∑}}}{W}_{i}\approx \underset{i=1}{\overset{n}{\text{∑}}}62.4\pi {x}_{i}^{*}{(4-\frac{{x}_{i}^{*}}{3})}^{2}\text{Δ}x\text{(step 6).}]
 Taking the limit as [image: n\to \infty ,] we obtain
 [image: \begin{array}{cc}\hfill W& =\underset{n\to \infty }{\text{lim}}\underset{i=1}{\overset{n}{\text{∑}}}62.4\pi {x}_{i}^{*}{(4-\frac{{x}_{i}^{*}}{3})}^{2}\text{Δ}x\hfill \\ & ={\displaystyle\int }_{0}^{8}62.4\pi x{(4-\frac{x}{3})}^{2}dx\hfill \\ & =62.4\pi {\displaystyle\int }_{0}^{8}x(16-\frac{8x}{3}+\frac{{x}^{2}}{9})dx=62.4\pi {\displaystyle\int }_{0}^{8}(16x-\frac{8{x}^{2}}{3}+\frac{{x}^{3}}{9})dx\hfill \\ & =62.4\pi {\left[8{x}^{2}-\frac{8{x}^{3}}{9}+\frac{{x}^{4}}{36}\right]|}_{0}^{8}=10,649.6\pi \approx 33,456.7\hfill \end{array}]
 It takes approximately [image: 33,450] ft-lb of work to empty the tank to the desired level.
 Watch the following video to see the worked solution to this example.
 https://youtube.com/watch?v=jZAEKDiWkHA%3Fcontrols%3D0%26start%3D1355%26end%3D1691%26autoplay%3D0
 For closed captioning, open the video on its original page by clicking the Youtube logo in the lower right-hand corner of the video display. In YouTube, the video will begin at the same starting point as this clip, but will continue playing until the very end.
 You can view the transcript for this segmented clip of “2.5 Physical Applications” here (opens in new window)
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				Hydrostatic Force and Pressure
 Let’s examine the force and pressure exerted on an object submerged in a liquid. Force is measured in newtons (metric) or pounds (English), and pressure is force per unit area, measured in pascals (metric) or psi (English).
 Let’s begin with the simple case of a plate of area [image: A] submerged horizontally in water at a depth [image: s] (Figure 9). 
 [image: This image has a circular plate submerged in water. The plate is labeled A and the depth of the water is labeled s.]Figure 9. A plate submerged horizontally in water. The force exerted on the plate is simply the weight of the water above it, which is given by [image: F=\rho As,] where [image: \rho] is the weight density of water (weight per unit volume).
 To find the hydrostatic pressure—that is, the pressure exerted by water on a submerged object—we divide the force by the area. So the pressure is
 [image: p=\frac{F}{A}=\rho s.]
 By Pascal’s principle, the pressure at a given depth is the same in all directions, so it does not matter if the plate is submerged horizontally or vertically. So, as long as we know the depth, we know the pressure. We can apply Pascal’s principle to find the force exerted on surfaces, such as dams, that are oriented vertically.
 We cannot apply the formula [image: F=\rho As] directly, because the depth varies from point to point on a vertically oriented surface. So, as we have done many times before, we form a partition, a Riemann sum, and, ultimately, a definite integral to calculate the force.
 Suppose a thin plate is submerged in water. 
 [image: This image is the overhead view of a submerged circular plate. The x-axis is to the side of the plate. The plate’s diameter goes from x=a to x=b. There is a strip in the middle of the plate with thickness of delta x. On the axis this thickness begins at x=xsub(i-1) and ends at x=xsubi. The length of the strip in the plate is labeled w(csubi).]Figure 10. A thin plate submerged vertically in water. We choose our frame of reference such that the [image: x]-axis is oriented vertically, with [image: x=0] at the water’s surface. The depth at any point [image: x] is given by [image: s(x)=x]. The width of the plate at point [image: x] is denoted by [image: w(x)].
 We partition the interval [image: [a,b]] into [image: n] segments. For each segment, we calculate the force using a Riemann sum and ultimately integrate to find the total force on the submerged surface.
 To estimate the force on a representative segment of the submerged plate, we treat the segment as if it is at a constant depth [image: s({x}_{i}^{*})]. The force on each segment is given by:
 [image: {F}_{i}=\rho As=\rho \left[w({x}_{i}^{*})\text{Δ}x\right]s({x}_{i}^{*})]
 Adding the forces, we get an estimate for the force on the plate:
 [image: F\approx \underset{i=1}{\overset{n}{\text{∑}}}{F}_{i}=\underset{i=1}{\overset{n}{\text{∑}}}\rho \left[w({x}_{i}^{*})\text{Δ}x\right]s({x}_{i}^{*})]
 This is a Riemann sum, so taking the limit as [image: n→∞] gives us the exact force:
 [image: F=\underset{n\to \infty }{\text{lim}}\underset{i=1}{\overset{n}{\text{∑}}}\rho \left[w({x}_{i}^{*})\text{Δ}x\right]s({x}_{i}^{*})={\displaystyle\int }_{a}^{b}\rho w(x)s(x)dx]
 Evaluating this integral provides the total force on the plate.
  We summarize this in the following problem-solving strategy.
 Problem-Solving Strategy: Finding Hydrostatic Force
 	Sketch a picture and select an appropriate frame of reference. (Note that if we select a frame of reference other than the one used earlier, we may have to adjust the equation above accordingly.)
 	Determine the depth and width functions, [image: s(x)] and [image: w(x).]
 	Determine the weight-density of whatever liquid with which you are working. The weight-density of water is 62.4 lb/ft3, or 9800 N/m3.
 	Use the equation to calculate the total force.
 
  A water trough [image: 15] ft long has ends shaped like inverted isosceles triangles, with base [image: 8] ft and height [image: 3] ft. Find the force on one end of the trough if the trough is full of water.
 Show Solution [image: This figure has two images. The first is a water trough with rectangular sides. The length of the trough is 15 feet, the depth is 3 feet, and the width is 8 feet. The second image is a cross section of the trough. It is a triangle. The top has length of 8 feet and the sides have length 5 feet. The altitude is labeled with 3 feet.]Figure 11. (a) A water trough with a triangular cross-section. (b) Dimensions of one end of the water trough. Select a frame of reference with the [image: x\text{-axis}] oriented vertically and the downward direction being positive. Select the top of the trough as the point corresponding to [image: x=0] (step 1).
 The depth function, then, is [image: s(x)=x.] Using similar triangles, we see that [image: w(x)=8-(8\text{/}3)x] (step 2).
 Now, the weight density of water is [image: 62.4 lb/ft<span style="font-size: 13.3333px">^3</span>] (step 3), so applying the force equation from above, we obtain,
 [image: \begin{array}{cc}\hfill F& ={\displaystyle\int }_{a}^{b}\rho w(x)s(x)dx\hfill \\ & ={\displaystyle\int }_{0}^{3}62.4(8-\frac{8}{3}x)xdx=62.4{\displaystyle\int }_{0}^{3}(8x-\frac{8}{3}{x}^{2})dx\hfill \\ & =62.4{\left[4{x}^{2}-\frac{8}{9}{x}^{3}\right]|}_{0}^{3}=748.8.\hfill \end{array}]
 The water exerts a force of [image: 748.8] lb on the end of the trough (step 4).
   A water trough [image: 12] m long has ends shaped like inverted isosceles triangles, with base [image: 6] m and height [image: 4] m. Find the force on one end of the trough if the trough is full of water.
 Show Solution 
 [image: 156,800] N
 Watch the following video to see the worked solution to this example.
 https://youtube.com/watch?v=jZAEKDiWkHA%3Fcontrols%3D0%26start%3D2006%26end%3D2135%26autoplay%3D0
 For closed captioning, open the video on its original page by clicking the Youtube logo in the lower right-hand corner of the video display. In YouTube, the video will begin at the same starting point as this clip, but will continue playing until the very end.
 You can view the transcript for this segmented clip of “2.5 Physical Applications” here (opens in new window).
  Understanding the principles of hydrostatic force and pressure is crucial in real-world applications, such as the design and construction of large structures like the Hoover Dam. The Hoover Dam holds back massive volumes of water, requiring precise calculations of pressure and force to ensure stability and safety.
 [image: Aerial view Hoover Dam]Aerial view Hoover Dam To learn more about Hoover Dam, visit this article published by the History Channel.
  [ohm_question hide_question_numbers=1]288447[/ohm_question]
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				 	Calculate the mass of linear and circular objects using their density distributions
 	Compute the work required in various situations, such as pumping fluids or moving objects along a path
 	Determine the force exerted by water on a vertical surface underwater
 
  Applying Integration to Real-World Problems: Mass, Density, and Work
 In this activity, we will explore the practical applications of integration in various real-world contexts. From calculating the total mass of objects with variable density to determining the work done by variable forces, integration provides a powerful tool for solving complex problems. These exercises will enhance your understanding of how integration is used in physics and engineering to solve practical problems.
 [ohm_question hide_question_numbers=1]288350[/ohm_question]
  [ohm_question hide_question_numbers=1]288351[/ohm_question]
  [ohm_question hide_question_numbers=1]288352[/ohm_question]
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				 	Find the balance point (center of mass) of straight objects and flat surfaces
 	Utilize a shape’s symmetry to find the centroid, or geometric center, of flat objects
 	Use Pappus’s theorem to calculate the volume of an object
 
  Center of Mass and Moments
 The basic idea of the center of mass is the notion of a balancing point. Many of us have seen performers who spin plates on the ends of sticks. The performers try to keep several of them spinning without allowing any of them to drop. If we look at a single plate (without spinning it), there is a sweet spot on the plate where it balances perfectly on the stick. If we put the stick anywhere other than that sweet spot, the plate does not balance and it falls to the ground. Mathematically, that sweet spot is called the center of mass of the plate.
 Center of Mass of Objects on a Line
 Let’s begin by looking at the center of mass in a one-dimensional context.
 Consider a long, thin wire or rod of negligible mass resting on a fulcrum, as shown in Figure 1(a). Now suppose we place objects having masses [image: {m}_{1}] and [image: {m}_{2}] at distances [image: {d}_{1}] and [image: {d}_{2}] from the fulcrum, respectively, as shown in Figure 1(b).
 [image: This figure has two images. The first image is a horizontal line on top of an equilateral triangle. It represents a rod on a fulcrum. The second image is the same as the first with two squares on the line. They are labeled msub1 and msub2. The distance from msub1 to the fulcrum is dsub1. The distance from msub2 to the fulcrum is dsub2.]Figure 1. (a) A thin rod rests on a fulcrum. (b) Masses are placed on the rod. The most common real-life example of a system like this is a playground seesaw, or teeter-totter, with children of different weights sitting at different distances from the center. On a seesaw, if one child sits at each end, the heavier child sinks down and the lighter child is lifted into the air. If the heavier child slides in toward the center, though, the seesaw balances
  Applying this concept to the masses on the rod, we note that the masses balance each other if and only if [image: {m}_{1}{d}_{1}={m}_{2}{d}_{2}.]
 In the seesaw example, we balanced the system by moving the masses (children) with respect to the fulcrum. However, we are really interested in systems in which the masses are not allowed to move, and instead we balance the system by moving the fulcrum.
 Suppose we have two point masses, [image: {m}_{1}] and [image: {m}_{2},] located on a number line at points [image: {x}_{1}] and [image: {x}_{2},] respectively (Figure 2). The center of mass, [image: \overline{x},] is the point where the fulcrum should be placed to make the system balance.
 [image: This figure is an image of the x-axis. On the axis there is a point labeled x bar. Also on the axis there is a point xsub1 with a square above it. Inside of the square is the label msub1. There is also a point xsub2 on the axis. Above this point there is a square. Inside of the square is the label msub2.]Figure 2. The center of mass [image: \overline{x}] is the balance point of the system. Thus, we have
 [image: \begin{array}{ccc}\hfill {m}_{1}|{x}_{1}-\overline{x}|& =\hfill & {m}_{2}|{x}_{2}-\overline{x}|\hfill \\ \hfill {m}_{1}(\overline{x}-{x}_{1})& =\hfill & {m}_{2}({x}_{2}-\overline{x})\hfill \\ \hfill {m}_{1}\overline{x}-{m}_{1}{x}_{1}& =\hfill & {m}_{2}{x}_{2}-{m}_{2}\overline{x}\hfill \\ \hfill \overline{x}({m}_{1}+{m}_{2})& =\hfill & {m}_{1}{x}_{1}+{m}_{2}{x}_{2}\hfill \\ \hfill \overline{x}& =\hfill & \frac{{m}_{1}{x}_{1}+{m}_{2}{x}_{2}}{{m}_{1}+{m}_{2}}.\hfill \end{array}]
 The expression in the numerator, [image: {m}_{1}{x}_{1}+{m}_{2}{x}_{2},] is called the first moment of the system with respect to the origin. If the context is clear, we often drop the word “first” and just refer to this expression as the moment of the system.
 The expression in the denominator, [image: {m}_{1}+{m}_{2},] is the total mass of the system. Thus, the center of mass of the system is the point at which the total mass of the system could be concentrated without changing the moment.
 If there are more than two point masses, the center of mass is given by:
 [image: \overline{x}=\dfrac{\underset{i=1}{\overset{n}{\text{∑}}}{m}_{i}{x}_{i}}{\underset{i=1}{\overset{n}{\text{∑}}}{m}_{i}}]
 center of mass of objects on a line
 Let [image: {m}_{1},{m}_{2}\text{,…},{m}_{n}] be point masses placed on a number line at points [image: {x}_{1},{x}_{2}\text{,…},{x}_{n},] respectively, and let [image: m=\underset{i=1}{\overset{n}{\text{∑}}}{m}_{i}] denote the total mass of the system. Then, the moment of the system with respect to the origin is given by
 [image: M=\displaystyle\sum_{i=1}^{n} {m}_{i}{x}_{i}]
  
 and the center of mass of the system is given by
 [image: \overline{x}=\frac{M}{m}.]
  Suppose four point masses are placed on a number line as follows:
 [image: \begin{array}{cccc}{m}_{1}=30\text{kg,}\text{ placed a t}{x}_{1}=-2\text{m}\hfill & & & {m}_{2}=5\text{kg,}\text{ placed at }{x}_{2}=3\text{m}\hfill \\ {m}_{3}=10\text{kg,}\text{ placed at }{x}_{3}=6\text{m}\hfill & & & {m}_{4}=15\text{kg,}\text{ placed at }{x}_{4}=-3\text{m}.\hfill \end{array}]
  
 Find the moment of the system with respect to the origin and find the center of mass of the system.
 Show Solution First, we need to calculate the moment of the system:
 [image: \begin{array}{cc}\hfill M& = {\displaystyle\sum _{i=1}^{4}{m}_{i}{x}_{i}}\hfill \\ & =-60+15+60-45=-30.\hfill \end{array}]
 Now, to find the center of mass, we need the total mass of the system:
 [image: \begin{array}{cc}\hfill m& = {\displaystyle\sum _{i=1}^{4}{m}_{i}} \hfill \\ & =30+5+10+15=60\text{kg}\text{.}\hfill \end{array}]
 Then we have
 [image: \overline{x}=\frac{M}{m}=\frac{-30}{60}=-\frac{1}{2}.]
 The center of mass is located 1/2 m to the left of the origin.
   [ohm_question hide_question_numbers=1]223354[/ohm_question]
  Center of Mass of Objects in a Plane
 We can generalize this concept to find the center of mass of a system of point masses in a plane.
 Let [image: {m}_{1}] be a point mass located at point [image: ({x}_{1},{y}_{1})] in the plane. Then the moment [image: {M}_{x}] of the mass with respect to the [image: x]-axis is given by [image: {M}_{x}={m}_{1}{y}_{1}.] Similarly, the moment [image: {M}_{y}] with respect to the [image: y]-axis is given by [image: {M}_{y}={m}_{1}{x}_{1}.]
 Notice that the [image: x]-coordinate of the point is used to calculate the moment with respect to the [image: y]-axis, and vice versa. The reason is that the [image: x]-coordinate gives the distance from the point mass to the [image: y]-axis, and the [image: y]-coordinate gives the distance to the [image: x]-axis. [image: This figure has the x and y axes labeled. There is a point in the first quadrant at (xsub1, ysub1). This point is labeled msub1.]Figure 3. Point mass [image: {m}_{1}] is located at point [image: ({x}_{1},{y}_{1})] in the plane.  If we have several point masses in the [image: xy]-plane, we can use the moments with respect to the [image: x]– and [image: y]-axes to calculate the [image: x]– and [image: y]-coordinates of the center of mass of the system.
 center of mass of objects in a plane
 Let [image: {m}_{1},{m}_{2}\text{,…},{m}_{n}] be point masses located in the xy-plane at points [image: ({x}_{1},{y}_{1}),({x}_{2},{y}_{2})\text{,…},({x}_{n},{y}_{n}),] respectively, and let [image: m=\underset{i=1}{\overset{n}{\text{∑}}}{m}_{i}] denote the total mass of the system. Then the moments [image: {M}_{x}] and [image: {M}_{y}] of the system with respect to the [image: x]– and [image: y]-axes, respectively, are given by
 [image: {M}_{x}=\underset{i=1}{\overset{n}{\text{∑}}}{m}_{i}{y}_{i}\text{ and }{M}_{y}=\underset{i=1}{\overset{n}{\text{∑}}}{m}_{i}{x}_{i}.]
 Also, the coordinates of the center of mass [image: (\overline{x},\overline{y})] of the system are
 [image: \overline{x}=\frac{{M}_{y}}{m}\text{ and }\overline{y}=\frac{{M}_{x}}{m}.]
  Suppose three point masses are placed in the xy-plane as follows (assume coordinates are given in meters):
 [image: \begin{array}{c}{m}_{1}=2\text{kg, placed at}(-1,3),\hfill \\ {m}_{2}=6\text{kg, placed at}(1,1),\hfill \\ {m}_{3}=4\text{kg, placed at}(2,-2).\hfill \end{array}]
 Find the center of mass of the system.
 Show Solution First we calculate the total mass of the system:
 [image: m=\sum _{i=1}^{3}{m}_{i}=2+6+4=12\text{kg}\text{.}]
 Next we find the moments with respect to the [image: x]– and [image: y]-axes:
 [image: \begin{array}{}\\ \\ {M}_{y}=\sum _{i=1}^{3}{m}_{i}{x}_{i}=-2+6+8=12,\hfill \\ {M}_{x}=\sum _{i=1}^{3}{m}_{i}{y}_{i}=6+6-8=4.\hfill \end{array}]
 Then we have
 [image: \overline{x}=\frac{{M}_{y}}{m}=\frac{12}{12}=1\text{ and }\overline{y}=\frac{{M}_{x}}{m}=\frac{4}{12}=\frac{1}{3}.]
 The center of mass of the system is [image: (1,1\text{/}3),] in meters.
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				Center of Mass of Thin Plates
 We’ve examined point masses on a line and in a plane. Now, we look at systems where mass is distributed continuously across a thin sheet, called a lamina. We assume the lamina’s density is constant.
 Laminas are often two-dimensional regions in a plane, with the geometric center called its centroid. The center of mass of a lamina depends only on the shape, not the density. For a rectangular lamina, the center of mass is where the diagonals intersect, which follows the symmetry principle.
 the symmetry principle
 If a region [image: R] is symmetric about a line [image: l], then the centroid of [image: R] lies on [image: l].
  Let’s examine general laminas. Suppose we have a lamina bounded above by the graph of a continuous function [image: f(x),] below by the [image: x]-axis, and on the left and right by the lines [image: x=a] and [image: x=b,].
 [image: This image is a graph of y=f(x). It is in the first quadrant. Under the curve is a shaded region labeled “R”. The shaded region is bounded to the left at x=a and to the right at x=b.]Figure 4. A region in the plane representing a lamina. To find the center of mass, we need the total mass of the lamina. We divide the lamina into thin vertical strips, approximating each strip’s mass using the density [image: ρ]. The mass of the strip is given by [image: \rho f({x}_{i}^{*})\text{Δ}x.]
 [image: This figure is a graph of the curve labeled f(x). It is in the first quadrant. Under the curve and above the x-axis there is a vertical shaded rectangle. the height of the rectangle is labeled f(xsubi). Also, xsubi = f(xsubi/2).]Figure 5. A representative rectangle of the lamina. To get the approximate mass of the lamina, we add the masses of all the rectangles to get
 [image: m\approx \underset{i=1}{\overset{n}{\text{∑}}}\rho f({x}_{i}^{*})\text{Δ}x]
 This is a Riemann sum. Taking the limit as [image: n\to \infty] gives the exact mass of the lamina:
 [image: m=\underset{n\to \infty }{\text{lim}}\underset{i=1}{\overset{n}{\text{∑}}}\rho f({x}_{i}^{*})\text{Δ}x=\rho {\displaystyle\int }_{a}^{b}f(x)dx]
 Next, we calculate the moment of the lamina with respect to the x-axis. For each rectangle, the center of mass is at [image: x_{i}^{*}]. The moment with respect to the [image: x]-axis is given by:
 [image: {M}_{x}=\underset{n\to \infty }{\text{lim}}\underset{i=1}{\overset{n}{\text{∑}}}\rho \frac{{\left[f({x}_{i}^{*})\right]}^{2}}{2}\text{Δ}x=\rho {\displaystyle\int }_{a}^{b}\frac{{\left[f(x)\right]}^{2}}{2}dx.]
 Similarly, the moment with respect to the [image: y]-axis is:
 [image: {M}_{y}=\underset{n\to \infty }{\text{lim}}\underset{i=1}{\overset{n}{\text{∑}}}\rho {x}_{i}^{*}f({x}_{i}^{*})\text{Δ}x=\rho {\displaystyle\int }_{a}^{b}xf(x)dx]
 The coordinates of the center of mass are:
 [image: \overline{x}=\frac{{M}_{y}}{m} \text{ and }\overline{y}=\frac{{M}_{x}}{m}]
 If we look closely at the expressions for [image: {M}_{x},{M}_{y},\text{ and }m,] we notice that the constant [image: \rho] cancels out when [image: \overline{x}] and [image: \overline{y}] are calculated.
  We summarize these findings in the following theorem.
 center of mass of a thin plate in the [image: xy]-plane
 Let [image: R] denote a region bounded above by the graph of a continuous function [image: f(x),] below by the [image: x]-axis, and on the left and right by the lines [image: x=a] and [image: x=b,] respectively. Let [image: \rho] denote the density of the associated lamina. Then we can make the following statements:
 	The mass of the lamina is [image: m=\rho {\displaystyle\int }_{a}^{b}f(x)dx.]
 
 	The moments [image: {M}_{x}] and [image: {M}_{y}] of the lamina with respect to the [image: x]– and [image: y]-axes, respectively, are [image: {M}_{x}=\rho {\displaystyle\int }_{a}^{b}\frac{{\left[f(x)\right]}^{2}}{2}dx\text{ and }{M}_{y}=\rho {\displaystyle\int }_{a}^{b}xf(x)dx.]
 
 	The coordinates of the center of mass [image: (\overline{x},\overline{y})] are [image: \overline{x}=\frac{{M}_{y}}{m}\text{ and }\overline{y}=\frac{{M}_{x}}{m}.]
 
 
  In the next example, we use this theorem to find the center of mass of a lamina.
 Let R be the region bounded above by the graph of the function [image: f(x)=\sqrt{x}] and below by the [image: x]-axis over the interval [image: \left[0,4\right].] Find the centroid of the region.
 Show Solution The region is depicted in the following figure.
 [image: This figure is the graph of the curve f(x)=squareroot(x). It is an increasing curve in the first quadrant. Under the curve above the x-axis there is a shaded region. It starts at x=0 and is bounded to the right at x=4.]Figure 6. Finding the center of mass of a lamina. Since we are only asked for the centroid of the region, rather than the mass or moments of the associated lamina, we know the density constant [image: \rho] cancels out of the calculations eventually. Therefore, for the sake of convenience, let’s assume [image: \rho =1.]
 First, we need to calculate the total mass:
 [image: \begin{array}{cc}\hfill m& =\rho {\displaystyle\int }_{a}^{b}f(x)dx={\displaystyle\int }_{0}^{4}\sqrt{x}dx\hfill \\ & ={\frac{2}{3}{x}^{3\text{/}2}|}_{0}^{4}=\frac{2}{3}\left[8-0\right]=\frac{16}{3}.\hfill \end{array}]
 Next, we compute the moments:
 [image: \begin{array}{cc}\hfill {M}_{x}& =\rho {\displaystyle\int }_{a}^{b}\frac{{\left[f(x)\right]}^{2}}{2}dx\hfill \\ & ={\displaystyle\int }_{0}^{4}\frac{x}{2}dx={\frac{1}{4}{x}^{2}|}_{0}^{4}=4\hfill \end{array}]
 and
 [image: \begin{array}{cc}\hfill {M}_{y}& =\rho {\displaystyle\int }_{a}^{b}xf(x)dx\hfill \\ & ={\displaystyle\int }_{0}^{4}x\sqrt{x}dx={\displaystyle\int }_{0}^{4}{x}^{3\text{/}2}dx\hfill \\ & ={\frac{2}{5}{x}^{5\text{/}2}|}_{0}^{4}=\frac{2}{5}\left[32-0\right]=\frac{64}{5}.\hfill \end{array}]
 Thus, we have
 [image: \overline{x}=\frac{{M}_{y}}{m}=\frac{64\text{/}5}{16\text{/}3}=\frac{64}{5}·\frac{3}{16}=\frac{12}{5}\text{ and }\overline{y}=\frac{{M}_{x}}{y}=\frac{4}{16\text{/}3}=4·\frac{3}{16}=\frac{3}{4}.]
 The centroid of the region is [image: (12\text{/}5,3\text{/}4).]
   [ohm_question]5664[/ohm_question]
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				Center of Mass of a Region Bounded by Two Functions
 We can extend our approach to find centroids of more complex regions. Suppose our region is bounded above by the graph of a continuous function [image: f(x)] and below by a second continuous function [image: g(x)], as shown in the figure.
 [image: This figure is a graph of the first quadrant. It has two curves. They are labeled f(x) and g(x). f(x) is above g(x). In between the curves is a shaded region labeled “R”. The shaded region is bounded to the left by x=a and to the right by x=b.]Figure 7. A region between two functions. Again, we partition the interval [image: \left[a,b\right]] and construct rectangles. A representative rectangle is shown in the following figure.
 [image: This figure is a graph of the first quadrant. It has two curves. They are labeled f(x) and g(x). f(x) is above g(x). In between the curves is a shaded rectangle.]Figure 8. A representative rectangle of the region between two functions. The centroid of each rectangle is:
 [image: ({x}_{i}^{*},\frac{f({x}_{i}^{*})+g({x}_{i}^{*})}{2}).]
 In the development of the formulas for the mass of the lamina and the moment with respect to the [image: y]-axis, the height of each rectangle is [image: f(x)−g(x)]. For the [image: x]-axis moment, multiply the area by the distance of the centroid from the [image: x]-axis.
 Summarizing these findings, we arrive at the following theorem.
 center of mass of a lamina bounded by two functions
 Let [image: R] denote a region bounded above by the graph of a continuous function [image: f(x),] below by the graph of the continuous function [image: g(x),] and on the left and right by the lines [image: x=a] and [image: x=b,] respectively. Let [image: \rho] denote the density of the associated lamina. Then we can make the following statements:
 	The mass of the lamina is [image: m=\rho {\displaystyle\int }_{a}^{b}\left[f(x)-g(x)\right]dx.]
 
 	The moments [image: {M}_{x}] and [image: {M}_{y}] of the lamina with respect to the [image: x]– and [image: y]-axes, respectively, are [image: {M}_{x}=\rho {\displaystyle\int }_{a}^{b}\frac{1}{2}({\left[f(x)\right]}^{2}-{\left[g(x)\right]}^{2})dx\text{ and }{M}_{y}=\rho {\displaystyle\int }_{a}^{b}x\left[f(x)-g(x)\right]dx.]
 
 	The coordinates of the center of mass [image: (\overline{x},\overline{y})] are [image: \overline{x}=\frac{{M}_{y}}{m}\text{ and }\overline{y}=\frac{{M}_{x}}{m}.]
 
 
  Let [image: R] be the region bounded above by the graph of the function [image: f(x)=1-{x}^{2}] and below by the graph of the function [image: g(x)=x-1.] Find the centroid of the region.
 Show Solution 
 The region is depicted in the following figure.
 [image: This figure is a graph. It has two curves. They are labeled f(x)=1-x^2 and g(x)=x-1. In between the curves is a shaded region. The shaded region is bounded to the left by x=a and to the right by x=b.]Figure 9. Finding the centroid of a region between two curves. The graphs of the functions intersect at [image: (-2,-3)] and [image: (1,0),] so we integrate from [image: −2] to [image: 1]. Once again, for the sake of convenience, assume [image: \rho =1.]
 First, we need to calculate the total mass:
 [image: \begin{array}{cc}\hfill m& =\rho {\displaystyle\int }_{a}^{b}\left[f(x)-g(x)\right]dx\hfill \\ & ={\displaystyle\int }_{-2}^{1}\left[1-{x}^{2}-(x-1)\right]dx={\displaystyle\int }_{-2}^{1}(2-{x}^{2}-x)dx\hfill \\ & ={\left[2x-\frac{1}{3}{x}^{3}-\frac{1}{2}{x}^{2}\right]|}_{-2}^{1}=\left[2-\frac{1}{3}-\frac{1}{2}\right]-\left[-4+\frac{8}{3}-2\right]=\frac{9}{2}.\hfill \end{array}]
 Next, we compute the moments:
 [image: \begin{array}{cc}\hfill {M}_{x}& =\rho {\displaystyle\int }_{a}^{b}\frac{1}{2}({\left[f(x)\right]}^{2}-{\left[g(x)\right]}^{2})dx\hfill \\ & =\frac{1}{2}{\displaystyle\int }_{-2}^{1}({(1-{x}^{2})}^{2}-{(x-1)}^{2})dx=\frac{1}{2}{\displaystyle\int }_{-2}^{1}({x}^{4}-3{x}^{2}+2x)dx\hfill \\ & =\frac{1}{2}{\left[\frac{{x}^{5}}{5}-{x}^{3}+{x}^{2}\right]|}_{-2}^{1}=-\frac{27}{10}\hfill \end{array}]
 and
 [image: \begin{array}{cc}\hfill {M}_{y}& =\rho {\displaystyle\int }_{a}^{b}x\left[f(x)-g(x)\right]dx\hfill \\ & ={\displaystyle\int }_{-2}^{1}x\left[(1-{x}^{2})-(x-1)\right]dx={\displaystyle\int }_{-2}^{1}x\left[2-{x}^{2}-x\right]dx={\displaystyle\int }_{-2}^{1}(2x-{x}^{4}-{x}^{2})dx\hfill \\ & ={\left[{x}^{2}-\frac{{x}^{5}}{5}-\frac{{x}^{3}}{3}\right]|}_{-2}^{1}=-\frac{9}{4}.\hfill \end{array}]
 Therefore, we have
 [image: \overline{x}=\frac{{M}_{y}}{m}=-\frac{9}{4}·\frac{2}{9}=-\frac{1}{2}\text{ and }\overline{y}=\frac{{M}_{x}}{y}=-\frac{27}{10}·\frac{2}{9}=-\frac{3}{5}.]
 The centroid of the region is [image: (\text{−}(1\text{/}2),\text{−}(3\text{/}5)).]
   [ohm_question hide_question_numbers=1]288448[/ohm_question]
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				The Symmetry Principle
 We stated the symmetry principle earlier, when we were looking at the centroid of a rectangle. The symmetry principle can be a great help when finding centroids of regions that are symmetric. Consider the following example.
 Let [image: R] be the region bounded above by the graph of the function [image: f(x)=4-{x}^{2}] and below by the [image: x]-axis.
 Find the centroid of the region.
 Show Solution 
 The region is depicted in the following figure.
 [image: This figure is a graph of the function f(x)=4-x^2. It is an upside-down parabola. The region under the parabola above the x-axis is shaded. The curve intersects the x-axis at x=-2 and x=2.]Figure 10. We can use the symmetry principle to help find the centroid of a symmetric region. The region is symmetric with respect to the [image: y]-axis. Therefore, the [image: x]-coordinate of the centroid is zero. We need only calculate [image: \overline{y}.] Once again, for the sake of convenience, assume [image: \rho =1.]
 First, we calculate the total mass:
 [image: \begin{array}{cc}\hfill m& =\rho {\displaystyle\int }_{a}^{b}f(x)dx\hfill \\ & ={\displaystyle\int }_{-2}^{2}(4-{x}^{2})dx\hfill \\ & ={\left[4x-\frac{{x}^{3}}{3}\right]|}_{-2}^{2}=\frac{32}{3}.\hfill \end{array}]
 Next, we calculate the moments. We only need [image: {M}_{x}\text{:}]
 [image: \begin{array}{cc}\hfill {M}_{x}& =\rho {\displaystyle\int }_{a}^{b}\frac{{\left[f(x)\right]}^{2}}{2}dx\hfill \\ & =\frac{1}{2}{\displaystyle\int }_{-2}^{2}{\left[4-{x}^{2}\right]}^{2}dx=\frac{1}{2}{\displaystyle\int }_{-2}^{2}(16-8{x}^{2}+{x}^{4})dx\hfill \\ & =\frac{1}{2}{\left[\frac{{x}^{5}}{5}-\frac{8{x}^{3}}{3}+16x\right]|}_{-2}^{2}=\frac{256}{15}.\hfill \end{array}]
 Then we have
 [image: \overline{y}=\frac{{M}_{x}}{y}=\frac{256}{15}·\frac{3}{32}=\frac{8}{5}.]
 The centroid of the region is [image: (0,8\text{/}5).]
 Watch the following video to see the worked solution to this example.
 https://youtube.com/watch?v=-XKii-JZrqw%3Fcontrols%3D0%26start%3D1715%26end%3D1871%26autoplay%3D0
 For closed captioning, open the video on its original page by clicking the Youtube logo in the lower right-hand corner of the video display. In YouTube, the video will begin at the same starting point as this clip, but will continue playing until the very end.
 You can view the transcript for this segmented clip of “2.6 Moments and Centers of Mass” here (opens in new window).
  Theorem of Pappus
 The theorem of Pappus for volume allows us to find the volume of particular kinds of solids by using the centroid. There is also a theorem of Pappus for surface area, but it is much less useful than the theorem for volume.
 Theorem of Pappus for volume
 Let [image: R] be a region in the plane and let [image: l] be a line in the plane that does not intersect [image: R]. Then the volume of the solid of revolution formed by revolving [image: R] around [image: l] is equal to the area of [image: R] multiplied by the distance [image: d] traveled by the centroid of [image: R].
  Proof
 
 We can prove the case when the region is bounded above by the graph of a function [image: f(x)] and below by the graph of a function [image: g(x)] over an interval [image: \left[a,b\right],] and for which the axis of revolution is the [image: y]-axis. In this case, the area of the region is [image: A={\displaystyle\int }_{a}^{b}\left[f(x)-g(x)\right]dx.] Since the axis of rotation is the [image: y]-axis, the distance traveled by the centroid of the region depends only on the [image: x]-coordinate of the centroid, [image: \overline{x},] which is
 [image: \overline{x}=\frac{{M}_{y}}{m},]
  
 where
 [image: m=\rho {\displaystyle\int }_{a}^{b}\left[f(x)-g(x)\right]dx\text{ and }{M}_{y}=\rho {\displaystyle\int }_{a}^{b}x\left[f(x)-g(x)\right]dx.]
 Then,
 [image: d=2\pi \frac{\rho {\displaystyle\int }_{a}^{b}x\left[f(x)-g(x)\right]dx}{\rho {\displaystyle\int }_{a}^{b}\left[f(x)-g(x)\right]dx}]
  
 and thus
 [image: d·A=2\pi {\displaystyle\int }_{a}^{b}x\left[f(x)-g(x)\right]dx.]
  
 However, using the method of cylindrical shells, we have
 [image: V=2\pi {\displaystyle\int }_{a}^{b}x\left[f(x)-g(x)\right]dx.]
  
 So,
 [image: V=d·A]
  
 and the proof is complete.
 [image: _\blacksquare]
  Let [image: R] be a circle of radius [image: 2] centered at [image: (4,0).] Use the theorem of Pappus for volume to find the volume of the torus generated by revolving [image: R] around the [image: y]-axis.
 Show Solution 
 The region and torus are depicted in the following figure.
 [image: This figure has two graphs. The first is the x y coordinate system with a circle centered on the x-axis at x=4. The radius is 2. The second figure is the x y coordinate system. The circle from the first image has been revolved about the y-axis to form a torus.]Figure 13. Determining the volume of a torus by using the theorem of Pappus. (a) A circular region R in the plane; (b) the torus generated by revolving R about the y-axis. The region [image: R] is a circle of radius [image: 2], so the area of [image: R] is [image: A=4\pi] units2. By the symmetry principle, the centroid of [image: R] is the center of the circle. The centroid travels around the [image: y]-axis in a circular path of radius [image: 4], so the centroid travels [image: d=8\pi] units. Then, the volume of the torus is [image: A·d=32{\pi }^{2}] units3.
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				 	Find the balance point (center of mass) of straight objects and flat surfaces
 	Utilize a shape’s symmetry to find the centroid, or geometric center, of flat objects
 	Use Pappus’s theorem to calculate the volume of an object
 
  Engineering The Grand Canyon Skywalk
 The Grand Canyon Skywalk opened to the public on March 28, 2007. This engineering marvel is a horseshoe-shaped observation platform suspended [image: 4000] ft above the Colorado River on the West Rim of the Grand Canyon. Its crystal-clear glass floor allows stunning views of the canyon below (see the following figure).
 [image: This figure is a picture of the Grand Canyon skywalk. It is a building at the edge of the canyon with a walkway extending out over the canyon]Figure 11. The Grand Canyon Skywalk offers magnificent views of the canyon. (credit: 10da_ralta, Wikimedia Commons)  
 The Skywalk is a cantilever design, meaning that the observation platform extends over the rim of the canyon, with no visible means of support below it. Despite the lack of visible support posts or struts, cantilever structures are engineered to be very stable and the Skywalk is no exception. The observation platform is attached firmly to support posts that extend [image: 46] ft down into bedrock. The structure was built to withstand [image: 100]-mph winds and an [image: 8.0]-magnitude earthquake within [image: 50] mi, and is capable of supporting more than [image: 70,000,000] lb.
 One factor affecting the stability of the Skywalk is the center of gravity of the structure. We are going to calculate the center of gravity of the Skywalk, and examine how the center of gravity changes when tourists walk out onto the observation platform.
 The observation platform is U-shaped. The legs of the U are [image: 10] ft wide and begin on land, under the visitors’ center, [image: 48] ft from the edge of the canyon. The platform extends [image: 70] ft over the edge of the canyon.
 To calculate the center of mass of the structure, we treat it as a lamina and use a two-dimensional region in the [image: xy]-plane to represent the platform. We begin by dividing the region into three subregions so we can consider each subregion separately. The first region, denoted [image: {R}_{1},] consists of the curved part of the U. We model [image: {R}_{1}] as a semicircular annulus, with inner radius [image: 25] ft and outer radius [image: 35] ft, centered at the origin (see the following figure).
 [image: This figure is a sketch of the Grand Canyon walkway. It is on the xy coordinate system. The walkway is upside-down “u” shaped. It has been divided into three regions. The first region at the top is labeled “Rsub1”. It is a semi-circle with outer radius of 35 feet and inner radius of 25 feet. The second region is labeled “Rsub2”. It has two rectangles with width of 10 feet each and height of 35 feet. The third region is labeled “Rsub3” and is two rectangles. They have a width of 10 feet and height of 48 feet. These represent the part of the walkway inside of the visitor center.]Figure 12. We model the Skywalk with three sub-regions.  
 The legs of the platform, extending [image: 35] ft between [image: {R}_{1}] and the canyon wall, comprise the second sub-region, [image: {R}_{2}.] Last, the ends of the legs, which extend [image: 48] ft under the visitor center, comprise the third sub-region, [image: {R}_{3}.] Assume the density of the lamina is constant and assume the total weight of the platform is [image: 1,200,000] lb (not including the weight of the visitor center; we will consider that later). Use [image: g=32{\text{ft/sec}}^{2}.]
 	Compute the area of each of the three sub-regions. Note that the areas of regions [image: {R}_{2}] and [image: {R}_{3}] should include the areas of the legs only, not the open space between them. Round answers to the nearest square foot. 
 Show Answer The area of the three masses are [image: R_1 = 942] ft2, [image: R_2 = 700] ft2 , and [image: R_3=960]ft2
 
 
 	Determine the mass associated with each of the three sub-regions. 
 Show Answer The masses associated are [image: m_1 = 434,431.6] lb, [image: m_2 = 322,826] lb, and [image: m_3=442,732.8] lb
 
 
 	Calculate the center of mass of each of the three sub-regions. 
 Show Answer The center of masses are [image: y_1 = 19.28] ft, [image: y_2=-17.5] ft, and [image: y_3=-59] ft
 
 
 	Now, treat each of the three sub-regions as a point mass located at the center of mass of the corresponding sub-region. Using this representation, calculate the center of mass of the entire platform. 
 Show Answer The COM of the platform lies at [image: (0,-19.5)] ft
  
 	Assume the visitor center weighs [image: 2,200,000] lb, with a center of mass corresponding to the center of mass of [image: {R}_{3}.] Treating the visitor center as a point mass, recalculate the center of mass of the system. How does the center of mass change? 
 Show Answer The COM of the platform including the center of mass lies at [image: (0,-45)] ft
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				 	Use rules for multiplying, raising to a power, and dividing to simplify logarithmic expressions
 
  Logarithms are essential tools in calculus, particularly when dealing with integrals and exponential functions. Mastering how to condense logarithmic expressions using fundamental rules will simplify complex calculations and enhance your understanding of these concepts.
 Simplify Logarithmic Expressions
 Simplifying logarithmic expressions involves applying specific rules to transform intricate terms into more manageable ones. This process is crucial for effectively solving equations in calculus and other mathematical disciplines.
 rules for logarithms
 	Product Rule: The product rule for logarithms can be used to simplify a logarithm of a product by rewriting it as a sum of individual logarithms.[image: {\mathrm{log}}_{b}\left(M \times N\right)={\mathrm{log}}_{b}\left(M\right)+{\mathrm{log}}_{b}\left(N\right)\text{ for }b>0]
 	Quotient Rule: The quotient rule for logarithms can be used to simplify a logarithm of a quotient by rewriting it as the difference of individual logarithms.[image: {\mathrm{log}}_{b}\left(\frac{M}{N}\right)={\mathrm{log}}_{b}M-{\mathrm{log}}_{b}N]
 	Power Rule: The power rule for logarithms can be used to simplify the logarithm of a power by rewriting it as the product of the exponent times the logarithm of the base.[image: {\mathrm{log}}_{b}\left({M}^{n}\right)=n{\mathrm{log}}_{b}M]
 
  We can use the rules of logarithms to condense sums, differences, and products with the same base as a single logarithm. It is important to remember that the logarithms must have the same base to be combined.
 How To: Given a sum, difference, or product of logarithms with the same base, write an equivalent expression as a single logarithm
 	Apply the Power Rule: Identify and rewrite any terms that are powers of factors as the logarithm of a power.
 	Apply the Product and Quotient Rules: From left to right, apply the product and quotient properties to rewrite sums of logarithms as the logarithm of a product and differences as the logarithm of a quotient.
 
  Use the power rule for logs to rewrite [image: 4\mathrm{ln}\left(x\right)] as a single logarithm with a leading coefficient of 1.
 Show Solution 
 Because the logarithm of a power is the product of the exponent times the logarithm of the base, it follows that the product of a number and a logarithm can be written as a power. 
 For the expression [image: 4\mathrm{ln}\left(x\right)], we identify the factor, [image: 4], as the exponent and the argument, [image: x], as the base and rewrite the product as a logarithm of a power:
 [image: 4\mathrm{ln}\left(x\right)=\mathrm{ln}\left({x}^{4}\right)]
   Use the power rule for logs to rewrite [image: 2{\mathrm{log}}_{3}4] as a single logarithm with a leading coefficient of 1.
 Show Solution 
 [image: {\mathrm{log}}_{3}16]
  In our next few examples, we will use a combination of logarithm rules to condense logarithms.
 Write [image: {\mathrm{log}}_{3}\left(5\right)+{\mathrm{log}}_{3}\left(8\right)-{\mathrm{log}}_{3}\left(2\right)] as a single logarithm.
 Show Solution 
 From left to right, since we have the addition of two logs, we first use the product rule:
 [image: {\mathrm{log}}_{3}\left(5\right)+{\mathrm{log}}_{3}\left(8\right)={\mathrm{log}}_{3}\left(5\cdot 8\right)={\mathrm{log}}_{3}\left(40\right)]
 This simplifies our original expression to:
 [image: {\mathrm{log}}_{3}\left(40\right)-{\mathrm{log}}_{3}\left(2\right)]
 Using the quotient rule:
 [image: {\mathrm{log}}_{3}\left(40\right)-{\mathrm{log}}_{3}\left(2\right)={\mathrm{log}}_{3}\left(\frac{40}{2}\right)={\mathrm{log}}_{3}\left(20\right)]
   [ohm_question hide_question_numbers=1]129766[/ohm_question]
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				 	Make expressions simpler by applying the rules for multiplying, dividing, and raising numbers to powers
 
  Simplifying Expressions Using the Rules for Multiplying, Dividing, and Raising Numbers to Powers
 Simplifying expressions by applying the rules for multiplying, dividing, and raising numbers to powers is a fundamental skill in algebra and calculus. Mastery of this skill allows you to handle complex equations more efficiently and is crucial for understanding more advanced mathematical concepts, such as integrals, exponential functions, and logarithms.
 The Power Rule for Exponents
 Another word for an exponent is power. You have likely seen or heard an example such as [image: 3^5] can be described as [image: 3] raised to the [image: 5]th power. In this section, we will further expand our capabilities with exponents. We will learn what to do when a term with a power is raised to another power, what to do when two numbers or variables are multiplied and both are raised to an exponent, and what to do when numbers or variables that are divided are raised to a power. We will begin by raising powers to powers.
 the power rule for exponents
 For any positive number [image: x] and integers [image: a] and [image: b]: [image: \left(x^{a}\right)^{b}=x^{a\cdot{b}}].
 
  [ohm_question hide_question_numbers=1]287140[/ohm_question] Raise a Product to a Power
 Raising a product to a power is a fundamental operation in algebra that demonstrates how exponents interact with multiplication. This operation is widely used across various mathematical disciplines, including geometry, where it might be used to calculate the volume of shapes, and in finance, where it can be used to calculate compounded interest over multiple periods.
 The rule simplifies the process of working with powers of products. Instead of multiplying the base numbers repeatedly, we apply the exponent to each factor individually. This is based on the distributive property of exponents over multiplication.
 a product raised to a power
 For any nonzero numbers [image: a] and [image: b] and any integer [image: x], [image: \left(ab\right)^{x}=a^{x}\cdot{b^{x}}].
 
  Simplify the following: [image: \left(2yz\right)^{6}] Show Solution Apply the exponent to each number in the product.[image: 2^{6}y^{6}z^{6}]
 Answer: [image: \left(2yz\right)^{6}=64y^{6}z^{6}]
  If the variable has an exponent with it, use the Power Rule: multiply the exponents.
 Simplify the following:[image: \left(−7a^{4}b\right)^{2}] Show Solution Apply the exponent [image: 2] to each factor within the parentheses.[image: \left(−7\right)^{2}\left(a^{4}\right)^{2}\left(b\right)^{2}]Square the coefficient and use the Power Rule to square [image: \left(a^{4}\right)^{2}].
 [image: 49a^{4\cdot2}b^{2}]
 Simplify.
 [image: 49a^{8}b^{2}]
  
 Answer: [image: \left(-7a^{4}b\right)^{2}=49a^{8}b^{2}]
   The Product Rule for Exponents
 The Product Rule for Exponents is one of the essential rules in algebra that simplifies the process of working with powers. This rule is pivotal when dealing with exponential expressions, particularly when multiplying them. In essence, it tells us that when we multiply two exponents with the same base, we can simply add the exponents to get the new power of the base.
 This rule is extremely useful in various mathematical and real-world applications, such as calculating compound interest, understanding scientific notation, or solving problems in physics and engineering. By using the Product Rule, we can manage and simplify complex expressions without the need for lengthy multiplication.
 the product rule for exponents
 For any number [image: x] and any integers [image: a] and [image: b], [image: \left(x^{a}\right)\left(x^{b}\right) = x^{a+b}].
  
 To multiply exponential terms with the same base, add the exponents.
 
  [image: Caution]Caution! When you are reading mathematical rules, it is important to pay attention to the conditions on the rule. For example, when using the product rule, you may only apply it when the terms being multiplied have the same base and the exponents are integers. Conditions on mathematical rules are often given before the rule is stated, as in this example it says “For any number [image: x] and any integers [image: a] and [image: b].”
 Simplify the following: [image: (a^{3})(a^{7})]
 Show Solution The base of both exponents is [image: a], so the product rule applies.
 [image: \left(a^{3}\right)\left(a^{7}\right)]
 Add the exponents with a common base.
 [image: a^{3+7}]
  
 Answer: [image: \left(a^{3}\right)\left(a^{7}\right) = a^{10}]
   When multiplying more complicated terms, multiply the coefficients and then multiply the variables.
 Simplify the following: [image: 5a^{4}\cdot7a^{6}]
 Show Solution Multiply the coefficients.
 [image: 35\cdot{a}^{4}\cdot{a}^{6}]
 The base of both exponents is [image: a], so the product rule applies. Add the exponents.
 [image: 35\cdot{a}^{4+6}]
 Add the exponents with a common base.
 [image: 35\cdot{a}^{10}]
  
 Answer: [image: 5a^{4}\cdot7a^{6}=35a^{10}]
   [ohm_question hide_question_numbers=1]287141[/ohm_question] The Quotient (Division) Rule for Exponents
 The Quotient Rule for Exponents is as crucial as the Product Rule and serves as its counterpart for division. This rule assists in simplifying expressions where we have exponential terms with the same base being divided. It states that when you divide exponents with the same base, you can subtract the exponents.
 This rule has significant practical applications, especially in fields that involve calculations of rates of change, decay, or growth when they are decreasing, such as in the case of depreciation in finance or radioactive decay in physics.
 the quotient (division) rule for exponents
 For any non-zero number [image: x] and any integers [image: a] and [image: b]:
 [image: \displaystyle \frac{{{x}^{a}}}{{{x}^{b}}}={{x}^{a-b}}]
 To divide exponential terms with the same base, subtract the exponents.
 
  Evaluate the following:[image: \displaystyle \frac{{{4}^{9}}}{{{4}^{4}}}] Show Solution These two exponents have the same base, [image: 4]. According to the Quotient Rule, you can subtract the power in the denominator from the power in the numerator.
 [image: \displaystyle {{4}^{9-4}}]
  
 [image: \displaystyle \frac{{{4}^{9}}}{{{4}^{4}}}=4^{5}]
   When dividing terms that also contain coefficients, divide the coefficients and then divide variable powers with the same base by subtracting the exponents.
 Simplify the following:[image: \displaystyle \frac{12{{x}^{4}}}{2x}] Show Solution Separate into numerical and variable factors.
 [image: \displaystyle \left( \frac{12}{2} \right)\left( \frac{{{x}^{4}}}{x} \right)]
 Since the bases of the exponents are the same, you can apply the Quotient Rule. Divide the coefficients and subtract the exponents of matching variables.
 [image: \displaystyle 6\left( {{x}^{4-1}} \right)]
  
 [image: \displaystyle \frac{12{{x}^{4}}}{2x}]=[image: \displaystyle 6{{x}^{3}}]
   [ohm_question hide_question_numbers=1]287143[/ohm_question] 
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				 	Identify hyperbolic functions their graphs, and understand their fundamental identities
 
  Hyperbolic Functions
 Hyperbolic functions are defined in terms of certain combinations of [image: e^x] and [image: e^{−x}]. These functions arise naturally in various engineering and physics applications, including the study of water waves and vibrations of elastic membranes.
 Another common use for a hyperbolic function is the representation of a hanging chain or cable, also known as a catenary. If we introduce a coordinate system so that the low point of the chain lies along the [image: y]-axis, we can describe the height of the chain in terms of a hyperbolic function. 
 [image: A photograph of a spider web collecting dew drops.]Figure 6. The shape of a strand of silk in a spider’s web can be described in terms of a hyperbolic function. The same shape applies to a chain or cable hanging from two supports with only its own weight. (credit: “Mtpaley”, Wikimedia Commons) Using the definition of [image: \cosh(x)] and principles of physics, it can be shown that the height of a hanging chain can be described by the function [image: h(x)=a \cosh(x/a)+c] for certain constants [image: a] and [image: c].
  hyperbolic functions
 Hyperbolic cosine
 [image: \cosh x=\large \frac{e^x+e^{−x}}{2}]
  
 Hyperbolic sine
 [image: \sinh x=\large \frac{e^x-e^{−x}}{2}]
  
 Hyperbolic tangent
 [image: \tanh x=\large \frac{\sinh x}{\cosh x} \normalsize = \large \frac{e^x-e^{−x}}{e^x+e^{−x}}]
  
 Hyperbolic cosecant
 [image: \text{csch} \, x=\large \frac{1}{\sinh x} \normalsize = \large \frac{2}{e^x-e^{−x}}]
  
 Hyperbolic secant
 [image: \text{sech} \, x=\large \frac{1}{\cosh x} \normalsize = \large \frac{2}{e^x+e^{−x}}]
  
 Hyperbolic cotangent
 [image: \coth x=\large \frac{\cosh x}{\sinh x} \normalsize = \large \frac{e^x+e^{−x}}{e^x-e^{−x}}]
  The name cosh rhymes with “gosh,” whereas the name sinh is pronounced “cinch.” Tanh, sech, csch, and coth are pronounced “tanch,” “seech,” “coseech,” and “cotanch,” respectively.
  But why are these functions called hyperbolic functions?
 To answer this question, consider the quantity [image: \cosh^2 t-\sinh^2 t]. Using the definition of [image: \cosh] and [image: \sinh], we see that
 [image: \cosh^2 t-\sinh^2 t=\large \frac{e^{2t}+2+e^{-2t}}{4}-\frac{e^{2t}-2+e^{-2t}}{4} \normalsize =1]
  
 This identity is the analog of the trigonometric identity [image: \cos^2 t+\sin^2 t=1]. Here, given a value [image: t], the point [image: (x,y)=(\cosh t,\sinh t)] lies on the unit hyperbola [image: x^2-y^2=1] (Figure 7).
 [image: An image of a graph. The x axis runs from -1 to 3 and the y axis runs from -3 to 3. The graph is of the relation “(x squared) - (y squared) -1”. The left most point of the relation is at the x intercept, which is at the point (1, 0). From this point the relation both increases and decreases in curves as x increases. This relation is known as a hyperbola and it resembles a sideways “U” shape. There is a point plotted on the graph of the relation labeled “(cosh(1), sinh(1))”, which is at the approximate point (1.5, 1.2).]Figure 7. The unit hyperbola [image: \cosh^2 t-\sinh^2 t=1].  If you think hyperbolic functions look a lot like trigonometric ones, you’re not wrong! They share similar properties because they’re both connected to the concept of the exponential function [image: e^x]. Remember, while trigonometric functions relate to the unit circle, hyperbolic functions are associated with the unit hyperbola.
  Graphs of Hyperbolic Functions
 The graphs of [image: \cosh x] and [image: \sinh x], can be derived by observing how they relate to exponential functions.
 As [image: x] approaches towards infinity, both functions approach [image: \frac{1}{2}e^x] because the term [image: e^{−x}] becomes negligible.
 In contrast, as [image: x] moves towards negative infinity, [image: \cosh x] mirrors [image: \frac{1}{2}e^{−x}], while [image: \sinh x] mirrors [image: -\frac{1}{2}e^{−x}].
 Therefore, the graphs [image: \frac{1}{2}e^x, \, \frac{1}{2}e^{−x}], and [image: −\frac{1}{2}e^{−x}] provide a roadmap for sketching the graphs.
 When graphing [image: \tanh x], we note that its value starts at [image: 0] when [image: x] is [image: 0] and then ascends towards [image: 1] or descends towards  [image: -1] as [image: x] goes to positive or negative infinity, respectively.
 The graphs of the other three hyperbolic functions can be sketched using the graphs of [image: \cosh x, \, \sinh x], and [image: \tanh x] (Figure 8).
 [image: An image of six graphs. Each graph has an x axis that runs from -3 to 3 and a y axis that runs from -4 to 4. The first graph is of the function “y = cosh(x)”, which is a hyperbola. The function decreases until it hits the point (0, 1), where it begins to increase. There are also two functions that serve as a boundary for this function. The first of these functions is “y = (1/2)(e to power of -x)”, a decreasing curved function and the second of these functions is “y = (1/2)(e to power of x)”, an increasing curved function. The function “y = cosh(x)” is always above these two functions without ever touching them. The second graph is of the function “y = sinh(x)”, which is an increasing curved function. There are also two functions that serve as a boundary for this function. The first of these functions is “y = (1/2)(e to power of x)”, an increasing curved function and the second of these functions is “y = -(1/2)(e to power of -x)”, an increasing curved function that approaches the x axis without touching it. The function “y = sinh(x)” is always between these two functions without ever touching them. The third graph is of the function “y = sech(x)”, which increases until the point (0, 1), where it begins to decrease. The graph of the function has a hump. The fourth graph is of the function “y = csch(x)”. On the left side of the y axis, the function starts slightly below the x axis and decreases until it approaches the y axis, which it never touches. On the right side of the y axis, the function starts slightly to the right of the y axis and decreases until it approaches the x axis, which it never touches. The fifth graph is of the function “y = tanh(x)”, an increasing curved function. There are also two functions that serve as a boundary for this function. The first of these functions is “y = 1”, a horizontal line function and the second of these functions is “y = -1”, another horizontal line function. The function “y = tanh(x)” is always between these two functions without ever touching them. The sixth graph is of the function “y = coth(x)”. On the left side of the y axis, the function starts slightly below the boundary line “y = 1” and decreases until it approaches the y axis, which it never touches. On the right side of the y axis, the function starts slightly to the right of the y axis and decreases until it approaches the boundary line “y = -1”, which it never touches.]Figure 8. The hyperbolic functions involve combinations of [image: e^x] and [image: e^{−x}]. 
 Identities Involving Hyperbolic Functions
 Just as trigonometric functions have identities that allow for the simplification and transformation of expressions, hyperbolic functions also possess their own set of identities.
 hyperbolic function identities
 Hyperbolic Reflection Identities: 	[image: \cosh(−x)=\cosh x]
 	[image: \sinh(−x)=−\sinh x]
 
 Hyperbolic Pythagorean Identities:
 	[image: \cosh^2 x-\sinh^2 x=1]
 
 Hyperbolic Squared Identities:
 	[image: 1-\tanh^2 x=\text{sech}^2 x]
 	[image: \coth^2 x-1=\text{csch}^2 x]
 
 Hyperbolic Addition Formulas:
 	[image: \sinh(x \pm y)=\sinh x \cosh y \pm \cosh x \sinh y]
 	[image: \cosh (x \pm y)=\cosh x \cosh y \pm \sinh x \sinh y]
 
 Exponential Definitions of Hyperbolic Functions
 	[image: \cosh x+\sinh x=e^x]
 	[image: \cosh x-\sinh x=e^{−x}]
 
 
  	Simplify [image: \sinh(5 \ln x)].
 	If [image: \sinh x=\frac{3}{4}], find the values of the remaining five hyperbolic functions.
 
 Show Solution 
 	Using the definition of the [image: \sinh] function, we write [image: \sinh(5 \ln x)=\large \frac{e^{5 \ln x}-e^{-5 \ln x}}{2} \normalsize = \large \frac{e^{\ln(x^5)}-e^{\ln(x^{-5})}}{2} \normalsize =\large \frac{x^5-x^{-5}}{2}].
 
 	Using the identity [image: \cosh^2 x-\sinh^2 x=1], we see that [image: \cosh^2 x=1+\big(\frac{3}{4}\big)^2=\frac{25}{16}].
 Since [image: \cosh x \ge 1] for all [image: x], we must have [image: \cosh x=5/4]. Then, using the definitions for the other hyperbolic functions, we conclude that [image: \tanh x=3/5, \, \text{csch} \, x=4/3, \, \text{sech} \, x=4/5], and [image: \coth x=5/3].
 
 
 Watch the following video to see the worked solution to this example.https://youtube.com/watch?v=tOkk_pSFpzk%3Fcontrols%3D0%26start%3D1498%26end%3D1738%26autoplay%3D0For closed captioning, open the video on its original page by clicking the Youtube logo in the lower right-hand corner of the video display. In YouTube, the video will begin at the same starting point as this clip, but will continue playing until the very end.
 You can view the transcript for this video using this link (opens in new window).
   [ohm_question hide_question_numbers=1]287174[/ohm_question]
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				 	Understand the natural logarithm and the mathematical constant e using integrals
 	Identify how to differentiate the natural logarithm function
 	Perform integrations where the natural logarithm is involved
 	Understand how to find derivatives and integrals of exponential functions
 	Convert logarithmic and exponential expressions to base e forms
 
  We already examined exponential functions and logarithms in earlier chapters. However, we glossed over some key details in the previous discussions. For example, we did not study how to treat exponential functions with exponents that are irrational. The definition of the number [image: e] is another area where the previous development was somewhat incomplete. We now have the tools to deal with these concepts in a more mathematically rigorous way, and we do so in this section.
 For purposes of this section, assume we have not yet defined the natural logarithm, the number [image: e], or any of the integration and differentiation formulas associated with these functions. 
 The Natural Logarithm as an Integral
 Recall the power rule for integrals:
 [image: \displaystyle\int {x}^{n}dx=\frac{{x}^{n+1}}{n+1}+C,n\ne \text{−}1.]
 This rule doesn’t work for [image: n=-1,] as it would force us to divide by zero. So, how do we integrate [image: \displaystyle\int \frac{1}{x}dx?] According to the Fundamental Theorem of Calculus, we know that [image: {\displaystyle\int }_{1}^{x}\dfrac{1}{t}dt] is an antiderivative of [image: \frac{1}{x}.] 
 Therefore, we define the natural logarithm function as follows:
 defining the natural logarithm
 For [image: x>0,] define the natural logarithm function by
 [image: \text{ln}x={\displaystyle\int }_{1}^{x}\frac{1}{t}dt]
  For [image: x>1,] this represents the area under the curve [image: y=\frac{1}{t}] from [image: 1] to [image: x.] For [image: x<1,] we have,
 [image: {\displaystyle\int }_{1}^{x}\frac{1}{t}dt=\text{−}{\displaystyle\int }_{x}^{1}\frac{1}{t}dt,],
 so it is the negative of the area under the curve from [image: x\text{ to }1].
 [image: This figure has two graphs. The first is the curve y=1/t. It is decreasing and in the first quadrant. Under the curve is a shaded area. The area is bounded to the left at x=1. The area is labeled “area=lnx”. The second graph is the same curve y=1/t. It has shaded area under the curve bounded to the right by x=1. It is labeled “area=-lnx”.]Figure 1. (a) When [image: x>1,] the natural logarithm is the area under the curve [image: y=\frac{1}{t}] from [image: 1\text{ to }x.] (b) When [image: x<1,] the natural logarithm is the negative of the area under the curve from [image: x] to 1. Notice that [image: \text{ln}1=0.] Furthermore, since [image: \frac{1}{t} > 0] for [image: t > 0], [image: \ln x] is increasing for [image: x > 0].
 Properties of the Natural Logarithm
 Because of the way we defined the natural logarithm, the following differentiation formula falls out immediately as a result of to the Fundamental Theorem of Calculus.
 derivative of the natural logarithm
 For [image: x>0,] the derivative of the natural logarithm is given by
 [image: \frac{d}{dx}\text{ln}x=\dfrac{1}{x}.]
 The function [image: \text{ln}x] is differentiable; therefore, it is continuous.
 A graph of [image: \text{ln}x] is shown below. Notice that it is continuous throughout its domain of [image: (0,\infty ).]
 [image: This figure is a graph. It is an increasing curve labeled f(x)=lnx. The curve is increasing with the y-axis as an asymptote. The curve intersects the x-axis at x=1.]Figure 2. The graph of [image: f(x)=\text{ln}x] shows that it is a continuous function. Calculate the following derivatives:
 	[image: \frac{d}{dx}\text{ln}(5{x}^{3}-2)]
 	[image: \frac{d}{dx}{(\text{ln}(3x))}^{2}]
 
 Show Solution 
 We need to apply the chain rule in both cases.
 	[image: \frac{d}{dx}\text{ln}(5{x}^{3}-2)=\frac{15{x}^{2}}{5{x}^{3}-2}]
 	[image: \frac{d}{dx}{(\text{ln}(3x))}^{2}=\frac{2(\text{ln}(3x))·3}{3x}=\frac{2(\text{ln}(3x))}{x}]
 
   Note that if we use the absolute value function and create a new function [image: \text{ln}|x|,] we can extend the domain of the natural logarithm to include [image: x<0.] Then [image: (\frac{d}{dx})\text{ln}|x|=\frac{1}{x}.] This gives rise to the familiar integration formula.
 integral of (1/[image: u]) du
 The natural logarithm is the antiderivative of the function [image: f(u)=1\text{/}u\text{:}]
 [image: \displaystyle\int \frac{1}{u}du=\text{ln}|u|+C]
  Calculate the integral [image: \displaystyle\int \frac{{x}^{2}}{{x}^{3}+6}dx.]
 Show Solution 
 [image: \displaystyle\int \frac{{x}^{2}}{{x}^{3}+6}dx=\frac{1}{3}\text{ln}|{x}^{3}+6|+C]
 Watch the following video to see the worked solution to this example.
 https://youtube.com/watch?v=6_9o-2mK1tk%3Fcontrols%3D0%26start%3D137%26end%3D234%26autoplay%3D0
 For closed captioning, open the video on its original page by clicking the Youtube logo in the lower right-hand corner of the video display. In YouTube, the video will begin at the same starting point as this clip, but will continue playing until the very end.
 You can view the transcript for this segmented clip of “6.7 Try it Problems” here (opens in new window).
 
  [ohm_question hide_question_numbers=1]288449[/ohm_question]
  Although we have called our function a “logarithm,” we have not actually proved that any of the properties of logarithms hold for this function. We do so here.
 properties of the natural logarithm
 If [image: a,b>0] and [image: r] is a rational number, then
 	[image: \text{ln}1=0]
 	[image: \text{ln}(ab)=\text{ln}a+\text{ln}b]
 	[image: \text{ln}(\frac{a}{b})=\text{ln}a-\text{ln}b]
 	[image: \text{ln}({a}^{r})=r\text{ln}a]
 
  Proof
 
 	By definition, [image: \text{ln}1={\displaystyle\int }_{1}^{1}\frac{1}{t}dt=0.]
 	We have [image: \text{ln}(ab)={\displaystyle\int }_{1}^{ab}\frac{1}{t}dt={\displaystyle\int }_{1}^{a}\frac{1}{t}dt+{\displaystyle\int }_{a}^{ab}\frac{1}{t}dt.]
 Use [image: u\text{-substitution}] on the last integral in this expression. Let [image: u=t\text{/}a.] Then [image: du=(1\text{/}a)dt.] Furthermore, when [image: t=a,u=1,] and when [image: t=ab,u=b.] So we get
 [image: \text{ln}(ab)={\displaystyle\int }_{1}^{a}\frac{1}{t}dt+{\displaystyle\int }_{a}^{ab}\frac{1}{t}dt={\displaystyle\int }_{1}^{a}\frac{1}{t}dt+{\displaystyle\int }_{1}^{ab}\frac{a}{t}·\frac{1}{a}dt={\displaystyle\int }_{1}^{a}\frac{1}{t}dt+{\displaystyle\int }_{1}^{b}\frac{1}{u}du=\text{ln}a+\text{ln}b.]
  
 
 	Note that [image: \frac{d}{dx}\text{ln}({x}^{r})=\frac{r{x}^{r-1}}{{x}^{r}}=\frac{r}{x}.]
 Furthermore,
 [image: \frac{d}{dx}(r\text{ln}x)=\frac{r}{x}.]
 Since the derivatives of these two functions are the same, by the Fundamental Theorem of Calculus, they must differ by a constant. So we have
 [image: \text{ln}({x}^{r})=r\text{ln}x+C]
 for some constant [image: C.] Taking [image: x=1,] we get
 [image: \begin{array}{ccc}\hfill \text{ln}({1}^{r})& =\hfill & r\text{ln}(1)+C\hfill \\ \hfill 0& =\hfill & r(0)+C\hfill \\ \hfill C& =\hfill & 0.\hfill \end{array}]
 Thus [image: \text{ln}({x}^{r})=r\text{ln}x] and the proof is complete. Note that we can extend this property to irrational values of [image: r] later in this section.
 Part iii. follows from parts ii. and iv. and the proof is left to you.
 
 
 [image: _\blacksquare]
  Use properties of logarithms to simplify the following expression into a single logarithm:
 [image: \text{ln}9-2\text{ln}3+\text{ln}(\frac{1}{3})] 
 Show Solution 
 We have
 [image: \text{ln}9-2\text{ln}3+\text{ln}(\frac{1}{3})=\text{ln}({3}^{2})-2\text{ln}3+\text{ln}({3}^{-1})=2\text{ln}3-2\text{ln}3-\text{ln}3=\text{−}\text{ln}3.]
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				Defining the Number [image: e]
 Now that we have the natural logarithm defined, we can use that function to define the number [image: e.]
 the number [image: e]
 The number [image: e] is defined to be the real number such that
 [image: \text{ln}e=1]
  To put it another way, the area under the curve [image: y=\frac{1}{t}/latex] between <img src="https://atu0g9ctah.execute-api.ca-central-1.amazonaws.com/latest/latex?latex=&fg=000000&isBase64=1" alt="" title="" class="latex mathjax" />t=1] and [image: t=e] is [image: 1] (Figure 3).
 [image: This figure is a graph. It is the curve y=1/t. It is decreasing and in the first quadrant. Under the curve is a shaded area. The area is bounded to the left at x=1 and to the right at x=e. The area is labeled “area=1”.]Figure 3. The area under the curve from 1 to [image: e] is equal to one. The proof that such a number exists and is unique is left to you. (Hint: Use the Intermediate Value Theorem to prove existence and the fact that [image: \text{ln}x] is increasing to prove uniqueness.)
  The number [image: e] can be shown to be irrational, although we won’t do so here. Its approximate value is given by
 [image: e\approx 2.71828182846]
 The Exponential Function
 We now turn our attention to the function [image: {e}^{x}.] Note that the natural logarithm is one-to-one and therefore has an inverse function. For now, we denote this inverse function by [image: \text{exp }x.] Then,
 [image: \text{exp}(\text{ln }x)=x\text{ for }x>0\text{ and }\text{ln}(\text{exp }x)=x\text{ for all }x.]
 The following figure shows the graphs of [image: \text{exp }x] and [image: \text{ln }x.]
 [image: This figure is a graph. It has three curves. The first curve is labeled exp x. It is an increasing curve with the x-axis as a horizontal asymptote. It intersects the y-axis at y=1. The second curve is a diagonal line through the origin. The third curve is labeled lnx. It is an increasing curve with the y-axis as an vertical axis. It intersects the x-axis at x=1.]Figure 4. The graphs of [image: \text{ln}x] and [image: \text{exp}x.] We hypothesize that [image: \text{exp }x={e}^{x}.]
 For rational values of [image: x,] this is easy to show. If [image: x] is rational, then we have [image: \text{ln }({e}^{x})=x\text{ln }e=x.] Thus, when [image: x] is rational, [image: {e}^{x}=\text{exp }x.]
 For irrational values of [image: x,] we simply define [image: {e}^{x}] as the inverse function of [image: \text{ln }x.]
 defining the exponential function
 For any real number [image: x,] define [image: y={e}^{x}] to be the number for which
 [image: \text{ln}y=\text{ln}({e}^{x})=x]
  Then we have [image: {e}^{x}=\text{exp}(x)] for all [image: x,] and thus
 [image: {e}^{\text{ln}x}=x\text{ for }x>0\text{ and }\text{ln}({e}^{x})=x]
 for all [image: x.]
 Properties of the Exponential Function
 Since the exponential function was defined in terms of an inverse function, and not in terms of a power of [image: e,] we must verify that the usual laws of exponents hold for the function [image: {e}^{x}.]
 properties of the exponential function
 If [image: p] and [image: q] are any real numbers and [image: r] is a rational number, then
 	[image: {e}^{p}{e}^{q}={e}^{p+q}]
 	[image: \frac{{e}^{p}}{{e}^{q}}={e}^{p-q}]
 	[image: {({e}^{p})}^{r}={e}^{pr}]
 
  Proof
 
 Note that if [image: p] and [image: q] are rational, the properties hold. However, if [image: p] or [image: q] are irrational, we must apply the inverse function definition of [image: {e}^{x}] and verify the properties. Only the first property is verified here; the other two are left to you. We have
 [image: \text{ln}({e}^{p}{e}^{q})=\text{ln}({e}^{p})+\text{ln}({e}^{q})=p+q=\text{ln}({e}^{p+q}).]
  
 Since [image: \text{ln}x] is one-to-one, then
 [image: {e}^{p}{e}^{q}={e}^{p+q}.]
 [image: _\blacksquare]
  As with part iv. of the logarithm properties, we can extend property iii. to irrational values of [image: r,] and we do so by the end of the section.
 We also want to verify the differentiation formula for the function [image: y={e}^{x}.]
 To do this, we need to use implicit differentiation. Let [image: y={e}^{x}.] Then,
 [image: \begin{array}{ccc}\hfill \text{ln}y& =\hfill & x\hfill \\ \hfill \frac{d}{dx}\text{ln}y& =\hfill & \frac{d}{dx}x\hfill \\ \hfill \frac{1}{y}\frac{dy}{dx}& =\hfill & 1\hfill \\ \hfill \frac{dy}{dx}& =\hfill & y.\hfill \end{array}]
 Thus, we see
 [image: \frac{d}{dx}{e}^{x}={e}^{x}]
 as desired, which leads immediately to the integration formula
 [image: \displaystyle\int {e}^{x}dx={e}^{x}+C]
 We apply these formulas in the following examples.
 Evaluate the following derivatives:
 	[image: \frac{d}{dt}{e}^{3t}{e}^{{t}^{2}}]
 	[image: \frac{d}{dx}{e}^{3{x}^{2}}]
 
 Show Solution 
 We apply the chain rule as necessary.
 	[image: \frac{d}{dt}{e}^{3t}{e}^{{t}^{2}}=\frac{d}{dt}{e}^{3t+{t}^{2}}={e}^{3t+{t}^{2}}(3+2t)]
 	[image: \frac{d}{dx}{e}^{3{x}^{2}}={e}^{3{x}^{2}}6x]
 
  
  Evaluate the following integral: [image: \displaystyle\int \frac{4}{{e}^{3x}}dx.]
 Show Solution 
 [image: \displaystyle\int \frac{4}{{e}^{3x}}dx=-\frac{4}{3}{e}^{-3x}+C]
 Watch the following video to see the worked solution to this example.
 https://youtube.com/watch?v=6_9o-2mK1tk%3Fcontrols%3D0%26start%3D359%26end%3D460%26autoplay%3D0
 For closed captioning, open the video on its original page by clicking the Youtube logo in the lower right-hand corner of the video display. In YouTube, the video will begin at the same starting point as this clip, but will continue playing until the very end.
 You can view the transcript for this segmented clip of "6.7 Try It Problems" here (opens in new window).
  [ohm_question hide_question_numbers=1]20047[/ohm_question]
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				General Logarithmic and Exponential Functions
 We close this section by looking at exponential functions and logarithms with bases other than [image: e.]
 Exponential functions are functions of the form [image: f(x)={a}^{x}.] Note that unless [image: a=e,] we still do not have a mathematically rigorous definition of these functions for irrational exponents.
 Let’s rectify that here by defining the function [image: f(x)={a}^{x}] in terms of the exponential function [image: {e}^{x}.] 
 definition of general exponential functions
 For any [image: a>0,] and for any real number [image: x,] define [image: y={a}^{x}] as follows:
 [image: y={a}^{x}={e}^{x\text{ln }a}]
  Now [image: {a}^{x}] is defined rigorously for all values of [image: x].
 This definition also allows us to generalize property iv. of logarithms and property iii. of exponential functions to apply to both rational and irrational values of [image: r.] It is straightforward to show that properties of exponents hold for general exponential functions defined in this way.
 Let’s now apply this definition to calculate a differentiation formula for [image: {a}^{x}.] We have
 [image: \frac{d}{dx}{a}^{x}=\frac{d}{dx}{e}^{x\text{ln }a}={e}^{x\text{ln }a}\text{ln}a={a}^{x}\text{ln }a.]
 The corresponding integration formula follows immediately.
 derivatives and integrals involving general exponential functions
 Let [image: a>0.] Then,
 [image: \frac{d}{dx}{a}^{x}={a}^{x}\text{ln }a]
 and
 [image: \displaystyle\int {a}^{x}dx=\frac{1}{\text{ln }a}{a}^{x}+C]
  If [image: a\ne 1,] then the function [image: {a}^{x}] is one-to-one and has a well-defined inverse. Its inverse is denoted by [image: {\text{log}}_{a}x.] Then,
 [image: y={\text{log}}_{a}x\text{if and only if}x={a}^{y}]
 Note that general logarithm functions can be written in terms of the natural logarithm. Let [image: y={\text{log}}_{a}x.] Then, [image: x={a}^{y}.] Taking the natural logarithm of both sides of this second equation, we get
 [image: \begin{array}{ccc}\hfill \text{ln}x& =\hfill & \text{ln}({a}^{y})\hfill \\ \hfill \text{ln}x& =\hfill & y\text{ln}a\hfill \\ \hfill y& =\hfill & \frac{\text{ln}x}{\text{ln}a}\hfill \\ \hfill {\text{log}}_{}x& =\hfill & \frac{\text{ln}x}{\text{ln}a}.\hfill \end{array}]
 Thus, we see that all logarithmic functions are constant multiples of one another. Next, we use this formula to find a differentiation formula for a logarithm with base [image: a.] Again, let [image: y={\text{log}}_{a}x.] Then,
 [image: \begin{array}{cc}\hfill \frac{dy}{dx}& =\frac{d}{dx}({\text{log}}_{a}x)\hfill \\ & =\frac{d}{dx}(\frac{\text{ln}x}{\text{ln}a})\hfill \\ & =(\frac{1}{\text{ln}a})\frac{d}{dx}(\text{ln}x)\hfill \\ & =\frac{1}{\text{ln}a}·\frac{1}{x}\hfill \\ & =\frac{1}{x\text{ln}a}.\hfill \end{array}]
 derivatives of general logarithm functions
 Let [image: a>0.] Then,
 [image: \frac{d}{dx}{\text{log}}_{a}x=\frac{1}{x\text{ln}a}]
  Evaluate the following derivatives:
 	[image: \frac{d}{dt}({4}^{t}·{2}^{{t}^{2}})]
 	[image: \frac{d}{dx}{\text{log}}_{8}(7{x}^{2}+4)]
 
 Show Solution 
 We need to apply the chain rule as necessary.
 	[image: \frac{d}{dt}({4}^{t}·{2}^{{t}^{2}})=\frac{d}{dt}({2}^{2t}·{2}^{{t}^{2}})=\frac{d}{dt}({2}^{2t+{t}^{2}})={2}^{2t+{t}^{2}}\text{ln}(2)(2+2t)]
 	[image: \frac{d}{dx}{\text{log}}_{8}(7{x}^{2}+4)=\frac{1}{(7{x}^{2}+4)(\text{ln}8)}(14x)]
 
   Evaluate the following integral: [image: \displaystyle\int {x}^{2}{2}^{{x}^{3}}dx.]
 Show Solution 
 [image: \displaystyle\int {x}^{2}{2}^{{x}^{3}}dx=\frac{1}{3\text{ln}2}{2}^{{x}^{3}}+C]
 Watch the following video to see the worked solution to the above Try It.
 https://youtube.com/watch?v=6_9o-2mK1tk%3Fcontrols%3D0%26start%3D664%26end%3D789%26autoplay%3D0
 For closed captioning, open the video on its original page by clicking the Youtube logo in the lower right-hand corner of the video display. In YouTube, the video will begin at the same starting point as this clip, but will continue playing until the very end.
 You can view the transcript for this segmented clip of “6.7 Try It Problems” here (opens in new window).
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				 	Understand the natural logarithm and the mathematical constant [image: e] using integrals
 	Identify how to differentiate the natural logarithm function
 	Perform integrations where the natural logarithm is involved
 	Understand how to find derivatives and integrals of exponential functions
 	Convert logarithmic and exponential expressions to base e forms
 
  Integrals, Exponential Functions, and Logarithms
 https://youtube.com/watch?v=zmnh448y_ZU%3Fsi%3DxK_q41S_THs-JGGl
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				 	Apply the exponential growth formula to real-world cases like increasing populations or investments
 	Describe how long it takes for quantities to double or reduce by half
 	Implement the exponential decay formula for scenarios like radioactive substances decaying or objects cooling down
 
  Exponential Growth Model
 Many systems exhibit exponential growth. These systems follow a model of the form [image: y={y}_{0}{e}^{kt},] where [image: {y}_{0}] represents the initial state of the system and [image: k] is a positive constant, called the growth constant.
 Notice that in an exponential growth model, we have
 [image: {y}^{\prime }=k{y}_{0}{e}^{kt}=ky]
 That is, the rate of growth is proportional to the current function value. This is a key feature of exponential growth.
 exponential growth model
 Systems that exhibit exponential growth increase according to the mathematical model
 [image: y={y}_{0}{e}^{kt},]
  
 where [image: {y}_{0}] represents the initial state of the system and [image: k>0] is a constant, called the growth constant.
  Population Growth
 Population growth is a common example of exponential growth.
 Consider a population of bacteria, for instance. It seems plausible that the rate of population growth would be proportional to the size of the population. After all, the more bacteria there are to reproduce, the faster the population grows.
 Figure 1 and the table below represent the growth of a population of bacteria with an initial population of [image: 200] bacteria and a growth constant of [image: 0.02]. Notice that after only [image: 2] hours [image: (120] minutes), the population is [image: 10] times its original size!
 [image: This figure is a graph. It is the exponential curve for y=200e^0.02t. It is in the first quadrant and an increasing function. It begins on the y-axis.]Figure 1. An example of exponential growth for bacteria. Exponential Growth of a Bacterial Population 	Time (min) 	Population Size (no. of bacteria) 
  	10 	244 
 	20 	298 
 	30 	364 
 	40 	445 
 	50 	544 
 	60 	664 
 	70 	811 
 	80 	991 
 	90 	1210 
 	100 	1478 
 	110 	1805 
 	120 	2205 
  
  Note that we are using a continuous function to model what is inherently discrete behavior. At any given time, the real-world population contains a whole number of bacteria, although the model takes on noninteger values. When using exponential growth models, we must always be careful to interpret the function values in the context of the phenomenon we are modeling.
  Consider the population of bacteria described earlier. This population grows according to the function [image: f(t)=200{e}^{0.02t},] where [image: t] is measured in minutes. How many bacteria are present in the population after 5 hours [image: (300] minutes)? When does the population reach 100,000 bacteria?
 Show Solution 
 We have [image: f(t)=200{e}^{0.02t}.] Then
 [image: f(300)=200{e}^{0.02(300)}\approx 80,686.]
 There are 80,686 bacteria in the population after 5 hours.
 To find when the population reaches 100,000 bacteria, we solve the equation
 [image: \begin{array}{ccc}\hfill 100,000& =\hfill & 200{e}^{0.02t}\hfill \\ \hfill 500& =\hfill & {e}^{0.02t}\hfill \\ \hfill \text{ln}500& =\hfill & 0.02t\hfill \\ \hfill t& =\hfill & \frac{\text{ln}500}{0.02}\approx 310.73.\hfill \end{array}]
 The population reaches 100,000 bacteria after 310.73 minutes.
   Let’s now turn our attention to a financial application: compound interest.
 Compound Interest
 Interest that is not compounded is called simple interest. Simple interest is paid once, at the end of the specified time period (usually 1 year). 
 If we put [image: $1000] in a savings account earning [image: 2\%] simple interest per year, then at the end of the year we have,
 [image: 1000(1+0.02)=$1020.]
  Compound interest is paid multiple times per year, depending on the compounding period.
 If a bank compounds the interest every [image: 6] months, it credits half of the year’s interest to the account after [image: 6] months.
 During the second half of the year, the account earns interest not only on the initial [image: $1000,] but also on the interest earned during the first half of the year. Mathematically speaking, at the end of the year, we have
 [image: 1000{(1+\frac{0.02}{2})}^{2}=$1020.10.]
 Similarly, if the interest is compounded every [image: 4] months, we have
 [image: 1000{(1+\frac{0.02}{3})}^{3}=$1020.13,]
 and if the interest is compounded daily [image: (365] times per year), we have [image: $1020.20.]
 If we extend this concept, so that the interest is compounded continuously, after [image: t] years we have
 [image: 1000\underset{n\to \infty }{\text{lim}}{(1+\frac{0.02}{n})}^{nt}.]
 Now let’s manipulate this expression so that we have an exponential growth function. Recall that the number [image: e] can be expressed as a limit:
 [image: e=\underset{m\to \infty }{\text{lim}}{(1+\frac{1}{m})}^{m}.]
 Based on this, we want the expression inside the parentheses to have the form [image: (1+1\text{/}m).] Let [image: n=0.02m.] Note that as [image: n\to \infty ,] [image: m\to \infty] as well. Then we get
 [image: 1000\underset{n\to \infty }{\text{lim}}{(1+\frac{0.02}{n})}^{nt}=1000\underset{m\to \infty }{\text{lim}}{(1+\frac{0.02}{0.02m})}^{0.02mt}=1000{\left[\underset{m\to \infty }{\text{lim}}{(1+\frac{1}{m})}^{m}\right]}^{0.02t}.]
 We recognize the limit inside the brackets as the number [image: e.] So, the balance in our bank account after [image: t] years is given by [image: 1000{e}^{0.02t}.]
  
 
  Generalizing this concept, we see that if a bank account with an initial balance of [image: $P] earns interest at a rate of [image: r\text{%},] compounded continuously, then the balance of the account after [image: t] years is
 [image: \text{Balance}=P{e}^{rt}.]
 A 25-year-old student is offered an opportunity to invest some money in a retirement account that pays [image: 5\%] annual interest compounded continuously. How much does the student need to invest today to have [image: $1] million when she retires at age [image: 65?]
 What if she could earn [image: 6\%] annual interest compounded continuously instead?
 Show Solution 
 We have
 [image: \begin{array}{ccc}\hfill 1,000,000& =\hfill & P{e}^{0.05(40)}\hfill \\ \hfill P& =\hfill & 135,335.28.\hfill \end{array}]
 She must invest [image: $135,335.28] at [image: 5\%] interest.
 If, instead, she is able to earn [image: 6\text{%},] then the equation becomes
 [image: \begin{array}{ccc}\hfill 1,000,000& =\hfill & P{e}^{0.06(40)}\hfill \\ \hfill P& =\hfill & 90,717.95.\hfill \end{array}]
 In this case, she needs to invest only [image: $90,717.95.] This is roughly two-thirds the amount she needs to invest at [image: 5\text{%}.] The fact that the interest is compounded continuously greatly magnifies the effect of the 1% increase in interest rate.
   [ohm_question hide_question_numbers=1]64715[/ohm_question]
  Doubling Time
 If a quantity grows exponentially, the time it takes for the quantity to double remains constant. In other words, it takes the same amount of time for a population of bacteria to grow from [image: 100] to [image: 200] bacteria as it does to grow from [image: 10,000] to [image: 20,000] bacteria. This time is called the doubling time.
 To calculate the doubling time, we want to know when the quantity reaches twice its original size. So we have
 [image: \begin{array}{ccc}\hfill 2{y}_{0}& =\hfill & {y}_{0}{e}^{kt}\hfill \\ \hfill 2& =\hfill & {e}^{kt}\hfill \\ \hfill \text{ln}2& =\hfill & kt\hfill \\ \hfill t& =\hfill & \frac{\text{ln}2}{k}.\hfill \end{array}]
 doubling time
 If a quantity grows exponentially, the doubling time is the amount of time it takes the quantity to double. It is given by
 [image: \text{Doubling time}=\frac{\text{ln}2}{k}.]
  Assume a population of fish grows exponentially. A pond is stocked initially with [image: 500] fish. After [image: 6] months, there are [image: 1000] fish in the pond. The owner will allow his friends and neighbors to fish on his pond after the fish population reaches [image: 10,000]. When will the owner’s friends be allowed to fish?
 Show Solution 
 We know it takes the population of fish [image: 6] months to double in size. So, if [image: t] represents time in months, by the doubling-time formula, we have [image: 6=(\text{ln}2)\text{/}k.] Then, [image: k=(\text{ln}2)\text{/}6.] Thus, the population is given by [image: y=500{e}^{((\text{ln}2)\text{/}6)t}.] To figure out when the population reaches [image: 10,000] fish, we must solve the following equation:
 [image: \begin{array}{ccc}\hfill 10,000& =\hfill & 500{e}^{(\text{ln}2\text{/}6)t}\hfill \\ \hfill 20& =\hfill & {e}^{(\text{ln}2\text{/}6)t}\hfill \\ \hfill \text{ln}20& =\hfill & (\frac{\text{ln}2}{6})t\hfill \\ \hfill t& =\hfill & \frac{6(\text{ln}20)}{\text{ln}2}\approx 25.93.\hfill \end{array}]
 The owner’s friends have to wait [image: 25.93] months (a little more than [image: 2] years) to fish in the pond.
   [ohm_question hide_question_numbers=1]100768[/ohm_question]
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				Exponential Decay Model
 Exponential functions can also be used to model populations that shrink (from disease, for example), or chemical compounds that break down over time. We say that such systems exhibit exponential decay, rather than exponential growth. The model is nearly the same, except there is a negative sign in the exponent. Thus, for some positive constant [image: k,] we have
 [image: y={y}_{0}{e}^{\text{−}kt}.]
 As with exponential growth, there is a differential equation associated with exponential decay. We have
 [image: {y}^{\prime }=\text{−}k{y}_{0}{e}^{\text{−}kt}=\text{−}ky.]
 exponential decay model
 Systems that exhibit exponential decay behave according to the model
 [image: y={y}_{0}{e}^{\text{−}kt},]
 where [image: {y}_{0}] represents the initial state of the system and [image: k>0] is a constant, called the decay constant.
  
 The following figure shows a graph of a representative exponential decay function.
 [image: This figure is a graph in the first quadrant. It is a decreasing exponential curve. It begins on the y-axis at 2000 and decreases towards the t-axis.]Figure 2. An example of exponential decay. Let’s look at a physical application of exponential decay.
 Newton’s Law of Cooling
 Newton’s law of cooling says that an object cools at a rate proportional to the difference between the temperature of the object and the temperature of the surroundings.
 In other words, if [image: T] represents the temperature of the object and [image: {T}_{a}] represents the ambient temperature in a room, then
 [image: {T}^{\prime }=\text{−}k(T-{T}_{a}).]
 Note that this is not quite the right model for exponential decay. We want the derivative to be proportional to the function, and this expression has the additional [image: {T}_{a}] term. Fortunately, we can make a change of variables that resolves this issue.
 Let [image: y(t)=T(t)-{T}_{a}.] Then [image: {y}^{\prime }(t)={T}^{\prime }(t)-0={T}^{\prime }(t),] and our equation becomes
 [image: {y}^{\prime }=\text{−}ky.]
 From our previous work, we know this relationship between [image: y] and its derivative leads to exponential decay. Thus,
 [image: y={y}_{0}{e}^{\text{−}kt},]
 and we see that
 [image: \begin{array}{ccc}\hfill T-{T}_{a}& =\hfill & ({T}_{0}-{T}_{a}){e}^{\text{−}kt}\hfill \\ \hfill T& =\hfill & ({T}_{0}-{T}_{a}){e}^{\text{−}kt}+{T}_{a}\hfill \end{array}]
 where [image: {T}_{0}] represents the initial temperature.
 Let’s apply this formula in the following example.
 According to experienced baristas, the optimal temperature to serve coffee is between [image: 155\text{°}\text{F}] and [image: 175\text{°}\text{F}.] Suppose coffee is poured at a temperature of [image: 200\text{°}\text{F},] and after 2 minutes in a [image: 70\text{°}\text{F}] room it has cooled to [image: 180\text{°}\text{F}.] When is the coffee first cool enough to serve? When is the coffee too cold to serve? Round answers to the nearest half minute.
 Show Solution 
 We have
 [image: \begin{array}{ccc}\hfill T& =\hfill & ({T}_{0}-{T}_{a}){e}^{\text{−}kt}+{T}_{a}\hfill \\ \hfill 180& =\hfill & (200-70){e}^{\text{−}k(2)}+70\hfill \\ \hfill 110& =\hfill & 130{e}^{-2k}\hfill \\ \hfill \frac{11}{13}& =\hfill & {e}^{-2k}\hfill \\ \hfill \text{ln}\frac{11}{13}& =\hfill & -2k\hfill \\ \hfill \text{ln}11-\text{ln}13& =\hfill & -2k\hfill \\ \hfill k& =\hfill & \frac{\text{ln}13-\text{ln}11}{2}.\hfill \end{array}]
 Then, the model is
 [image: T=130{e}^{(\text{ln}11-\text{ln}13\text{/}2)t}+70.]
 The coffee reaches [image: 175\text{°}\text{F}] when
 [image: \begin{array}{ccc}\hfill 175& =\hfill & 130{e}^{(\text{ln}11-\text{ln}13\text{/}2)t}+70\hfill \\ \hfill 105& =\hfill & 130{e}^{(\text{ln}11-\text{ln}13\text{/}2)t}\hfill \\ \hfill \frac{21}{26}& =\hfill & {e}^{(\text{ln}11-\text{ln}13\text{/}2)t}\hfill \\ \hfill \text{ln}\frac{21}{26}& =\hfill & \frac{\text{ln}11-\text{ln}13}{2}t\hfill \\ \hfill \text{ln}21-\text{ln}26& =\hfill & \frac{\text{ln}11-\text{ln}13}{2}t\hfill \\ \hfill t& =\hfill & \frac{2(\text{ln}21-\text{ln}26)}{\text{ln}11-\text{ln}13}\approx 2.56.\hfill \end{array}]
 The coffee can be served about 2.5 minutes after it is poured. The coffee reaches [image: 155\text{°}\text{F}] at
 [image: \begin{array}{ccc}\hfill 155& =\hfill & 130{e}^{(\text{ln}11-\text{ln}13\text{/}2)t}+70\hfill \\ \hfill 85& =\hfill & 130{e}^{(\text{ln}11-\text{ln}13)t}\hfill \\ \hfill \frac{17}{26}& =\hfill & {e}^{(\text{ln}11-\text{ln}13)t}\hfill \\ \hfill \text{ln}17-\text{ln}26& =\hfill & (\frac{\text{ln}11-\text{ln}13}{2})t\hfill \\ \hfill t& =\hfill & \frac{2(\text{ln}17-\text{ln}26)}{\text{ln}11-\text{ln}13}\approx 5.09.\hfill \end{array}]
 The coffee is too cold to be served about 5 minutes after it is poured.
  
  [ohm_question hide_question_numbers=1]288450[/ohm_question]
  Half-Life and Radioactive Decay
 Just as systems exhibiting exponential growth have a constant doubling time, systems exhibiting exponential decay have a constant half-life.
 To calculate the half-life, we want to know when the quantity reaches half its original size. Therefore, we have
 [image: \begin{array}{ccc}\hfill \frac{{y}_{0}}{2}& =\hfill & {y}_{0}{e}^{\text{−}kt}\hfill \\ \hfill \frac{1}{2}& =\hfill & {e}^{\text{−}kt}\hfill \\ \hfill -\text{ln}2& =\hfill & \text{−}kt\hfill \\ \hfill t& =\hfill & \frac{\text{ln}2}{k}.\hfill \end{array}]
 Note: This is the same expression we came up with for doubling time.
 half-life
 If a quantity decays exponentially, the half-life is the amount of time it takes the quantity to be reduced by half. It is given by
 [image: \text{Half-life}=\frac{\text{ln}2}{k}]
 
  One of the most common applications of an exponential decay model is carbon dating. [image: \text{Carbon-}14] decays (emits a radioactive particle) at a regular and consistent exponential rate. Therefore, if we know how much carbon was originally present in an object and how much carbon remains, we can determine the age of the object.
 The half-life of [image: \text{carbon-}14] is approximately [image: 5730] years—meaning, after that many years, half the material has converted from the original [image: \text{carbon-}14] to the new nonradioactive [image: \text{nitrogen-}14.]
 Another example of radioactive decay is uranium-238, which decays into lead-206 over a much longer period, with a half-life of about [image: 4.5] billion years. This property is often used to date rocks and fossils, providing important insights into the history of the Earth and its geological events.
  If we have [image: 100] g [image: \text{carbon-}14] today, how much is left in [image: 50] years?  
 Show Solution 
 We have
 [image: \begin{array}{ccc}\hfill 5730& =\hfill & \frac{\text{ln}2}{k}\hfill \\ \hfill k& =\hfill & \frac{\text{ln}2}{5730}.\hfill \end{array}]
 So, the model says
 [image: y=100{e}^{\text{−}(\text{ln}2\text{/}5730)t}.]
 In 50 years, we have
 [image: \begin{array}{ccc}\hfill y& =\hfill & 100{e}^{\text{−}(\text{ln}2\text{/}5730)(50)}\hfill \\ & \approx \hfill & 99.40.\hfill \end{array}]
 Therefore, in 50 years, 99.40 g of [image: \text{carbon-}14] remains.
  
  If an artifact that originally contained [image: 100] g of carbon now contains [image: 10] g of carbon, how old is it? Round the answer to the nearest hundred years.
 Show Solution 
 To determine the age of the artifact, we must solve
 [image: \begin{array}{ccc}\hfill 10& =\hfill & 100{e}^{\text{−}(\text{ln}2\text{/}5730)t}\hfill \\ \hfill \frac{1}{10}& =\hfill & {e}^{\text{−}(\text{ln}2\text{/}5730)t}\hfill \\ \hfill t& \approx \hfill & 19035.\hfill \end{array}]
 The artifact is about 19,000 years old.
   [ohm_question hide_question_numbers=1]5787[/ohm_question]
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		Exponential Growth and Decay: Apply It

								

	
				 	Apply the exponential growth formula to real-world cases like increasing populations or investments
 	Describe how long it takes for quantities to double or reduce by half
 	Implement the exponential decay formula for scenarios like radioactive substances decaying or objects cooling down
 
  Exponential Growth and Decay
 https://youtube.com/watch?v=M9rcYTuFG4w%3Fsi%3DIaDX4PV6vYgCzXIx https://youtube.com/watch?v=iT2tdp8Z0nY%3Fsi%3DJajoi1ukMgycvhxM
 https://youtube.com/watch?v=R3sl_nT09H0%3Fsi%3DUUqj3uTHOiZXEwpL
  https://youtube.com/watch?v=xDoNxBG1J84%3Fsi%3DBP6EXHpVS8LQf4SO
 https://youtube.com/watch?v=ASV6vqyQEs0%3Fsi%3DutBu-c8Dhlw-pc7_
  Note: These videos use [image: P] and [image: P_0] where the text uses [image: y] and [image: y_0] in the exponential growth and decay equations. While the notation looks different, they are saying the same thing.
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				 	Differentiate and integrate hyperbolic functions and their inverse forms
 	Understand the practical situations where the catenary curve appears
 
  Derivatives and Integrals of the Hyperbolic Functions
 The hyperbolic sine ([image: sinh]) and hyperbolic cosine ([image: cosh]) functions are defined as:
 [image: \text{sinh}x=\dfrac{{e}^{x}-{e}^{\text{−}x}}{2}\text{     and     }\text{cosh}x=\dfrac{{e}^{x}+{e}^{\text{−}x}}{2}]
 The other hyperbolic functions are then defined in terms of [image: \text{sinh}x] and [image: \text{cosh}x.] The graphs of these functions provide insights into their behaviors.
 [image: This figure has six graphs. The first graph labeled “a” is of the function y=sinh(x). It is an increasing function from the 3rd quadrant, through the origin to the first quadrant. The second graph is labeled “b” and is of the function y=cosh(x). It decreases in the second quadrant to the intercept y=1, then becomes an increasing function. The third graph labeled “c” is of the function y=tanh(x). It is an increasing function from the third quadrant, through the origin, to the first quadrant. The fourth graph is labeled “d” and is of the function y=coth(x). It has two pieces, one in the third quadrant and one in the first quadrant with a vertical asymptote at the y-axis. The fifth graph is labeled “e” and is of the function y=sech(x). It is a curve above the x-axis, increasing in the second quadrant, to the y-axis at y=1 and then decreases. The sixth graph is labeled “f” and is of the function y=csch(x). It has two pieces, one in the third quadrant and one in the first quadrant with a vertical asymptote at the y-axis.]Figure 1. Graphs of the hyperbolic functions. It is straightforward to develop differentiation formulas for hyperbolic functions. For instance:
 [image: \begin{array}{cc}\hfill \frac{d}{dx}(\text{sinh}x)& =\frac{d}{dx}(\frac{{e}^{x}-{e}^{\text{−}x}}{2})\hfill \\ & =\frac{1}{2}\left[\frac{d}{dx}({e}^{x})-\frac{d}{dx}({e}^{\text{−}x})\right]\hfill \\ & =\frac{1}{2}\left[{e}^{x}+{e}^{\text{−}x}\right]=\text{cosh}x.\hfill \end{array}]
 Similarly, [image: (\frac{d}{dx})\text{cosh}x=\text{sinh}x.]
 derivatives of the hyperbolic functions
 Derivatives of the Hyperbolic Functions 	[image: f(x)] 	[image: \frac{d}{dx}f(x)] 
  	[image: \text{sinh}x] 	[image: \text{cosh}x] 
 	[image: \text{cosh}x] 	[image: \text{sinh}x] 
 	[image: \text{tanh}x] 	[image: {\text{sech}}^{2}x] 
 	[image: \text{coth}x] 	[image: \text{−}{\text{csch}}^{2}x] 
 	[image: \text{sech}x] 	[image: \text{−}\text{sech}x\text{tanh}x] 
 	[image: \text{csch}x] 	[image: \text{−}\text{csch}x\text{coth}x] 
  
  The derivatives of hyperbolic functions share similarities with those of trigonometric functions. For example:
 [image: (\frac{d}{dx}) \sin x= \cos x] and [image: (\frac{d}{dx})\text{sinh}x=\text{cosh}x.]
 However, the derivatives of the cosine functions differ in sign:
 [image: (\frac{d}{dx}) \cos x=\text{−} \sin x,] but [image: (\frac{d}{dx})\text{cosh}x=\text{sinh}x.]
 Using the differentiation formulas, we can derive the integral formulas for hyperbolic functions.
  integral formulas for hyperbolic functions
 [image: \begin{array}{cccccccc}\hfill \displaystyle\int \text{sinh}udu& =\hfill & \text{cosh}u+C\hfill & & & \hfill \displaystyle\int {\text{csch}}^{2}udu& =\hfill & \text{−}\text{coth}u+C\hfill \\ \hfill \displaystyle\int \text{cosh}udu& =\hfill & \text{sinh}u+C\hfill & & & \hfill \displaystyle\int \text{sech}u\text{tanh}udu& =\hfill & \text{−}\text{sech}u+C\hfill \\ \hfill \displaystyle\int {\text{sech}}^{2}udu& =\hfill & \text{tanh}u+C\hfill & & & \hfill \displaystyle\int \text{csch}u\text{coth}udu& =\hfill & \text{−}\text{csch}u+C\hfill \end{array}]
  Evaluate the following derivatives:
 	[image: \frac{d}{dx}(\text{sinh}({x}^{2}))]
 	[image: \frac{d}{dx}{(\text{cosh}x)}^{2}]
 
 Show Solution 
 Using the formulas in the table on derivatives  of the hyperbolic functions and the chain rule, we get
 	[image: \frac{d}{dx}(\text{sinh}({x}^{2}))=\text{cosh}({x}^{2})·2x]
 	[image: \frac{d}{dx}{(\text{cosh}x)}^{2}=2\text{cosh}x\text{sinh}x]
 
   Evaluate the following integrals:
 	[image: \displaystyle\int x\text{cosh}({x}^{2})dx]
 	[image: \displaystyle\int \text{tanh}xdx]
 
 Show Solution 
 We can use [image: u]-substitution in both cases.
 	Let [image: u={x}^{2}.] Then, [image: du=2xdx] and [image: \displaystyle\int x\text{cosh}({x}^{2})dx=\displaystyle\int \frac{1}{2}\text{cosh}udu=\frac{1}{2}\text{sinh}u+C=\frac{1}{2}\text{sinh}({x}^{2})+C.]
 
 	Let [image: u=\text{cosh}x.] Then, [image: du=\text{sinh}xdx] and [image: \displaystyle\int \text{tanh}xdx=\displaystyle\int \frac{\text{sinh}x}{\text{cosh}x}dx=\displaystyle\int \frac{1}{u}du=\text{ln}|u|+C=\text{ln}|\text{cosh}x|+C.]
 Note that [image: \text{cosh}x>0] for all [image: x,] so we can eliminate the absolute value signs and obtain
 [image: \displaystyle\int \text{tanh}xdx=\text{ln}(\text{cosh}x)+C.]
 
 
   [ohm_question hide_question_numbers=1]223494[/ohm_question]
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				Calculus of Inverse Hyperbolic Functions
 Looking at the graphs of the hyperbolic functions, we see that with appropriate range restrictions, they all have inverses. The inverse hyperbolic functions have specific domain and range restrictions, summarized in the table below:
 Domains and Ranges of the Inverse Hyperbolic Functions 	Function 	Domain 	Range 
  	[image: {\text{sinh}}^{-1}x] 	[image: (\text{−}\infty ,\infty )] 	[image: (\text{−}\infty ,\infty )] 
 	[image: {\text{cosh}}^{-1}x] 	[image: (1,\infty )] 	[image: [0,\infty )] 
 	[image: {\text{tanh}}^{-1}x] 	[image: (-1,1)] 	[image: (\text{−}\infty ,\infty )] 
 	[image: {\text{coth}}^{-1}x] 	[image: (\text{−}\infty ,-1)\cup (1,\infty )] 	[image: (\text{−}\infty ,0)\cup (0,\infty )] 
 	[image: {\text{sech}}^{-1}x] 	[image: (0\text{, 1})] 	[image: [0,\infty )] 
 	[image: {\text{csch}}^{-1}x] 	[image: (\text{−}\infty ,0)\cup (0,\infty )] 	[image: (\text{−}\infty ,0)\cup (0,\infty )] 
  
 The graphs of the inverse hyperbolic functions are shown in the following figure.
 [image: This figure has six graphs. The first graph labeled “a” is of the function y=sinh^-1(x). It is an increasing function from the 3rd quadrant, through the origin to the first quadrant. The second graph is labeled “b” and is of the function y=cosh^-1(x). It is in the first quadrant, beginning on the x-axis at 2 and increasing. The third graph labeled “c” is of the function y=tanh^-1(x). It is an increasing function from the third quadrant, through the origin, to the first quadrant. The fourth graph is labeled “d” and is of the function y=coth^-1(x). It has two pieces, one in the third quadrant and one in the first quadrant with a vertical asymptote at the y-axis. The fifth graph is labeled “e” and is of the function y=sech^-1(x). It is a curve decreasing in the first quadrant and stopping on the x-axis at x=1. The sixth graph is labeled “f” and is of the function y=csch^-1(x). It has two pieces, one in the third quadrant and one in the first quadrant with a vertical asymptote at the y-axis.]Figure 2. Graphs of the inverse hyperbolic functions. To find the derivatives of the inverse functions, we use implicit differentiation. We have
 [image: \begin{array}{ccc}\hfill y& =\hfill & {\text{sinh}}^{-1}x\hfill \\ \hfill \text{sinh}y& =\hfill & x\hfill \\ \hfill \frac{d}{dx}\text{sinh}y& =\hfill & \frac{d}{dx}x\hfill \\ \hfill \text{cosh}y\frac{dy}{dx}& =\hfill & 1.\hfill \end{array}]
 Recall that [image: {\text{cosh}}^{2}y-{\text{sinh}}^{2}y=1,] so [image: \text{cosh}y=\sqrt{1+{\text{sinh}}^{2}y}.] Then,
 [image: \frac{dy}{dx}=\frac{1}{\text{cosh}y}=\frac{1}{\sqrt{1+{\text{sinh}}^{2}y}}=\frac{1}{\sqrt{1+{x}^{2}}}.]
 We can derive differentiation formulas for the other inverse hyperbolic functions in a similar fashion. 
 derivatives of inverse hyperbolic functions
 Derivatives of the Inverse Hyperbolic Functions 	[image: f(x)] 	[image: \frac{d}{dx}f(x)] 
  	[image: {\text{sinh}}^{-1}x] 	[image: \frac{1}{\sqrt{1+{x}^{2}}}] 
 	[image: {\text{cosh}}^{-1}x] 	[image: \frac{1}{\sqrt{{x}^{2}-1}}] 
 	[image: {\text{tanh}}^{-1}x] 	[image: \frac{1}{1-{x}^{2}}] 
 	[image: {\text{coth}}^{-1}x] 	[image: \frac{1}{1-{x}^{2}}] 
 	[image: {\text{sech}}^{-1}x] 	[image: \frac{-1}{x\sqrt{1-{x}^{2}}}] 
 	[image: {\text{csch}}^{-1}x] 	[image: \frac{-1}{|x|\sqrt{1+{x}^{2}}}] 
  
  Note that the derivatives of [image: {\text{tanh}}^{-1}x] and [image: {\text{coth}}^{-1}x] are the same. Thus, when we integrate [image: 1\text{/}(1-{x}^{2}),] we need to select the proper antiderivative based on the domain of the functions and the values of [image: x.]
   integral formulas for inverse hyperbolic functions
 [image: \begin{array}{cccccccc}\hfill \displaystyle\int \frac{1}{\sqrt{1+{u}^{2}}}du& =\hfill & {\text{sinh}}^{-1}u+C\hfill & & & \hfill \displaystyle\int \frac{1}{u\sqrt{1-{u}^{2}}}du& =\hfill & \text{−}{\text{sech}}^{-1}|u|+C\hfill \\ \hfill \displaystyle\int \frac{1}{\sqrt{{u}^{2}-1}}du& =\hfill & {\text{cosh}}^{-1}u+C\hfill & & & \hfill \displaystyle\int \frac{1}{u\sqrt{1+{u}^{2}}}du& =\hfill & \text{−}{\text{csch}}^{-1}|u|+C\hfill \\ \hfill \displaystyle\int \frac{1}{1-{u}^{2}}du& =\hfill & \bigg\{\begin{array}{c}{\text{tanh}}^{-1}u+C\text{ if }|u|<1\hfill \\ {\text{coth}}^{-1}u+C\text{ if }|u|>1\hfill \end{array}\hfill & & & & & \end{array}]
  Evaluate the following derivatives:
 	[image: \frac{d}{dx}({\text{sinh}}^{-1}(\frac{x}{3}))]
 	[image: \frac{d}{dx}{({\text{tanh}}^{-1}x)}^{2}]
 
 Show Solution 
 Using the formulas in the table on derivatives of the inverse hyperbolic functions and the chain rule, we obtain the following results:
 	[image: \frac{d}{dx}({\text{sinh}}^{-1}(\frac{x}{3}))=\frac{1}{3\sqrt{1+\frac{{x}^{2}}{9}}}=\frac{1}{\sqrt{9+{x}^{2}}}]
 	[image: \frac{d}{dx}{({\text{tanh}}^{-1}x)}^{2}=\frac{2({\text{tanh}}^{-1}x)}{1-{x}^{2}}]
 
   Evaluate the following integrals:
 	[image: \displaystyle\int \frac{1}{\sqrt{{x}^{2}-4}}dx,\text{}x>2]
 	[image: \displaystyle\int \frac{1}{\sqrt{1-{e}^{2x}}}dx]
 
 Show Solution 
 	[image: \displaystyle\int \frac{1}{\sqrt{{x}^{2}-4}}dx={\text{cosh}}^{-1}(\frac{x}{2})+C]
 	[image: \displaystyle\int \frac{1}{\sqrt{1-{e}^{2x}}}dx=\text{−}{\text{sech}}^{-1}({e}^{x})+C]
 
 Watch the following video to see the worked solution to this example.
 https://youtube.com/watch?v=ozRCEFk1tmA%3Fcontrols%3D0%26start%3D1140%26end%3D1263%26autoplay%3D0
 For closed captioning, open the video on its original page by clicking the Youtube logo in the lower right-hand corner of the video display. In YouTube, the video will begin at the same starting point as this clip, but will continue playing until the very end.
 You can view the transcript for this segmented clip of “2.9 Calculus of Hyperbolic Functions” here (opens in new window).
  [ohm_question hide_question_numbers=1]223496[/ohm_question]
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				Applications of Hyperbolic Functions
 Hyperbolic functions have practical applications, particularly in the modeling of hanging cables. When a cable of uniform density hangs between two supports, it forms a curve known as a catenary. Examples of catenaries include high-voltage power lines, chains hanging between posts, and strands of a spider’s web.
 [image: An image of chains hanging between posts that all take the shape of a catenary.]Figure 3. Chains between these posts take the shape of a catenary. (credit: modification of work by OKFoundryCompany, Flickr) Mathematically, catenaries can be modeled using hyperbolic functions. Specifically, functions of the form [image: y=a\text{cosh}\left(\frac{x}{a}\right)] represent catenaries. For instance, the graph of [image: y=2\text{cosh}\left(\frac{x}{2}\right)] demonstrates this shape effectively.
 [image: This figure is a graph. It is of the function f(x)=2cosh(x/2). The curve decreases in the second quadrant to the y-axis. It intersects the y-axis at y=2. Then the curve becomes increasing.]Figure 4. A hyperbolic cosine function forms the shape of a catenary. This visualization helps in understanding how hyperbolic functions apply to real-world structures.
 When solving problems related to catenaries and their lengths, we use the arc length formula. This formula helps us determine the length of the hanging cable modeled by a hyperbolic function.
 Recall that the formula for arc length is
 [image: \text{Arc Length}={\displaystyle\int }_{a}^{b}\sqrt{1+{\left[{f}^{\prime }(x)\right]}^{2}}dx.]
  Assume a hanging cable has the shape [image: 10\text{cosh}\left(\frac{x}{10}\right)] for [image: -15\le x\le 15,] where [image: x] is measured in feet. Determine the length of the cable (in feet).
 Show Solution 
 We have [image: f(x)=10\text{cosh}(x\text{/}10),] so [image: {f}^{\prime }(x)=\text{sinh}(x\text{/}10).] Then
 [image: \begin{array}{cc}\hfill \text{Arc Length}& ={\displaystyle\int }_{a}^{b}\sqrt{1+{\left[{f}^{\prime }(x)\right]}^{2}}dx\hfill \\ & ={\displaystyle\int }_{-15}^{15}\sqrt{1+{\text{sinh}}^{2}(\frac{x}{10})}dx.\hfill \end{array}]
 Now recall that [image: 1+{\text{sinh}}^{2}x={\text{cosh}}^{2}x,] so we have
 [image: \begin{array}{cc}\hfill \text{Arc Length}& ={\displaystyle\int }_{-15}^{15}\sqrt{1+{\text{sinh}}^{2}(\frac{x}{10})}dx\hfill \\ & ={\displaystyle\int }_{-15}^{15}\text{cosh}(\frac{x}{10})dx\hfill \\ & =10\text{sinh}{(\frac{x}{10})|}_{-15}^{15}=10\left[\text{sinh}(\frac{3}{2})-\text{sinh}(-\frac{3}{2})\right]=20\text{sinh}\left(\frac{3}{2}\right)\hfill \\ & \approx 42.586\text{ft}\text{.}\hfill \end{array}]
 Watch the following video to see the worked solution to this example.
 https://youtube.com/watch?v=fN1noldfkDE%3Fcontrols%3D0%26autoplay%3D0
 For closed captioning, open the video on its original page by clicking the Youtube logo in the lower right-hand corner of the video display. In YouTube, the video will begin at the same starting point as this clip, but will continue playing until the very end.
 You can view the transcript for this segmented clip of “6.9.3 #73 (edited)” here (opens in new window).
  [ohm_question hide_question_numbers=1]223450[/ohm_question]
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				 	Differentiate and integrate hyperbolic functions and their inverse forms
 	Understand the practical situations where the catenary curve appears
 
  Calculus of the Hyperbolic Functions
 https://youtube.com/watch?v=uMXcKY_w3w4%3Fsi%3DtZS9Vk1wwHJVR3jn https://youtube.com/watch?v=Q6-QZxUDfE0%3Fsi%3DADF7DbLDS7kVAkx2 Pause these videos at the beginning and try to solve the problems on your own. Then, resume watching the video to check if you solved them correctly. https://youtube.com/watch?v=u-_J0KjG1PU%3Fsi%3DM40Np8g021pntjMm https://youtube.com/watch?v=dmAf1dUQNl8%3Fsi%3DLEtxZGstgiygWOwR https://youtube.com/watch?v=AlQAOmL14Uw%3Fsi%3D6ZhsogYxpL0UBdxQ https://youtube.com/watch?v=S58WptODiZ4%3Fsi%3DDkQKTdfCo-hdhGJ7 https://youtube.com/watch?v=V4Atg5NbHOw%3Fsi%3DKrKHZsxH_kyrBobV https://youtube.com/watch?v=I9MV2FLxkIE%3Fsi%3D4UkYsroQU8923YSR
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		Advanced Integration Techniques: Background You'll Need 1

								

	
				 	Divide polynomial expressions using long division techniques
 
  Polynomial Long Division
 We are familiar with the long division algorithm for ordinary arithmetic. We begin by dividing into the digits of the dividend that have the greatest place value. We divide, multiply, subtract, include the digit in the next place value position, and repeat.
 For example, let’s divide [image: 178] by [image: 3] using long division. [image: Long Division. Step 1, 5 times 3 equals 15 and 17 minus 15 equals 2. Step 2: Bring down the 8. Step 3: 9 times 3 equals 27 and 28 minus 27 equals 1. Answer: 59 with a remainder of 1 or 59 and one-third.]Long division steps  
  
  
  
 Another way to look at the solution is as a sum of parts. This should look familiar, since it is the same method used to check division in elementary arithmetic.
 [image: \begin{array}{l}\left(\text{divisor }\cdot \text{ quotient}\right)\text{ + remainder}\text{ = dividend}\hfill \\ \left(3\cdot 59\right)+1 = 177+1 = 178\hfill \end{array}]
 We call this the Division Algorithm and will discuss it more formally after looking at an another example.
  Division of polynomials that contain more than one term has similarities to long division of whole numbers. We can write a polynomial dividend as the product of the divisor and the quotient added to the remainder. The terms of the polynomial division correspond to the digits (and place values) of the whole number division. This method allows us to divide two polynomials.
 For example, if we were to divide [image: 2{x}^{3}-3{x}^{2}+4x+5] by [image: x+2] using the long division algorithm, it would look like this: [image: Set up the division problem. 2x cubed divided by x is 2x squared. Multiply the sum of x and 2 by 2x squared. Subtract. Then bring down the next term. Negative 7x squared divided by x is negative 7x. Multiply the sum of x and 2 by negative 7x. Subtract, then bring down the next term. 18x divided by x is 18. Multiply the sum of x and 2 by 18. Subtract.]Steps of a division problem  
  
  
  
 We have found
 [image: \frac{2{x}^{3}-3{x}^{2}+4x+5}{x+2}=2{x}^{2}-7x+18-\frac{31}{x+2}]
 or
 [image: 2{x}^{3}-3{x}^{2}+4x+5=\left(x+2\right)\left(2{x}^{2}-7x+18\right)-31]
 We can identify the dividend, divisor, quotient, and remainder.
  
 [image: The dividend is 2x cubed minus 3x squared plus 4x plus 5. The divisor is x plus 2. The quotient is 2x squared minus 7x plus 18. The remainder is negative 31.]Labeled aspects of an equation  Writing the result in this manner illustrates the division algorithm.
 the division algorithm
 The Division Algorithm states that given a polynomial dividend [image: f\left(x\right)] and a non-zero polynomial divisor [image: d\left(x\right)] where the degree of [image: d\left(x\right)] is less than or equal to the degree of [image: f\left(x\right)], there exist unique polynomials [image: q\left(x\right)] and [image: r\left(x\right)] such that
  
 [image: f\left(x\right)=d\left(x\right)q\left(x\right)+r\left(x\right)]
  
 [image: q\left(x\right)] is the quotient and [image: r\left(x\right)] is the remainder. The remainder is either equal to zero or has degree strictly less than [image: d\left(x\right)].
  
 If [image: r\left(x\right)=0], then [image: d\left(x\right)] divides evenly into [image: f\left(x\right)]. This means that both [image: d\left(x\right)] and [image: q\left(x\right)] are factors of [image: f\left(x\right)].
  How To: Given a polynomial and a binomial, use long division to divide the polynomial by the binomial 	Set up the division problem.
 	Determine the first term of the quotient by dividing the leading term of the dividend by the leading term of the divisor.
 	Multiply the answer by the divisor and write it below the like terms of the dividend.
 	Subtract the bottom binomial from the terms above it.
 	Bring down the next term of the dividend.
 	Repeat steps 2–5 until reaching the last term of the dividend.
 	If the remainder is non-zero, express as a fraction using the divisor as the denominator.
 
  Divide [image: 6{x}^{3}+11{x}^{2}-31x+15] by [image: 3x - 2]. Show Solution [image: 6x cubed divided by 3x is 2x squared. Multiply the sum of x and 2 by 2x squared. Subtract. Bring down the next term. 15x squared divided by 3x is 5x. Multiply 3x minus 2 by 5x. Subtract. Bring down the next term. Negative 21x divided by 3x is negative 7. Multiply 3x minus 2 by negative 7. Subtract. The remainder is 1.]Steps of a division problem  
  
  
  
 There is a remainder of [image: 1]. We can express the result as:
 [image: \frac{6{x}^{3}+11{x}^{2}-31x+15}{3x - 2}=2{x}^{2}+5x - 7+\frac{1}{3x - 2}]
 Analysis
 We can check our work by using the Division Algorithm to rewrite the solution then multiplying.
 [image: \left(3x - 2\right)\left(2{x}^{2}+5x - 7\right)+1=6{x}^{3}+11{x}^{2}-31x+15]
 Notice, as we write our result,
 	the dividend is [image: 6{x}^{3}+11{x}^{2}-31x+15]
 	the divisor is [image: 3x - 2]
 	the quotient is [image: 2{x}^{2}+5x - 7]
 	the remainder is [image: 1]
 
   An interactive online homework element has been excluded from the printed version of the text. To see the interactive element that was excluded, please visit the courseware online.
 
  An interactive online homework element has been excluded from the printed version of the text. To see the interactive element that was excluded, please visit the courseware online.
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				 	Apply differentiation formulas to find derivatives of logarithmic functions and inverse trigonometric functions
 
  Derivative of the Logarithmic Function
 We can use implicit differentiation to find the derivative of the natural logarithmic function by working with its relationship to the natural exponential function.
 derivative of the natural logarithmic function
 If [image: x>0] and [image: y=\ln x], then
 [image: \frac{dy}{dx}=\dfrac{1}{x}]
  
 More generally, let [image: g(x)] be a differentiable function. For all values of [image: x] for which [image: g^{\prime}(x)>0], the derivative of [image: h(x)=\ln(g(x))] is given by
 [image: h^{\prime}(x)=\dfrac{1}{g(x)} g^{\prime}(x)]
  The graph of [image: y=\ln x] and its derivative [image: \frac{dy}{dx}=\frac{1}{x}] are shown in Figure 3.
 [image: Graph of the function ln x along with its derivative 1/x. The function ln x is increasing on (0, + ∞). Its derivative is decreasing but greater than 0 on (0, + ∞).]Figure 3. The function [image: y=\ln x] is increasing on [image: (0,+\infty)]. Its derivative [image: y^{\prime} =\frac{1}{x}] is greater than zero on [image: (0,+\infty)]. Find the derivative of [image: f(x)=\ln(x^3+3x-4)]
 Show Solution Use the derivative of a natural logarithm directly.
 [image: \begin{array}{lllll} f^{\prime}(x) & =\frac{1}{x^3+3x-4} \cdot (3x^2+3) & & & \text{Use} \, g(x)=x^3+3x-4 \, \text{in} \, h^{\prime}(x)=\frac{1}{g(x)} g^{\prime}(x). \\ & =\frac{3x^2+3}{x^3+3x-4} & & & \text{Rewrite.} \end{array}]
   Find the derivative of [image: f(x)=\ln\left(\dfrac{x^2 \sin x}{2x+1}\right)]
 Show Solution At first glance, taking this derivative appears rather complicated. However, by using the properties of logarithms prior to finding the derivative, we can make the problem much simpler.
 [image: \begin{array}{lllll} f(x) & = \ln(\frac{x^2 \sin x}{2x+1})=2\ln x+\ln(\sin x)-\ln(2x+1) & & & \text{Apply properties of logarithms.} \\ f^{\prime}(x) & = \frac{2}{x} + \frac{\cos x}{\sin x} -\frac{2}{2x+1} & & & \text{Apply sum rule and} \, h^{\prime}(x)=\frac{1}{g(x)} g^{\prime}(x). \\ & = \frac{2}{x} + \cot x - \frac{2}{2x+1} & & & \text{Simplify using the quotient identity for cotangent.} \end{array}]
   Now that we can differentiate the natural logarithmic function, we can use this result to find the derivatives of [image: y=\log_b x] and [image: y=b^x] for [image: b>0, \, b\ne 1].
 derivatives of general exponential and logarithmic functions
 Let [image: b>0, \, b\ne 1], and let [image: g(x)] be a differentiable function.
 	If [image: y=\log_b x], then [image: \frac{dy}{dx}=\dfrac{1}{x \ln b}]
 More generally, if [image: h(x)=\log_b (g(x))], then for all values of [image: x] for which [image: g(x)>0],
 [image: h^{\prime}(x)=\dfrac{g^{\prime}(x)}{g(x) \ln b}]
 
 
 	If [image: y=b^x], then [image: \frac{dy}{dx}=b^x \ln b]
 More generally, if [image: h(x)=b^{g(x)}], then
 [image: h^{\prime}(x)=b^{g(x)} g^{\prime}(x) \ln b]
 
 
  Find the derivative of [image: h(x)= \dfrac{3^x}{3^x+2}]
 Show Solution Use the quotient rule and the derivative from above.
 [image: \begin{array}{lllll} h^{\prime}(x) & = \large \frac{3^x \ln 3(3^x+2)-3^x \ln 3(3^x)}{(3^x+2)^2} & & & \text{Apply the quotient rule.} \\ & = \large \frac{2 \cdot 3^x \ln 3}{(3^x+2)^2} & & & \text{Simplify.} \end{array}]
   Find the slope of the line tangent to the graph of [image: y=\log_2 (3x+1)] at [image: x=1].
 Show Solution To find the slope, we must evaluate [image: \dfrac{dy}{dx}] at [image: x=1]. Using the derivative above, we see that
 [image: \dfrac{dy}{dx}=\dfrac{3}{\ln 2(3x+1)}]
 By evaluating the derivative at [image: x=1], we see that the tangent line has slope
 [image: \frac{dy}{dx}|_{x=1} =\frac{3}{4 \ln 2}=\frac{3}{\ln 16}]
   [ohm_question hide_question_numbers=1]288388[/ohm_question]  Derivatives of Inverse Trigonometric Functions
 The derivatives of inverse trigonometric functions play a crucial role in the study of integration and reveal a fascinating mathematical pattern. Unlike their trigonometric counterparts, the derivatives of inverse trigonometric functions are algebraic rather than trigonometric. This illustrates an important mathematical insight: the derivative of a function does not necessarily share the same type as the original function.
 Use the inverse function theorem to find the derivative of [image: g(x)=\sin^{-1} x].
 Show Solution Since for [image: x] in the interval [image: [-\frac{\pi}{2},\frac{\pi}{2}], \, f(x)= \sin x] is the inverse of [image: g(x)= \sin^{-1} x], begin by finding [image: f^{\prime}(x)].
 Since:
 [image: f^{\prime}(x)= \cos x] and [image: f^{\prime}(g(x))= \cos (\sin^{-1} x)=\sqrt{1-x^2}],
 we see that:
 [image: g^{\prime}(x)=\frac{d}{dx}(\sin^{-1} x)=\frac{1}{f^{\prime}(g(x))}=\frac{1}{\sqrt{1-x^2}}]
 Analysis
 To see that [image: \cos (\sin^{-1} x)=\sqrt{1-x^2}], consider the following argument. Set [image: \sin^{-1} x=\theta]. In this case, [image: \sin \theta =x] where [image: -\frac{\pi}{2}\le \theta \le \frac{\pi}{2}]. We begin by considering the case where [image: 0<\theta <\frac{\pi}{2}]. Since [image: \theta] is an acute angle, we may construct a right triangle having acute angle [image: \theta], a hypotenuse of length 1, and the side opposite angle [image: \theta] having length [image: x]. From the Pythagorean theorem, the side adjacent to angle [image: \theta] has length [image: \sqrt{1-x^2}]. This triangle is shown in Figure 2. Using the triangle, we see that [image: \cos (\sin^{-1} x)= \cos \theta =\sqrt{1-x^2}].
 [image: A right triangle with angle θ, opposite side x, hypotenuse 1, and adjacent side equal to the square root of the quantity (1 – x2).]Figure 2. Using a right triangle having acute angle [image: \theta], a hypotenuse of length 1, and the side opposite angle [image: \theta] having length [image: x], we can see that [image: \cos (\sin^{-1} x)= \cos \theta =\sqrt{1-x^2}]. In the case where [image: -\frac{\pi}{2}<\theta <0], we make the observation that [image: 0<-\theta<\frac{\pi}{2}] and hence [image: \cos (\sin^{-1} x)= \cos \theta = \cos (−\theta )=\sqrt{1-x^2}].
 Now if [image: \theta =\frac{\pi}{2}] or [image: \theta =-\frac{\pi}{2}, \, x=1] or [image: x=-1], and since in either case [image: \cos \theta =0] and [image: \sqrt{1-x^2}=0], we have
 [image: \cos (\sin^{-1} x)= \cos \theta =\sqrt{1-x^2}]
 Consequently, in all cases, [image: \cos (\sin^{-1} x)=\sqrt{1-x^2}].
   Apply the chain rule to find the derivative of [image: h(x)=\sin^{-1} (g(x))] and use this result to find the derivative of [image: h(x)=\sin^{-1}(2x^3)].
 Show Solution Applying the chain rule to [image: h(x)=\sin^{-1} (g(x))], we have
 [image: h^{\prime}(x)=\dfrac{1}{\sqrt{1-(g(x))^2}}g^{\prime}(x)].
  
 Now let [image: g(x)=2x^3], so [image: g^{\prime}(x)=6x^{2}]. Substituting into the previous result, we obtain
 [image: \begin{array}{ll} h^{\prime}(x) & =\dfrac{1}{\sqrt{1-4x^6}} \cdot 6x^{2} \\ & =\dfrac{6x^{2}}{\sqrt{1-4x^6}} \end{array}]
 Watch the following video to see the worked solution to this example.
 https://youtube.com/watch?v=0dlA5QJZYsw%3Fcontrols%3D0%26start%3D628%26end%3D723%26autoplay%3D0For closed captioning, open the video on its original page by clicking the Youtube logo in the lower right-hand corner of the video display. In YouTube, the video will begin at the same starting point as this clip, but will continue playing until the very end.
 You can view the transcript for this segmented clip of “3.7 Derivatives of Inverse Functions (edited)” here (opens in new window).
   The derivatives of the remaining inverse trigonometric functions may also be found by using the inverse function theorem. These formulas are provided in the following theorem.
 derivatives of inverse trigonometric functions
 [image: \begin{array}{lllll}\frac{d}{dx}(\sin^{-1} x)=\large \frac{1}{\sqrt{1-x^2}} & & & & \frac{d}{dx}(\cos^{-1} x)=\large \frac{-1}{\sqrt{1-x^2}} \\ \frac{d}{dx}(\tan^{-1} x)=\large \frac{1}{1+x^2} & & & & \frac{d}{dx}(\cot^{-1} x)=\large \frac{-1}{1+x^2} \\ \frac{d}{dx}(\sec^{-1} x)=\large \frac{1}{|x|\sqrt{x^2-1}} & & & & \frac{d}{dx}(\csc^{-1} x)=\large \frac{-1}{|x|\sqrt{x^2-1}} \end{array}]
  Find the derivative of [image: f(x)=\tan^{-1} (x^2)]
 Show Solution Let [image: g(x)=x^2], so [image: g^{\prime}(x)=2x]. Substituting into [image: \frac{d}{dx}(\tan^{-1} x)=\large \frac{1}{1+x^2}], we obtain
 [image: f^{\prime}(x)=\frac{1}{1+(x^2)^2} \cdot (2x)]
 Simplifying, we have
 [image: f^{\prime}(x)=\frac{2x}{1+x^4}]
   The position of a particle at time [image: t] is given by [image: s(t)= \tan^{-1}\left(\dfrac{1}{t}\right)] for [image: t\ge \frac{1}{2}]. Find the velocity of the particle at time [image: t=1].
 Show Solution Begin by differentiating [image: s(t)] in order to find [image: v(t)]. Thus,
 [image: v(t)=s^{\prime}(t)=\dfrac{1}{1+(\frac{1}{t})^2} \cdot \dfrac{-1}{t^2}]
 Simplifying, we have
 [image: v(t)=-\dfrac{1}{t^2+1}]
 Thus, [image: v(1)=-\dfrac{1}{2}]
   [ohm_question hide_question_numbers=1]206679[/ohm_question]  
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				 	Understand and use the basic rules and relationships in trigonometry
 
  Trigonometric Identities
 Trigonometric identities are the equalities that involve trigonometric functions and are true for any substitution of the variable where the sides of the equation are defined. Mastery of these identities is crucial for solving trigonometric equations, proving other mathematical statements, and is frequently necessary in calculus.
 The main trigonometric identities are listed below.
 Trigonometric Identities
 Reciprocal identities
 [image: \begin{array}{cccc}\tan \theta =\large \frac{\sin \theta}{\cos \theta} & & & \cot \theta =\large \frac{\cos \theta}{\sin \theta} \\ \csc \theta =\large \frac{1}{\sin \theta} & & & \sec \theta =\large \frac{1}{\cos \theta} \end{array}]
 
  
 Pythagorean identities
 [image: \sin^2 \theta +\cos^2 \theta =1\phantom{\rule{2em}{0ex}}1+\tan^2 \theta =\sec^2 \theta \phantom{\rule{2em}{0ex}}1+\cot^2 \theta =\csc^2 \theta]
 
  
 Addition and subtraction formulas
 [image: \sin(\alpha \pm \beta)=\sin \alpha \cos \beta \pm \cos \alpha \sin \beta]
 [image: \cos(\alpha \pm \beta)=\cos \alpha \cos \beta \mp \sin \alpha \sin \beta]
 
  
 Double-angle formulas
 [image: \sin(2\theta)=2\sin \theta \cos \theta]
 [image: \cos(2\theta)=2\cos^2 \theta -1=1-2\sin^2 \theta =\cos^2 \theta -\sin^2 \theta]
  Understanding and remembering these identities can seem daunting at first. However, with consistent practice and some mnemonic devices, they can become second nature. Below are some study tips: 	Association: Link each identity with a visual cue or a part of the unit circle. For example, the sine function starts at zero and goes up, just like a sine wave starts at the middle and rises.
 	Mnemonics: Use phrases to remember relationships, like the mnemonic SOHCAHTOA.
 	Repetition: Regularly practice rewriting the identities from memory. Repetition is key to retention.
 	Flashcards: Create a set of flashcards with each identity on one side and its name or a key hint on the other.
 	Group Study: Discuss and solve problems with peers; explaining concepts to others can reinforce your memory.
 
  When facing a trigonometric identity, verification is key to ensuring the identity holds true for all permissible values of the variable. The process is a methodical one, where you manipulate one side of the equation until it matches the other.
 How to: Given a Trigonometric Identity, Verify that it is True.
  	Work on one side of the equation. It is usually better to start with the more complex side, as it is easier to simplify than to build.
 	Look for opportunities to factor expressions, square a binomial, or add fractions.
 	Noting which functions are in the final expression, look for opportunities to use the identities and make the proper substitutions.
 	If these steps do not yield the desired result, try converting all terms to sines and cosines.
 
  Verify [image: \tan{\theta} \cos{\theta} = \sin{\theta}]. Show Answer We will start on the left side, as it is the more complicated side:[image: \begin{align*} \tan \theta \cos \theta &= (\frac{\sin \theta}{\cos \theta}) \cos \theta && \text{Rewrite} \tan \theta \text{ in terms of} \sin \theta \text{ and} \cos \theta \\ &= \frac{\sin \theta}{\cancel{\cos \theta}} \cancel{\cos \theta} && \text{Multiply by} \cos \theta\text{, then cancel} \\ &= \sin \theta && \text{Simplify} \end{align*}]
  Prove the trigonometric identity [image: 1+\tan^2 \theta =\sec^2 \theta].
 Show Solution We start with the identity
 [image: \sin^2 \theta +\cos^2 \theta =1]
 Dividing both sides of this equation by [image: \cos^2 \theta], we obtain
 [image: \frac{\sin^2 \theta}{\cos^2 \theta}+1=\frac{1}{\cos^2 \theta}]
 Since [image: \frac{\sin \theta }{ \cos \theta} =\tan \theta] and [image: \frac{1}{ \cos \theta} =\sec \theta], we conclude that
 [image: \tan^2 \theta +1=\sec^2 \theta].
  Algebra is very important in verifying trigonometric identities, but it is just as critical in simplifying trigonometric expressions before solving. Being familiar with the basic properties and formulas of algebra, such as the difference of squares formula, the perfect square formula, or substitution, will simplify the work involved with trigonometric expressions and equations.
 The equation [image: (\sin x+1)(\sin x−1)=0] resembles the equation [image: (x+1)(x−1)=0], which uses the factored form of the difference of squares. Using algebra makes finding a solution straightforward and familiar. We can set each factor equal to zero and solve.  How to: Given a Trigonometric Equation, Solve using Algebra. 	Spot Patterns: Look for familiar algebraic cues in the equation, like notable identities or factors.
 	Substitute Variables: Temporarily replace trig expressions with a single variable to simplify the equation.
 	Solve Algebraically: Treat the simplified equation as you would a standard algebraic one.
 	Back-Substitute: Once you’ve solved for the temporary variable, revert to the original trigonometric terms.
 	Find Angles: Use inverse functions to solve for the angle, considering the function’s period and domain.
 	Verify Solutions: Always check that your solutions satisfy the initial equation.
 
  Write the following trigonometric expression as an algebraic expression:[image: 2 \cos^2{\theta} + \cos{\theta} -1] Show Answer Notice that the pattern displayed has the same form as a standard quadratic expression, [image: ax^2+bx+c]. Letting [image: \cos{\theta}=x], we can rewrite the expression as follows:[image: 2x^2+x-1]This expression can be factored as [image: (2x-1)(x+1)]. If it were set equal to zero and we wanted to solve the equation, we would use the zero factor property and solve each factor for [image: x]. At this point, we would replace [image: x] with [image: \cos{\theta}] and solve for [image: \theta]. 
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				 	Factor polynomial expressions into their simplest linear and quadratic parts
 
  Factoring Polynomial Expressions
 Factoring a polynomial is a method used to break down the polynomial into simpler terms (factors) that, when multiplied together, give back the original polynomial. Complete factorization means continuing until all factors are either linear or irreducible quadratic factors.
 complete factorization
 A polynomial is completely factored when it’s written as a product of linear factors (like [image: (x - 3)]) and irreducible quadratic factors (quadratics that cannot be factored further over the real numbers).
  Not all quadratic expressions can be factored into linear factors with real numbers. A quadratic [image: ax^2 + bx + c] is irreducible when its discriminant [image: \Delta = b^2 - 4ac < 0].
 Testing for Irreducibility: Calculate [image: b^2 - 4ac] for any quadratic factor. If this value is negative, the quadratic cannot be factored further over the real numbers and you’ve reached complete factorization for that factor. Follow these steps to achieve complete factorization:
 1. Factor Out the Greatest Common Factor (GCF)
 	Step 1: Identify the greatest common factor among the coefficients and variables in all terms of the polynomial.
 	Step 2: Factor out the GCF from each term.
 
 2. Factoring by Grouping (for polynomials with four or more terms)
 	Step 1: Group terms that have common factors.
 	Step 2: Factor out the common factor from each group.
 	Step 3: If the remaining terms inside the parentheses are the same, factor them out.
 
 3. Factoring Trinomials (for trinomials of the form [image: ax^2+bx+c[/latex)</strong> <ul> <li><strong>Step 1:</strong> Look for two numbers that multiply to <img src="https://atu0g9ctah.execute-api.ca-central-1.amazonaws.com/latest/latex?latex=&fg=000000&isBase64=1" alt="" title="" class="latex mathjax" />ac] (the product of the coefficient of [image: x^2] and the constant term) and add to [image: b] (the coefficient of [image: x]). Step 2: Use these numbers to split the middle term and factor by grouping. Step 3: Check if the result can be factored further using the discriminant test. 4. Factoring Special Patterns
 	Difference of Squares: [image: a^2 - b^2 = (a+b)(a-b)]
 	Perfect Square Trinomials: [image: a^2 \pm 2ab + b^2 = (a \pm b)^2]
 	Sum/Difference of Cubes: [image: a^3 \pm b^3 = (a \pm b)(a^2 \mp ab + b^2)]
 
 5. Verify Complete Factorization
 	Check that all quadratic factors are irreducible using the discriminant test
 	Ensure no further factoring is possible
 
 You've completely factored a polynomial when every factor is either:
 	A linear factor (degree 1)
 	An irreducible quadratic factor (degree 2 with negative discriminant)
 	A constant factor
 
  Factor the following expression:[image: 6x^2+11x+3] Show Answer [image: \begin{align*} \text{Given polynomial} & : & 6x^2 + 11x + 3 & & \\ \text{Product \& Sum} & : & \text{Find numbers that multiply to } 18 \text{ and add to } 11. & & \\ & & \text{These numbers are } 9 \text{ and } 2. & & \\ \text{Rewrite the polynomial} & : & 6x^2 + 9x + 2x + 3 & & \\ \text{Group and factor} & : & (6x^2 + 9x) + (2x + 3) & & \\ & & = 3x(2x + 3) + 1(2x + 3) & & \\ \text{Factor out the common term} & : & (3x + 1)(2x + 3) & & \end{align*}]
  An interactive online homework element has been excluded from the printed version of the text. To see the interactive element that was excluded, please visit the courseware online.
 
  An interactive online homework element has been excluded from the printed version of the text. To see the interactive element that was excluded, please visit the courseware online.
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				 	Solve equations that include fractions with variables
 
  Solving a Rational Equation
 A rational equation is an equation that contains at least one rational expression—a fraction where the numerator, denominator, or both are polynomials. Although these equations may appear more complex at first glance, many can be manipulated to reveal a underlying linear structure.
 rational equation
 A rational equation contains at least one rational expression where the variable appears in at least one of the denominators.
  Recall that a rational number is the ratio of two numbers, such as [image: \dfrac{3}{4}] or [image: \dfrac{7}{2}]. A rational expression is the ratio, or quotient, of two polynomials – [image: \dfrac{x+1}{x^2-4}, \dfrac{1}{x-3}, or \dfrac{4}{x^2+x-2}].
  Rational equations have a variable in the denominator in at least one of the terms. Our goal is to perform algebraic operations so that the variables appear in the numerator. In fact, we will eliminate all denominators by multiplying both sides of the equation by the least common denominator (LCD).
 Finding the LCD is identifying an expression that contains the highest power of all of the factors in all of the denominators. We do this because when the equation is multiplied by the LCD, the common factors in the LCD and in each denominator will equal one and will cancel out.
 Solve the rational equation:
 [image: \dfrac{7}{2x} - \dfrac{5}{3x} = \dfrac{22}{3}]
 
 Show Answer We have three denominators: [image: 2x], [image: 3x], and [image: 3]. The LCD must contain [image: 2x], [image: 3x], and [image: 3]. An LCD of [image: 6x] contains all three denominators. In other words, each denominator can be divided evenly into the LCD. Next, multiply both sides of the equation by the LCD [image: 6x].
 [image: \begin{array}{rcll} (6x)(\frac{7}{2x} - \frac{5}{3x}) &=& (\frac{22}{3})(6x) & \\ (6x)(\frac{7}{2x}) - (6x)(\frac{5}{3x}) &=& (\frac{22}{3})(6x) & \text{Use the distributive property.} \\ (\cancel{6x})(\frac{7}{\cancel{2x}}) - (\cancel{6x})(\frac{5}{\cancel{3x}}) &=& (\frac{22}{3})(\cancel{6x}) & \text{Cancel out the common factors.} \\ 3(7) - 2(5) &=& 22(2x) & \text{Multiply remaining factors by each} \\ 21 - 10 &=& 44x & \\ 11 &=& 44x & \\ \frac{11}{44} &=& x & \\ \frac{1}{4} &=& x & \end{array}]<.center>
 
  A common mistake made when solving rational equations involves finding the LCD when one of the denominators is a binomial—two terms added or subtracted—such as [image: (x + 1)]. Always consider a binomial as an individual factor—the terms cannot be separated.
 For example, suppose a problem has three terms and the denominators are [image: x], [image: 1], and [image: 3x - 3].
 First, factor all denominators. We then have [image: x], [image: 1], and [image: 3(x - 1)] as the denominators. (Note the parentheses placed around the second denominator.) Only the last two denominators have a common factor of [image: (x - 1)].
 The [image: x] in the first denominator is separate from the [image: x] in the [image: (x - 1)] denominators. An effective way to remember this is to write factored and binomial denominators in parentheses, and consider each parentheses as a separate unit or a separate factor.
 The LCD in this instance is found by multiplying together the [image: x], one factor of [image: (x - 1)], and the 3. Thus, the LCD is the following:
 [image: x(x - 1)3 = 3x(x - 1)]
 So, both sides of the equation would be multiplied by [image: 3x(x - 1)]. Leave the LCD in factored form, as this makes it easier to see how each denominator in the problem cancels out.
  Sometimes we have a rational equation in the form of a proportion; that is, when one fraction equals another fraction and there are no other terms in the equation.
 [image: \dfrac{a}{b} = \dfrac{c}{d}]
 We can use another method of solving the equation without finding the LCD: cross-multiplication. We multiply terms by crossing over the equal sign.
 [image: \text{If } \dfrac{a}{b} = \dfrac{c}{d} \text{, then } a \cdot d = b \cdot c]
 Multiply [image: a(d)] and [image: b(c)], which results in [image: ad = bc].
 Any solution that makes a denominator in the original expression equal zero must be excluded from the possibilities. How to: Given a rational equation, solve it. 
 	Factor all denominators in the equation.
 	Find and exclude values that set each denominator equal to zero.
 	Find the LCD.
 	Multiply the whole equation by the LCD. If the LCD is correct, there will be no denominators left.
 	Solve the remaining equation.
 	Make sure to check solutions back in the original equations to avoid a solution producing zero in a denominator.
 
  Solve the following rational equation:
 [image: \dfrac{2}{x} - \dfrac{3}{2} = \dfrac{7}{2x}]
 Show Answer We have three denominators: [image: x], [image: 2], and [image: 2x]. No factoring is required. The product of the first two denominators is equal to the third denominator, so, the LCD is [image: 2x]. Only one value is excluded from a solution set, [image: 0]. Next, multiply the whole equation (both sides of the equal sign) by [image: 2x].
 [image: \begin{array}{rcll} 2x(\frac{2}{x} - \frac{3}{2}) &=& (\frac{7}{2x})2x & \\ 2x(\frac{2}{x}) - 2x(\frac{3}{2}) &=& (\frac{7}{2x})2x & \text{Distribute }2x. \\ 2(2) - 3x &=& 7 & \text{Denominators cancel out.} \\ 4 - 3x &=& 7 & \\ -3x &=& 3 & \\ x &=& -1 & \\ \text{or } \{-1\} & & & \end{array}]The proposed solution is [image: -1], which is not an excluded value, so the solution set contains one number,[image: -1,] or [image: {-1}] written in set notation.
   Solve the following rational equation:
 [image: \dfrac{1}{x} = \dfrac{1}{10} - \dfrac{3}{4x}]
 
 Show Answer First find the common denominator. The three denominators in factored form are [image: x], [image: 10 = 2 \cdot 5], and [image: 4x = 2 \cdot 2 \cdot x]. The smallest expression that is divisible by each one of the denominators is [image: 20x]. Only [image: x = 0] is an excluded value. Multiply the whole equation by [image: 20x].
 [image: \begin{array}{rcl} 20x(\frac{1}{x}) &=& (\frac{1}{10} - \frac{3}{4x})20x \\ 20 &=& 2x - 15 \\ 35 &=& 2x \\ \frac{35}{2} &=& x \end{array}]
 div]:bg-bg-300 [&_pre]:-mr-4 md:[&_pre]:-mr-9″> _*]:min-w-0″> The solution is [image: \frac{35}{2}].
 
 
 
 
  Solve the following rational equations and state the excluded values: 	[image: \dfrac{3}{x-6} = \dfrac{5}{x}]
 	[image: \dfrac{x}{x-3} = \dfrac{5}{x-3} - \dfrac{1}{2}]
 	[image: \dfrac{x}{x-2} = \dfrac{5}{x-2} - \dfrac{1}{2}]
 
 Show Answer 	The denominators [image: x] and [image: x - 6] have nothing in common. Therefore, the LCD is the product [image: x(x - 6)]. However, for this problem, we can cross-multiply.
 [image: \begin{array}{rcll} \frac{3}{x-6} &=& \frac{5}{x} & \\ 3x &=& 5(x-6) & \text{Distribute.} \\ 3x &=& 5x-30 & \\ -2x &=& -30 & \\ x &=& 15 & \end{array}]
 The solution is [image: 15]. The excluded values are [image: 6] and [image: 0].
 	The LCD is [image: 2(x - 3)]. Multiply both sides of the equation by [image: 2(x - 3)].
 [image: \begin{array}{rcl} 2(x-3)(\frac{x}{x-3}) &=& (\frac{5}{x-3} - \frac{1}{2})2(x-3) \\ \frac{2(x-3)x}{x-3} &=& \frac{2(x-3)5}{x-3} - \frac{2(x-3)}{2} \\ 2x &=& 10 - (x - 3) \\ 2x &=& 10 - x + 3 \\ 2x &=& 13 - x \\ 3x &=& 13 \\ x &=& \frac{13}{3} \end{array}]
 The solution is [image: \dfrac{13}{3}]. The excluded value is [image: 3].
 	The least common denominator is [image: 2(x - 2)]. Multiply both sides of the equation by [image: x(x - 2)].
 [image: \begin{array}{rcl} 2(x-2)(\frac{x}{x-2}) &=& (\frac{5}{x-2} - \frac{1}{2})2(x-2) \\ 2x &=& 10 - (x - 2) \\ 2x &=& 12 - x \\ 3x &=& 12 \\ x &=& 4 \end{array}]
 The solution is [image: 4]. The excluded value is [image: 2].
 
   [ohm_question hide_question_numbers=1]290047[/ohm_question] 
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				 	Recognize when to use integration by parts compared to other integration methods
 	Use the integration by parts formula to solve indefinite integrals
 	Apply integration by parts to evaluate definite integrals
 
  Integration-by-Parts
 You’ve already learned how to tackle many basic integrals, and you can handle something like [image: \displaystyle\int x\sin\left({x}^{2}\right)dx] using substitution with [image: u={x}^{2}]. But what about [image: \displaystyle\int x\sin{x}dx]? This seemingly simple integral requires a different approach.
 Many students wonder if there’s a product rule for integration—there isn’t. However, we can use a technique based on the product rule for differentiation to exchange one integral for another. This powerful method is called integration by parts.
 The key insight is that when you have a product of two functions, you can often rewrite the integral in a more manageable form. Let’s see how this works by deriving the integration by parts formula.
 If, [image: h\left(x\right)=f\left(x\right)g\left(x\right)], then by using the product rule, we obtain [image: {h}^{\prime }\left(x\right)={f}^{\prime }\left(x\right)g\left(x\right)+{g}^{\prime }\left(x\right)f\left(x\right)]. Although at first it may seem counterproductive, let’s now integrate both sides of this equation: [image: \displaystyle\int {h}^{\prime }\left(x\right)dx=\displaystyle\int \left(g\left(x\right){f}^{\prime }\left(x\right)+f\left(x\right){g}^{\prime }\left(x\right)\right)dx].
 This gives us:
 [image: h\left(x\right)=f\left(x\right)g\left(x\right)=\displaystyle\int g\left(x\right){f}^{\prime }\left(x\right)dx+\displaystyle\int f\left(x\right){g}^{\prime }\left(x\right)dx].
  
 Now we solve for [image: \displaystyle\int f\left(x\right){g}^{\prime }\left(x\right)dx:]
 [image: \displaystyle\int f\left(x\right){g}^{\prime }\left(x\right)dx=f\left(x\right)g\left(x\right)-\displaystyle\int g\left(x\right){f}^{\prime }\left(x\right)dx].
  
 By making the substitutions [image: u=f\left(x\right)] and [image: v=g\left(x\right)], which in turn make [image: du={f}^{\prime }\left(x\right)dx] and [image: dv={g}^{\prime }\left(x\right)dx], we have the more compact form
 [image: \displaystyle\int udv=uv-\displaystyle\int vdu].
  Integration by Parts
 Let [image: u=f\left(x\right)] and [image: v=g\left(x\right)] be functions with continuous derivatives. Then, the integration-by-parts formula for the integral involving these two functions is:
 [image: \displaystyle\int udv=uv-\displaystyle\int vdu].

  The advantage of using the integration-by-parts formula is that we can use it to exchange one integral for another, possibly easier, integral. The following example illustrates its use.
 Use integration by parts with [image: u=x] and [image: dv=\sin{x}dx] to evaluate [image: \displaystyle\int x\sin{x}dx].
 Show Solution By choosing [image: u=x], we have [image: du=1dx]. Since [image: dv=\sin{x}dx], we get [image: v=\displaystyle\int \sin{x}dx=\text{-}\cos{x}]. It is handy to keep track of these values as follows:
 [image: \begin{array}{ccccccc}\hfill u& =\hfill & x\hfill & & \hfill dv& =\hfill & \sin{x}dx\hfill \\ \hfill du& =\hfill & 1dx\hfill & & \hfill v& =\hfill & \displaystyle\int \sin{x}dx=\text{-}\cos{x}. \end{array}]
  
 Applying the integration-by-parts formula results in
 [image: \begin{array}{cccc}\hfill {\displaystyle\int x\sin{x}dx}& =\left(x\right)\left(\text{-}\cos{x}\right)-{\displaystyle\int \left(\text{-}\cos{x}\right)\left(1dx\right)}\hfill & & \text{Substitute.}\hfill \\ & =\text{-}x\cos{x}+{\displaystyle\int \cos{x}dx}\hfill & & \text{Simplify.}\hfill \\ & =\text{-}x\cos{x}+\sin{x}+C.\hfill & & \text{Use}{\displaystyle\int \cos{x}dx=\sin{x}+C.}\end{array}]
 
 Analysis
 
 At this point, there are probably a few items that need clarification. First of all, you may be curious about what would have happened if we had chosen [image: u=\sin{x}] and [image: dv=x]. If we had done so, then we would have [image: du=\cos{x}] and [image: v=\frac{1}{2}{x}^{2}]. Thus, after applying integration by parts, we have [image: {\displaystyle\int }^{\text{ }}x\sin{x}dx=\frac{1}{2}{x}^{2}\sin{x}-{\displaystyle\int }^{\text{ }}\frac{1}{2}{x}^{2}\cos{x}dx]. Unfortunately, with the new integral, we are in no better position than before. It is important to keep in mind that when we apply integration by parts, we may need to try several choices for [image: u] and [image: dv] before finding a choice that works.
 Second, you may wonder why, when we find [image: v={\displaystyle\int }^{\text{ }}\sin{x}dx=\text{-}\cos{x}], we do not use [image: v=\text{-}\cos{x}+K]. To see that it makes no difference, we can rework the problem using [image: v=\text{-}\cos{x}+K\text{:}]
 [image: \begin{array}{cc}{\displaystyle\int}x\sin{x}dx\hfill & =\left(x\right)\left(\text{-}\cos{x}+K\right)-{\displaystyle\int}\left(\text{-}\cos{x}+K\right)\left(1dx\right)\hfill \\ \hfill & =\text{-}x\cos{x}+Kx+{\displaystyle\int}\cos{x}dx-{\displaystyle\int}Kdx\hfill \\ \hfill & =\text{-}x\cos{x}+Kx+\sin{x}-Kx+C\hfill \\ \hfill & =\text{-}x\cos{x}+\sin{x}+C.\hfill \end{array}]
  
 As you can see, it makes no difference in the final solution.
 Last, we can check to make sure that our antiderivative is correct by differentiating [image: \text{-}x\cos{x}+\sin{x}+C\text{:}]
 [image: \begin{array}{cc}\frac{d}{dx}\left(\text{-}x\cos{x}+\sin{x}+C\right)\hfill & =\left(-1\right)\cos{x}+\left(\text{-}x\right)\left(\text{-}\sin{x}\right)+\cos{x}\hfill \\ \hfill & =x\sin{x}.\hfill \end{array}]
  
 Therefore, the antiderivative checks out.
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				How to Choose [image: u] and[image: dv]
 The natural question you’re probably asking is: How do I know which part should be [image: u] and which should be [image: dv]? Sometimes it takes some trial and error, but there’s a helpful strategy that can guide your choices.
 The LIATE Method
 The acronym LIATE can help take the guesswork out of choosing [image: u] and [image: dv]:
 	Logarithmic Functions
 	Inverse Trigonometric Functions
 	Algebraic Functions
 	Trigonometric Functions
 	Exponential Functions
 
 Rule: Choose [image: u] to be the function type that appears first in this list.
  For example, if your integral contains both a logarithmic function and an algebraic function, choose [image: u] to be the logarithmic function since L comes before A in LIATE.
 Why Does LIATE Work?
 This mnemonic works because of integration practicality:
 	Logarithmic and inverse trig functions are at the front because we don’t have simple integration formulas for them—so they make poor choices for [image: dv]
 	Exponential and trig functions are at the end because they’re easy to integrate and make excellent choices for [image: dv]
 	Algebraic functions are in the middle because they’re generally manageable both to integrate and differentiate
 
 To use the by-parts technique successfully, it is helpful to first review the derivative rules of several familiar transcendental functions. 	[image: \frac{d}{dx} (\sin x) = \cos x]
 	[image: \frac{d}{dx} (\cos x) = -\sin x]
 	[image: \frac{d}{dx} (\ln x) = \frac{1}{x}]
 	[image: \frac{d}{dx} (\arcsin x) = \frac{1}{\sqrt{1-x^2}}]
 	[image: \frac{d}{dx} (\arctan x) = \frac{1}{1+x^2}]
 
  Now let’s see how this method works in practice.
 Evaluate [image: \displaystyle\int \frac{\text{ln}x}{{x}^{3}}dx].
 
 Show Solution Begin by rewriting the integral:
 [image: \displaystyle\int \frac{\text{ln}x}{{x}^{3}}dx={\displaystyle\int }^{\text{ }}{x}^{-3}\text{ln}xdx].
 Since this integral contains the algebraic function [image: {x}^{-3}] and the logarithmic function [image: \text{ln}x], choose [image: u=\text{ln}x], since L comes before A in LIATE. After we have chosen [image: u=\text{ln}x], we must choose [image: dv={x}^{-3}dx].
 Next, since [image: u=\text{ln}x], we have [image: du=\frac{1}{x}dx]. Also, [image: v={\displaystyle\int }^{\text{ }}{x}^{-3}dx=-\frac{1}{2}{x}^{-2}]. Summarizing,
 [image: \begin{array}{ccccccc}\hfill u& =\hfill & \text{ln}x\hfill & & \hfill dv& =\hfill & {x}^{-3}dx\hfill \\ \hfill du& =\hfill & \frac{1}{x}dx\hfill & & \hfill v& =\hfill & {\displaystyle\int }^{\text{ }}{x}^{-3}dx=-\frac{1}{2}{x}^{-2}.\end{array}]
 Substituting into the integration-by-parts formula gives
 [image: \begin{array}{ccccc}\hfill \displaystyle\int \frac{\text{ln}x}{{x}^{3}}dx& ={\displaystyle\int }^{\text{ }}{x}^{-3}\text{ln}xdx=\left(\text{ln}x\right)\left(\text{-}\frac{1}{2}{x}^{-2}\right)-{\displaystyle\int }^{\text{ }}\left(\text{-}\frac{1}{2}{x}^{-2}\right)\left(\frac{1}{x}dx\right)\hfill & & & \\ & =-\frac{1}{2}{x}^{-2}\text{ln}x+{\displaystyle\int }^{\text{ }}\frac{1}{2}{x}^{-3}dx\hfill & & & \text{Simplify}.\hfill \\ & =-\frac{1}{2}{x}^{-2}\text{ln}x-\frac{1}{4}{x}^{-2}+C\hfill & & & \text{Integrate}.\hfill \\ & =-\frac{1}{2{x}^{2}}\text{ln}x-\frac{1}{4{x}^{2}}+C.\hfill & & & \text{Rewrite with positive integers.}\end{array}]
 
  In some cases it may be necessary to apply integration by parts more than once.
 Evaluate [image: {\displaystyle\int }^{\text{ }}{x}^{2}{e}^{3x}dx].
 
 Show Solution Using LIATE, choose [image: u={x}^{2}] and [image: dv={e}^{3x}dx]. Thus, [image: du=2xdx] and [image: v=\displaystyle\int {e}^{3x}dx=\left(\frac{1}{3}\right){e}^{3x}]. Therefore,
 [image: \begin{array}{ccccccc}\hfill u& =\hfill & {x}^{2}\hfill & & \hfill dv& =\hfill & {e}^{3x}dx\hfill \\ \hfill du& =\hfill & 2xdx\hfill & & \hfill v& =\hfill & \displaystyle\int {e}^{3x}dx=\frac{1}{3}{e}^{3x}.\end{array}]
  
 Substituting into the integration-by-parts formula produces
 [image: \displaystyle\int {x}^{2}{e}^{3x}dx=\frac{1}{3}{x}^{2}{e}^{3x}-\displaystyle\int \frac{2}{3}x{e}^{3x}dx].
  
 We still cannot integrate [image: \displaystyle\int \frac{2}{3}x{e}^{3x}dx] directly, but the integral now has a lower power on [image: x]. We can evaluate this new integral by using integration by parts again. To do this, choose [image: u=x] and [image: dv=\frac{2}{3}{e}^{3x}dx]. Thus, [image: du=dx] and [image: v=\displaystyle\int \left(\frac{2}{3}\right){e}^{3x}dx=\left(\frac{2}{9}\right){e}^{3x}]. Now we have
 [image: \begin{array}{ccccccc}\hfill u& =\hfill & x\hfill & & \hfill dv& =\hfill & \frac{2}{3}{e}^{3x}dx\hfill \\ \hfill du& =\hfill & dx\hfill & & \hfill v& =\hfill & \displaystyle\int \frac{2}{3}{e}^{3x}dx=\frac{2}{9}{e}^{3x}.\end{array}]
  
 Substituting back into the previous equation yields
 [image: {\displaystyle\int }^{\text{ }}{x}^{2}{e}^{3x}dx=\frac{1}{3}{x}^{2}{e}^{3x}-\left(\frac{2}{9}x{e}^{3x}-{\displaystyle\int }^{\text{ }}\frac{2}{9}{e}^{3x}dx\right)].
  
 After evaluating the last integral and simplifying, we obtain
 [image: \displaystyle\int {x}^{2}{e}^{3x}dx=\frac{1}{3}{x}^{2}{e}^{3x}-\frac{2}{9}x{e}^{3x}+\frac{2}{27}{e}^{3x}+C].
 
  Evaluate [image: {\displaystyle\int }^{\text{ }}\sin\left(\text{ln}x\right)dx].
 
 Show Solution This integral appears to have only one function—namely, [image: \sin\left(\text{ln}x\right)] —however, we can always use the constant function 1 as the other function. In this example, let’s choose [image: u=\sin\left(\text{ln}x\right)] and [image: dv=1dx]. (The decision to use [image: u=\sin\left(\text{ln}x\right)] is easy. We can’t choose [image: dv=\sin\left(\text{ln}x\right)dx] because if we could integrate it, we wouldn’t be using integration by parts in the first place!) Consequently, [image: du=\frac{1}{x}\cos\left(\text{ln}x\right)dx] and [image: v={\displaystyle\int }^{\text{ }}1dx=x]. After applying integration by parts to the integral and simplifying, we have
 [image: {\displaystyle\int }^{\text{ }}\sin\left(\text{ln}x\right)dx=x\sin\left(\text{ln}x\right)-{\displaystyle\int }^{\text{ }}\cos\left(\text{ln}x\right)dx].
  
 Unfortunately, this process leaves us with a new integral that is very similar to the original. However, let’s see what happens when we apply integration by parts again. This time let’s choose [image: u=\cos\left(\text{ln}x\right)] and [image: dv=1dx], making [image: du=\text{-}\frac{1}{x}\sin\left(\text{ln}x\right)dx] and [image: v={\displaystyle\int }^{\text{ }}1dx=x]. Substituting, we have
 [image: {\displaystyle\int }^{\text{ }}\sin\left(\text{ln}x\right)dx=x\sin\left(\text{ln}x\right)-\left(x\cos\left(\text{ln}x\right)-{\displaystyle\int }^{\text{ }}-\sin\left(\text{ln}x\right)dx\right)].
  
 After simplifying, we obtain
 [image: {\displaystyle\int }^{\text{ }}\sin\left(\text{ln}x\right)dx=x\sin\left(\text{ln}x\right)-x\cos\left(\text{ln}x\right)-{\displaystyle\int }^{\text{ }}\sin\left(\text{ln}x\right)dx].
  
 The last integral is now the same as the original. It may seem that we have simply gone in a circle, but now we can actually evaluate the integral. To see how to do this more clearly, substitute [image: I={\displaystyle\int }^{\text{ }}\sin\left(\text{ln}x\right)dx]. Thus, the equation becomes
 [image: I=x\sin\left(\text{ln}x\right)-x\cos\left(\text{ln}x\right)-I].
  
 First, add [image: I] to both sides of the equation to obtain
 [image: 2I=x\sin\left(\text{ln}x\right)-x\cos\left(\text{ln}x\right)].
  
 Next, divide by 2:
 [image: I=\frac{1}{2}x\sin\left(\text{ln}x\right)-\frac{1}{2}x\cos\left(\text{ln}x\right)].
  
 Substituting [image: I={\displaystyle\int }^{\text{ }}\sin\left(\text{ln}x\right)dx] again, we have
 [image: {\displaystyle\int }^{\text{ }}\sin\left(\text{ln}x\right)dx=\frac{1}{2}x\sin\left(\text{ln}x\right)-\frac{1}{2}x\cos\left(\text{ln}x\right)].
  
 From this we see that [image: \frac{1}{2}x\sin\left(\text{ln}x\right)-\frac{1}{2}x\cos\left(\text{ln}x\right)] is an antiderivative of [image: \sin\left(\text{ln}x\right)dx]. For the most general antiderivative, add [image: +C\text{:}]
 [image: {\displaystyle\int }^{\text{ }}\sin\left(\text{ln}x\right)dx=\frac{1}{2}x\sin\left(\text{ln}x\right)-\frac{1}{2}x\cos\left(\text{ln}x\right)+C].
  
 
 Analysis
 If this method feels a little strange at first, we can check the answer by differentiation:
 [image: \begin{array}{c}\frac{d}{dx}\left(\frac{1}{2}x\sin\left(\text{ln}x\right)-\frac{1}{2}x\cos\left(\text{ln}x\right)\right)\hfill \\ \\ =\frac{1}{2}\left(\sin\left(\text{ln}x\right)\right)+\cos\left(\text{ln}x\right)\cdot \frac{1}{x}\cdot \frac{1}{2}x-\left(\frac{1}{2}\cos\left(\text{ln}x\right)-\sin\left(\text{ln}x\right)\cdot \frac{1}{x}\cdot \frac{1}{2}x\right)\hfill \\ =\sin\left(\text{ln}x\right).\hfill \end{array}]
 
  [image: Caution]Caution! LIATE is a guide, not a rigid rule. If your first choice leads to an integral you can’t evaluate, try a different approach. Evaluate [image: {\displaystyle\int }^{\text{ }}{t}^{3}{e}^{{t}^{2}}dt].
 
 Show Solution If we use a strict interpretation of the mnemonic LIATE to make our choice of [image: u], we end up with [image: u={t}^{3}] and [image: dv={e}^{{t}^{2}}dt]. Unfortunately, this choice won’t work because we are unable to evaluate [image: {\displaystyle\int }^{\text{ }}{e}^{{t}^{2}}dt]. However, since we can evaluate [image: {\displaystyle\int }^{\text{ }}t{e}^{{t}^{2}}dx], we can try choosing [image: u={t}^{2}] and [image: dv=t{e}^{{t}^{2}}dt]. With these choices we have
 [image: \begin{array}{ccccccc}\hfill u& =\hfill & {t}^{2}\hfill & & \hfill dv& =\hfill & t{e}^{{t}^{2}}dt\hfill \\ \hfill du& =\hfill & 2tdt\hfill & & \hfill v& =\hfill & {\displaystyle\int }^{\text{ }}t{e}^{{t}^{2}}dt=\frac{1}{2}{e}^{{t}^{2}}.\hfill \end{array}]
  
 Thus, we obtain
 [image: \begin{array}{cc}{\displaystyle\int {t}^{3}{e}^{{t}^{2}}dt}\hfill & =\frac{1}{2}{t}^{2}{e}^{{t}^{2}}-{\displaystyle\int \frac{1}{2}{e}^{{t}^{2}}2tdt}\hfill \\ \hfill & =\frac{1}{2}{t}^{2}{e}^{{t}^{2}}-\frac{1}{2}{e}^{{t}^{2}}+C.\end{array}]
 
  [ohm_question hide_question_numbers=1]311291[/ohm_question] 
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				Integration by Parts for Definite Integrals
 Now that we have used integration by parts successfully to evaluate indefinite integrals, we turn our attention to definite integrals. The integration technique is really the same, only we add a step to evaluate the integral at the upper and lower limits of integration.
 integration by parts for definite integrals
 Let [image: u=f\left(x\right)] and [image: v=g\left(x\right)] be functions with continuous derivatives on [image: \left[a,b\right]]. Then
 [image: {\displaystyle\int }_{a}^{b}udv={uv|}_{a}^{b}-{\displaystyle\int }_{a}^{b}vdu].

   Find the area of the region bounded above by the graph of [image: y={\tan}^{-1}x] and below by the [image: x] -axis over the interval [image: \left[0,1\right]].
 Show Solution This region is shown in Figure 1. To find the area, we must evaluate [image: \underset{0}{\overset{1}{\displaystyle\int }}{\tan}^{-1}xdx].
 [image: This figure is the graph of the inverse tangent function. It is an increasing function that passes through the origin. In the first quadrant there is a shaded region under the graph, above the x-axis. The shaded area is bounded to the right at x = 1.]Figure 1. To find the area of the shaded region, we have to use integration by parts.  For this integral, let’s choose [image: u={\tan}^{-1}x] and [image: dv=dx], thereby making [image: du=\frac{1}{{x}^{2}+1}dx] and [image: v=x]. After applying the integration-by-parts formula we obtain
 [image: \text{Area}=x{\tan}^{-1}{x|}_{0}^{1}-\underset{0}{\overset{1}{\displaystyle\int }}\frac{x}{{x}^{2}+1}dx].
  
 Use u-substitution to obtain
 [image: \underset{0}{\overset{1}{\displaystyle\int }}\frac{x}{{x}^{2}+1}dx=\frac{1}{2}\text{ln}|{x}^{2}+1{|}_{0}^{1}].
  
 Thus,
 [image: \text{Area}=x{\tan }^{-1}x{|}_{0}^{1}-\frac{1}{2}\mathrm{ln}|{x}^{2}+1|{|}_{0}^{1}=\frac{\pi }{4}-\frac{1}{2}\mathrm{ln}2].
  
 At this point it might not be a bad idea to do a “reality check” on the reasonableness of our solution. Since [image: \frac{\pi }{4}-\frac{1}{2}\text{ln}2\approx 0.4388], and from Figure 1 we expect our area to be slightly less than 0.5, this solution appears to be reasonable.
 
 
  Find the volume of the solid obtained by revolving the region bounded by the graph of [image: f\left(x\right)={e}^{\text{-}x}], the x-axis, the y-axis, and the line [image: x=1] about the y-axis.
 
 Show Solution The best option to solving this problem is to use the shell method. Begin by sketching the region to be revolved, along with a typical rectangle (see the following graph).
 [image: This figure is the graph of the function e^-x. It is an increasing function on the left side of the y-axis and decreasing on the right side of the y-axis. The curve also comes to a point on the y-axis at y=1. Under the curve there is a shaded rectangle in the first quadrant. There is also a cylinder under the graph, formed by revolving the rectangle around the y-axis.]Figure 2. We can use the shell method to find a volume of revolution.  To find the volume using shells, we must evaluate [image: 2\pi {\displaystyle\int }_{0}^{1}x{e}^{\text{-}x}dx]. To do this, let [image: u=x] and [image: dv={e}^{\text{-}x}]. These choices lead to [image: du=dx] and [image: v={\displaystyle\int }^{\text{ }}{e}^{\text{-}x}=\text{-}{e}^{\text{-}x}]. Substituting into the integration-by-parts for definite integrals formula, we obtain
 [image: \begin{array}{cccc}\hfill \text{Volume}& =2\pi \underset{0}{\overset{1}{\displaystyle\int }}x{e}^{\text{-}x}dx=2\pi \left(\text{-}x{e}^{\text{-}x}{|}_{0}^{1}+\underset{0}{\overset{1}{\displaystyle\int }}{e}^{\text{-}x}dx\right)\hfill & & \text{Use integration by parts}.\hfill \\ & =-2\pi x{e}^{\text{-}x}{|}_{0}^{1}-2\pi {e}^{\text{-}x}{|}_{0}^{1}\hfill & & \text{Evaluate}\underset{0}{\overset{1}{\displaystyle\int }}{e}^{\text{-}x}dx=\text{-}{e}^{\text{-}x}{|}_{0}^{1}.\hfill \\ & =2\pi -\frac{4\pi }{e}.\hfill & & \text{Evaluate and simplify}.\hfill \end{array}]
  
 
 Analysis
 Again, it is a good idea to check the reasonableness of our solution. We observe that the solid has a volume slightly less than that of a cylinder of radius [image: 1] and height of [image: \frac{1}{e}] added to the volume of a cone of base radius [image: 1] and height of [image: 1-\frac{1}{3}]. Consequently, the solid should have a volume a bit less than
 [image: \pi {\left(1\right)}^{2}\frac{1}{e}+\left(\frac{\pi }{3}\right){\left(1\right)}^{2}\left(1-\frac{1}{e}\right)=\frac{2\pi }{3e}-\frac{\pi }{3}\approx 1.8177].
  
 Since [image: 2\pi -\frac{4\pi }{e}\approx 1.6603], we see that our calculated volume is reasonable.
 
  [ohm_question hide_question_numbers=1]311292[/ohm_question] 
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				 	Recognize when to use integration by parts compared to other integration methods
 	Use the integration by parts formula to solve indefinite integrals
 	Apply integration by parts to evaluate definite integrals
 
  From Lab to Life: Integration by Parts in Practice
 Welcome to a day in the life of an engineering consultant! You’re working on various projects that require integration by parts to model real-world phenomena. From analyzing mechanical vibrations to processing electrical signals and calculating economic projections, each task demonstrates how integration by parts helps solve practical engineering and scientific problems.
 Damped Vibration Analysis
 A mechanical engineer is analyzing the displacement of a damped spring system. The velocity of the oscillating mass is given by [image: v(t) = te^{-0.5t}] meters per second, where [image: t] is time in seconds. To find the total displacement from [image: t = 0] to [image: t = 4] seconds, the engineer needs to evaluate:
 [image: \displaystyle\int_0^4 te^{-0.5t} \, dt]
 [ohm_question hide_question_numbers=1]310323[/ohm_question] Signal Processing Application
 An electrical engineer is analyzing a communication signal with amplitude modulation. The power dissipated in a circuit component is proportional to:
 [image: P(t) = \int x\cos(2x) \, dx]
 [ohm_question hide_question_numbers=1]311156[/ohm_question] Economic Growth Model
 An economist is modeling the present value of a continuously growing income stream. The present value of income that grows linearly with time and is continuously discounted is:
 [image: PV = \displaystyle\int_0^{10} 5t e^{-0.1t} \, dt]
 where [image: t] is time in years and all values are in thousands of dollars.
 [ohm_question hide_question_numbers=1]311221[/ohm_question] Heat Transfer Analysis
 A thermal engineer is analyzing heat dissipation in a cooling fin. The rate of heat transfer along the fin is described by:
 [image: Q = k\displaystyle\int_0^L x^2 e^{-\beta x} \, dx]
 where [image: L = 2], [image: \beta = 1], and [image: k] is a constant. To find the total heat transfer, evaluate:
 [image: \displaystyle\int_0^2 x^2 e^{-x} \, dx]
 This integral requires applying integration by parts twice.
 [ohm_question hide_question_numbers=1]311222[/ohm_question] 
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				 	Integrate expressions containing products and powers of sine and cosine
 	Integrate expressions containing products and powers of tangent and secant
 	Use reduction formulas to simplify and solve trigonometric integrals
 	Integrate expressions containing square roots of sums or differences of squares
 
  Integrating Products and Powers of [image: \sin{x}] and [image: \cos{x}]
 In this section, you’ll learn how to integrate products of trigonometric functions—skills that will be essential for advanced techniques like trigonometric substitution and coordinate systems you’ll encounter later. We’ll start with products of [image: \sin{x}] and [image: \cos{x}] and build from there.
 A key idea behind the strategy used to integrate combinations of products and powers of [image: \sin{x}] and [image: \cos{x}] involves rewriting these expressions as sums and differences of integrals of the form [image: \displaystyle\int\sin^{j}x\cos{x}dx] or [image: {\displaystyle\int}{\cos}^{j}x\sin{x}dx]. After rewriting these integrals, we evaluate them using u-substitution.
 Before describing the general process in detail, let’s take a look at a couple of examples.
 Evaluate [image: {\displaystyle\int}{\cos}^{3}x\sin{x}dx].
 
 Show Solution Use [image: u] -substitution and let [image: u=\cos{x}]. In this case, [image: du=\text{-}\sin{x}dx]. Thus,
 [image: \begin{array}{cc}{\displaystyle\int}{\cos}^{3}x\sin{x}dx\hfill & =\text{-}{\displaystyle\int}{u}^{3}du\hfill \\ \hfill & =-\frac{1}{4}{u}^{4}+C\hfill \\ \hfill & =-\frac{1}{4}{\cos}^{4}x+C.\hfill \end{array}]
 
 
 
  Evaluate [image: {\displaystyle\int}{\sin}^{4}x\cos{x}dx].
 
 
 
 
 Hint 
 Let [image: u=\sin{x}].
 
 
 Show Solution [image: \frac{1}{5}{\sin}^{5}x+C]
 
  
  Watch the following video to see the worked solution to the above example.https://youtube.com/watch?v=OW-JQPR36co%3Fcontrols%3D0%26start%3D118%26end%3D159%26autoplay%3D0 For closed captioning, open the video on its original page by clicking the Youtube logo in the lower right-hand corner of the video display. In YouTube, the video will begin at the same starting point as this clip, but will continue playing until the very end.
 You can view the transcript for this segmented clip of “3.2 Trigonometric Integrals” here (opens in new window).
  In addition to the technique of [image: u-] substitution, the problems in this section and the next make frequent use of the Pythagorean Identity and its implications for how to rewrite trigonometric functions in terms of other trigonometric functions. Here’s a quick review of these essential relationships.
 For any angle [image: x]:
 [image: \sin^2 x + \cos^2 x = 1]Subtracting by [image: \sin^2 x] allows a square power of cosine in terms of sine:
 [image: \cos^2 x = 1-\sin^2 x]Subtracting instead by [image: \cos^2 x] allows a square power of sine to be written in terms of cosine:
 [image: \sin^2 x = 1 -\cos^2 x]
 Evaluate [image: {\displaystyle\int}{\cos}^{2}x{\sin}^{3}xdx].
 
 Show Solution To convert this integral to integrals of the form [image: {\displaystyle\int}{\cos}^{j}x\sin{x}dx], rewrite [image: {\sin}^{3}x={\sin}^{2}x\sin{x}] and make the substitution [image: {\sin}^{2}x=1-{\cos}^{2}x]. Thus,
 [image: \begin{array}{ccc}{\displaystyle\int}{\cos}^{2}x{\sin}^{3}xdx\hfill & ={\displaystyle\int}{\cos}^{2}x\left(1-{\cos}^{2}x\right)\sin{x}dx\hfill & \text{Let }u=\cos{x};\text{then }du=\text{-}\sin{x}dx.\hfill \\ \hfill & =\text{-}{\displaystyle\int}{u}^{2}\left(1-{u}^{2}\right)du\hfill & \hfill \\ \hfill & ={\displaystyle\int}\left({u}^{4}-{u}^{2}\right)du\hfill & \hfill \\ \hfill & =\frac{1}{5}{u}^{5}-\frac{1}{3}{u}^{3}+C\hfill & \hfill \\ \hfill & =\frac{1}{5}{\cos}^{5}x-\frac{1}{3}{\cos}^{3}x+C.\hfill & \hfill \end{array}]
 
  
 
 
 In the next example, we see the strategy that must be applied when there are only even powers of [image: \sin{x}] and [image: \cos{x}]. For integrals of this type, the identities
 
 
 
 [image: {\sin}^{2}x=\frac{1}{2}-\frac{1}{2}\cos\left(2x\right)=\frac{1-\cos\left(2x\right)}{2}]
 and
 [image: {\cos}^{2}x=\frac{1}{2}+\frac{1}{2}\cos\left(2x\right)=\frac{1+\cos\left(2x\right)}{2}]
 are invaluable. These identities are sometimes known as power-reducing identities and they may be derived from the double-angle identity [image: \cos\left(2x\right)={\cos}^{2}x-{\sin}^{2}x] and the Pythagorean identity [image: {\cos}^{2}x+{\sin}^{2}x=1].
  Evaluate [image: {\displaystyle\int}{\sin}^{2}xdx].
 
 Show Solution To evaluate this integral, let’s use the trigonometric identity [image: {\sin}^{2}x=\frac{1}{2}-\frac{1}{2}\cos\left(2x\right)]. Thus,
 [image: \begin{array}{cc}{\displaystyle\int}{\sin}^{2}xdx\hfill & ={\displaystyle\int}\left(\frac{1}{2}-\frac{1}{2}\cos\left(2x\right)\right)dx\hfill \\ \hfill & =\frac{1}{2}x-\frac{1}{4}\sin\left(2x\right)+C.\hfill \end{array}]
 
  [ohm_question hide_question_numbers=1]311293[/ohm_question] The general process for integrating products of powers of [image: \sin{x}] and [image: \cos{x}] is summarized in the following set of guidelines.
 Problem-Solving Strategy: Integrating Products and Powers of [image: \sin{x}] and [image: \cos{x}] 	If [image: k] is odd, rewrite [image: {\sin}^{k}x={\sin}^{k - 1}x\sin{x}] and use the identity [image: {\sin}^{2}x=1-{\cos}^{2}x] to rewrite [image: {\sin}^{k - 1}x] in terms of [image: \cos{x}]. Integrate using the substitution [image: u=\cos{x}]. This substitution makes [image: du=\text{-}\sin{x}dx].
 	If [image: j] is odd, rewrite [image: {\cos}^{j}x={\cos}^{j - 1}x\cos{x}] and use the identity [image: {\cos}^{2}x=1-{\sin}^{2}x] to rewrite [image: {\cos}^{j - 1}x] in terms of [image: \sin{x}]. Integrate using the substitution [image: u=\sin{x}]. This substitution makes [image: du=\cos{x}dx]. (Note: If both [image: j] and [image: k] are odd, either strategy 1 or strategy 2 may be used.)
 	If both [image: j] and [image: k] are even, use [image: {\sin}^{2}x=\frac{1}{2}-\frac{1}{2}\cos\left(2x\right)] and [image: {\cos}^{2}x=\frac{1}{2}+\frac{1}{2}\cos\left(2x\right)]. After applying these formulas, simplify and reapply strategies 1 through 3 as appropriate.
 
  Evaluate [image: {\displaystyle\int}{\cos}^{8}x{\sin}^{5}xdx].
 
 Show Solution Since the power on [image: \sin{x}] is odd, use strategy 1. Thus,
 [image: \begin{array}{cccc}\hfill {\displaystyle\int}{\cos}^{8}x{\sin}^{5}xdx& ={\displaystyle\int}{\cos}^{8}x{\sin}^{4}x\sin{x}dx\hfill & & \text{Break off }\sin{x}.\hfill \\ & ={\displaystyle\int}{\cos}^{8}x{\left({\sin}^{2}x\right)}^{2}\sin{x}dx\hfill & & \text{Rewrite }{\sin}^{4}x={\left({\sin}^{2}x\right)}^{2}.\hfill \\ & ={\displaystyle\int}{\cos}^{8}x{\left(1-{\cos}^{2}x\right)}^{2}\sin{x}dx\hfill & & \text{Substitute }{\sin}^{2}x=1-{\cos}^{2}x.\hfill \\ & ={\displaystyle\int}{u}^{8}{\left(1-{u}^{2}\right)}^{2}\left(\text{-}du\right)\hfill & & \text{Let }u=\cos{x}\text{ and }du=\text{-}\sin{x}dx.\hfill \\ & ={\displaystyle\int}\left(\text{-}{u}^{8}+2{u}^{10}-{u}^{12}\right)du\hfill & & \text{Expand}.\hfill \\ & =-\frac{1}{9}{u}^{9}+\frac{2}{11}{u}^{11}-\frac{1}{13}{u}^{13}+C\hfill & & \text{Evaluate the integral}.\hfill \\ & =-\frac{1}{9}{\cos}^{9}x+\frac{2}{11}{\cos}^{11}x-\frac{1}{13}{\cos}^{13}x+C.\hfill & & \text{Substitute }u=\cos{x}.\hfill \end{array}]
 
  Evaluate [image: {\displaystyle\int}{\sin}^{4}xdx].
 
 Show Solution Since the power on [image: \sin{x}] is even [image: \left(k=4\right)] and the power on [image: \cos{x}] is even [image: \left(j=0\right)], we must use strategy 3. Thus,
 [image: \begin{array}{cccc}\hfill {\displaystyle\int}{\sin}^{4}xdx& ={\displaystyle\int}{\left({\sin}^{2}x\right)}^{2}dx\hfill & & \text{Rewrite }{\sin}^{4}x={\left({\sin}^{2}x\right)}^{2}.\hfill \\ & ={\displaystyle\int}{\left(\frac{1}{2}-\frac{1}{2}\cos\left(2x\right)\right)}^{2}dx\hfill & & \text{Substitute }{\sin}^{2}x=\frac{1}{2}-\frac{1}{2}\cos\left(2x\right).\hfill \\ & ={\displaystyle\int}\left(\frac{1}{4}-\frac{1}{2}\cos\left(2x\right)+\frac{1}{4}{\cos}^{2}\left(2x\right)\right)dx\hfill & & \text{Expand }{\left(\frac{1}{2}-\frac{1}{2}\cos\left(2x\right)\right)}^{2}.\hfill \\ & ={\displaystyle\int}\left(\frac{1}{4}-\frac{1}{2}\cos\left(2x\right)+\frac{1}{4}\left(\frac{1}{2}+\frac{1}{2}\cos\left(4x\right)\right)\right)dx.\hfill & & \end{array}]
  
 Since [image: {\cos}^{2}\left(2x\right)] has an even power, substitute [image: {\cos}^{2}\left(2x\right)=\frac{1}{2}+\frac{1}{2}\cos\left(4x\right)\text{:}]
 [image: \begin{array}{cc}={\displaystyle\int}\left(\frac{3}{8}-\frac{1}{2}\cos\left(2x\right)+\frac{1}{8}\cos\left(4x\right)\right)dx\hfill & \text{Simplify}.\hfill \\ =\frac{3}{8}x-\frac{1}{4}\sin\left(2x\right)+\frac{1}{32}\sin\left(4x\right)+C\hfill & \text{Evaluate the integral}.\hfill \end{array}]
 
  In some areas of physics, such as quantum mechanics, signal processing, and the computation of Fourier series, it is often necessary to integrate products that include [image: \sin\left(ax\right)], [image: \sin\left(bx\right)], [image: \cos\left(ax\right)], and [image: \cos\left(bx\right)]. These integrals are evaluated by applying trigonometric identities, as outlined in the following rule.
 integrating products of aines and cosines of different angles
 To integrate products involving [image: \sin\left(ax\right)], [image: \sin\left(bx\right)], [image: \cos\left(ax\right)], and [image: \cos\left(bx\right)], use the substitutions
 [image: \sin\left(ax\right)\sin\left(bx\right)=\frac{1}{2}\cos\left(\left(a-b\right)x\right)-\frac{1}{2}\cos\left(\left(a+b\right)x\right)] 
 [image: \sin\left(ax\right)\cos\left(bx\right)=\frac{1}{2}\sin\left(\left(a-b\right)x\right)+\frac{1}{2}\sin\left(\left(a+b\right)x\right)] 
 [image: \cos\left(ax\right)\cos\left(bx\right)=\frac{1}{2}\cos\left(\left(a-b\right)x\right)+\frac{1}{2}\cos\left(\left(a+b\right)x\right)]

  Evaluate [image: {\displaystyle\int}\sin\left(5x\right)\cos\left(3x\right)dx].
 
 Show Solution Apply the identity [image: \sin\left(5x\right)\cos\left(3x\right)=\frac{1}{2}\sin\left(2x\right)-\frac{1}{2}\cos\left(8x\right)]. Thus,
 [image: \begin{array}{cc}{\displaystyle\int}\sin\left(5x\right)\cos\left(3x\right)dx\hfill & ={\displaystyle\int}\frac{1}{2}\sin\left(2x\right)-\frac{1}{2}\cos\left(8x\right)dx\hfill \\ \hfill & =-\frac{1}{4}\cos\left(2x\right)-\frac{1}{16}\sin\left(8x\right)+C.\hfill \end{array}]
 
  
	

			
			


		
	
		
			
	
		93

		Trigonometric Integrals: Learn It 2

								

	
				Integrating Products and Powers of [image: \tan{x}] and [image: \sec{x}]
 Before discussing the integration of products and powers of [image: \tan{x}] and [image: \sec{x}], it is useful to recall the integrals involving [image: \tan{x}] and [image: \sec{x}] we have already learned:
 	[image: {\displaystyle\int}{\sec}^{2}xdx=\tan{x}+C]
 	[image: {\displaystyle\int}\sec{x}\tan{x}dx=\sec{x}+C]
 	[image: {\displaystyle\int}\tan{x}dx=\text{ln}|\sec{x}|+C]
 	[image: {\displaystyle\int}\sec{x}dx=\text{ln}|\sec{x}+\tan{x}|+C].
 
  For most integrals of products and powers of [image: \tan{x}] and [image: \sec{x}], we rewrite the expression we wish to integrate as the sum or difference of integrals of the form [image: {\displaystyle\int}{\tan}^{j}x{\sec}^{2}xdx] or [image: {\displaystyle\int}{\sec}^{j}x\tan{x}dx]. As we see in the following example, we can evaluate these new integrals by using u-substitution.  Before doing so, it is useful to note how the Pythagorean Identity implies relationships between other pairs of trigonometric functions.
 For any angle [image: x]:
 [image: \sin^2 x + \cos^2 x = 1]Dividing the original equation by [image: \cos^2 x] and simplifying yields an expression for [image: \sec^2 x] in terms of [image: \tan^2 x]:
 [image: \tan^2 x + 1 = \sec^2 x]Subtracting both sides of the equation by [image: 1] yields an expression for [image: \tan^2 x] in terms of [image: \sec^2 x]:
 [image: \tan^2 x = \sec^2 x - 1]
 Evaluate [image: {\displaystyle\int}{\sec}^{5}x\tan{x}dx].
 
 Show Solution Start by rewriting [image: {\sec}^{5}x\tan{x}] as [image: {\sec}^{4}x\sec{x}\tan{x}].
 [image: \begin{array}{cccc}\hfill {\displaystyle\int}{\sec}^{5}x\tan{x}dx& ={\displaystyle\int}{\sec}^{4}x\sec{x}\tan{x}dx\hfill & & \text{Let }u=\sec{x};\text{then},du=\sec{x}\tan{x}dx.\hfill \\ & ={\displaystyle\int}{u}^{4}du\hfill & & \text{Evaluate the integral}.\hfill \\ & =\frac{1}{5}{u}^{5}+C\hfill & & \text{Substitute }\sec{x}=u.\hfill \\ & =\frac{1}{5}{\sec}^{5}x+C\hfill & & \end{array}]
  
 
   Evaluate [image: {\displaystyle\int}{\tan}^{5}x{\sec}^{2}xdx].
 
 Hint Let [image: u=\tan{x}] and [image: du={\sec}^{2}x].
 
  Show Solution [image: \frac{1}{6}{\tan}^{6}x+C]
 
   We now take a look at the various strategies for integrating products and powers of [image: \sec{x}] and [image: \tan{x}].
 Problem-Solving Strategy: Integrating [image: {\displaystyle\int}{\tan}^{k}x{\sec}^{j}xdx] 	If [image: j] is even and [image: j\ge 2], rewrite [image: {\sec}^{j}x={\sec}^{j - 2}x{\sec}^{2}x] and use [image: {\sec}^{2}x={\tan}^{2}x+1] to rewrite [image: {\sec}^{j - 2}x] in terms of [image: \tan{x}]. Let [image: u=\tan{x}] and [image: du={\sec}^{2}x].
 	If [image: k] is odd and [image: j\ge 1], rewrite [image: {\tan}^{k}x{\sec}^{j}x={\tan}^{k - 1}x{\sec}^{j - 1}x\sec{x}\tan{x}] and use [image: {\tan}^{2}x={\sec}^{2}x - 1] to rewrite [image: {\tan}^{k - 1}x] in terms of [image: \sec{x}]. Let [image: u=\sec{x}] and [image: du=\sec{x}\tan{x}dx]. (Note: If [image: j] is even and [image: k] is odd, then either strategy 1 or strategy 2 may be used.)
 	If [image: k] is odd where [image: k\ge 3] and [image: j=0], rewrite [image: {\tan}^{k}x={\tan}^{k - 2}x{\tan}^{2}x={\tan}^{k - 2}x\left({\sec}^{2}x - 1\right)={\tan}^{k - 2}x{\sec}^{2}x-{\tan}^{k - 2}x]. It may be necessary to repeat this process on the [image: {\tan}^{k - 2}x] term.
 	If [image: k] is even and [image: j] is odd, then use [image: {\tan}^{2}x={\sec}^{2}x - 1] to express [image: {\tan}^{k}x] in terms of [image: \sec{x}]. Use integration by parts to integrate odd powers of [image: \sec{x}].
 
  Evaluate [image: {\displaystyle\int}{\tan}^{6}x{\sec}^{4}xdx].
 
 Show Solution Since the power on [image: \sec{x}] is even, rewrite [image: {\sec}^{4}x={\sec}^{2}x{\sec}^{2}x] and use [image: {\sec}^{2}x={\tan}^{2}x+1] to rewrite the first [image: {\sec}^{2}x] in terms of [image: \tan{x}]. Thus,
 [image: \begin{array}{cccc}\hfill {\displaystyle\int}{\tan}^{6}x{\sec}^{4}xdx& ={\displaystyle\int}{\tan}^{6}x\left({\tan}^{2}x+1\right){\sec}^{2}xdx\hfill & & \text{Let }u=\tan{x}\text{ and }du={\sec}^{2}x.\hfill \\ & ={\displaystyle\int}{u}^{6}\left({u}^{2}+1\right)du\hfill & & \text{Expand}.\hfill \\ & ={\displaystyle\int}\left({u}^{8}+{u}^{6}\right)du\hfill & & \text{Evaluate the integral}.\hfill \\ & =\frac{1}{9}{u}^{9}+\frac{1}{7}{u}^{7}+C\hfill & & \text{Substitute }\tan{x}=u.\hfill \\ & =\frac{1}{9}{\tan}^{9}x+\frac{1}{7}{\tan}^{7}x+C.\hfill & & \hfill \end{array}]
  
 
   Evaluate [image: {\displaystyle\int}{\tan}^{5}x{\sec}^{3}xdx].
 
 Show Solution Since the power on [image: \tan{x}] is odd, begin by rewriting [image: {\tan}^{5}x{\sec}^{3}x={\tan}^{4}x{\sec}^{2}x\sec{x}\tan{x}]. Thus,
 [image: \begin{array}{cccccc}\hfill {\tan}^{5}x{\sec}^{3}x& =\hfill & {\tan}^{4}x{\sec}^{2}x\sec{x}\tan{x}.\hfill & & & \text{Write }{\tan}^{4}x={\left({\tan}^{2}x\right)}^{2}.\hfill \\ \hfill {\displaystyle\int}{\tan}^{5}x{\sec}^{3}xdx& =\hfill & {\displaystyle\int}{\left({\tan}^{2}x\right)}^{2}{\sec}^{2}x\sec{x}\tan{x}dx\hfill & & & \text{Use }{\tan}^{2}x={\sec}^{2}x - 1.\hfill \\ & =\hfill & {\displaystyle\int}{\left({\sec}^{2}x - 1\right)}^{2}{\sec}^{2}x\sec{x}\tan{x}dx\hfill & & & \text{Let }u=\sec{x}\text{and}du=\sec{x}\tan{x}dx.\hfill \\ & =\hfill & {\displaystyle\int}{\left({u}^{2}-1\right)}^{2}{u}^{2}du\hfill & & & \text{Expand}.\hfill \\ & =\hfill & {\displaystyle\int}\left({u}^{6}-2{u}^{4}+{u}^{2}\right)du\hfill & & & \text{Integrate}.\hfill \\ & =\hfill & \frac{1}{7}{u}^{7}-\frac{2}{5}{u}^{5}+\frac{1}{3}{u}^{3}+C\hfill & & & \text{Substitute }\sec{x}=u.\hfill \\ & =\hfill & \frac{1}{7}{\sec}^{7}x-\frac{2}{5}{\sec}^{5}x+\frac{1}{3}{\sec}^{3}x+C.\hfill & & & \end{array}]
 
   Integrate [image: {\displaystyle\int}{\sec}^{3}xdx].
 
 Show Solution This integral requires integration by parts. To begin, let [image: u=\sec{x}] and [image: dv={\sec}^{2}x]. These choices make [image: du=\sec{x}\tan{x}] and [image: v=\tan{x}]. Thus,
 [image: \begin{array}{cccc}\hfill {\displaystyle\int}{\sec}^{3}xdx& =\sec{x}\tan{x}-{\displaystyle\int}\tan{x}\sec{x}\tan{x}dx\hfill & & \\ & =\sec{x}\tan{x}-{\displaystyle\int}{\tan}^{2}x\sec{x}dx\hfill & & \text{Simplify}.\hfill \\ & =\sec{x}\tan{x}-{\displaystyle\int}\left({\sec}^{2}x - 1\right)\sec{x}dx\hfill & & \text{Substitute }{\tan}^{2}x={\sec}^{2}x - 1.\hfill \\ & =\sec{x}\tan{x}+{\displaystyle\int}\sec{x}dx-{\displaystyle\int}{\sec}^{3}xdx\hfill & & \text{Rewrite}.\hfill \\ & =\sec{x}\tan{x}+\text{ln}|\sec{x}+\tan{x}|-{\displaystyle\int}{\sec}^{3}xdx.\hfill & & \text{Evaluate}{\displaystyle\int}\sec{x}dx.\hfill \end{array}]
  
 We now have
 [image: {\displaystyle\int}{\sec}^{3}xdx=\sec{x}\tan{x}+\text{ln}|\sec{x}+\tan{x}|-{\displaystyle\int}{\sec}^{3}xdx].
  
 Since the integral [image: {\displaystyle\int}{\sec}^{3}xdx] has reappeared on the right-hand side, we can solve for [image: {\displaystyle\int}{\sec}^{3}xdx] by adding it to both sides. In doing so, we obtain
 [image: 2{\displaystyle\int}{\sec}^{3}xdx=\sec{x}\tan{x}+\text{ln}|\sec{x}+\tan{x}|].
  
 Dividing by 2, we arrive at
 [image: {\displaystyle\int}{\sec}^{3}xdx=\frac{1}{2}\sec{x}\tan{x}+\frac{1}{2}\text{ln}|\sec{x}+\tan{x}|+C].
  
 
   [ohm_question hide_question_numbers=1]311294[/ohm_question] 
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				Reduction Formulas
 Evaluating [image: {\displaystyle\int}{\sec}^{n}xdx] for values of [image: n] where [image: n] is odd requires integration by parts. In addition, we must also know the value of [image: {\displaystyle\int}{\sec}^{n - 2}xdx] to evaluate [image: {\displaystyle\int}{\sec}^{n}xdx]. The evaluation of [image: {\displaystyle\int}{\tan}^{n}xdx] also requires being able to integrate [image: {\displaystyle\int}{\tan}^{n - 2}xdx]. To make the process easier, we can derive and apply the following power reduction formulas. These rules allow us to replace the integral of a power of [image: \sec{x}] or [image: \tan{x}] with the integral of a lower power of [image: \sec{x}] or [image: \tan{x}].
 reduction formulas for [image: {\displaystyle\int}{\sec}^{n}xdx] and [image: {\displaystyle\int}{\tan}^{n}xdx]
 [image: {\displaystyle\int}{\sec}^{n}xdx=\frac{1}{n - 1}{\sec}^{n - 2}x\tan{x}+\frac{n - 2}{n - 1}{\displaystyle\int}{\sec}^{n - 2}xdx] 
 [image: {\displaystyle\int}{\tan}^{n}xdx=\frac{1}{n - 1}{\tan}^{n - 1}x-{\displaystyle\int}{\tan}^{n - 2}xdx]

  Apply a reduction formula to evaluate [image: {\displaystyle\int}{\sec}^{3}xdx].
 
 Show Solution By applying the first reduction formula, we obtain
 [image: \begin{array}{cc}{\displaystyle\int}{\sec}^{3}xdx\hfill & =\frac{1}{2}\sec{x}\tan{x}+\frac{1}{2}{\displaystyle\int}\sec{x}dx\hfill \\ \hfill & =\frac{1}{2}\sec{x}\tan{x}+\frac{1}{2}\text{ln}|\sec{x}+\tan{x}|+C.\hfill \end{array}]
 
   Evaluate [image: {\displaystyle\int}{\tan}^{4}xdx].
 
 Show Solution Applying the reduction formula for [image: {\displaystyle\int}{\tan}^{4}xdx] we have
 [image: \begin{array}{cccc}\hfill {\displaystyle\int}{\tan}^{4}xdx& =\frac{1}{3}{\tan}^{3}x-{\displaystyle\int}{\tan}^{2}xdx\hfill & & \\ & =\frac{1}{3}{\tan}^{3}x-\left(\tan{x}-{\displaystyle\int}{\tan}^{0}xdx\right)\hfill & & \text{Apply the reduction formula to}{\displaystyle\int}{\tan}^{2}xdx.\hfill \\ & =\frac{1}{3}{\tan}^{3}x-\tan{x}+{\displaystyle\int}1dx\hfill & & \text{Simplify}.\hfill \\ & =\frac{1}{3}{\tan}^{3}x-\tan{x}+x+C.\hfill & & \text{Evaluate}{\displaystyle\int}1dx.\hfill \end{array}]
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				Integrals Involving [image: \sqrt{{a}^{2}-{x}^{2}}]
 You’ve learned many integration techniques, but some expressions still seem impossible to tackle. Take [image: \int \sqrt{9-{x}^{2}}dx], for example. None of your usual methods work here—but don’t worry! There’s a clever approach using trigonometric substitution.
 The trick is recognizing that expressions like [image: \sqrt{9-{x}^{2}}] can be simplified using trigonometric identities. Let’s see how this works with our example.
 Let’s see how the substitution [image: x=3\sin\theta] transforms our integral [image: \displaystyle\int \sqrt{9-x^{2}}dx].
 If we make the substitution [image: x=3\sin\theta], we have [image: dx=3\cos\theta d\theta].
 After substituting into the integral, we have
 [image: \displaystyle\int \sqrt{9-{x}^{2}}dx={\displaystyle\int }^{\text{ }}\sqrt{9-{\left(3\sin\theta \right)}^{2}}3\cos\theta d\theta].
 After simplifying, we have
 [image: {\displaystyle\int }^{\text{ }}\sqrt{9-{x}^{2}}dx={\displaystyle\int }^{\text{ }}9\sqrt{1-{\sin}^{2}\theta }\cos\theta d\theta].
 Since [image: 1-{\sin}^{2}\theta ={\cos}^{2}\theta], we now have
 [image: {\displaystyle\int }^{\text{ }}\sqrt{9-{x}^{2}}dx={\displaystyle\int }^{\text{ }}9\sqrt{{\cos}^{2}\theta }\cos\theta d\theta].
 Assuming that [image: \cos\theta \ge 0], we have
 [image: {\displaystyle\int }^{\text{ }}\sqrt{9-{x}^{2}}dx={\displaystyle\int }^{\text{ }}9{\cos}^{2}\theta d\theta].
 At this point, we can evaluate the integral using the techniques developed for integrating powers and products of trigonometric functions.
  Here’s the systematic approach for any expression involving [image: \sqrt{{a}^{2}-{x}^{2}}]:
 the general method for [image: \sqrt{{a}^{2}-{x}^{2}}]
 The Substitution: When you substitute [image: x = a\sin\theta]:
 [image: \sqrt{{a}^{2}-{x}^{2}} = \sqrt{{a}^{2}-{a}^{2}{\sin}^{2}\theta} = \sqrt{{a}^{2}(1-{\sin}^{2}\theta)} = \sqrt{{a}^{2}{\cos}^{2}\theta} = a\cos\theta]
 Why This Works:
 	The domain of [image: \sqrt{{a}^{2}-{x}^{2}}] is [image: [-a,a]]
 	This means [image: -1 \leq \frac{x}{a} \leq 1]
 	Since [image: \sin\theta] has range [image: [-1,1]] over [image: [-\frac{\pi}{2}, \frac{\pi}{2}]], we can always find a [image: \theta] where [image: \sin\theta = \frac{x}{a}]
 
  After integrating, you need to express your answer in terms of [image: x]. This is where you’ll need to recall some basic trigonometry to build a reference triangle. You’ll use these relationships to convert your trigonometric answer back to an expression with [image: x].
 Right Triangle Trigonometry For a right triangle with acute angle [image: \theta]:
 	[image: \sin\theta = \frac{\text{opposite}}{\text{hypotenuse}}]
 	[image: \cos\theta = \frac{\text{adjacent}}{\text{hypotenuse}}]
 	[image: \tan\theta = \frac{\text{opposite}}{\text{adjacent}}]
 
 Mnemonic: SohCahToa (Sine-opposite-hypotenuse, Cosine-adjacent-hypotenuse, Tangent-opposite-adjacent)
  Knowing [image: x = a\sin\theta], you can build a right triangle where [image: \sin\theta = \frac{x}{a}].
 [image: This figure is a right triangle. It has an angle labeled theta. This angle is opposite the vertical side. The hypotenuse is labeled a, the vertical leg is labeled x, and the horizontal leg is labeled as the square root of (a^2 – x^2). To the left of the triangle is the equation sin(theta) = x/a.]Figure 1. A reference triangle can help express the trigonometric functions evaluated at [image: \theta] in terms of [image: x]. Since [image: \sin\theta = \frac{x}{a}], we know:
 	Hypotenuse: [image: a]
 	Opposite side: [image: x]
 	Adjacent side: [image: \sqrt{a^2-x^2}] (by Pythagorean theorem)
 	Therefore: [image: \theta = \sin^{-1}\left(\frac{x}{a}\right)]
 
 Problem-Solving Strategy: Integrating Expressions Involving [image: \sqrt{{a}^{2}-{x}^{2}}] 	Check first: Can this integral be solved more easily another way? For example, although this method can be applied to integrals of the form [image: \displaystyle\int \frac{1}{\sqrt{{a}^{2}-{x}^{2}}}dx], [image: \displaystyle\int \frac{x}{\sqrt{{a}^{2}-{x}^{2}}}dx], and [image: \displaystyle\int x\sqrt{{a}^{2}-{x}^{2}}dx], they can each be integrated directly either by formula or by a simple u-substitution.
 	Substitute: Make the substitution [image: x=a\sin\theta] and [image: dx=a\cos\theta d\theta].
 	Simplify: Use [image: \sqrt{{a}^{2}-{x}^{2}} = a\cos\theta]
 	Integrate: Use trigonometric integration techniques
 	Convert back: Use the reference triangle to express the result in terms of [image: x] You may also need to use some trigonometric identities and the relationship [image: \theta ={\sin}^{-1}\left(\frac{x}{a}\right)].
 
  This technique is most useful when you have [image: \sqrt{{a}^{2}-{x}^{2}}] that can’t be handled by simpler methods. However, some integrals like [image: \int \frac{1}{\sqrt{{a}^{2}-{x}^{2}}}dx] or [image: \int \frac{x}{\sqrt{{a}^{2}-{x}^{2}}}dx] are better solved with basic formulas or u-substitution. Evaluate [image: {\displaystyle\int }^{\text{ }}\sqrt{9-{x}^{2}}dx].
 
 Show Solution Begin by making the substitutions [image: x=3\sin\theta] and [image: dx=3\cos\theta d\theta]. Since [image: \sin\theta =\frac{x}{3}], we can construct the reference triangle shown in the following figure.
 [image: This figure is a right triangle. It has an angle labeled theta. This angle is opposite the vertical side. The hypotenuse is labeled 3, the vertical leg is labeled x, and the horizontal leg is labeled as the square root of (9 – x^2). To the left of the triangle is the equation sin(theta) = x/3.]Figure 2. A reference triangle can be constructed for this example.  Thus,
 [image: \begin{array}{ccccc}\hfill {\displaystyle\int }^{\text{ }}\sqrt{9-{x}^{2}}dx& ={\displaystyle\int }^{\text{ }}\sqrt{9-{\left(3\sin\theta \right)}^{2}}3\cos\theta d\theta \hfill & & & \text{Substitute }x=3\sin\theta \text{ and }dx=3\cos\theta d\theta .\hfill \\ & ={\displaystyle\int }^{\text{ }}\sqrt{9\left(1-{\sin}^{2}\theta \right)}3\cos\theta d\theta \hfill & & & \text{Simplify.}\hfill \\ & ={\displaystyle\int }^{\text{ }}\sqrt{9{\cos}^{2}\theta }3\cos\theta d\theta \hfill & & & \text{Substitute }{\cos}^{2}\theta =1-{\sin}^{2}\theta .\hfill \\ & ={\displaystyle\int }^{\text{ }}3|\cos\theta |3\cos\theta d\theta \hfill & & & \text{Take the square root.}\hfill \\ & ={\displaystyle\int }^{\text{ }}9{\cos}^{2}\theta d\theta \hfill & & & \begin{array}{c}\text{Simplify. Since}-\frac{\pi }{2}\le \theta \le \frac{\pi }{2},\cos\theta \ge 0\text{ and }\hfill \\ |\cos\theta |=\cos\theta .\hfill \end{array}\hfill \\ & ={\displaystyle\int }^{\text{ }}9\left(\frac{1}{2}+\frac{1}{2}\cos\left(2\theta \right)\right)d\theta \hfill & & & \begin{array}{c}\text{Use the strategy for integrating an even power}\hfill \\ \text{of }\cos\theta .\hfill \end{array}\hfill \\ & =\frac{9}{2}\theta +\frac{9}{4}\sin\left(2\theta \right)+C\hfill & & & \text{Evaluate the integral.}\hfill \\ & =\frac{9}{2}\theta +\frac{9}{4}\left(2\sin\theta \cos\theta \right)+C\hfill & & & \text{Substitute }\sin\left(2\theta \right)=2\sin\theta \cos\theta .\hfill \\ & =\frac{9}{2}{\sin}^{-1}\left(\frac{x}{3}\right)+\frac{9}{2}\cdot \frac{x}{3}\cdot \frac{\sqrt{9-{x}^{2}}}{3}+C\hfill & & & \begin{array}{c}\text{Substitute }{\sin}^{-1}\left(\frac{x}{3}\right)=\theta \text{ and }\sin\theta =\frac{x}{3}.\text{Use}\hfill \\ \text{the reference triangle to see that}\hfill \\ \cos\theta =\frac{\sqrt{9-{x}^{2}}}{3}\text{and make this substitution.}\hfill \end{array}\hfill \\ & =\frac{9}{2}{\sin}^{-1}\left(\frac{x}{3}\right)+\frac{x\sqrt{9-{x}^{2}}}{2}+C.\hfill & & & \text{Simplify.}\hfill \end{array}]
  
 
   In the next example, we see that we sometimes have a choice of methods.
 Evaluate [image: {\displaystyle\int }^{\text{ }}{x}^{3}\sqrt{1-{x}^{2}}dx] two ways: first by using the substitution [image: u=1-{x}^{2}] and then by using a trigonometric substitution.
 
 Show Solution Method 1
 Let [image: u=1-{x}^{2}] and hence [image: {x}^{2}=1-u]. Thus, [image: du=-2xdx]. In this case, the integral becomes
 [image: \begin{array}{ccccc}\hfill {\displaystyle\int ^{\text{ }}{x}^{3}\sqrt{1-{x}^{2}}dx}& =-\frac{1}{2}{\displaystyle\int ^{\text{ }}{x}^{2}\sqrt{1-{x}^{2}}\left(-2xdx\right)}\hfill & & & \text{Make the substitution.}\hfill \\ & =-\frac{1}{2}{\displaystyle\int ^{\text{ }}\left(1-u\right)\sqrt{u}du}\hfill & & & \text{Expand the expression.}\hfill \\ & =-\frac{1}{2}{\displaystyle\int \left({u}^{1\text{/}2}-{u}^{3\text{/}2}\right)du}\hfill & & & \text{Evaluate the integral.}\hfill \\ & =-\frac{1}{2}\left(\frac{2}{3}{u}^{3\text{/}2}-\frac{2}{5}{u}^{5\text{/}2}\right)+C\hfill & & & \text{Rewrite in terms of}x.\hfill \\ & =-\frac{1}{3}{\left(1-{x}^{2}\right)}^{3\text{/}2}+\frac{1}{5}{\left(1-{x}^{2}\right)}^{5\text{/}2}+C.\hfill & & & \end{array}]
  
 Method 2
 Let [image: x=\sin\theta]. In this case, [image: dx=\cos\theta d\theta]. Using this substitution, we have
 [image: \begin{array}{ccccc}\hfill {\displaystyle\int }^{\text{ }}{x}^{3}\sqrt{1-{x}^{2}}dx& ={\displaystyle\int }^{\text{ }}{\sin}^{3}\theta {\cos}^{2}\theta d\theta \hfill & & & \\ & ={\displaystyle\int }^{\text{ }}\left(1-{\cos}^{2}\theta \right){\cos}^{2}\theta \sin\theta d\theta \hfill & & & \text{Let }u=\cos\theta .\text{Thus, }du=\text{-}\sin\theta d\theta .\hfill \\ & ={\displaystyle\int }^{\text{ }}\left({u}^{4}-{u}^{2}\right)du\hfill & & & \\ & =\frac{1}{5}{u}^{5}-\frac{1}{3}{u}^{3}+C\hfill & & & \text{Substitute }\cos\theta =u.\hfill \\ & =\frac{1}{5}{\cos}^{5}\theta -\frac{1}{3}{\cos}^{3}\theta +C\hfill & & & \begin{array}{c}\text{Use a reference triangle to see that}\hfill \\ \cos\theta =\sqrt{1-{x}^{2}}.\hfill \end{array}\hfill \\ & =\frac{1}{5}{\left(1-{x}^{2}\right)}^{5\text{/}2}-\frac{1}{3}{\left(1-{x}^{2}\right)}^{3\text{/}2}+C.\hfill & & & \end{array}]
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				Integrating Expressions Involving [image: \sqrt{{a}^{2}+{x}^{2}}]
 Now let’s tackle expressions involving [image: \sqrt{{a}^{2}+{x}^{2}}]. This requires a different approach than what we just learned.
 The key difference here is domain. Unlike [image: \sqrt{{a}^{2}-{x}^{2}}], the expression [image: \sqrt{{a}^{2}+{x}^{2}}] is defined for all real values of [image: x]. This means we need a trigonometric function that also has a range of all real numbers.
 Our options:
 	[image: x = a\tan\theta] ✓ (tangent has range [image: (-\infty, \infty)])
 	[image: x = a\cot\theta] ✓ (cotangent has range [image: (-\infty, \infty)])
 
 Either of these substitutions would actually work, but the standard substitution is [image: x=a\tan\theta] or, equivalently, [image: \tan\theta =\frac{x}{a}], where [image: -\frac{\pi}{2} < \theta < \frac{\pi}{2}].
 Why This Substitution Works
 When you substitute [image: x = a\tan\theta]:
 [image: \sqrt{{a}^{2}+{x}^{2}} = \sqrt{{a}^{2}+{(a\tan\theta)}^{2}} = \sqrt{{a}^{2}(1+{\tan}^{2}\theta)} = \sqrt{{a}^{2}{\sec}^{2}\theta} = a\sec\theta]
 This substitution relies on the identity [image: 1 + \tan^2\theta = \sec^2\theta]. Since [image: \sec\theta > 0] over the interval [image: (-\frac{\pi}{2}, \frac{\pi}{2})], we have [image: |a\sec\theta| = a\sec\theta]. Since [image: \tan\theta = \frac{x}{a}], you can build this reference triangle:
 	Adjacent side: [image: a]
 	Opposite side: [image: x]
 	Hypotenuse: [image: \sqrt{a^2+x^2}] (by Pythagorean theorem)
 	Therefore: [image: \theta = \tan^{-1}\left(\frac{x}{a}\right)]
 
 [image: This figure is a right triangle. It has an angle labeled theta. This angle is opposite the vertical side. The hypotenuse is labeled the square root of (a^2+x^2), the vertical leg is labeled x, and the horizontal leg is labeled a. To the left of the triangle is the equation tan(theta) = x/a.]A reference triangle can be constructed to express the trigonometric functions evaluated at [image: \theta] in terms of [image: x]. [image: Caution]The reference triangle assumes [image: x > 0], but don’t worry! The trigonometric ratios it produces work for all values of [image: x], including when [image: x \leq 0]. Problem-Solving Strategy for [image: \sqrt{{a}^{2}+{x}^{2}}] 	Check first: Can this integral be solved more easily another way? In some cases, it is more convenient to use an alternative method.
 	Substitute: [image: x = a\tan\theta] and [image: dx = a\sec^2\theta , d\theta].
 	Simplify: Use [image: \sqrt{{a}^{2}+{x}^{2}} = a\sec\theta]
 	Integrate: Use trigonometric integration techniques
 	Convert back: Use the reference triangle to express the result in terms of [image: x]. You may also need to use some trigonometric identities and the relationship [image: \theta ={\tan}^{-1}\left(\frac{x}{a}\right)].
 
  Evaluate [image: \displaystyle\int \frac{dx}{\sqrt{1+{x}^{2}}}] and check the solution by differentiating.
 
 Show Solution Begin with the substitution [image: x=\tan\theta] and [image: dx={\sec}^{2}\theta d\theta]. Since [image: \tan\theta =x], draw the reference triangle in the following figure.
 [image: This figure is a right triangle. It has an angle labeled theta. This angle is opposite the vertical side. The hypotenuse is labeled the square root of (1+x^2), the vertical leg is labeled x, and the horizontal leg is labeled 1. To the left of the triangle is the equation tan(theta) = x/1.]Figure 5. The reference triangle for this example.  Thus,
 [image: \begin{array}{ccccc}\hfill {\displaystyle\int \frac{dx}{\sqrt{1+{x}^{2}}}}& ={\displaystyle\int \frac{{\sec}^{2}\theta }{\sec\theta }d\theta }\hfill & & & \begin{array}{c}\text{Substitute}x=\tan\theta \text{and}dx={\sec}^{2}\theta d\theta .\text{This}\hfill \\ \text{substitution makes}\sqrt{1+{x}^{2}}=\sec\theta .\text{Simplify.}\hfill \end{array}\hfill \\ & ={\displaystyle\int ^{\text{ }}\sec\theta d\theta }\hfill & & & \text{Evaluate the integral.}\hfill \\ & =\text{ln}|\sec\theta +\tan\theta |+C\hfill & & & \begin{array}{c}\text{Use the reference triangle to express the result}\hfill \\ \text{in terms of}x.\hfill \end{array}\hfill \\ & =\text{ln}|\sqrt{1+{x}^{2}}+x|+C.\hfill & & & \end{array}]
  
 To check the solution, differentiate:
 [image: \begin{array}{cc}\hfill \frac{d}{dx}\left(\text{ln}|\sqrt{1+{x}^{2}}+x|\right)& =\frac{1}{\sqrt{1+{x}^{2}}+x}\cdot \left(\frac{x}{\sqrt{1+{x}^{2}}}+1\right)\hfill \\ & =\frac{1}{\sqrt{1+{x}^{2}}+x}\cdot \frac{x+\sqrt{1+{x}^{2}}}{\sqrt{1+{x}^{2}}}\hfill \\ & =\frac{1}{\sqrt{1+{x}^{2}}}.\hfill \end{array}]
  
 Since [image: \sqrt{1+{x}^{2}}+x>0] for all values of [image: x], we could rewrite [image: \text{ln}|\sqrt{1+{x}^{2}}+x|+C=\text{ln}\left(\sqrt{1+{x}^{2}}+x\right)+C], if desired.
 
   In the example below, we explore how to use hyperbolic trigonometric functions as an alternative substitution method. First, we briefly review the definition of these functions and their derivatives.
 For any real number [image: x], the hyperbolic sine and hyperbolic cosine are defined as: [image: \sinh x = \frac{e^x - e^{-x}}{2} \: \text{and}\:\cosh x = \frac{e^x + e^{-x}}{2}]
 Their derivatives are given by:
 [image: \frac{d}{dx} \left( \sinh x \right) = \cosh x \:\text{and}\:\frac{d}{dx} \left( \cosh x \right) = \sinh x]
  Use the substitution [image: x=\text{sinh}\theta] to evaluate [image: \displaystyle\int \frac{dx}{\sqrt{1+{x}^{2}}}].
 
 Show Solution Because [image: \text{sinh}\theta] has a range of all real numbers, and [image: 1+{\text{sinh}}^{2}\theta ={\text{cosh}}^{2}\theta], we may also use the substitution [image: x=\text{sinh}\theta] to evaluate this integral. In this case, [image: dx=\text{cosh}\theta d\theta]. Consequently,
 [image: \begin{array}{ccccc}\hfill {\displaystyle\int \frac{dx}{\sqrt{1+{x}^{2}}}}& ={\displaystyle\int \frac{\text{cosh}\theta }{\sqrt{1+{\text{sinh}}^{2}\theta }}d\theta }\hfill & & & \begin{array}{c}\text{Substitute}x=\text{sinh}\theta \text{and}dx=\text{cosh}\theta d\theta .\hfill \\ \text{Substitute}1+{\text{sinh}}^{2}\theta ={\text{cosh}}^{2}\theta .\hfill \end{array}\hfill \\ & ={\displaystyle\int \frac{\text{cosh}\theta }{\sqrt{{\text{cosh}}^{2}\theta }}d\theta }\hfill & & & \sqrt{{\text{cosh}}^{2}\theta }=|\text{cosh}\theta |\hfill \\ & ={\displaystyle\int \frac{\text{cosh}\theta }{|\text{cosh}\theta |}d\theta }\hfill & & & |\text{cosh}\theta |=\text{cosh}\theta \text{since}\text{cosh}\theta >0\text{for all}\theta .\hfill \\ & ={\displaystyle\int \frac{\text{cosh}\theta }{\text{cosh}\theta }d\theta }\hfill & & & \text{Simplify.}\hfill \\ & ={\displaystyle\int ^{\text{ }}1d\theta }\hfill & & & \text{Evaluate the integral.}\hfill \\ & =\theta +C\hfill & & & \text{Since}x=\text{sinh}\theta ,\text{we know}\theta ={\text{sinh}}^{-1}x.\hfill \\ & ={\text{sinh}}^{-1}x+C.\hfill & & & \end{array}]
  
 
 Analysis
 This answer looks quite different from the answer obtained using the substitution [image: x=\tan\theta]. To see that the solutions are the same, set [image: y={\text{sinh}}^{-1}x]. Thus, [image: \text{sinh}y=x]. From this equation we obtain:
 [image: \frac{{e}^{y}-{e}^{\text{-}y}}{2}=x].
  
 After multiplying both sides by [image: 2{e}^{y}] and rewriting, this equation becomes:
 [image: {e}^{2y}-2x{e}^{y}-1=0].
  
 Use the quadratic equation to solve for [image: {e}^{y}\text{:}]
 [image: {e}^{y}=\frac{2x\pm \sqrt{4{x}^{2}+4}}{2}].
  
 Simplifying, we have:
 [image: {e}^{y}=x\pm \sqrt{{x}^{2}+1}].
  
 Since [image: x-\sqrt{{x}^{2}+1}<0], it must be the case that [image: {e}^{y}=x+\sqrt{{x}^{2}+1}]. Thus,
 [image: y=\text{ln}\left(x+\sqrt{{x}^{2}+1}\right)].
  
 Last, we obtain
 [image: {\text{sinh}}^{-1}x=\text{ln}\left(x+\sqrt{{x}^{2}+1}\right)].
  
 After we make the final observation that, since [image: x+\sqrt{{x}^{2}+1}>0],
 [image: \text{ln}\left(x+\sqrt{{x}^{2}+1}\right)=\text{ln}|\sqrt{1+{x}^{2}}+x|],
  
 we see that the two different methods produced equivalent solutions.
 
   [ohm_question hide_question_numbers=1]311296[/ohm_question] 
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				Integrating Expressions Involving [image: \sqrt{{x}^{2}-{a}^{2}}]
 The third type of expression requires yet another approach. Let’s see why [image: \sqrt{{x}^{2}-{a}^{2}}] is different from the previous two cases.
 The expression [image: \sqrt{{x}^{2}-{a}^{2}}] has a restricted domain: [image: (-\infty, -a] \cup [a, +\infty)]. This means either [image: x \leq -a] or [image: x \geq a], which gives us [image: \frac{x}{a} \leq -1] or [image: \frac{x}{a} \geq 1]. The range of [image: \sec\theta] on [image: [0, \frac{\pi}{2}) \cup (\frac{\pi}{2}, \pi]] is exactly [image: (-\infty, -1] \cup [1, +\infty)]—this perfectly matches what we need!
 So we use the substitution [image: x = a\sec\theta] where [image: 0 \leq \theta < \frac{\pi}{2}] or [image: \frac{\pi}{2} < \theta \leq \pi], with [image: dx = a\sec\theta \tan\theta , d\theta].
 Why This Substitution Works
 When you substitute [image: x = a\sec\theta]:
 [image: \sqrt{{x}^{2}-{a}^{2}} = \sqrt{(a\sec\theta)^{2}-{a}^{2}} = \sqrt{{a}^{2}({\sec}^{2}\theta-1)} = \sqrt{{a}^{2}{\tan}^{2}\theta} = |a\tan\theta|]
 [image: Caution] Sign Matters Here! Unlike the previous cases, the sign of [image: |a\tan\theta|] depends on which part of the domain you’re in:
 	For [image: x \geq a]: [image: |a\tan\theta| = a\tan\theta]
 	For [image: x \leq -a]: [image: |a\tan\theta| = -a\tan\theta]
 
 This is why you need two reference triangles for this case!
  Since [image: \sec\theta = \frac{x}{a}], you need different triangles depending on the sign of [image: x]:
 For [image: x \geq a]:
 	Hypotenuse: [image: x]
 	Adjacent side: [image: a]
 	Opposite side: [image: \sqrt{x^2-a^2}]
 
 For [image: x \leq -a]:
 	The triangle setup changes because [image: \tan\theta] will be negative
 	You’ll need to be careful about signs when converting back to [image: x]
 
   [image: image]a. There are also the equations sin(theta)= the square root of (x^2-a^2)/x, cos(theta) = a/x, and tan(theta) = the square root of (x^2-a^2)/a. The second triangle is in the second quadrant, with the hypotenuse labeled –x. The horizontal leg is labeled –a and is on the negative x-axis. The vertical leg is labeled the square root of (x^2-a^2). To the right of the triangle is the equation sec(theta) = x/a, x Use the appropriate reference triangle to express the trigonometric functions evaluated at θ in terms of x.  Problem-Solving Strategy for [image: \sqrt{{x}^{2}-{a}^{2}}] 	Check first: Can this integral be solved more easily another way? If so, we may wish to consider applying an alternative technique.
 	Substitute: [image: x = a\sec\theta] and [image: dx = a\sec\theta \tan\theta , d\theta].
 	Simplify: Use [image: \sqrt{{x}^{2}-{a}^{2}} = |a\tan\theta|] (watch the sign!)
 	Integrate: Use trigonometric integration techniques
 	Convert back: Use the appropriate reference triangle and [image: \theta = \sec^{-1}\left(\frac{x}{a}\right)]. (Note: We need both reference triangles, since the values of some of the trigonometric ratios are different depending on whether [image: x\ge a] or [image: x\le \text{-}a.])
 
  For the next example, it is worthwhile to review the technique of how to precisely evaluate a trigonometric function whose input is an inverse trigonometric function.
 Suppose we wanted to evaluate a trigonometric function composed with an inverse trigonometric function, for example: [image: \sin\left(\cos^{−1}\left(\frac{4}{5}\right)\right)].Beginning with the inside, we can say there is some angle such that [image: \theta=\cos^{−1}(\frac{4}{5})], which means [image: \cos\theta=\frac{4}{5}], and we are looking for [image: \sin\theta]. We can use the Pythagorean identity to do this. [image: \begin{align} &\sin^{2}\theta+\cos^{2}\theta=1 && \text{Use our known value for cosine.} \\ &\sin^{2}\theta+\left(\frac{4}{5}\right)^{2}=1 && \text{Solve for sine.} \\ &\sin^{2}\theta=1−\frac{16}{25} \\ &\sin\theta=\pm\sqrt{\frac{9}{25}}=\pm\frac{3}{5} \end{align}]
 Since [image: \theta=\cos^{−1}(\frac{4}{5})] is in quadrant I, [image: \sin{\theta}] must be positive, so the solution is [image: \frac{3}{5}]. See Figure A below.
 [image: An illustration of a right triangle with an angle theta. Oppostie the angle theta is a side with length 3. Adjacent the angle theta is a side with length 4. The hypoteneuse has angle of length 5.]
 Figure A. Right triangle illustrating that if [image: \cos\theta=\frac{4}{5}], then [image: \sin\theta=\frac{3}{5}]
 We know that the inverse cosine always gives an angle on the interval [0, π], so we know that the sine of that angle must be positive; therefore [image: \sin\left(\cos^{−1}\left(\frac{4}{5}\right)\right)=\sin\theta=\frac{3}{5}].
  Find the area of the region between the graph of [image: f\left(x\right)=\sqrt{{x}^{2}-9}] and the [image: x]-axis over the interval [image: \left[3,5\right]].
 
 Show Solution First, sketch a rough graph of the region described in the problem, as shown in the following figure.
 [image: This figure is the graph of the function f(x) = the square root of (x^2-9). It is an increasing curve that starts on the x-axis at 3 and is in the first quadrant. Under the curve above the x-axis is a shaded region bounded to the right at x = 5.]Figure 7. Calculating the area of the shaded region requires evaluating an integral with a trigonometric substitution.  We can see that the area is [image: A={\displaystyle\int }_{3}^{5}\sqrt{{x}^{2}-9}dx]. To evaluate this definite integral, substitute [image: x=3\sec\theta] and [image: dx=3\sec\theta \tan\theta d\theta]. We must also change the limits of integration. If [image: x=3], then [image: 3=3\sec\theta] and hence [image: \theta =0]. If [image: x=5], then [image: \theta ={\sec}^{-1}\left(\frac{5}{3}\right)]. After making these substitutions and simplifying, we have
 [image: \begin{array}{ccccc}\hfill \text{Area}& ={\displaystyle\int }_{3}^{5}\sqrt{{x}^{2}-9}dx\hfill & & & \\ & ={\displaystyle\int }_{0}^{{\sec}^{-1}\left(5\text{/}3\right)}9{\tan}^{2}\theta \sec\theta d\theta \hfill & & & \text{Use }{\tan}^{2}\theta =1-{\sec}^{2}\theta .\hfill \\ & ={\displaystyle\int }_{0}^{{\sec}^{-1}\left(5\text{/}3\right)}9\left({\sec}^{2}\theta -1\right)\sec\theta d\theta \hfill & & & \text{Expand.}\hfill \\ & ={\displaystyle\int }_{0}^{{\sec}^{-1}\left(5\text{/}3\right)}9\left({\sec}^{3}\theta -\sec\theta \right)d\theta \hfill & & & \text{Evaluate the integral.}\hfill \\ & =\left(\frac{9}{2}\text{ln}|\sec\theta +\tan\theta |+\frac{9}{2}\sec\theta \tan\theta \right)-9\text{ln}|\sec\theta +\tan\theta ||{}_{\begin{array}{c}\\ 0\end{array}}^{\begin{array}{c}{\sec}^{-1}\left(5\text{/}3\right)\\ \end{array}}\hfill & & & \text{Simplify.}\hfill \\ & =\frac{9}{2}\sec\theta \tan\theta -\frac{9}{2}\text{ln}|\sec\theta +\tan\theta ||{}_{\begin{array}{c}\\ 0\end{array}}^{\begin{array}{c}{\sec}^{-1}\left(5\text{/}3\right)\\ \end{array}}\hfill & & & \begin{array}{c}\text{Evaluate. Use }\sec\left({\sec}^{-1}\frac{5}{3}\right)=\frac{5}{3}\hfill \\ \text{and }\tan\left({\sec}^{-1}\frac{5}{3}\right)=\frac{4}{3}.\hfill \end{array}\hfill \\ & =\frac{9}{2}\cdot \frac{5}{3}\cdot \frac{4}{3}-\frac{9}{2}\text{ln}|\frac{5}{3}+\frac{4}{3}|-\left(\frac{9}{2}\cdot 1\cdot 0-\frac{9}{2}\text{ln}|1+0|\right)\hfill & & & \\ & =10-\frac{9}{2}\text{ln}3.\hfill & & & \end{array}]
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				 	Integrate expressions containing products and powers of sine and cosine
 	Integrate expressions containing products and powers of tangent and secant
 	Use reduction formulas to simplify and solve trigonometric integrals
 	Integrate expressions containing square roots of sums or differences of squares
 
  Waves, Light, and Motion: Applications of Trigonometric Integrals
 From analyzing sound waves in music production to calculating electromagnetic fields in engineering, trigonometric integrals appear throughout science and technology. Today, you’ll apply your integration skills to solve real-world problems involving periodic phenomena and geometric calculations. Let’s explore how these mathematical techniques help us understand waves, optics, and mechanical systems.
 Sound Wave Energy
 An audio engineer is analyzing the energy in a sound wave. The instantaneous power of a sound wave over one period is given by [image: P(t) = \sin^2(t)\cos^2(t)] watts, where [image: t] is measured in milliseconds from [image: 0] to [image: \pi] ms.
 [ohm_question hide_question_numbers=1]311224[/ohm_question] Optical Path Length
 A lens designer needs to calculate the optical path length through a curved lens surface. The path length through the lens at position [image: x] (in centimeters) is given by:
 [image: L = \int_{-2}^{2} \sqrt{16-x^2} \, dx]
 This represents the cross-sectional area of a semicircular lens with radius [image: 4] cm.
 [ohm_question hide_question_numbers=1]311225[/ohm_question] Mechanical Vibration Analysis
 An engineer is studying a vibrating beam whose displacement follows a complex pattern. The work done by the restoring force over one complete cycle involves evaluating:
 [image: W = \int_0^{\pi/2} \tan^3(x)\sec(x) \, dx]
 [ohm_question hide_question_numbers=1]311227[/ohm_question] Electromagnetic Field Calculation
 In designing an antenna, an engineer needs to evaluate the electric field intensity pattern given by:
 [image: E = \int_0^{\pi/4} \sec^3(\theta) \, d\theta]
 [ohm_question hide_question_numbers=1]311228[/ohm_question] 
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				 	Break down and integrate rational functions using partial fractions
 	Identify and work with simple linear factors in rational functions
 	Handle repeated linear factors when using partial fractions
 	Work with quadratic factors in rational functions
 
  What Is Partial Fraction Decomposition?
 Partial fraction decomposition is a technique that lets you rewrite complicated rational functions as sums of simpler fractions. Think of it as “reverse engineering” fractions—instead of adding fractions together, you’re splitting them apart.
 For example, you can rewrite [image: \frac{3x}{{x}^{2}-x - 2}] as [image: \frac{1}{x+1}+\frac{2}{x - 2}]. Why does this matter? Because integrating simpler fractions is much easier than tackling the original complex fraction.
 You already know how to integrate basic rational functions:
 	[image: \displaystyle\int \frac{du}{u}=\text{ln}|u|+C]
 	[image: \displaystyle\int \frac{du}{{u}^{2}+{a}^{2}}=\frac{1}{a}{\tan}^{-1}\left(\frac{u}{a}\right)+C]
 
 But what about something like [image: \displaystyle\int \frac{3x}{{x}^{2}-x - 2}dx]? This doesn’t fit our basic patterns.
 However, if we can decompose it into simpler parts:
 [image: \displaystyle\int \frac{3x}{{x}^{2}-x - 2}dx = \displaystyle\int \left(\frac{1}{x+1}+\frac{2}{x - 2}\right)dx]
 Now we can integrate each piece separately:
 [image: \displaystyle\int \left(\frac{1}{x+1}+\frac{2}{x - 2}\right)dx=\text{ln}|x+1|+2\text{ln}|x - 2|+C]
 Check Your Work: You can verify that [image: \frac{1}{x+1}+\frac{2}{x - 2}=\frac{3x}{{x}^{2}-x - 2}] by finding a common denominator. When Can You Use This Method?
 Partial fraction decomposition works only when the degree of the numerator is less than the degree of the denominator.
 degree requirement for partial fraction decomposition
 For a rational function [image: \frac{P\left(x\right)}{Q\left(x\right)}], you can use partial fractions only if [image: \text{deg}\left(P\left(x\right)\right)<\text{deg}\left(Q\left(x\right)\right)].
  What if the degree of the numerator is greater than or equal to the degree of the denominator?
 You need to use polynomial long division first. This rewrites [image: \frac{P\left(x\right)}{Q\left(x\right)}] as [image: A\left(x\right)+\frac{R\left(x\right)}{Q\left(x\right)}], where [image: \text{deg}\left(R\left(x\right)\right)<\text{deg}\left(Q\left(x\right)\right)].
 Then you can apply partial fraction decomposition to [image: \frac{R(x)}{Q(x)}]
  Recall: Polynomial Long Division 	Set up the division problem as the numerator divided by the denominator
 	Determine the first term of the quotient by dividing the leading term of the dividend by the leading term of the divisor.
 	Multiply the answer by the divisor and write it below the like terms of the dividend.
 	Subtract the bottom binomial from the top binomial.
 	Bring down the next term of the dividend.
 	Repeat steps 2–5 until reaching the last term of the dividend.
 	If the remainder is non-zero, express as a fraction using the divisor as the denominator.
 
 Visit this website for a review of long division of polynomials.
  The following example, although not requiring partial fraction decomposition, illustrates our approach to integrals of rational functions of the form [image: \displaystyle\int \frac{P\left(x\right)}{Q\left(x\right)}dx], where [image: \text{deg}\left(P\left(x\right)\right)\ge \text{deg}\left(Q\left(x\right)\right)].
 Evaluate [image: \displaystyle\int \frac{{x}^{2}+3x+5}{x+1}dx].
 
 Show Solution Since [image: \text{deg}\left({x}^{2}+3x+5\right)\ge \text{deg}\left(x+1\right)], we perform long division to obtain
 [image: \frac{{x}^{2}+3x+5}{x+1}=x+2+\frac{3}{x+1}].
  
 Thus,
 [image: \begin{array}{cc}\hfill {\displaystyle\int \frac{{x}^{2}+3x+5}{x+1}dx}& ={\displaystyle\int \left(x+2+\frac{3}{x+1}\right)dx}\hfill \\ & =\frac{1}{2}{x}^{2}+2x+3\text{ln}|x+1|+C.\end{array}]
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				Nonrepeated Linear Factors
 When you’re ready to use partial fraction decomposition, your first step is always the same: factor the denominator [image: Q(x)]. The simplest case occurs when [image: Q(x)] factors into distinct linear factors (no repeated factors).
 distinct linear factors
 If [image: Q(x)] factors as [image: ({a}_{1}x+{b}_{1})({a}_{2}x+{b}_{2})\ldots({a}_{n}x+{b}_{n})], where each factor appears only once, then:
 [image: \frac{P(x)}{Q(x)}=\frac{A_1}{a_1x+b_1}+\frac{A_2}{a_2x+b_2}+\cdots +\frac{A_n}{a_nx+b_n}]
 The constants [image: A_1, A_2, \ldots, A_n] are what you need to find.
  Each distinct linear factor in the denominator gets its own fraction with a constant in the numerator.
 If [image: Q(x) = (x-1)(x+3)(2x-5)], then your partial fraction setup would be: [image: \frac{P(x)}{(x-1)(x+3)(2x-5)} = \frac{A}{x-1} + \frac{B}{x+3} + \frac{C}{2x-5}]
  The mathematical proof that these constants [image: A_1, A_2, \ldots, A_n] always exist is complex and beyond what you need for this course. The important thing is learning how to find them! Evaluate [image: \displaystyle\int \frac{3x+2}{{x}^{3}-{x}^{2}-2x}dx].
 Show Solution Since [image: \text{deg}\left(3x+2\right)<\text{deg}\left({x}^{3}-{x}^{2}-2x\right)], we begin by factoring the denominator of [image: \frac{3x+2}{{x}^{3}-{x}^{2}-2x}]. We can see that [image: {x}^{3}-{x}^{2}-2x=x\left(x - 2\right)\left(x+1\right)]. Thus, there are constants [image: A], [image: B], and [image: C] satisfying
 [image: \frac{3x+2}{x\left(x - 2\right)\left(x+1\right)}=\frac{A}{x}+\frac{B}{x - 2}+\frac{C}{x+1}].
  
 We must now find these constants. To do so, we begin by getting a common denominator on the right. Thus,
 [image: \frac{3x+2}{x\left(x - 2\right)\left(x+1\right)}=\frac{A\left(x - 2\right)\left(x+1\right)+Bx\left(x+1\right)+Cx\left(x - 2\right)}{x\left(x - 2\right)\left(x+1\right)}].
  
 Now, we set the numerators equal to each other, obtaining
 [image: 3x+2=A\left(x - 2\right)\left(x+1\right)+Bx\left(x+1\right)+Cx\left(x - 2\right)].
  
 There are two different strategies for finding the coefficients [image: A], [image: B], and [image: C]. We refer to these as the method of equating coefficients and the method of strategic substitution.
 	Rule: Method of Equating Coefficients
 Rewrite the previous equation in the form
 [image: 3x+2=\left(A+B+C\right){x}^{2}+\left(\text{-}A+B - 2C\right)x+\left(-2A\right)].
  
 Equating coefficients produces the system of equations
 [image: \begin{array}{ccc}\hfill A+B+C& =\hfill & 0\hfill \\ \hfill -A+B - 2C& =\hfill & 3\hfill \\ \hfill -2A& =\hfill & 2.\hfill \end{array}]
  
 To solve this system, we first observe that [image: -2A=2\Rightarrow A=-1]. Substituting this value into the first two equations gives us the system
 [image: \begin{array}{ccc}\hfill B+C& =\hfill & 1\hfill \\ \hfill B - 2C& =\hfill & 2.\hfill \end{array}]
  
 Multiplying the second equation by [image: -1] and adding the resulting equation to the first produces
 [image: -3C=1],
  
 which in turn implies that [image: C=-\frac{1}{3}]. Substituting this value into the equation [image: B+C=1] yields [image: B=\frac{4}{3}]. Thus, solving these equations yields [image: A=-1], [image: B=\frac{4}{3}], and [image: C=-\frac{1}{3}].
 It is important to note that the system produced by this method is consistent if and only if we have set up the decomposition correctly. If the system is inconsistent, there is an error in our decomposition.
 
 	Rule: Method of Strategic Substitution
 The method of strategic substitution is based on the assumption that we have set up the decomposition correctly. If the decomposition is set up correctly, then there must be values of [image: A], [image: B], and [image: C] that satisfy the equation for all values of [image: x]. That is, this equation must be true for any value of [image: x] we care to substitute into it. Therefore, by choosing values of [image: x] carefully and substituting them into the equation, we may find [image: A], [image: B], and [image: C] easily. For example, if we substitute [image: x=0], the equation reduces to [image: 2=A\left(-2\right)\left(1\right)]. Solving for [image: A] yields [image: A=-1]. Next, by substituting [image: x=2], the equation reduces to [image: 8=B\left(2\right)\left(3\right)], or equivalently [image: B=\frac{4}{3}]. Last, we substitute [image: x=-1] into the equation and obtain [image: -1=C\left(-1\right)\left(-3\right)]. Solving, we have [image: C=-\frac{1}{3}].
 It is important to keep in mind that if we attempt to use this method with a decomposition that has not been set up correctly, we are still able to find values for the constants, but these constants are meaningless. If we do opt to use the method of strategic substitution, then it is a good idea to check the result by recombining the terms algebraically.
 
 
 Now that we have the values of [image: A], [image: B], and [image: C], we rewrite the original integral:
 [image: \displaystyle\int \frac{3x+2}{{x}^{3}-{x}^{2}-2x}dx=\displaystyle\int \left(\text{-}\frac{1}{x}+\frac{4}{3}\cdot \frac{1}{\left(x - 2\right)}-\frac{1}{3}\cdot \frac{1}{\left(x+1\right)}\right)dx].
  
 Evaluating the integral gives us
 [image: \displaystyle\int \frac{3x+2}{{x}^{3}-{x}^{2}-2x}dx=\text{-}\text{ln}|x|+\frac{4}{3}\text{ln}|x - 2|-\frac{1}{3}\text{ln}|x+1|+C].
  
 
   In the next example, we integrate a rational function in which the degree of the numerator is not less than the degree of the denominator.
 Evaluate [image: \displaystyle\int \frac{{x}^{2}+3x+1}{{x}^{2}-4}dx].
 
 Show Solution Since [image: \text{degree}\left({x}^{2}+3x+1\right)\ge \text{degree}\left({x}^{2}-4\right)], we must perform long division of polynomials. This results in
 [image: \frac{{x}^{2}+3x+1}{{x}^{2}-4}=1+\frac{3x+5}{{x}^{2}-4}].
  
 Next, we perform partial fraction decomposition on [image: \frac{3x+5}{{x}^{2}-4}=\frac{3x+5}{\left(x+2\right)\left(x - 2\right)}]. We have
 [image: \frac{3x+5}{\left(x - 2\right)\left(x+2\right)}=\frac{A}{x - 2}+\frac{B}{x+2}].
  
 Thus,
 [image: 3x+5=A\left(x+2\right)+B\left(x - 2\right)].
  
 Solving for [image: A] and [image: B] using either method, we obtain [image: A=\frac{11}{4}] and [image: B=\frac{1}{4}].
 Rewriting the original integral, we have
 [image: \displaystyle\int \frac{{x}^{2}+3x+1}{{x}^{2}-4}dx=\displaystyle\int \left(1+\frac{11}{4}\cdot \frac{1}{x - 2}+\frac{1}{4}\cdot \frac{1}{x+2}\right)dx].
  
 Evaluating the integral produces
 [image: \displaystyle\int \frac{{x}^{2}+3x+1}{{x}^{2}-4}dx=x+\frac{11}{4}\text{ln}|x - 2|+\frac{1}{4}\text{ln}|x+2|+C].
  
 
   As we see in the next example, it may be possible to apply the technique of partial fraction decomposition to a nonrational function. The trick is to convert the nonrational function to a rational function through a substitution.
 Evaluate [image: \displaystyle\int \frac{\cos{x}}{{\sin}^{2}x-\sin{x}}dx].
 
 Show Solution Let’s begin by letting [image: u=\sin{x}]. Consequently, [image: du=\cos{x}dx]. After making these substitutions, we have
 [image: \displaystyle\int \frac{\cos{x}}{{\sin}^{2}x-\sin{x}}dx=\displaystyle\int \frac{du}{{u}^{2}-u}=\displaystyle\int \frac{du}{u\left(u - 1\right)}].
  
 Applying partial fraction decomposition to [image: \frac{1}{u}\left(u - 1\right)] gives [image: \frac{1}{u\left(u - 1\right)}=-\frac{1}{u}+\frac{1}{u - 1}].
 Thus,
 [image: \begin{array}{cc}\hfill \displaystyle\int \frac{\cos{x}}{{\sin}^{2}x-\sin{x}}dx& =\text{-}\text{ln}|u|+\text{ln}|u - 1|+C\hfill \\ & =\text{-}\text{ln}|\sin{x}|+\text{ln}|\sin{x} - 1|+C.\hfill \end{array}]
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				Repeated Linear Factors
 Sometimes you’ll encounter denominators where the same linear factor appears multiple times. This creates a different pattern for your partial fraction decomposition.
 repeated linear factors
 If your denominator contains a repeated linear factor [image: {\left(ax+b\right)}^{n}] where [image: n \geq 2], then your partial fraction decomposition must include all powers from [image: 1] up to [image: n]:
 [image: \frac{A_1}{ax+b}+\frac{A_2}{(ax+b)^2}+\cdots +\frac{A_n}{(ax+b)^n}]
  Each power of the repeated factor contributes to the overall decomposition—you can’t skip any of them. Let’s look at what this pattern looks like in practice:
 If your denominator has [image: (x-2)^3], then you need: [image: \frac{A}{x-2}+\frac{B}{(x-2)^2}+\frac{C}{(x-2)^3}]
 If your denominator has [image: (3x+1)^2], then you need: [image: \frac{A}{3x+1}+\frac{B}{(3x+1)^2}</p> <strong>Warning! </strong>Don't forget the lower powers! A common mistake is to only include the highest power <img src="https://atu0g9ctah.execute-api.ca-central-1.amazonaws.com/latest/latex?latex=&fg=000000&isBase64=1" alt="" title="" class="latex mathjax" />(ax+b)^n] and miss the terms with[image: (ax+b)^1, (ax+b)^2], etc.
  The technique for finding the constants follows the same approach as before, but you'll work through more algebra since there are more unknowns to solve for. Let's see how this plays out in the next example.
 Evaluate [image: \displaystyle\int \frac{x - 2}{{\left(2x - 1\right)}^{2}\left(x - 1\right)}dx].
 
 Show Solution We have [image: \text{degree}\left(x - 2\right)<\text{degree}\left({\left(2x - 1\right)}^{2}\left(x - 1\right)\right)], so we can proceed with the decomposition. Since [image: {\left(2x - 1\right)}^{2}] is a repeated linear factor, include [image: \frac{A}{2x - 1}+\frac{B}{{\left(2x - 1\right)}^{2}}] in the decomposition. Thus,
 [image: \frac{x - 2}{{\left(2x - 1\right)}^{2}\left(x - 1\right)}=\frac{A}{2x - 1}+\frac{B}{{\left(2x - 1\right)}^{2}}+\frac{C}{x - 1}].
  
 After getting a common denominator and equating the numerators, we have
 [image: x - 2=A\left(2x - 1\right)\left(x - 1\right)+B\left(x - 1\right)+C{\left(2x - 1\right)}^{2}].
  
 We then use the method of equating coefficients to find the values of [image: A], [image: B], and [image: C].
 [image: x - 2=\left(2A+4C\right){x}^{2}+\left(-3A+B - 4C\right)x+\left(A-B+C\right)].
  
 Equating coefficients yields [image: 2A+4C=0], [image: -3A+B - 4C=1], and [image: A-B+C=-2]. Solving this system yields [image: A=2], [image: B=3], and [image: C=-1].
 Alternatively, we can use the method of strategic substitution. In this case, substituting [image: x=1] and [image: x=\frac{1}{2}] into the previous equation easily produces the values [image: B=3] and [image: C=-1]. At this point, it may seem that we have run out of good choices for [image: x], however, since we already have values for [image: B] and [image: C], we can substitute in these values and choose any value for [image: x] not previously used. The value [image: x=0] is a good option. In this case, we obtain the equation [image: -2=A\left(-1\right)\left(-1\right)+3\left(-1\right)+\left(-1\right){\left(-1\right)}^{2}] or, equivalently, [image: A=2].
 Now that we have the values for [image: A], [image: B], and [image: C], we rewrite the original integral and evaluate it:
 [image: \begin{array}{cc}\hfill {\displaystyle\int \frac{x - 2}{{\left(2x - 1\right)}^{2}\left(x - 1\right)}dx}& ={\displaystyle\int \left(\frac{2}{2x - 1}+\frac{3}{{\left(2x - 1\right)}^{2}}-\frac{1}{x - 1}\right)dx}\hfill \\ & =\text{ln}|2x - 1|-\frac{3}{2\left(2x - 1\right)}-\text{ln}|x - 1|+C.\end{array}]
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				Partial Fraction Decomposition
 The General Method
 Now that we are beginning to get the idea of how the technique of partial fraction decomposition works, let’s outline the basic method in the following problem-solving strategy.
 Problem-Solving Strategy: Partial Fraction Decomposition 	Make sure that [image: \text{degree}\left(P\left(x\right)\right)<\text{degree}\left(Q\left(x\right)\right)]. If not, perform long division of polynomials.
 	Factor [image: Q\left(x\right)] into the product of linear and irreducible quadratic factors. An irreducible quadratic is a quadratic that has no real zeros.
 	Assuming that [image: \text{deg}\left(P\left(x\right)\right)<\text{deg}\left(Q\left(x\right)\right)], the factors of [image: Q\left(x\right)] determine the form of the decomposition of [image: \frac{P\left(x\right)}{Q\left(x\right)}]. 	If [image: Q\left(x\right)] can be factored as [image: \left({a}_{1}x+{b}_{1}\right)\left({a}_{2}x+{b}_{2}\right)\ldots\left({a}_{n}x+{b}_{n}\right)], where each linear factor is distinct, then it is possible to find constants [image: {A}_{1},{A}_{2},...{A}_{n}] satisfying
  [image: \frac{P\left(x\right)}{Q\left(x\right)}=\frac{{A}_{1}}{{a}_{1}x+{b}_{1}}+\frac{{A}_{2}}{{a}_{2}x+{b}_{2}}+\cdots +\frac{{A}_{n}}{{a}_{n}x+{b}_{n}}].
 
 	If [image: Q\left(x\right)] contains the repeated linear factor [image: {\left(ax+b\right)}^{n}], then the decomposition must contain
  [image: \frac{{A}_{1}}{ax+b}+\frac{{A}_{2}}{{\left(ax+b\right)}^{2}}+\cdots +\frac{{A}_{n}}{{\left(ax+b\right)}^{n}}].
 
 	For each irreducible quadratic factor [image: a{x}^{2}+bx+c] that [image: Q\left(x\right)] contains, the decomposition must include
  [image: \frac{Ax+B}{a{x}^{2}+bx+c}].
 
 	For each repeated irreducible quadratic factor [image: {\left(a{x}^{2}+bx+c\right)}^{n}], the decomposition must include
  [image: \frac{{A}_{1}x+{B}_{1}}{a{x}^{2}+bx+c}+\frac{{A}_{2}x+{B}_{2}}{{\left(a{x}^{2}+bx+c\right)}^{2}}+\cdots +\frac{{A}_{n}x+{B}_{n}}{{\left(a{x}^{2}+bx+c\right)}^{n}}].
 
 	After the appropriate decomposition is determined, solve for the constants.
 	Last, rewrite the integral in its decomposed form and evaluate it using previously developed techniques or integration formulas.
 
 
 
  Now let’s look at integrating a rational expression in which the denominator contains an irreducible quadratic factor. Recall that the quadratic [image: a{x}^{2}+bx+c] is irreducible if [image: a{x}^{2}+bx+c=0] has no real zeros—that is, if [image: {b}^{2}-4ac<0].
 Evaluate [image: \displaystyle\int \frac{2x - 3}{{x}^{3}+x}dx].
 
 Show Solution Since [image: \text{deg}\left(2x - 3\right)<\text{deg}\left({x}^{3}+x\right)], factor the denominator and proceed with partial fraction decomposition. Since [image: {x}^{3}+x=x\left({x}^{2}+1\right)] contains the irreducible quadratic factor [image: {x}^{2}+1], include [image: \frac{Ax+B}{{x}^{2}+1}] as part of the decomposition, along with [image: \frac{C}{x}] for the linear term [image: x]. Thus, the decomposition has the form
 [image: \frac{2x - 3}{x\left({x}^{2}+1\right)}=\frac{Ax+B}{{x}^{2}+1}+\frac{C}{x}].
  
 After getting a common denominator and equating the numerators, we obtain the equation
 [image: 2x - 3=\left(Ax+B\right)x+C\left({x}^{2}+1\right)].
  
 Solving for [image: A,B], and [image: C], we get [image: A=3], [image: B=2], and [image: C=-3].
 Thus,
 [image: \frac{2x - 3}{{x}^{3}+x}=\frac{3x+2}{{x}^{2}+1}-\frac{3}{x}].
  
 Substituting back into the integral, we obtain
 [image: \begin{array}{ccccc}\hfill {\displaystyle\int \frac{2x - 3}{{x}^{3}+x}dx}& ={\displaystyle\int \left(\frac{3x+2}{{x}^{2}+1}-\frac{3}{x}\right)dx}\hfill & & & \\ & =3{\displaystyle\int \frac{x}{{x}^{2}+1}dx+2\displaystyle\int \frac{1}{{x}^{2}+1}dx - 3\displaystyle\int \frac{1}{x}dx}\hfill & & & \text{Split up the integral.}\hfill \\ & =\frac{3}{2}\text{ln}|{x}^{2}+1|+2{\tan}^{-1}x - 3\text{ln}|x|+C.\hfill & & & \text{Evaluate each integral.}\end{array}]
  
 Note: We may rewrite [image: \text{ln}|{x}^{2}+1|=\text{ln}\left({x}^{2}+1\right)], if we wish to do so, since [image: {x}^{2}+1>0].
 
   Evaluate [image: \displaystyle\int \frac{dx}{{x}^{3}-8}].
 
 Show Solution We can start by factoring [image: {x}^{3}-8=\left(x - 2\right)\left({x}^{2}+2x+4\right)]. We see that the quadratic factor [image: {x}^{2}+2x+4] is irreducible since [image: {2}^{2}-4\left(1\right)\left(4\right)=-12<0]. Using the decomposition described in the problem-solving strategy, we get
 [image: \frac{1}{\left(x - 2\right)\left({x}^{2}+2x+4\right)}=\frac{A}{x - 2}+\frac{Bx+C}{{x}^{2}+2x+4}].
  
 After obtaining a common denominator and equating the numerators, this becomes
 [image: 1=A\left({x}^{2}+2x+4\right)+\left(Bx+C\right)\left(x - 2\right)].
  
 Applying either method, we get [image: A=\frac{1}{12},B=-\frac{1}{12},\text{and}C=-\frac{1}{3}].
 Rewriting [image: \displaystyle\int \frac{dx}{{x}^{3}-8}], we have
 [image: \displaystyle\int \frac{dx}{{x}^{3}-8}=\frac{1}{12}\displaystyle\int \frac{1}{x - 2}dx-\frac{1}{12}\displaystyle\int \frac{x+4}{{x}^{2}+2x+4}dx].
  
 We can see that
 [image: \displaystyle\int \frac{1}{x - 2}dx=\text{ln}|x - 2|+C], but [image: \displaystyle\int \frac{x+4}{{x}^{2}+2x+4}dx] requires a bit more effort. Let’s begin by completing the square on [image: {x}^{2}+2x+4] to obtain
 [image: {x}^{2}+2x+4={\left(x+1\right)}^{2}+3].
  
 By letting [image: u=x+1] and consequently [image: du=dx], we see that
 [image: \begin{array}{ccccc}\hfill {\displaystyle\int \frac{x+4}{{x}^{2}+2x+4}dx}& ={\displaystyle\int \frac{x+4}{{\left(x+1\right)}^{2}+3}dx}\hfill & & & \begin{array}{c}\text{Complete the square on the}\hfill \\ \text{denominator.}\hfill \end{array}\hfill \\ & ={\displaystyle\int \frac{u+3}{{u}^{2}+3}du}\hfill & & & \begin{array}{c}\text{Substitute}u=x+1,x=u - 1,\hfill \\ \text{and}du=dx.\hfill \end{array}\hfill \\ & ={\displaystyle\int \frac{u}{{u}^{2}+3}du+\displaystyle\int \frac{3}{{u}^{2}+3}du}\hfill & & & \text{Split the numerator apart.}\hfill \\ & =\frac{1}{2}\text{ln}|{u}^{2}+3|+\frac{3}{\sqrt{3}}{\tan}^{-1}\frac{u}{\sqrt{3}}+C\hfill & & & \text{Evaluate each integral.}\hfill \\ & =\frac{1}{2}\text{ln}|{x}^{2}+2x+4|+\sqrt{3}{\tan}^{-1}\left(\frac{x+1}{\sqrt{3}}\right)+C.\hfill & & & \begin{array}{c}\text{Rewrite in terms of}x\text{and}\hfill \\ \text{simplify.}\hfill \end{array}\hfill \end{array}]
  
 Substituting back into the original integral and simplifying gives
 [image: {\displaystyle\int}\frac{dx}{{x}^{3}-8}=\frac{1}{12}\text{ln}|x - 2|-\frac{1}{24}\text{ln}|{x}^{2}+2x+4|-\frac{\sqrt{3}}{12}{\tan}^{-1}\left(\frac{x+1}{\sqrt{3}}\right)+C].
  
 Here again, we can drop the absolute value if we wish to do so, since [image: {x}^{2}+2x+4>0] for all [image: x].
 
   Find the volume of the solid of revolution obtained by revolving the region enclosed by the graph of [image: f\left(x\right)=\frac{{x}^{2}}{{\left({x}^{2}+1\right)}^{2}}] and the x-axis over the interval [image: \left[0,1\right]] about the y-axis.
 
 Show Solution Let’s begin by sketching the region to be revolved (see Figure 1). From the sketch, we see that the shell method is a good choice for solving this problem.
 [image: This figure is the graph of the function f(x) = x^2/(x^2+1)^2. It is a curve above the x-axis. It is decreasing in the second quadrant, intersects at the origin, and increases in the first quadrant. Between x = 0 and x = 1, there is shaded area under the curve.]Figure 1. We can use the shell method to find the volume of revolution obtained by revolving the region shown about the y-axis.  The volume is given by
 [image: V=2\pi {\displaystyle\int }_{0}^{1}x\cdot \frac{{x}^{2}}{{\left({x}^{2}+1\right)}^{2}}dx=2\pi {\displaystyle\int }_{0}^{1}\frac{{x}^{3}}{{\left({x}^{2}+1\right)}^{2}}dx].
  
 Since [image: \text{deg}\left({\left({x}^{2}+1\right)}^{2}\right)=4>3=\text{deg}\left({x}^{3}\right)], we can proceed with partial fraction decomposition. Note that [image: {\left({x}^{2}+1\right)}^{2}] is a repeated irreducible quadratic. Using the decomposition described in the problem-solving strategy, we get
 [image: \frac{{x}^{3}}{{\left({x}^{2}+1\right)}^{2}}=\frac{Ax+B}{{x}^{2}+1}+\frac{Cx+D}{{\left({x}^{2}+1\right)}^{2}}].
  
 Finding a common denominator and equating the numerators gives
 [image: {x}^{3}=\left(Ax+B\right)\left({x}^{2}+1\right)+Cx+D].
  
 Solving, we obtain [image: A=1], [image: B=0], [image: C=-1], and [image: D=0]. Substituting back into the integral, we have
 [image: \begin{array}{cc}\hfill V& =2\pi \underset{0}{\overset{1}{\displaystyle\int }}\frac{{x}^{3}}{{\left({x}^{2}+1\right)}^{2}}dx\hfill \\ & =2\pi \underset{0}{\overset{1}{\displaystyle\int }}\left(\frac{x}{{x}^{2}+1}-\frac{x}{{\left({x}^{2}+1\right)}^{2}}\right)dx\hfill \\ & =2\pi \left(\frac{1}{2}\text{ln}\left({x}^{2}+1\right)+\frac{1}{2}\cdot \frac{1}{{x}^{2}+1}\right)|{}_{\begin{array}{c}\\ 0\end{array}}^{\begin{array}{c}1\\ \end{array}}\hfill \\ & =\pi \left(\text{ln}2-\frac{1}{2}\right).\hfill \end{array}]
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				 	Break down and integrate rational functions using partial fractions
 	Identify and work with simple linear factors in rational functions
 	Handle repeated linear factors when using partial fractions
 	Work with quadratic factors in rational functions
 
  Breaking Down Complex Problems: Real-World Applications of Partial Fractions
 Engineers, scientists, and economists often work with formulas that involve fractions of polynomials. For example, in electrical engineering, circuit behavior can be modeled by rational functions where breaking them into partial fractions makes integration possible. Let’s practice decomposing rational functions and integrating them so we can better understand how these mathematical tools apply to real problems.
 [ohm_question hide_question_numbers=1]313325[/ohm_question]
  [ohm_question hide_question_numbers=1]313366[/ohm_question]
  [ohm_question hide_question_numbers=1]313367[/ohm_question]
  
	

			
			


		
	
		
			
	
		104

		Other Strategies for Integration: Learn It 1

								

	
				 	Find integrals efficiently using an integral table
 	Use technology to solve integration problems
 
  Tables of Integrals
 You’ve learned several integration methods, but there are additional tools that can help you tackle more complex integrals or verify your answers. One of the most useful resources is integration tables.
 integration tables
 Pre-computed lists of integrals and their antiderivatives that you can reference to evaluate or check your work quickly. You’ll find these in many calculus textbooks, including the appendices of this one.
 
  Integration tables can be incredibly helpful, but you need to use them wisely. They’re great for:
 	Quick evaluation of integrals that match standard forms
 	Checking your work after solving an integral manually
 	Finding patterns that might help with similar problems
 
 Keep in mind that two completely correct solutions can look very different, so don’t panic if your answer doesn’t match the table exactly—they might still be equivalent. Here’s a perfect example of how the same integral can have multiple correct forms:
 	Using trigonometric substitution with [image: x=\tan\theta]:
 [image: \displaystyle\int \frac{dx}{\sqrt{1+{x}^{2}}}=\text{ln}\left(x+\sqrt{{x}^{2}+1}\right)+C]

 	Using hyperbolic substitution with [image: x=\text{sinh}\theta]:
 [image: \displaystyle\int \frac{dx}{\sqrt{1+{x}^{2}}}={\text{sinh}}^{-1}x+C]

 
 These look completely different, but they’re actually the same! We can prove algebraically that [image: {\text{sinh}}^{-1}x=\text{ln}\left(x+\sqrt{{x}^{2}+1}\right)].
 Two antiderivatives are equivalent if their difference is just a constant. This makes sense because the derivative of a constant is zero, so [image: \frac{d}{dx}[F(x) + C_1] = \frac{d}{dx}[G(x) + C_2]] when [image: F(x) - G(x) = \text{constant}].
 Use the table formula
 [image: \displaystyle\int \frac{\sqrt{{a}^{2}-{u}^{2}}}{{u}^{2}}du=-\frac{\sqrt{{a}^{2}-{u}^{2}}}{u}-{\sin}^{-1}\frac{u}{a}+C]
 to evaluate [image: \displaystyle\int \frac{\sqrt{16-{e}^{2x}}}{{e}^{x}}dx].
 
 Show Solution If we look at integration tables, we see that several formulas contain expressions of the form [image: \sqrt{{a}^{2}-{u}^{2}}]. This expression is actually similar to [image: \sqrt{16-{e}^{2x}}], where [image: a=4] and [image: u={e}^{x}]. Keep in mind that we must also have [image: du={e}^{x}]. Multiplying the numerator and the denominator of the given integral by [image: {e}^{x}] should help to put this integral in a useful form. Thus, we now have
 [image: \displaystyle\int \frac{\sqrt{16-{e}^{2x}}}{{e}^{x}}dx=\displaystyle\int \frac{\sqrt{16-{e}^{2x}}}{{e}^{2x}}{e}^{x}dx].
  
 Substituting [image: u={e}^{x}] and [image: du={e}^{x}] produces [image: \displaystyle\int \frac{\sqrt{{a}^{2}-{u}^{2}}}{{u}^{2}}du]. From the integration table (#88 in Appendix A),
 [image: \displaystyle\int \frac{\sqrt{{a}^{2}-{u}^{2}}}{{u}^{2}}du=-\frac{\sqrt{{a}^{2}-{u}^{2}}}{u}-{\sin}^{-1}\frac{u}{a}+C].
  
 Thus,
 [image: \begin{array}{ccccc}\hfill {\displaystyle\int \frac{\sqrt{16-{e}^{2x}}}{{e}^{x}}dx}& ={\displaystyle\int \frac{\sqrt{16-{e}^{2x}}}{{e}^{2x}}{e}^{x}dx}\hfill & & & \text{Substitute}u={e}^{x}\text{and}du={e}^{x}dx.\hfill \\ & ={\displaystyle\int \frac{\sqrt{{4}^{2}-{u}^{2}}}{{u}^{2}}du}\hfill & & & \text{Apply the formula using}a=4.\hfill \\ & =-\frac{\sqrt{{4}^{2}-{u}^{2}}}{u}-{\sin}^{-1}\frac{u}{4}+C\hfill & & & \text{Substitute}u={e}^{x}.\hfill \\ & =-\frac{\sqrt{16-{e}^{2x}}}{u}-{\sin}^{-1}\left(\frac{{e}^{x}}{4}\right)+C.\hfill & & & \end{array}]
  
 
   Watch the following video to see the worked solution to example above.//plugin.3playmedia.com/show?mf=6722645&p3sdk_version=1.10.1&p=20361&pt=375&video_id=CE2ryAVDgJ4&video_target=tpm-plugin-248rwand-CE2ryAVDgJ4You can view the transcript for “3.5.1” here (opens in new window). 
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				Computer Algebra Systems
 For an even faster solution, you might turn to technology. A Computer Algebra System (CAS) is software that can perform symbolic mathematical calculations, including integration, automatically.
 If available, a CAS is a faster alternative to a table for solving an integration problem. Many such systems are widely available and are, in general, quite easy to use.
 Computer algebra systems like Wolfram Alpha, Mathematica, or the integration features in graphing calculators can handle complex integrals instantly. However, these tools work best when you understand the underlying techniques—they can solve the problem, but they can’t always explain the mathematical reasoning behind each step.
 Use CAS tools to check your work or tackle particularly challenging problems, but don’t rely on them exclusively. Understanding the manual techniques helps you recognize when a CAS result makes sense and builds your mathematical intuition.  Use a computer algebra system to evaluate [image: \displaystyle\int \frac{dx}{\sqrt{{x}^{2}-4}}]. Compare this result with [image: \text{ln}|\frac{\sqrt{{x}^{2}-4}}{2}+\frac{x}{2}|+C], a result we might have obtained if we had used trigonometric substitution.
 
 Show Solution Using Wolfram Alpha, we obtain
 [image: \displaystyle\int \frac{dx}{\sqrt{{x}^{2}-4}}=\text{ln}|\sqrt{{x}^{2}-4}+x|+C].
  
 Notice that
 [image: \text{ln}|\frac{\sqrt{{x}^{2}-4}}{2}+\frac{x}{2}|+C=\text{ln}|\frac{\sqrt{{x}^{2}-4}+x}{2}|+C=\text{ln}|\sqrt{{x}^{2}-4}+x|-\text{ln}2+C].
  
 Since these two antiderivatives differ by only a constant, the solutions are equivalent. We could have also demonstrated that each of these antiderivatives is correct by differentiating them.
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				 	Find integrals efficiently using an integral table
 	Use technology to solve integration problems
 
  Integrals in Action — Choosing the Right Tool
 In physics, engineering, and economics, integrals show up in formulas for energy, growth, and wave behavior. Professionals often use integral tables or computer algebra systems (CAS) to save time when integrals become complex. Let’s practice applying these tools efficiently.
 [ohm_question hide_question_numbers=1]313368[/ohm_question]
  [ohm_question hide_question_numbers=1]313369[/ohm_question]
  [ohm_question hide_question_numbers=1]313370[/ohm_question]
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		Numerical and Improper Integration: Background You'll Need 1

								

	
				 	Estimate the area under a curve using Riemann sums
 
  Riemann Sums
 When approximating the area under a curve using rectangles, we can determine the height of each rectangle by evaluating the function at any point [image: x_i^*] within each subinterval [image: [x_{i-1},x_i]]. Using [image: f(x_i^*)] as the height of our rectangle gives us an estimate for the area of the form:
 [image: A \approx \displaystyle\sum_{i=1}^{n} f(x_i^*)\Delta x].
 A sum of this form is called a Riemann sum, named after the 19th-century mathematician Bernhard Riemann.
 Riemann sum
 Let [image: f(x)] be defined on a closed interval [image: [a,b]] and let [image: P] be a regular partition of [image: [a,b]]. Let [image: \Delta x] be the width of each subinterval [image: [x_{i-1},x_i]] and for each [image: i], let [image: x_i^*] be any point in [image: [x_{i-1},x_i]].
 
 
 A Riemann sum is defined for [image: f(x)] as
 [image: \displaystyle\sum_{i=1}^{n} f(x_i^*)\Delta x].
  When using left- and right-endpoint approximations, our estimates improve as we increase the number of subintervals [image: n]. The same idea applies to Riemann sums: the more subintervals we use, the better our approximation. Now, let’s define the area under a curve using Riemann sums.
 area under a curve using Riemann sums
 Let [image: f(x)] be a continuous, nonnegative function on an interval [image: [a,b]], and let [image: \displaystyle\sum_{i=1}^{n} f(x_i^*)\Delta x] be a Riemann sum for [image: f(x)].
 
 
 Then, the area under the curve [image: y=f(x)] on [image: [a,b]] is given by
 [image: A=\underset{n\to \infty }{\lim}\displaystyle\sum_{i=1}^{n} f(x_i^*)\Delta x].
  Taking the limit of a sum is a bit different from taking the limit of a function [image: f(x)] as [image: x] goes to infinity. We discuss limits of sums in more detail in the chapter on Sequences and Series in Calculus 2. For now, assume that the techniques we use to compute limits of functions also apply to sums.
 We must also consider what happens if our sum converges to different limits for different choices of [image: x_i^*]. If [image: f(x)] is continuous on [image: [a,b]], the limit:
 [image: \underset{n\to \infty }{\lim}\displaystyle\sum_{i=1}^{n} f(x_i^*)\Delta x]
 is unique and does not depend on the choice of [image: x_i^*].
 Before we dive into examples, let’s discuss some specific choices for [image: x_i^*]. Any choice for [image: x_i^*] gives us an estimate of the area under the curve, but we might want to know if our estimate is too high or too low. We can choose [image: x_i^*] to guarantee one result or the other.
 	Overestimate: Choose [image: x_i^*] so that [image: f(x_i^*)] is the maximum value on [image: [x_{i-1},x_i]]. This makes our Riemann sum an upper sum.
 	Underestimate: Choose [image: x_i^*] so that [image: f(x_i^*)] is the minimum value on [image: [x_{i-1},x_i]]. This makes our Riemann sum a lower sum.
 
 	If a function is increasing over an interval, using the right endpoints for the upper sum and the left endpoints for the lower sum gives us a good estimate.
 	If a function is decreasing, using the left endpoints for the upper sum and the right endpoints for the lower sum is effective.
 
  Find a lower sum for [image: f(x)=10-x^2] on [image: [1,2]]; use [image: n=4] subintervals. Show Solution With [image: n=4] over the interval [image: [1,2], \, \Delta x=\frac{1}{4}]. We can list the intervals as [image: [1,1.25], \, [1.25,1.5], \, [1.5,1.75], \, [1.75,2]]. Because the function is decreasing over the interval [image: [1,2]], (Figure 14) shows that a lower sum is obtained by using the right endpoints.
 [image: The graph of f(x) = 10 − x^2 from 0 to 2. It is set up for a right-end approximation of the area bounded by the curve and the x axis on [1, 2], labeled a=x0 to x4. It shows a lower sum.]Figure 14. The graph of [image: f(x)=10-x^2] is set up for a right-endpoint approximation of the area bounded by the curve and the x-axis on [image: [1,2]], and it shows a lower sum. The Riemann sum is
 [image: \begin{array}{ll}\displaystyle\sum_{k=1}^{4} (10-x^2)(0.25)& =0.25[10-(1.25)^2+10-(1.5)^2+10-(1.75)^2+10-(2)^2] \\ & =0.25[8.4375+7.75+6.9375+6] \\ & =7.28 \end{array}]
  
 The area of [image: 7.28] is a lower sum and an underestimate.
 Watch the following video to see the worked solution to this example.
 https://youtube.com/watch?v=qx-gvr8k8SY%3Fcontrols%3D0%26start%3D825%26end%3D1020%26autoplay%3D0For closed captioning, open the video on its original page by clicking the Youtube logo in the lower right-hand corner of the video display. In YouTube, the video will begin at the same starting point as this clip, but will continue playing until the very end.You can view the transcript for this segmented clip of “5.1 Approximating Areas” here (opens in new window).
   	Find an upper sum for [image: f(x)=10-x^2] on [image: [1,2]]; let [image: n=4].
 	Sketch the approximation.
 
 Hint [image: f(x)] is decreasing on [image: [1,2]], so the maximum function values occur at the left endpoints of the subintervals.
  Show Solution 	Upper sum [image: =8.0313].
 	[image: A graph of the function f(x) = 10 − x^2 from 0 to 2. It is set up for a right endpoint approximation over the area [1,2], which is labeled a=x0 to x4. It is an upper sum.]Figure 15. Graph of f(x) with approximation 
 
 
  
 [ohm_question hide_question_numbers=1]210547[/ohm_question] 
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				 	Evaluate limits at infinity
 
  Infinite Limits
 Evaluating limits, whether at a specific point or as we approach it from a particular direction, helps us understand how functions behave near that point. While some functions have limits that are finite numbers, others grow without bound—these are cases of infinite limits.
 We now turn our attention to [image: h(x)=\frac{1}{(x-2)^2}] (Figure 1 part c).
 <img src="https://s3-us-west-2.amazonaws.com/courses-images/wp-content/uploads/sites/2332/2018/01/11202849/CNX_Calc_Figure_02_02_001.jpg" alt=""Three 2 and x= -1 for x Figure 1. These graphs show the behavior of three different functions around [image: x=2].As [image: x] gets closer to [image: 2], [image: h(x)] increases without limit. This unbounded growth means that as [image: x] approaches [image: 2], [image: h(x)] heads towards positive infinity, which we denote as:
 [image: \underset{x\to 2}{\lim}h(x)=+\infty]
 Infinite limits can be understood through the following general definitions.
 infinite limits
 Infinite limits from the left: For a function [image: f(x)] within an interval that ends at [image: a], we say:
 	The limit is [image: +∞] if [image: f(x)] increases without bound as [image: x] approaches [image: a] from the left.
 [image: \underset{x\to a^-}{\lim}f(x)=+\infty].
 	The limit is [image: -∞] if [image: f(x)] decreases without bound as [image: x] approaches [image: a] from the left.
 [image: \underset{x\to a^-}{\lim}f(x)=−\infty].
 
 Infinite limits from the right: For a function [image: f(x)] within an interval that ends at [image: a], we say:
 	The limit is [image: +∞] if [image: f(x)] increases without bound as [image: x] approaches [image: a] from the right. [image: \underset{x\to a^+}{\lim}f(x)=+\infty].
 
 	The limit is [image: -∞] if [image: f(x)] decreases without bound as [image: x] approaches [image: a] from the right. [image: \underset{x\to a^+}{\lim}f(x)=−\infty].
 
 
 Two-sided infinite limit: For a function [image: f(x)] defined at all points except at [image: a]:
 	If [image: f(x)] increases without bound from both sides as [image: x] approaches [image: a], the limit is [image: +∞]. [image: \underset{x\to a}{\lim}f(x)=+\infty].
 
 	If [image: f(x)] decreases without bound from both sides as [image: x] approaches [image: a], the limit is [image: -∞]. [image: \underset{x\to a}{\lim}f(x)=−\infty].
 
 
  It is important to understand that when we write statements such as [image: \underset{x\to a}{\lim}f(x)=+\infty] or [image: \underset{x\to a}{\lim}f(x)=−\infty] we are describing the behavior of the function, as we have just defined it. We are not asserting that a limit exists. For the limit of a function [image: f(x)] to exist at [image: a], it must approach a real number [image: L] as [image: x] approaches [image: a]. That said, if, for example, [image: \underset{x\to a}{\lim}f(x)=+\infty], we always write [image: \underset{x\to a}{\lim}f(x)=+\infty] rather than [image: \underset{x\to a}{\lim}f(x)] DNE.
  [ohm_question hide_question_numbers=1]218963[/ohm_question]  Evaluate each of the following limits, if possible. Use a table of functional values and graph [image: f(x)=\frac{1}{x}] to confirm your conclusion.
 	[image: \underset{x\to 0^-}{\lim}\frac{1}{x}]
 	[image: \underset{x\to 0^+}{\lim}\frac{1}{x}]
 	[image: \underset{x\to 0}{\lim}\frac{1}{x}]
 
 Show Solution Begin by constructing a table of functional values.
 Table of Functional Values for [image: f(x)=\frac{1}{x}] 	[image: x] 	[image: \frac{1}{x}] 	 	[image: x] 	[image: \frac{1}{x}] 
  	[image: −0.1] 	[image: −10] 	 	[image: 0.1] 	[image: 10] 
 	[image: −0.01] 	[image: −100] 	[image: 0.01] 	[image: 100] 
 	[image: −0.001] 	[image: −1000] 	[image: 0.001] 	[image: 1000] 
 	[image: −0.0001] 	[image: −10,000] 	[image: 0.0001] 	[image: 10,000] 
 	[image: −0.00001] 	[image: −100,000] 	[image: 0.00001] 	[image: 100,000] 
 	[image: −0.000001] 	[image: −1,000,000] 	[image: 0.000001] 	[image: 1,000,000] 
  
 	The values of [image: \frac{1}{x}] decrease without bound as [image: x] approaches [image: 0] from the left. We conclude that [image: \underset{x\to 0^-}{\lim}\frac{1}{x}=−\infty].
 
 	The values of [image: \frac{1}{x}] increase without bound as [image: x] approaches [image: 0] from the right. We conclude that [image: \underset{x\to 0^+}{\lim}\frac{1}{x}=+\infty].
 
 	Since [image: \underset{x\to 0^-}{\lim}\frac{1}{x}=−\infty] and [image: \underset{x\to 0^+}{\lim}\frac{1}{x}=+\infty] have different values, we conclude that [image: \underset{x\to 0}{\lim}\frac{1}{x}] DNE.
 
 
 The graph of [image: f(x)=\frac{1}{x}] in Figure 8 confirms these conclusions.
 [image: The graph of the function f(x) = 1/x. The function curves asymptotically towards x=0 and y=0 in quadrants one and three.]Figure 8. The graph of [image: f(x)=\frac{1}{x}] confirms that the limit as [image: x] approaches 0 does not exist.   
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				 	Evaluate one-sided limits
 
  One-Sided Limits
 Sometimes indicating that the limit of a function fails to exist at a point does not provide us with enough information about the behavior of the function at that particular point. To see this, lets look at the function [image: g(x)=\frac{|x-2|}{(x-2)}],
 <img src="https://s3-us-west-2.amazonaws.com/courses-images/wp-content/uploads/sites/2332/2018/01/11202849/CNX_Calc_Figure_02_02_001.jpg" alt=""Three 2 and x= -1 for x Figure 1. These graphs show the behavior of three different functions around [image: x=2].As we pick values of [image: x] close to [image: 2], [image: g(x)] does not approach a single value, so the limit as [image: x] approaches [image: 2] does not exist—that is, [image: \underset{x\to 2}{\lim}g(x)] DNE.
 However, this statement alone does not give us a complete picture of the behavior of the function around the [image: x]-value [image: 2]. To provide a more accurate description, we introduce the idea of a one-sided limit.
 For all values to the left of [image: 2] (or the negative side of [image: 2]), [image: g(x)=-1]. Thus, as [image: x] approaches [image: 2] from the left, [image: g(x)] approaches [image: −1].
 Mathematically, we say that the limit as [image: x] approaches [image: 2] from the left is [image: −1]. Symbolically, we express this idea as
 [image: \underset{x\to 2^-}{\lim}g(x)=-1]
 Similarly, as [image: x] approaches [image: 2] from the right (or from the positive side), [image: g(x)] approaches [image: 1]. Symbolically, we express this idea as
 [image: \underset{x\to 2^+}{\lim}g(x)=1]
 one-sided limits
 One-sided limits are limits approached from one direction—either from the left or the right.
 	Left-Sided Limit: For a function [image: f(x)] on an interval ending at [image: a], if [image: f(x)] approaches a specific value [image: L] as the values of [image: x] approaches [image: a] from the left ([image: x < a]), we denote this limit as:[image: \underset{x\to a^-}{\lim}f(x)=L]
 	Right-Sided Limit: For a function [image: f(x)] on an interval ending at [image: a], if [image: f(x)] approaches a specific value [image: L] as the values of [image: x] approaches [image: a] from the right  ([image: x > a]), we express this limit as:[image: \underset{x\to a^+}{\lim}f(x)=L]
 
  For the function [image: f(x)=\begin{cases} x+1, & \text{ if } \, x < 2 \\ x^2-4, & \text{ if } \, x \ge 2 \end{cases}], evaluate each of the following limits.
 	[image: \underset{x\to 2^-}{\lim}f(x)]
 	[image: \underset{x\to 2^+}{\lim}f(x)]
 
 Show Solution We can use tables of functional values again. Observe that for values of [image: x] less than [image: 2], we use [image: f(x)=x+1] and for values of [image: x] greater than [image: 2], we use [image: f(x)=x^2-4].
 Table of Functional Values for [image: f(x)=\begin{cases} x+1, & \text{ if } \, x < 2 \\ x^2-4, & \text{ if } \, x \ge 2 \end{cases}] 	[image: x] 	[image: f(x)=x+1] 	 	[image: x] 	[image: f(x)=x^2-4] 
  	[image: 1.9] 	[image: 2.9] 	 	[image: 2.1] 	[image: 0.41] 
 	[image: 1.99] 	[image: 2.99] 	[image: 2.01] 	[image: 0.0401] 
 	[image: 1.999] 	[image: 2.999] 	[image: 2.001] 	[image: 0.004001] 
 	[image: 1.9999] 	[image: 2.9999] 	[image: 2.0001] 	[image: 0.00040001] 
 	[image: 1.99999] 	[image: 2.99999] 	[image: 2.00001] 	[image: 0.0000400001] 
  
 Based on this table, we can conclude that
 	[image: \underset{x\to 2^-}{\lim}f(x)=3]
 	[image: \underset{x\to 2^+}{\lim}f(x)=0].
 
 Therefore, the (two-sided) limit of [image: f(x)] does not exist at [image: x=2]. Figure 7 shows a graph of [image: f(x)] and reinforces our conclusion about these limits.
 [image: "The]A discontinuous piecewise function with an open circle and a closed circle at transition points Watch the following video to see the worked solution to this example.For closed captioning, open the video on its original page by clicking the Youtube logo in the lower right-hand corner of the video display. In YouTube, the video will begin at the same starting point as this clip, but will continue playing until the very end.You can view the transcript for this video using this link (opens in new window). 
  Two-Sided Limits
 A two-sided limit at a point exists only if the one-sided limits from both the left and the right converge to the same value. If there’s a discrepancy between the left and the right limits, the two-sided limit at that point does not exist.
 two-sided limits
 For a function [image: f(x)], defined over an interval including [image: a] (except possibly at [image: a] itself), we say the two-sided limit exists as [image: x] approaches [image: a] and equals [image: L] if, and only if, both one-sided limits as [image: x] approaches [image: a] also equals [image: L].
 [image: \underset{x\to a}{\lim}f(x)=L], if and only if [image: \underset{x\to a^-}{\lim}f(x)=L] and [image: \underset{x\to a^+}{\lim}f(x)=L]
 [ohm_question hide_question_number=1]218961[/ohm_question] [ohm_question hide_question_number=1]284309[/ohm_question] 
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				 	Estimate definite integrals using the midpoint and trapezoidal rules
 	Use Simpson’s rule to find definite integrals with a specified accuracy
 
  Why Do We Need Numerical Integration?
 Here’s the reality: many functions you’ll encounter don’t have antiderivatives that can be expressed in simple, closed forms. What does this mean for you? You can’t always use the Fundamental Theorem of Calculus to evaluate definite integrals directly.
 The solution? We use numerical integration techniques to approximate these integral values. Think of it as getting a really good estimate when an exact answer isn’t practical.
 Engineers, scientists, and economists constantly use numerical integration. When modeling population growth, calculating areas under complex curves, or analyzing data that doesn’t follow neat mathematical functions, these approximation methods are essential tools. Remember that we defined definite integrals as limits of Riemann sums? Well, any Riemann sum can serve as an estimate for the integral [image: \displaystyle\int_a^b f(x),dx].
 Let’s recall how Riemann sums work:
 Setting up a Riemann sum:
 	Partition the interval [image: [a,b]] into subintervals: [image: P = \{x_0, x_1, x_2, \ldots, x_n\}] where [image: a = x_0 < x_1 < x_2 < \cdots < x_n = b]
 	Choose sample points in each subinterval: [image: S = \{x_1^{*}, x_2^{*}, \ldots, x_n^{*}\}] where [image: x_{i-1} \leq x_i^{*} \leq x_i] for all [image: i]
 	Calculate the Riemann sum: [image: \sum_{i=1}^n f(x_i^*) \Delta x_i] where [image: \Delta x_i = x_i - x_{i-1}]
 
 The width [image: \Delta x_i] represents the length of the [image: i]th subinterval, and [image: f(x_i^*)] gives us the height of each rectangle in our approximation.
  The Midpoint Rule
 One specific and very useful type of Riemann sum is the midpoint rule. Here’s what makes it special:
 	Use subintervals of equal width
 	Choose the midpoint [image: m_i] of each subinterval as your sample point [image: x_i^*]
 
 This approach often gives you better approximations than using left or right endpoints, especially when the function is curved.
 The Midpoint Rule
 Assume that [image: f\left(x\right)] is continuous on [image: \left[a,b\right]]. Let n be a positive integer and [image: \Delta x=\frac{b-a}{n}]. If [image: \left[a,b\right]] is divided into [image: n] subintervals, each of length [image: \Delta x], and [image: {m}_{i}] is the midpoint of the [image: i]th subinterval, set
 [image: {M}_{n}=\displaystyle\sum _{i=1}^{n}f\left({m}_{i}\right)\Delta x].Then [image: \underset{n\to \infty }{\text{lim}}{M}_{n}={\displaystyle\int }_{a}^{b}f\left(x\right)dx].
 
  As we can see in Figure 1, if [image: f\left(x\right)\ge 0] over [image: \left[a,b\right]], then [image: \displaystyle\sum _{i=1}^{n}f\left({m}_{i}\right)\Delta x] corresponds to the sum of the areas of rectangles approximating the area between the graph of [image: f\left(x\right)] and the [image: x]-axis over [image: \left[a,b\right]]. The graph shows the rectangles corresponding to [image: {M}_{4}] for a nonnegative function over a closed interval [image: \left[a,b\right]].
 [image: This figure is a graph of a non-negative function in the first quadrant. The function increases and decreases. The quadrant is divided into a grid. Beginning on the x-axis at the point labeled a = x sub 0, there are rectangles shaded whose heights are approximately the height of the curve. The x-axis is scaled by increments of msub1, x sub 1, m sub 2, x sub 2, m sub 3, x sub 3, m sub 4 and b = x sub 4.]Figure 1. The midpoint rule approximates the area between the graph of [image: f\left(x\right)] and the x-axis by summing the areas of rectangles with midpoints that are points on [image: f\left(x\right)].  Use the midpoint rule to estimate [image: {\displaystyle\int }_{0}^{1}{x}^{2}dx] using four subintervals. Compare the result with the actual value of this integral.
 
 Show Solution Each subinterval has length [image: \Delta x=\frac{1 - 0}{4}=\frac{1}{4}]. Therefore, the subintervals consist of
 [image: \left[0,\frac{1}{4}\right],\left[\frac{1}{4},\frac{1}{2}\right],\left[\frac{1}{2},\frac{3}{4}\right],\text{and}\left[\frac{3}{4},1\right]].
  
 The midpoints of these subintervals are [image: \left\{\frac{1}{8},\frac{3}{8},\frac{5}{8},\frac{7}{8}\right\}]. Thus,
 [image: {M}_{4}=\frac{1}{4}f\left(\frac{1}{8}\right)+\frac{1}{4}f\left(\frac{3}{8}\right)+\frac{1}{4}f\left(\frac{5}{8}\right)+\frac{1}{4}f\left(\frac{7}{8}\right)=\frac{1}{4}\cdot \frac{1}{64}+\frac{1}{4}\cdot \frac{9}{64}+\frac{1}{4}\cdot \frac{25}{64}+\frac{1}{4}\cdot \frac{21}{64}=\frac{21}{64}].
  
 Since
 [image: {\displaystyle\int }_{0}^{1}{x}^{2}dx=\frac{1}{3}\text{and}|\frac{1}{3}-\frac{21}{64}|=\frac{1}{192}\approx 0.0052],
  
 we see that the midpoint rule produces an estimate that is somewhat close to the actual value of the definite integral.
 
   Use [image: {M}_{6}] to estimate the length of the curve [image: y=\frac{1}{2}{x}^{2}] on [image: \left[1,4\right]].
 
 Show Solution The length of [image: y=\frac{1}{2}{x}^{2}] on [image: \left[1,4\right]] is
 [image: {\displaystyle\int }_{1}^{4}\sqrt{1+{\left(\frac{dy}{dx}\right)}^{2}}dx].
  
 Since [image: \frac{dy}{dx}=x], this integral becomes [image: {\displaystyle\int }_{1}^{4}\sqrt{1+{x}^{2}}dx].
 If [image: \left[1,4\right]] is divided into six subintervals, then each subinterval has length [image: \Delta x=\frac{4 - 1}{6}=\frac{1}{2}] and the midpoints of the subintervals are [image: \left\{\frac{5}{4},\frac{7}{4},\frac{9}{4},\frac{11}{4},\frac{13}{4},\frac{15}{4}\right\}]. If we set [image: f\left(x\right)=\sqrt{1+{x}^{2}}],
 [image: \begin{array}{cc}\hfill {M}_{6}& =\frac{1}{2}f\left(\frac{5}{4}\right)+\frac{1}{2}f\left(\frac{7}{4}\right)+\frac{1}{2}f\left(\frac{9}{4}\right)+\frac{1}{2}f\left(\frac{11}{4}\right)+\frac{1}{2}f\left(\frac{13}{4}\right)+\frac{1}{2}f\left(\frac{15}{4}\right)\hfill \\ & \approx \frac{1}{2}\left(1.6008+2.0156+2.4622+2.9262+3.4004+3.8810\right)=8.1431.\hfill \end{array}]
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				The Trapezoidal Rule
 Sometimes rectangles aren’t the best shape for approximating the area under a curve. What if we used trapezoids instead? This often gives us better approximations, especially when the function has significant curvature.
 Why do trapezoids work better? Rectangles create “steps” that miss curved portions of the function. Trapezoids follow the curve more closely by connecting function values with straight lines. In Figure 2, the area beneath the curve is approximated by trapezoids rather than by rectangles.
 [image: This figure is a graph of a non-negative function in the first quadrant. The function increases and decreases. The quadrant is divided into a grid. Beginning on the x-axis at the point labeled a = x sub 0, there are trapezoids shaded whose heights are approximately the height of the curve. The x-axis is scaled by increments of a = x sub 0, x sub 1, x sub 2, x sub 3, and b = x sub 4.]Figure 2. Trapezoids may be used to approximate the area under a curve, hence approximating the definite integral.  How the Trapezoidal Rule Works
 The trapezoidal rule approximates the area under a curve by dividing the region into trapezoids instead of rectangles. Each subinterval has equal width [image: \Delta x], and the “height” of each trapezoid is [image: \Delta x] (measured horizontally). The parallel bases have lengths [image: f(x_i)] and [image: f(x_{i+1})].
 You’ll need the trapezoid area formula to calculate each piece:For a trapezoid with height [image: h] and parallel bases of lengths [image: b_1] and [image: b_2], the area is [image: \text{Area} = \frac{1}{2}h(b_1 + b_2)]. Let’s work through how we get the trapezoidal rule formula. Consider the first few trapezoids:
 	First trapezoid area: [image: \frac{1}{2}\Delta x(f(x_0) + f(x_1))]
 	Second trapezoid area: [image: \frac{1}{2}\Delta x(f(x_1) + f(x_2))]
 	Third trapezoid area: [image: \frac{1}{2}\Delta x(f(x_2) + f(x_3))]
 	Fourth trapezoid area: [image: \frac{1}{2}\Delta x(f(x_3) + f(x_4))]
 
 When we add up all the trapezoid areas:
 [image: \int_a^b f(x),dx \approx \frac{1}{2}\Delta x(f(x_0) + f(x_1)) + \frac{1}{2}\Delta x(f(x_1) + f(x_2)) + \frac{1}{2}\Delta x(f(x_2) + f(x_3)) + \frac{1}{2}\Delta x(f(x_3) + f(x_4))]
 Now here’s the key insight: factor out [image: \frac{1}{2}\Delta x] and combine like terms:
 [image: \int_a^b f(x),dx \approx \frac{1}{2}\Delta x(f(x_0) + 2f(x_1) + 2f(x_2) + 2f(x_3) + f(x_4))]
 Notice that the first and last function values appear once, while all the interior values are multiplied by 2. This pattern holds no matter how many subintervals you use! This approach generalizes to give us the formal trapezoidal rule.
 the trapezoidal rule
 Assume that [image: f\left(x\right)] is continuous over [image: \left[a,b\right]]. Let n be a positive integer and [image: \Delta x=\frac{b-a}{n}]. Let [image: \left[a,b\right]] be divided into [image: n] subintervals, each of length [image: \Delta x], with endpoints at [image: P=\left\{{x}_{0},{x}_{1},{x}_{2}\ldots ,{x}_{n}\right\}]. Set
 [image: {T}_{n}=\frac{1}{2}\Delta x\left(f\left({x}_{0}\right)+2f\left({x}_{1}\right)+2f\left({x}_{2}\right)+\cdots +2f\left({x}_{n - 1}\right)+f\left({x}_{n}\right)\right)].Then, [image: \underset{n\to \text{+}\infty }{\text{lim}}{T}_{n}={\displaystyle\int }_{a}^{b}f\left(x\right)dx].
 
  Before we move forward, let’s unpack some important patterns you should notice about how the trapezoidal rule works.
 The trapezoidal rule is actually an average: the trapezoidal rule [image: T_n] is exactly the average of the left-hand and right-hand Riemann sums! Mathematically, this means:
 [image: T_n = \frac{1}{2}(L_n + R_n)]
 where [image: L_n = \sum_{i=1}^n f(x_{i-1})\Delta x] and [image: R_n = \sum_{i=1}^n f(x_i)\Delta x]
 This makes sense when you think about it—each trapezoid connects the left endpoint height to the right endpoint height with a straight line.
 The shape of your function determines whether you’ll get an overestimate or underestimate:
 	Trapezoidal rule behavior: 	Concave up functions: The rule systematically overestimates the integral (trapezoids sit above the curve)
 	Concave down functions: The rule systematically underestimates the integral (trapezoids sit below the curve)
 
 
 	Midpoint rule behavior: The midpoint rule is often more balanced. It tends to partially overestimate and partially underestimate over the same intervals, so these errors somewhat cancel each other out.
 
 [image: This figure has two graphs, both of the same non-negative function in the first quadrant. The function increases and decreases. The quadrant is divided into a grid. The first graph, beginning on the x-axis at the point labeled a = x sub 0, there are trapezoids shaded whose heights are approximately the height of the curve. The x-axis is scaled by increments of a = x sub 0, xsub1, x sub 2, x sub 3, and b = x sub 4. The second graph has on the x-axis at the point labeled a = x sub 0. There are rectangles shaded whose heights are approximately the height of the curve. The x-axis is scaled by increments of m sub 1, x sub 1, m sub 2, x sub 2, m sub 3, x sub 3, m sub 4 and b = x sub 4.]Figure 3. The trapezoidal rule tends to be less accurate than the midpoint rule. In general, you can expect the midpoint rule to be more accurate than the trapezoidal rule for most functions. The midpoint rule’s error-canceling behavior gives it an edge! Use the trapezoidal rule to estimate [image: {\displaystyle\int }_{0}^{1}{x}^{2}dx] using four subintervals.
 
 Show Solution The endpoints of the subintervals consist of elements of the set [image: P=\left\{0,\frac{1}{4},\frac{1}{2},\frac{3}{4},1\right\}] and [image: \Delta x=\frac{1 - 0}{4}=\frac{1}{4}]. Thus,
 [image: \begin{array}{cc}\hfill {\displaystyle\int }_{0}^{1}{x}^{2}dx& \approx \frac{1}{2}\cdot \frac{1}{4}\left(f\left(0\right)+2f\left(\frac{1}{4}\right)+2f\left(\frac{1}{2}\right)+2f\left(\frac{3}{4}\right)+f\left(1\right)\right)\hfill \\ & =\frac{1}{8}\left(0+2\cdot \frac{1}{16}+2\cdot \frac{1}{4}+2\cdot \frac{9}{16}+1\right)\hfill \\ & =\frac{11}{32}.\hfill \end{array}]
  
 
   Watch the following video to see the worked solution to the example above.https://youtube.com/watch?v=4nqKNEy0zlE%3Fcontrols%3D0%26start%3D796%26end%3D1007%26autoplay%3D0 For closed captioning, open the video on its original page by clicking the Youtube logo in the lower right-hand corner of the video display. In YouTube, the video will begin at the same starting point as this clip, but will continue playing until the very end.
 You can view the transcript for this segmented clip of “3.6.1” here (opens in new window).
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				Simpson’s Rule
 We have seen how the midpoint rule approximates curves with rectangles and the trapezoidal rule uses straight lines. Simpson’s rule takes this progression further by approximating curves with parabolas (quadratic functions).
 This method uses piecewise quadratic functions to follow the curve more accurately than either rectangles or straight-line segments.
 How Simpson’s Rule Works
 The setup requires partitioning the interval into an even number of subintervals, each with equal width. This even number requirement is essential because we work with pairs of subintervals.
 For each pair of subintervals: Over the first pair of subintervals, we approximate [image: \int_{x_0}^{x_2} f(x)dx] with [image: \int_{x_0}^{x_2} p(x)dx], where [image: p(x) = Ax^2 + Bx + C] is the unique quadratic function passing through the three points [image: (x_0, f(x_0))], [image: (x_1, f(x_1))], and [image: (x_2, f(x_2))].
 Continuing the pattern: Over the next pair of subintervals, we approximate [image: \int_{x_2}^{x_4} f(x)dx] with the integral of another quadratic function passing through [image: (x_2, f(x_2))], [image: (x_3, f(x_3))], and [image: (x_4, f(x_4))]. This process continues with each successive pair of subintervals.
 [image: This figure has two graphs, both of the same non-negative function in the first quadrant. The function increases and decreases. The quadrant is divided into a grid. The first graph, beginning on the x-axis at the point labeled x sub 0, there are trapezoids shaded whose heights are represented by the function p(x), which is a curve following an approximate path of the original graph. The x-axis is scaled by increments of x sub 0, x sub 1, x sub 2. The second graph has on the x-axis at the point labeled x sub 0. There are shaded regions under the curve, divided by x sub 0, x sub 1, x sub 2, x sub 3, and x sub 4. The curve is sectioned into two different parts above the shaded areas. These two parts are labeled p sub 1(x) and p sub 2(x).]Figure 4. With Simpson’s rule, we approximate a definite integral by integrating a piecewise quadratic function. Why Quadratics? Three points determine a unique parabola, just like two points determine a unique line. Using quadratic approximations captures the curvature of functions much better than straight-line approximations. Deriving Simpson’s Rule Formula
 To understand the formula for Simpson’s rule, we need to derive the approximation over the first two subintervals. This derivation requires keeping track of several key relationships.
 The quadratic function [image: p(x) = Ax^2 + Bx + C] must pass through our three points:
 [image: \begin{array}{c}f(x_0) = p(x_0) = Ax_0^2 + Bx_0 + C\\ f(x_1) = p(x_1) = Ax_1^2 + Bx_1 + C\\ f(x_2) = p(x_2) = Ax_2^2 + Bx_2 + C\end{array}]
 We also need these geometric facts:
 	[image: x_2 - x_0 = 2\Delta x], where [image: \Delta x] is the length of a subinterval
 	[image: x_2 + x_0 = 2x_1], since [image: x_1 = \frac{(x_2 + x_0)}{2}]
 
 We can now integrate the quadratic approximation:
 [image: \begin{array}{ccccc}\hfill {\displaystyle\int _{{x}_{0}}^{{x}_{2}}f(x)dx}& \approx {\displaystyle\int _{{x}_{0}}^{{x}_{2}}p(x)dx}\hfill & & & \\ & ={\displaystyle\int _{{x}_{0}}^{{x}_{2}}(A{x}^{2}+Bx+C)dx}\hfill & & & \\ & =\frac{A}{3}{x}^{3}+\frac{B}{2}{x}^{2}+Cx|\begin{array}{c}{}^{{x}_{2}} \\ {}_{{x}_{0}}\end{array}\hfill & & & \text{Find the antiderivative.}\hfill \\ & =\frac{A}{3}({x}_{2}{}^{3}-{x}_{0}{}^{3})+\frac{B}{2}({x}_{2}{}^{2}-{x}_{0}{}^{2})+C({x}_{2}-{x}_{0})\hfill & & & \text{Evaluate the antiderivative.}\hfill\end{array}]
 After factoring and using algebraic identities:
 [image: \begin{array}{ccccc} & =\frac{A}{3}({x}_{2}-{x}_{0})({x}_{2}{}^{2}+{x}_{2}{x}_{0}+{x}_{0}{}^{2})  +\frac{B}{2}({x}_{2}-{x}_{0})({x}_{2}+{x}_{0})+C({x}_{2}-{x}_{0})\hfill & & & \\ & =\frac{{x}_{2}-{x}_{0}}{6}(2A({x}_{2}{}^{2}+{x}_{2}{x}_{0}+{x}_{0}{}^{2})+3B({x}_{2}+{x}_{0})+6C)\hfill & & & \text{Factor out}\frac{{x}_{2}-{x}_{0}}{6}.\hfill\end{array}]
 Through careful algebraic manipulation and substitution of our relationships, this eventually simplifies to:
 [image: \int_{x_0}^{x_2} f(x)dx = \frac{\Delta x}{3}(f(x_0) + 4f(x_1) + f(x_2))]
 When we apply the same method to approximate [image: \int_{x_2}^{x_4} f(x)dx], we get:
 [image: \int_{x_2}^{x_4} f(x)dx \approx \frac{\Delta x}{3}(f(x_2) + 4f(x_3) + f(x_4))]
 Combining these approximations over the interval [image: [x_0, x_4]]:
 [image: \int_{x_0}^{x_4} f(x)dx = \frac{\Delta x}{3}(f(x_0) + 4f(x_1) + 2f(x_2) + 4f(x_3) + f(x_4))]
 Notice the Pattern: The coefficients follow a specific pattern: 1, 4, 2, 4, 1. Interior points where parabolas meet get coefficient 2, while other interior points get coefficient 4 This pattern continues as we add pairs of subintervals, leading us to the general Simpson’s rule formula.
 Simpson’s Rule
 Assume that [image: f\left(x\right)] is continuous over [image: \left[a,b\right]]. Let n be a positive even integer and [image: \Delta x=\frac{b-a}{n}]. Let [image: \left[a,b\right]] be divided into [image: n] subintervals, each of length [image: \Delta x], with endpoints at [image: P=\left\{{x}_{0},{x}_{1},{x}_{2},\ldots ,{x}_{n}\right\}].
 Set
 [image: {S}_{n}=\frac{\Delta x}{3}\left(f\left({x}_{0}\right)+4f\left({x}_{1}\right)+2f\left({x}_{2}\right)+4f\left({x}_{3}\right)+2f\left({x}_{4}\right)+\cdots +2f\left({x}_{n - 2}\right)+4f\left({x}_{n - 1}\right)+f\left({x}_{n}\right)\right)].
 Then,
 [image: \underset{n\to \text{+}\infty }{\text{lim}}{S}_{n}={\displaystyle\int }_{a}^{b}f\left(x\right)dx].
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				Error Bound for Simpson’s Rule
 Just as the trapezoidal rule is the average of the left-hand and right-hand rules for estimating definite integrals, Simpson’s rule may be obtained from the midpoint and trapezoidal rules by using a weighted average. It can be shown that:
 [image: {S}_{2n}=\left(\frac{2}{3}\right){M}_{n}+\left(\frac{1}{3}\right){T}_{n}].
 It is also possible to put a bound on the error when using Simpson’s rule to approximate a definite integral. The bound in the error is given by the following rule:
 error bound for Simpson’s Rule
 Let [image: f\left(x\right)] be a continuous function over [image: \left[a,b\right]] having a fourth derivative, [image: {f}^{\left(4\right)}\left(x\right)], over this interval. If [image: M] is the maximum value of [image: |{f}^{\left(4\right)}\left(x\right)|] over [image: \left[a,b\right]], then the upper bound for the error in using [image: {S}_{n}] to estimate [image: {\displaystyle\int }_{a}^{b}f\left(x\right)dx] is given by
 [image: \text{Error in}{S}_{n}\le \frac{M{\left(b-a\right)}^{5}}{180{n}^{4}}].
 
  Use [image: {S}_{2}] to approximate [image: {\displaystyle\int }_{0}^{1}{x}^{3}dx]. Estimate a bound for the error in [image: {S}_{2}].
 
 Show Solution Since [image: \left[0,1\right]] is divided into two intervals, each subinterval has length [image: \Delta x=\frac{1 - 0}{2}=\frac{1}{2}]. The endpoints of these subintervals are [image: \left\{0,\frac{1}{2},1\right\}]. If we set [image: f\left(x\right)={x}^{3}], then
 [image: {S}_{4}=\frac{1}{3}\cdot \frac{1}{2}\left(f\left(0\right)+4f\left(\frac{1}{2}\right)+f\left(1\right)\right)=\frac{1}{6}\left(0+4\cdot \frac{1}{8}+1\right)=\frac{1}{4}]. Since [image: {f}^{\left(4\right)}\left(x\right)=0] and consequently [image: M=0], we see that
 [image: \text{Error in }{S}_{2}\le \frac{0{\left(1\right)}^{5}}{180\cdot {2}^{4}}=0].
  
 This bound indicates that the value obtained through Simpson’s rule is exact. A quick check will verify that, in fact, [image: {\displaystyle\int }_{0}^{1}{x}^{3}dx=\frac{1}{4}].
 
   Use [image: {S}_{6}] to estimate the length of the curve [image: y=\frac{1}{2}{x}^{2}] over [image: \left[1,4\right]].
 
 Show Solution The length of [image: y=\frac{1}{2}{x}^{2}] over [image: \left[1,4\right]] is [image: {\displaystyle\int }_{1}^{4}\sqrt{1+{x}^{2}}dx]. If we divide [image: \left[1,4\right]] into six subintervals, then each subinterval has length [image: \Delta x=\frac{4 - 1}{6}=\frac{1}{2}], and the endpoints of the subintervals are [image: \left\{1,\frac{3}{2},2,\frac{5}{2},3,\frac{7}{2},4\right\}]. Setting [image: f\left(x\right)=\sqrt{1+{x}^{2}}],
 [image: {S}_{6}=\frac{1}{3}\cdot \frac{1}{2}\left(f\left(1\right)+4f\left(\frac{3}{2}\right)+2f\left(2\right)+4f\left(\frac{5}{2}\right)+2f\left(3\right)+4f\left(\frac{7}{2}\right)+f\left(4\right)\right)].
  
 After substituting, we have
 [image: \begin{array}{cc}\hfill {S}_{6}& =\frac{1}{6}\left(1.4142+4\cdot 1.80278+2\cdot 2.23607+4\cdot 2.69258+2\cdot 3.16228+4\cdot 3.64005+4.12311\right)\hfill \\ & \approx 8.14594.\hfill \end{array}]
  
 
   Watch the following video to see the worked solution to the example above.https://youtube.com/watch?v=XZ_mr5QqQNA%3Fcontrols%3D0%26start%3D290%26end%3D543%26autoplay%3D0For closed captioning, open the video on its original page by clicking the Youtube logo in the lower right-hand corner of the video display. In YouTube, the video will begin at the same starting point as this clip, but will continue playing until the very end.You can view the transcript for this segmented clip of “3.6.5” here (opens in new window). [ohm_question hide_question_numbers=1]311297[/ohm_question] 
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				 	Estimate definite integrals using the midpoint and trapezoidal rules
 	Use Simpson’s rule to find definite integrals with a specified accuracy
 
  Approximating Integrals in the Real World
 When exact antiderivatives aren’t available, scientists and engineers use numerical integration to approximate values. For example, when modeling curved surfaces, predicting population changes, or estimating travel distances, approximation methods like the midpoint rule, trapezoidal rule, and simpson’s rule give reliable results. Let’s practice these techniques.
 [ohm_question hide_question_numbers=1]313371[/ohm_question]
  [ohm_question hide_question_numbers=1]313382[/ohm_question]
  [ohm_question hide_question_numbers=1]313384[/ohm_question]
  [ohm_question hide_question_numbers=1]313387[/ohm_question]
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				 	Calculate how far off your numerical approximation might be from the true value
 	Use error-bound formulas to estimate the accuracy of your approximation
 
  Absolute and Relative Error
 When you use numerical approximation methods like the midpoint rule or trapezoidal rule to estimate definite integrals, it’s crucial to understand how accurate your approximation actually is. This involves calculating two types of error: absolute error and relative error.
 absolute and relative error
 If [image: B] is your estimate of some quantity having an actual value of [image: A], then:
 	Absolute error = [image: |A - B|]
 	Relative error = [image: \left|\frac{A - B}{A}\right| \cdot 100%]
 
 The relative error expresses the error as a percentage of the true value.
  Why Both Matter: Absolute error tells you the actual difference between your estimate and the true value. Relative error tells you how significant that difference is compared to the size of the true value. A small absolute error might still be a large relative error if the true value is very small. Calculate the absolute and relative error in the estimate of [image: {\displaystyle\int }_{0}^{1}{x}^{2}dx] using the midpoint rule, found in the example: Using the Midpoint Rule with [image: {M}_{4}].
 
 Show Solution 
 The calculated value is [image: {\displaystyle\int }_{0}^{1}{x}^{2}dx=\frac{1}{3}] and our estimate from the example is [image: {M}_{4}=\frac{21}{64}]. Thus, the absolute error is given by [image: |\left(\frac{1}{3}\right)-\left(\frac{21}{64}\right)|=\frac{1}{192}\approx 0.0052]. The relative error is
 [image: \frac{\frac{1}{192}}{\frac{1}{3}}=\frac{1}{64}\approx 0.015625\approx 1.6\text{%}].
  
 
  Calculate the absolute and relative error in the estimate of [image: {\displaystyle\int }_{0}^{1}{x}^{2}dx] using the trapezoidal rule, found in the example: Using the trapezoidal rule.
 
 Show Solution The calculated value is [image: {\displaystyle\int }_{0}^{1}{x}^{2}dx=\frac{1}{3}] and our estimate from the example is [image: {T}_{4}=\frac{11}{32}]. Thus, the absolute error is given by [image: |\frac{1}{3}-\frac{11}{32}|=\frac{1}{96}\approx 0.0104]. The relative error is given by
 [image: \frac{\frac{1}{96}}{\frac{1}{3}}=0.03125\approx 3.1\text{%}].
  
 
   Watch the following video to see the worked solutions to the example above.//plugin.3playmedia.com/show?mf=6722688&p3sdk_version=1.10.1&p=20361&pt=375&video_id=onI9vFqmDQU&video_target=tpm-plugin-zltaqp36-onI9vFqmDQUYou can view the transcript for “3.6.2” here (opens in new window).  
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				Error Bounds for the Midpoint and Trapezoidal Rules
 In practice, you won’t always know the exact value of an integral you’re approximating. That’s why we need error bounds—formulas that tell you the maximum possible error in your approximation without knowing the true answer.
 error bounds for the midpoint and trapezoidal rules
 Let [image: f(x)] be continuous on [image: [a,b]] with a second derivative [image: f''(x)]. If [image: M] is the maximum value of [image: |f''(x)|] on [image: [a,b]], then:
 	Midpoint Rule Error: [image: \text{Error in } M_n \leq \frac{M(b-a)^3}{24n^2}]
 	Trapezoidal Rule Error: [image: \text{Error in } T_n \leq \frac{M(b-a)^3}{12n^2}]
 
 where [image: n] is the number of subintervals.
  You can use these formulas to determine how many subintervals you need to guarantee your error stays below a certain threshold. This involves solving inequalities.
 Rules for Solving Inequalities
 [image: \\]
 The process of solving an inequality is similar to solving an equation by isolating the variable. There are several rules to keep in mind when solving these inequalities. 	Adding or subtracting the same number to both sides of an inequality yields an equivalent statement.
 	Multiplying or dividing the same positive number to both sides of an inequality yields an equivalent statement.
 	Multiplying or dividing a negative number to both sides of an inequality reverses the direction of the inequality.
 	If [image: x^n \le a \: \text{and}\:x\ge0]  then [image: x \le \sqrt[n] {a}]
 
  These error bound formulas reveal several important patterns. 	The error decreases as [image: n^2], so doubling the number of subintervals reduces the error by a factor of 4
 	The trapezoidal rule has twice the error bound of the midpoint rule (notice the 12 vs 24 in the denominators)
 	Larger intervals [image: (b-a)] and functions with larger second derivatives lead to bigger errors
 
  What value of [image: n] should be used to guarantee that an estimate of [image: {\displaystyle\int }_{0}^{1}{e}^{{x}^{2}}dx] is accurate to within 0.01 if we use the midpoint rule?
 
 Show Solution We begin by determining the value of [image: M], the maximum value of [image: |f\text{''}\left(x\right)|] over [image: \left[0,1\right]] for [image: f\left(x\right)={e}^{{x}^{2}}]. Since [image: {f}^{\prime }\left(x\right)=2x{e}^{{x}^{2}}], we have
 [image: f^{\prime\prime} \left(x\right)=2e^{x^2}+4{x}^{2}{e}^{x^2}].
  
 Thus,
 [image: |f\text{''}\left(x\right)|=2{e}^{{x}^{2}}\left(1+2{x}^{2}\right)\le 2\cdot e\cdot 3=6e].
  
 From the error-bound in the above theorem, we have
 [image: \text{Error in }{M}_{n}\le \frac{M{\left(b-a\right)}^{3}}{24{n}^{2}}\le \frac{6e{\left(1 - 0\right)}^{3}}{24{n}^{2}}=\frac{6e}{24{n}^{2}}].
  
 Now we solve the following inequality for [image: n\text{:}]
 [image: \frac{6e}{24{n}^{2}}\le 0.01].
  
 Thus, [image: n\ge \sqrt{\frac{600e}{24}}\approx 8.24]. Since [image: n] must be an integer satisfying this inequality, a choice of [image: n=9] would guarantee that [image: |{\displaystyle\int }_{0}^{1}{e}^{{x}^{2}}dx-{M}_{n}|<0.01].
  
 
 Analysis
 We might have been tempted to round [image: 8.24] down and choose [image: n=8], but this would be incorrect because we must have an integer greater than or equal to [image: 8.24]. We need to keep in mind that the error estimates provide an upper bound only for the error. The actual estimate may, in fact, be a much better approximation than is indicated by the error bound.
 
   Watch the following video to see the worked solution to the example above.//plugin.3playmedia.com/show?mf=6722689&p3sdk_version=1.10.1&p=20361&pt=375&video_id=p2ksWUqIjmU&video_target=tpm-plugin-8ppncdgd-p2ksWUqIjmUYou can view the transcript for “3.6.3” here (opens in new window).  
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				 	Calculate how far off your numerical approximation might be from the true value
 	Use error-bound formulas to estimate the accuracy of your approximation
 
  Quality Control in Manufacturing
 _*]:min-w-0″> In manufacturing, precision is everything. Whether you’re producing medical devices, electronic components, or food products, you need to know how accurate your measurements and calculations are. This is where understanding absolute error, relative error, and error bounds becomes crucial for quality control.
 
 
 _*]:min-w-0″> Imagine you work as a quality control engineer at a precision manufacturing company that produces components for various industries. Your job involves using numerical integration to calculate areas, volumes, and other measurements from sensor data and mathematical models. Since exact calculations aren’t always possible with real-world data, you rely on approximation methods like the midpoint and trapezoidal rules. However, you need to ensure these approximations meet strict accuracy standards.
 [ohm_question hide_question_numbers=1]313388[/ohm_question] [ohm_question hide_question_numbers=1]313389[/ohm_question]
  [ohm_question hide_question_numbers=1]313391[/ohm_question]
  [ohm_question hide_question_numbers=1]313393[/ohm_question] 
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				 	Calculate integrals over infinite intervals
 	Find integrals when there’s an infinite discontinuity inside your interval
 	Use the comparison theorem to determine if an improper integral converges
 
  Improper Integrals
 Is the area between the graph of [image: f(x) = \frac{1}{x}] and the [image: x]-axis over the interval [image: [1, +\infty)] finite or infinite? What about the volume if we revolve this region around the [image: x]-axis?
 The answer might surprise you: the area is infinite, but the volume is finite. This paradox introduces us to improper integrals—integrals that extend over infinite intervals or involve functions with discontinuities.
 improper integrals
 Integrals that either have infinite limits of integration or involve functions with discontinuities within the interval of integration.
  In this section, we’ll explore how to evaluate these special integrals using limits, discovering when they converge to finite values and when they diverge to infinity.
 Integrating over an Infinite Interval
 How do we make sense of an integral like [image: \int_a^{+\infty} f(x)  dx]? We can’t simply plug in infinity as our upper limit.
 Instead, we use a limit approach:
 	First, integrate from [image: a] to some finite value [image: t]
 	Then examine what happens as [image: t] approaches infinity
 
 Think of it this way: We’re asking “What happens to the area under the curve as we extend our region farther and farther to the right? Figure 1 below illustrates this concept. As [image: t] increases, the shaded region under [image: f(x)] gets wider. The improper integral [image: \int_a^{+\infty} f(x) dx] represents the limit of these areas as [image: t \to +\infty].
 [image: This figure has three graphs. All the graphs have the same curve, which is f(x). The curve is non-negative, only in the first quadrant, and decreasing. Under all three curves is a shaded region bounded by a on the x-axis an t on the x-axis. The region in the first curve is small, and progressively gets wider under the second and third graph as t moves further to the right away from a on the x-axis.]Figure 1. To integrate a function over an infinite interval, we consider the limit of the integral as the upper limit increases without bound.  improper integrals with infinite limits
 	Type 1: Upper limit approaches [image: +\infty] Let [image: f(x)] be continuous over [image: [a, +\infty)]. Then:
 [image: \int_a^{+\infty} f(x)  dx = \lim_{t \to +\infty} \int_a^t f(x)  dx]

 	Type 2: Lower limit approaches [image: -\infty]
  Let [image: f(x)] be continuous over [image: (-\infty, b]]. Then:
 [image: \int_{-\infty}^b f(x)  dx = \lim_{t \to -\infty} \int_t^b f(x) dx]

 	Type 3: Both limits are infinite Let [image: f(x)] be continuous over [image: (-\infty, +\infty)]. Then:
 [image: \int_{-\infty}^{+\infty} f(x)  dx = \int_{-\infty}^0 f(x) dx + \int_0^{+\infty} f(x)  dx]

 
 Note: You can split at any point [image: a], not just [image: 0].
 [image: \\]
 Convergence vs. Divergence
 	Converges: The limit exists and equals a finite number
 	Diverges: The limit doesn’t exist or approaches [image: \pm\infty]
 
 For Type 3 integrals, both parts must converge for the whole integral to converge.
  Now let’s tackle the question from our introduction: Is the area between [image: f(x) = \frac{1}{x}] and the [image: x]-axis over [image: [1, +\infty)] finite or infinite?
 Determine whether the area between the graph of [image: f\left(x\right)=\frac{1}{x}] and the x-axis over the interval [image: \left[1,\text{+}\infty \right)] is finite or infinite.
 
 Show Solution We first do a quick sketch of the region in question, as shown in the following graph.
 [image: This figure is the graph of the function y = 1/x. It is a decreasing function with a vertical asymptote at the y-axis. In the first quadrant there is a shaded region under the curve bounded by x = 1 and x = 4.]Figure 2. We can find the area between the curve [image: f\left(x\right)=\frac{1}{x}] and the x-axis on an infinite interval.  We can see that the area of this region is given by [image: A={\displaystyle\int }_{1}^{\infty }\frac{1}{x}dx]. Then we have
 [image: \begin{array}{ccccc}\hfill A& ={\displaystyle\int }_{1}^{\infty }\frac{1}{x}dx\hfill & & & \\ & =\underset{t\to \text{+}\infty }{\text{lim}}{\displaystyle\int }_{1}^{t}\frac{1}{x}dx\hfill & & & \text{Rewrite the improper integral as a limit.}\hfill \\ & =\underset{t\to \text{+}\infty }{\text{lim}}\text{ln}|x||{}_{\begin{array}{c}\\ 1\end{array}}^{\begin{array}{c}t\\ \end{array}}\hfill & & & \text{Find the antiderivative.}\hfill \\ & =\underset{t\to \text{+}\infty }{\text{lim}}\left(\text{ln}|t|-\text{ln}1\right)\hfill & & & \text{Evaluate the antiderivative.}\hfill \\ & =\text{+}\infty .\hfill & & & \text{Evaluate the limit.}\hfill \end{array}]
  
 Since the improper integral diverges to [image: +\infty], the area of the region is infinite.
 
   Find the volume of the solid obtained by revolving the region bounded by the graph of [image: f\left(x\right)=\frac{1}{x}] and the x-axis over the interval [image: \left[1,\text{+}\infty \right)] about the [image: x] -axis.
 
 Show Solution The solid is shown in Figure 3. Using the disk method, we see that the volume V is
 [image: V=\pi {\displaystyle\int }_{1}^{+\infty }\frac{1}{{x}^{2}}dx].
  
 [image: This figure is the graph of the function y = 1/x. It is a decreasing function with a vertical asymptote at the y-axis. The graph shows a solid that has been generated by rotating the curve in the first quadrant around the x-axis.]Figure 3. The solid of revolution can be generated by rotating an infinite area about the x-axis.  Then we have
 [image: \begin{array}{ccccc}\hfill V& =\pi {\displaystyle\int }_{1}^{+\infty }\frac{1}{{x}^{2}}dx\hfill & & & \\ & =\pi \underset{t\to \text{+}\infty }{\text{lim}}{\displaystyle\int }_{1}^{t}\frac{1}{{x}^{2}}dx\hfill & & & \text{Rewrite as a limit.}\hfill \\ & =\pi \underset{t\to \text{+}\infty }{\text{lim}}-\frac{1}{x}|{}_{\begin{array}{c}\\ 1\end{array}}^{\begin{array}{c}t\\ \end{array}}\hfill & & & \text{Find the antiderivative.}\hfill \\ & =\pi \underset{t\to \text{+}\infty }{\text{lim}}\left(\text{-}\frac{1}{t}+1\right)\hfill & & & \text{Evaluate the antiderivative.}\hfill \\ & =\pi .\hfill & & & \end{array}]
  
 The improper integral converges to [image: \pi]. Therefore, the volume of the solid of revolution is [image: \pi].
 In conclusion, although the area of the region between the [image: x]-axis and the graph of [image: f\left(x\right)=\frac{1}{x}] over the interval [image: \left[1,\text{+}\infty \right)] is infinite, the volume of the solid generated by revolving this region about the [image: x]-axis is finite. The solid generated is known as Gabriel’s Horn.
 Visit this website to read more about Gabriel’s Horn. 
   Because improper integrals require evaluating limits at infinity, at times we may be required to use L’Hôpital’s Rule to evaluate a limit.
 Recall: L’Hôpital’s Rule Suppose [image: f] and [image: g] are differentiable functions over an open interval [image: \left(a, \infty \right)] for some value of [image: a]. If either:
 	[image: \underset{x\to \infty}{\lim}f(x)=0] and [image: \underset{x\to \infty}{\lim}g(x)=0]
 	[image: \underset{x\to \infty}{\lim}f(x)= \infty] (or [image: -\infty]) and [image: \underset{x\to \infty}{\lim}g(x)= \infty] (or [image: -\infty]), then
 
 [image: \underset{x\to \infty}{\lim}\dfrac{f(x)}{g(x)}=\underset{x\to \infty}{\lim}\dfrac{f^{\prime}(x)}{g^{\prime}(x)}]
  
 
 assuming the limit on the right exists or is [image: \infty] or [image: −\infty].
  Evaluate [image: {\displaystyle\int }_{-\infty }^{+\infty }x{e}^{x}dx]. State whether the improper integral converges or diverges.
 
 Show Solution Start by splitting up the integral:
 [image: {\displaystyle\int }_{\text{-}\infty }^{+\infty }x{e}^{x}dx={\displaystyle\int }_{\text{-}\infty }^{0}x{e}^{x}dx+{\displaystyle\int }_{0}^{+\infty }x{e}^{x}dx].
  
 If either [image: {\displaystyle\int }_{\text{-}\infty }^{0}x{e}^{x}dx] or [image: {\displaystyle\int }_{0}^{+\infty }x{e}^{x}dx] diverges, then [image: {\displaystyle\int }_{\text{-}\infty }^{+\infty }x{e}^{x}dx] diverges. Compute each integral separately. For the first integral,
 [image: \begin{array}{ccccc}\hfill {\displaystyle\int _{-\infty }^{0}x{e}^{x}dx}& ={\underset{t\to -\infty}\lim}{\displaystyle\int _{t}^{0}x{e}^{x}dx}\hfill & & & \text{Rewrite as a limit.}\hfill \\ & ={\underset{t\to -\infty}\lim}\left(x{e}^{x}-{e}^{x}\right)\Biggr|_{t}^{0} \hfill & & & \begin{array}{c}\text{Use integration by parts to find the} \hfill \\ \text{antiderivative. (Here } u=x \text{ and } dv=e_{dv}^{x}\text{.)}\end{array} \\ & ={\underset{t\to -\infty}\lim}\left(-1-t{e}^{t}+{e}^{t}\right)\hfill & & & \text{Evaluate the antiderivative.}\hfill \\ & =-1.\hfill & & & \begin{array}{c}\text{Evaluate the limit.}\mathit{\text{Note:}} {\underset{t\to -\infty}\lim}t{e}^{t}\text{is}\hfill \\ \text{indeterminate of the form}0\cdot \infty .\text{Thus,}\hfill \\ {\underset{t\to -\infty}\lim}t{e}^{t}={\underset{t\to -\infty}\lim}\frac{t}{{e}^{\text{-}t}}={\underset{t\to -\infty}\lim}\frac{-1}{{e}^{-t}}={\underset{t\to -\infty}\lim}-{e}^{t}=0\text{by}\hfill \\ \text{L'H}\hat{o}\text{pital's Rule.}\hfill \end{array}\hfill \end{array}]
  
 The first improper integral converges. For the second integral,
 [image: \begin{array}{ccccc}\hfill {\displaystyle\int _{0}^{+\infty }x{e}^{x}dx}& =\underset{t\to +\infty }{\text{lim}}{\displaystyle\int _{0}^{t}x{e}^{x}dx}\hfill & & & \text{Rewrite as a limit.}\hfill \\ & =\underset{t\to \text{+}\infty }{\text{lim}}\left(x{e}^{x}-{e}^{x}\right)\Biggr|_{t}^{0} \hfill & & & \text{Find the antiderivative.}\hfill \\ & =\underset{t\to \text{+}\infty }{\text{lim}}\left(t{e}^{t}-{e}^{t}+1\right)\hfill & & & \text{Evaluate the antiderivative.}\hfill \\ & =\underset{t\to \text{+}\infty }{\text{lim}}\left(\left(t - 1\right){e}^{t}+1\right)\hfill & & & \text{Rewrite.} (t e^t-e^t \text{ is indeterminate.)} \hfill \\ & =\text{+}\infty .\hfill & & & \text{Evaluate the limit.}\hfill \end{array}]
  
 Thus, [image: {\displaystyle\int }_{0}^{+\infty }x{e}^{x}dx] diverges. Since this integral diverges, [image: {\displaystyle\int }_{\text{-}\infty }^{+\infty }x{e}^{x}dx] diverges as well.
 
   [ohm_question hide_question_numbers=1]25530[/ohm_question] 
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				Integrating a Discontinuous Integrand
 So far we’ve dealt with infinite intervals. But what happens when the function itself has a problem—like a vertical asymptote—somewhere in our interval of integration?
 Consider [image: \int_a^b f(x)  dx] where [image: f(x)] is continuous on [image: [a,b)] but has a discontinuity at [image: x = b]. Think about [image: f(x) = \frac{1}{\sqrt{x-1}}] on the interval [image: [1,2]]—the function blows up as we approach [image: x = 1].
 Since [image: f(x)] is continuous on [image: [a,t]] for any [image: t] with [image: a < t < b], we can integrate from [image: a] to [image: t]. Then we see what happens as [image: t] approaches the discontinuity at [image: b].
 Figure 4 shows this visually—as [image: t] gets closer to [image: b] from the left, we’re asking whether the area under the curve approaches a finite value.
 [image: This figure has three graphs. All the graphs have the same curve, which is f(x). The curve is non-negative, only in the first quadrant, and increasing. Under all three curves is a shaded region bounded by a on the x-axis an t on the x-axis. There is also a vertical asymptote at x = b. The region in the first curve is small, and progressively gets wider under the second and third graph as t gets further from a, and closer to b on the x-axis.]Figure 4. As [image: t] approaches b from the left, the value of the area from a to [image: t] approaches the area from a to b.  improper integrals with discontinuities
 	Type 1: Discontinuity at the right endpoint If [image: f(x)] is continuous over [image: [a,b)]:
 [image: \int_a^b f(x) dx = \lim_{t \to b^-} \int_a^t f(x)  dx]

 	Type 2: Discontinuity at the left endpoint If [image: f(x)] is continuous over [image: (a,b]]:
 [image: \int_a^b f(x) dx = \lim_{t \to a^+} \int_t^b f(x) dx]

 	Type 3: Discontinuity at an interior point [image: c] If [image: f(x)] is continuous over [image: [a,b]] except at [image: c \in (a,b)]:
 [image: \int_a^b f(x)  dx = \int_a^c f(x)  dx + \int_c^b f(x) dx]

 
 Important: For Type 3, both integrals must converge for the whole integral to converge.
 	Convergence: The limit exists and is finite.
 	Divergence: The limit doesn’t exist or is infinite.
 
  Let’s see these definitions in action with some examples.
 Evaluate [image: {\displaystyle\int }_{0}^{4}\frac{1}{\sqrt{4-x}}dx], if possible. State whether the integral converges or diverges.
 
 Show Solution The function [image: f\left(x\right)=\frac{1}{\sqrt{4-x}}] is continuous over [image: \left[0,4\right)] and discontinuous at 4. Using equation 1 from the definition, rewrite [image: {\displaystyle\int }_{0}^{4}\frac{1}{\sqrt{4-x}}dx] as a limit:
 [image: \begin{array}{ccccc}\hfill {\displaystyle\int }_{0}^{4}\frac{1}{\sqrt{4-x}}dx& =\underset{t\to {4}^{-}}{\text{lim}}{\displaystyle\int }_{0}^{t}\frac{1}{\sqrt{4-x}}dx\hfill & & & \text{Rewrite as a limit.}\hfill \\ & =\underset{t\to {4}^{-}}{\text{lim}}\left(-2\sqrt{4-x}\right)|{}_{\begin{array}{c}\\ 0\end{array}}^{\begin{array}{c}t\\ \end{array}}\hfill & & & \text{Find the antiderivative.}\hfill \\ & =\underset{t\to {4}^{-}}{\text{lim}}\left(-2\sqrt{4-t}+4\right)\hfill & & & \text{Evaluate the antiderivative.}\hfill \\ & =4.\hfill & & & \text{Evaluate the limit.}\hfill \end{array}]
  
 The improper integral converges.
 
   Evaluate [image: {\displaystyle\int }_{0}^{2}x\text{ln}xdx]. State whether the integral converges or diverges.
 
 Show Solution Since [image: f\left(x\right)=x\ln{x}] is continuous over [image: \left(0,2\right]] and is discontinuous at zero, we can rewrite the integral in limit form using equation 2 from the definition:
 [image: \begin{array}{ccccc}\hfill {\displaystyle\int }_{0}^{2}x\text{ln}xdx& =\underset{t\to {0}^{+}}{\text{lim}}{\displaystyle\int }_{t}^{2}x\text{ln}xdx\hfill & & & \text{Rewrite as a limit.}\hfill \\ & =\underset{t\to {0}^{+}}{\text{lim}}\left(\frac{1}{2}{x}^{2}\text{ln}x-\frac{1}{4}{x}^{2}\right)|{}_{\begin{array}{c}\\ t\end{array}}^{\begin{array}{c}2\\ \end{array}}\hfill & & & \begin{array}{c}\text{Evaluate}{\displaystyle\int}x\ln{x}dx\text{ using integration by parts}\hfill \\ \text{with }u=\text{ln}x\text{ and }dv=x.\hfill \end{array}\hfill \\ & =\underset{t\to {0}^{+}}{\text{lim}}\left(2\text{ln}2 - 1-\frac{1}{2}{t}^{2}\text{ln}t+\frac{1}{4}{t}^{2}\right).\hfill & & & \text{Evaluate the antiderivative.}\hfill \\ & =2\text{ln}2 - 1.\hfill & & & \begin{array}{c}\text{Evaluate the limit.}\underset{t\to {0}^{+}}{\text{lim}}{t}^{2}\ln{t}\text{ is indeterminate.}\hfill \\ \text{To evaluate it, rewrite as a quotient and apply}\hfill \\ \text{L'h}\hat{o}\text{pital's rule.}\hfill \end{array}\hfill \end{array}]
  
 The improper integral converges.
 
   Evaluate [image: {\displaystyle\int }_{-1}^{1}\frac{1}{{x}^{3}}dx]. State whether the improper integral converges or diverges.
 
 Show Solution Since [image: f\left(x\right)=\frac{1}{{x}^{3}}] is discontinuous at zero, using equation 3 from the definition, we can write
 [image: {\displaystyle\int }_{-1}^{1}\frac{1}{{x}^{3}}dx={\displaystyle\int }_{-1}^{0}\frac{1}{{x}^{3}}dx+{\displaystyle\int }_{0}^{1}\frac{1}{{x}^{3}}dx].
  
 If either of the two integrals diverges, then the original integral diverges. Begin with [image: {\displaystyle\int }_{-1}^{0}\frac{1}{{x}^{3}}dx:]
 [image: \begin{array}{ccccc}\hfill {\displaystyle\int }_{-1}^{0}\frac{1}{{x}^{3}}dx& =\underset{t\to {0}^{-}}{\text{lim}}{\displaystyle\int }_{-1}^{t}\frac{1}{{x}^{3}}dx\hfill & & & \text{Rewrite as a limit.}\hfill \\ & =\underset{t\to {0}^{-}}{\text{lim}}\left(-\frac{1}{2{x}^{2}}\right)|{}_{\begin{array}{c}\\ -1\end{array}}^{\begin{array}{c}t\\ \end{array}}\hfill & & & \text{Find the antiderivative.}\hfill \\ & =\underset{t\to {0}^{-}}{\text{lim}}\left(-\frac{1}{2{t}^{2}}+\frac{1}{2}\right)\hfill & & & \text{Evaluate the antiderivative.}\hfill \\ & =\text{+}\infty .\hfill & & & \text{Evaluate the limit.}\hfill \end{array}]
  
 Therefore, [image: {\displaystyle\int }_{-1}^{0}\frac{1}{{x}^{3}}dx] diverges. Since [image: {\displaystyle\int }_{-1}^{0}\frac{1}{{x}^{3}}dx] diverges, [image: {\displaystyle\int }_{-1}^{1}\frac{1}{{x}^{3}}dx] diverges.
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				A Comparison Theorem
 Sometimes evaluating an improper integral directly is difficult or impossible. In these cases, we can often determine whether the integral converges or diverges by comparing it to another integral whose behavior we already know.
 The key insight is simple: if one function is always larger than another, then the area under the larger function must be at least as big as the area under the smaller function.
 Consider two continuous functions [image: f(x)] and [image: g(x)] where [image: 0 \leq f(x) \leq g(x)] for [image: x \geq a]. Figure 5 shows this relationship visually.
 [image: This figure has two graphs. The graphs are f(x) and g(x). The first graph f(x) is a decreasing, non-negative function with a horizontal asymptote at the x-axis. It has a sharper bend in the curve compared to g(x). The graph of g(x) is a decreasing, non-negative function with a horizontal asymptote at the x-axis.]Figure 5. If [image: 0\le f\left(x\right)\le g\left(x\right)] for [image: x\ge a], then for [image: t\ge a], [image: {\displaystyle\int }_{a}^{t}f\left(x\right)dx\le {\displaystyle\int }_{a}^{t}g\left(x\right)dx]. Since [image: f(x)] is always below [image: g(x)], we have:
 [image: 0 \leq \int_a^t f(x)  dx \leq \int_a^t g(x)  dx \text{ for } t \geq a]
 This inequality gives us two powerful conclusions:
 	If the smaller function diverges, the larger one must diverge too.
 If [image: \int_a^{+\infty} f(x)  dx = +\infty], then [image: \int_a^{+\infty} g(x)  dx = +\infty] as well.
 	If the larger function converges, the smaller one must converge too.
 If [image: \int_a^{+\infty} g(x) dx = L] (finite), then [image: \int_a^{+\infty} f(x)  dx] converges to some value [image: M \leq L].
 
 comparison test for improper integrals
 Let [image: f(x)] and [image: g(x)] be continuous over [image: [a, +\infty)] with [image: 0 \leq f(x) \leq g(x)] for [image: x \geq a].
 	Case 1: If [image: \int_a^{+\infty} f(x) , dx = +\infty], then [image: \int_a^{+\infty} g(x) , dx = +\infty]
 
 	Case 2: If [image: \int_a^{+\infty} g(x) , dx] converges to [image: L], then [image: \int_a^{+\infty} f(x) , dx] converges to some [image: M \leq L]
 
 
  Since utilizing this comparison theorem requires the use of inequalities, it is helpful to note the following fact when comparing functions.
 Recall: Inequality with Reciprocals
 [image: \\]
 If [image: 0 < f(x) \le g(x)], then [image: \frac{1}{f(x)} \ge \frac{1}{g(x)}][image: \\]Remember: smaller denominators create larger fractions.  This comparison technique is especially useful when dealing with rational functions, exponential functions, or other expressions where direct integration is challenging.
 Use a comparison to show that [image: {\displaystyle\int }_{1}^{+\infty }\frac{1}{x{e}^{x}}dx] converges.
 
 Show Solution We can see that on the interval where [image: x \ge 1]
 [image: 0\le \frac{1}{x{e}^{x}}\le \frac{1}{{e}^{x}}={e}^{\text{-}x}],
  
 so if [image: {\displaystyle\int }_{1}^{+\infty }{e}^{\text{-}x}dx] converges, then so does [image: {\displaystyle\int }_{1}^{+\infty }\frac{1}{x{e}^{x}}dx]. To evaluate [image: {\displaystyle\int }_{1}^{+\infty }{e}^{\text{-}x}dx], first rewrite it as a limit:
 [image: \begin{array}{cc}\hfill {\displaystyle\int }_{1}^{+\infty }{e}^{\text{-}x}dx& =\underset{t\to \text{+}\infty }{\text{lim}}{\displaystyle\int }_{1}^{t}{e}^{\text{-}x}dx\hfill \\ & =\underset{t\to \text{+}\infty }{\text{lim}}\left(\text{-}{e}^{\text{-}x}\right)|\begin{array}{c}t\\ 1\end{array}\hfill \\ & =\underset{t\to \text{+}\infty }{\text{lim}}\left(\text{-}{e}^{\text{-}t}+{e}^{1}\right)\hfill \\ & ={e}^{1}.\hfill \end{array}]
  
 Since [image: {\displaystyle\int }_{1}^{+\infty }{e}^{\text{-}x}dx] converges, so does [image: {\displaystyle\int }_{1}^{+\infty }\frac{1}{x{e}^{x}}dx].
 
   Use the comparison theorem to show that [image: {\displaystyle\int }_{1}^{+\infty }\frac{1}{{x}^{p}}dx] diverges for all [image: p<1].
 
 Show Solution For [image: p<1], [image: \frac{1}{x}\le \frac{1}{\left({x}^{p}\right)}] over [image: \left[1,\text{+}\infty \right)]. In the example: Finding an area, we showed that [image: {\displaystyle\int }_{1}^{+\infty }\frac{1}{x}dx=\text{+}\infty]. Therefore, [image: {\displaystyle\int }_{1}^{+\infty }\frac{1}{{x}^{p}}dx] diverges for all [image: p<1].
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				 	Calculate integrals over infinite intervals
 	Find integrals when there’s an infinite discontinuity inside your interval
 	Use the comparison theorem to determine if an improper integral converges
 
  Energy and Resource Management
 Understanding improper integrals is crucial in many real-world applications, from calculating total energy consumption over time to determining whether natural resources will last indefinitely. In this scenario, you’ll work as an energy analyst helping communities and businesses make informed decisions about sustainability and resource management.
 Imagine you’re consulting for a renewable energy company that needs to analyze power consumption patterns, evaluate the long-term viability of energy sources, and assess environmental impacts. Your mathematical toolkit includes improper integrals to handle situations where time extends indefinitely or where energy functions have discontinuities at critical points.
 [ohm_question hide_question_numbers=1]313447[/ohm_question] [ohm_question hide_question_numbers=1]313448[/ohm_question]
  [ohm_question hide_question_numbers=1]313449[/ohm_question]
  [ohm_question hide_question_numbers=1]313450[/ohm_question] 
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				 	Use the chain rule along with other rules to differentiate functions involving powers, products, quotients, and trigonometry
 
  Combining the Chain Rule With Other Rules
 The Chain and Power Rules Combined
 When finding derivatives of composite functions, we often need to combine the chain rule with other differentiation rules. For example, to find derivatives of functions of the form [image: h(x)=(g(x))^n], we need to use the chain rule combined with the power rule. To do so, we can think of [image: h(x)=(g(x))^n] as [image: f(g(x))] where [image: f(x)=x^n]. Then [image: f^{\prime}(x)=nx^{n-1}]. Thus, [image: f^{\prime}(g(x))=n(g(x))^{n-1}]. This leads us to the derivative of a power function using the chain rule,
 [image: h^{\prime}(x)=n(g(x))^{n-1}g^{\prime}(x)]
 power rule for composition of functions
 For all values of [image: x] for which the derivative is defined, if
 [image: h(x)=(g(x))^n]
  
 Then
 [image: h^{\prime}(x)=n(g(x))^{n-1}g^{\prime}(x)]
  Find the derivative of [image: h(x)=\dfrac{1}{(3x^2+1)^2}]
 Show Solution First, rewrite [image: h(x)=\frac{1}{(3x^2+1)^2}=(3x^2+1)^{-2}].
 Applying the power rule with [image: g(x)=3x^2+1], we have
 [image: h^{\prime}(x)=-2(3x^2+1)^{-3}(6x)].
 Rewriting back to the original form gives us
 [image: h^{\prime}(x)=\frac{-12x}{(3x^2+1)^3}].
   Find the derivative of [image: h(x)=\sin^3 x]
 Show Solution First recall that [image: \sin^3 x=(\sin x)^3], so we can rewrite [image: h(x)= \sin^3 x] as [image: h(x)=(\sin x)^3].
 Applying the power rule with [image: g(x)= \sin x], we obtain
 [image: h^{\prime}(x)=3(\sin x)^2 \cos x=3 \sin^2 x \cos x].
   Find the equation of a line tangent to the graph of [image: h(x)=\dfrac{1}{(3x-5)^2}] at [image: x=2].
 Show Solution Because we are finding an equation of a line, we need a point. The [image: x]-coordinate of the point is 2. To find the [image: y]-coordinate, substitute 2 into [image: h(x)]. Since [image: h(2)=\frac{1}{(3(2)-5)^2}=1], the point is [image: (2,1)].
 For the slope, we need [image: h^{\prime}(2)]. To find [image: h^{\prime}(x)], first we rewrite [image: h(x)=(3x-5)^{-2}] and apply the power rule to obtain
 [image: h^{\prime}(x)=-2(3x-5)^{-3}(3)=-6(3x-5)^{-3}].
 By substituting, we have [image: h^{\prime}(2)=-6(3(2)-5)^{-3}=-6]. Therefore, the line has equation [image: y-1=-6(x-2)]. Rewriting, the equation of the line is [image: y=-6x+13].
 Watch the following video to see the worked solution to this example.
 https://youtube.com/watch?v=CE8oqftYNvQ%3Fcontrols%3D0%26start%3D239%26end%3D341%26autoplay%3D0
 Closed Captioning and Transcript Information for Video  For closed captioning, open the video on its original page by clicking the Youtube logo in the lower right-hand corner of the video display. In YouTube, the video will begin at the same starting point as this clip, but will continue playing until the very end.
 You can view the transcript for this segmented clip of “3.6 The Chain Rule” here (opens in new window).
   [ohm_question hide_question_numbers=1]205911[/ohm_question]  The Chain and Trigonometric Functions Combined
 Now that we can combine the chain rule and the power rule, we examine how to combine the chain rule with the other rules we have learned. In particular, we can use it with the formulas for the derivatives of trigonometric functions or with the product rule.
 Find the derivative of [image: h(x)= \cos (g(x))].
 Show Solution Think of [image: h(x)= \cos (g(x))] as [image: f(g(x))] where [image: f(x)= \cos x]. Since [image: f^{\prime}(x)=−\sin x] we have [image: f^{\prime}(g(x))=−\sin (g(x))]. Then we do the following calculation.
 [image: \begin{array}{lllll}h^{\prime}(x) & =f^{\prime}(g(x))g^{\prime}(x) & & & \text{Apply the chain rule.} \\ & =−\sin (g(x))g^{\prime}(x) & & & \text{Substitute} \, f^{\prime}(g(x))=−\sin (g(x)) \end{array}]
 Thus, the derivative of [image: h(x)= \cos (g(x))] is given by [image: h^{\prime}(x)=−\sin (g(x))g^{\prime}(x)].
   In the following example we apply the rule that we have just derived.
 Find the derivative of [image: h(x)= \cos (5x^2)].
 Show Solution Let [image: g(x)=5x^2]. Then [image: g^{\prime}(x)=10x]. Using the result from the previous example,
 [image: \begin{array}{ll}h^{\prime}(x) & =-\sin (5x^2) \cdot 10x \\ & =-10x \sin (5x^2) \end{array}]
   Find the derivative of [image: h(x)= \sec (4x^5+2x)].
 Show Solution Apply the chain rule to [image: h(x)= \sec (g(x))] to obtain:
 [image: h^{\prime}(x)= \sec (g(x)) \tan (g(x))g^{\prime}(x)].
 In this problem, [image: g(x)=4x^5+2x], so we have [image: g^{\prime}(x)=20x^4+2]. Therefore, we obtain,
 [image: \begin{array}{ll}h^{\prime}(x) & = \sec (4x^5+2x) \tan (4x^5+2x)(20x^4+2) \\ & =(20x^4+2) \sec (4x^5+2x) \tan (4x^5+2x) \end{array}]
 Watch the following video to see the worked solution to this example.
 https://youtube.com/watch?v=CE8oqftYNvQ%3Fcontrols%3D0%26start%3D411%26end%3D455%26autoplay%3D0]For closed captioning, open the video on its original page by clicking the Youtube logo in the lower right-hand corner of the video display. In YouTube, the video will begin at the same starting point as this clip, but will continue playing until the very end.
 You can view the transcript for this segmented clip of “3.6 The Chain Rule” here (opens in new window).
   At this stage, we present a collection of derivative formulas derived by applying the chain rule along with the standard derivatives of trigonometric functions. The derivation methods for these formulas are analogous to those demonstrated in the previous examples.
 For ease of learning and recall, we have included these formulas in Leibniz’s notation, which some students may find more intuitive. Later in this section, we explore the application of the chain rule in Leibniz’s notation in greater detail.
 It is important to note that memorizing these formulas as distinct entities is not essential; they are all manifestations of the chain rule applied to well-established derivative formulas.  using the chain rule with trigonometric functions
 For all values of [image: x] for which the derivative is defined,
 [image: \begin{array}{llll}\frac{d}{dx}(\sin (g(x)))= \cos (g(x))g^{\prime}(x) & & & \frac{d}{dx} \sin u= \cos u\frac{du}{dx} \\ \frac{d}{dx}(\cos (g(x)))=−\sin (g(x))g^{\prime}(x) & & & \frac{d}{dx} \cos u=−\sin u\frac{du}{dx} \\ \frac{d}{dx}(\tan (g(x)))= \sec^2 (g(x))g^{\prime}(x) & & & \frac{d}{dx} \tan u=\sec^2 u\frac{du}{dx} \\ \frac{d}{dx}(\cot (g(x)))=−\csc^2 (g(x))g^{\prime}(x) & & & \frac{d}{dx} \cot u=−\csc^2 u\frac{du}{dx} \\ \frac{d}{dx}(\sec (g(x)))= \sec (g(x)) \tan (g(x))g^{\prime}(x) & & & \frac{d}{dx} \sec u= \sec u \tan u\frac{du}{dx} \\ \frac{d}{dx}(\csc (g(x)))=−\csc (g(x)) \cot (g(x))g^{\prime}(x) & & & \frac{d}{dx} \csc u=−\csc u \cot u\frac{du}{dx} \end{array}]
  The Chain and Product Rules Combined
 When tackling calculus problems involving products of composite functions, combining the chain and product rules proves indispensable. This approach allows for the systematic differentiation of functions where both rules are necessary to compute the derivative accurately.
 Find the derivative of [image: h(x)=(2x+1)^5(3x-2)^7]
 Show Solution First apply the product rule, then apply the chain rule to each term of the product.
 [image: \begin{array}{lllll}h^{\prime}(x) & =\frac{d}{dx}((2x+1)^5) \cdot (3x-2)^7+\frac{d}{dx}((3x-2)^7) \cdot (2x+1)^5 & & & \text{Apply the product rule.} \\ & =5(2x+1)^4 \cdot 2 \cdot (3x-2)^7+7(3x-2)^6 \cdot 3 \cdot (2x+1)^5 & & & \text{Apply the chain rule.} \\ & =10(2x+1)^4(3x-2)^7+21(3x-2)^6(2x+1)^5 & & & \text{Simplify.} \\ & =(2x+1)^4(3x-2)^6(10(3x-2)+21(2x+1)) & & & \text{Factor out} \, (2x+1)^4(3x-2)^6. \\ & =(2x+1)^4(3x-2)^6(72x+1) & & & \text{Simplify.} \end{array}]
 Watch the following video to see the worked solution to this example.
 https://youtube.com/watch?v=CE8oqftYNvQ%3Fcontrols%3D0%26start%3D457%26end%3D630%26autoplay%3D0For closed captioning, open the video on its original page by clicking the Youtube logo in the lower right-hand corner of the video display. In YouTube, the video will begin at the same starting point as this clip, but will continue playing until the very end.
 You can view the transcript for this segmented clip of “3.6 The Chain Rule” here (opens in new window).
   [ohm_question hide_question_numbers=1]206007[/ohm_question]  
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				 	Use graphing, substitution, and addition methods to solve systems of equations with two variables.
 
  Solving Systems of Equations by Graphing
 There are multiple methods of solving systems of linear equations. For a system of linear equations in two variables, we can determine both the type of system and the solution by graphing the system of equations on the same set of axes.
 How to: Solve a system of linear equations by graphing
 	Graph the first equation.
 	Graph the second equation on the same rectangular coordinate system.
 	Determine whether the lines intersect, are parallel, or are the same line.
 	Identify the solution to the system.
 	Check the solution in both equations.
 
  Making a quick sketch of any mathematical situation is often a good idea to help you visualize it. Recall the techniques for graphing linear equations include using the y-intercept and slope to plot two points as well as using the intercepts. With practice, you’ll get a feel for which technique to use in a given situation. Solve the following system of equations by graphing. Identify the type of system. [image: \begin{align}2x+y&=-8\\ x-y&=-1\end{align}]
 [image: Graph of two lines, y = -2x - 8 and y = x + 1, intersecting at (-3, -2).]Graph of two lines intersecting at the point (-3,-2) To find the solution, we want to graph both equations on the same set of axes:
 	Solve the first equation for [image: y].
 
 [image: \begin{align}2x+y&=-8\\ y&=-2x-8\end{align}]
 	Solve the second equation for [image: y].
 
 [image: \begin{align}x-y&=-1\\ y&=x+1\end{align}]
 The lines appear to intersect at the point [image: \left(-3,-2\right)].
 You can check to make sure that this is the solution to the system by substituting the ordered pair into both equations.
 [image: \begin{align*} 2(-3) + (-2) &= -8 & \text{} \\ -8 &= -8 & \text{True} \\ (-3) - (-2) &= -1 & \text{} \\ -1 &= -1 & \text{True} \end{align*}]The solution to the system is the ordered pair [image: \left(-3,-2\right)], so the system is independent.
  An interactive online homework element has been excluded from the printed version of the text. To see the interactive element that was excluded, please visit the courseware online.
 
  Solving Systems of Equations by Substitution
 Solving a linear system in two variables by graphing works well when the solution consists of integer values, but if our solution contains decimals or fractions, it is not the most precise method. We will consider two more methods of solving a system of linear equations that are more precise than graphing.
 One such method is solving a system of equations by the substitution method, in which we solve one of the equations for one variable and then substitute the result into the second equation to solve for the second variable. Recall that we can solve for only one variable at a time, which is the reason the substitution method is both valuable and practical.
 How To: Given a system of two equations in two variables, solve using the substitution method. 	Solve one of the two equations for one of the variables in terms of the other.
 	Substitute the expression for this variable into the second equation, then solve for the remaining variable.
 	Substitute that solution into either of the original equations to find the value of the first variable. If possible, write the solution as an ordered pair.
 	Check the solution in both equations.
 
  Solve the following system of equations by substitution. [image: \begin{align}-x+y&=-5 \\ 2x-5y&=1 \end{align}]
 Show Solution First, we will solve the first equation for [image: y].
 [image: \begin{align}-x+y&=-5 \\ y&=x - 5 \end{align}]
 Now we can substitute the expression [image: x - 5] for [image: y] in the second equation.
 [image: \begin{align}2x - 5y&=1 \\ 2x - 5\left(x - 5\right)&=1 \\ 2x - 5x+25&=1 \\ -3x&=-24 \\ x&=8 \end{align}]
 Now, we substitute [image: x=8] into the first equation and solve for [image: y].
 [image: \begin{align}-\left(8\right)+y&=-5 \\ y&=3 \end{align}]
 Our solution is [image: \left(8,3\right)].
 Check the solution by substituting [image: \left(8,3\right)] into both equations.
 [image: \begin{align}-x+y&=-5 \\ -\left(8\right)+\left(3\right)&=-5 && \text{True} \\[3mm] 2x - 5y&=1 \\ 2\left(8\right)-5\left(3\right)&=1 && \text{True} \end{align}]
   Solve the following system of equations. [image: \begin{gathered}&x=9 - 2y \\ &x+2y=13 \end{gathered}]
 Show Solution Because one equation is already solved for [image: x], we can substitute  [image: x=9 - 2y] into the second equation:
 [image: \begin{align}x+2y&=13 \\ \left(9 - 2y\right)+2y&=13 \\ 9+0y&=13 \\ 9&=13 \end{align}]
 Clearly, this statement is a contradiction because [image: 9\ne 13]. Therefore, the system has no solution.
 [image: A graph of two parallel lines. The first line's equation is y equals negative one-half x plus 13 over two. The second line's equation is y equals negative one-half x plus 9 over two.]Graph demonstrating an inconsistent system Analysis
 Let’s graph the equations to confirm that the system has no solution. Writing the equations in slope-intercept form confirms that the system is inconsistent because all lines will intersect eventually unless they are parallel. Parallel lines will never intersect; thus, the two lines have no points in common.
   An interactive online homework element has been excluded from the printed version of the text. To see the interactive element that was excluded, please visit the courseware online.
 
  Solving Systems of Equations by the Addition Method
 A third method of solving systems of linear equations is the addition method, this method is also called the elimination method.  In this method, we add two terms with the same variable, but opposite coefficients, so that the sum is zero. Of course, not all systems are set up with the two terms of one variable having opposite coefficients. Often we must adjust one or both of the equations by multiplication so that one variable will be eliminated by addition.
 How To: Given a system of equations, solve using the addition method. 	Write both equations with [image: x]– and [image: y]-variables on the left side of the equal sign and constants on the right.
 	Write one equation above the other, lining up corresponding variables. 	If one of the variables in the top equation has the opposite coefficient of the same variable in the bottom equation, add the equations together, eliminating one variable.
 	If not, use multiplication by a nonzero number so that one of the variables in the top equation has the opposite coefficient of the same variable in the bottom equation, then add the equations to eliminate the variable.
 
 
 	Solve the resulting equation for the remaining variable.
 	Substitute that value into one of the original equations and solve for the second variable.
 	Check the solution by substituting the values into the other equation.
 
  Solve the given system of equations by addition. [image: \begin{align}x+2y&=-1 \\ -x+y&=3 \end{align}]
 Show Solution Both equations are already set equal to a constant. Notice that the coefficient of [image: x] in the second equation, –1, is the opposite of the coefficient of [image: x] in the first equation, 1. We can add the two equations to eliminate [image: x] without needing to multiply by a constant.
 [image: \begin{align} x+2y&=-1 \\ -x+y&=3 \\ \hline 3y&=2\end{align}]
 Now that we have eliminated [image: x], we can solve the resulting equation for [image: y].
 [image: \begin{align}3y&=2 \\ y&=\dfrac{2}{3} \end{align}]
 Then, we substitute this value for [image: y] into one of the original equations and solve for [image: x].
 [image: \begin{align}-x+y&=3 \\ -x+\frac{2}{3}&=3 \\ -x&=3-\frac{2}{3} \\ -x&=\frac{7}{3} \\ x&=-\frac{7}{3} \end{align}]
 The solution to this system is [image: \left(-\frac{7}{3},\frac{2}{3}\right)].
 Analysis
 Check the solution in the first equation.
 [image: \begin{align}x+2y&=-1 \\ \left(-\frac{7}{3}\right)+2\left(\frac{2}{3}\right)&= \\ -\frac{7}{3}+\frac{4}{3}&= \\ -\frac{3}{3}&= \\ -1&=-1&& \text{True} \end{align}]
 [image: A graph of two lines that cross at the point negative seven-thirds, two-thirds. The first line's equation is x+2y=negative 1. The second line's equation is negative x + y equals 3.]A graph of two lines that intersect at the point negative seven-thirds, two-thirds We gain an important perspective on systems of equations by looking at the graphical representation. See the graph to find that the equations intersect at the solution. We do not need to ask whether there may be a second solution because observing the graph confirms that the system has exactly one solution.
   Solve the given system of equations by the addition method. [image: \begin{align}3x+5y&=-11 \\ x - 2y&=11 \end{align}]
 Show Solution Adding these equations as presented will not eliminate a variable. However, we see that the first equation has [image: 3x] in it and the second equation has [image: x]. So if we multiply the second equation by [image: -3,\text{}] the x-terms will add to zero.
 [image: \begin{align}x - 2y&=11 \\ -3\left(x - 2y\right)&=-3\left(11\right) && \text{Multiply both sides by }-3 \\ -3x+6y&=-33 && \text{Use the distributive property}. \end{align}]
 Now, let’s add them.
 [image: \begin{align}3x+5y&=−11 \\ −3x+6y&=−33 \\ \hline 11y&=−44 \\ y&=−4 \end{align}]
 For the last step, we substitute [image: y=-4] into one of the original equations and solve for [image: x].
 [image: \begin{align}3x+5y&=-11\\ 3x+5\left(-4\right)&=-11\\ 3x - 20&=-11\\ 3x&=9\\ x&=3\end{align}]
 Our solution is the ordered pair [image: \left(3,-4\right)].
 [image: A graph of two lines that cross at the point 3, negative 4. The first line's equation is 3x+5y=-11. The second line's equation is x-2y=11.]A graph of two lines that cross at the point 3, negative 4 Analysis
 We can check the solution in the original second equation and also by graphing:
 [image: \begin{align}x - 2y&=11 \\ \left(3\right)-2\left(-4\right)&=3+8 \\ &=11 && \text{True} \end{align}]
   An interactive online homework element has been excluded from the printed version of the text. To see the interactive element that was excluded, please visit the courseware online.
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				 	Apply the properties of exponents to simplify exponential expressions
 
  Exponential Functions
 Any function of the form [image: f(x)=b^x], where [image: b>0, \, b \ne 1], is an exponential function with base [image: b] and exponent [image: x]. Exponential functions have constant bases and variable exponents.
 exponential function
 For any real number [image: x], an exponential function is a function with the form
 [image: f(x)=ab^x]
 where,
 	[image: a] is a non-zero real number called the initial value and
 	[image: b] is any positive real number ([image: b>0]) such that [image: b≠1].
 
 
  To evaluate an exponential function with the form [image: f(x)=b^x], we simply substitute [image: x] with the given value, and calculate the resulting power.
 Let [image: f(x)=2^x]. What is [image: f(3)]?[image: \begin{array}{rcl} f(x) & = & 2^x \\ f(3) & = & 2^3 & \quad \text{Substitute } x = 3. \\ & = & 8 & \quad \text{Evaluate the power.} \end{array}]  To evaluate an exponential function with a form other than the basic form, it is important to follow the order of operations.
 Let [image: f(x)=30(2)^x]. What is [image: f(3)]?[image: \begin{array}{rcll} f(x) & = & 30(2)^x & \\ f(3) & = & 30(2)^3 & \quad \text{Substitute } x = 3. \\ & = & 30(8) & \quad \text{Simplify the power first.} \\ & = & 240 & \quad \text{Multiply.} \end{array}]Note that if the order of operations were not followed, the result would be incorrect:[image: f(3)=30(2)^3≠60^3=216,000] How To: Evaluating Exponential Functions 	Given an exponential function, identify [image: a], [image: b], and the value of [image: x] you’re being asked to substitute into the function.
 	Replace the variable [image: x] in the function with the given number.
 	Compute the value of [image: b^x]. This means raising the base [image: b] to the power of [image: x].
 	If there is a coefficient [image: a] in front of the base, multiply the result of [image: b^x] by [image: a]. If [image: a] is [image: 1], this step does not change the value.
 	Simplify the expression if necessary. This could involve performing any additional multiplication or addition/subtraction if the function has more terms.
 
  Let [image: f(x)=5(3)^x+1]. Evaluate [image: f(2)] without using a calculator. Show Answer Follow the order of operations. Be sure to pay attention to the parentheses.[image: \begin{array}{rcll} f(x) & = & 5(3)^{x+1} & \\ f(2) & = & 5(3)^{2+1} & \quad \text{Substitute } x = 2. \\ & = & 5(3)^3 & \quad \text{Add the exponents.} \\ & = & 5(27) & \quad \text{Simplify the power.} \\ & = & 135 & \quad \text{Multiply.} \end{array}]
  [ohm_question hide_question_numbers=1]284250[/ohm_question] Suppose a particular population of bacteria is known to double in size every [image: 4] hours. If a culture starts with [image: 1000] bacteria, the number of bacteria after [image: 4] hours is [image: n(4)=1000·2]. The number of bacteria after [image: 8] hours is [image: n(8)=n(4)·2=1000·2^2].
 In general, the number of bacteria after [image: 4m] hours is [image: n(4m)=1000·2^m]. Letting [image: t=4m], we see that the number of bacteria after [image: t] hours is [image: n(t)=1000·2^{t/4}].
 Find the number of bacteria after [image: 6] hours, [image: 10] hours, and [image: 24] hours.
 Show Solution The number of bacteria after [image: 6] hours is given by [image: n(6)=1000·2^{6/4} \approx 2828] bacteria.
 The number of bacteria after [image: 10] hours is given by [image: n(10)=1000·2^{10/4} \approx 5657] bacteria.
 The number of bacteria after [image: 24] hours is given by [image: n(24)=1000·2^{24/4}=1000·2^6=64,000] bacteria.
   The Laws of Exponents are fundamental rules that govern the operations involving powers. These rules are essential for simplifying expressions and are foundational for higher-level math.
 laws of exponents
 	The Product of Powers rule states that when you multiply two exponents with the same base, you can add the exponents.[image: b^x·b^y=b^{x+y}]
 	The Quotient of Powers rule tells us that when dividing exponents with the same base, we subtract the exponents.[image: \large\frac{b^x}{b^y} \normalsize = b^{x-y}]
 	The Power of a Power rule shows that when taking an exponent to another exponent, we multiply the exponents.[image: (b^x)^y=b^{xy}]
 	The Power of a Product rule lets us know that when raising a product to an exponent, each factor in the product is raised to the exponent.[image: (ab)^x=a^x b^x]
 	The Power of a Quotient rule indicates that when a quotient is raised to an exponent, both the numerator and the denominator are raised to the exponent.[image: \dfrac{a^x}{b^x} =\left(\dfrac{a}{b}\right)^x]
 
 Note: This is true for any constants [image: a>0, \, b>0], and for all [image: x] and [image: y]
  Use the laws of exponents to simplify each of the following expressions.
 	[image: \large \frac{(2x^{2/3})^3}{(4x^{-1/3})^2}]
 	[image: \large \frac{(x^3 y^{-1})^2}{(xy^2)^{-2}}]
 
 Show Solution 	We can simplify as follows: [image: \large \frac{(2x^{2/3})^3}{(4x^{-1/3})^2} \normalsize = \large \frac{2^3(x^{2/3})^3}{4^2(x^{-1/3})^2} \normalsize = \large \frac{8x^2}{16x^{-2/3}} \normalsize = \large \frac{x^2x^{2/3}}{2} \normalsize = \large \frac{x^{8/3}}{2}]
 
 	We can simplify as follows: [image: \large \frac{(x^3y^{-1})^2}{(xy^2)^{-2}} \normalsize = \large \frac{(x^3)^2(y^{-1})^2}{x^{-2}(y^2)^{-2}} \normalsize = \large \frac{x^6y^{-2}}{x^{-2}y^{-4}} \normalsize = x^6x^2y^{-2}y^4 = x^8y^2]
 
 
 Watch the following video to see the worked solution to this example.
 https://youtube.com/watch?v=tOkk_pSFpzk%3Fcontrols%3D0%26start%3D212%26end%3D380%26autoplay%3D0For closed captioning, open the video on its original page by clicking the Youtube logo in the lower right-hand corner of the video display. In YouTube, the video will begin at the same starting point as this clip, but will continue playing until the very end.You can view the transcript for this video using this link (opens in new window).
   When you encounter a negative exponent on a term in the denominator of a fraction, you can transform it into a positive exponent by moving the term to the numerator.[image: \frac{1}{a^-n}=a^{n}]Using this rule can significantly simplify expressions involving exponents. [ohm_question hide_question_numbers=1]123515[/ohm_question] 
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				 	Use logarithms to solve exponential equations
 
  Logarithmic Functions
 Using our understanding of exponential functions, we can discuss their inverses, which are the logarithmic functions.
 The exponential function [image: f(x)=b^x] is one-to-one, with domain [image: (−\infty ,\infty)] and range [image: (0,\infty )]. Therefore, it has an inverse function, called the logarithmic function with base [image: b].
 For any [image: b>0, \, b \ne 1], the logarithmic function with base [image: b], denoted [image: \log_b], has domain [image: (0,\infty )] and range [image: (−\infty ,\infty )], and satisfies
 [image: \log_b(x)=y] if and only if [image: b^y=x].
 logarithmic functions
 A logarithmic function is the inverse of an exponential function and is written as [image: log_{b}(x)]. For a given base [image: b], it tells us the power to which [image: b] must be raised to get [image: x].
  [image: \begin{array}{cccc} \log_2 (8)=3\hfill & & & \text{since}\phantom{\rule{3em}{0ex}}2^3=8,\hfill \\ \log_{10} (\frac{1}{100})=-2\hfill & & & \text{since}\phantom{\rule{3em}{0ex}}10^{-2}=\frac{1}{10^2}=\frac{1}{100},\hfill \\ \log_b (1)=0\hfill & & & \text{since}\phantom{\rule{3em}{0ex}}b^0=1 \, \text{for any base} \, b>0.\hfill \end{array}]
  The most commonly used logarithmic function is the function [image: \log_e (x)]. Since this function uses natural [image: e] as its base, it is called the natural logarithm. Here we use the notation [image: \ln(x)] or [image: \ln x] to mean [image: \log_e (x)].
 [image: \begin{array}{l}\ln (e)=\log_e (e)=1 \\ \ln(e^3)=\log_e (e^3)=3 \\ \ln(1)=\log_e (1)=0\end{array}] Before solving some equations involving exponential and logarithmic functions, let’s review the basic properties of logarithms.
 properties of logarithms
 If [image: a,b,c>0, \, b\ne 1], and [image: r] is any real number, then
 [image: \begin{array}{cccc}1.\phantom{\rule{2em}{0ex}}\log_b (ac)=\log_b (a)+\log_b (c)\hfill & & & \text{(Product property)}\hfill \\ 2.\phantom{\rule{2em}{0ex}}\log_b(\frac{a}{c})=\log_b (a) -\log_b (c)\hfill & & & \text{(Quotient property)}\hfill \\ 3.\phantom{\rule{2em}{0ex}}\log_b (a^r)=r \log_b (a)\hfill & & & \text{(Power property)}\hfill \end{array}]
  Solve each of the following equations for [image: x].
 	[image: \ln \left(\frac{1}{x}\right)=4]
 	[image: \log_{10} \sqrt{x}+ \log_{10} x=2]
 	[image: \ln(2x)-3 \ln(x^2)=0]
 
 Show Solution 	By the definition of the natural logarithm function, [image: \ln\big(\frac{1}{x}\big)=4 \, \text{ if and only if } \, e^4=\frac{1}{x}]
 Therefore, the solution is [image: x=\frac{1}{e^4}].

 	Using the product and power properties of logarithmic functions, rewrite the left-hand side of the equation as [image: \log_{10} \sqrt{x}+ \log_{10} x = \log_{10} x \sqrt{x} = \log_{10}x^{3/2} = \frac{3}{2} \log_{10} x]
 Therefore, the equation can be rewritten as
 [image: \frac{3}{2} \log_{10} x = 2 \, \text{ or } \, \log_{10} x = \frac{4}{3}]
 The solution is [image: x=10^{4/3}=10\sqrt[3]{10}].

 	Using the power property of logarithmic functions, we can rewrite the equation as [image: \ln(2x) - \ln(x^6) = 0].
 Using the quotient property, this becomes [image: \ln\big(\frac{2}{x^5}\big)=0]
 Therefore, [image: \frac{2}{x^5}=1], which implies [image: x=\sqrt[5]{2}]. We should then check for any extraneous solutions.

 
   Solve each of the following equations for [image: x].
 	[image: 5^x=2]
 	[image: e^x+6e^{−x}=5]
 
 Show Solution 	Applying the natural logarithm function to both sides of the equation, we have [image: \ln 5^x=\ln 2]
 Using the power property of logarithms,
 [image: x \ln 5=\ln 2]
 Therefore, [image: x=\frac{\ln 2 }{\ln 5}].

 	Multiplying both sides of the equation by [image: e^x], we arrive at the equation [image: e^{2x}+6=5e^x]
 Rewriting this equation as
 [image: e^{2x}-5e^x+6=0],
 we can then rewrite it as a quadratic equation in [image: e^x]:
 [image: (e^x)^2-5(e^x)+6=0]
 Now we can solve the quadratic equation. Factoring this equation, we obtain
 [image: (e^x-3)(e^x-2)=0]
 Therefore, the solutions satisfy [image: e^x=3] and [image: e^x=2]. Taking the natural logarithm of both sides gives us the solutions
 [image: x=\ln 3, \, \ln 2]
 
 
 Watch the following video to see the worked solution to this example.
 https://youtube.com/watch?v=tOkk_pSFpzk%3Fcontrols%3D0%26start%3D640%26end%3D823%26autoplay%3D0For closed captioning, open the video on its original page by clicking the Youtube logo in the lower right-hand corner of the video display. In YouTube, the video will begin at the same starting point as this clip, but will continue playing until the very end.You can view the transcript for this video using this link (opens in new window).
   [ohm_question hide_question_numbers=1]217547[/ohm_question] 
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				 	Determine the order of a differential equation
 	Tell the difference between a general solution and a particular solution
 	Identify what makes a problem an initial-value problem
 	Check if a function actually solves a given differential equation or initial-value problem
 
  Basics of Differential Equations
 Calculus is the mathematics of change, and we express rates of change using derivatives. This naturally leads us to one of calculus’s most powerful applications: differential equations.
 A differential equation is simply an equation that contains an unknown function and its derivatives. These equations help us understand how quantities change over time and often reveal the underlying reasons for those changes.
 Think of it this way: If you know how fast something is changing (the derivative), can you figure out what the original function was? That’s what differential equations help us solve. Let’s start with a simple example: [image: y' = 3x^2].
 This equation tells us that we’re looking for a function [image: y = f(x)] whose derivative equals [image: 3x^2]. In other words:
 	Start with some unknown function [image: y = f(x)]
 	Take its derivative
 	The result must equal [image: 3x^2]
 
 What function has a derivative equal to [image: 3x^2]? One answer is [image: y = x^3], since [image: \frac{d}{dx}[x^3] = 3x^2].
  differential equations
 Differential Equation: An equation involving an unknown function [image: y = f(x)] and one or more of its derivatives.
 [image: \\]
 Solution: A solution to a differential equation is a function [image: y = f(x)] that satisfies the differential equation when the function and its derivatives are substituted into the equation.
  Techniques for solving differential equations vary widely—from direct integration to graphical methods to computer calculations. We’ll explore the foundational ideas here and build on them throughout the course.
 Here are some examples of differential equations and their solutions:
 	Differential Equation 	Solution 
  	[image: y' = 2x] 	[image: y = x^2] 
 	[image: y' + 3y = 6x + 11] 	[image: y = e^{-3x} + 2x + 3] 
 	[image: y'' - 3y' + 2y = 24e^{-2x}] 	[image: y = 3e^x - 4e^{2x} + 2e^{-2x}] 
  
 Notice how these equations get more complex as we include higher-order derivatives like [image: y''] (the second derivative).
 [image: Caution]Caution solutions aren’t always unique! A differential equation can have multiple solutions! For example, [image: y = x^2 + 4] is also a solution to [image: y' = 2x] since the derivative of any constant is zero. We’ll explore this idea more shortly. Before we dive deeper into what makes a function a solution, let’s review some key derivative rules you’ll need.
 Derivatives of Exponential Functions
 	[image: \frac{d}{dx}(e^x) = e^x]
 	[image: \frac{d}{dx}(e^{g(x)}) = e^{g(x)} \cdot g'(x)] (chain rule with exponentials)
 
 These rules will be essential as we work with differential equations involving exponential functions.
  Verify that the function [image: y={e}^{-3x}+2x+3] is a solution to the differential equation [image: {y}^{\prime }+3y=6x+11].
 
 Show Solution To verify the solution, we first calculate [image: {y}^{\prime }] using the chain rule for derivatives. This gives [image: {y}^{\prime }=-3{e}^{-3x}+2]. Next we substitute [image: y] and [image: {y}^{\prime }] into the left-hand side of the differential equation:
 [image: \left(-3{e}^{-2x}+2\right)+3\left({e}^{-2x}+2x+3\right)].
  
 The resulting expression can be simplified by first distributing to eliminate the parentheses, giving
 [image: -3{e}^{-2x}+2+3{e}^{-2x}+6x+9].
  
 Combining like terms leads to the expression [image: 6x+11], which is equal to the right-hand side of the differential equation. This result verifies that [image: y={e}^{-3x}+2x+3] is a solution of the differential equation.
 
   Watch the following video to see the worked solution to the above example. //plugin.3playmedia.com/show?mf=6722722&p3sdk_version=1.10.1&p=20361&pt=375&video_id=Z0PjIYo3Big&video_target=tpm-plugin-84395ywl-Z0PjIYo3BigYou can view the transcript for “4.1.2” here (opens in new window).
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				Order of Differential Equations
 When working with differential equations, we need a way to categorize and describe them. The most fundamental characteristic is the order of the equation.
 order of a differential equation
 The order of a differential equation is the highest order of any derivative of the unknown function that appears in the equation.
  Here are some examples to illustrate:
 	[image: y' = 2x] is first-order (highest derivative is [image: y'])
 	[image: y'' - 3y' + 2y = 0] is second-order (highest derivative is [image: y''])
 	[image: y''' + xy' = \sin(x)] is third-order (highest derivative is [image: y'''])
 
 Understanding the order helps us choose appropriate solution methods and tells us important information about the nature of the solutions we can expect.
 What is the order of each of the following differential equations?
 	[image: {y}^{\prime }-4y={x}^{2}-3x+4]
 	[image: {x}^{2}y\text{'''}-3xy\text{''}+x{y}^{\prime }-3y=\sin{x}]
 	[image: \frac{4}{x}{y}^{\left(4\right)}-\frac{6}{{x}^{2}}y\text{''}+\frac{12}{{x}^{4}}y={x}^{3}-3{x}^{2}+4x - 12]
 
 
 Show Solution 	The highest derivative in the equation is [image: {y}^{\prime }], so the order is [image: 1].
 	The highest derivative in the equation is [image: y\text{'''}], so the order is [image: 3].
 	The highest derivative in the equation is [image: {y}^{\left(4\right)}], so the order is [image: 4].
 
 
   Watch the following video to see the worked solution to the example above. //plugin.3playmedia.com/show?mf=6722723&p3sdk_version=1.10.1&p=20361&pt=375&video_id=3BG0hO-FDEw&video_target=tpm-plugin-tevfhbej-3BG0hO-FDEwYou can view the transcript for “4.1.1” here (opens in new window).
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				General Solutions vs. Particular Solutions
 We already noted that the differential equation [image: y' = 2x] has at least two solutions: [image: y = x^2] and [image: y = x^2 + 4]. But there’s something important happening here.
 The only difference between these solutions is the constant term. What if we tried a different constant? Would [image: y = x^2 + 7] work? How about [image: y = x^2 - 3]?
 The answer is yes! Any function of the form [image: y = x^2 + C], where [image: C] represents any constant, is a solution. Here’s why: the derivative of [image: x^2 + C] is always [image: 2x], regardless of the value of [image: C] (since the derivative of a constant is zero).
 It turns out that every solution to this differential equation must have the form [image: y = x^2 + C]. This leads us to two important concepts.
 general solution vs. particular solution
 	General Solution: A solution that contains all possible solutions to a differential equation. It includes an arbitrary constant (or constants) and represents a family of curves.
 	Particular Solution: A specific solution obtained by choosing a particular value for the constant(s) in the general solution.
 
  For [image: y' = 2x]:
 	General solution: [image: y = x^2 + C] (family of all solutions)
 	Particular solution: [image: y = x^2 - 3] (when [image: C = -3])
 
  Figure 1 shows this family of solutions graphically. Each curve represents a different value of [image: C], but they all satisfy the same differential equation.
 [image: A graph of a family of solutions to the differential equation y’ = 2 x, which are of the form y = x ^ 2 + C. Parabolas are drawn for values of C: -4, -2, 0, 2, and 4.]Figure 1. Family of solutions to the differential equation [image: {y}^{\prime }=2x]. Think of it visually: The general solution gives you a whole family of curves. A particular solution picks out just one curve from that family.  Often, we can find a unique particular solution when we’re given additional information about the problem—but we’ll explore that idea next.
 Find the particular solution to the differential equation [image: {y}^{\prime }=2x] passing through the point [image: \left(2,7\right)].
 
 Show Solution Any function of the form [image: y={x}^{2}+C] is a solution to this differential equation. To determine the value of [image: C], we substitute the values [image: x=2] and [image: y=7] into this equation and solve for [image: C\text{:}]
 [image: \begin{array}{}\\ \\ y={x}^{2}+C\hfill \\ 7={2}^{2}+C=4+C\hfill \\ C=3.\hfill \end{array}]
  
 Therefore the particular solution passing through the point [image: \left(2,7\right)] is [image: y={x}^{2}+3].
 
   Watch the following video to see the worked solution to example above.//plugin.3playmedia.com/show?mf=6722724&p3sdk_version=1.10.1&p=20361&pt=375&video_id=Vh1avVTT5Mk&video_target=tpm-plugin-pwh1zkmw-Vh1avVTT5MkYou can view the transcript for “4.1.3” here (opens in new window).  [ohm_question hide_question_numbers=1]169306[/ohm_question] 
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				Initial-Value Problems
 Usually a differential equation has infinitely many solutions, so we need to ask: which solution do we actually want? To choose one specific solution, we need more information.
 This additional information often comes in the form of an initial value—a condition that tells us the value of the function (and possibly its derivatives) at a specific point.
 initial-value problem
 An initial-value problem consists of:
 	A differential equation
 	One or more initial values (conditions)
 
 Key Rule: The number of initial values needed equals the order of the differential equation.
  These problems are called “initial-value problems” because the independent variable often represents time [image: t], and [image: t = 0] represents the starting point or “initial” moment of the problem. The initial values allow us to pin down one specific curve from the infinite family of solutions, giving us the particular solution that models our specific situation.
 Verify that the function [image: y=2{e}^{-2t}+{e}^{t}] is a solution to the initial-value problem
 [image: {y}^{\prime }+2y=3{e}^{t},y\left(0\right)=3].
  
 
 Show Solution For a function to satisfy an initial-value problem, it must satisfy both the differential equation and the initial condition. To show that [image: y] satisfies the differential equation, we start by calculating [image: {y}^{\prime }]. This gives [image: {y}^{\prime }=-4{e}^{-2t}+{e}^{t}]. Next we substitute both [image: y] and [image: {y}^{\prime }] into the left-hand side of the differential equation and simplify:
 [image: \begin{array}{cc}{y}^{\prime }+2y\hfill & =\left(-4{e}^{-2t}+{e}^{t}\right)+2\left(2{e}^{-2t}+{e}^{t}\right)\hfill \\ & =-4{e}^{-2t}+{e}^{t}+4{e}^{-2t}+2{e}^{t}\hfill \\ & =3{e}^{t}.\hfill \end{array}]
  
 This is equal to the right-hand side of the differential equation, so [image: y=2{e}^{-2t}+{e}^{t}] solves the differential equation. Next we calculate [image: y\left(0\right)\text{:}]
 [image: \begin{array}{cc}y\left(0\right)\hfill & =2{e}^{-2\left(0\right)}+{e}^{0}\hfill \\ & =2+1\hfill \\ & =3.\hfill \end{array}]
  
 This result verifies the initial value. Therefore the given function satisfies the initial-value problem.
 
   Watch the following video to see the worked solution to the example above.https://youtube.com/watch?v=tS3d3924OQg%3Fcontrols%3D0%26start%3D0%26end%3D171%26autoplay%3D0For closed captioning, open the video on its original page by clicking the Youtube logo in the lower right-hand corner of the video display. In YouTube, the video will begin at the same starting point as this clip, but will continue playing until the very end.You can view the transcript for this segmented clip of “4.1.5” here (opens in new window). The initial-value problem in the previous example consisted of two essential parts:
 	The differential equation: [image: y' + 2y = 3e^t]
 	The initial condition: [image: y(0) = 3]
 
 Together, these two pieces formed the complete initial-value problem.
 For our example, the general solution to the differential equation [image: y' + 2y = 3e^t] is [image: y = 2e^{-2t} + Ce^t]. This represents an entire family of curves, each corresponding to a different value of [image: C].
 The initial condition [image: y(0) = 3] tells us which curve from this family we actually want. When we substitute [image: t = 0] and [image: y = 3] into the general solution, we find that [image: C = 1], giving us the particular solution [image: y = 2e^{-2t} + e^t].
 Figure 2 shows this family of solutions, with our particular solution highlighted. You can see how the initial condition picks out exactly one curve from the infinite family.
 <img src="https://s3-us-west-2.amazonaws.com/courses-images/wp-content/uploads/sites/4175/2019/04/11233914/CNX_Calc_Figure_08_01_002.jpg" alt="A graph of a family of solutions to the differential equation y’ + 2 y = 3 e ^ t, which are of the form y = 2 e ^ (-2 t) + C e ^ t. The versions with C = 1, 0.5, and -0.2 are shown, among others not labeled. For all values of C, the function increases rapidly for t 0, the function changes direction and increases in a gentle curve as t goes to infinity. Larger values of C have a tighter curve closer to the y axis and at a higher y value. For C = 0, the function goes to 0 as t goes to infinity. For C Figure 2: A family of solutions to the differential equation y′+2y=3et. The particular solution y=2e−2t+et is labeled.
 Solve the following initial-value problem:
 [image: {y}^{\prime }=3{e}^{x}+{x}^{2}-4,y\left(0\right)=5].
  
 
 Show Solution The first step in solving this initial-value problem is to find a general family of solutions. To do this, we find an antiderivative of both sides of the differential equation
 [image: \displaystyle\int {y}^{\prime }dx=\displaystyle\int \left(3{e}^{x}+{x}^{2}-4\right)dx],
  
 namely,
 [image: y+{C}_{1}=3{e}^{x}+\frac{1}{3}{x}^{3}-4x+{C}_{2}].
  
 We are able to integrate both sides because the y term appears by itself. Notice that there are two integration constants: [image: {C}_{1}] and [image: {C}_{2}]. Solving the previous equation for [image: y] gives
 [image: y=3{e}^{x}+\frac{1}{3}{x}^{3}-4x+{C}_{2}-{C}_{1}].
  
 Because [image: {C}_{1}] and [image: {C}_{2}] are both constants, [image: {C}_{2}-{C}_{1}] is also a constant. We can therefore define [image: C={C}_{2}-{C}_{1}], which leads to the equation
 [image: y=3{e}^{x}+\frac{1}{3}{x}^{3}-4x+C].
  
 Next we determine the value of [image: C]. To do this, we substitute [image: x=0] and [image: y=5] into our aforementioned equation and solve for [image: C\text{:}]
 [image: \begin{array}{}\\ \hfill 5& =\hfill & 3{e}^{0}+\frac{1}{3}{0}^{3}-4\left(0\right)+C\hfill \\ \hfill 5& =\hfill & 3+C\hfill \\ \hfill C& =\hfill & 2.\hfill \end{array}]
  
 Now we substitute the value [image: C=2] into our equation. The solution to the initial-value problem is [image: y=3{e}^{x}+\frac{1}{3}{x}^{3}-4x+2].
 
 Analysis
 The difference between a general solution and a particular solution is that a general solution involves a family of functions, either explicitly or implicitly defined, of the independent variable. The initial value or values determine which particular solution in the family of solutions satisfies the desired conditions.
 
   Watch the following video to see the worked solution to example above.https://youtube.com/watch?v=tS3d3924OQg%3Fcontrols%3D0%26start%3D173%26end%3D287%26autoplay%3D0For closed captioning, open the video on its original page by clicking the Youtube logo in the lower right-hand corner of the video display. In YouTube, the video will begin at the same starting point as this clip, but will continue playing until the very end.You can view the transcript for this segmented clip of “4.1.5” here (opens in new window).  [ohm_question hide_question_numbers=1]311302[/ohm_question] 
	

			
			


		
	
		
			
	
		130

		Basics of Differential Equations: Apply It

								

	
				 	Determine the order of a differential equation
 	Tell the difference between a general solution and a particular solution
 	Identify what makes a problem an initial-value problem
 	Check if a function actually solves a given differential equation or initial-value problem
 
  Applications in Physics: Projectile Motion
 In physics and engineering, we analyze forces acting on objects to predict their motion. This approach is fundamental to understanding everything from falling objects to rocket trajectories. When an object moves near Earth’s surface, gravity is typically the dominant force we need to consider.
 The beauty of this analysis lies in how we can use calculus and differential equations to model real-world phenomena. By applying Newton’s second law ([image: F = ma], where [image: F] is force, [image: m] is mass, and [image: a] is acceleration), we can derive equations that precisely describe motion under the influence of gravity.
 Consider a baseball falling through air, with gravity as the only acting force (we’ll ignore air resistance for now). At Earth’s surface, gravitational acceleration [image: g] is approximately [image: 9.8 \text{ m/s}^2].
 [image: A picture of a baseball with an arrow underneath it pointing down. The arrow is labeled g = -9.8 m/sec ^ 2.]Figure 3. For a baseball falling in air, the only force acting on it is gravity (neglecting air resistance).  We establish a reference frame where Earth’s surface is at height 0 meters. Let [image: v(t)] represent the object’s velocity in meters per second:
 	If [image: v(t) > 0], the object is rising
 	If [image: v(t) < 0], the object is falling
 
 [image: image]0, and the arrow pointing down is labeled v(t) Figure 4. Possible velocities for the rising/falling baseball. Our goal is to find velocity [image: v(t)] at any time [image: t]. We start with Newton’s second law. The force on the baseball equals mass times acceleration: [image: F = mv'(t)] (since acceleration is the derivative of velocity). Gravity exerts a downward force of [image: F_g = -mg] (negative because it acts downward).
 Setting these forces equal:
 [image: mv'(t) = -mg]
 Dividing both sides by [image: m]:
 [image: v'(t) = -g]
 Notice that mass cancels out completely. This means all objects fall at the same rate in a vacuum, regardless of their mass. We need an initial condition to solve this differential equation. Since we’re finding velocity, we specify the initial velocity: [image: v(0) = v_0].
 A baseball is thrown upward from a height of [image: 3] meters above Earth’s surface with an initial velocity of [image: 10\text{m/s}], and the only force acting on it is gravity. The ball has a mass of [image: 0.15\text{kg}] at Earth’s surface.
 	Find the velocity [image: v\left(t\right)] of the baseball at time [image: t].
 	What is its velocity after [image: 2] seconds?
 
 
 Show Solution 	From the preceding discussion, the differential equation that applies in this situation is
  [image: {v}^{\prime }\left(t\right)=\text{-}g],
 
 
 where [image: g=9.8{\text{m/s}}^{2}]. The initial condition is [image: v\left(0\right)={v}_{0}], where [image: {v}_{0}=10\text{m/s}\text{.}] Therefore the initial-value problem is [image: {v}^{\prime }\left(t\right)=-9.8{\text{m/s}}^{2},v\left(0\right)=10\text{m/s}\text{.}] 
 
 The first step in solving this initial-value problem is to take the antiderivative of both sides of the differential equation. This gives
 
 [image: \begin{array}{ccc}\hfill {\displaystyle\int {v}^{\prime }\left(t\right)dt}& =\hfill & {\displaystyle\int -9.8dt}\hfill \\ \hfill v\left(t\right)& =\hfill & -9.8t+C.\hfill \end{array}]
 
 
 The next step is to solve for [image: C]. To do this, substitute [image: t=0] and [image: v\left(0\right)=10\text{:}] 
 
 [image: \begin{array}{ccc}\hfill v\left(t\right)& =\hfill & -9.8t+C\hfill \\ \hfill v\left(0\right)& =\hfill & -9.8\left(0\right)+C\hfill \\ \hfill 10& =\hfill & C.\hfill \end{array}]
 
 
 Therefore [image: C=10] and the velocity function is given by [image: v\left(t\right)=-9.8t+10].

 	To find the velocity after [image: 2] seconds, substitute [image: t=2] into [image: v\left(t\right)]. 
  [image: \begin{array}{ccc}\hfill v\left(t\right)& =\hfill & -9.8t+10\hfill \\ \hfill v\left(2\right)& =\hfill & -9.8\left(2\right)+10\hfill \\ \hfill v\left(2\right)& =\hfill & -9.6.\hfill \end{array}]
 
 
 The units of velocity are meters per second. Since the answer is negative, the object is falling at a speed of [image: 9.6\text{m/s}\text{.}]

 
 
   Suppose a rock falls from rest from a height of [image: 100] meters and the only force acting on it is gravity. Find an equation for the velocity [image: v\left(t\right)] as a function of time, measured in meters per second.
 
 Hint What is the initial velocity of the rock? Use this with the differential equation in the example: Velocity of a Moving Baseball to form an initial-value problem, then solve for [image: v\left(t\right)].
 
  Show Solution [image: v\left(t\right)=-9.8t]
 
   Once you know how fast an object is moving, the next logical question is: where will it be at any given time? This is where we connect velocity to position.
 Let [image: s(t)] represent the height of the object above Earth’s surface, measured in meters. Since velocity is the rate of change of position, we have the fundamental relationship:
 [image: s'(t) = v(t)]
 Remember that velocity is the derivative of position with respect to time. This means position is the antiderivative of velocity. To solve for the position function, we need an initial condition. The most natural choice is the object’s starting height: [image: s(0) = s_0]. This gives us the initial-value problem:
 [image: s'(t) = v(t), \quad s(0) = s_0]
 With a known velocity function [image: v(t)], we can find the position function [image: s(t)] by taking the antiderivative and applying the initial condition.
 A baseball is thrown upward from a height of [image: 3] meters above Earth’s surface with an initial velocity of [image: 10\text{m/s}], and the only force acting on it is gravity. The ball has a mass of [image: 0.15] kilogram at Earth’s surface.
 	Find the position [image: s\left(t\right)] of the baseball at time [image: t].
 	What is its height after [image: 2] seconds?
 
 
 Show Solution 	We already know the velocity function for this problem is [image: v\left(t\right)=-9.8t+10]. The initial height of the baseball is [image: 3] meters, so [image: {s}_{0}=3]. Therefore the initial-value problem for this example is
 
 To solve the initial-value problem, we first find the antiderivatives:
  [image: \begin{array}{ccc}\hfill {\displaystyle\int {s}^{\prime }\left(t\right)dt}& =\hfill & {\displaystyle\int -9.8t+10dt}\hfill \\ \hfill s\left(t\right)& =\hfill & -4.9{t}^{2}+10t+C.\hfill \end{array}]
 
 
 Next we substitute [image: t=0] and solve for [image: C\text{:}] 
 
 [image: \begin{array}{ccc}\hfill s\left(t\right)& =\hfill & -4.9{t}^{2}+10t+C\hfill \\ \hfill s\left(0\right)& =\hfill & -4.9{\left(0\right)}^{2}+10\left(0\right)+C\hfill \\ \hfill 3& =\hfill & C.\hfill \end{array}]
 
 
 Therefore the position function is [image: s\left(t\right)=-4.9{t}^{2}+10t+3].

 	The height of the baseball after [image: 2\text{s}] is given by [image: s\left(2\right)\text{:}] 
  [image: \begin{array}{cc}s\left(2\right)\hfill & =-4.9{\left(2\right)}^{2}+10\left(2\right)+3\hfill \\ & =-4.9\left(4\right)+23\hfill \\ & =3.4.\hfill \end{array}]
 
 
 Therefore the baseball is [image: 3.4] meters above Earth’s surface after [image: 2] seconds. It is worth noting that the mass of the ball cancelled out completely in the process of solving the problem.

 
 
   Media Attributions
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				 	Create direction fields for first-order differential equations
 	Use a direction field to sketch solution curves
 	Use Euler’s Method to find approximate solutions step by step
 
  Direction Fields
 Direction fields (also called slope fields) provide a powerful visual tool for investigating first-order differential equations. We’ll work specifically with equations of the form:
 [image: y^{\prime} = f(x,y)]
 Let’s start with a real-world example from Newton’s law of cooling:
 [image: T^{\prime}(t) = -0.4(T - 72)]
 Here [image: T(t)] represents temperature (in degrees Fahrenheit) of an object at time [image: t], and the ambient temperature is [image: 72°F]. Figure 1 shows what the direction field looks like for this equation.
 
 [image: A graph of a direction field for the given differential equation in quadrants one and two. The arrows are pointing directly to the right at y = 72. Below that line, the arrows have increasingly positive slope as y becomes smaller. Above that line, the arrows have increasingly negative slope as y becomes larger. The arrows point to convergence at y = 72. Two solutions are drawn: one for initial temperature less than 72, and one for initial temperatures larger than 72. The upper solution is a decreasing concave up curve, approaching y = 72 as t goes to infinity. The lower solution is an increasing concave down curve, approaching y = 72 as t goes to infinity.]Figure 1. Direction field for the differential equation [image: {T}^{\prime }\left(t\right)=-0.4\left(T - 72\right)]. Two solutions are plotted: one with initial temperature less than [image: 72^\circ\text{F}] and the other with initial temperature greater than [image: 72^\circ\text{F}\text{.}]  The idea behind a direction field is the fact that the derivative of a function evaluated at a given point is the slope of the tangent line to the graph of that function at the same point.
 Here are other differential equations where direction fields prove useful:
 	[image: y^{\prime} = 3x + 2y - 4]
 	[image: y^{\prime} = x^2 - y^2]
 	[image: y^{\prime} = \frac{2x + 4}{y - 2}]
 
  Creating a Direction Field
 Let’s work through the process of creating a direction field using one of our examples: [image: y^{\prime} = 3x + 2y - 4].
 The key idea is to pick any point [image: (x_0, y_0)] in the coordinate plane and substitute these coordinates into the right-hand side of the differential equation.
 If we choose [image: x = 1] and [image: y = 2], substituting into the right-hand side gives us:
 [image: y^{\prime} = 3x + 2y - 4 = 3(1) + 2(2) - 4 = 3]
  This tells us that if a solution to the differential equation [image: y^{\prime} = 3x + 2y - 4] passes through the point [image: (1, 2)], then the slope of the solution at that point must equal [image: 3].
 To start creating the direction field, we put a short line segment at the point [image: (1, 2)] having slope [image: 3]. We can do this for any point in the domain of the function [image: f(x, y) = 3x + 2y - 4], which consists of all ordered pairs [image: (x, y)] in [image: \mathbb{R}^2].
 This means every point in the Cartesian plane has a slope associated with it, assuming that a solution to the differential equation passes through that point. The direction field for the differential equation [image: y^{\prime} = 3x + 2y - 4] is shown in Figure 2.
 
 [image: A graph of the direction field for the differential equation y’ = 3 x + 2 y – 4 in all four quadrants. In quadrants two and three, the arrows point down and slightly to the right. On a diagonal line, roughly y = -x + 2, the arrows point further and further to the right, curve, and then point up above that line.]Figure 2. Direction field for the differential equation [image: y^{\prime} =3x+2y - 4].  We can generate a direction field of this type for any differential equation of the form [image: y^{\prime} =f\left(x,y\right)].
 direction field
 A direction field (slope field) is a mathematical object used to graphically represent solutions to a first-order differential equation. At each point in a direction field, a line segment appears whose slope is equal to the slope of a solution to the differential equation passing through that point.
  
	

			
			


		
	
		
			
	
		132

		Direction Fields and Euler's Method: Learn It 2

								

	
				Using Direction Fields
 You can use a direction field to predict the behavior of solutions to a differential equation without knowing the actual solution. For example, the direction field in Figure 2 serves as a guide to the behavior of solutions to the differential equation [image: y^{\prime} = 3x + 2y - 4].
 Before developing this method, let’s revisit an important concept – linear approximation.
 The linear approximation of a function at a given point, also known as the linearization, is equivalent to the equation of the tangent line to the graph of the function at that point.
 Since the slope of a function [image: f(x)] at [image: (x_0, y_0)] is given by [image: f'(x_0)], the linear approximation of a function [image: f(x)] at point [image: (x_0, y_0)] is:
 [image: L(x) = y_0 + f'(x_0)(x - x_0)]
 For values near the point [image: (x_0, y_0)], we have [image: L(x) \approx f(x)]. In other words, [image: L(x)] can predict function values near [image: (x_0, y_0)].
 The actual change in function output, [image: \Delta y], can be approximated using the slope at [image: (x_0, y_0)]:
 [image: \Delta y \approx f'(x_0) \Delta x]
  To use a direction field, start by choosing any point in the field. The line segment at that point serves as a signpost telling you what direction to go from there.
 Let’s continue with our equation [image: y^{\prime} = 3x + 2y - 4]. Suppose a solution to this differential equation passes through point [image: (0, 1)]. The slope of the solution at that point is:
 [image: y^{\prime} = 3(0) + 2(1) - 4 = -2]
 Now let [image: x] increase slightly to [image: x = 0.1]. Using linear approximation:
 [image: L(x) = y_0 + f'(x_0)(x - x_0) = 1 + (-2)(x - 0) = 1 - 2x]
 Substituting [image: x = 0.1] gives an approximate [image: y] value of [image: 0.8].
 At this new point, the slope changes according to the differential equation. You can keep progressing, recalculating the slope as you take small steps to the right, and watch how the solution behaves. Figure 3 shows the solution passing through point [image: (0, 1)].
 [image: A graph of the direction field for the differential equation y’ = 3 x + 2 y – 4 in all four quadrants. In quadrants two and three, the arrows point down and slightly to the right. On a diagonal line, roughly y = -x + 2, the arrows point further and further to the right, curve, and then point up above that line. The solution passing through the point (0, 1) is shown. It curves down through (-5, 10), (0, 2), (1, 0), and (3, -10).]Figure 3. Direction field for the differential equation [image: y^{\prime} =3x+2y - 4] with the solution passing through the point [image: \left(0,1\right)]. This curve is the graph of the solution to the initial-value problem:
 [image: y^{\prime} = 3x + 2y - 4, \quad y(0) = 1]
 This curve is called a solution curve passing through the point [image: (0, 1)]. The exact solution to this initial-value problem is:
 [image: y = -\frac{3}{2}x + \frac{5}{4} - \frac{1}{4}e^{2x}]
 The graph of this exact solution is identical to the curve in Figure 3.
 Create a direction field for the differential equation [image: y^{\prime} ={x}^{2}-{y}^{2}] and sketch a solution curve passing through the point [image: \left(-1,2\right)].
 
 Hint Use [image: x] and [image: y] values ranging from [image: -5] to [image: 5]. For each coordinate pair, calculate [image: y^{\prime}] using the right-hand side of the differential equation.
 
  Show Solution [image: A graph of the direction field for the differential equation y’ = x ^ 2 – y ^ 2. Along y = x and y = -x, the lines are horizontal. On either side of y = x and y = -x, the lines slant and direct solutions along those two functions. The rest of the lines are vertical. The solution going through (-1, 2) is shown. It curves down from about (-2.75, 10), through (-1, 2) and about (0, 1.5), and then up along the diagonal to (10, 10).]Figure 4. 
   Watch the following videos to see the worked solution to the above example.//plugin.3playmedia.com/show?mf=6722736&p3sdk_version=1.10.1&p=20361&pt=375&video_id=NmwwRLHZtkw&video_target=tpm-plugin-zrpsnm0j-NmwwRLHZtkwYou can view the transcript for “4.2.1” here (opens in new window).//plugin.3playmedia.com/show?mf=6722737&p3sdk_version=1.10.1&p=20361&pt=375&video_id=8HNOR0-GDe8&video_target=tpm-plugin-0tskvtbs-8HNOR0-GDe8You can view the transcript for “4.2.2” here (opens in new window).  
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				Equilibrium Solutions and Their Stability
 Now consider the direction field for the differential equation [image: y^{\prime} = (x - 3)(y^2 - 4)], shown below. This direction field has several interesting properties that reveal important information about the behavior of solutions.
 [image: image]4 and x < 4, -4 < y 6, and y < -4 and x Direction field for the differential equation y’=(x−3)(y2−4) showing two solutions. These solutions are very close together, but one is barely above the equilibrium solution y=−2 and the other is barely below the same equilibrium solution. First, notice the horizontal dashes that appear all the way across the graph at [image: y = -2] and [image: y = 2]. This means that when [image: y = -2], we have [image: y^{\prime} = 0]. Let’s verify this by substituting into the differential equation:
 [image: (x - 3)(y^2 - 4) = (x - 3)((-2)^2 - 4) = (x - 3)(0) = 0 = y^{\prime}]
 Therefore [image: y = -2] is a solution to the differential equation. Similarly, [image: y = 2] is also a solution.
 These are the only constant-valued solutions to this differential equation. Here’s why: If [image: y = k] is a constant solution, then [image: y^{\prime} = 0]. Substituting into our equation gives:
 [image: 0 = (x - 3)(k^2 - 4)]
 Since this must be true for all values of [image: x], we need [image: k^2 - 4 = 0], which gives us [image: k = -2] and [image: k = 2].
 These constant solutions are called equilibrium solutions to the differential equation.
 equilibrium solutions
 Consider the differential equation [image: y^{\prime} = f(x,y)]. An equilibrium solution is any solution of the form [image: y = c], where [image: c] is a constant.
 [image: \\]
 To find equilibrium solutions: Set the right-hand side equal to zero and solve for constant values. An equilibrium solution [image: y = k] satisfies [image: f(x,k) = 0] for all values of [image: x] in the domain of [image: f].
  Stability of Equilibrium Solutions
 An important characteristic of equilibrium solutions is whether other solutions approach them as asymptotes for large values of [image: x]. This leads us to classify equilibrium solutions by their stability.
 stability classifications
 Consider the differential equation [image: y^{\prime} = f(x,y)] with equilibrium solution [image: y = k]:
 	Asymptotically Stable: If there exists [image: \epsilon > 0] such that solutions starting near [image: k] (within [image: \epsilon]) approach [image: k] as [image: x \to \infty].
 	Asymptotically Unstable: If there exists [image: \epsilon > 0] such that solutions starting near [image: k] never approach [image: k] as [image: x \to \infty].
 	Semi-stable: If the solution is neither stable nor unstable.
 
  Let’s examine the behavior of solutions to [image: y^{\prime} = (x - 3)(y^2 - 4)] with initial condition [image: y(0) = 0.5]. The figure below shows the direction field and corresponding solution.
 [image: image]4 and x < 4, -4 < y 6, and y < -4 and x Direction field for the initial-value problem y’=(x−3)(y2−4),y(0)=0.5. Notice that the solution values stay between [image: y = -2] and [image: y = 2] (our equilibrium solutions). As [image: x] approaches infinity, [image: y] approaches [image: 2].
 The behavior is similar if the initial value is higher than [image: 2], say [image: y(0) = 2.3]. In this case, solutions decrease and approach [image: y = 2] as [image: x] approaches infinity. Therefore [image: y = 2] is asymptotically stable.
 What happens when the initial value is below [image: y = -2]? The figure below illustrates this scenario with initial value [image: y(0) = -3].
 [image: image]4 and x < 4, -4 < y 6, and y < -4 and x Direction field for the initial-value problem y’=(x−3)(y2−4),y(0)=−3. The solution decreases rapidly toward negative infinity as [image: x] approaches infinity. If the initial value is slightly higher than [image: -2], the solution approaches [image: 2] instead. Since solutions don’t approach [image: y = -2] in either case, [image: y = -2] is asymptotically unstable.
 Create a direction field for the differential equation [image: y^{\prime} ={\left(y - 3\right)}^{2}\left({y}^{2}+y - 2\right)] and identify any equilibrium solutions. Classify each of the equilibrium solutions as stable, unstable, or semi-stable.
 
 Show Solution The direction field is shown below.
 <img src="https://s3-us-west-2.amazonaws.com/courses-images/wp-content/uploads/sites/4175/2019/04/11233951/CNX_Calc_Figure_08_02_007.jpg" alt="A graph of a direction field with arrows pointing to the right at y = -4, y = 2, and y = 6. For y < -4, the arrows point up. For -4 < y < 2, the arrows point down. For 2 < y 6, the arrows point up and become more and more vertical the further they get from y = 6.” width=”487″ height=”445″> Direction field for the differential equation y’=(y−3)2(y2+y−2). The equilibrium solutions are [image: y=-2,y=1], and [image: y=3]. To classify each of the solutions, look at an arrow directly above or below each of these values. For example, at [image: y=-2] the arrows directly below this solution point up, and the arrows directly above the solution point down. Therefore all initial conditions close to [image: y=-2] approach [image: y=-2], and the solution is stable. For the solution [image: y=1], all initial conditions above and below [image: y=1] are repelled (pushed away) from [image: y=1], so this solution is unstable. The solution [image: y=3] is semi-stable, because for initial conditions slightly greater than [image: 3], the solution approaches infinity, and for initial conditions slightly less than [image: 3], the solution approaches [image: y=3].
 
 Analysis
 It is possible to find the equilibrium solutions to the differential equation by setting the right-hand side equal to zero and solving for [image: y]. This approach gives the same equilibrium solutions as those we saw in the direction field.
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				Euler’s Method
 Sometimes you need to find approximate solutions to differential equations that are difficult or impossible to solve analytically. Euler’s Method provides a systematic approach for finding these numerical approximations using the concept of linear approximation.
 Let’s start with a simple example to see how this works.
 Consider the initial-value problem:
 [image: y^{\prime} = 2x - 3, \quad y(0) = 3]
 We can solve this exactly by integrating: [image: y = x^2 - 3x + C].
 Using the initial condition gives us [image: y = x^2 - 3x + 3].
  The solution for this initial-value problem appears as the parabola in the figure below.
 [image: A graph over the range [-1,4] for x and y. The given upward opening parabola is drawn with vertex at (1.5, 0.75). Individual points are plotted at (0, 3), (0.5, 1.5), (1, 0.5), (1.5, 0), (2, 0), (2.5, 0.5), and (3, 1.5) with line segments connecting them.]Figure 10. Euler’s Method for the initial-value problem [image: {y}^{\prime }=2x - 3,y\left(0\right)=3]. The red graph consists of line segments that approximate the solution to the initial-value problem. Notice how the process works:
 	Start at the initial value [image: (0, 3)]
 	Use the differential equation to find the slope at each point
 	Move forward by a fixed step size (here [image: 0.5])
 	Draw a line segment with that slope
 
 This approach is the basis of Euler’s Method.
 Before we state Euler’s Method as a theorem, let’s consider another initial-value problem.
 Let’s work through a more complex example that we can’t solve analytically:
 [image: y^{\prime} = x^2 - y^2, \quad y(-1) = 2]
 At the point [image: (-1, 2)], the slope of the solution is [image: y^{\prime} = (-1)^2 - (2)^2 = -3]. We define [image: x_0 = -1] and [image: y_0 = 2]. Since the slope at this point equals [image: -3], we can use linear approximation to approximate [image: y] near [image: (-1, 2)]:
 [image: L(x) = y_0 + f'(x_0)(x - x_0)]
 Here [image: x_0 = -1], [image: y_0 = 2], and [image: f'(x_0) = -3], so the linear approximation becomes:
 [image: L(x) = 2 + (-3)(x - (-1)) = 2 - 3x - 3 = -3x - 1]
 Now we choose a step size [image: h = 0.1]. Incrementing [image: x_0] by [image: h] gives our next [image: x] value:
 [image: x_1 = x_0 + h = -1 + 0.1 = -0.9]
 We substitute [image: x_1 = -0.9] into the linear approximation to calculate [image: y_1]:
 [image: y_1 = L(x_1) = -3(-0.9) - 1 = 1.7]
 Therefore the approximate [image: y] value for the solution when [image: x = -0.9] is [image: y = 1.7].
 We repeat the process using [image: x_1 = -0.9] and [image: y_1 = 1.7] to calculate [image: x_2] and [image: y_2].
 The new slope is [image: y^{\prime} = (-0.9)^2 - (1.7)^2 = -2.08].
 First, [image: x_2 = x_1 + h = -0.9 + 0.1 = -0.8]. Using linear approximation:
 [image: L(x) = y_1 + f'(x_1)(x - x_1) = 1.7 + (-2.08)(x - (-0.9)) = 1.7 - 2.08x - 1.872 = -2.08x - 0.172]
 Finally, we substitute [image: x_2 = -0.8] into the linear approximation:
 [image: y_2 = L(x_2) = -2.08(-0.8) - 0.172 = 1.492]
 Therefore the approximate value of the solution is [image: y = 1.492] when [image: x = -0.8].
 This is the idea behind Euler’s Method. Repeating these steps gives us the following approximations:
 	[image: n] 	[image: x_n] 	[image: y_n] 
  	[image: 0] 	[image: -1] 	[image: 2] 
 	[image: 1] 	[image: -0.9] 	[image: 1.7] 
 	[image: 2] 	[image: -0.8] 	[image: 1.492] 
 	[image: 3] 	[image: -0.7] 	[image: 1.3334] 
 	[image: 4] 	[image: -0.6] 	[image: 1.2046] 
 	[image: 5] 	[image: -0.5] 	[image: 1.0955] 
 	[image: 6] 	[image: -0.4] 	[image: 1.0004] 
 	[image: 7] 	[image: -0.3] 	[image: 0.9164] 
 	[image: 8] 	[image: -0.2] 	[image: 0.8414] 
 	[image: 9] 	[image: -0.1] 	[image: 0.7746] 
 	[image: 10] 	[image: 0] 	[image: 0.7156] 
  
  Euler’s method
 Consider the initial-value problem
 [image: y^{\prime} =f\left(x,y\right),y\left({x}_{0}\right)={y}_{0}].
 To approximate a solution to this problem using Euler’s method, define
 [image: \begin{array}{c}{x}_{n}={x}_{0}+nh\hfill \\ {y}_{n}={y}_{n - 1}+hf\left({x}_{n - 1},{y}_{n - 1}\right).\hfill \end{array}]
 Here [image: h>0] represents the step size and [image: n] is an integer, starting with [image: 1]. The number of steps taken is counted by the variable [image: n].
  Choosing Step Size[image: \\]Typically use [image: h = 0.1] or [image: h = 0.05]. Smaller step sizes give more accurate results but require more computation. The tradeoff between accuracy and efficiency is illustrated below. [image: Two graphs of the same parabola, y = x ^ 2 – 3 x + 3. The first shows Euler’s method for the given initial-value problem with a step size of h = 0.05, and the second shows Euler’s method with a step size of h = 0.25. The first then has the points (0, 3), (.5, 1.5), (1, 0.5), (1.5, 0), (2, 0), (2.5, 0.5), and (3, 1.5) plotted with line segments connecting them. The second has the points (0, 3), (0.25, 2.25), (0.5, 1.625), (0.75, 1.125), (1, 0.75), (1.25, 0.5), (1.5, 0.375), (2, 0.5), (2.25, 0.75), (2.5, 1.125), (2.75, 1.625), and (3, 2.25) plotted with line segments connecting them.]Figure 11. Euler’s method for the initial-value problem [image: {y}^{\prime }=2x - 3,y\left(0\right)=3] with (a) a step size of [image: h=0.5]; and (b) a step size of [image: h=0.25].  Consider the initial-value problem
 [image: {y}^{\prime }={x}^{3}+{y}^{2},y\left(1\right)=-2].
  
 Using a step size of [image: 0.1], generate a table with approximate values for the solution to the initial-value problem for values of [image: x] between [image: 1] and [image: 2].
 
 Hint Start by identifying the value of [image: h], then figure out what [image: f\left(x,y\right)] is. Then use the formula for Euler’s Method to calculate [image: {y}_{1},{y}_{2}], and so on.
 
  Show Solution 	[image: n] 	[image: {x}_{n}] 	[image: {y}_{n}={y}_{n - 1}+hf\left({x}_{n - 1},{y}_{n - 1}\right)] 
  	[image: 0] 	[image: 1] 	[image: -2] 
 	[image: 1] 	[image: 1.1] 	[image: {y}_{1}={y}_{0}+hf\left({x}_{0},{y}_{0}\right)=-1.5] 
 	[image: 2] 	[image: 1.2] 	[image: {y}_{2}={y}_{1}+hf\left({x}_{1},{y}_{1}\right)=-1.1419] 
 	[image: 3] 	[image: 1.3] 	[image: {y}_{3}={y}_{2}+hf\left({x}_{2},{y}_{2}\right)=-0.8387] 
 	[image: 4] 	[image: 1.4] 	[image: {y}_{4}={y}_{3}+hf\left({x}_{3},{y}_{3}\right)=-0.5487] 
 	[image: 5] 	[image: 1.5] 	[image: {y}_{5}={y}_{4}+hf\left({x}_{4},{y}_{4}\right)=-0.2442] 
 	[image: 6] 	[image: 1.6] 	[image: {y}_{6}={y}_{5}+hf\left({x}_{5},{y}_{5}\right)=0.0993] 
 	[image: 7] 	[image: 1.7] 	[image: {y}_{7}={y}_{6}+hf\left({x}_{6},{y}_{6}\right)=0.5099] 
 	[image: 8] 	[image: 1.8] 	[image: {y}_{8}={y}_{7}+hf\left({x}_{7},{y}_{7}\right)=1.0272] 
 	[image: 9] 	[image: 1.9] 	[image: {y}_{9}={y}_{8}+hf\left({x}_{8},{y}_{8}\right)=1.7159] 
 	[image: 10] 	[image: 2] 	[image: {y}_{10}={y}_{9}+hf\left({x}_{9},{y}_{9}\right)=2.6962] 
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				 	Create direction fields for first-order differential equations
 	Use a direction field to sketch solution curves
 	Use Euler’s Method to find approximate solutions step by step
 
  Coffee Temperature Analysis
 You’re working as a barista at a local coffee shop and want to understand how quickly different beverages cool down to ensure the best customer experience. The rate at which a hot beverage cools follows Newton’s law of cooling, which can be modeled by the differential equation:
 [image: T'(t) = -k(T - A)]
 where [image: T(t)] is the temperature of the beverage at time [image: t] (in minutes), [image: k] is the cooling constant that depends on the beverage container and environment, and [image: A] is the ambient room temperature.
 For your analysis, you’re studying a specialty latte that starts at [image: 160°F] in a ceramic mug. The room temperature is [image: 72°F], and through experimentation, you’ve determined that [image: k = 0.08]. This gives you the specific differential equation:
 [image: T'(t) = -0.08(T - 72)]
 You want to create a direction field to visualize the cooling behavior and use Euler’s method to predict temperatures at specific times to help train other baristas about optimal serving times.
 [ohm_question hide_question_numbers=1]313465[/ohm_question]
  [ohm_question hide_question_numbers=1]313466[/ohm_question]
  [ohm_question hide_question_numbers=1]313467[/ohm_question]
  [ohm_question hide_question_numbers=1]313468[/ohm_question]
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				 	Solve differential equations by separating variables
 	Apply separation of variables to real-world problems
 
  Separation of Variables
 Many differential equations can be solved using a powerful technique called separation of variables. This method works when the equation has a special structure that allows us to separate the [image: x] and [image: y] terms completely.
 separable differential equation
 A separable differential equation is any equation that can be written in the form:
 [image: y^{\prime} = f(x)g(y)]
  The term “separable” refers to the fact that the right-hand side can be separated into a function of [image: x] times a function of [image: y]. Here are examples of separable differential equations.
 Example 1: [image: y^{\prime} = (x^2 - 4)(3y + 2)]
 	Here [image: f(x) = x^2 - 4] and [image: g(y) = 3y + 2]
 
 Example 2: [image: y^{\prime} = 6x^2 + 4x]
 	Here [image: f(x) = 6x^2 + 4x] and [image: g(y) = 1]
 
 Example 3: [image: y^{\prime} = \sec y + \tan y]
 	Here [image: f(x) = 1] and [image: g(y) = \sec y + \tan y]
 
 Example 4: [image: y^{\prime} = xy + 3x - 2y - 6]
 	This can be factored as [image: (x + 3)(y - 2)], so [image: f(x) = x + 3] and [image: g(y) = y - 2]
 
  Example 3 above is also called an autonomous differential equation because the right-hand side depends only on [image: y], not on [image: x].
 The Method of Separation of Variables
 If a differential equation is separable, you can solve it using the method of separation of variables.
 Problem-Solving Strategy: Separation of Variables
 	Check for constant solutions: Find any values of [image: y] that make [image: g(y) = 0]. These correspond to constant solutions.
 	Separate the variables: Rewrite the differential equation in the form [image: \frac{dy}{g(y)} = f(x)dx].
 	Integrate both sides: [image: \int \frac{dy}{g(y)} = \int f(x)dx].
 	Solve for [image: y]: Solve the resulting equation for [image: y] if possible.
 	Apply initial conditions: If an initial condition exists, substitute the appropriate values for [image: x] and [image: y] into the equation and solve for the constant.
 
  [image: Caution]Important note!
 [image: \\]
 Step 4 states “solve for [image: y] if possible” because it’s not always possible to obtain [image: y] as an explicit function of [image: x]. Often we must be satisfied with finding [image: y] as an implicit function of [image: x]. Find a general solution to the differential equation [image: y^{\prime} =\left({x}^{2}-4\right)\left(3y+2\right)] using the method of separation of variables.
 
 Show Solution Follow the five-step method of separation of variables.
 	In this example, [image: f\left(x\right)={x}^{2}-4] and [image: g\left(y\right)=3y+2]. Setting [image: g\left(y\right)=0] gives [image: y=-\frac{2}{3}] as a constant solution.
 	Rewrite the differential equation in the form
  [image: \frac{dy}{3y+2}=\left({x}^{2}-4\right)dx].
  

 	Integrate both sides of the equation:
  [image: \displaystyle\int \frac{dy}{3y+2}=\displaystyle\int \left({x}^{2}-4\right)dx].
 
 
 Let [image: u=3y+2]. Then [image: du=3\frac{dy}{dx}dx], so the equation becomes
 
 [image: \begin{array}{ccc}\hfill \frac{1}{3}\displaystyle\int \frac{1}{u}du& =\hfill & \frac{1}{3}{x}^{3}-4x+C\hfill \\ \hfill \frac{1}{3}\text{ln}|u|& =\hfill & \frac{1}{3}{x}^{3}-4x+C\hfill \\ \hfill \frac{1}{3}\text{ln}|3y+2|& =\hfill & \frac{1}{3}{x}^{3}-4x+C.\hfill \end{array}]
  

 	To solve this equation for [image: y], first multiply both sides of the equation by [image: 3]. 
  [image: \text{ln}|3y+2|={x}^{3}-12x+3C]
 
 
 Now we use some logic in dealing with the constant [image: C]. Since [image: C] represents an arbitrary constant, [image: 3C] also represents an arbitrary constant. If we call the second arbitrary constant [image: {C}_{1}], the equation becomes
 
 [image: \text{ln}|3y+2|={x}^{3}-12x+{C}_{1}].
 
 
 Now exponentiate both sides of the equation (i.e., make each side of the equation the exponent for the base [image: e]). 
 
 [image: \begin{array}{ccc}\hfill {e}^{\text{ln}|3y+2|}& =\hfill & {e}^{{x}^{3}-12x+{C}_{1}}\hfill \\ \hfill |3y+2|& =\hfill & {e}^{{C}_{1}}{e}^{{x}^{3}-12x}\hfill \end{array}]
 
 
 Again define a new constant [image: {C}_{2}={e}^{{c}_{1}}] (note that [image: {C}_{2}>0]):
 
 [image: |3y+2|={C}_{2}{e}^{{x}^{3}-12x}].
 
 
 This corresponds to two separate equations: [image: 3y+2={C}_{2}{e}^{{x}^{3}-12x}] and [image: 3y+2=\text{-}{C}_{2}{e}^{{x}^{3}-12x}]. 
 
 The solution to either equation can be written in the form [image: y=\frac{-2\pm {C}_{2}{e}^{{x}^{3}-12x}}{3}]. 
 
 Since [image: {C}_{2}>0], it does not matter whether we use plus or minus, so the constant can actually have either sign. Furthermore, the subscript on the constant [image: C] is entirely arbitrary, and can be dropped. Therefore the solution can be written as
 
 [image: y=\frac{-2+C{e}^{{x}^{3}-12x}}{3}].
  

 	No initial condition is imposed, so we are finished.
 
 
   Watch the following video to see the worked solution to example above.https://youtube.com/watch?v=9-Rhk4KH3Zs%3Fcontrols%3D0%26start%3D0%26end%3D262%26autoplay%3D0 For closed captioning, open the video on its original page by clicking the Youtube logo in the lower right-hand corner of the video display. In YouTube, the video will begin at the same starting point as this clip, but will continue playing until the very end.
 You can view the transcript for this segmented clip of “4.3.1” here (opens in new window).
  Using the method of separation of variables, solve the initial-value problem
 [image: y^{\prime} =\left(2x+3\right)\left({y}^{2}-4\right),y\left(0\right)=-3].
  
 
 Show Solution Follow the five-step method of separation of variables.
 	In this example, [image: f\left(x\right)=2x+3] and [image: g\left(y\right)={y}^{2}-4]. Setting [image: g\left(y\right)=0] gives [image: y=\pm 2] as constant solutions.
 	Divide both sides of the equation by [image: {y}^{2}-4] and multiply by [image: dx]. This gives the equation
  [image: \frac{dy}{{y}^{2}-4}=\left(2x+3\right)dx].
  

 	Next integrate both sides:
  [image: \displaystyle\int \frac{1}{{y}^{2}-4}dy=\displaystyle\int \left(2x+3\right)dx].
 
 
 To evaluate the left-hand side, use the method of partial fraction decomposition. This leads to the identity
 
 [image: \frac{1}{{y}^{2}-4}=\frac{1}{4}\left(\frac{1}{y - 2}-\frac{1}{y+2}\right)].
 
 
 Then integration becomes
 
 [image: \begin{array}{ccc}\hfill \frac{1}{4}{\displaystyle\int \left(\frac{1}{y - 2}-\frac{1}{y+2}\right)}dy& =\hfill & {\displaystyle\int \left(2x+3\right)dx}\hfill \\ \hfill \frac{1}{4}\left(\text{ln}|y - 2|-\text{ln}|y+2|\right)& =\hfill & {x}^{2}+3x+C.\hfill \end{array}]
 
 
 Multiplying both sides of this equation by [image: 4] and replacing [image: 4C] with [image: {C}_{1}] gives
 
 [image: \begin{array}{ccc}\hfill \text{ln}|y - 2|-\text{ln}|y+2|& =\hfill & 4{x}^{2}+12x+{C}_{1}\hfill \\ \hfill \text{ln}|\frac{y - 2}{y+2}|& =\hfill & 4{x}^{2}+12x+{C}_{1}.\hfill \end{array}]
  

 	It is possible to solve this equation for y. First exponentiate both sides of the equation and define [image: {C}_{2}={e}^{{C}_{1}}\text{:}] 
  [image: |\frac{y - 2}{y+2}|={C}_{2}{e}^{4{x}^{2}+12x}].
 
 
 Next we can remove the absolute value and let [image: {C}_{2}] be either positive or negative. Then multiply both sides by [image: y+2]. 
 
 [image: \begin{array}{}\\ \\ y - 2={C}_{2}\left(y+2\right){e}^{4{x}^{2}+12x}\hfill \\ y - 2={C}_{2}y{e}^{{}^{4{x}^{2}+12x}}+2{C}_{2}{e}^{{}^{4{x}^{2}+12x}}.\hfill \end{array}]
 
 
 Now collect all terms involving y on one side of the equation, and solve for [image: y\text{:}] 
 
 [image: \begin{array}{ccc}\hfill y-{C}_{2}y{e}^{4{x}^{2}+12x}& =\hfill & 2+2{C}_{2}{e}^{4{x}^{2}+12x}\hfill \\ \hfill y\left(1-{C}_{2}{e}^{4{x}^{2}+12x}\right)& =\hfill & 2+2{C}_{2}{e}^{4{x}^{2}+12x}\hfill \\ \hfill y& =\hfill & \frac{2+2{C}_{2}{e}^{4{x}^{2}+12x}}{1-{C}_{2}{e}^{4{x}^{2}+12x}}.\hfill \end{array}]
  

 	To determine the value of [image: {C}_{2}], substitute [image: x=0] and [image: y=-1] into the general solution. Alternatively, we can put the same values into an earlier equation, namely the equation [image: \frac{y - 2}{y+2}={C}_{2}{e}^{4{x}^{2}+12}]. This is much easier to solve for [image: {C}_{2}\text{:}] 
  [image: \begin{array}{ccc}\hfill \frac{y - 2}{y+2}& =\hfill & {C}_{2}{e}^{4{x}^{2}+12x}\hfill \\ \hfill \frac{-1 - 2}{-1+2}& =\hfill & {C}_{2}{e}^{4{\left(0\right)}^{2}+12\left(0\right)}\hfill \\ \hfill {C}_{2}& =\hfill & -3.\hfill \end{array}]
 
 
 Therefore the solution to the initial-value problem is
 
 [image: y=\frac{2 - 6{e}^{4{x}^{2}+12x}}{1+3{e}^{4{x}^{2}+12x}}].
 
 
 A graph of this solution appears in Figure 1.
 
 [image: A graph of the solution over [-5, 3] for x and [-3, 2] for y. It begins as a horizontal line at y = -2 from x = -5 to just before -3, almost immediately steps up to y = 2 from just after x = -3 to just before x = 0, and almost immediately steps back down to y = -2 just after x = 0 to x = 3.]Figure 1. Graph of the solution to the initial-value problem [image: y^{\prime} =\left(2x+3\right)\left({y}^{2}-4\right),y\left(0\right)=-3].  
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				Applications of Separation of Variables
 Separable equations appear frequently in real-world situations. Let’s examine two common types of problems where this method proves especially useful.
 Solution concentrations
 Consider a tank being filled with a salt solution. We want to determine the amount of salt present in the tank as a function of time. The separation of variables method provides an effective way to solve this type of concentration problem.
 A tank containing [image: 100\text{L}] of a brine solution initially has [image: 4\text{kg}] of salt dissolved in the solution. At time [image: t=0], another brine solution flows into the tank at a rate of [image: 2\text{L/min}\text{.}] This brine solution contains a concentration of [image: 0.5\text{kg/L}] of salt. At the same time, a stopcock is opened at the bottom of the tank, allowing the combined solution to flow out at a rate of [image: 2\text{L/min}], so that the level of liquid in the tank remains constant (Figure 2). Find the amount of salt in the tank as a function of time (measured in minutes), and find the limiting amount of salt in the tank, assuming that the solution in the tank is well mixed at all times.
 [image: A diagram of a cylinder filled with water with input and output. It is a 100 liter tank which initially contains 4 kg of salt. The input is 0.5 kg salt / liter and 2 liters / minute. The output is 2 liters / minute.]Figure 2. A brine tank with an initial amount of salt solution accepts an input flow and delivers an output flow. How does the amount of salt change with time?  
 Show Solution First we define a function [image: u\left(t\right)] that represents the amount of salt in kilograms in the tank as a function of time. Then [image: \frac{du}{dt}] represents the rate at which the amount of salt in the tank changes as a function of time. Also, [image: u\left(0\right)] represents the amount of salt in the tank at time [image: t=0], which is [image: 4] kilograms.
 The general setup for the differential equation we will solve is of the form
 [image: \frac{du}{dt}=\text{INFLOW RATE}-\text{OUTFLOW RATE}].
  
 INFLOW RATE represents the rate at which salt enters the tank, and OUTFLOW RATE represents the rate at which salt leaves the tank. Because solution enters the tank at a rate of [image: 2] L/min, and each liter of solution contains [image: 0.5] kilogram of salt, every minute [image: 2\left(0.5\right)=1\text{kilogram}] of salt enters the tank. Therefore INFLOW RATE = [image: 1].
 To calculate the rate at which salt leaves the tank, we need the concentration of salt in the tank at any point in time. Since the actual amount of salt varies over time, so does the concentration of salt. However, the volume of the solution remains fixed at 100 liters. The number of kilograms of salt in the tank at time [image: t] is equal to [image: u\left(t\right)]. Thus, the concentration of salt is [image: \frac{u\left(t\right)}{100}] kg/L, and the solution leaves the tank at a rate of [image: 2] L/min. Therefore salt leaves the tank at a rate of [image: \frac{u\left(t\right)}{100}\cdot 2=\frac{u\left(t\right)}{50}] kg/min, and OUTFLOW RATE is equal to [image: \frac{u\left(t\right)}{50}]. Therefore the differential equation becomes [image: \frac{du}{dt}=1-\frac{u}{50}], and the initial condition is [image: u\left(0\right)=4]. The initial-value problem to be solved is
 [image: \frac{du}{dt}=1-\frac{u}{50},u\left(0\right)=4].
  
 The differential equation is a separable equation, so we can apply the five-step strategy for solution.
 Step 1. Setting [image: 1-\frac{u}{50}=0] gives [image: u=50] as a constant solution. Since the initial amount of salt in the tank is [image: 4] kilograms, this solution does not apply.
 Step 2. Rewrite the equation as
 [image: \frac{du}{dt}=\frac{50-u}{50}].
  
 Then multiply both sides by [image: dt] and divide both sides by [image: 50-u\text{:}]
 [image: \frac{du}{50-u}=\frac{dt}{50}].
  
 Step 3. Integrate both sides:
 [image: \begin{array}{ccc}\hfill {\displaystyle\int \frac{du}{50-u}}& =\hfill & {\displaystyle\int \frac{dt}{50}}\hfill \\ \hfill -\text{ln}|50-u|& =\hfill & \frac{t}{50}+C.\hfill \end{array}]
  
 Step 4. Solve for [image: u\left(t\right)\text{:}]
 [image: \begin{array}{ccc}\hfill \text{ln}|50-u|& =\hfill & -\frac{t}{50}-C\hfill \\ \hfill {e}^{\text{ln}|50-u|}& =\hfill & {e}^{\text{-}\left(\frac{t}{50}\right)-C}\hfill \\ \hfill |50-u|& =\hfill & {C}_{1}{e}^{\frac{\text{-}t}{50}}.\hfill \end{array}]
  
 Eliminate the absolute value by allowing the constant to be either positive or negative:
 [image: 50-u={C}_{1}{e}^{\frac{\text{-}t}{50}}].
  
 Finally, solve for [image: u\left(t\right)\text{:}]
 [image: u\left(t\right)=50-{C}_{1}{e}^{\frac{\text{-}t}{50}}].
  
 Step 5. Solve for [image: {C}_{1}\text{:}]
 [image: \begin{array}{ccc}\hfill u\left(0\right)& =\hfill & 50-{C}_{1}{e}^{\frac{-0}{50}}\hfill \\ \hfill 4& =\hfill & 50-{C}_{1}\hfill \\ \hfill {C}_{1}& =\hfill & 46.\hfill \end{array}]
  
 The solution to the initial value problem is [image: u\left(t\right)=50 - 46{e}^{\frac{\text{-}t}{50}}]. To find the limiting amount of salt in the tank, take the limit as [image: t] approaches infinity:
 [image: \begin{array}{cc}\hfill \underset{t\to \infty }{\text{lim}}u\left(t\right)& =50 - 46{e}^{\frac{\text{-}t}{50}}\hfill \\ & =50 - 46\left(0\right)\hfill \\ & =50.\hfill \end{array}]
  
 Note that this was the constant solution to the differential equation. If the initial amount of salt in the tank is [image: 50] kilograms, then it remains constant. If it starts at less than 50 kilograms, then it approaches 50 kilograms over time.
 
   Watch the following video to see the worked solution to the example above.https://youtube.com/watch?v=5KWL3sB1cn0%3Fcontrols%3D0%26start%3D0%26end%3D581%26autoplay%3D0 For closed captioning, open the video on its original page by clicking the Youtube logo in the lower right-hand corner of the video display. In YouTube, the video will begin at the same starting point as this clip, but will continue playing until the very end.
 You can view the transcript for this segmented clip of “4.3.2” here (opens in new window).
  Newton’s law of cooling
 Newton’s law of cooling states that the rate of change of an object’s temperature is proportional to the difference between its own temperature and the ambient temperature (the temperature of its surroundings).
 Let’s set up the mathematical model:
 	[image: T(t)] = temperature of the object as a function of time
 	[image: \frac{dT}{dt}] = rate at which the temperature changes
 	[image: T_s] = temperature of the surroundings (ambient temperature)
 
 Newton’s law of cooling can be written as:
 [image: \frac{dT}{dt} = k(T(t) - T_s)]
 or more simply:
 [image: \frac{dT}{dt} = k(T - T_s)]
 The object’s temperature at the beginning of any experiment is the initial value [image: T_0]. Therefore, the initial-value problem we need to solve is:
 [image: \frac{dT}{dt} = k(T - T_s), \quad T(0) = T_0]
 where [image: k] is a constant that must be either given or determined from the context of the problem.
 A pizza is removed from the oven after baking thoroughly, and the temperature of the oven is [image: 350^\circ\text{F}\text{.}] The temperature of the kitchen is [image: 75^\circ\text{F}], and after [image: 5] minutes the temperature of the pizza is [image: 340^\circ\text{F}\text{.}] We would like to wait until the temperature of the pizza reaches [image: 300^\circ\text{F}] before cutting and serving it (Figure 3). How much longer will we have to wait?
 [image: A diagram of a pizza pie. The room temperature is 75 degrees, and the pizza temperature is 350 degrees.]Figure 3. From Newton’s law of cooling, if the pizza cools [image: 10^\circ\text{F}] in [image: 5] minutes, how long before it cools to [image: 300^\circ\text{F?}]  
 Show Solution The ambient temperature (surrounding temperature) is [image: 75^\circ\text{F}], so [image: {T}_{s}=75]. The temperature of the pizza when it comes out of the oven is [image: 350^\circ\text{F}], which is the initial temperature (i.e., initial value), so [image: {T}_{0}=350]. Therefore our equation becomes
 [image: \frac{dT}{dt}=k\left(T - 75\right),T\left(0\right)=350].
  
 To solve the differential equation, we use the five-step technique for solving separable equations.
 	Setting the right-hand side equal to zero gives [image: T=75] as a constant solution. Since the pizza starts at [image: 350^\circ\text{F}], this is not the solution we are seeking.
 	Rewrite the differential equation by multiplying both sides by [image: dt] and dividing both sides by [image: T - 75\text{:}] 
  [image: \frac{dT}{T - 75}=kdt].
  

 	Integrate both sides:
  [image: \begin{array}{ccc}\hfill {\displaystyle\int \frac{dT}{T - 75}}& =\hfill & {\displaystyle\int kdt}\hfill \\ \hfill \text{ln}|T - 75|& =\hfill & kt+C.\hfill \end{array}]
  

 	Solve for [image: T] by first exponentiating both sides:
  [image: \begin{array}{ccc}\hfill {e}^{\text{ln}|T - 75|}& =\hfill & {e}^{kt+C}\hfill \\ \hfill |T - 75|& =\hfill & {C}_{1}{e}^{kt}\hfill \\ \hfill T - 75& =\hfill & {C}_{1}{e}^{kt}\hfill \\ \hfill T\left(t\right)& =\hfill & 75+{C}_{1}{e}^{kt}.\hfill \end{array}]
  

 	Solve for [image: {C}_{1}] by using the initial condition [image: T\left(0\right)=350\text{:}] 
  [image: \begin{array}{ccc}\hfill T\left(t\right)& =\hfill & 75+{C}_{1}{e}^{kt}\hfill \\ \hfill T\left(0\right)& =\hfill & 75+{C}_{1}{e}^{k\left(0\right)}\hfill \\ \hfill 350& =\hfill & 75+{C}_{1}\hfill \\ \hfill {C}_{1}& =\hfill & 275.\hfill \end{array}]
 
 
 Therefore the solution to the initial-value problem is
 
 [image: T\left(t\right)=75+275{e}^{kt}].
 
 
 To determine the value of [image: k], we need to use the fact that after [image: 5] minutes the temperature of the pizza is [image: 340^\circ\text{F}\text{.}] Therefore [image: T\left(5\right)=340]. Substituting this information into the solution to the initial-value problem, we have
 
 [image: \begin{array}{ccc}\hfill T\left(t\right)& =\hfill & 75+275{e}^{kt}\hfill \\ \hfill T\left(5\right)& =\hfill & 340=75+275{e}^{5k}\hfill \\ \hfill 265& =\hfill & 275{e}^{5k}\hfill \\ \hfill {e}^{5k}& =\hfill & \frac{53}{55}\hfill \\ \hfill \text{ln}{e}^{5k}& =\hfill & \text{ln}\left(\frac{53}{55}\right)\hfill \\ \hfill 5k& =\hfill & \text{ln}\left(\frac{53}{55}\right)\hfill \\ \hfill k& =\hfill & \frac{1}{5}\text{ln}\left(\frac{53}{55}\right)\approx -0.007408.\hfill \end{array}]
 
 
 So now we have [image: T\left(t\right)=75+275{e}^{-0.007408t}]. When is the temperature [image: 300^\circ\text{F?}] Solving for [image: t], we find
 
 [image: \begin{array}{ccc}\hfill T\left(t\right)& =\hfill & 75+275{e}^{-0.007408t}\hfill \\ \hfill 300& =\hfill & 75+275{e}^{-0.007408t}\hfill \\ \hfill 225& =\hfill & 275{e}^{-0.007408t}\hfill \\ \hfill {e}^{-0.007408t}& =\hfill & \frac{9}{11}\hfill \\ \hfill \text{ln}{e}^{-0.007408t}& =\hfill & \text{ln}\frac{9}{11}\hfill \\ \hfill -0.007408t& =\hfill & \text{ln}\frac{9}{11}\hfill \\ \hfill t& =\hfill & -\frac{1}{0.007408}\text{ln}\frac{9}{11}\approx 27.09.\hfill \end{array}]
 
 
 Therefore we need to wait an additional [image: 22.09] minutes (after the temperature of the pizza reached [image: 340^\circ\text{F}]). That should be just enough time to finish this calculation.

 
 
   Watch the following video to see the worked solution to the example above.https://youtube.com/watch?v=5KWL3sB1cn0%3Fcontrols%3D0%26start%3D640%26end%3D1179%26autoplay%3D0 For closed captioning, open the video on its original page by clicking the Youtube logo in the lower right-hand corner of the video display. In YouTube, the video will begin at the same starting point as this clip, but will continue playing until the very end.
 You can view the transcript for this segmented clip of “4.3.2” here (opens in new window).
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		Separation of Variables: Apply It

								

	
				 	Solve differential equations by separating variables
 	Apply separation of variables to real-world problems
 
  Community Garden Water Management
 You volunteer at a local community garden that serves families from diverse backgrounds. The garden has a 200-gallon water storage tank that collects rainwater and receives treated water from the city. Your job is to monitor the water quality by tracking the concentration of nutrients that are added to help the plants grow.
 Initially, the tank contains 200 gallons of water with [image: 3] pounds of dissolved nutrients. At [image: t = 0] (measured in hours), the garden begins receiving city water that flows into the tank at a rate of [image: 5] gallons per hour. This incoming water contains nutrients at a concentration of [image: 0.2] pounds per gallon. To maintain proper circulation, water flows out of the tank at the same rate of [image: 5] gallons per hour, keeping the volume constant at 200 gallons. The water in the tank is continuously mixed by a solar-powered pump.
 Later in the day, you also need to monitor the temperature of water in a small greenhouse pool used for starting seedlings. The pool water needs to cool from its daytime temperature to be suitable for sensitive plants overnight.
 [ohm_question hide_question_numbers=1]313469[/ohm_question]
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				 	Write first-order linear differential equations in their standard form
 	Find and use integrating factors to solve first-order linear equations
 	Understand how carrying capacity affects population growth in the logistic model
 	Work with logistic equations and interpret what their solutions mean
 	Solve real-world problems using first-order linear differential equations
 
  First-Order Differential Equations
 Let’s build on what you already know about objects in motion. Previously, we looked at a ball thrown upward and modeled its velocity using the differential equation:
 [image: \frac{dv}{dt}=-32,v\left(0\right)={v}_{0}].
 This assumed only gravity affected the ball. But what happens when we add air resistance to our model?
 Air resistance always opposes motion. When an object is rising, air resistance acts in a downward direction. If the object is falling, air resistance acts in an upward direction (Figure 1). There’s no exact relationship between velocity and air resistance, but for small objects, we can approximate that air resistance is proportional to velocity.
 For small objects, air resistance is proportional to velocity. If [image: k > 0] is a constant, then the force due to air resistance is [image: F_A = -kv]. The negative sign ensures air resistance opposes the direction of motion.
 Now we can identify the total forces acting on our object. The gravitational force is [image: -mg] (acting downward), and the air resistance is [image: -kv] (opposing motion).
 [image: A diagram of a baseball with an arrow above it pointing up and an arrow below it pointing down. The upper arrow is labeled]Figure 1. Forces acting on a moving baseball: gravity acts in a downward direction and air resistance acts in a direction opposite to the direction of motion. Using Newton’s second law, the sum of these forces equals mass times acceleration:
 [image: m\frac{dv}{dt} = -kv - mg]
  Newton’s Second Law: The sum of forces acting on an object equals mass times acceleration: [image: F = ma] Adding an initial condition [image: v(0) = v_0] gives us the complete model for motion with air resistance:
 [image: m\frac{dv}{dt}=\text{-}kv-mg,v\left(0\right)={v}_{0}].
 Where [image: m] is mass, [image: k] is the air resistance coefficient, [image: g] is acceleration due to gravity, and [image: v_0] is initial velocity.
 
 The equation [image: m\frac{dv}{dt} = -kv - mg] is a first-order linear differential equation because the highest-order derivative is first-order ([image: \frac{dv}{dt}]) and the equation is linear in the unknown function and its derivative.
 first-order linear differential equation
 A first-order differential equation is linear if it can be written in the form
 [image: a\left(x\right){y}^{\prime }+b\left(x\right)y=c\left(x\right)],
  
 where [image: a\left(x\right),b\left(x\right)], and [image: c\left(x\right)] are arbitrary functions of [image: x].
  Remember that the unknown function [image: y] depends on the variable [image: x]. Here [image: x] is the independent variable and [image: y] is the dependent variable.
 Some examples of first-order linear differential equations are: [image: \begin{array}{ccc}\hfill \left(3{x}^{2}-4\right)y^{\prime} +\left(x - 3\right)y& =\hfill & \sin{x}\hfill \\ \hfill \left(\sin{x}\right)y^{\prime} -\left(\cos{x}\right)y& =\hfill & \cot{x}\hfill \\ \hfill 4xy^{\prime} +\left(3\text{ln}x\right)y& =\hfill & {x}^{3}-4x.\hfill \end{array}]
 In contrast, examples of first-order nonlinear differential equations include:
 [image: \begin{array}{ccc}\hfill {\left(y^{\prime} \right)}^{4}-{\left(y^{\prime} \right)}^{3}& =\hfill & \left(3x - 2\right)\left(y+4\right)\hfill \\ \hfill 4y^{\prime} +3{y}^{3}& =\hfill & 4x - 5\hfill \\ \hfill {\left(y^{\prime} \right)}^{2}& =\hfill & \sin{y}+\cos{x}.\hfill \end{array}]
 These equations are nonlinear because of terms like [image: {\left({y}^{\prime }\right)}^{4},{y}^{3}], etc. Due to these terms, it is impossible to put these equations into the same form as the definition.
  The key to identifying linear equations is that [image: y] and [image: y'] appear only to the first power and are not multiplied together. To identify if an equation is linear, look for powers of [image: y] or [image: y'] other than [image: 1], or products involving [image: y] and [image: y'] together. If you find any, the equation is nonlinear. 
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				Standard Form
 Consider the differential equation
 [image: \left(3{x}^{2}-4\right){y}^{\prime }+\left(x - 3\right)y=\sin{x}].
  
 Our main goal in this section is to derive a solution method for equations of this form. It is useful to have the coefficient of [image: {y}^{\prime }] be equal to [image: 1]. To make this happen, we divide both sides by [image: 3{x}^{2}-4].
 [image: {y}^{\prime }+\left(\frac{x - 3}{3{x}^{2}-4}\right)y=\frac{\sin{x}}{3{x}^{2}-4}]
  
 This is called the standard form of the differential equation. We will use it later when finding the solution to a general first-order linear differential equation.
 Returning to our general definition, we can divide both sides of the equation by [image: a\left(x\right)]. This leads to the equation
 [image: {y}^{\prime }+\frac{b\left(x\right)}{a\left(x\right)}y=\frac{c\left(x\right)}{a\left(x\right)}].
 Now define [image: p\left(x\right)=\frac{b\left(x\right)}{a\left(x\right)}] and [image: q\left(x\right)=\frac{c\left(x\right)}{a\left(x\right)}]. Then the definition becomes
 [image: {y}^{\prime }+p\left(x\right)y=q\left(x\right)].
 We can write any first-order linear differential equation in this form, and this is referred to as the standard form for a first-order linear differential equation.
 standard form for first-order linear differential equations
 The standard form of a first-order linear differential equation is:
 [image: y' + p(x)y = q(x)]
 where [image: p(x)] and [image: q(x)] are functions of [image: x] only.
  
 Put each of the following first-order linear differential equations into standard form. Identify [image: p\left(x\right)] and [image: q\left(x\right)] for each equation.
 	[image: y^{\prime} =3x - 4y]
 	[image: \frac{3xy^{\prime} }{4y - 3}=2] (here [image: x>0])
 	[image: y=3y^{\prime} -4{x}^{2}+5]
 
 
 Show Solution 	Add [image: 4y] to both sides:
  [image: y^{\prime} +4y=3x].
 
 
 In this equation, [image: p\left(x\right)=4] and [image: q\left(x\right)=3x].

 	Multiply both sides by [image: 4y - 3], then subtract [image: 8y] from each side:
  [image: \begin{array}{ccc}\hfill \frac{3xy^{\prime} }{4y - 3}& =\hfill & 2\hfill \\ \hfill 3xy^{\prime} & =\hfill & 2\left(4y - 3\right)\hfill \\ \hfill 3xy^{\prime} & =\hfill & 8y - 6\hfill \\ \hfill 3xy^{\prime} -8y& =\hfill & -6.\hfill \end{array}]
 
 
 Finally, divide both sides by [image: 3x] to make the coefficient of [image: y^{\prime}] equal to [image: 1\text{:}] 
 
 [image: y^{\prime} -\frac{8}{3x}y=-\frac{2}{3x}].
 This is allowable because in the original statement of this problem we assumed that [image: x>0]. (If [image: x=0] then the original equation becomes [image: 0=2], which is clearly a false statement.)
 
 In this equation, [image: p\left(x\right)=-\frac{8}{3x}] and [image: q\left(x\right)=-\frac{2}{3x}].

 	Subtract [image: y] from each side and add [image: 4{x}^{2}-5\text{:}] 
  [image: 3y^{\prime} -y=4{x}^{2}-5].
 
 
 Next divide both sides by [image: 3\text{:}] 
 
 [image: y^{\prime} -\frac{1}{3}y=\frac{4}{3}{x}^{2}-\frac{5}{3}].
 
 
 In this equation, [image: p\left(x\right)=-\frac{1}{3}] and [image: q\left(x\right)=\frac{4}{3}{x}^{2}-\frac{5}{3}].

 
 
   Watch the following video to see the worked solution to the example above.//plugin.3playmedia.com/show?mf=6722828&p3sdk_version=1.10.1&p=20361&pt=375&video_id=SrNV1z_b_4o&video_target=tpm-plugin-2sn3q61c-SrNV1z_b_4oYou can view the transcript for “4.5.1” here (opens in new window). [ohm_question hide_question_numbers=1]311306[/ohm_question] 
	

			
			


		
	
		
			
	
		141

		First-Order Linear Equations and Applications: Learn It 3

								

	
				Integrating Factors
 We now develop a solution technique for any first-order linear differential equation. We start with the standard form of a first-order linear differential equation:
 [image: y^{\prime} +p\left(x\right)y=q\left(x\right)].
 The first term on the left-hand side is the derivative of the unknown function, and the second term is the product of a known function with the unknown function. This is somewhat reminiscent of the product rule from differentiation.
 If we multiply [image: y' +p(x)y=q(x)] by a yet-to-be-determined function [image: \mu(x)], then the equation becomes:
 [image: \mu \left(x\right){y}^{\prime }+\mu \left(x\right)p\left(x\right)y=\mu \left(x\right)q\left(x\right)].
 The left-hand side of [image: y^{\prime} +p\left(x\right)y=q\left(x\right)] can be matched perfectly to the product rule.
 Recall the product rule:
 [image: \frac{d}{dx}[f(x)g(x)]=f'(x)g(x)+f(x)g'(x)]
  Matching term by term gives us [image: y=f(x)], [image: g(x)=\mu(x)], and [image: g'(x)=\mu(x)p(x)]. Taking the derivative of [image: g(x)=\mu(x)] and setting it equal to the right-hand side of [image: g'(x)=\mu(x)p(x)] leads to:
 [image: {\mu }^{\prime }\left(x\right)=\mu \left(x\right)p\left(x\right)].
 This is a first-order, separable differential equation for [image: \mu(x)]. We know [image: p(x)] because it appears in the differential equation we are solving. Separating variables and integrating yields:
 [image: \begin{array}{ccc}\hfill \frac{{\mu }^{\prime }\left(x\right)}{\mu \left(x\right)}& =\hfill & p\left(x\right)\hfill \\ \hfill {\displaystyle\int \frac{{\mu }^{\prime }\left(x\right)}{\mu \left(x\right)}dx}& =\hfill & {\displaystyle\int p\left(x\right)dx}\hfill \\ \hfill \text{ln}|\mu \left(x\right)|& =\hfill & {\displaystyle\int p\left(x\right)dx+C}\hfill \\ \hfill {e}^{\text{ln}|\mu \left(x\right)|}& =\hfill & {e}^{\displaystyle\int p\left(x\right)dx+C}\hfill \\ \hfill |\mu \left(x\right)|& =\hfill & {C}_{1}{e}^{\displaystyle\int p\left(x\right)dx}\hfill \\ \hfill \mu \left(x\right)& =\hfill & {C}_{2}{e}^{\displaystyle\int p\left(x\right)dx}\hfill \end{array}]
 Here [image: C_2] can be an arbitrary (positive or negative) constant. Since we only need one integrating factor to solve our equation, we can set [image: C_2 = 1]. This leads to a general method for solving a first-order linear differential equation.
 We first multiply both sides of [image: y' +p(x)y=q(x)] by the integrating factor [image: \mu(x)]. This gives:
 [image: \mu(x)y' +\mu(x)p(x)y=\mu(x)q(x)]
 The left-hand side can be rewritten as [image: \frac{d}{dx}(\mu(x)y)]:
 [image: \frac{d}{dx}(\mu(x)y)=\mu(x)q(x)]
 Next integrate both sides with respect to [image: x]:
 [image: \begin{array}{ccc}\hfill \int \frac{d}{dx}(\mu(x)y)dx& =\hfill & \int \mu(x)q(x)dx\hfill \ \hfill \mu(x)y& =\hfill & \int \mu(x)q(x)dx\hfill \end{array}]
 Divide both sides by [image: \mu(x)]:
 [image: y=\frac{1}{\mu(x)}\left[\int \mu(x)q(x)dx+C\right]]
 Since [image: \mu(x)] was previously calculated, we are now finished.
 integrating factor
 An integrating factor is a function [image: \mu(x)] that, when multiplied by a first-order linear differential equation, makes the left side equal to the derivative of a product. For the standard form [image: y' + p(x)y = q(x)], the integrating factor is:
 [image: \mu(x) = e^{\int p(x)dx}]
  When finding the integrating factor, we can set the constant of integration to zero since we only need one specific integrating factor. However, when solving for [image: y], we must include the constant [image: C] to get the general family of solutions. Problem-Solving Strategy: Solving a First-order Linear Differential Equation
 	Put the equation into standard form and identify [image: p\left(x\right)] and [image: q\left(x\right)].
 	Calculate the integrating factor [image: \mu \left(x\right)={e}^{\displaystyle\int p\left(x\right)dx}].
 	Multiply both sides of the differential equation by [image: \mu \left(x\right)].
 	Integrate both sides of the equation obtained in step [image: 3], and divide both sides by [image: \mu \left(x\right)].
 	If there is an initial condition, determine the value of [image: C].
 
  Find a general solution for the differential equation [image: xy^{\prime} +3y=4{x}^{2}-3x]. Assume [image: x>0].
 
 Show Solution 	To put this differential equation into standard form, divide both sides by [image: x\text{:}] 
  [image: y^{\prime} +\frac{3}{x}y=4x - 3].
 
 
 Therefore [image: p\left(x\right)=\frac{3}{x}] and [image: q\left(x\right)=4x - 3].

 	The integrating factor is [image: \mu \left(x\right)={e}^{\displaystyle\int \left(\frac{3}{x}\right)dx}={e}^{3\text{ln}x}={x}^{3}].
 	Multiplying both sides of the differential equation by [image: \mu \left(x\right)] gives us
  [image: \begin{array}{ccc}\hfill {x}^{3}{y}^{\prime }+{x}^{3}\left(\frac{3}{x}\right)y& =\hfill & {x}^{3}\left(4x - 3\right)\hfill \\ \hfill {x}^{3}{y}^{\prime }+3{x}^{2}y& =\hfill & 4{x}^{4}-3{x}^{3}\hfill \\ \hfill \frac{d}{dx}\left({x}^{3}y\right)& =\hfill & 4{x}^{4}-3{x}^{3}.\hfill \end{array}]
  

 	Integrate both sides of the equation.
  [image: \begin{array}{ccc}\hfill {\displaystyle\int \frac{d}{dx}\left({x}^{3}y\right)dx}& =\hfill & {\displaystyle\int 4{x}^{4}-3{x}^{3}dx}\hfill \\ \hfill {x}^{3}y& =\hfill & \frac{4{x}^{5}}{5}-\frac{3{x}^{4}}{4}+C\hfill \\ \hfill y& =\hfill & \frac{4{x}^{2}}{5}-\frac{3x}{4}+C{x}^{-3}.\hfill \end{array}]
  

 	There is no initial value, so the problem is complete.
 
 
 Analysis
 You may have noticed the condition that was imposed on the differential equation; namely, [image: x>0]. For any nonzero value of [image: C], the general solution is not defined at [image: x=0]. Furthermore, when [image: x<0], the integrating factor changes. The integrating factor is given by [image: \mu \left(x\right){y}^{\prime }+\mu \left(x\right)p\left(x\right)y=\mu \left(x\right)q\left(x\right)] as [image: f\left(x\right)={e}^{\displaystyle\int p\left(x\right)dx}]. For this [image: p\left(x\right)] we get
 [image: {e}^{\displaystyle\int p\left(x\right)dx=}{e}^{\displaystyle\int \left(\frac{3}{x}\right)dx}={e}^{3\text{ln}|x|}={|x|}^{3}],
  
 since [image: x<0]. The behavior of the general solution changes at [image: x=0] largely due to the fact that [image: p\left(x\right)] is not defined there.
 
   Watch the following video to see the worked solution to the example above.https://youtube.com/watch?v=doLN3RtE264%3Fcontrols%3D0%26start%3D0%26end%3D300%26autoplay%3D0For closed captioning, open the video on its original page by clicking the Youtube logo in the lower right-hand corner of the video display. In YouTube, the video will begin at the same starting point as this clip, but will continue playing until the very end.You can view the transcript for this segmented clip of “4.5.2” here (opens in new window). Now we use the same strategy to find the solution to an initial-value problem.
 Solve the initial-value problem
 [image: {y}^{\prime }+3y=2x - 1,y\left(0\right)=3].
  
 
 Show Solution 	This differential equation is already in standard form with [image: p\left(x\right)=3] and [image: q\left(x\right)=2x - 1].
 	The integrating factor is [image: \mu \left(x\right)={e}^{\displaystyle\int 3dx}={e}^{3x}].
 	Multiplying both sides of the differential equation by [image: \mu \left(x\right)] gives
  [image: \begin{array}{ccc}\hfill {e}^{3x}{y}^{\prime }+3{e}^{3x}y& =\hfill & \left(2x - 1\right){e}^{3x}\hfill \\ \hfill \frac{d}{dx}\left[y{e}^{3x}\right]& =\hfill & \left(2x - 1\right){e}^{3x}.\hfill \end{array}]
 
 
 Integrate both sides of the equation:
 
 [image: \begin{array}{ccc}\hfill {\displaystyle\int \frac{d}{dx}\left[y{e}^{3x}\right]dx}& =\hfill & {\displaystyle\int \left(2x - 1\right){e}^{3x}dx}\hfill \\ \hfill y{e}^{3x}& =\hfill & \frac{{e}^{3x}}{3}\left(2x - 1\right)-{\displaystyle\int \frac{2}{3}{e}^{3x}dx}\hfill \\ \hfill y{e}^{3x}& =\hfill & \frac{{e}^{3x}\left(2x - 1\right)}{3}-\frac{2{e}^{3x}}{9}+C\hfill \\ \hfill y& =\hfill & \frac{2x - 1}{3}-\frac{2}{9}+C{e}^{-3x}\hfill \\ \hfill y& =\hfill & \frac{2x}{3}-\frac{5}{9}+C{e}^{-3x}.\hfill \end{array}]
  

 	Now substitute [image: x=0] and [image: y=3] into the general solution and solve for [image: C\text{:}] 
  [image: \begin{array}{ccc}\hfill y& =\hfill & \frac{2}{3}x-\frac{5}{9}+C{e}^{-3x}\hfill \\ \hfill 3& =\hfill & \frac{2}{3}\left(0\right)-\frac{5}{9}+C{e}^{-3\left(0\right)}\hfill \\ \hfill 3& =\hfill & -\frac{5}{9}+C\hfill \\ \hfill C& =\hfill & \frac{32}{9}.\hfill \end{array}]
 
 
 Therefore the solution to the initial-value problem is
 
 [image: y=\frac{2}{3}x-\frac{5}{9}+\frac{32}{9}{e}^{-3x}].
  

 
 
   Watch the following video to see the worked solution to the example above.https://youtube.com/watch?v=doLN3RtE264%3Fcontrols%3D0%26start%3D301%26end%3D630%26autoplay%3D0For closed captioning, open the video on its original page by clicking the Youtube logo in the lower right-hand corner of the video display. In YouTube, the video will begin at the same starting point as this clip, but will continue playing until the very end.You can view the transcript for this segmented clip of “4.5.2” here (opens in new window). [ohm_question hide_question_numbers=1]311313[/ohm_question] 
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				Population Growth and Carrying Capacity
 Differential equations provide powerful tools for modeling how population sizes change over time. While exponential growth represents the simplest model, real populations face additional constraints that create more realistic growth patterns.
 When modeling population growth, we use specific variables to represent key components. The variable [image: t] represents time, which can be measured in hours, days, weeks, months, or years depending on the problem. The variable [image: P] represents population, and since population varies over time, we write it as a function [image: P(t)].
 If [image: P(t)] is differentiable, then the first derivative [image: \frac{dP}{dt}] represents the instantaneous rate of change of the population as a function of time. This derivative tells us how fast the population is growing or shrinking at any given moment.
 population rate interpretation
 The derivative [image: \frac{dP}{dt}] tells us how fast the population is growing or shrinking at any given moment.
  The exponential growth function [image: P(t) = P_0 e^{rt}] provides our starting point for population modeling. In this function, [image: P(t)] represents the population at time [image: t], [image: P_0] represents the initial population (population at time [image: t = 0]), and the constant [image: r > 0] is called the growth rate.
 The function [image: P(t) = 100e^{0.03t}] models a population starting at 100 individuals with a growth rate of 0.03. This creates the classic J-shaped exponential curve. [image: A graph of an exponential function p(t) = 100 e ^ (0.03 t). It is an increasing concave up function starting in quadrant 2, crosses the y-axis at (0, 100), and increases in quadrant 1.]Figure 1. An exponential growth model of   We can verify that the function [image: P(t) = P_0 e^{rt}] satisfies the initial-value problem:
 [image: \frac{dP}{dt}=rP,P\left(0\right)={P}_{0}].
 This differential equation states that the population growth rate is proportional to the current population size, with the constant of proportionality [image: r] never changing.
 One major problem with exponential growth is its prediction of unlimited population increase. This is unrealistic since various factors limit population growth: birth rate, death rate, food supply, predators, and available space. The growth constant [image: r] typically accounts for birth and death rates but ignores these other limiting factors.
 Biologists have observed that many populations grow until reaching a steady-state level. This leads to the concept of carrying capacity – the maximum population an environment can sustain indefinitely.
 carrying capacity
 The maximum population of an organism that an environment can sustain indefinitely. We use the variable [image: K] to represent carrying capacity.
  The logistic differential equation incorporates carrying capacity to create a more realistic population model:
 [image: \frac{dP}{dt} = rP\left(1 - \frac{P}{K}\right)]
 where [image: K] is the carrying capacity, [image: r] is the growth rate, and [image: P(t)] represents population at time [image: t].
 logistic differential equation
 Let [image: K] represent the carrying capacity for a particular organism in a given environment, and let [image: r] be a real number that represents the growth rate. The function [image: P\left(t\right)] represents the population of this organism as a function of time [image: t], and the constant [image: {P}_{0}] represents the initial population (population of the organism at time [image: t=0]). Then the logistic differential equation is
 [image: \frac{dP}{dt}=rP\left(1-\frac{P}{K}\right)]
  This equation behaves differently depending on the population size relative to carrying capacity:
 	When [image: P] is small compared to [image: K]: The term [image: \frac{P}{K}] is close to zero, so [image: 1 - \frac{P}{K} \approx 1]. The equation becomes approximately [image: \frac{dP}{dt} = rP], resembling exponential growth.
 	As [image: P] approaches [image: K]: The term [image: 1 - \frac{P}{K}] gets smaller, slowing the growth rate. When [image: P = K], we get [image: \frac{dP}{dt} = 0], so population stops changing.
 	When [image: P > K]: The term [image: 1 - \frac{P}{K}] becomes negative, causing population to decrease toward the carrying capacity.
 
 Populations below carrying capacity grow toward [image: K]. Populations above carrying capacity decline toward [image: K]. The carrying capacity acts as a stable equilibrium point.  There were an estimated [image: 150] pileated woodpeckers (Dryocopus pileatus) in a forest at the beginning of 2020. At the beginning of 2021, the population had increased to about [image: 175]. Based on the size of the forest, the carrying capacity is estimated to be about [image: 400] pileated woodpeckers. 	Write a logistic differential equation and initial condition to model this population. Use [image: t=0] for the beginning of 2020.
 	Draw a direction field for this logistic differential equation, and sketch the solution curve corresponding to the initial condition.
 	Solve the initial-value problem for [image: P\left(t\right)].
 	According to this model, what will the population be at the beginning of 2025?
 	How long will it take the population to reach [image: 75%] of the carrying capacity?
 
 Show Solution 	The logistic differential equation formula is [image: \frac{dP}{dt}=rP \left( 1-\frac{P}{K} \right)]. We are told that the carrying capacity is [image: 400] so we substitute this value in for [image: K]. To approximate [image: r], we can use the fact that the population increased from [image: 150] to [image: 175] in one year. Thus, the growth rate is [image: r = \frac{175-150}{150} = \frac{25}{150} = \frac{1}{6} \approx 16.67%].To find the initial condition, we use the fact that there are [image: 150] pileated woodpeckers at the beginning of 2020, so [image: P_0=150]. Putting this all together gives us the following initial-value problem.[image: \frac{dP}{dt}=0.1667 P \left( 1-\frac{P}{400} \right)],   [image: P\left(0\right)=150]
 	[image: A direction field for the logistic differential equation with a solution curve drawn corresponding to the initial condition.]
 	We can solve the differential equation using separation of variables.
 \begin{array}{rll}
 \frac{dP}{dt} & =\hfill 0.1667 P \left( 1-\frac{P}{400} \right) &\hfill \\
 \frac{dP}{dt} & =\hfill 0.1667 P \left( \frac{400-P}{400} \right) & \text{Rewrite the expression inside the parentheses}\\
 \hfill & \hfill & \text{as one combined fraction.}\\
 \frac{dP}{P\left(400-P\right)} & =\hfill\frac{0.1667}{400}dt & \text{Divide both sides by the factors }P\text{ and }400-P\text{.}\\
 \hfill & \hfill & \text{Multiply both sides by }dt\text{.}\\
 \int \frac{1}{400}\left(\frac{1}{P}-\frac{1}{400-P}\right)dP & =\hfill \int\frac{0.1667}{400}dt & \text{Use partial fraction decomposition to rewrite the left side}\\
 \hfill & \hfill & \text{and integrate both sides.}\\
 \frac{1}{400}\left( \ln \left| P \right|-\ln \left| 400-P \right|\right) & =\hfill \frac{0.1667}{400}t+C_1 &\hfill\\
 \ln \left| \frac{P}{400-P} \right| & =\hfill 0.1667t+C_2 & \text{Multiply both sides by }400\\
 \hfill & \hfill & \text{ and use the quotient rule to combine the logarightms.}\\
 \left| \frac{P}{400-P} \right| & =\hfill e^{0.1667t+C_2} & \text{Rewrite the equation using the definition of the natural logarithm.}\\
 \left| \frac{P}{400-P} \right| & =\hfill C e^{0.1667t} & \text{Rewrite the right side using the properties of exponents.}\\
 \frac{P}{400-P} & =\hfill C e^{0.1667t} & \text{If we allow the constant }C\text{ to be positive or negative,}\\
 \hfill & \hfill & \text{ we can remove the absolute value.}\\
 \end{array}At this point, we can substitute the values from the initial condition to find [image: C].
 \begin{array}{rll}
 \frac{150}{400-150} \hfill & =\hfill C e^{0.1667 \left( 0 \right)} &&\hfill t=0 \text{ and }P=150\text{.}\\
 \frac{150}{250} \hfill & =\hfill C \left( 1 \right) &&\hfill \\
 C \hfill & =\hfill \frac{3}{5} &&\hfill
 \end{array}Substitute [image: C = \frac{3}{5}] and solve for [image: P].
 \begin{array}{rll}
 \frac{P}{400-P} & =\hfill \frac{3}{5} e^{0.1667t} & \\
 P & =\hfill \frac{3}{5} e^{0.1667t} \left( 400-P \right) & \text{Multiply both sides by }400-P\text{.}\\
 P & =\hfill 400 \left( \frac{3}{5} \right) e^{0.1667t} – P \left( \frac{3}{5} \right) e^{0.1667t} & \text{Distribute.}\\
 P + \frac{3}{5} P e^{0.1667t} & =\hfill240 e^{0.1667t} & \text{Simplify and bring all terms with }P\text{ to the left side.}\\
 P \left( 1 + \frac{3}{5} e^{0.1667t} \right) & =\hfill 240 e^{0.1667t} & \text{Factor }P\text{ from the left side.}\\
 P & =\hfill \frac{240 e^{0.1667t}}{1 + \frac{3}{5} e^{0.1667t}} & \text{Divide to isolate }P\text{ on the left side.}\\
 P \left( t \right) & =\hfill \frac{1200 e^{0.1667t}}{5 + 3 e^{0.1667t}} & \text{Multiply numerator and denominator by }5\text{ to simplify.}
 \end{array}
 	The beginning of 2025 corresponds to [image: t=5] and [image: P \left( 5 \right) \approx 232]. There will be approximately [image: 232] pileated woodpeckers at the beginning of 2025.
 	Note that [image: 75%] of the carrying capacity is [image: 0.75 \left( 400 \right) = 300]. We set [image: P\left(t\right) = 300] and solve for [image: t]. \begin{array}{rll}
 \frac{1200 e^{0.1667t}}{5 + 3 e^{0.1667t}} & =\hfill 300 & \\
 1200 e^{0.1667t} & =\hfill 300 \left( 5 + 3 e^{0.1667t} \right) & \text{Multiply both sides by the denominator.} \\
 1200 e^{0.1667t} & =\hfill 1500 + 900 e^{0.1667t} & \text{Distribute.} \\
 300 e^{0.1667t} & =\hfill 1500 & \text{Subtract }900 e^{0.1667t}\text{ from both sides.} \\
 t & =\hfill \frac{\ln \left( 5 \right)}{0.1667} & \text{Divide by }300\text{, take the natural logarithm, and divide by }5\text{ on both sides.} \\
 t &\approx\hfill 9.65 &
 \end{array}
 The population will reach [image: 300] by the end of 2029.
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				Solving the Logistic Differential Equation
 The logistic differential equation is an autonomous differential equation, so we can use separation of variables to find the general solution.
 Step 1: Find the equilibrium solutions
 Setting the right-hand side equal to zero gives us [image: P = 0] and [image: P = K] as constant solutions.
 	When [image: P = 0]: If no organisms are present, the population will never grow
 	When [image: P = K]: If the population starts at carrying capacity, it remains constant
 
 Step 2: Separate the variables
 Rewrite the differential equation as:
 [image: \frac{dP}{dt} = \frac{rP(K-P)}{K}]
 Multiply both sides by [image: dt] and divide by [image: P(K-P)]:
 [image: \frac{dP}{P(K-P)} = \frac{r}{K}dt]
 Step 3: Prepare for integration
 Multiply both sides by [image: K]:
 [image: \int \frac{K}{P(K-P)}dP = \int r dt]
 Step 4: Use partial fraction decomposition
 The left side can be decomposed using partial fractions:
 [image: \frac{K}{P(K-P)} = \frac{1}{P} + \frac{1}{K-P}]
 You can verify this decomposition by finding a common denominator on the right side and checking that it equals the left side.
 Step 5: Integrate both sides
 [image: \int \left(\frac{1}{P} + \frac{1}{K-P}\right)dP = \int r dt]
 [image: \ln|P| - \ln|K-P| = rt + C]
 [image: \ln\left|\frac{P}{K-P}\right| = rt + C]
 Step 6: Solve for [image: P]
 Exponentiate both sides to eliminate the natural logarithm:
 [image: e^{\ln\left|\frac{P}{K-P}\right|} = e^{rt+C}]
 [image: \left|\frac{P}{K-P}\right| = e^C \cdot e^{rt}]
 Defining [image: C_1 = e^C], we get: [image: \frac{P}{K-P} = C_1 e^{rt}]
 Step 7: Solve for [image: P(t)]
 Starting from [image: \frac{P}{K-P} = C_1 e^{rt}], multiply both sides by [image: K-P]:
 [image: P = C_1 e^{rt}(K-P)]
 [image: P = C_1 K e^{rt} - C_1 P e^{rt}]
 Collect all terms containing [image: P] on the left side:
 [image: P + C_1 P e^{rt} = C_1 K e^{rt}]
 Factor out [image: P] and solve:
 [image: P(1 + C_1 e^{rt}) = C_1 K e^{rt}]
 [image: P(t) = \frac{C_1 K e^{rt}}{1 + C_1 e^{rt}}]
 Step 8: Find the constant [image: C_1]
 To determine [image: C_1], use the initial condition. When [image: t = 0], [image: P(0) = P_0].
 Substitute into [image: \frac{P}{K-P} = C_1 e^{rt}]:
 [image: \frac{P_0}{K-P_0} = C_1 e^{r(0)} = C_1]
 Therefore: [image: C_1 = \frac{P_0}{K-P_0}]
 Step 9: Complete the solution
 Substitute [image: C_1 = \frac{P_0}{K-P_0}] into our equation:
 [image: P(t) = \frac{C_1 K e^{rt}}{1 + C_1 e^{rt}} = \frac{\frac{P_0}{K-P_0} \cdot K e^{rt}}{1 + \frac{P_0}{K-P_0} e^{rt}}]
 Multiply numerator and denominator by [image: \left(K-{P}_{0}\right)] to simplify:
 [image: \begin{array}{cc}\hfill P\left(t\right)& =\frac{\frac{{P}_{0}}{K-{P}_{0}}K{e}^{rt}}{1+\frac{{P}_{0}}{K-{P}_{0}}{e}^{rt}}\hfill \\ & =\frac{\frac{{P}_{0}}{K-{P}_{0}}K{e}^{rt}}{1+\frac{{P}_{0}}{K-{P}_{0}}{e}^{rt}}\cdot \frac{K-{P}_{0}}{K-{P}_{0}}\hfill \\ & =\frac{{P}_{0}K{e}^{rt}}{\left(K-{P}_{0}\right)+{P}_{0}{e}^{rt}}.\hfill \end{array}]
  We state this result as a theorem.
 logistic growth solution
 Consider the logistic differential equation subject to an initial population of [image: {P}_{0}] with carrying capacity [image: K] and growth rate [image: r]. The solution to the corresponding initial-value problem is:
 [image: P\left(t\right)=\dfrac{{P}_{0}K{e}^{rt}}{\left(K-{P}_{0}\right)+{P}_{0}{e}^{rt}}].
  Finding the Point of Inflection
 The logistic growth curve has a point of inflection where the growth rate changes from increasing to decreasing. To find this point, we set the second derivative equal to zero.
 Starting with our solution, we can find the derivatives:
 [image: \begin{array}{ccc}\hfill P\left(t\right)& =\hfill & \frac{{P}_{0}K{e}^{rt}}{\left(K-{P}_{0}\right)+{P}_{0}{e}^{rt}}\hfill \\ \hfill {P}^{\prime }\left(t\right)& =\hfill & \frac{r{P}_{0}K\left(K-{P}_{0}\right){e}^{rt}}{{\left(\left(K-{P}_{0}\right)+{P}_{0}{e}^{rt}\right)}^{2}}\hfill \\ \hfill P^{\prime\prime}\left(t\right)& =\hfill & \frac{{r}^{2}{P}_{0}K{\left(K-{P}_{0}\right)}^{2}{e}^{rt}-{r}^{2}{P}_{0}{}^{2}K\left(K-{P}_{0}\right){e}^{2rt}}{{\left(\left(K-{P}_{0}\right)+{P}_{0}{e}^{rt}\right)}^{3}}\hfill \\ & =\hfill & \frac{{r}^{2}{P}_{0}K\left(K-{P}_{0}\right){e}^{rt}\left(\left(K-{P}_{0}\right)-{P}_{0}{e}^{rt}\right)}{{\left(\left(K-{P}_{0}\right)+{P}_{0}{e}^{rt}\right)}^{3}}.\hfill \end{array}]
 Setting the numerator equal to zero,
 [image: {r}^{2}{P}_{0}K\left(K-{P}_{0}\right){e}^{rt}\left(\left(K-{P}_{0}\right)-{P}_{0}{e}^{rt}\right)=0].
  
 As long as [image: {P}_{0}\ne K], the entire quantity before and including [image: {e}^{rt}] is nonzero, so we can divide it out:
 [image: \left(K-{P}_{0}\right)-{P}_{0}{e}^{rt}=0].
 Solving for [image: t],
 [image: \begin{array}{ccc}\hfill {P}_{0}{e}^{rt}& =\hfill & K-{P}_{0}\hfill \\ \hfill {e}^{rt}& =\hfill & \frac{K-{P}_{0}}{{P}_{0}}\hfill \\ \hfill \text{ln}{e}^{rt}& =\hfill & \text{ln}\frac{K-{P}_{0}}{{P}_{0}}\hfill \\ \hfill rt& =\hfill & \text{ln}\frac{K-{P}_{0}}{{P}_{0}}\hfill \\ \hfill t& =\hfill & \frac{1}{r}\text{ln}\frac{K-{P}_{0}}{{P}_{0}}.\hfill \end{array}]
 If [image: P_0 > K] (initial population exceeds carrying capacity), this expression becomes undefined because we’d be taking the natural logarithm of a negative number. In this case, the population decreases monotonically toward [image: K] with no inflection point. The inflection point marks where the population growth changes from accelerating to decelerating. This is where the “leveling off” begins as the population approaches the carrying capacity and growth becomes limited by available resources.
 A population of rabbits in a meadow is observed to be [image: 200] rabbits at time [image: t=0]. After a month, the rabbit population is observed to have increased by [image: 4\text{%}]. Using an initial population of [image: 200] and a growth rate of [image: 0.04], with a carrying capacity of [image: 750] rabbits,
 	Write the logistic differential equation and initial condition for this model.
 	Draw a slope field for this logistic differential equation, and sketch the solution corresponding to an initial population of [image: 200] rabbits.
 	Solve the initial-value problem for [image: P\left(t\right)].
 	Use the solution to predict the population after [image: 1] year.
 
 
 Hint First determine the values of [image: r,K], and [image: {P}_{0}]. Then create the initial-value problem, draw the direction field, and solve the problem.
 
  Show Solution 	[image: \frac{dP}{dt}=0.04\left(1-\frac{P}{750}\right),P\left(0\right)=200]
 
 	 
 [image: A direction field with horizontal lines on the x-axis and y = 15. The other lines are vertical, except for those curving into the x-axis and y = 15. A solution is drawn that crosses the y-axis at about (0, 4) and asymptotically approaches y = 15.]Figure 4. 
 	[image: P\left(t\right)=\frac{3000{e}^{.04t}}{11+4{e}^{.04t}}]
 
 	After [image: 12] months, the population will be [image: P\left(12\right)\approx 278] rabbits.
 
 
 
   [ohm_question hide_question_numbers=1]311314[/ohm_question] 
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				 	Write first-order linear differential equations in their standard form
 	Find and use integrating factors to solve first-order linear equations
 	Understand how carrying capacity affects population growth in the logistic model
 	Work with logistic equations and interpret what their solutions mean
 	Solve real-world problems using first-order linear differential equations
 
  Applications of First-order Linear Differential Equations
 We look at two different applications of first-order linear differential equations. The first involves air resistance as it relates to objects that are rising or falling; the second involves an electrical circuit. Other applications are numerous, but most are solved in a similar fashion.
 Free fall with air resistance
 We discussed air resistance at the beginning of this section. The next example shows how to apply this concept for a ball in vertical motion. Other factors can affect the force of air resistance, such as the size and shape of the object, but we ignore them here.
 A racquetball is hit straight upward with an initial velocity of [image: 2] m/s. The mass of a racquetball is approximately [image: 0.0427] kg. Air resistance acts on the ball with a force numerically equal to [image: 0.5v], where [image: v] represents the velocity of the ball at time [image: t].
 	Find the velocity of the ball as a function of time.
 	How long does it take for the ball to reach its maximum height?
 	If the ball is hit from an initial height of [image: 1] meter, how high will it reach?
 
 
 Show Solution 	The mass [image: m=0.0427\text{kg},k=0.5], and [image: g=9.8{\text{m/s}}^{2}]. The initial velocity is [image: {v}_{0}=2] m/s. Therefore the initial-value problem is
  [image: 0.0427\frac{dv}{dt}=-0.5v - 0.0427\left(9.8\right),{v}_{0}=2].
 
 
 Dividing the differential equation by [image: 0.0427] gives
 
 [image: \frac{dv}{dt}=-11.7096v - 9.8,{v}_{0}=2].
  
 
 
 The differential equation is linear. Using the problem-solving strategy for linear differential equations:
 
 Step 1. Rewrite the differential equation as [image: \frac{dv}{dt}+11.7096v=-9.8]. This gives [image: p\left(t\right)=11.7096] and [image: q\left(t\right)=-9.8] 
 
 Step 2. The integrating factor is [image: \mu \left(t\right)={e}^{\displaystyle\int 11.7096dt}={e}^{11.7096t}]. 
 
 Step 3. Multiply the differential equation by [image: \mu \left(t\right)\text{:}] 
 
 [image: \begin{array}{ccc}\hfill {e}^{11.7096t}\frac{dv}{dt}+11.7096v{e}^{11.7096t}& =\hfill & -9.8{e}^{11.7096t}\hfill \\ \hfill \frac{d}{dt}\left[v{e}^{11.7096t}\right]& =\hfill & -9.8{e}^{11.7096t}.\hfill \end{array}]
 
 
 Step 4. Integrate both sides:
 
 [image: \begin{array}{ccc}\hfill {\displaystyle\int \frac{d}{dt}\left[v{e}^{11.7096t}\right]dt}& =\hfill & {\displaystyle\int -9.8{e}^{11.7096t}dt}\hfill \\ \hfill v{e}^{11.7096t}& =\hfill & \frac{-9.8}{11.7096}{e}^{11.7096t}+C\hfill \\ \hfill v\left(t\right)& =\hfill & -0.8369+C{e}^{-11.7096t}.\hfill \end{array}]
 
 
 Step 5. Solve for [image: C] using the initial condition [image: {v}_{0}=v\left(0\right)=2\text{:}] 
 
 [image: \begin{array}{ccc}\hfill v\left(t\right)& =\hfill & -0.8369+C{e}^{-11.7096t}\hfill \\ \hfill v\left(0\right)& =\hfill & -0.8369+C{e}^{-11.7096\left(0\right)}\hfill \\ \hfill 2& =\hfill & -0.8369+C\hfill \\ \hfill C& =\hfill & 2.8369.\hfill \end{array}]
 
 
 Therefore the solution to the initial-value problem is [image: v\left(t\right)=2.8369{e}^{-11.7096t}-0.8369].

 	The ball reaches its maximum height when the velocity is equal to zero. The reason is that when the velocity is positive, it is rising, and when it is negative, it is falling. Therefore when it is zero, it is neither rising nor falling, and is at its maximum height:
  [image: \begin{array}{}\\ \hfill 2.8369{e}^{-11.7096t}-0.8369& =\hfill & 0\hfill \\ \hfill 2.8369{e}^{-11.7096t}& =\hfill & 0.8369\hfill \\ \hfill {e}^{-11.7096t}& =\hfill & \frac{0.8369}{2.8369}\approx 0.295\hfill \\ \hfill \text{ln}{e}^{-11.7096t}& =\hfill & \text{ln}0.295\approx -1.221\hfill \\ \hfill -11.7096t& =\hfill & -1.221\hfill \\ \hfill t& \approx \hfill & 0.104.\hfill \end{array}]
 
 
 Therefore it takes approximately [image: 0.104] second to reach maximum height.

 	To find the height of the ball as a function of time, use the fact that the derivative of position is velocity, i.e., if [image: h\left(t\right)] represents the height at time [image: t], then [image: {h}^{\prime }\left(t\right)=v\left(t\right)]. Because we know [image: v\left(t\right)] and the initial height, we can form an initial-value problem:
  [image: {h}^{\prime }\left(t\right)=2.8369{e}^{-11.7096t}-0.8369,h\left(0\right)=1].
 
 
 Integrating both sides of the differential equation with respect to [image: t] gives
 
 [image: \begin{array}{ccc}\hfill {\displaystyle\int {h}^{\prime }\left(t\right)dt}& =\hfill & {\displaystyle\int 2.8369{e}^{-11.7096t}-0.8369dt}\hfill \\ \hfill h\left(t\right)& =\hfill & -\frac{2.8369}{11.7096}{e}^{-11.7096t}-0.8369t+C\hfill \\ \hfill h\left(t\right)& =\hfill & -0.2423{e}^{-11.7096t}-0.8369t+C.\hfill \end{array}]
 
 
 Solve for [image: C] by using the initial condition:
 
 [image: \begin{array}{ccc}\hfill h\left(t\right)& =\hfill & -0.2423{e}^{-11.7096t}-0.8369t+C\hfill \\ \hfill h\left(0\right)& =\hfill & -0.2423{e}^{-11.7096\left(0\right)}-0.8369\left(0\right)+C\hfill \\ \hfill 1& =\hfill & -0.2423+C\hfill \\ \hfill C& =\hfill & 1.2423.\hfill \end{array}]
 
 
 Therefore
 
 [image: h\left(t\right)=-0.2423{e}^{-11.7096t}-0.8369t+1.2423].
 
 
 After [image: 0.104] second, the height is given by
 
 [image: h\left(0.2\right)=-0.2423{e}^{-11.7096t}-0.8369t+1.2423\approx 1.0836] meter.

 
 
   Watch the following video to see the worked solution to the example above.https://youtube.com/watch?v=N6wo00P3ab0%3Fcontrols%3D0%26start%3D28%26end%3D834%26autoplay%3D0 For closed captioning, open the video on its original page by clicking the Youtube logo in the lower right-hand corner of the video display. In YouTube, the video will begin at the same starting point as this clip, but will continue playing until the very end.
 You can view the transcript for this segmented clip of “4.5.3” here (opens in new window).
  The weight of a penny is [image: 2.5] grams (United States Mint, “Coin Specifications,” accessed April 9, 2015, http://www.usmint.gov/about_the_mint/?action=coin_specifications), and the upper observation deck of the Empire State Building is [image: 369] meters above the street. Since the penny is a small and relatively smooth object, air resistance acting on the penny is actually quite small. We assume the air resistance is numerically equal to [image: 0.0025v]. Furthermore, the penny is dropped with no initial velocity imparted to it.
 	Set up an initial-value problem that represents the falling penny.
 	Solve the problem for [image: v\left(t\right)].
 	What is the terminal velocity of the penny (i.e., calculate the limit of the velocity as [image: t] approaches infinity)?
 
 
 Hint Set up the differential equation the same way as the example: Writing First-Order Linear Equations in Standard Form Remember to convert from grams to kilograms.
 
  Show Solution 	[image: \begin{array}{ccc}\hfill \frac{dv}{dt}& =\hfill & \text{-}v - 9.8\hfill \\ \hfill v\left(0\right)& =\hfill & 0\hfill \end{array}]
 	[image: v\left(t\right)=9.8\left({e}^{\text{-}t}-1\right)]
 	[image: \underset{t\to \infty }{\text{lim}}v\left(t\right)=\underset{t\to \infty }{\text{lim}}\left(9.8\left({e}^{\text{-}t}-1\right)\right)=-9.8\text{m/s}\approx -21.922\text{mph}]
 
 
   Electrical Circuits
 Electrical circuits involve the flow of current through various components, each creating specific voltage drops. Understanding these relationships allows engineers to analyze and design everything from simple household circuits to complex electronic devices.
 When a source of electromotive force (like a battery or generator) drives current through a closed circuit, that current encounters resistance, inductance, and capacitance. Each of these circuit elements affects the voltage in predictable ways.
 Kirchhoff’s Loop Rule states that the sum of all voltage drops around any closed circuit loop equals the total electromotive force. This fundamental principle lets us set up equations that describe circuit behavior.
 The voltage drop across each type of circuit element follows specific patterns:
 Resistor: [image: E_R = Ri]
 	[image: R] = resistance (a constant)
 	[image: i] = current
 
 Inductor: [image: E_L = Li']
 	[image: L] = inductance (a constant)
 	[image: i'] = rate of change of current
 
 Capacitor: [image: E_C = \frac{1}{C}q]
 	[image: C] = capacitance (a constant)
 	[image: q] = instantaneous charge
 
 The circuit shown below contains all three types of components: a voltage source ([image: V_S]), capacitor ([image: C]), inductor ([image: L]), and resistor ([image: R]). This configuration allows us to analyze how differential equations emerge from physical circuit laws.
 
 [image: A diagram of an electric circuit in a rectangle. The top has a capacitor C, the left has a voltage generator Vs, the bottom was a resistor R, and the right has an inductor L.]Figure 2. A typical electric circuit, containing a voltage generator [image: \left({V}_{S}\right)], capacitor [image: \left(C\right)], inductor [image: \left(L\right)], and resistor [image: \left(R\right)].  Understanding the units helps ensure your calculations make physical sense:
 	Voltage [image: E]: volts (V)
 	Current [image: i]: amperes (A)
 	Charge [image: q]: coulombs (C)
 	Resistance [image: R]: ohms (Ω)
 	Inductance [image: L]: henrys (H)
 	Capacitance [image: C]: farads (F)
 
  Applying Kirchhoff’s Loop Rule to this circuit, we let [image: E] denote the electromotive force supplied by the voltage generator. Then
 [image: {E}_{L}+{E}_{R}+{E}_{C}=E].
 Substituting the expressions for [image: {E}_{L},{E}_{R}], and [image: {E}_{C}] into this equation, we obtain
 [image: L{i}^{\prime }+Ri+\frac{1}{C}q=E].
 If there is no capacitor in the circuit, then the equation becomes
 [image: L{i}^{\prime }+Ri=E].
 This is a first-order differential equation in [image: i]. The circuit is referred to as an [image: LR] circuit.
 Next, suppose there is no inductor in the circuit, but there is a capacitor and a resistor, so [image: L=0,R\ne 0], and [image: C\ne 0]. Then [image: y=\dfrac{1}{\mu \left(x\right)}\left[\displaystyle\int \mu \left(x\right)q\left(x\right)dx+C\right]] can be rewritten as
 [image: R{q}^{\prime }+\frac{1}{C}q=E],
 which is a first-order linear differential equation. This is referred to as an [image: RC] circuit. In either case, we can set up and solve an initial-value problem.
 A circuit has in series an electromotive force given by [image: E=50\sin{20t}\text{ V}], a resistor of [image: 5 \Omega], and an inductor of [image: 0.4\text{H}\text{.}] If the initial current is [image: 0], find the current at time [image: t>0].
 
 Show Solution We have a resistor and an inductor in the circuit, so we use [image: L{i}^{\prime }+Ri+\frac{1}{C}q=E]. The voltage drop across the resistor is given by [image: {E}_{R}=Ri=5i]. The voltage drop across the inductor is given by [image: {E}_{L}=L{i}^{\prime }=0.4{i}^{\prime }]. The electromotive force becomes the right-hand side of the equation. Therefore the equation becomes
 [image: 0.4{i}^{\prime }+5i=50\sin{20t}].
  
 Dividing both sides by [image: 0.4] gives the equation
 [image: {i}^{\prime }+12.5i=125\sin{20t}].
  
 Since the initial current is 0, this result gives an initial condition of [image: i\left(0\right)=0]. We can solve this initial-value problem using the five-step strategy for solving first-order differential equations.
 Step 1. Rewrite the differential equation as [image: {i}^{\prime }+12.5i=125\sin{20t}]. This gives [image: p\left(t\right)=12.5] and [image: q\left(t\right)=125\sin20t].
 Step 2. The integrating factor is [image: \mu \left(t\right)={e}^{\displaystyle\int 12.5dt}={e}^{12.5t}].
 Step 3. Multiply the differential equation by [image: \mu \left(t\right)\text{:}]
 [image: \begin{array}{ccc}\hfill {e}^{12.5t}{i}^{\prime }+12.5{e}^{12.5t}i& =\hfill & 125{e}^{12.5t}\sin20t\hfill \\ \hfill \frac{d}{dt}\left[i{e}^{12.5t}\right]& =\hfill & 125{e}^{12.5t}\sin20t.\hfill \end{array}]
  
 Step 4. Integrate both sides:
 [image: \begin{array}{ccc}\hfill {\displaystyle\int \frac{d}{dt}\left[i{e}^{12.5t}\right]dt}& =\hfill & {\displaystyle\int 125{e}^{12.5t}\sin{20t}dt}\hfill \\ \hfill i{e}^{12.5t}& =\hfill & \left(\frac{250\sin{20t} - 400\cos{20t}}{89}\right){e}^{12.5t}+C\hfill \\ \hfill i\left(t\right)& =\hfill & \frac{250\sin20t - 400\cos20t}{89}+C{e}^{-12.5t}.\hfill \end{array}]
  
 Step 5. Solve for [image: C] using the initial condition [image: v\left(0\right)=2\text{:}]
 [image: \begin{array}{ccc}\hfill i\left(t\right)& =\hfill & \frac{250\sin{20t} - 400\cos{20t}}{89}+C{e}^{-12.5t}\hfill \\ \hfill i\left(0\right)& =\hfill & \frac{250\sin{20}\left(0\right)-400\cos{20}\left(0\right)}{89}+C{e}^{-12.5\left(0\right)}\hfill \\ \hfill 0& =\hfill & -\frac{400}{89}+C\hfill \\ \hfill C& =\hfill & \frac{400}{89}.\hfill \end{array}]
  
 Therefore the solution to the initial-value problem is [image: i\left(t\right)=\frac{250\sin{20t} - 400\cos{20t}+400{e}^{-12.5t}}{89}=\frac{250\sin{20t} - 400\cos{20t}}{89}+\frac{400{e}^{-12.5t}}{89}].
 The first term can be rewritten as a single cosine function. First, multiply and divide by [image: \sqrt{{250}^{2}+{400}^{2}}=50\sqrt{89}\text{:}]
 [image: \begin{array}{cc}\hfill \frac{250\sin{20t} - 400\cos{20t}}{89}& =\frac{50\sqrt{89}}{89}\left(\frac{250\sin{20t} - 400\cos{20t}}{50\sqrt{89}}\right)\hfill \\ & =-\frac{50\sqrt{89}}{89}\left(\frac{8\cos{20t}}{\sqrt{89}}-\frac{5\sin{20t}}{\sqrt{89}}\right).\hfill \end{array}]
  
 Next, define [image: \phi] to be an acute angle such that [image: \cos\phi =\frac{8}{\sqrt{89}}]. Then [image: \sin\phi =\frac{5}{\sqrt{89}}] and
 [image: \begin{array}{cc}\hfill -\frac{50\sqrt{89}}{89}\left(\frac{8\cos20t}{\sqrt{89}}-\frac{5\sin20t}{\sqrt{89}}\right)& =-\frac{50\sqrt{89}}{89}\left(\cos\phi \cos20t-\sin\phi \sin20t\right)\hfill \\ & =-\frac{50\sqrt{89}}{89}\cos\left(20t+\phi \right).\hfill \end{array}]
  
 Therefore the solution can be written as
 [image: i\left(t\right)=-\frac{50\sqrt{89}}{89}\cos\left(20t+\phi \right)+\frac{400{e}^{-12.5t}}{89}].
  
 The second term is called the attenuation term, because it disappears rapidly as t grows larger. The phase shift is given by [image: \phi], and the amplitude of the steady-state current is given by [image: \frac{50\sqrt{89}}{89}]. The graph of this solution appears in Figure 3:
 
  [image: A graph of the given solution over [0, 6] on the x axis. It is an oscillating function, rapidly going from just below -5 to just above 5.]Figure 3.  
   A circuit has in series an electromotive force given by [image: E=20\sin5t] V, a capacitor with capacitance [image: 0.02\text{F}], and a resistor of [image: 8 \Omega]. If the initial charge is [image: 4\text{C}], find the charge at time [image: t>0].
 
 Hint Use [image: L{i}^{\prime }+Ri=E] for an [image: RC] circuit to set up an initial-value problem.
 
  Show Solution Initial-value problem:
 [image: 8{q}^{\prime }+\frac{1}{0.02}q=20\sin5t,q\left(0\right)=4]
 [image: q\left(t\right)=\frac{10\sin5t - 8\cos5t+172{e}^{-6.25t}}{41}]
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				 	Spot indeterminate forms like 0/0 in calculations, and use L’Hôpital’s rule to find precise values
 
  L’Hôpital’s Rule
 L’Hôpital’s Rule is a powerful technique for evaluating limits of functions. It leverages derivatives to determine limits that are otherwise challenging to compute directly, providing a clear way to resolve indeterminate forms.
 L’Hôpital’s Rule comes into play when you’re dealing with limits that result in indeterminate forms. Consider the quotient of two functions, represented as:
 [image: \underset{x\to a}{\lim}\dfrac{f(x)}{g(x)}].
 If [image: \underset{x\to a}{\lim}f(x)=L_1] and [image: \underset{x\to a}{\lim}g(x)=L_2 \ne 0], then
 [image: \underset{x\to a}{\lim}\dfrac{f(x)}{g(x)}=\dfrac{L_1}{L_2}]
 However, what happens if [image: \underset{x\to a}{\lim}f(x)=0] and [image: \underset{x\to a}{\lim}g(x)=0]?
 We call this one of the indeterminate forms, of type [image: \frac{0}{0}]. This is considered an indeterminate form because we cannot determine the exact behavior of [image: \frac{f(x)}{g(x)}] as [image: x\to a] without further analysis. We have seen examples of this earlier in the text.
 	[image: \underset{x\to 2}{\lim}\dfrac{x^2-4}{x-2}] can be solved by factoring the numerator and simplifying.[image: \underset{x\to 2}{\lim}\dfrac{x^2-4}{x-2}=\underset{x\to 2}{\lim}\dfrac{(x+2)(x-2)}{x-2}=\underset{x\to 2}{\lim}(x+2)=2+2=4]
 	[image: \underset{x\to 0}{\lim}\frac{\sin x}{x}] has been proven geometrically to equal [image: 1]. Using L’Hôpital’s Rule, differentiating both numerator and denominator yields:[image: \underset{x\to 0}{\lim}\dfrac{\sin x}{x}=1]
 
  L’Hôpital’s Rule not only simplifies the calculation of certain limits but also provides insights into evaluating complex limits that would be difficult to handle by other methods. This rule is particularly useful in analyzing the behavior of functions as they approach critical points.
 L’Hôpital’s Rule (0/0 Case)
 The idea behind L’Hôpital’s rule can be explained using local linear approximations.
 Consider two differentiable functions [image: f] and [image: g] such that [image: \underset{x\to a}{\lim}f(x)=0=\underset{x\to a}{\lim}g(x)] and such that [image: g^{\prime}(a)\ne 0] For [image: x] near [image: a], we can write [image: f(x)\approx f(a)+f^{\prime}(a)(x-a)]
 and
 [image: g(x)\approx g(a)+g^{\prime}(a)(x-a)].
 Therefore,
 [image: \dfrac{f(x)}{g(x)}\approx \dfrac{f(a)+f^{\prime}(a)(x-a)}{g(a)+g^{\prime}(a)(x-a)}]
 [image: Two functions y = f(x) and y = g(x) are drawn such that they cross at a point above x = a. The linear approximations of these two functions y = f(a) + f’(a)(x – a) and y = g(a) + g’(a)(x – a) are also drawn.]Figure 1. If [image: \underset{x\to a}{\lim}f(x)=\underset{x\to a}{\lim}g(x)], then the ratio [image: f(x)/g(x)] is approximately equal to the ratio of their linear approximations near [image: a]. Since [image: f] is differentiable at [image: a], then [image: f] is continuous at [image: a], and therefore [image: f(a)=\underset{x\to a}{\lim}f(x)=0]. Similarly, [image: g(a)=\underset{x\to a}{\lim}g(x)=0].  If we also assume that [image: f^{\prime}] and [image: g^{\prime}] are continuous at [image: x=a], then [image: f^{\prime}(a)=\underset{x\to a}{\lim}f^{\prime}(x)] and [image: g^{\prime}(a)=\underset{x\to a}{\lim}g^{\prime}(x)].Using these ideas, we conclude that:
 [image: \underset{x\to a}{\lim}\dfrac{f(x)}{g(x)}=\underset{x\to a}{\lim}\dfrac{f^{\prime}(x)(x-a)}{g^{\prime}(x)(x-a)}=\underset{x\to a}{\lim}\dfrac{f^{\prime}(x)}{g^{\prime}(x)}] 
 Note that the assumption that [image: f^{\prime}] and [image: g^{\prime}] are continuous at [image: a] and [image: g^{\prime}(a)\ne 0] can be loosened.
  The notation [image: \frac{0}{0}] does not mean we are actually dividing zero by zero. Rather, we are using the notation [image: \frac{0}{0}] to represent a quotient of limits, each of which is zero. We state L’Hôpital’s rule formally for the indeterminate form [image: \frac{0}{0}].
 L’Hôpital’s rule (0/0 case)
 Suppose [image: f] and [image: g] are differentiable functions over an open interval containing [image: a], except possibly at [image: a]. If [image: \underset{x\to a}{\lim}f(x)=0] and [image: \underset{x\to a}{\lim}g(x)=0], then
 [image: \underset{x\to a}{\lim}\dfrac{f(x)}{g(x)}=\underset{x\to a}{\lim}\dfrac{f^{\prime}(x)}{g^{\prime}(x)}],
 assuming the limit on the right exists or is [image: \infty] or [image: −\infty]. This result also holds if we are considering one-sided limits, or if [image: a=\infty] or [image: -\infty].
  Evaluate each of the following limits by applying L’Hôpital’s rule.
 	[image: \underset{x\to 0}{\lim}\dfrac{1- \cos x}{x}]
 	[image: \underset{x\to 1}{\lim}\dfrac{\sin (\pi x)}{\ln x}]
 	[image: \underset{x\to \infty }{\lim}\dfrac{e^{\frac{1}{x}}-1}{\frac{1}{x}}]
 	[image: \underset{x\to 0}{\lim}\dfrac{\sin x-x}{x^2}]
 
 Show Solution 	Since the numerator [image: 1- \cos x\to 0] and the denominator [image: x\to 0], we can apply L’Hôpital’s rule to evaluate this limit. We have [image: \begin{array}{ll} \underset{x\to 0}{\lim}\frac{1- \cos x}{x} & =\underset{x\to 0}{\lim}\frac{\frac{d}{dx}(1- \cos x)}{\frac{d}{dx}(x)} \\ & =\underset{x\to 0}{\lim}\frac{\sin x}{1} \\ & =\frac{\underset{x\to 0}{\lim}(\sin x)}{\underset{x\to 0}{\lim}(1)} \\ & =\frac{0}{1}=0 \end{array}]
 
 	As [image: x\to 1], the numerator [image: \sin (\pi x)\to 0] and the denominator [image: \ln x \to 0]. Therefore, we can apply L’Hôpital’s rule. We obtain [image: \begin{array}{ll} \underset{x\to 1}{\lim}\frac{\sin (\pi x)}{\ln x} & =\underset{x\to 1}{\lim}\frac{\pi \cos (\pi x)}{1/x} \\ & =\underset{x\to 1}{\lim}(\pi x) \cos (\pi x) \\ & =(\pi \cdot 1)(-1)=−\pi \end{array}]
 
 	As [image: x\to \infty], the numerator [image: e^{1/x}-1\to 0] and the denominator [image: (\frac{1}{x})\to 0]. Therefore, we can apply L’Hôpital’s rule. We obtain [image: \underset{x\to \infty }{\lim}\frac{e^{1/x}-1}{\frac{1}{x}}=\underset{x\to \infty }{\lim}\frac{e^{1/x}(\frac{-1}{x^2})}{(\frac{-1}{x^2})}=\underset{x\to \infty}{\lim} e^{1/x}=e^0=1]
 
 	As [image: x\to 0], both the numerator and denominator approach zero. Therefore, we can apply L’Hôpital’s rule. We obtain [image: \underset{x\to 0}{\lim}\frac{\sin x-x}{x^2}=\underset{x\to 0}{\lim}\frac{\cos x-1}{2x}].
 Since the numerator and denominator of this new quotient both approach zero as [image: x\to 0], we apply L’Hôpital’s rule again. In doing so, we see that
 [image: \underset{x\to 0}{\lim}\frac{\cos x-1}{2x}=\underset{x\to 0}{\lim}\frac{−\sin x}{2}=0].
 Therefore, we conclude that
 [image: \underset{x\to 0}{\lim}\frac{\sin x-x}{x^2}=0].
 
 
 Watch the following video to see the worked solution to this example.
 For closed captioning, open the video on its original page by clicking the Youtube logo in the lower right-hand corner of the video display. In YouTube, the video will begin at the same starting point as this clip, but will continue playing until the very end.
 You can view the transcript for this segmented clip of “4.8 L’Hopital’s Rule” here (opens in new window).
  L’Hôpital’s Rule ([image: \infty / \infty] Case)
 L’Hôpital’s Rule provides a method to resolve indeterminate forms in calculus, specifically those that result in [image: \infty / \infty] when calculating limits.
 L’Hôpital’s rule ([image: \infty / \infty] case)
 Suppose [image: f] and [image: g] are differentiable functions over an open interval containing [image: a], except possibly at [image: a]. Suppose [image: \underset{x\to a}{\lim}f(x)=\infty] (or [image: −\infty]) and [image: \underset{x\to a}{\lim}g(x)=\infty] (or [image: −\infty]). Then,
 [image: \underset{x\to a}{\lim}\dfrac{f(x)}{g(x)}=\underset{x\to a}{\lim}\dfrac{f^{\prime}(x)}{g^{\prime}(x)}],
 assuming the limit on the right exists or is [image: \infty] or [image: −\infty]. This result also holds if the limit is infinite, if [image: a=\infty] or [image: −\infty], or the limit is one-sided.
  Evaluate each of the following limits by applying L’Hôpital’s rule.
 	[image: \underset{x\to \infty }{\lim}\dfrac{3x+5}{2x+1}]
 	[image: \underset{x\to 0^+}{\lim}\dfrac{\ln x}{\cot x}]
 
 Show Solution 	Since [image: 3x+5] and [image: 2x+1] are first-degree polynomials with positive leading coefficients, [image: \underset{x\to \infty }{\lim}(3x+5)=\infty] and [image: \underset{x\to \infty }{\lim}(2x+1)=\infty]. Therefore, we apply L’Hôpital’s rule and obtain [image: \underset{x\to \infty}{\lim}\dfrac{3x+5}{2x+\frac{1}{x}}=\underset{x\to \infty }{\lim}\dfrac{3}{2}=\dfrac{3}{2}].
 Note that this limit can also be calculated without invoking L’Hôpital’s rule. Earlier in the module we showed how to evaluate such a limit by dividing the numerator and denominator by the highest power of [image: x] in the denominator. In doing so, we saw that
 [image: \underset{x\to \infty }{\lim}\dfrac{3x+5}{2x+1}=\underset{x\to \infty }{\lim}\dfrac{3+\frac{5}{x}}{2+\frac{1}{x}}=\dfrac{3}{2}].
 L’Hôpital’s rule provides us with an alternative means of evaluating this type of limit.

 	Here, [image: \underset{x\to 0^+}{\lim} \ln x=−\infty] and [image: \underset{x\to 0^+}{\lim} \cot x=\infty]. Therefore, we can apply L’Hôpital’s rule and obtain [image: \underset{x\to 0^+}{\lim}\dfrac{\ln x}{\cot x}=\underset{x\to 0^+}{\lim}\dfrac{\frac{1}{x}}{−\csc^2 x}=\underset{x\to 0^+}{\lim}\dfrac{1}{−x \csc^2 x}].
 Now as [image: x\to 0^+], [image: \csc^2 x\to \infty]. Therefore, the first term in the denominator is approaching zero and the second term is getting really large. In such a case, anything can happen with the product. Therefore, we cannot make any conclusion yet. To evaluate the limit, we use the definition of [image: \csc x] to write
 [image: \underset{x\to 0^+}{\lim}\dfrac{1}{−x \csc^2 x}=\underset{x\to 0^+}{\lim}\dfrac{\sin^2 x}{−x}].
 Now [image: \underset{x\to 0^+}{\lim} \sin^2 x=0] and [image: \underset{x\to 0^+}{\lim} x=0], so we apply L’Hôpital’s rule again. We find
 [image: \underset{x\to 0^+}{\lim}\dfrac{\sin^2 x}{−x}=\underset{x\to 0^+}{\lim}\dfrac{2 \sin x \cos x}{-1}=\dfrac{0}{-1}=0].
 We conclude that
 [image: \underset{x\to 0^+}{\lim}\dfrac{\ln x}{\cot x}=0].
 
 
   To correctly apply L’Hôpital’s Rule to a quotient [image: \frac{f(x)}{g(x)}], it is essential that the original limit of the quotient is an indeterminate form, either [image: 0/0] or [image: \infty / \infty]. This is crucial because applying the rule outside these conditions does not yield valid results. While L’Hôpital’s Rule is an invaluable tool for calculus, its application should be carefully considered. Not all limits of the form [image: \infty / \infty] are suitable for L’Hôpital’s Rule without additional analysis or transformation of the function.
 Consider the following non-applicable example to better understand the limitations:
 Consider [image: \underset{x\to 1}{\lim}\dfrac{x^2+5}{3x+4}]. Show that the limit cannot be evaluated by applying L’Hôpital’s rule. Because the limits of the numerator and denominator are not both zero and are not both infinite, we cannot apply L’Hôpital’s rule. If we try to do so, we get
 [image: \frac{d}{dx}(x^2+5)=2x]
 and,
 [image: \frac{d}{dx}(3x+4)=3]
 At which point we would conclude erroneously that
 [image: \underset{x\to 1}{\lim}\frac{x^2+5}{3x+4}=\underset{x\to 1}{\lim}\frac{2x}{3}=\frac{2}{3}].
 However, since [image: \underset{x\to 1}{\lim}(x^2+5)=6] and [image: \underset{x\to 1}{\lim}(3x+4)=7], we actually have:
 [image: \underset{x\to 1}{\lim}\frac{x^2+5}{3x+4}=\frac{6}{7}]
 We can conclude that
 [image: \underset{x\to 1}{\lim}\frac{x^2+5}{3x+4}\ne \underset{x\to 1}{\lim}\frac{\frac{d}{dx}(x^2+5)}{\frac{d}{dx}(3x+4)}].[/hidden-answer]
  Explain why we cannot apply L’Hôpital’s rule to evaluate [image: \underset{x\to 0^+}{\lim}\dfrac{\cos x}{x}]. Evaluate [image: \underset{x\to 0^+}{\lim}\dfrac{\cos x}{x}] by other means. Hint Determine the limits of the numerator and denominator separately.
  Show Solution [image: \underset{x\to 0^+}{\lim} \cos x=1]. Therefore, we cannot apply L’Hôpital’s rule. The limit of the quotient is [image: \infty]
 Watch the following video to see the worked solution to this example.
 https://youtube.com/watch?v=e58sGIZe1wU%3Fcontrols%3D0%26start%3D535%26end%3D587%26autoplay%3D0For closed captioning, open the video on its original page by clicking the Youtube logo in the lower right-hand corner of the video display. In YouTube, the video will begin at the same starting point as this clip, but will continue playing until the very end.
 You can view the transcript for this segmented clip of “4.8 L’Hopital’s Rule” here (opens in new window).
  [ohm_question hide_question_numbers=1]209328[/ohm_question] Indeterminate Form of Type [image: 0 \cdot \infty]
 Suppose we want to evaluate [image: \underset{x\to a}{\lim}(f(x) \cdot g(x))], where [image: f(x)\to 0] and [image: g(x)\to \infty] (or [image: −\infty]) as [image: x\to a].
 Since one term in the product is approaching zero but the other term is becoming arbitrarily large (in magnitude), anything can happen to the product. We use the notation [image: 0 \cdot \infty] to denote the form that arises in this situation.
 The expression [image: 0 \cdot \infty] is considered indeterminate because we cannot determine without further analysis the exact behavior of the product [image: f(x)g(x)] as [image: x\to {a}]. For example, let [image: n] be a positive integer and consider
 [image: f(x)=\dfrac{1}{(x^n+1)}] and [image: g(x)=3x^2].
 As [image: x\to \infty], [image: f(x)\to 0] and [image: g(x)\to \infty].
 However, the limit as [image: x\to \infty] of [image: f(x)g(x)=\frac{3x^2}{(x^n+1)}] varies, depending on [image: n]. If [image: n=2], then [image: \underset{x\to \infty }{\lim}f(x)g(x)=3]. If [image: n=1], then [image: \underset{x\to \infty }{\lim}f(x)g(x)=\infty]. If [image: n=3], then [image: \underset{x\to \infty }{\lim}f(x)g(x)=0].
 Here we consider another limit involving the indeterminate form [image: 0 \cdot \infty] and show how to rewrite the function as a quotient to use L’Hôpital’s rule.
 Evaluate [image: \underset{x\to 0^+}{\lim}x \ln x]. First, rewrite the function [image: x \ln x] as a quotient to apply L’Hôpital’s rule. If we write
 [image: x \ln x=\frac{\ln x}{1/x}],
 we see that [image: \ln x\to −\infty] as [image: x\to 0^+] and [image: \frac{1}{x}\to \infty] as [image: x\to 0^+]. Therefore, we can apply L’Hôpital’s rule and obtain
 [image: \underset{x\to 0^+}{\lim}\frac{\ln x}{1/x}=\underset{x\to 0^+}{\lim}\frac{\frac{d}{dx}(\ln x)}{\frac{d}{dx}(1/x)}=\underset{x\to 0^+}{\lim}\frac{1/x}{-1/x^2}=\underset{x\to 0^+}{\lim}(−x)=0].
 We conclude that
 [image: \underset{x\to 0^+}{\lim}x \ln x=0].
 [image: The function y = x ln(x) is graphed for values x ≥ 0. At x = 0, the value of the function is 0.]Figure 2. Finding the limit at [image: x=0] of the function [image: f(x)=x \ln x].  Evaluate [image: \underset{x\to 0}{\lim}x \cot x]. Hint Write [image: x \cot x=\frac{x \cos x}{\sin x}]
  Show Solution [image: 1]
   Indeterminate Form of Type [image: \infty -\infty]
 Another type of indeterminate form is [image: \infty -\infty]. Consider the following example:
 Let [image: n] be a positive integer and let [image: f(x)=3x^n] and [image: g(x)=3x^2+5]. As [image: x\to \infty], [image: f(x)\to \infty] and [image: g(x)\to \infty]. We are interested in [image: \underset{x\to \infty}{\lim}(f(x)-g(x))].
 Depending on whether [image: f(x)] grows faster, [image: g(x)] grows faster, or they grow at the same rate, as we see next, anything can happen in this limit. Since [image: f(x)\to \infty] and [image: g(x)\to \infty], we write [image: \infty -\infty] to denote the form of this limit.
  As with our other indeterminate forms, [image: \infty -\infty] has no meaning on its own and we must do more analysis to determine the value of the limit.
 Suppose the exponent [image: n] in the function [image: f(x)=3x^n] is [image: n=3], then
 [image: \underset{x\to \infty }{\lim}(f(x)-g(x))=\underset{x\to \infty }{\lim}(3x^3-3x^2-5)=\infty].
 On the other hand, if [image: n=2], then
 [image: \underset{x\to \infty }{\lim}(f(x)-g(x))=\underset{x\to \infty }{\lim}(3x^2-3x^2-5)=-5].
 However, if [image: n=1], then
 [image: \underset{x\to \infty }{\lim}(f(x)-g(x))=\underset{x\to \infty }{\lim}(3x-3x^2-5)=−\infty].
 Therefore, the limit cannot be determined by considering only [image: \infty -\infty].
  Next we see how to rewrite an expression involving the indeterminate form [image: \infty -\infty] as a fraction to apply L’Hôpital’s rule.
 Evaluate [image: \underset{x\to 0^+}{\lim}\left(\dfrac{1}{x^2}-\dfrac{1}{\tan x}\right)]. By combining the fractions, we can write the function as a quotient. Since the least common denominator is [image: x^2 \tan x], we have
 [image: \frac{1}{x^2}-\frac{1}{\tan x}=\frac{(\tan x)-x^2}{x^2 \tan x}]
 As [image: x\to 0^+], the numerator [image: \tan x-x^2 \to 0] and the denominator [image: x^2 \tan x \to 0]. Therefore, we can apply L’Hôpital’s rule. Taking the derivatives of the numerator and the denominator, we have
 [image: \underset{x\to 0^+}{\lim}\frac{(\tan x)-x^2}{x^2 \tan x}=\underset{x\to 0^+}{\lim}\frac{(\sec^2 x)-2x}{x^2 \sec^2 x+2x \tan x}]
 As [image: x\to 0^+], [image: (\sec^2 x)-2x \to 1] and [image: x^2 \sec^2 x+2x \tan x \to 0]. Since the denominator is positive as [image: x] approaches zero from the right, we conclude that
 [image: \underset{x\to 0^+}{\lim}\frac{(\sec^2 x)-2x}{x^2 \sec^2 x+2x \tan x}=\infty]
 Therefore,
 [image: \underset{x\to 0^+}{\lim}(\frac{1}{x^2}-\frac{1}{ tan x})=\infty] 
  Watch the following video to see the worked solution to this example. https://youtube.com/watch?v=e58sGIZe1wU%3Fcontrols%3D0%26start%3D671%26end%3D790%26autoplay%3D0
 Closed Captioning and Transcript Information for Video For closed captioning, open the video on its original page by clicking the Youtube logo in the lower right-hand corner of the video display. In YouTube, the video will begin at the same starting point as this clip, but will continue playing until the very end.
 You can view the transcript for this segmented clip of “4.8 L’Hopital’s Rule” here (opens in new window).
  Evaluate [image: \underset{x\to 0^+}{\lim}\left(\dfrac{1}{x}-\dfrac{1}{\sin x}\right)]. Hint Rewrite the difference of fractions as a single fraction.
  Show Solution [image: 0]
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				Use factorial notation  Factorial Notation
 Factorial notation is an important mathematical concept used in various contexts, including sequences, combinatorics, and probability. Factorial notation, represented by an exclamation point ([image: !]), is a way to express the product of all positive integers up to a given number. For instance, [image: 4!] equals [image: 4 \times 3 \times 2 \times 1 = 24], and [image: 5!] equals [image: 5 \times 4 \times 3 \times 2 \times 1 = 120].
 factorial
 [image: n] factorial is a mathematical operation that can be defined using a recursive formula.
  
 The factorial of [image: n], denoted [image: n!], is defined for a positive integer [image: n] as:
 [image: \begin{array}{l}0!=1\\ 1!=1\\ n!=n\left(n - 1\right)\left(n - 2\right)\cdots \left(2\right)\left(1\right)\text{, for }n\ge 2\end{array}]
  
 The special case [image: 0!] is defined as [image: 0!=1].
  An interactive online homework element has been excluded from the printed version of the text. To see the interactive element that was excluded, please visit the courseware online.
 
  Factorials often appear in sequence-related problems. An example of formula containing a factorial is [image: {a}_{n}=\left(n+1\right)!]. The sixth term of the sequence can be found by substituting 6 for [image: n]. [image: \begin{align}{a}_{6}=\left(6+1\right)!=7!=7\cdot 6\cdot 5\cdot 4\cdot 3\cdot 2\cdot 1=5040 \\ \text{ }\end{align}]
  The factorial of any whole number [image: n] is [image: n\left(n - 1\right)!] We can therefore also think of [image: 5!] as [image: 5\cdot 4!\text{.}]  Write the first five terms of the sequence defined by the explicit formula [image: {a}_{n}=\dfrac{5n}{\left(n+2\right)!}]. Show Solution Substitute [image: n=1,n=2], and so on in the formula.
 [image: \begin{align}&n=1 && {a}_{1}=\dfrac{5\left(1\right)}{\left(1+2\right)!}=\dfrac{5}{3!}=\dfrac{5}{3\cdot 2\cdot 1}=\dfrac{5}{6} \\[1mm] &n=2 && {a}_{2}=\dfrac{5\left(2\right)}{\left(2+2\right)!}=\dfrac{10}{4!}=\dfrac{10}{4\cdot 3\cdot 2\cdot 1}=\dfrac{5}{12} \\[1mm] &n=3 && {a}_{3}=\dfrac{5\left(3\right)}{\left(3+2\right)!}=\dfrac{15}{5!}=\dfrac{15}{5\cdot 4\cdot 3\cdot 2\cdot 1}=\dfrac{1}{8} \\[1mm] &n=4 && {a}_{4}=\dfrac{5\left(4\right)}{\left(4+2\right)!}=\dfrac{20}{6!}=\dfrac{20}{6\cdot 5\cdot 4\cdot 3\cdot 2\cdot 1}=\dfrac{1}{36} \\[1mm] &n=5 && {a}_{5}=\dfrac{5\left(5\right)}{\left(5+2\right)!}=\dfrac{25}{7!}=\dfrac{25}{7\cdot 6\cdot 5\cdot 4\cdot 3\cdot 2\cdot 1}=\dfrac{5}{1\text{,}008}\\ \text{ } \end{align}]
 
 The first five terms are [image: \left\{\dfrac{5}{6},\dfrac{5}{12},\dfrac{1}{8},\dfrac{1}{36},\dfrac{5}{1,008}\right\}].
 Analysis
 The figure below shows the graph of the sequence. Notice that, since factorials grow very quickly, the presence of the factorial term in the denominator results in the denominator becoming much larger than the numerator as [image: n] increases. This means the quotient gets smaller and, as the plot of the terms shows, the terms are decreasing and nearing zero.
 [image: Graph of a scatter plot with labeled points: (1, 5/6), (2, 5/12), (3, 1/8), (4, 1/36), and (5, 5/1008). The x-axis is labeled n and the y-axis is labeled a_n.]Graph representation of the sequence   An interactive online homework element has been excluded from the printed version of the text. To see the interactive element that was excluded, please visit the courseware online.
 
  
	

			
			


		
	
		
			
	
		147

		Sequences and Series Foundations: Background You'll Need 3

								

	
				 	Determine limits by applying the squeeze theorem
 
  The Squeeze Theorem
 When evaluating limits of trigonometric functions, we need a specialized approach since standard algebraic techniques may not apply directly. The squeeze theorem proves very useful for establishing basic trigonometric limits. This theorem allows us to calculate limits by “squeezing” a function, with a limit at a point [image: a] that is unknown, between two functions having a common known limit at [image: a].
 [image: A graph of three functions over a small interval. All three functions curve. Over this interval, the function g(x) is trapped between the functions h(x), which gives greater y values for the same x values, and f(x), which gives smaller y values for the same x values. The functions all approach the same limit when x=a.]Figure 5. The Squeeze Theorem applies when [image: f(x)\le g(x)\le h(x)] and [image: \underset{x\to a}{\lim}f(x)=\underset{x\to a}{\lim}h(x)]. the squeeze theorem
 Let [image: f(x), \, g(x)], and [image: h(x)] be defined for all [image: x\ne a] over an open interval containing [image: a]. If
 [image: g(x)\le f(x)\le h(x)]
 for all [image: x\ne a] in an open interval containing [image: a] and
 [image: \underset{x\to a}{\lim}g(x)=L=\underset{x\to a}{\lim}h(x)]
 where [image: L] is a real number, then [image: \underset{x\to a}{\lim}f(x)=L].
  How To: Solve Trigonometric Limits Using the Squeeze Theorem 	Confirm the function shows an indeterminate form that the Squeeze Theorem can address.
 	Find two bounding functions, [image: g(x)] and [image: h(x)], that satisfy [image: g(x)\le f(x)\le h(x)].
 	Ensure [image: g(x)] and [image: h(x)] approach the same limit at the point of interest.
 	Use the established bounds to deduce the limit of [image: f(x)]. If [image: g(x)] and [image: h(x)] have a common limit [image: L], then [image: \underset{x\to a}{\lim}f(x)=L].
 
  Apply the Squeeze Theorem to evaluate the limit [image: \underset{x\to 0}{\lim}\frac{\sin{x^2}}{x}].First start by identify bounding functions. We know that [image: -1\le \sin{x^2}\le 1].Next, divide these inequalities by [image: x]. [image: \frac{-1}{x}\le \sin{x^2}\le \frac{1}{x}]
 Now, evaluate the limits of the bounding functions as [image: x] approaches [image: 0].
 Both [image: \frac{-1}{x}] and [image: \frac{1}{x}] approach infinity as [image: x] approaches [image: 0], but since [image: \frac{\sin{x^2}}{x}] is sandwiched between them, we deduce that
 [image: \underset{x\to 0}{\lim}\frac{\sin{x^2}}{x}=0]
 due to the squeeze theorem.
  Apply the Squeeze Theorem to evaluate [image: \underset{x\to 0}{\lim}x \cos x].
 Show Solution To evaluate [image: \underset{x\to 0}{\lim}x \cos x] using the Squeeze Theorem:
 	Recognize that [image: -1\le \cos x\le 1] for all real numbers.
 	Multiply this inequality by [image: x] to get [image: -|x|\le x \cos x\le |x|]
 	As [image: x] approaches [image: 0], both [image: −∣x∣] and [image: ∣x∣] approach [image: 0].
 	By the Squeeze Theorem, since [image: x\cos{x}] is squeezed between two functions that both approach [image: 0], [image: \underset{x\to 0}{\lim}x \cos x=0]. The graphs of [image: f(x)=-|x|, \, g(x)=x \cos x], and [image: h(x)=|x|] are shown in Figure 6.
 
 [image: image]0 and downward for x>0.” width=”309″ height=”293″> Figure 6. The graphs of 𝑓(𝑥), 𝑔(𝑥), and ℎ(𝑥) are shown around the point 𝑥=0.   [ohm_question hide_question_number=1]204232[/ohm_question] We now use the squeeze theorem to tackle several very important limits. The first of these limits is [image: \underset{\theta \to 0}{\lim} \sin \theta].
 Evaluating the Limit of Sine as Theta Approaches Zero
 Consider the behavior of [image: \sin(\theta)] as [image: \theta] approaches zero. On the unit circle, [image: \sin(\theta)] corresponds to the [image: y]-coordinate, which also represents the arc’s height for a given angle, [image: \theta].
 As [image: \theta] gets closer to zero, particularly for [image: 0 < \theta < \frac{\pi}{2}], [image: \sin(\theta)] becomes smaller and approaches the angle’s measure itself, meaning [image: \sin(\theta)] is squeezed between [image: 0] and [image: \theta] .
 <img src="https://s3-us-west-2.amazonaws.com/courses-images/wp-content/uploads/sites/2332/2018/01/11203438/CNX_Calc_Figure_02_03_007.jpg" alt="A diagram of the unit circle in the x,y plane – it is a circle with radius 1 and center at the origin. A specific point (cos(theta), sin(theta)) is labeled in quadrant 1 on the edge of the circle. This point is one vertex of a right triangle inside the circle, with other vertices at the origin and (cos(theta), 0). As such, the lengths of the sides are cos(theta) for the base and sin(theta) for the height, where theta is the angle created by the hypotenuse and base. The radian measure of angle theta is the length of the arc it subtends on the unit circle. The diagram shows that for 0 < theta < pi/2, 0 < sin(theta) Figure 7. The sine function is shown as a line on the unit circle.
 First, consider the established inequalities for [image: \sin(\theta)] when [image: \theta]  is between [image: 0] and [image: \frac{\pi}{2}]:
 [image: 0 < \theta < \frac{\pi}{2} \Longrightarrow 0 < \sin \theta < \theta]
 Now, as [image: \theta] approaches zero from the positive direction, we know that [image: \sin(\theta)] also approaches zero because it is sandwiched between [image: 0] and [image: \theta].
 Mathematically, this can be expressed as:
 [image: \underset{\theta \to 0^+}{\lim}0=0 \text{     and     }\underset{\theta \to 0^+}{\lim} \theta =0],
 which, according to the Squeeze Theorem, compels [image: \sin(\theta)] to satisfy:
 [image: \underset{\theta \to 0^+}{\lim} \sin \theta =0].
 The same principle applies when approaching zero from the negative side, where [image: \sin(\theta)] is negative but greater than [image: -\theta]:
 [image: \frac{-\pi}{2} < \theta < 0 \Longrightarrow-\theta < \sin \theta < 0]
 Here too, as [image: \theta] approaches zero, [image: \sin(\theta)]  is “squeezed” to zero:
 
 [image: \underset{\theta \to 0^-}{\lim}0=0 \text{     and     }\underset{\theta \to 0^-}{\lim} (-\theta) =0],
 leading to the conclusion that:
 
 [image: \underset{\theta \to 0^-}{\lim} \sin \theta =0].
 Therefore, we can definitively state that the limit of [image: \sin(\theta)] as [image: \theta] approaches zero from either direction is [image: 0].
 the limit of [image: \sin(\theta)]
 [image: \underset{\theta \to 0}{\lim} \sin \theta =0]
  
 Evaluating the Limit of Cosine as Theta Approaches Zero
 To evaluate the limit of [image: \cos(\theta)] as [image: \theta] approaches zero, we rely on the fundamental Pythagorean identity which states that for any angle [image: \theta], the square of the cosine of [image: \theta] plus the square of the sine of [image: \theta] equals one:
 [image: \cos^2(\theta)+\sin^2(\theta)=1]
 Rearranging this identity, we can isolate [image: \cos(\theta)]:
 [image: \cos(\theta)=\sqrt{1−\sin^2(\theta)}]
 Since the sine function is bounded between [image: -1] and [image: 1] for all [image: \theta], and as [image: \theta] approaches zero, [image: \sin(\theta)] also approaches zero, we can substitute this limit into our identity:
 [image: \underset{\theta \to 0}{\lim} \cos \theta=\underset{\theta \to 0}{\lim} \sqrt{1−\sin^2(\theta)}]
 Given that [image: \underset{\theta \to 0}{\lim} \sin \theta =0], we then have:
 [image: \underset{\theta \to 0}{\lim} \sqrt{1−\sin^2(\theta)} =\sqrt{1-0^2}=1]
 Thus, we confirm that the limit of [image: \cos(\theta)] as [image: \theta] approaches zero is [image: 1].
 the limit of [image: \cos(\theta)]
 [image: \underset{\theta \to 0}{\lim} \cos \theta =1]
  
 Exploring the Limit of Sine Theta Over Theta
 A pivotal limit in calculus, particularly relevant in the study of derivatives and integrals of trigonometric functions, is [image: \underset{\theta \to 0}{\lim}\frac{\sin \theta}{\theta}].
 
 To understand this limit, we look to the unit circle, where the sine and tangent functions provide geometric insights into this foundational limit.
 <img src="https://s3-us-west-2.amazonaws.com/courses-images/wp-content/uploads/sites/2332/2018/01/11203441/CNX_Calc_Figure_02_03_008.jpg" alt="The same diagram as the previous one. However, the triangle is expanded. The base is now from the origin to (1,0). The height goes from (1,0) to (1, tan(theta)). The hypotenuse goes from the origin to (1, tan(theta)). As such, the height is now tan(theta). It shows that for 0 < theta < pi/2, sin(theta) < theta Figure 8. The sine and tangent functions are shown as lines on the unit circle.
 Analyze the behavior of [image: \sin(\theta)] and [image: \tan(\theta)] within the first quadrant of the unit circle, specifically for angles [image: \theta] where [image: 0 < \theta < \frac{\pi}{2}].
 In this range, it’s clear from the geometric representation that [image: \sin(\theta)] is always less than the length of the tangent line segment from the point on the circle to the [image: x]-axis, which is [image: \tan(\theta)]. Consequently, we have the inequality:
 
 [image: 0< \sin \theta < \tan \theta]
 By dividing each term in the inequality by [image: \sin \theta] , we are led to:
 [image: 1 < \dfrac{\theta}{\sin \theta} < \dfrac{1}{\cos \theta}]
 With the reciprocal, this inequality can be restated as:
 [image: 1 > \dfrac{\sin \theta}{\theta} > \cos \theta]
 As [image: \theta] approaches zero, [image: \cos(\theta)] approaches [image: 1]. Therefore, [image: \sin(\theta)] is squeezed between [image: \cos(\theta)] and [image: 1].
 Since [image: \cos(\theta)] also approaches [image: 1] as [image: \theta]  approaches zero, the Squeeze Theorem can be applied to conclude that:
 [image: \underset{\theta \to 0}{\lim}\dfrac{\sin \theta}{\theta}=1]
 the limit of [image: \dfrac{\sin \theta}{\theta}]
 [image: \underset{\theta \to 0}{\lim}\dfrac{\sin \theta}{\theta}=1]
  Evaluating the Limit of [image: \dfrac{1- \cos \theta}{\theta}]
 As we build upon the understanding of limits involving trigonometric functions, the next step is to apply the Squeeze Theorem to evaluate limits that are not immediately obvious.
 In the example below, we use the limit of [image: \frac{\sin {\theta}}{\theta}] to establish [image: \underset{\theta \to 0}{\lim}\frac{1- \cos \theta}{\theta}=0]. This limit also proves useful in later modules.
 Evaluate [image: \underset{\theta \to 0}{\lim}\dfrac{1- \cos \theta}{\theta}]
 Show Solution In the first step, we multiply by the conjugate so that we can use a trigonometric identity to convert the cosine in the numerator to a sine:
 [image: \begin{array}{cc} \underset{\theta \to 0}{\lim}\frac{1- \cos \theta}{\theta}& =\underset{\theta \to 0}{\lim}\frac{1- \cos \theta}{\theta} \cdot \frac{1+ \cos \theta}{1+ \cos \theta} \\ & =\underset{\theta \to 0}{\lim}\frac{1-\cos^2 \theta}{\theta(1+ \cos \theta)} \\ & =\underset{\theta \to 0}{\lim}\frac{\sin^2 \theta}{\theta(1+ \cos \theta)} \\ & =\underset{\theta \to 0}{\lim}\frac{\sin \theta}{\theta} \cdot \frac{\sin \theta}{1+ \cos \theta} \\ & =1 \cdot \frac{0}{2}=0 \end{array}]
 Therefore,
 [image: \underset{\theta \to 0}{\lim}\dfrac{1- \cos \theta}{\theta}=0]
 
  the limit of [image: \dfrac{1- \cos \theta}{\theta}]
 [image: \underset{\theta \to 0}{\lim}\dfrac{1- \cos \theta}{\theta}=0]
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				 	Find the pattern in a sequence and write a formula for its terms
 	Determine what value a sequence approaches (if it approaches any value at all)
 	Figure out if a sequence converges or diverges
 
  What is a Sequence?
 A sequence is simply an ordered list of numbers that follows a pattern. You encounter sequences regularly—think of your monthly rent payments, the distances you run each week, or even the Fibonacci numbers. Understanding sequences helps us analyze patterns and predict future behavior in mathematical models.
 infinite sequence
 An infinite sequence [image: {a_n}] is an ordered list of numbers:
 [image: a_1, a_2, a_3, \ldots, a_n, \ldots]
 Key terms:
 	Each number [image: a_n] is called a term
 	The subscript [image: n] is the index variable
 	We write sequences as [image: {a_n}_{n=1}^{\infty}] or simply [image: {a_n}]
 
  Important: A similar notation is used for sets, but a sequence is an ordered list (like a line at the grocery store), while a set is unordered collection (like items in a shopping basket). Order matters for sequences! Consider this sequence: [image: 2, 4, 8, 16, 32, \ldots]
 You can see that [image: a_1 = 2], [image: a_2 = 4], [image: a_3 = 8], and so on. Each term is a power of 2. But how do we capture this pattern mathematically? There are two main approaches.
 Method 1: Explicit Formula
 An explicit formula gives you [image: a_n] directly in terms of [image: n].
 For our sequence: [image: a_n = 2^n]
 This means [image: a_1 = 2^1 = 2], [image: a_2 = 2^2 = 4], [image: a_3 = 2^3 = 8], and so on. The beauty of an explicit formula is that you can find any term directly. Want the 100th term? Just calculate [image: a_{100} = 2^{100}] without computing all the previous terms.
 Method 2: Recurrence Relation
 A recurrence relation defines each term using previous terms.
 For the same sequence: [image: a_1 = 2] and [image: a_n = 2a_{n-1}] for [image: n \geq 2]
 This says “start with 2, then each new term is twice the previous term.”
 Recurrence relations are particularly useful when each term naturally depends on what came before—like population growth where next year’s population depends on this year’s. However, finding a specific term requires calculating all the previous ones.
 Sequences don’t have to start at [image: n = 1]. You might see sequences starting at [image: n = 0] or any other integer, depending on the context. Just pay attention to the index range given. Since a sequence [image: {a_n}] assigns exactly one value to each positive integer [image: n], we can think of it as a function whose domain is the set of positive integers. This means we can graph sequences just like we graph functions.
 The graph of sequence [image: {a_n}] consists of discrete points [image: (n, a_n)] for all positive integers [image: n]. Unlike continuous functions, sequence graphs show isolated dots rather than connected curves.
 [image: A graph in quadrant one containing the following points: (1, 2), (2, 4), (3, 8), (4, 16).]Figure 1. The plotted points are a graph of the sequence [image: \left\{{2}^{n}\right\}]. Special Types of Sequences
 Two types of sequences appear frequently in mathematics and have special names because of their predictable patterns.
 Arithmetic Sequences
 In an arithmetic sequence, the difference between every pair of consecutive terms is the same.
 arithmetic sequence
 An arithmetic sequence has the same difference between consecutive terms.
 General form: [image: a_n = cn + b] (explicit formula)
 The common difference is [image: d = a_{n+1} - a_n]
  Consider the sequence [image: 3, 7, 11, 15, 19, \ldots]
 Notice that each term increases by 4: [image: 7-3=4], [image: 11-7=4], [image: 15-11=4], and so on.
 We can describe this sequence using a recurrence relation: [image: a_1 = 3] and [image: a_n = a_{n-1} + 4] for [image: n \geq 2]
 Or we can find the explicit formula by observing the pattern:
 	[image: a_2 = 3 + 4]
 	[image: a_3 = 3 + 4 + 4 = 3 + 2 \cdot 4]
 	[image: a_4 = 3 + 4 + 4 + 4 = 3 + 3 \cdot 4]
 
 This gives us the explicit formula: [image: a_n = 3 + 4(n-1) = 4n - 1]
  Geometric Sequences
 In a geometric sequence, the ratio of every pair of consecutive terms is the same.
 geometric sequence
 A geometric sequence has the same ratio between consecutive terms.
 General form: [image: a_n = cr^n] (explicit formula)
 The common ratio is [image: r = \frac{a_{n+1}}{a_n}]
  Consider the sequence [image: 2, -\frac{2}{3}, \frac{2}{9}, -\frac{2}{27}, \frac{2}{81}, \ldots]
 Each term is [image: -\frac{1}{3}] times the previous term. We can verify: [image: \frac{-\frac{2}{3}}{2} = -\frac{1}{3}] and [image: \frac{\frac{2}{9}}{-\frac{2}{3}} = -\frac{1}{3}].
 Using a recurrence relation: [image: a_1 = 2] and [image: a_n = -\frac{1}{3} \cdot a_{n-1}] for [image: n \geq 2]
 Or we can find the explicit formula by following the pattern:
 	[image: a_2 = -\frac{1}{3} \cdot 2]
 	[image: a_3 = \left(-\frac{1}{3}\right)^2 \cdot 2]
 	[image: a_4 = \left(-\frac{1}{3}\right)^3 \cdot 2]
 
 This gives us: [image: a_n = 2\left(-\frac{1}{3}\right)^{n-1}]
  Quick Recognition
 	Arithmetic: Look for the same number being added (or subtracted) repeatedly
 	Geometric: Look for the same number being multiplied repeatedly
 
  For each of the following sequences, find an explicit formula for the [image: n\text{th}] term of the sequence.
 	[image: -\frac{1}{2},\frac{2}{3},-\frac{3}{4},\frac{4}{5},-\frac{5}{6}\text{,}\ldots]
 	[image: \frac{3}{4},\frac{9}{7},\frac{27}{10},\frac{81}{13},\frac{243}{16}\text{,}\ldots]
 
 
 Show Solution 	First, note that the sequence is alternating from negative to positive. The odd terms in the sequence are negative, and the even terms are positive. Therefore, the [image: n\text{th}] term includes a factor of [image: {\left(-1\right)}^{n}]. Next, consider the sequence of numerators [image: \left\{1,2,3\text{,}\ldots\right\}] and the sequence of denominators [image: \left\{2,3,4\text{,}\ldots\right\}]. We can see that both of these sequences are arithmetic sequences. The [image: n\text{th}] term in the sequence of numerators is [image: n], and the [image: n\text{th}] term in the sequence of denominators is [image: n+1]. Therefore, the sequence can be described by the explicit formula
  [image: {a}_{n}=\frac{{\left(-1\right)}^{n}n}{n+1}].
  

 	The sequence of numerators [image: 3,9,27,81,243\text{,}\ldots] is a geometric sequence. The numerator of the [image: n\text{th}] term is [image: {3}^{n}] The sequence of denominators [image: 4,7,10,13,16\text{,}\ldots] is an arithmetic sequence. The denominator of the [image: n\text{th}] term is [image: 4+3\left(n - 1\right)=3n+1]. Therefore, we can describe the sequence by the explicit formula [image: {a}_{n}=\frac{{3}^{n}}{3n+1}].
 
 
   For each of the following recursively defined sequences, find an explicit formula for the sequence.
 	[image: {a}_{1}=2], [image: {a}_{n}=-3{a}_{n - 1}] for [image: n\ge 2]
 	[image: {a}_{1}=\frac{1}{2}], [image: {a}_{n}={a}_{n - 1}+{\left(\frac{1}{2}\right)}^{n}] for [image: n\ge 2]
 
 
 Show Solution 	Writing out the first few terms, we have
  [image: \begin{array}{c}{a}_{1}=2\hfill \\ {a}_{2}=-3{a}_{1}=-3\left(2\right)\hfill \\ {a}_{3}=-3{a}_{2}={\left(-3\right)}^{2}2\hfill \\ {a}_{4}=-3{a}_{3}={\left(-3\right)}^{3}2.\hfill \end{array}]
 
 
 In general,
 
 [image: {a}_{n}=2{\left(-3\right)}^{n - 1}].
  

 	Write out the first few terms:
  [image: \begin{array}{}\\ \\ {a}_{1}=\frac{1}{2}\hfill \\ {a}_{2}={a}_{1}+{\left(\frac{1}{2}\right)}^{2}=\frac{1}{2}+\frac{1}{4}=\frac{3}{4}\hfill \\ {a}_{3}={a}_{2}+{\left(\frac{1}{2}\right)}^{3}=\frac{3}{4}+\frac{1}{8}=\frac{7}{8}\hfill \\ {a}_{4}={a}_{3}+{\left(\frac{1}{2}\right)}^{4}=\frac{7}{8}+\frac{1}{16}=\frac{15}{16}.\hfill \end{array}]
 
 
 From this pattern, we derive the explicit formula
 
 [image: {a}_{n}=\frac{{2}^{n}-1}{{2}^{n}}=1-\frac{1}{{2}^{n}}].
  

 
 
   [ohm_question hide_question_numbers=1]311393[/ohm_question] 
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				Limit of a Sequence
 Now that we understand what sequences are, let’s explore a fundamental question: What happens to the terms of a sequence as [image: n] gets larger and larger?
 Since sequences are functions defined on positive integers, we can discuss what happens to [image: a_n] as [image: n \to \infty]. Let’s examine four different sequences to see the various behaviors that can occur.
 Example a: [image: {1+3n} = {4, 7, 10, 13, \ldots}]
 The terms [image: 1+3n] grow without bound as [image: n \to \infty]. We say [image: 1+3n \to \infty] as [image: n \to \infty].
 Example b: [image: {1-(\frac{1}{2})^n} = {\frac{1}{2}, \frac{3}{4}, \frac{7}{8}, \frac{15}{16}, \ldots}]
 The terms get closer and closer to 1. We say [image: 1-(\frac{1}{2})^n \to 1] as [image: n \to \infty].
 Example c: [image: {(-1)^n} = {-1, 1, -1, 1, \ldots}]
 The terms alternate between -1 and 1 forever. They don’t settle down to any single value.
 Example d: [image: {\frac{(-1)^n}{n}} = {-1, \frac{1}{2}, -\frac{1}{3}, \frac{1}{4}, \ldots}]
 The terms alternate in sign but get closer and closer to 0. We say [image: \frac{(-1)^n}{n} \to 0] as [image: n \to \infty].
 [image: Four graphs in quadrants 1 and 4, labeled a through d. The horizontal axis is for the value of n and the vertical axis is for the value of the term a _n. Graph a has points (1, 4), (2, 7), (3, 10), (4, 13), and (5, 16). Graph b has points (1, 1/2), (2, 3/4), (3, 7/8), and (4, 15/16). Graph c has points (1, -1), (2, 1), (3, -1), (4, 1), and (5, -1). Graph d has points (1, -1), (2, 1/2), (3, -1/3), (4, 1/4), and (5, -1/5).]Figure 2. (a) The terms in the sequence become arbitrarily large as [image: n\to \infty]. (b) The terms in the sequence approach [image: 1] as [image: n\to \infty]. (c) The terms in the sequence alternate between [image: 1] and [image: -1] as [image: n\to \infty]. (d) The terms in the sequence alternate between positive and negative values but approach [image: 0] as [image: n\to \infty].  From these examples, we see that sequences can behave in different ways as [image: n] gets large. In Examples b and c, the terms approach a specific finite number. In Examples a and c, they don’t. If the terms of a sequence approach a finite number [image: L] as [image: n\to \infty], we say that the sequence is a convergent sequence and the real number [image: L] is the limit of the sequence.
 convergent and divergent sequences
 A sequence [image: {a_n}] is convergent if the terms [image: a_n] get arbitrarily close to some finite number [image: L] as [image: n] becomes sufficiently large.
 We write:
 [image: \lim_{n\to \infty}a_n = L]
 The number [image: L] is called the limit of the sequence.
 If a sequence is not convergent, we say it is divergent.
  Convergent vs. Divergent
 	Convergent: The terms “settle down” to approach a specific finite value
 	Divergent: The terms either grow without bound, oscillate forever, or behave erratically
 
 Remember: Even if terms alternate (like in Example 4), a sequence can still converge if the alternating terms get closer to a single value.
  Looking at our examples more closely, we can see that [image: {1-(\frac{1}{2})^n}] has terms that get arbitrarily close to 1 as [image: n] becomes very large. This makes it a convergent sequence with limit 1. In contrast, [image: {1+3n}] has terms that keep growing without approaching any finite number, making it divergent.
 The Formal Definition
 Our informal description used phrases like “arbitrarily close” and “sufficiently large,” which are helpful but somewhat vague. Here’s the precise mathematical definition and show these ideas graphically in Figure 3.
 formal definition of sequence convergence
 A sequence [image: {a_n}] converges to a real number [image: L] if:
 For every [image: \epsilon > 0], there exists an integer [image: N] such that [image: |a_n - L| < \epsilon] whenever [image: n \geq N].
 We write:
 [image: \underset{n\to \infty }{\text{lim}}a_n = L] or [image: a_n \to L]
 If a sequence doesn’t converge, it’s divergent.
  What this means in plain English: No matter how small a distance [image: \epsilon] you choose around [image: L], eventually all the terms of the sequence will be within that distance of [image: L]. <img src="https://s3-us-west-2.amazonaws.com/courses-images/wp-content/uploads/sites/4175/2019/04/11234246/CNX_Calc_Figure_09_01_003.jpg" alt="A graph in quadrant 1 with axes labeled n and a_n instead of x and y, respectively. A positive point N is marked on the n axis. From smallest to largest, points L – epsilon, L, and L + epsilon are marked on the a_n axis, with the same interval epsilon between L and the other two. A blue line y = L is drawn, as are red dotted ones for y = L + epsilon and L – epsilon. Points in quadrant 1 are plotted above and below these lines for x Figure 3. As [image: n] increases, the terms [image: {a}_{n}] become closer to [image: L]. For values of [image: n\ge N], the distance between each point [image: \left(n,{a}_{n}\right)] and the line [image: y=L] is less than [image: \epsilon].
 The convergence of a sequence depends only on what happens as [image: n \to \infty]. This means you can add or remove any finite number of terms from the beginning of a sequence without changing whether it converges or diverges.
 For example, if [image: {a_n}] converges to [image: L], then the sequence [image: {b_1, b_2, \ldots, b_N, a_1, a_2, \ldots}] will also converge to [image: L], regardless of what the values [image: b_1, b_2, \ldots, b_N] are. Not all divergent sequences behave the same way. Let’s look at the sequences [image: {1+3n}] and [image: {(-1)^n}] from our earlier examples to see two distinct types of divergence.
 Oscillating divergence: The sequence [image: {(-1)^n} = {-1, 1, -1, 1, \ldots}] diverges because terms alternate between 1 and -1 forever, never settling on a single value.
 Divergence to infinity: The sequence [image: {1+3n}] diverges because the terms grow without bound: [image: 1+3n \to \infty] as [image: n \to \infty].
 For sequences that grow without bound, we write [image: \lim_{n\to \infty}(1+3n) = \infty]. Similarly, sequences can diverge to negative infinity. For example, [image: {-5n+2}] has terms that approach [image: -\infty], so we write [image: \lim_{n\to \infty}(-5n+2) = -\infty].
 Important Note About Infinity
 When we write [image: \lim_{n\to \infty}a_n = \infty], we’re not saying the limit exists. The sequence is still divergent! This notation just tells us how it diverges—by growing without bound rather than oscillating.
  Using Function Limits to Find Sequence Limits
 Since sequences are functions defined on positive integers, we can often use our knowledge of function limits to analyze sequence behavior.
 Here’s the key insight: If you have a sequence [image: {a_n}] where [image: a_n = f(n)] for some function [image: f], and if [image: \lim_{x\to \infty}f(x) = L], then the sequence converges to the same limit [image: L].
 Consider the sequence [image: {\frac{1}{n}}] and the related function [image: f(x) = \frac{1}{x}]. Since [image: \underset{x\to \infty }{\text{lim}}\frac{1}{x} = 0], we know that [image: \underset{n\to \infty }{\text{lim}}\frac{1}{n} = 0]. limit of a sequence defined by a function
 Consider a sequence [image: \left\{{a}_{n}\right\}] such that [image: {a}_{n}=f\left(n\right)] for all [image: n\ge 1]. If there exists a real number [image: L] such that
 [image: \underset{x\to \infty }{\text{lim}}f\left(x\right)=L],
 then [image: \left\{{a}_{n}\right\}] converges and
 [image: \underset{n\to \infty }{\text{lim}}{a}_{n}=L].
  Why this works: The sequence values are just a subset of the function values (at integer points), so if the function approaches [image: L], the sequence must too. This method is especially useful when:
 	Your sequence formula looks like a familiar function
 	You can easily find the limit of the continuous version
 	The function techniques (like L’Hôpital’s rule) are simpler than working directly with the sequence
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				Evaluating Sequence Limits
 Now that we understand the basic theory of sequence limits, let’s put our tools to work. We’ll start by analyzing geometric sequences and then move on to more complex examples using algebraic limit laws.
 Geometric Sequences and Their Limits
 We can use our theorem about function limits to evaluate [image: \underset{n\to \infty }{\text{lim}}r^n] for different values of [image: r].
 Consider the sequence [image: {(\frac{1}{2})^n}] and the related exponential function [image: f(x) = (\frac{1}{2})^x]. Since [image: \underset{x\to \infty }{\text{lim}}(\frac{1}{2})^x = 0], we conclude that the sequence [image: {(\frac{1}{2})^n}] converges to 0. This pattern extends to all geometric sequences:
 limits of geometric sequences [image: {r^n}]
 	If [image: 0 < r < 1]: [image: r^n \to 0]
 	If [image: r = 1]: [image: r^n \to 1]
 	If [image: r > 1]: [image: r^n \to \infty] (diverges)
 
  Working with More Complex Sequences
 Now let’s tackle sequences with more complicated terms. Consider the sequence [image: {(\frac{2}{3})^n + (\frac{1}{4})^n}].
 Rather than analyzing this directly, we can break it down using what we know about simpler sequences. Since both [image: {(\frac{2}{3})^n}] and [image: {(\frac{1}{4})^n}] converge to 0, their sum should converge to [image: 0 + 0 = 0].
 This intuitive approach works because of algebraic limit laws for sequences, which parallel the limit laws you learned for functions.
 algebraic limit laws for sequences
 Given sequences [image: \{{a}_{n}\}] and [image: \{{b}_{n}\}] and any real number [image: c], if there exist constants [image: A] and [image: B] such that [image: \underset{n\to \infty }{\text{lim}}{a}_{n}=A] and [image: \underset{n\to \infty }{\text{lim}}{b}_{n}=B], then:
 	Constant: [image: \underset{n\to \infty }{\text{lim}}c=c]
 	Scalar multiplication: [image: \underset{n\to \infty }{\text{lim}}c{a}_{n}=c\underset{n\to \infty }{\text{lim}}{a}_{n}=cA]
 	Addition/Subtraction: [image: \underset{n\to \infty }{\text{lim}}({a}_{n}\pm {b}_{n})=\underset{n\to \infty }{\text{lim}}{a}_{n}\pm \underset{n\to \infty }{\text{lim}}{b}_{n}=A\pm B]
 	Multiplication: [image: \underset{\text{n}\to \infty }{\text{lim}}({a}_{n}\cdot {b}_{n})=(\underset{n\to \infty }{\text{lim}}{a}_{n})\cdot (\underset{n\to \infty }{\text{lim}}{b}_{n})=A\cdot B]
 	Division: [image: \underset{n\to \infty }{\text{lim}}(\frac{{a}_{n}}{{b}_{n}})=\frac{\underset{n\to \infty }{\text{lim}}{a}_{n}}{\underset{n\to \infty }{\text{lim}}{b}_{n}}=\frac{A}{B}], provided [image: B\ne 0] and each [image: {b}_{n}\ne 0].
 
  Proof
 
 We prove part iii.
 Let [image: >0]. Since [image: \underset{n\to \infty }{\text{lim}}{a}_{n}=A], there exists a constant positive integer [image: {N}_{1}] such that for all [image: n\ge {N}_{1}]. Since [image: \underset{n\to \infty }{\text{lim}}{b}_{n}=B], there exists a constant [image: {N}_{2}] such that [image: |{b}_{n}-B|<\frac{\epsilon}{2}] for all [image: n\ge {N}_{2}]. Let [image: N] be the largest of [image: {N}_{1}] and [image: {N}_{2}]. Therefore, for all [image: n\ge N],
 [image: |\left({a}_{n}+{b}_{n}\right)\text{-}\left(A+B\right)|\le |{a}_{n}-A|+|{b}_{n}-B|<\frac{\epsilon }{2}+\frac{\epsilon }{2}=\epsilon].
 [image: _\blacksquare]
  These laws let you break complex sequences into simpler pieces. Look for:
 	Terms you can factor out (use scalar multiplication)
 	Sums or differences of familiar sequences
 	Products of sequences you already understand
 
 Just like with function limits, these tools make seemingly difficult problems much more manageable.
  The algebraic limit laws give us powerful tools for evaluating many sequence limits. Let’s start with a fundamental result that we’ll use repeatedly.
 Since we know [image: \underset{n\to \infty }{\text{lim}}\frac{1}{n} = 0], we can extend this to any positive power:
 Key result: For any positive integer [image: k]: [image: \underset{n\to \infty }{\text{lim}}\frac{1}{n^k} = 0]
 This simple fact, combined with our limit laws, allows us to handle many complex sequences. But first, let’s recall an important technique from precalculus that will help us with rational expressions.
 End Behavior of Rational Functions
 For [image: \underset{x\to \infty }{\text{lim}}\frac{P(x)}{Q(x)}] where [image: P(x)] and [image: Q(x)] are polynomials:
 Case 1: If degree of [image: P(x) <] degree of [image: Q(x)]: [image: \underset{x\to \infty }{\text{lim}} \frac{P(x)}{Q(x)} = 0]
 Case 2: If degree of [image: P(x) >] degree of [image: Q(x)]: [image: \underset{x\to \infty }{\text{lim}} \frac{P(x)}{Q(x)} = \infty] (or [image: -\infty])
 Case 3: If degree of [image: P(x) =] degree of [image: Q(x)]: [image: \underset{x\to \infty }{\text{lim}}\frac{P(x)}{Q(x)} = \frac{\text{leading coefficient of }P(x)}{\text{leading coefficient of }Q(x)}]
  For each of the following sequences, determine whether or not the sequence converges. If it converges, find its limit.
 	[image: \left\{5-\frac{3}{{n}^{2}}\right\}]
 	[image: \left\{\frac{3{n}^{4}-7{n}^{2}+5}{6 - 4{n}^{4}}\right\}]
 	[image: \left\{\frac{{2}^{n}}{{n}^{2}}\right\}]
 	[image: \left\{{\left(1+\frac{4}{n}\right)}^{n}\right\}]
 
 
 Show Solution 	We know that [image: \frac{1}{n}\to 0]. Using this fact, we conclude that
  [image: \underset{n\to \infty }{\text{lim}}\frac{1}{{n}^{2}}=\underset{n\to \infty }{\text{lim}}\left(\frac{1}{n}\right).\underset{n\to \infty }{\text{lim}}\left(\frac{1}{n}\right)=0].
 
 
 Therefore,
 
 [image: \underset{n\to \infty }{\text{lim}}\left(5-\frac{3}{{n}^{2}}\right)=\underset{n\to \infty }{\text{lim}}5 - 3\underset{n\to \infty }{\text{lim}}\frac{1}{{n}^{2}}=5 - 3.0=5].
 
 
 The sequence converges and its limit is [image: 5].

 	By factoring [image: {n}^{4}] out of the numerator and denominator and using the limit laws above, we have
  [image: \begin{array}{cc}\hfill \underset{n\to \infty }{\text{lim}}\frac{3{n}^{4}-7{n}^{2}+5}{6 - 4{n}^{4}}& =\underset{n\to \infty }{\text{lim}}\frac{3-\frac{7}{{n}^{2}}+\frac{5}{{n}^{4}}}{\frac{6}{{n}^{4}}-4}\hfill \\ & =\frac{\underset{n\to \infty }{\text{lim}}\left(3-\frac{7}{{n}^{2}}+\frac{5}{{n}^{4}}\right)}{\underset{n\to \infty }{\text{lim}}\left(\frac{6}{{n}^{4}}-4\right)}\hfill \\ & =\frac{\left(\underset{n\to \infty }{\text{lim}}\left(3\right)\text{-}\underset{n\to \infty }{\text{lim}}\frac{7}{{n}^{2}}+\underset{n\to \infty }{\text{lim}}\frac{5}{{n}^{4}}\right)}{\left(\underset{n\to \infty }{\text{lim}}\frac{6}{{n}^{4}}-\underset{n\to \infty }{\text{lim}}\left(4\right)\right)}\hfill \\ & =\frac{\left(\underset{n\to \infty }{\text{lim}}\left(3\right)\text{-}7\cdot \underset{n\to \infty }{\text{lim}}\frac{1}{{n}^{2}}+5\cdot \underset{n\to \infty }{\text{lim}}\frac{1}{{n}^{4}}\right)}{\left(6\cdot \underset{n\to \infty }{\text{lim}}\frac{1}{{n}^{4}}-\underset{n\to \infty }{\text{lim}}\left(4\right)\right)}\hfill \\ & =\frac{3 - 7\cdot 0+5\cdot 0}{6\cdot 0 - 4}=-\frac{3}{4}.\hfill \end{array}]
 
 
 The sequence converges and its limit is [image: \frac{-3}{4}].

 	Consider the related function [image: f\left(x\right)=\frac{{2}^{x}}{{x}^{2}}] defined on all real numbers [image: x>0]. Since [image: {2}^{x}\to \infty] and [image: {x}^{2}\to \infty] as [image: x\to \infty], apply L’Hôpital’s rule and write
  [image: \begin{array}{ccccc}\underset{x\to \infty }{\text{lim}}\frac{{2}^{x}}{{x}^{2}}\hfill & =\underset{x\to \infty }{\text{lim}}\frac{{2}^{x}\text{ln}2}{2x}\hfill & & & \text{Take the derivatives of the numerator and denominator.}\hfill \\ & =\underset{x\to \infty }{\text{lim}}\frac{{2}^{x}{\left(\text{ln}2\right)}^{2}}{2}\hfill & & & \text{Take the derivatives again.}\hfill \\ & =\infty .\hfill & & & \end{array}]
 
 
 We conclude that the sequence diverges.

 	Consider the function [image: f\left(x\right)={\left(1+\frac{4}{x}\right)}^{x}] defined on all real numbers [image: x>0]. This function has the indeterminate form [image: {1}^{\infty }] as [image: x\to \infty]. Let
  [image: y=\underset{x\to \infty }{\text{lim}}{\left(1+\frac{4}{x}\right)}^{x}].
 
 
 Now taking the natural logarithm of both sides of the equation, we obtain
 
 [image: \text{ln}\left(y\right)=\text{ln}\left[\underset{x\to \infty }{\text{lim}}{\left(1+\frac{4}{x}\right)}^{x}\right]].
 
 
 Since the function [image: f\left(x\right)=\text{ln}x] is continuous on its domain, we can interchange the limit and the natural logarithm. Therefore,
 
 [image: \text{ln}\left(y\right)=\underset{x\to \infty }{\text{lim}}\left[\text{ln}{\left(1+\frac{4}{x}\right)}^{x}\right]].
 
 
 Using properties of logarithms, we write
 
 [image: \underset{x\to \infty }{\text{lim}}\left[\text{ln}{\left(1+\frac{4}{x}\right)}^{x}\right]=\underset{x\to \infty }{\text{lim}}x\text{ln}\left(1+\frac{4}{x}\right)].
 
 
 Since the right-hand side of this equation has the indeterminate form [image: \infty \cdot 0], rewrite it as a fraction to apply L’Hôpital’s rule. Write
 
 [image: \underset{x\to \infty }{\text{lim}}x\text{ln}\left(1+\frac{4}{x}\right)=\underset{x\to \infty }{\text{lim}}\frac{\text{ln}\left(1+\frac{4}{x}\right)}{\frac{1}{x}}].
 
 
 Since the right-hand side is now in the indeterminate form [image: \frac{0}{0}], we are able to apply L’Hôpital’s rule. We conclude that
 
 [image: \underset{x\to \infty }{\text{lim}}\frac{\text{ln}\left(1+\frac{4}{x}\right)}{\frac{1}{x}}=\underset{x\to \infty }{\text{lim}}\frac{4}{1+\frac{4}{x}}=4].
 
 
 Therefore, [image: \text{ln}\left(y\right)=4] and [image: y={e}^{4}]. Therefore, since [image: \underset{x\to \infty }{\text{lim}}{\left(1+\frac{4}{x}\right)}^{x}={e}^{4}], we can conclude that the sequence [image: \left\{{\left(1+\frac{4}{n}\right)}^{n}\right\}] converges to [image: {e}^{4}].
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				Advanced Techniques for Sequence Limits
 In the previous section, we learned the basic tools for finding sequence limits. Now we’ll explore more sophisticated techniques that handle challenging cases where basic limit laws aren’t enough.
 L’Hôpital’s Rule for Sequences
 Sometimes you’ll encounter sequences where both the numerator and denominator grow without bound, making it unclear what happens to their ratio. These indeterminate forms require special techniques.
 We often need to analyze sequences featuring ratios where both parts increase without bound and it’s not immediately clear what the limit will be. Fortunately, we can use L’Hôpital’s Rule from our study of functions.
 L’Hôpital’s Rule Suppose [image: f] and [image: g] are differentiable functions over an open interval [image: (a, \infty)]. If either:
 	[image: \underset{x\to \infty}{\lim}f(x) = 0] and [image: \underset{x\to \infty}{\lim}g(x) = 0]
                                                                                       or
 	[image: \underset{x\to \infty}{\lim}f(x) = \infty] (or [image: -\infty]) and [image: \underset{x\to \infty}{\lim}g(x) = \infty] (or [image: -\infty])
 
 Then: [image: \underset{x\to \infty}{\lim}\frac{f(x)}{g(x)} = \underset{x\to \infty}{\lim}\frac{f'(x)}{g'(x)}]
 (assuming the limit on the right exists or is [image: \infty] or [image: -\infty])
  Consider the sequence [image: \{\frac{(5{n}^{2}+1)}{{e}^{n}}\}]. Determine whether or not the sequence converges. If it converges, find its limit.
 
 Hint Use L’Hôpital’s rule.
 
  Show Solution The sequence converges, and its limit is [image: 0].
 
   Watch the following video to see the worked solution to the above example.https://youtube.com/watch?v=6Wri3AvC6xg%3Fcontrols%3D0%26start%3D400%26end%3D442%26autoplay%3D0 For closed captioning, open the video on its original page by clicking the Youtube logo in the lower right-hand corner of the video display. In YouTube, the video will begin at the same starting point as this clip, but will continue playing until the very end.
 You can view the transcript for this segmented clip of “5.1.2” here (opens in new window).
  Limits with Continuous Functions
 Recall that if [image: f] is a continuous function at a value [image: L], then [image: f(x)\to f(L)] as [image: x\to L]. This idea applies to sequences as well.
 Consider the sequence [image: {\sqrt{5-\frac{3}{n^2}}}]. We know that [image: 5-\frac{3}{n^2} \to 5]. Since [image: \sqrt{x}] is continuous at [image: x = 5]:
 [image: \underset{n\to \infty}{\lim}\sqrt{5-\frac{3}{n^2}} = \sqrt{\underset{n\to \infty}{\lim}(5-\frac{3}{n^2})} = \sqrt{5}]
  continuous functions and convergent sequences
 If sequence [image: {a_n}] converges to [image: L] and function [image: f] is continuous at [image: L], then:
 [image: \underset{n\to \infty}f(a_n) = f(\underset{n\to \infty}a_n) = f(L)]
  Proof
 
 Let [image: >0]. Since [image: f] is continuous at [image: L], there exists [image: \delta >0] such that [image: |f(x)-f(L)|<\epsilon] if [image: |x-L|<\delta]. Since the sequence [image: \{{a}_{n}\}] converges to [image: L], there exists [image: N] such that [image: |{a}_{n}-L|<\delta] for all [image: n\ge N]. Therefore, for all [image: n\ge N], [image: |{a}_{n}-L|<\delta], which implies [image: |f({a}_{n})\text{-}f(L)|<\epsilon]. We conclude that the sequence [image: \{f({a}_{n})\}] converges to [image: f(L)].
 [image: _\blacksquare]
  [image: A graph in quadrant 1 with points (a_1, f(a_1)), (a_3, f(a_3)), (L, f(L)), (a_4, f(a_4)), and (a_2, f(a_2)) connected by smooth curves.]Figure 4. Because [image: f] is a continuous function as the inputs [image: {a}_{1},{a}_{2},{a}_{3}\text{,}\ldots] approach [image: L], the outputs [image: f\left({a}_{1}\right),f\left({a}_{2}\right),f\left({a}_{3}\right)\text{,}\ldots] approach [image: f\left(L\right)]. Determine whether the sequence [image: \{\cos(\frac{3}{{n}^{2}})\}] converges. If it converges, find its limit.
 
 Show Solution Since the sequence [image: \{\frac{3}{{n}^{2}}\}] converges to [image: 0] and [image: \cos{x}] is continuous at [image: x=0], we can conclude that the sequence [image: \{\cos(\frac{3}{{n}^{2})\}] converges and
 [image: \underset{n\to \infty }{\text{lim}}\cos(\frac{3}{{n}^{2}})=\cos(0)=1].
  
 
   The Squeeze Theorem for Sequences
 Another powerful technique extends the Squeeze Theorem you learned for function limits. This method is particularly useful when you can’t find a sequence’s limit directly, but you can “sandwich” it between two sequences whose limits you do know.
 squeeze theorem for sequences
 Consider sequences [image: \{{a}_{n}\}], [image: \{{b}_{n}\}], and [image: \{{c}_{n}\}]. Suppose there exists an integer [image: N] such that
 [image: {a}_{n}\le {b}_{n}\le {c}_{n}\text{for all}n\ge N].
  
 If there exists a real number [image: L] such that
 [image: \underset{n\to \infty }{\text{lim}}{a}_{n}=L=\underset{n\to \infty }{\text{lim}}{c}_{n}],
  
 then [image: \{{b}_{n}\}] converges and [image: \underset{n\to \infty }{\text{lim}}{b}_{n}=L] (Figure 5).
   
 [image: A graph in quadrant 1 with the line y = L and the x-axis labeled as the n axis. Points are plotted above and below the line, converging to L as n goes to infinity. Points a_n, b_n, and c_n are plotted at the same n-value. A_n and b_n are above y = L, and c_n is below it.]Figure 5. Each term [image: {b}_{n}] satisfies [image: {a}_{n}\le {b}_{n}\le {c}_{n}] and the sequences [image: \left\{{a}_{n}\right\}] and [image: \left\{{c}_{n}\right\}] converge to the same limit, so the sequence [image: \left\{{b}_{n}\right\}] must converge to the same limit as well. Proof
 
 Let [image: \epsilon >0]. Since the sequence [image: \{{a}_{n}\}] converges to [image: L], there exists an integer [image: {N}_{1}] such that [image: |{a}_{n}-L|<\epsilon] for all [image: n\ge {N}_{1}]. Similarly, since [image: \{{c}_{n}\}] converges to [image: L], there exists an integer [image: {N}_{2}] such that [image: |{c}_{n}-L|<\epsilon] for all [image: n\ge {N}_{2}]. By assumption, there exists an integer [image: N] such that [image: {a}_{n}\le {b}_{n}\le {c}_{n}] for all [image: n\ge N]. Let [image: M] be the largest of [image: {N}_{1},{N}_{2}], and [image: N]. We must show that [image: |{b}_{n}-L|<\epsilon] for all [image: n\ge M]. For all [image: n\ge M],
 [image: \text{-}\epsilon <\text{-}|{a}_{n}-L|\le {a}_{n}-L\le {b}_{n}-L\le {c}_{n}-L\le |{c}_{n}-L|<\epsilon].
  
 Therefore, [image: \text{-}\epsilon <{b}_{n}-L<\epsilon], and we conclude that [image: |{b}_{n}-L|<\epsilon] for all [image: n\ge M], and we conclude that the sequence [image: \{{b}_{n}\}] converges to [image: L].
 [image: _\blacksquare]
  When to Use the Squeeze Theorem
 Look for the Squeeze Theorem when:
 	The sequence involves trigonometric functions (since [image: -1 \leq \sin x, \cos x \leq 1])
 	You have a sequence that oscillates but is bounded
 	Direct limit calculation seems difficult, but you can find upper and lower bounds
 
 The key is identifying good “squeezing” sequences that are easier to analyze.
  Use the Squeeze Theorem to find the limit of each of the following sequences.
 	[image: \{\frac{\cos{n}}{{n}^{2}}\}]
 	[image: \{{(-\frac{1}{2})}^{n}\}]
 
 
 Show Solution 	Since [image: -1\le \cos{n}\le 1] for all integers [image: n], we have
  [image: -\frac{1}{{n}^{2}}\le \frac{\cos{n}}{{n}^{2}}\le \frac{1}{{n}^{2}}].
 
 
 Since [image: \frac{-1}{{n}^{2}}\to 0] and [image: \frac{1}{{n}^{2}}\to 0], we conclude that [image: \frac{\cos{n}}{{n}^{2}}\to 0] as well.

 	Since
  [image: -\frac{1}{{2}^{n}}\le {(-\frac{1}{2})}^{n}\le \frac{1}{{2}^{n}}]
 
 
 for all positive integers [image: n], [image: \frac{-1}{{2}^{n}}\to 0] and [image: \frac{1}{{2}^{n}}\to 0], we can conclude that [image: {(\frac{-1}{2})}^{n}\to 0].
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				Monotone Convergence Theorem
 We now turn to one of the most important theorems about sequences: the Monotone Convergence Theorem. This powerful result gives us a way to prove that certain sequences converge even when we can’t find their exact limits. Before we can state the main theorem, we need to understand what it means for a sequence to be bounded.
 bounded sequences
 	A sequence [image: \{{a}_{n}\}] is a bounded sequence if it is bounded above and bounded below. 	If a sequence is not bounded, it is an unbounded sequence.
 
 
 	A sequence [image: \{{a}_{n}\}] is bounded above if there exists a real number [image: M] such that
 [image: {a}_{n}\le M]
 for all positive integers [image: n].
 	A sequence [image: \{{a}_{n}\}] is bounded below if there exists a real number [image: M] such that
 [image: M\le {a}_{n}]
 for all positive integers [image: n].
 
  	The sequence [image: {\frac{1}{n}} = {1, \frac{1}{2}, \frac{1}{3}, \frac{1}{4}, \ldots}] is bounded above by [image: 1] and bounded below by [image: 0], so it’s bounded.
 	The sequence [image: {2^n} = {2, 4, 8, 16, \ldots}] is bounded below by [image: 2] but has no upper bound, so it’s unbounded.
 
  Here’s a crucial insight: if a sequence is unbounded, it cannot converge. Why? Because unbounded sequences have terms that become arbitrarily large in magnitude, preventing them from settling down to any finite limit.
 convergent sequences are bounded
 If a sequence [image: {a_n}] converges, then it is bounded.
 [image: \\]
 Important: The converse is NOT true. A bounded sequence doesn’t have to converge.
   The sequence [image: \left\{{\left(-1\right)}^{n}\right\}] is bounded, but the sequence diverges because the sequence oscillates between [image: 1] and [image: -1] and never approaches a finite number. So boundedness is necessary for convergence, but not sufficient. We need something more. The missing ingredient is monotonicity—sequences that consistently move in one direction.
 monotone sequences
 A sequence [image: {a_n}] is:
 	Increasing (for [image: n \geq n_0]) if [image: a_n \leq a_{n+1}] for all [image: n \geq n_0]
 	Decreasing (for [image: n \geq n_0]) if [image: a_n \geq a_{n+1}] for all [image: n \geq n_0]
 	Monotone if it’s either increasing or decreasing (at least eventually)
 
 Note: “Eventually” means the pattern holds from some point [image: n_0] onward—early terms can behave differently.
  Consider a bounded sequence [image: {a_n}] that is also increasing: [image: a_1 \leq a_2 \leq a_3 \leq \ldots]. Since the sequence is increasing, the terms aren’t oscillating. This leaves only two possibilities: the sequence could diverge to infinity, or it could converge. But here’s the crucial point—since the sequence is bounded above, it cannot diverge to infinity.  We conclude that [image: \left\{{a}_{n}\right\}] converges.
 The good news is that we don’t need a sequence to be monotone from the very beginning—it just needs to be monotone eventually. This makes the theorem much more practical.The monotone behavior doesn’t need to start immediately.
 Consider the sequence:
 [image: \left\{2,0,3,0,4,0,1,-\frac{1}{2},-\frac{1}{3},-\frac{1}{4}\text{,}\ldots\right\}].
 Even though the sequence is not increasing for all values of [image: n], we see that [image: -\frac{1}{2}<\text{-}\frac{1}{3}<\text{-}\frac{1}{4}<\cdots]. Therefore, starting with the eighth term, [image: {a}_{8}=-\frac{1}{2}], the sequence is increasing. In this case, we say the sequence is eventually increasing. Since the sequence is bounded above, it converges. It is also true that if a sequence is decreasing (or eventually decreasing) and bounded below, it also converges.
 Why this works: Remember, convergence depends only on what happens as [image: n \to \infty]. The first few terms don’t affect the ultimate behavior of the sequence. We now have the necessary definitions to state the Monotone Convergence Theorem, which gives a sufficient condition for convergence of a sequence.
 Monotone Convergence Theorem
 If [image: \left\{{a}_{n}\right\}] is a bounded sequence and there exists a positive integer [image: {n}_{0}] such that [image: \left\{{a}_{n}\right\}] is monotone for all [image: n\ge {n}_{0}], then [image: \left\{{a}_{n}\right\}] converges.
  The proof of this theorem is beyond the scope of this text. Instead, we provide a graph to show intuitively why this theorem makes sense (Figure 6).
 [image: A graph in quadrant 1 with the x and y axes labeled n and a_n, respectively. A dotted horizontal is drawn from the a_n axis into quadrant 1. Many points are plotted under the dotted line, increasing in a_n value and converging to the dotted line.]Figure 6. Since the sequence [image: \left\{{a}_{n}\right\}] is increasing and bounded above, it must converge.  In the following example, we show how the Monotone Convergence Theorem can be used to prove convergence of a sequence.
 For each of the following sequences, use the Monotone Convergence Theorem to show the sequence converges and find its limit.
 	[image: \left\{\frac{{4}^{n}}{n\text{!}}\right\}]
 	[image: \left\{{a}_{n}\right\}] defined recursively such that
  [image: {a}_{1}=2\text{ and }{a}_{n+1}=\frac{{a}_{n}}{2}+\frac{1}{2{a}_{n}}\text{ for all }n\ge 2].
 
 
 
 Show Solution 	Writing out the first few terms, we see that
  [image: \left\{\frac{{4}^{n}}{n\text{!}}\right\}=\left\{4,8,\frac{32}{3},\frac{32}{3},\frac{128}{15}\text{,}\ldots\right\}].
 
 
 At first, the terms increase. However, after the third term, the terms decrease. In fact, the terms decrease for all [image: n\ge 3]. We can show this as follows.
 
 [image: {a}_{n+1}=\frac{{4}^{n+1}}{\left(n+1\right)\text{!}}=\frac{4}{n+1}\cdot \frac{{4}^{n}}{n\text{!}}=\frac{4}{n+1}\cdot {a}_{n}\le {a}_{n}\text{ if }n\ge 3].
 
 
 Therefore, the sequence is decreasing for all [image: n\ge 3]. Further, the sequence is bounded below by [image: 0] because [image: \frac{{4}^{n}}{n\text{!}}\ge 0] for all positive integers [image: n]. Therefore, by the Monotone Convergence Theorem, the sequence converges.
 
 To find the limit, we use the fact that the sequence converges and let [image: L=\underset{n\to \infty }{\text{lim}}{a}_{n}]. Now note this important observation. Consider [image: \underset{n\to \infty }{\text{lim}}{a}_{n+1}]. Since
 
 [image: \left\{{a}_{n+1}\right\}=\left\{{a}_{2,}{a}_{3},{a}_{4}\text{,}\ldots\right\}],
  
 the only difference between the sequences [image: \left\{{a}_{n+1}\right\}] and [image: \left\{{a}_{n}\right\}] is that [image: \left\{{a}_{n+1}\right\}] omits the first term. Since a finite number of terms does not affect the convergence of a sequence,
  
 [image: \underset{n\to \infty }{\text{lim}}{a}_{n+1}=\underset{n\to \infty }{\text{lim}}{a}_{n}=L].
 
 
 Combining this fact with the equation
 
 [image: {a}_{n+1}=\frac{4}{n+1}{a}_{n}]
 
 
 and taking the limit of both sides of the equation
 
 [image: \underset{n\to \infty }{\text{lim}}{a}_{n+1}=\underset{n\to \infty }{\text{lim}}\frac{4}{n+1}{a}_{n}],
 
 
 we can conclude that
 
 [image: L=0\cdot L=0].
  

 	Writing out the first several terms,
  [image: \left\{2,\frac{5}{4},\frac{41}{40},\frac{3281}{3280}\text{,}\ldots\right\}].
 
 
 we can conjecture that the sequence is decreasing and bounded below by [image: 1]. To show that the sequence is bounded below by [image: 1], we can show that
 
 [image: \frac{{a}_{n}}{2}+\frac{1}{2{a}_{n}}\ge 1].
 
 
 To show this, first rewrite
 
 [image: \frac{{a}_{n}}{2}+\frac{1}{2{a}_{n}}=\frac{{a}_{n}^{2}+1}{2{a}_{n}}].
 
 
 Since [image: {a}_{1}>0] and [image: {a}_{2}] is defined as a sum of positive terms, [image: {a}_{2}>0]. Similarly, all terms [image: {a}_{n}>0]. Therefore,
 
 [image: \frac{{a}_{n}^{2}+1}{2{a}_{n}}\ge 1]
 
 
 if and only if
 
 [image: {a}_{n}^{2}+1\ge 2{a}_{n}].
 
 
 Rewriting the inequality [image: {a}_{n}^{2}+1\ge 2{a}_{n}] as [image: {a}_{n}^{2}-2{a}_{n}+1\ge 0], and using the fact that
 
 [image: {a}_{n}^{2}-2{a}_{n}+1={\left({a}_{n}-1\right)}^{2}\ge 0]
 
 
 because the square of any real number is nonnegative, we can conclude that
 
 [image: \frac{{a}_{n}}{2}+\frac{1}{2{a}_{n}}\ge 1].
  
 
 
 To show that the sequence is decreasing, we must show that [image: {a}_{n+1}\le {a}_{n}] for all [image: n\ge 1]. Since [image: 1\le {a}_{n}^{2}], it follows that
 
 [image: {a}_{n}^{2}+1\le 2{a}_{n}^{2}].
 
 
 Dividing both sides by [image: 2{a}_{n}], we obtain
 
 [image: \frac{{a}_{n}}{2}+\frac{1}{2{a}_{n}}\le {a}_{n}].
 
 
 Using the definition of [image: {a}_{n+1}], we conclude that
 
 [image: {a}_{n+1}=\frac{{a}_{n}}{2}+\frac{1}{2{a}_{n}}\le {a}_{n}].
 
 
 Since [image: \left\{{a}_{n}\right\}] is bounded below and decreasing, by the Monotone Convergence Theorem, it converges.
 
 To find the limit, let [image: L=\underset{n\to \infty }{\text{lim}}{a}_{n}]. Then using the recurrence relation and the fact that [image: \underset{n\to \infty }{\text{lim}}{a}_{n}=\underset{n\to \infty }{\text{lim}}{a}_{n+1}], we have
 
 [image: \underset{n\to \infty }{\text{lim}}{a}_{n+1}=\underset{n\to \infty }{\text{lim}}\left(\frac{{a}_{n}}{2}+\frac{1}{2{a}_{n}}\right)],
 
 
 and therefore
 
 [image: L=\frac{L}{2}+\frac{1}{2L}].
 
 
 Multiplying both sides of this equation by [image: 2L], we arrive at the equation
 
 [image: 2{L}^{2}={L}^{2}+1].
 
 
 Solving this equation for [image: L], we conclude that [image: {L}^{2}=1], which implies [image: L=\pm 1]. Since all the terms are positive, the limit [image: L=1].

 
 
   [ohm_question hide_question_numbers=1]311394[/ohm_question] 
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				 	Find the pattern in a sequence and write a formula for its terms
 	Determine what value a sequence approaches (if it approaches any value at all)
 	Figure out if a sequence converges or diverges
 
  The Fibonacci Sequence: From Recursion to the Golden Ratio
 The Fibonacci sequence is one of mathematics’ most fascinating patterns, appearing everywhere from flower petals to spiral galaxies. Named after Leonardo Fibonacci, who introduced it to Western mathematics in 1202, this sequence demonstrates how simple recursive rules can produce profound mathematical relationships.
 The Fibonacci numbers are defined recursively by the sequence [image: \left\{{F}_{n}\right\}] where [image: {F}_{0}=0], [image: {F}_{1}=1] and for [image: n\ge 2], [image: {F}_{n}={F}_{n - 1}+{F}_{n - 2}].
 In this exploration, you’ll discover how to move from the recursive definition of Fibonacci numbers to a closed formula, and ultimately connect this ancient sequence to the golden ratio—a number that has captivated mathematicians, artists, and architects for centuries.
 Write out the first twenty Fibonacci numbers. Show Answer Starting with [image: F_0 = 0] and [image: F_1 = 1], and using [image: F_n = F_{n-1} + F_{n-2}]:
 [image: \begin{array}{rcl} F_0 & = & 0 \\ F_1 & = & 1 \\ F_2 & = & F_1 + F_0 = 1 + 0 = 1 \\ F_3 & = & F_2 + F_1 = 1 + 1 = 2 \\ F_4 & = & F_3 + F_2 = 2 + 1 = 3 \\ F_5 & = & F_4 + F_3 = 3 + 2 = 5 \\ F_6 & = & F_5 + F_4 = 5 + 3 = 8 \\ F_7 & = & F_6 + F_5 = 8 + 5 = 13 \\ F_8 & = & F_7 + F_6 = 13 + 8 = 21 \\ F_9 & = & F_8 + F_7 = 21 + 13 = 34 \\ F_{10} & = & F_9 + F_8 = 34 + 21 = 55 \\ F_{11} & = & F_{10} + F_9 = 55 + 34 = 89 \\ F_{12} & = & F_{11} + F_{10} = 89 + 55 = 144 \\ F_{13} & = & F_{12} + F_{11} = 144 + 89 = 233 \\ F_{14} & = & F_{13} + F_{12} = 233 + 144 = 377 \\ F_{15} & = & F_{14} + F_{13} = 377 + 233 = 610 \\ F_{16} & = & F_{15} + F_{14} = 610 + 377 = 987 \\ F_{17} & = & F_{16} + F_{15} = 987 + 610 = 1597 \\ F_{18} & = & F_{17} + F_{16} = 1597 + 987 = 2584 \\ F_{19} & = & F_{18} + F_{17} = 2584 + 1597 = 4181 \\ \end{array}]
 The first twenty Fibonacci numbers are: [image: 0, 1, 1, 2, 3, 5, 8, 13, 21, 34, 55, 89, 144, 233, 377, 610, 987, 1597, 2584, 4181]
   Find a closed formula for the Fibonacci sequence by using the following steps. 	Consider the recursively defined sequence [image: \left\{{x}_{n}\right\}] where [image: {x}_{o}=c] and [image: {x}_{n+1}=a{x}_{n}]. Show that this sequence can be described by the closed formula [image: {x}_{n}=c{a}^{n}] for all [image: n\ge 0].
 	Using the result from part a. as motivation, look for a solution of the equation
  [image: {F}_{n}={F}_{n - 1}+{F}_{n - 2}]
 
 
 of the form [image: {F}_{n}=c{\lambda }^{n}]. Determine what two values for [image: \lambda] will allow [image: {F}_{n}] to satisfy this equation.

 	Consider the two solutions from part b.: [image: {\lambda }_{1}] and [image: {\lambda }_{2}]. Let [image: {F}_{n}={c}_{1}{\lambda }_{1}{}^{n}+{c}_{2}{\lambda }_{2}{}^{n}]. Use the initial conditions [image: {F}_{0}] and [image: {F}_{1}] to determine the values for the constants [image: {c}_{1}] and [image: {c}_{2}] and write the closed formula [image: {F}_{n}].
 
 Show Answer 	For [image: n = 0]: [image: x_0 = c] (given) [image: ca^0 = c \cdot 1 = c] So the formula holds for [image: n = 0].
 Assume [image: x_k = ca^k] for some [image: k \geq 0]. We need to show [image: x_{k+1} = ca^{k+1}].
 From the recurrence relation: [image: x_{k+1} = ax_k] Using: [image: x_{k+1} = a(ca^k) = ca^{k+1}]
 Therefore, by mathematical induction, [image: x_n = ca^n] for all [image: n \geq 0].
 
 	If [image: F_n = c\lambda^n], then:
 	[image: F_{n-1} = c\lambda^{n-1}]
 	[image: F_{n-2} = c\lambda^{n-2}]
 
 Substituting into the Fibonacci recurrence relation: [image: c\lambda^n = c\lambda^{n-1} + c\lambda^{n-2}]
 Dividing by [image: c\lambda^{n-2}] (assuming [image: c \neq 0] and [image: \lambda \neq 0]): [image: \lambda^2 = \lambda + 1]
 Rearranging: [image: \lambda^2 - \lambda - 1 = 0]
 Using the quadratic formula: [image: \lambda = \frac{1 \pm \sqrt{1 + 4}}{2} = \frac{1 \pm \sqrt{5}}{2}]
 Therefore, the two values are: [image: \lambda_1 = \frac{1 + \sqrt{5}}{2}] and [image: \lambda_2 = \frac{1 - \sqrt{5}}{2}]
 
 	We have [image: F_n = c_1\lambda_1^n + c_2\lambda_2^n] where:
 	[image: \lambda_1 = \frac{1 + \sqrt{5}}{2}]
 	[image: \lambda_2 = \frac{1 - \sqrt{5}}{2}]
 
 Using the initial conditions:
 For [image: n = 0]: [image: F_0 = 0] [image: 0 = c_1\lambda_1^0 + c_2\lambda_2^0 = c_1 + c_2] So [image: c_1 + c_2 = 0], which means [image: c_2 = -c_1]
 For [image: n = 1]: [image: F_1 = 1] [image: 1 = c_1\lambda_1 + c_2\lambda_2]
 Substituting [image: c_2 = -c_1]: [image: 1 = c_1\lambda_1 - c_1\lambda_2 = c_1(\lambda_1 - \lambda_2)]
 Now, [image: \lambda_1 - \lambda_2 = \frac{1 + \sqrt{5}}{2} - \frac{1 - \sqrt{5}}{2} = \frac{2\sqrt{5}}{2} = \sqrt{5}]
 Therefore: [image: 1 = c_1\sqrt{5}], so [image: c_1 = \frac{1}{\sqrt{5}}] and [image: c_2 = -\frac{1}{\sqrt{5}}]
 The closed formula for the Fibonacci sequence is: [image: F_n = \frac{1}{\sqrt{5}}\left(\frac{1 + \sqrt{5}}{2}\right)^n - \frac{1}{\sqrt{5}}\left(\frac{1 - \sqrt{5}}{2}\right)^n]
 This can also be written as: [image: F_n = \frac{1}{\sqrt{5}}\left[\left(\frac{1 + \sqrt{5}}{2}\right)^n - \left(\frac{1 - \sqrt{5}}{2}\right)^n\right]]
 
 
   Use the answer in the third part of the previous question to show that: [image: \underset{n\to \infty }{\text{lim}}\frac{{F}_{n+1}}{{F}_{n}}=\frac{1+\sqrt{5}}{2}].
 Show Answer From part 2(c), we have: [image: F_n = \frac{1}{\sqrt{5}}\left[\lambda_1^n - \lambda_2^n\right]]
 where [image: \lambda_1 = \frac{1 + \sqrt{5}}{2}] and [image: \lambda_2 = \frac{1 - \sqrt{5}}{2}]
 Therefore: [image: F_{n+1} = \frac{1}{\sqrt{5}}\left[\lambda_1^{n+1} - \lambda_2^{n+1}\right]]
 Computing the ratio: [image: \frac{F_{n+1}}{F_n} = \frac{\frac{1}{\sqrt{5}}[\lambda_1^{n+1} - \lambda_2^{n+1}]}{\frac{1}{\sqrt{5}}[\lambda_1^n - \lambda_2^n]} = \frac{\lambda_1^{n+1} - \lambda_2^{n+1}}{\lambda_1^n - \lambda_2^n}]
 Factoring out [image: \lambda_1^n] from both numerator and denominator: [image: \frac{F_{n+1}}{F_n} = \frac{\lambda_1^n(\lambda_1 - \lambda_2(\frac{\lambda_2}{\lambda_1})^n)}{\lambda_1^n(1 - (\frac{\lambda_2}{\lambda_1})^n)} = \frac{\lambda_1 - \lambda_2(\frac{\lambda_2}{\lambda_1})^n}{1 - (\frac{\lambda_2}{\lambda_1})^n}]
 Now we need to examine [image: \frac{\lambda_2}{\lambda_1}]: [image: \frac{\lambda_2}{\lambda_1} = \frac{\frac{1 - \sqrt{5}}{2}}{\frac{1 + \sqrt{5}}{2}} = \frac{1 - \sqrt{5}}{1 + \sqrt{5}}]
 Rationalizing the denominator: [image: \frac{\lambda_2}{\lambda_1} = \frac{1 - \sqrt{5}}{1 + \sqrt{5}} \cdot \frac{1 - \sqrt{5}}{1 - \sqrt{5}} = \frac{(1 - \sqrt{5})^2}{1 - 5} = \frac{1 - 2\sqrt{5} + 5}{-4} = \frac{6 - 2\sqrt{5}}{-4} = \frac{\sqrt{5} - 3}{2}]
 Since [image: \sqrt{5} \approx 2.236], we have [image: \frac{\lambda_2}{\lambda_1} = \frac{\sqrt{5} - 3}{2} \approx \frac{-0.764}{2} \approx -0.382]
 Therefore [image: \left|\frac{\lambda_2}{\lambda_1}\right| < 1], which means [image: \left(\frac{\lambda_2}{\lambda_1}\right)^n \to 0] as [image: n \to \infty].
 Taking the limit: [image: \lim_{n \to \infty} \frac{F_{n+1}}{F_n} = \lim_{n \to \infty} \frac{\lambda_1 - \lambda_2(\frac{\lambda_2}{\lambda_1})^n}{1 - (\frac{\lambda_2}{\lambda_1})^n} = \frac{\lambda_1 - \lambda_2 \cdot 0}{1 - 0} = \lambda_1 = \frac{1 + \sqrt{5}}{2}]
 Therefore, [image: \lim_{n \to \infty} \frac{F_{n+1}}{F_n} = \frac{1 + \sqrt{5}}{2}], which is indeed the golden ratio [image: \varphi].
   The number [image: \varphi =\frac{\left(1+\sqrt{5}\right)}{2}] is known as the golden ratio (Figures 7 and 8). [image: This is a photo of a sunflower, particularly the curves of the seeds at its middle. The number of spirals in each direction is always a Fibonacci number.]Figure 7. The seeds in a sunflower exhibit spiral patterns curving to the left and to the right. The number of spirals in each direction is always a Fibonacci number—always. (credit: modification of work by Esdras Calderan, Wikimedia Commons)   
 [image: This is a photo of the Parthenon, an ancient Greek temple that was designed with the proportions of the Golden Rule. The entire temple’s front side fits perfectly into a rectangle with those proportions, as do the columns, the level between the columns and the roof, and a portion of the trim below the roof.]Figure 8. The proportion of the golden ratio appears in many famous examples of art and architecture. The ancient Greek temple known as the Parthenon was designed with these proportions, and the ratio appears again in many of the smaller details. (credit: modification of work by TravelingOtter, Flickr)   
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				 	Understand what we mean by the sum of an infinite series
 	Find the sum of a geometric series
 	Calculate the sum of a telescoping series
 
  Sums and Series
 You’ve already worked with sequences—ordered sets of terms like [image: a_1, a_2, a_3, \ldots]. When you add the terms of a sequence together, you get a series.
 An infinite series is the sum of infinitely many terms, written as:
 [image: \displaystyle\sum _{n=1}^{\infty }{a}_{n}={a}_{1}+{a}_{2}+{a}_{3}+ \cdots].
 But what does it mean to add infinitely many terms? We can’t simply add them the way we add a finite number of terms. Instead, we define the value of an infinite series using partial sums.
 A partial sum is a finite sum of the first [image: k] terms:
 [image: \displaystyle\sum _{n=1}^{k}{a}_{n}={a}_{1}+{a}_{2}+{a}_{3}+ \cdots +{a}_{k}].
 The value of the infinite series is then defined as the limit of these partial sums as [image: k \to \infty].
 Let’s see how this works with a real scenario.
 Suppose oil seeps into a lake following this pattern:
 	Week 1: [image: 1000] gallons enter the lake
 	Week 2: [image: 500] gallons enter (half of previous week)
 	Week 3: [image: 250] gallons enter (half of previous week)
 	And so on…
 
 Each week, half as much oil enters compared to the previous week. The question is: if this continues forever, will the total amount of oil grow without bound, or will it approach some finite limit?
 Let [image: S_k] represent the total oil (in thousands of gallons) after [image: k] weeks:
 [image: \begin{array}{l}{S}_{1}=1\hfill \\ {S}_{2}=1+0.5=1+\frac{1}{2}\hfill \\ {S}_{3}=1+0.5+0.25=1+\frac{1}{2}+\frac{1}{4}\hfill \\ {S}_{4}=1+0.5+0.25+0.125=1+\frac{1}{2}+\frac{1}{4}+\frac{1}{8}\hfill \\ {S}_{5}=1+0.5+0.25+0.125+0.0625=1+\frac{1}{2}+\frac{1}{4}+\frac{1}{8}+\frac{1}{16}.\hfill \end{array}]
 Looking at this pattern, the total oil after [image: k] weeks is:
 [image: {S}_{k}=1+\frac{1}{2}+\frac{1}{4}+\frac{1}{8}+\frac{1}{16}+ \cdots +\frac{1}{{2}^{k - 1}}=\displaystyle\sum _{n=1}^{k}{\left(\frac{1}{2}\right)}^{n - 1}].
 As [image: k \to \infty], the total amount of oil is represented by the infinite series:
 [image: \displaystyle\sum _{n=1}^{\infty }{\left(\frac{1}{2}\right)}^{n - 1}=1+\frac{1}{2}+\frac{1}{4}+\frac{1}{8}+\frac{1}{16}+\cdots].
  The behavior of an infinite series depends entirely on what happens to its sequence of partial sums [image: {S_k}] as [image: k \to \infty].
 To find [image: \lim_{k \to \infty} S_k], let’s calculate some partial sums:
 [image: S_1 = 1] [image: S_2 = 1 + \frac{1}{2} = \frac{3}{2} = 1.5] [image: S_3 = 1 + \frac{1}{2} + \frac{1}{4} = \frac{7}{4} = 1.75] [image: S_4 = 1 + \frac{1}{2} + \frac{1}{4} + \frac{1}{8} = \frac{15}{8} = 1.875] [image: S_5 = 1 + \frac{1}{2} + \frac{1}{4} + \frac{1}{8} + \frac{1}{16} = \frac{31}{16} = 1.9375]
 Plotting some of these values in Figure 1, it appears the sequence [image: {S_k}] might be approaching [image: 2].
 [image: This is a graph in quadrant 1with the x and y axes labeled n and S_n, respectively. From 1 to 5, points are plotted. They increase and seem to converge to 2 and n goes to infinity.]Figure 1. The graph shows the sequence of partial sums [image: \left\{{S}_{k}\right\}]. It appears that the sequence is approaching the value [image: 2].  More Evidence: In the following table, we list the values of [image: {S}_{k}] for several values of [image: k].
 	[image: k] 	[image: 5] 	[image: 10] 	[image: 15] 	[image: 20] 
 	[image: {S}_{k}] 	[image: 1.9375] 	[image: 1.998] 	[image: 1.999939] 	[image: 1.999998] 
  
 These data supply more evidence suggesting that the sequence [image: \left\{{S}_{k}\right\}] converges to [image: 2].
  This numerical evidence strongly suggests that [image: \lim_{k \to \infty} S_k = 2].
 Since the sequence of partial sums converges to [image: 2], we say the infinite series converges to [image: 2] and write:
 [image: \sum_{n=1}^{\infty} \left(\frac{1}{2}\right)^{n-1} = 2]
 Returning to our question about the oil in the lake, since this series converges to [image: 2], the total amount of oil in the lake will approach [image: 2000] gallons (remember our units were thousands of gallons), no matter how long the spill continues. infinite series
 An infinite series is an expression of the form
 [image: \displaystyle\sum _{n=1}^{\infty }{a}_{n}={a}_{1}+{a}_{2}+{a}_{3}+\cdots].
  
 For each positive integer [image: k], the sum
 [image: {S}_{k}=\displaystyle\sum _{n=1}^{k}{a}_{n}={a}_{1}+{a}_{2}+{a}_{3}+\cdots +{a}_{k}]
  
 is called the [image: k\text{th}] partial sum of the infinite series. The partial sums form a sequence [image: \left\{{S}_{k}\right\}].
 	If [image: \lim_{k \to \infty} S_k = S] (a finite number), the series converges to [image: S]
 	If [image: \lim_{k \to \infty} S_k] does not exist or is infinite, the series diverges
 
  The starting index of a series can be adjusted for convenience. For example:
 [image: {\displaystyle\sum _{n=1}^{\infty }\left(\frac{1}{2}\right)}^{n - 1}]
 can also be written as
 [image: {\displaystyle\sum _{n=0}^{\infty }\left(\frac{1}{2}\right)}^{n}\text{or}{\displaystyle\sum _{n=5}^{\infty }\left(\frac{1}{2}\right)}^{n - 5}].
 Often it is convenient for the index to begin at [image: 1], so if for some reason it begins at a different value, we can reindex by making a change of variables. For example, consider the series
 [image: \displaystyle\sum _{n=2}^{\infty }\frac{1}{{n}^{2}}].
 By introducing the variable [image: m=n - 1], so that [image: n=m+1], we can rewrite the series as
 [image: \displaystyle\sum _{m=1}^{\infty }\frac{1}{{\left(m+1\right)}^{2}}].
 For each of the following series, use the sequence of partial sums to determine whether the series converges or diverges.
 	[image: \displaystyle\sum _{n=1}^{\infty }\frac{n}{n+1}]
 	[image: \displaystyle\sum _{n=1}^{\infty }{\left(-1\right)}^{n}]
 	[image: \displaystyle\sum _{n=1}^{\infty }\frac{1}{n\left(n+1\right)}]
 
 
 Show Solution 	The sequence of partial sums [image: \left\{{S}_{k}\right\}] satisfies
  [image: \begin{array}{l}{S}_{1}=\frac{1}{2}\hfill \\ {S}_{2}=\frac{1}{2}+\frac{2}{3}\hfill \\ {S}_{3}=\frac{1}{2}+\frac{2}{3}+\frac{3}{4}\hfill \\ {S}_{4}=\frac{1}{2}+\frac{2}{3}+\frac{3}{4}+\frac{4}{5}.\hfill \end{array}]
 
 
 Notice that each term added is greater than [image: \frac{1}{2}]. As a result, we see that
 
 [image: \begin{array}{l}{S}_{1}=\frac{1}{2}\hfill \\ {S}_{2}=\frac{1}{2}+\frac{2}{3}>\frac{1}{2}+\frac{1}{2}=2\left(\frac{1}{2}\right)\hfill \\ {S}_{3}=\frac{1}{2}+\frac{2}{3}+\frac{3}{4}>\frac{1}{2}+\frac{1}{2}+\frac{1}{2}=3\left(\frac{1}{2}\right)\hfill \\ {S}_{4}=\frac{1}{2}+\frac{2}{3}+\frac{3}{4}+\frac{4}{5}>\frac{1}{2}+\frac{1}{2}+\frac{1}{2}+\frac{1}{2}=4\left(\frac{1}{2}\right).\hfill \end{array}]
 
 
 From this pattern we can see that [image: {S}_{k}>k\left(\frac{1}{2}\right)] for every integer [image: k]. Therefore, [image: \left\{{S}_{k}\right\}] is unbounded and consequently, diverges. Therefore, the infinite series [image: \displaystyle\sum _{n=1}^{\infty }\frac{n}{\left(n+1\right)}] diverges.

 	The sequence of partial sums [image: \left\{{S}_{k}\right\}] satisfies
  [image: \begin{array}{l}{S}_{1}=-1\hfill \\ {S}_{2}=-1+1=0\hfill \\ {S}_{3}=-1+1 - 1=-1\hfill \\ {S}_{4}=-1+1 - 1+1=0.\hfill \end{array}]
 
 
 From this pattern we can see the sequence of partial sums is
 
 [image: \left\{{S}_{k}\right\}=\left\{-1,0,-1,0\text{,\ldots }\right\}].
 
 
 Since this sequence diverges, the infinite series [image: \displaystyle\sum _{n=1}^{\infty }{\left(-1\right)}^{n}] diverges.

 	The sequence of partial sums [image: \left\{{S}_{k}\right\}] satisfies
  [image: \begin{array}{l}{S}_{1}=\frac{1}{1\cdot 2}=\frac{1}{2}\hfill \\ {S}_{2}=\frac{1}{1\cdot 2}+\frac{1}{2\cdot 3}=\frac{1}{2}+\frac{1}{6}=\frac{2}{3}\hfill \\ {S}_{3}=\frac{1}{1\cdot 2}+\frac{1}{2\cdot 3}+\frac{1}{3\cdot 4}=\frac{1}{2}+\frac{1}{6}+\frac{1}{12}=\frac{3}{4}\hfill \\ {S}_{4}=\frac{1}{1\cdot 2}+\frac{1}{2\cdot 3}+\frac{1}{3\cdot 4}+\frac{1}{4\cdot 5}=\frac{4}{5}\hfill \\ {S}_{5}=\frac{1}{1\cdot 2}+\frac{1}{2\cdot 3}+\frac{1}{3\cdot 4}+\frac{1}{4\cdot 5}+\frac{1}{5\cdot 6}=\frac{5}{6}.\hfill \end{array}]
 
 
 From this pattern, we can see that the [image: k\text{th}] partial sum is given by the explicit formula
 
 [image: {S}_{k}=\frac{k}{k+1}].
 
 
 Since [image: \frac{k}{\left(k+1\right)}\to 1], we conclude that the sequence of partial sums converges, and therefore the infinite series converges to [image: 1]. We have
 
 [image: \displaystyle\sum _{n=1}^{\infty }\frac{1}{n\left(n+1\right)}=1].
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				The Harmonic Series
 One of the most important and surprising series in mathematics is the harmonic series:
 [image: \displaystyle\sum _{n=1}^{\infty }\frac{1}{n}=1+\frac{1}{2}+\frac{1}{3}+\frac{1}{4}+\cdots].
 This series is fascinating because it diverges, but it does so extremely slowly. The partial sums grow toward infinity, but at such a slow rate that it’s not immediately obvious the series diverges.
 Look at how slowly the partial sums [image: S_k] grow:
 	[image: k] 	[image: 10] 	[image: 100] 	[image: 1000] 	[image: 10,000] 	[image: 100,000] 	[image: 1,000,000] 
 	[image: {S}_{k}] 	[image: 2.92897] 	[image: 5.18738] 	[image: 7.48547] 	[image: 9.78761] 	[image: 12.09015] 	[image: 14.39273] 
  
 Even after adding one million terms, the partial sum is only about [image: 14.4]. From this table alone, you might think the series converges to some finite value! Despite the slow growth, we can prove analytically that the harmonic series diverges by showing the partial sums are unbounded.
 To show that the sequence of partial sums diverges, we show that the sequence of partial sums is unbounded. Step 1: Group terms strategically
 Let’s examine the first few partial sums:
 	[image: S_1 = 1]
 	[image: S_2 = 1 + \frac{1}{2}]
 	[image: S_4 = 1 + \frac{1}{2} + \frac{1}{3} + \frac{1}{4}]
 
 Step 2: Use inequalities to find lower bounds
 For [image: S_4], notice that: [image: \frac{1}{3} + \frac{1}{4} > \frac{1}{4} + \frac{1}{4} = \frac{1}{2}]
 Therefore, we conclude that: [image: S_4 > 1 + \frac{1}{2} + \frac{1}{2} = 1 + 2 \cdot \frac{1}{2}]
 Step 3: Extend the pattern
 For [image: S_8]: [image: S_8 = 1 + \frac{1}{2} + \frac{1}{3} + \frac{1}{4} + \frac{1}{5} + \frac{1}{6} + \frac{1}{7} + \frac{1}{8}]
 Group the terms: [image: S_8 > 1 + \frac{1}{2} + \left(\frac{1}{4} + \frac{1}{4}\right) + \left(\frac{1}{8} + \frac{1}{8} + \frac{1}{8} + \frac{1}{8}\right)]
 [image: S_8 > 1 + \frac{1}{2} + \frac{1}{2} + \frac{1}{2} = 1 + 3 \cdot \frac{1}{2}]
 Step 4: Generalize the result
 Following this pattern:
 	[image: S_1 = 1]
 	[image: S_2 = 1 + \frac{1}{2}]
 	[image: S_4 > 1 + 2 \cdot \frac{1}{2}]
 	[image: S_8 > 1 + 3 \cdot \frac{1}{2}]
 
 In general: [image: S_{2^j} > 1 + j \cdot \frac{1}{2}] for all [image: j \geq 1]
 Step 5: Conclude divergence
 Since [image: 1 + j \cdot \frac{1}{2} \to \infty] as [image: j \to \infty], the sequence [image: {S_k}] is unbounded and therefore diverges.
  harmonic series
 The harmonic series [image: \sum_{n=1}^{\infty} \frac{1}{n} = 1 + \frac{1}{2} + \frac{1}{3} + \frac{1}{4} + \cdots] diverges, even though its terms approach zero.
 [image: \\]
 This series demonstrates that having [image: \lim_{n \to \infty} a_n = 0] is necessary but not sufficient for series convergence. The harmonic series diverges so slowly that its partial sums grow approximately like [image: \ln(n)], making it a borderline case between convergence and divergence.
  Why This Matters: The harmonic series shows that even when terms approach zero (like [image: \frac{1}{n} \to 0]), the series may still diverge. The rate at which terms approach zero matters greatly for convergence. Algebraic Properties of Convergent Series
 Since infinite series are defined using limits of sequences, they inherit many algebraic properties from limits and sequences.
 algebraic properties of convergent series
 Let [image: \displaystyle\sum _{n=1}^{\infty }{a}_{n}] and [image: \displaystyle\sum _{n=1}^{\infty }{b}_{n}] be convergent series. Then:
 	Sum Rule: The series [image: \displaystyle\sum _{n=1}^{\infty }\left({a}_{n}+{b}_{n}\right)] converges and [image: \displaystyle\sum _{n=1}^{\infty }\left({a}_{n}+{b}_{n}\right)=\displaystyle\sum _{n=1}^{\infty }{a}_{n}+\displaystyle\sum _{n=1}^{\infty }{b}_{n}].
 	Difference Rule:The series [image: \displaystyle\sum _{n=1}^{\infty }\left({a}_{n}-{b}_{n}\right)] converges and [image: \displaystyle\sum _{n=1}^{\infty }\left({a}_{n}-{b}_{n}\right)=\displaystyle\sum _{n=1}^{\infty }{a}_{n}-\displaystyle\sum _{n=1}^{\infty }{b}_{n}].
 	Constant Multiple Rule:For any real number [image: c], the series [image: \displaystyle\sum _{n=1}^{\infty }c{a}_{n}] converges and [image: \displaystyle\sum _{n=1}^{\infty }c{a}_{n}=c\displaystyle\sum _{n=1}^{\infty }{a}_{n}].
 
  Evaluate
 [image: \displaystyle\sum _{n=1}^{\infty }\left[\frac{3}{n\left(n+1\right)}+{\left(\frac{1}{2}\right)}^{n - 2}\right]].
  
 
 Show Solution We showed earlier that
 [image: \displaystyle\sum _{n=1}^{\infty }\frac{1}{n\left(n+1\right)}]
  
 and
 [image: \displaystyle\sum _{n=1}^{\infty }{\left(\frac{1}{2}\right)}^{n - 1}=2].
  
 Since both of those series converge, we can apply the Alegraic Properties of Convergent Series to evaluate
 [image: \displaystyle\sum _{n=1}^{\infty }\left[\frac{3}{n\left(n+1\right)}+{\left(\frac{1}{2}\right)}^{n - 2}\right]].
  
 Using the sum rule, write
 [image: \displaystyle\sum _{n=1}^{\infty }\left[\frac{3}{n\left(n+1\right)}+{\left(\frac{1}{2}\right)}^{n - 2}\right]=\displaystyle\sum _{n=1}^{\infty }\frac{3}{n\left(n+1\right)}\underset{n=1}{\overset{\infty }{+\displaystyle\sum }}{\left(\frac{1}{2}\right)}^{n - 2}].
  
 Then, using the constant multiple rule and the sums above, we can conclude that
 [image: \begin{array}{ll}{\displaystyle\sum _{n=1}^{\infty }\frac{3}{n\left(n+1\right)}+\displaystyle\sum _{n=1}^{\infty }{\left(\frac{1}{2}\right)}^{n - 2}}\hfill & =3{\displaystyle\sum _{n=1}^{\infty }\frac{1}{n\left(n+1\right)}+{\left(\frac{1}{2}\right)}^{-1}\displaystyle\sum _{n=1}^{\infty }{\left(\frac{1}{2}\right)}^{n - 1}}\hfill \\ & =3\left(1\right)+{\left(\frac{1}{2}\right)}^{-1}\left(2\right)=3+2\left(2\right)=7.\hfill \end{array}]
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				 Geometric Series
 A geometric series is any series that we can write in the form:
 [image: a+ar+a{r}^{2}+a{r}^{3}+\cdots =\displaystyle\sum _{n=1}^{\infty }a{r}^{n - 1}].
 Because the ratio of each term in this series to the previous term is [image: r], the number [image: r] is called the common ratio. We refer to [image: a] as the initial term because it is the first term in the series.
 components of a geometric series
 The number [image: r] is called the common ratio because it’s the ratio between consecutive terms. The value [image: a] is the initial term since it’s the first term in the series.
  Let’s look at a concrete example. The series:
 [image: \displaystyle\sum _{n=1}^{\infty }{\left(\frac{1}{2}\right)}^{n - 1}=1+\frac{1}{2}+\frac{1}{4}+\frac{1}{8}+\cdots]
 is a geometric series with initial term [image: a=1] and common ratio [image: r=\frac{1}{2}].
  When Does a Geometric Series Converge?
 The key question is: when does a geometric series actually converge to a finite value? To answer this, we need to examine the partial sums. Consider the geometric series [image: \displaystyle\sum _{n=1}^{\infty }a{r}^{n - 1}] when [image: a>0].
 The sequence of partial sums [image: \left\{{S}_{k}\right\}] is:
 [image: {S}_{k}=\displaystyle\sum _{n=1}^{k}a{r}^{n - 1}=a+ar+a{r}^{2}+\cdots +a{r}^{k - 1}].
  
 Case 1: When [image: r=1] 
 When [image: r=1], our partial sum becomes:
 [image: {S}_{k}=a+a\left(1\right)+a{\left(1\right)}^{2}+\cdots +a{\left(1\right)}^{k - 1}=ak].
  
 Since [image: a>0], we have [image: ak\to \infty] as [image: k\to \infty]. The sequence of partial sums is unbounded, so the series diverges when [image: r=1].
 Case 2: When [image: r\ne 1]
 For [image: r\ne 1], to find the limit of [image: \left\{{S}_{k}\right\}], multiply the geometric series general equation by [image: 1-r].
 [image: \begin{array}{cc}\hfill \left(1-r\right){S}_{k}& =a\left(1-r\right)\left(1+r+{r}^{2}+{r}^{3}+\cdots +{r}^{k - 1}\right)\hfill \\ & =a\left[\left(1+r+{r}^{2}+{r}^{3}+\cdots +{r}^{k - 1}\right)-\left(r+{r}^{2}+{r}^{3}+\cdots +{r}^{k}\right)\right]\hfill \\ & =a\left(1-{r}^{k}\right).\hfill \end{array}]
  
 Notice how most terms cancel out—this is the key insight! Therefore:
 [image: {S}_{k}=\frac{a\left(1-{r}^{k}\right)}{1-r}\text{for }r\ne 1].
 From our discussion in the previous section, we know that the geometric sequence [image: {r}^{k}\to 0] if [image: |r|<1] and that [image: {r}^{k}] diverges if [image: |r|>1] or [image: r= \pm{1}].
 Using this knowledge:
 	For [image: |r|<1]: [image: {S}_{k}\to \frac{a}{1-r}], so [image: \displaystyle\sum _{n=1}^{\infty }a{r}^{n - 1}=\frac{a}{1-r}]
 	For [image: |r|\ge 1]: [image: {S}_{k}] diverges, so [image: \displaystyle\sum _{n=1}^{\infty }a{r}^{n - 1}] diverges.
 
  
  convergence of geometric series
 A geometric series is a series of the form
 [image: \displaystyle\sum _{n=1}^{\infty }a{r}^{n - 1}=a+ar+a{r}^{2}+a{r}^{3}+\cdots].
  
 If [image: |r|<1], the series converges, and
 [image: \displaystyle\sum _{n=1}^{\infty }a{r}^{n - 1}=\frac{a}{1-r}\text{ for }|r|<1].
  
 If [image: |r|\ge 1], the series diverges.
  Recognizing Geometric Series in Different Forms
 Geometric series don’t always appear in the standard form. You might encounter series where the index starts at a different value or the exponent has a different linear expression. The key is recognizing when you can rewrite the series in geometric form.
 Identifying Geometric Series: Look for a constant ratio between consecutive terms. If you find one, you likely have a geometric series that can be rewritten in standard form. Let’s work through an example.
 Consider the series:
 [image: \displaystyle\sum _{n=0}^{\infty }{\left(\frac{2}{3}\right)}^{n+2}]
 To see if this is geometric, write out the first several terms:
 [image: \begin{array}{cc}\hfill \displaystyle\sum _{n=0}^{\infty }{\left(\frac{2}{3}\right)}^{n+2}& ={\left(\frac{2}{3}\right)}^{2}+{\left(\frac{2}{3}\right)}^{3}+{\left(\frac{2}{3}\right)}^{4}+\cdots \hfill \\ & =\frac{4}{9}+\frac{4}{9}\cdot \left(\frac{2}{3}\right)+\frac{4}{9}\cdot {\left(\frac{2}{3}\right)}^{2}+\cdots .\hfill \end{array}]
 We see that the initial term is [image: a=\frac{4}{9}] and the ratio is [image: r=\frac{2}{3}].
 This means we can rewrite the series in standard form:
 [image: \displaystyle\sum _{n=1}^{\infty }\frac{4}{9}\cdot {\left(\frac{2}{3}\right)}^{n - 1}].
 Since [image: |r|=\frac{2}{3}<1], the series converges. Using our convergence formula:
 [image: \displaystyle\sum _{n=1}^{\infty }\frac{4}{9}\cdot {\left(\frac{2}{3}\right)}^{n - 1}=\frac{\frac{4}{9}}{1 - \frac{2}{3}}=\frac{\frac{4}{9}}{\frac{1}{3}}=\frac{4}{9}\cdot\frac{3}{1}=\frac{4}{3}]
  Determine whether each of the following geometric series converges or diverges, and if it converges, find its sum.
 	[image: \displaystyle\sum _{n=1}^{\infty }\frac{{\left(-3\right)}^{n+1}}{{4}^{n - 1}}]
 	[image: \displaystyle\sum _{n=1}^{\infty }{e}^{2n}]
 
 
 Show Solution 	Writing out the first several terms in the series, we have
  [image: \begin{array}{cc}\hfill \displaystyle\sum _{n=1}^{\infty }\frac{{\left(-3\right)}^{n+1}}{{4}^{n - 1}}& =\frac{{\left(-3\right)}^{2}}{{4}^{0}}+\frac{{\left(-3\right)}^{3}}{4}+\frac{{\left(-3\right)}^{4}}{{4}^{2}}+\cdots \hfill \\ & ={\left(-3\right)}^{2}+{\left(-3\right)}^{2}\cdot \left(\frac{-3}{4}\right)+{\left(-3\right)}^{2}\cdot {\left(\frac{-3}{4}\right)}^{2}+\cdots \hfill \\ & =9+9\cdot \left(\frac{-3}{4}\right)+9\cdot {\left(\frac{-3}{4}\right)}^{2}+\cdots .\hfill \end{array}]
 
 
 The initial term [image: a=-3] and the ratio [image: r=-\frac{3}{4}]. Since [image: |r|=\frac{3}{4}<1], the series converges to
 
 [image: \frac{9}{1-\left(-\frac{3}{4}\right)}=\frac{9}{\frac{7}{4}}=\frac{36}{7}].
  

 	Writing this series as
  [image: {e}^{2}\displaystyle\sum _{n=1}^{\infty }{\left({e}^{2}\right)}^{n - 1}]
 
 
 we can see that this is a geometric series where [image: r={e}^{2}>1]. Therefore, the series diverges.

 
 
   We now turn our attention to a nice application of geometric series. We show how they can be used to write repeating decimals as fractions of integers.
 Use a geometric series to write [image: 3.\overline{26}] as a fraction of integers.
 
 Show Solution Since [image: 3.\overline{26}=3.262626\ldots], first we write
 [image: \begin{array}{cc}\hfill 3.262626\ldots& =3+\frac{26}{100}+\frac{26}{1000}+\frac{26}{100,000}+\cdots \hfill \\ & =3+\frac{26}{{10}^{2}}+\frac{26}{{10}^{4}}+\frac{26}{{10}^{6}}+\cdots .\hfill \end{array}]
  
 Ignoring the term 3, the rest of this expression is a geometric series with initial term [image: a=\frac{26}{{10}^{2}}] and ratio [image: r=\frac{1}{{10}^{2}}]. Therefore, the sum of this series is
 [image: \frac{\frac{26}{{10}^{2}}}{1-\left(\frac{1}{{10}^{2}}\right)}=\frac{\frac{26}{{10}^{2}}}{\frac{99}{{10}^{2}}}=\frac{26}{99}].
  
 Thus,
 [image: 3.262626\ldots =3+\frac{26}{99}=\frac{323}{99}].
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				Telescoping Series
 Let’s examine a special type of series where terms cancel out in a predictable way. Consider the series:
 [image: \displaystyle\sum _{n=1}^{\infty }\frac{1}{n\left(n+1\right)}].
 We can analyze this series using a technique called partial fractions. Notice that:
 [image: \frac{1}{n\left(n+1\right)}=\frac{1}{n}-\frac{1}{n+1}].
 Partial Fractions Review: To verify this decomposition, find a common denominator: [image: \frac{1}{n}-\frac{1}{n+1}=\frac{n+1}{n(n+1)}-\frac{n}{n(n+1)}=\frac{1}{n(n+1)}] ✓
  Using this decomposition, we can rewrite the series as:
 [image: \displaystyle\sum _{n=1}^{\infty }\left[\frac{1}{n}-\frac{1}{n+1}\right]=\left(1+\frac{1}{2}\right)+\left(\frac{1}{2}-\frac{1}{3}\right)+\left(\frac{1}{3}-\frac{1}{4}\right)+\cdots].
 Let’s calculate the first few partial sums [image: {{S}_{k}}]:
 [image: \begin{array}{l}{S}_{1}=1-\frac{1}{2}\hfill \\ {S}_{2}=\left(1-\frac{1}{2}\right)+\left(\frac{1}{2}-\frac{1}{3}\right)=1-\frac{1}{3}\hfill \\ {S}_{3}=\left(1-\frac{1}{2}\right)+\left(\frac{1}{2}-\frac{1}{3}\right)+\left(\frac{1}{3}-\frac{1}{4}\right)=1-\frac{1}{4}.\hfill \end{array}]
 Notice the pattern? The middle terms cancel each other out! In general:
 [image: {S}_{k}=\left(1-\frac{1}{2}\right)+\left(\frac{1}{2}-\frac{1}{3}\right)+\left(\frac{1}{3}-\frac{1}{4}\right)+\cdots +\left(\frac{1}{k}-\frac{1}{k+1}\right)=1-\frac{1}{k+1}].
  
 The series collapses like a telescope, where most sections disappear into each other, leaving only the first and last terms visible. For this reason, we call a series that has this property a telescoping series.
 For this series, since [image: {S}_{k}=1 - \frac{1}{k+1}] and [image: \frac{1}{k+1}\to 0] as [image: k\to \infty], the sequence of partial sums converges to [image: 1]. Therefore, [image: \displaystyle\sum _{n=1}^{\infty }\frac{1}{n\left(n+1\right)}=1].
 telescoping series
 A telescoping series is a series in which most of the terms cancel in each of the partial sums, leaving only some of the first terms and some of the last terms.
 [image: \\]
 The key characteristic is that consecutive terms have parts that subtract to zero.
  Any series of the form:
 [image: \displaystyle\sum _{n=1}^{\infty }\left[{b}_{n}-{b}_{n+1}\right]=\left({b}_{1}-{b}_{2}\right)+\left({b}_{2}-{b}_{3}\right)+\left({b}_{3}-{b}_{4}\right)+\cdots]
 is a telescoping series. Let’s see why by examining the partial sums:
 [image: \begin{array}{l}{S}_{1}={b}_{1}-{b}_{2}\hfill \\ {S}_{2}=\left({b}_{1}-{b}_{2}\right)+\left({b}_{2}-{b}_{3}\right)={b}_{1}-{b}_{3}\hfill \\ {S}_{3}=\left({b}_{1}-{b}_{2}\right)+\left({b}_{2}-{b}_{3}\right)+\left({b}_{3}-{b}_{4}\right)={b}_{1}-{b}_{4}.\hfill \end{array}]
 The pattern is clear: the [image: k]th partial sum simplifies to:
 [image: {S}_{k}={b}_{1}-{b}_{k+1}].
 Since we can express each partial sum as [image: {S}<em>{k}={b}</em>{1}-{b}_{k+1}], the convergence behavior becomes straightforward to analyze.
 convergence of general telescoping series
 A telescoping series [image: \displaystyle\sum {n=1}^{\infty }\left[{b}{n}-{b}{n+1}\right]] converges if and only if the sequence [image: {{b}{k+1}}] converges.
 [image: \\]
 If [image: {b}{k+1} \to B] as [image: k \to \infty], then:
 [image: \displaystyle\sum {n=1}^{\infty }\left[{b}{n}-{b}{n+1}\right]={b}_{1}-B]
  This gives us a powerful method for evaluating certain infinite series. Instead of struggling with complex partial sum formulas, we just need to:
 	Identify the sequence [image: {b_n}]
 	Check if [image: \underset{n\to \infty }{\text{lim}} b_n] exists
 	Apply the formula [image: {b}_{1}-\underset{n\to \infty }{\text{lim}} b_n]
 
  In the next example, we show how to use these ideas to analyze a telescoping series of this form.
 Determine whether the telescoping series
 [image: \displaystyle\sum _{n=1}^{\infty }\left[\cos\left(\frac{1}{n}\right)-\cos\left(\frac{1}{n+1}\right)\right]]
  
 converges or diverges. If it converges, find its sum.
 
 Show Solution By writing out terms in the sequence of partial sums, we can see that
 [image: \begin{array}{ccc}\hfill {S}_{1}& =\hfill & \cos\left(1\right)-\cos\left(\frac{1}{2}\right)\hfill \\ \hfill {S}_{2}& =\hfill & \left(\cos\left(1\right)-\cos\left(\frac{1}{2}\right)\right)+\left(\cos\left(\frac{1}{2}\right)-\cos\left(\frac{1}{3}\right)\right)=\cos\left(1\right)-\cos\left(\frac{1}{3}\right)\hfill \\ \hfill {S}_{3}& =\hfill & \left(\cos\left(1\right)-\cos\left(\frac{1}{2}\right)\right)+\left(\cos\left(\frac{1}{2}\right)-\cos\left(\frac{1}{3}\right)\right)+\left(\cos\left(\frac{1}{3}\right)-\cos\left(\frac{1}{4}\right)\right)\hfill \\ & =\hfill & \cos\left(1\right)-\cos\left(\frac{1}{4}\right).\hfill \end{array}]
  
 In general,
 [image: {S}_{k}=\cos\left(1\right)-\cos\left(\frac{1}{k+1}\right)].
  
 Since [image: \frac{1}{\left(k+1\right)}\to 0] as [image: k\to \infty] and [image: \cos{x}] is a continuous function, [image: \cos\left(\frac{1}{\left(k+1\right)}\right)\to \cos\left(0\right)=1]. Therefore, we conclude that [image: {S}_{k}\to \cos\left(1\right)-1]. The telescoping series converges and the sum is given by
 [image: \displaystyle\sum _{n=1}^{\infty }\left[\cos\left(\frac{1}{n}\right)-\cos\left(\frac{1}{n+1}\right)\right]=\cos\left(1\right)-1].
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		Introduction to Series: Apply It

								

	
				 	Understand what we mean by the sum of an infinite series
 	Find the sum of a geometric series
 	Calculate the sum of a telescoping series
 
  Euler’s Constant: Connecting the Harmonic Series to the Natural Logarithm
 The harmonic series [image: \displaystyle\sum_{n=1}^{\infty}\frac{1}{n}] diverges, but it does so in a fascinating way. While its partial sums grow without bound, they grow very slowly—approximately like the natural logarithm function. This connection leads us to one of mathematics’ most important constants.
 We have shown that the harmonic series [image: \displaystyle\sum _{n=1}^{\infty }\frac{1}{n}] diverges. Here we investigate the behavior of the partial sums [image: {S}_{k}] as [image: k\to \infty]. In particular, we show that they behave like the natural logarithm function by showing that there exists a constant [image: \gamma] such that
 [image: \displaystyle\sum _{n=1}^{k}\frac{1}{n}-\text{ln}k\to \gamma \text{as}k\to \infty].
  
 This constant [image: \gamma] is known as Euler’s constant, and its discovery reveals deep connections between discrete sums and continuous integrals—a bridge between different areas of mathematics that continues to inspire research today.
 Let [image: {T}_{k}=\displaystyle\sum _{n=1}^{k}\frac{1}{n}-\text{ln}k]. Evaluate [image: {T}_{k}] for various values of [image: k]. Show Answer For [image: k = 1]: [image: T_1 = \frac{1}{1} - \ln(1) = 1 - 0 = 1]
 For [image: k = 2]: [image: T_2 = \left(\frac{1}{1} + \frac{1}{2}\right) - \ln(2) = 1.5 - 0.693147... \approx 0.806853]
 For [image: k = 3]: [image: T_3 = \left(\frac{1}{1} + \frac{1}{2} + \frac{1}{3}\right) - \ln(3) = 1.833333... - 1.098612... \approx 0.734721]
 For [image: k = 4]: [image: T_4 = \left(\frac{1}{1} + \frac{1}{2} + \frac{1}{3} + \frac{1}{4}\right) - \ln(4) = 2.083333... - 1.386294... \approx 0.697039]
 For [image: k = 5]: [image: T_5 = \left(\frac{1}{1} + \frac{1}{2} + \frac{1}{3} + \frac{1}{4} + \frac{1}{5}\right) - \ln(5) = 2.283333... - 1.609438... \approx 0.673895]
 For [image: k = 10]: [image: T_{10} = \sum_{n=1}^{10}\frac{1}{n} - \ln(10) = 2.928968... - 2.302585... \approx 0.626383]
 For [image: k = 100]: [image: T_{100} = \sum_{n=1}^{100}\frac{1}{n} - \ln(100) = 5.187378... - 4.605170... \approx 0.582207]
 Notice that [image: T_k] appears to be decreasing and approaching a limit around [image: 0.577.]
   For [image: {T}_{k}] as defined in part 1. show that the sequence [image: \left\{{T}_{k}\right\}] converges by using the following steps. 	Show that the sequence [image: \left\{{T}_{k}\right\}] is monotone decreasing. (Hint: Show that [image: \text{ln}\left(1+\frac{1}{k}>\frac{1}{\left(k+1\right)}\right)]
 	Show that the sequence [image: \left\{{T}_{k}\right\}] is bounded below by zero. (Hint: Express [image: \text{ln}k] as a definite integral.)
 	Use the Monotone Convergence Theorem to conclude that the sequence [image: \left\{{T}_{k}\right\}] converges. The limit [image: \gamma] is Euler’s constant.
 
 Show Answer 	To show [image: {T_k}] is monotone decreasing, we need to show [image: T_{k+1} < T_k], or equivalently, [image: T_k - T_{k+1} > 0].
 [image: T_k - T_{k+1} = \left(\sum_{n=1}^{k}\frac{1}{n} - \ln k\right) - \left(\sum_{n=1}^{k+1}\frac{1}{n} - \ln(k+1)\right)]
 [image: = \sum_{n=1}^{k}\frac{1}{n} - \ln k - \sum_{n=1}^{k+1}\frac{1}{n} + \ln(k+1)]
 [image: = -\frac{1}{k+1} + \ln(k+1) - \ln k]
 [image: = \ln\left(\frac{k+1}{k}\right) - \frac{1}{k+1}]
 [image: = \ln\left(1 + \frac{1}{k}\right) - \frac{1}{k+1}]
 Now we need to show that [image: \ln\left(1 + \frac{1}{k}\right) > \frac{1}{k+1}].
 Let [image: f(x) = \ln(1+x) - \frac{x}{1+x}] for [image: x > 0]. We need to show [image: f\left(\frac{1}{k}\right) > 0].
 Taking the derivative: [image: f'(x) = \frac{1}{1+x} - \frac{(1+x) - x}{(1+x)^2} = \frac{1}{1+x} - \frac{1}{(1+x)^2} = \frac{1+x-1}{(1+x)^2} = \frac{x}{(1+x)^2}]
 Since [image: x > 0], we have [image: f'(x) > 0], so [image: f(x)] is increasing for [image: x > 0].
 Also, [image: f(0) = \ln(1) - 0 = 0].
 Therefore, for [image: x > 0], we have [image: f(x) > f(0) = 0], which means [image: \ln(1+x) > \frac{x}{1+x}].
 Setting [image: x = \frac{1}{k}], we get [image: \ln\left(1 + \frac{1}{k}\right) > \frac{1}{k+1}].
 Therefore, [image: T_k - T_{k+1} > 0], so [image: {T_k}] is monotone decreasing.
 
 	We can express [image: \ln k = \int_1^k \frac{1}{x} dx].
 Now, consider the Riemann sum approximation using right endpoints: [image: \sum_{n=1}^{k-1} \frac{1}{n+1} \cdot 1 = \sum_{n=2}^{k} \frac{1}{n}]
 This is a right Riemann sum for [image: \int_1^k \frac{1}{x} dx] with subintervals [image: [n, n+1]] for [image: n = 1, 2, ..., k-1].
 Since [image: f(x) = \frac{1}{x}] is decreasing on [image: [1,k]], the right Riemann sum underestimates the integral: [image: \sum_{n=2}^{k} \frac{1}{n} < \int_1^k \frac{1}{x} dx = \ln k]
 Therefore: [image: \sum_{n=1}^{k} \frac{1}{n} = 1 + \sum_{n=2}^{k} \frac{1}{n} < 1 + \ln k]
 This gives us: [image: T_k = \sum_{n=1}^{k} \frac{1}{n} - \ln k < 1 + \ln k - \ln k = 1]
 For a tighter bound, using left Riemann sums: [image: \sum_{n=1}^{k-1} \frac{1}{n} \cdot 1 = \sum_{n=1}^{k-1} \frac{1}{n}]
 Since [image: f(x) = \frac{1}{x}] is decreasing, the left Riemann sum overestimates the integral: [image: \sum_{n=1}^{k-1} \frac{1}{n} > \int_1^k \frac{1}{x} dx = \ln k]
 Therefore: [image: \sum_{n=1}^{k} \frac{1}{n} = \sum_{n=1}^{k-1} \frac{1}{n} + \frac{1}{k} > \ln k + \frac{1}{k}]
 This gives us: [image: T_k = \sum_{n=1}^{k} \frac{1}{n} - \ln k > \ln k + \frac{1}{k} - \ln k = \frac{1}{k} > 0]
 Therefore, [image: T_k > 0] for all [image: k \geq 1], so [image: {T_k}] is bounded below by zero.
 
 	From parts (a) and (b), we have shown that:
 	The sequence [image: {T_k}] is monotone decreasing
 	The sequence [image: {T_k}] is bounded below by zero
 
 By the Monotone Convergence Theorem, since [image: {T_k}] is monotone decreasing and bounded below, the sequence [image: {T_k}] converges to some limit.
 We define this limit as Euler’s constant: [image: \gamma = \lim_{k \to \infty} T_k = \lim_{k \to \infty} \left(\sum_{n=1}^{k}\frac{1}{n} - \ln k\right)]
 Therefore, [image: \gamma \approx 0.5772156649...] (Euler’s constant).
 
 
   Now estimate how far [image: {T}_{k}] is from [image: \gamma] for a given integer [image: k]. Prove that for [image: k\ge 1], [image: 0<{T}_{k}-\gamma \le \frac{1}{k}] by using the following steps. 	Show that [image: \text{ln}\left(k+1\right)-\text{ln}k<\frac{1}{k}].
 	Use the result from part a. to show that for any integer [image: k], 
  [image: {T}_{k}-{T}_{k+1}<\frac{1}{k}-\frac{1}{k+1}].
 
 	For any integers [image: k] and [image: j] such that [image: j>k], express [image: {T}_{k}-{T}_{j}] as a telescoping sum by writing:
  [image: {T}_{k}-{T}_{j}=\left({T}_{k}-{T}_{k+1}\right)+\left({T}_{k+1}-{T}_{k+2}\right)+\left({T}_{k+2}-{T}_{k+3}\right)+\cdots +\left({T}_{j - 1}-{T}_{j}\right)].
 Use the result from part b. combined with this telescoping sum to conclude that
 
 [image: {T}_{k}-{T}_{j}<\frac{1}{k}-\frac{1}{j}].
 
 	Apply the limit to both sides of the inequality in part c. to conclude that
  [image: {T}_{k}-\gamma \le \frac{1}{k}].
 
 	Estimate [image: \gamma] to an accuracy of within [image: 0.001].
 
 Show Answer 	We need to show [image: \ln(k+1) - \ln k < \frac{1}{k}], which is equivalent to [image: \ln\left(\frac{k+1}{k}\right) < \frac{1}{k}], or [image: \ln\left(1 + \frac{1}{k}\right) < \frac{1}{k}].
 Consider the function [image: g(x) = \ln(1+x) - x] for [image: x > 0].
 Taking the derivative: [image: g'(x) = \frac{1}{1+x} - 1 = \frac{1-(1+x)}{1+x} = \frac{-x}{1+x}]
 Since [image: x > 0], we have [image: g'(x) < 0], so [image: g(x)] is decreasing for [image: x > 0].
 Also, [image: g(0) = \ln(1) - 0 = 0].
 Therefore, for [image: x > 0], we have [image: g(x) < g(0) = 0], which means [image: \ln(1+x) < x].
 Setting [image: x = \frac{1}{k}], we get [image: \ln\left(1 + \frac{1}{k}\right) < \frac{1}{k}].
 Therefore, [image: \ln(k+1) - \ln k < \frac{1}{k}].
 
 	From the solution to Problem 2(a), we found: [image: T_k - T_{k+1} = \ln(k+1) - \ln k - \frac{1}{k+1}]
 From part (a), we know [image: \ln(k+1) - \ln k < \frac{1}{k}].
 Therefore: [image: T_k - T_{k+1} = \ln(k+1) - \ln k - \frac{1}{k+1} < \frac{1}{k} - \frac{1}{k+1}]
 
 	We can write: [image: T_k - T_j = (T_k - T_{k+1}) + (T_{k+1} - T_{k+2}) + (T_{k+2} - T_{k+3}) + \cdots + (T_{j-1} - T_j)]
 This is a telescoping sum. From part (b), each term satisfies:
 	[image: T_k - T_{k+1} < \frac{1}{k} - \frac{1}{k+1}]
 	[image: T_{k+1} - T_{k+2} < \frac{1}{k+1} - \frac{1}{k+2}]
 	[image: T_{k+2} - T_{k+3} < \frac{1}{k+2} - \frac{1}{k+3}]
 	[image: \dots]
 	[image: T_{j-1} - T_j < \frac{1}{j-1} - \frac{1}{j}]
 
 Adding all these inequalities: [image: T_k - T_j < \left(\frac{1}{k} - \frac{1}{k+1}\right) + \left(\frac{1}{k+1} - \frac{1}{k+2}\right) + \cdots + \left(\frac{1}{j-1} - \frac{1}{j}\right)]
 The right side is a telescoping sum that simplifies to: [image: T_k - T_j < \frac{1}{k} - \frac{1}{j}]
 
 	From part (c), we have [image: T_k - T_j < \frac{1}{k} - \frac{1}{j}] for any [image: j > k].
 Taking the limit as [image: j \to \infty]: [image: \lim_{j \to \infty} (T_k - T_j) \leq \lim_{j \to \infty} \left(\frac{1}{k} - \frac{1}{j}\right)]
 Since [image: \lim_{j \to \infty} T_j = \gamma] and [image: \lim_{j \to \infty} \frac{1}{j} = 0]: [image: T_k - \gamma \leq \frac{1}{k} - 0 = \frac{1}{k}]
 We already showed in Problem 2(b) that [image: T_k > 0], and since [image: {T_k}] is decreasing and converges to [image: \gamma], we have [image: T_k > \gamma].
 Therefore: [image: 0 < T_k - \gamma \leq \frac{1}{k}]
 
 	From part (d), we know that [image: |T_k - \gamma| = T_k - \gamma \leq \frac{1}{k}].
 To achieve accuracy within [image: 0.001], we need [image: \frac{1}{k} \leq 0.001], which means [image: k \geq 1000].
 Let’s calculate [image: T_{1000}]: [image: T_{1000} = \sum_{n=1}^{1000}\frac{1}{n} - \ln(1000)]
 Using numerical computation: [image: \sum_{n=1}^{1000}\frac{1}{n} \approx 7.485470861] [image: \ln(1000) \approx 6.907755279]
 Therefore: [image: T_{1000} \approx 7.485470861 - 6.907755279 \approx 0.577715582]
 Since [image: T_{1000} - \gamma \leq \frac{1}{1000} = 0.001], we have: [image: \gamma \geq T_{1000} - 0.001 \approx 0.577715582 - 0.001 = 0.576715582] [image: \gamma \leq T_{1000} \approx 0.577715582]
 Therefore, to an accuracy of within [image: 0.001]: [image: \gamma \approx 0.5777]
 The actual value of Euler’s constant is [image: \gamma \approx 0.5772156649...], which confirms our estimate is accurate to within the required tolerance.
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		The Divergence and Integral Tests: Learn It 1

								

	
				 	Use the divergence test to check if a series might converge
 	Apply the integral test to determine if a series converges
 	Estimate how close a partial sum is to the actual sum of a series
 
  In the previous section, we determined whether series converged by calculating limits of partial sums [image: {S_k}]. While this direct approach works, it’s often difficult or impossible to find these limits explicitly.
 Fortunately, mathematicians have developed several tests that let us determine convergence without finding explicit limits. We’ll start with two fundamental tests: the divergence test and the integral test.
 Divergence Test
 The divergence test comes from a basic requirement for convergence: if a series converges, its terms must approach zero.
 Here’s the reasoning: for a series [image: \displaystyle\sum_{n=1}^{\infty} a_n] to converge to sum [image: S], we need [image: \underset{k\to \infty}{\text{lim}} S_k = S].
 Therefore, from the algebraic limit properties of sequences,
 [image: \underset{k\to \infty }{\text{lim}}{a}_{k}=\underset{k\to \infty }{\text{lim}}\left({S}_{k}-{S}_{k - 1}\right)=\underset{k\to \infty }{\text{lim}}{S}_{k}-\underset{k\to \infty }{\text{lim}}{S}_{k - 1}=S-S=0].
  
 This gives us a powerful test for divergence.
 divergence test
 If [image: \underset{n\to \infty }{\text{lim}}{a}_{n}=c\ne 0] or [image: \underset{n\to \infty }{\text{lim}}{a}_{n}] does not exist, then the series [image: \displaystyle\sum _{n=1}^{\infty }{a}_{n}] diverges.
  [image: Caution]The divergence test can only prove divergence—never convergence. Even if [image: \underset{n\to \infty}{\text{lim}} a_n = 0], the series might still diverge. The harmonic series [image: \displaystyle\sum_{n=1}^{\infty} \frac{1}{n}] has [image: \underset{n\to \infty}{\text{lim}} \frac{1}{n} = 0], but it diverges. When [image: a_n \to 0], the divergence test is inconclusive—we need other methods.
  For each of the following series, apply the divergence test. If the divergence test proves that the series diverges, state so. Otherwise, indicate that the divergence test is inconclusive.
 	[image: \displaystyle\sum _{n=1}^{\infty }\frac{n}{3n - 1}]
 	[image: \displaystyle\sum _{n=1}^{\infty }\frac{1}{{n}^{3}}]
 	[image: \displaystyle\sum _{n=1}^{\infty }{e}^{\frac{1}{{n}^{2}}}]
 
 
 Show Solution 	Since [image: \frac{n}{\left(3n - 1\right)}\to \frac{1}{3}\ne 0], by the divergence test, we can conclude that
  [image: \displaystyle\sum _{n=1}^{\infty }\frac{n}{3n - 1}]
 
 
 diverges.

 	Since [image: \frac{1}{{n}^{3}}\to 0], the divergence test is inconclusive.
 	Since [image: {e}^{\frac{1}{{n}^{2}}}\to 1\ne 0], by the divergence test, the series
  [image: \displaystyle\sum _{n=1}^{\infty }{e}^{\frac{1}{{n}^{2}}}]
 diverges.
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				Integral Test
 We’ve already proved that the harmonic series diverges using partial sums. Now we’ll use a different approach that’s powerful enough to handle many other series: the integral test. The integral test compares an infinite sum to an improper integral. This comparison works because both represent ways of “adding up” infinitely many values.
 The integral test only applies to series with all positive terms.
  Let’s see how this works with the harmonic series [image: \displaystyle\sum_{n=1}^{\infty} \frac{1}{n}].
 In Figure 1, we represent each term of the series as a rectangle with area [image: 1, \frac{1}{2}, \frac{1}{3}, \frac{1}{4}, \ldots] These rectangles sit above the curve [image: f(x) = \frac{1}{x}].
 [image: This is a graph in quadrant 1 of a decreasing concave up curve approaching the x-axis – f(x) = 1/x. Five rectangles are drawn with base 1 over the interval [1, 6]. The height of each rectangle is determined by the value of the function at the left endpoint of the rectangle’s base. The areas for each are marked: 1, 1/2, 1/3, 1/4, and 1/5.]Figure 1. The sum of the areas of the rectangles is greater than the area between the curve [image: f\left(x\right)=\frac{1}{x}] and the [image: x] -axis for [image: x\ge 1]. Since the area bounded by the curve is infinite (as calculated by an improper integral), the sum of the areas of the rectangles is also infinite. From the graph, we can see that the total area of the rectangles is greater than the area under the curve:
 [image: \displaystyle\sum _{n=1}^{k}\frac{1}{n}=1+\frac{1}{2}+\frac{1}{3}+\cdots +\frac{1}{k}>{\displaystyle\int }_{1}^{k+1}\frac{1}{x}dx].
 Let’s evaluate that integral:
 [image: {S}_{k}=\displaystyle\sum _{n=1}^{k}\frac{1}{n}>{\displaystyle\int }_{1}^{k+1}\frac{1}{x}dx=\text{ln}x{|}_{1}^{k+1}=\text{ln}\left(k+1\right)-\text{ln}\left(1\right)=\text{ln}\left(k+1\right)].
 Since [image: \underset{k\to \infty}{\text{lim}} \ln(k+1) = \infty], the partial sums [image: {S_k}] are unbounded.
 Therefore, [image: {S_k}] diverges, which means the harmonic series [image: \displaystyle\sum_{n=1}^{\infty} \frac{1}{n}] also diverges.
 When the improper integral diverges to infinity, it forces the series to diverge too. The rectangles have more area than the region under the curve, so if the curve’s area is infinite, the series must also be infinite. Now let’s see how the integral test can prove convergence. Consider the series [image: \displaystyle\sum_{n=1}^{\infty} \frac{1}{n^2}].
 In Figure 2, we sketch rectangles with areas [image: 1, \frac{1}{2^2}, \frac{1}{3^2}, \ldots] along with the function [image: f(x) = \frac{1}{x^2}].
 [image: This is a graph in quadrant 1 of the decreasing concave up curve f(x) = 1/(x^2), which approaches the x axis. Rectangles of base 1 are drawn over the interval [0, 5]. The height of each rectangle is determined by the value of the function at the right endpoint of its base. The areas of each are marked: 1, 1/(2^2), 1/(3^2), 1/(4^2) and 1/(5^2).]Figure 2. The sum of the areas of the rectangles is less than the sum of the area of the first rectangle and the area between the curve [image: f\left(x\right)=\frac{1}{{x}^{2}}] and the [image: x] -axis for [image: x\ge 1]. Since the area bounded by the curve is finite, the sum of the areas of the rectangles is also finite.  
 
  Notice that the rectangles sit below the curve, so the total area of the rectangles is less than the area under the curve:
 [image: \displaystyle\sum _{n=1}^{k}\frac{1}{{n}^{2}}=1+\frac{1}{{2}^{2}}+\frac{1}{{3}^{2}}+\cdots +\frac{1}{{k}^{2}}<1+{\displaystyle\int }_{1}^{k}\frac{1}{{x}^{2}}dx].
 Let’s evaluate this integral:
 [image: {S}_{k}=\displaystyle\sum _{n=1}^{k}\frac{1}{{n}^{2}}<1+{\displaystyle\int }_{1}^{k}\frac{1}{{x}^{2}}dx=1-{\frac{1}{x}|}_{1}^{k}=1-\frac{1}{k}+1=2-\frac{1}{k}<2].
 This shows that the partial sums [image: {S_k}] are bounded above by [image: 2].
 Since [image: S_k = S_{k-1} + \frac{1}{k^2}] for [image: k \geq 2], the sequence [image: {S_k}] is also increasing. A sequence that is both increasing and bounded must converge. Since [image: {S_k}] is increasing and bounded, it converges. Therefore, the series [image: \displaystyle\sum_{n=1}^{\infty} \frac{1}{n^2}] converges.
 General Integral Test
 We can extend this approach to test many different series. The key is finding the right function to compare with your series. For a series [image: \displaystyle\sum_{n=1}^{\infty} a_n] with positive terms, we need a continuous, positive, decreasing function [image: f] where [image: f(n) = a_n] for all positive integers, then:
 For convergence (Figure 3a), the [image: k]th partial sum [image: S_k] satisfies:
 [image: S_k = a_1 + a_2 + a_3 + \cdots + a_k < a_1 + \int_1^k f(x)dx < 1 + \int_1^{\infty} f(x)dx]
 If [image: \int_1^{\infty} f(x)dx] converges, then [image: {S_k}] is bounded and increasing, so the series converges.
 For divergence (Figure 3b), the [image: k]th partial sum satisfies:
 [image: S_k = a_1 + a_2 + a_3 + \cdots + a_k > \int_1^{k+1} f(x)dx]
 If [image: \int_1^{\infty} f(x)dx] diverges, then [image: \underset{k\to \infty}{\text{lim}} \int_1^{k+1} f(x)dx = \infty], making [image: {S_k}] unbounded. Therefore the series diverges.
  [image: This shows two graphs side by side of the same function y = f(x), a decreasing concave up curve approaching the x axis. Rectangles are drawn with base 1 over the intervals [0, 6] and [1, 6]. For the graph on the left, the height of each rectangle is determined by the value of the function at the right endpoint of its base. For the graph on the right, the height of each rectangle is determined by the value of the function at the left endpoint of its base. Areas a_1 through a_6 are marked in the graph on the left, and the same for a_1 to a_5 on the right.]Figure 3. (a) If we can inscribe rectangles inside a region bounded by a curve [image: y=f\left(x\right)] and the [image: x] -axis, and the area bounded by those curves for [image: x\ge 1] is finite, then the sum of the areas of the rectangles is also finite. (b) If a set of rectangles circumscribes the region bounded by [image: y=f\left(x\right)] and the [image: x] axis for [image: x\ge 1] and the region has infinite area, then the sum of the areas of the rectangles is also infinite.  integral test
 Suppose [image: \displaystyle\sum _{n=1}^{\infty }{a}_{n}] is a series with positive terms [image: {a}_{n}]. Suppose there exists a function [image: f] and a positive integer [image: N] such that the following three conditions are satisfied:
 	[image: f] is continuous,
 	[image: f] is decreasing, and
 	[image: f\left(n\right)={a}_{n}] for all integers [image: n\ge N].
 
 Then [image: \displaystyle\sum _{n=1}^{\infty }{a}_{n}\text{ and }{\displaystyle\int }_{N}^{\infty }f\left(x\right)dx]both converge or both diverge (see Figure 3).
  Although convergence of [image: \int_N^{\infty} f(x)dx] implies convergence of the related series [image: \displaystyle\sum_{n=1}^{\infty} a_n], it does not imply that the value of the integral and the series are the same.
 Consider this example: The series [image: \displaystyle\sum _{n=1}^{\infty }{\left(\frac{1}{e}\right)}^{n}=\frac{1}{e}+{\left(\frac{1}{e}\right)}^{2}+{\left(\frac{1}{e}\right)}^{3}+\cdots] is a geometric series with initial term [image: a=\frac{1}{e}] and ratio [image: r=\frac{1}{e}].
 The series converges to:
 [image: \frac{\frac{1}{e}}{1-\left(\frac{1}{e}\right)}=\frac{\frac{1}{e}}{\frac{\left(e - 1\right)}{e}}=\frac{1}{e - 1}].
 However, the related integral [image: {\displaystyle\int }_{1}^{\infty }{\left(\frac{1}{e}\right)}^{x}dx] gives us:
 [image: {\displaystyle\int }_{1}^{\infty }{\left(\frac{1}{e}\right)}^{x}dx={\displaystyle\int }_{1}^{\infty }{e}^{\text{-}x}dx=\underset{b\to \infty }{\text{lim}}{\displaystyle\int }_{1}^{b}{e}^{\text{-}x}dx=\underset{b\to \infty }{\text{lim}}-{e}^{\text{-}x}{|}_{1}^{b}=\underset{b\to \infty }{\text{lim}}\left[\text{-}{e}^{\text{-}b}+{e}^{-1}\right]=\frac{1}{e}].
 So the series sums to [image: \frac{1}{e-1}] while the integral equals [image: \frac{1}{e}]—different values, but both finite.
 In the following examples, we explore how to use the integral test.  Before doing so, we should note that since one of the conditions of the test is that the function is decreasing, we can use calculus to verify that this condition is met.
 
 A differentiable function [image: f(x)] is decreasing on an interval [image: \left( a,b \right)] if [image: f'(x) < 0] for all [image: x\in\left( a,b \right)]. For each of the following series, use the integral test to determine whether the series converges or diverges.
 	[image: \displaystyle\sum _{n=1}^{\infty }\frac{1}{{n}^{3}}]
 	[image: \displaystyle\sum _{n=1}^{\infty }\frac{1}{\sqrt{2n - 1}}]
 
 
 Show Solution 	Compare [image: \displaystyle\sum _{n=1}^{\infty }\frac{1}{{n}^{3}}\text{and}{\displaystyle\int }_{1}^{\infty }\frac{1}{{x}^{3}}dx].
 
 
 We have
 
 [image: {\displaystyle\int }_{1}^{\infty }\frac{1}{{x}^{3}}dx=\underset{b\to \infty }{\text{lim}}{\displaystyle\int }_{1}^{b}\frac{1}{{x}^{3}}dx=\underset{b\to \infty }{\text{lim}}\left[-\frac{1}{2{x}^{2}}{|}_{1}^{b}\right]=\underset{b\to \infty }{\text{lim}}\left[-\frac{1}{2{b}^{2}}+\frac{1}{2}\right]=\frac{1}{2}].
 
 
 Thus the integral [image: {\displaystyle\int }_{1}^{\infty }\frac{1}{{x}^{3}}dx] converges, and therefore so does the series
 
 [image: \displaystyle\sum _{n=1}^{\infty }\frac{1}{{n}^{3}}].
  
 	Compare
 
 
  
 [image: \displaystyle\sum _{n=1}^{\infty }\frac{1}{\sqrt{2n - 1}}\text{ and }{\displaystyle\int }_{1}^{\infty }\frac{1}{\sqrt{2x - 1}}dx].
 
 
 Since
 
 [image: \begin{array}{cc}\hfill {\displaystyle\int }_{1}^{\infty }\frac{1}{\sqrt{2x - 1}}dx& =\underset{b\to \infty }{\text{lim}}{\displaystyle\int }_{1}^{b}\frac{1}{\sqrt{2x - 1}}dx=\underset{b\to \infty }{\text{lim}}\sqrt{2x - 1}{|}_{1}^{b}\hfill \\ & =\underset{b\to \infty }{\text{lim}}\left[\sqrt{2b - 1}-1\right]=\infty ,\hfill \end{array}]
 
 
 the integral [image: {\displaystyle\int }_{1}^{\infty }\frac{1}{\sqrt{2x - 1}}dx] diverges, and therefore
 
 [image: \displaystyle\sum _{n=1}^{\infty }\frac{1}{\sqrt{2n - 1}}]
 
 
 diverges.
 


  [ohm_question hide_question_numbers=1]311397[/ohm_question] 
	

			
			


		
	
		
			
	
		161

		The Divergence and Integral Tests: Learn It 3

								

	
				The p-Series
 The harmonic series [image: \displaystyle\sum _{n=1}^{\infty }\frac{1}{n}] and the series [image: \displaystyle\sum _{n=1}^{\infty }\frac{1}{{n}^{2}}] are both examples of a type of series called a [image: p]-series.
 [image: p]-series
 For any real number [image: p], the series
 [image: \displaystyle\sum _{n=1}^{\infty }\frac{1}{{n}^{p}}]
  
 is called a [image: p]-series.
  We know the [image: p]-series converges when [image: p = 2] and diverges when [image: p = 1]. What happens for other values of [image: p]? While computing exact values of most [image: p]-series is difficult or impossible, we can determine their convergence behavior.
 Testing Different Values of [image: p]
 Case 1: [image: p \leq 0]
 	If [image: p < 0], then [image: \frac{1}{n^p} \to \infty] as [image: n \to \infty].
 	If [image: p = 0], then [image: \frac{1}{n^p} = 1 \to 1] as [image: n \to \infty].
 
 By the divergence test, [image: \displaystyle\sum_{n=1}^{\infty} \frac{1}{n^p}] diverges if [image: p \leq 0].
 Case 2: [image: p > 0]
 When [image: p > 0], the function [image: f(x) = \frac{1}{x^p}] is positive, continuous, and decreasing. We can apply the integral test by comparing:
 [image: \displaystyle\sum_{n=1}^{\infty} \frac{1}{n^p}] and [image: \int_1^{\infty} \frac{1}{x^p}dx].
 For [image: p > 0, p \neq 1]:
 [image: {\displaystyle\int }_{1}^{\infty }\frac{1}{{x}^{p}}dx=\underset{b\to \infty }{\text{lim}}{\displaystyle\int }_{1}^{b}\frac{1}{{x}^{p}}dx=\underset{b\to \infty }{\text{lim}}\frac{1}{1-p}{x}^{1-p}{|}_{1}^{b}=\underset{b\to \infty }{\text{lim}}\frac{1}{1-p}\left[{b}^{1-p}-1\right]].
 The key insight is how [image: b^{1-p}] behaves:
 	[image: b^{1-p} \to 0] if [image: p > 1]
 	[image: b^{1-p} \to \infty] if [image: p < 1]
 
 Therefore:
 [image: {\displaystyle\int _{1}^{\infty}} \dfrac{1}{x^{p}}dx = \Bigg\{ \begin{array}{c} \frac{1}{p-1}\text{ if }p>1\\ \infty \text{ if }p<1\end{array}]
 This means [image: \displaystyle\sum_{n=1}^{\infty} \frac{1}{n^p}] converges if [image: p > 1] and diverges if [image: 0 < p < 1].
 [image: p]-series convergence test
 The [image: p]-series [image: \displaystyle\sum_{n=1}^{\infty} \frac{1}{n^p}] converges if and only if the exponent [image: p > 1].
 [image: \displaystyle\sum_{n=1}^{\infty} \frac{1}{n^p} \begin{cases} \text{converges} & \text{if } p > 1 \\ \text{diverges} & \text{if } p \leq 1 \end{cases}]
 
 For each of the following series, determine whether it converges or diverges.
 	[image: \displaystyle\sum _{n=1}^{\infty }\frac{1}{{n}^{4}}]
 	[image: \displaystyle\sum _{n=1}^{\infty }\frac{1}{{n}^{\frac{2}{3}}}]
 
 
 Show Solution 	This is a p-series with [image: p=4>1], so the series converges.
 	Since [image: p=\frac{2}{3}<1], the series diverges.
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				Estimating the Value of a Series
 When we know a series [image: \displaystyle\sum_{n=1}^{\infty} a_n] converges, we often want to estimate its sum. We can approximate this sum using any finite partial sum [image: \displaystyle\sum_{n=1}^{N} a_n] where [image: N] is a positive integer.
 The key question is: How good is this approximation?
 When we approximate an infinite series with its [image: N]th partial sum, we define the remainder as:
 [image: {R}_{N}=\displaystyle\sum _{n=1}^{\infty }{a}_{n}-\displaystyle\sum _{n=1}^{N}{a}_{n}]
 This remainder [image: R_N] represents the “error” in our approximation—how much we’re missing by stopping at the [image: N]th term instead of continuing infinitely.
 For series that satisfy the conditions of the integral test, we can estimate how large this remainder is.
 remainder estimate from the integral test
 Suppose [image: \displaystyle\sum _{n=1}^{\infty }{a}_{n}] is a convergent series with positive terms. Suppose there exists a function [image: f] satisfying the following three conditions:
 	[image: f] is continuous,
 	[image: f] is decreasing, and
 	[image: f\left(n\right)={a}_{n}] for all integers [image: n\ge 1].
 
 Let [image: S_N] be the [image: N]th partial sum. Then:
 [image: {S}_{N}+{\displaystyle\int }_{N+1}^{\infty }f\left(x\right)dx<\displaystyle\sum _{n=1}^{\infty }{a}_{n}<{S}_{N}+{\displaystyle\int }_{N}^{\infty }f\left(x\right)dx].
  
 Remainder Estimate: The remainder [image: R_N = \displaystyle\sum_{n=1}^{\infty} a_n - S_N] satisfies:
 [image: {\displaystyle\int }_{N+1}^{\infty }f\left(x\right)dx<{R}_{N}<{\displaystyle\int }_{N}^{\infty }f\left(x\right)dx].
  
 This gives us upper and lower bounds on how much error we make when approximating the series with [image: S_N].
  Visualizing the Remainder Estimate
 Figure 4 illustrates how the remainder estimate works.
 [image: This shows two graphs side by side of the same decreasing concave up function y = f(x) that approaches the x-axis in quadrant 1. Rectangles are drawn with a base of 1 over the intervals N through N + 4. The heights of the rectangles in the first graph are determined by the value of the function at the right endpoints of the bases, and those in the second graph are determined by the value at the left endpoints of the bases. The areas of the rectangles are marked: a_(N + 1), a_(N + 2), through a_(N + 4).]Figure 4. Given a continuous, positive, decreasing function [image: f] and a sequence of positive terms [image: {a}_{n}] such that [image: {a}_{n}=f\left(n\right)] for all positive integers [image: n], (a) the areas [image: {a}_{N+1}+{a}_{N+2}+{a}_{N+3}+\cdots <{\displaystyle\int }_{N}^{\infty }f\left(x\right)dx], or (b) the areas [image: {a}_{N+1}+{a}_{N+2}+{a}_{N+3}+\cdots >{\displaystyle\int }_{N+1}^{\infty }f\left(x\right)dx]. Therefore, the integral is either an overestimate or an underestimate of the error. We can represent the remainder [image: R_N = a_{N+1} + a_{N+2} + a_{N+3} + \cdots] as the sum of areas of rectangles.
 From the visual comparison, we see that the total area of these rectangles is:
 	Bounded above by [image: \int_N^{\infty} f(x)dx]
 	Bounded below by [image: \int_{N+1}^{\infty} f(x)dx]
 
 This gives us the inequalities:
 [image: {R}_{N}={a}_{N+1}+{a}_{N+2}+{a}_{N+3}+\cdots >{\displaystyle\int }_{N+1}^{\infty }f\left(x\right)dx]
 and
 [image: {R}_{N}={a}_{N+1}+{a}_{N+2}+{a}_{N+3}+\cdots <{\displaystyle\int }_{N}^{\infty }f\left(x\right)dx].
 Therefore:
 [image: {\displaystyle\int }_{N+1}^{\infty }f\left(x\right)dx<{R}_{N}<{\displaystyle\int }_{N}^{\infty }f\left(x\right)dx].
  
 Since the infinite series equals the partial sum plus the remainder:
 [image: \displaystyle\sum _{n=1}^{\infty }{a}_{n}={S}_{N}+{R}_{N}],
  
 We can substitute our bounds for [image: R_N] to get bounds for the entire series:
 [image: {S}_{N}+{\displaystyle\int }_{N+1}^{\infty }f\left(x\right)dx<\displaystyle\sum _{n=1}^{\infty }{a}_{n}<{S}_{N}+{\displaystyle\int }_{N}^{\infty }f\left(x\right)dx].
 This result gives you a “sandwich” estimate for your series. Calculate [image: S_N] (which you can compute exactly), then add the lower and upper integral bounds to get a range where the true sum must lie. The integrals tell you either an overestimate or underestimate of your approximation error. 
 Consider the series [image: \displaystyle\sum _{n=1}^{\infty }\frac{1}{{n}^{3}}].
 	Calculate [image: {S}_{10}=\displaystyle\sum _{n=1}^{10}\frac{1}{{n}^{3}}] and estimate the error.
 	Determine the least value of [image: N] necessary such that [image: {S}_{N}] will estimate [image: \displaystyle\sum _{n=1}^{\infty }\frac{1}{{n}^{3}}] to within [image: 0.001].
 
 Show Solution 	Using a calculating utility, we have
 
 
 [image: {S}_{10}=1+\frac{1}{{2}^{3}}+\frac{1}{{3}^{3}}+\frac{1}{{4}^{3}}+\cdots +\frac{1}{{10}^{3}}\approx 1.19753].
 
 
 By the remainder estimate, we know
 
 [image: {R}_{N}<{\displaystyle\int }_{N}^{\infty }\frac{1}{{x}^{3}}dx].
 
 
 We have
 
 [image: {\displaystyle\int _{10}^{\infty }}\frac{1}{{x}^{3}}dx= {\underset{b\to \infty }\lim} {\displaystyle\int _{10}^{b}} \frac{1}{{x}^{3}}dx= {\underset{b\to\infty}\lim} \left[ -\frac{1}{2x^2} \right] _{N}^{b}= {\underset{b\to \infty }\lim} \left[-\frac{1}{2{b}^{2}} + \frac{1}{2{N}^{2}}\right]= \frac{1}{2{N}^{2}}].
 
 
 Therefore, the error is [image: {R}_{10}<\frac{1}{2{\left(10\right)}^{2}}=0.005].
 	Find [image: N] such that [image: {R}_{N}<0.001]. In part a. we showed that [image: {R}_{N}<\frac{1}{2{N}^{2}}]. Therefore, the remainder [image: {R}_{N}<0.001] as long as [image: \frac{1}{2{N}^{2}}<0.001]. That is, we need [image: 2{N}^{2}>1000]. Solving this inequality for [image: N], we see that we need [image: N>22.36]. To ensure that the remainder is within the desired amount, we need to round up to the nearest integer. Therefore, the minimum necessary value is [image: N=23].
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				 	Use the divergence test to check if a series might converge
 	Apply the integral test to determine if a series converges
 	Estimate how close a partial sum is to the actual sum of a series
 
  Battery Life Analysis
 Modern smartphones rely on efficient power management to maximize battery life. Battery consumption follows predictable patterns that can be modeled mathematically. As a tech support specialist, you need to analyze battery drain rates to help customers optimize their device performance and determine when batteries need replacement.
 Consider a smartphone where the battery drain rate (measured in percentage per hour) follows the function [image: f(t) = \frac{1}{t^{1.5}}], where [image: t] represents hours since the phone was taken off the charger. This model accounts for how battery drain typically decreases over time as background processes optimize and the screen dims.
 [ohm_question hide_question_numbers=1]313485[/ohm_question] [ohm_question hide_question_numbers=1]313486[/ohm_question] [ohm_question hide_question_numbers=1]313487[/ohm_question] [ohm_question hide_question_numbers=1]313488[/ohm_question] [ohm_question hide_question_numbers=1]313489[/ohm_question]
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				 	Compare series to determine convergence using the comparison test
 	Use the limit comparison test to figure out if a series converges
 
  We’ve seen that the integral test determines convergence by comparing a series to a related improper integral. Now we’ll learn how to determine convergence by comparing a series to another series whose behavior we already know. Comparison tests are particularly useful for series that resemble geometric series or p-series—two types whose convergence patterns we understand completely.
 The Comparison Test
 In previous sections, we studied geometric series and p-series and learned exactly when they converge or diverge. The comparison test lets us use the known behavior of these series to determine convergence for other, similar series.
 Before diving into the test, recall this important inequality behavior:
 If [image: 0 < a_n \le b_n], then [image: \frac{1}{a_n} \ge \frac{1}{b_n}]
 In other words, a larger denominator corresponds to a smaller fraction.
  Comparing Similar Series
 Consider the series:
 [image: \displaystyle\sum _{n=1}^{\infty }\frac{1}{{n}^{2}+1}].
 This series looks similar to the convergent series:
 [image: \displaystyle\sum _{n=1}^{\infty }\frac{1}{{n}^{2}}].
 Since the terms in each of the series are positive, the sequence of partial sums for each series is monotone increasing.
 Notice that for all positive integers [image: n]:
 [image: 0<\frac{1}{{n}^{2}+1}<\frac{1}{{n}^{2}}].
 This inequality holds because [image: n^2 + 1 > n^2], making [image: \frac{1}{n^2 + 1}] smaller than [image: \frac{1}{n^2}].
 Therefore, the [image: k]th partial sum [image: S_k] of [image: \displaystyle\sum_{n=1}^{\infty} \frac{1}{n^2 + 1}] satisfies:
 [image: {S}_{k}=\displaystyle\sum _{n=1}^{k}\frac{1}{{n}^{2}+1}<\displaystyle\sum _{n=1}^{k}\frac{1}{{n}^{2}}<\displaystyle\sum _{n=1}^{\infty }\frac{1}{{n}^{2}}].
 (See Figure 1 (a) and the following table.)
 Comparing a series with a p-series (p = 2) 	[image: k] 	[image: 1] 	[image: 2] 	[image: 3] 	[image: 4] 	[image: 5] 	[image: 6] 	[image: 7] 	[image: 8] 
  	[image: \displaystyle\sum _{n=1}^{k}\frac{1}{{n}^{2}+1}] 	[image: 0.5] 	[image: 0.7] 	[image: 0.8] 	[image: 0.8588] 	[image: 0.8973] 	[image: 0.9243] 	[image: 0.9443] 	[image: 0.9597] 
 	[image: \displaystyle\sum _{n=1}^{k}\frac{1}{{n}^{2}}] 	[image: 1] 	[image: \begin{array}{l}1.25\hfill \end{array}] 	[image: 1.3611] 	[image: 1.4236] 	[image: 1.4636] 	[image: 1.4914] 	[image: 1.5118] 	[image: 1.5274] 
  
 Since the series [image: \displaystyle\sum_{n=1}^{\infty} \frac{1}{n^2}] converges, the sequence [image: {S_k}] is bounded above. We now have a sequence that is both monotone increasing and bounded above.
 By the Monotone Convergence Theorem, [image: {S_k}] must converge. Therefore, [image: \displaystyle\sum_{n=1}^{\infty} \frac{1}{n^2 + 1}] converges.
 Now consider the series:
 [image: \displaystyle\sum _{n=1}^{\infty }\frac{1}{n - \frac{1}{2}}].
 This series looks similar to the divergent series:
 [image: \displaystyle\sum _{n=1}^{\infty }\frac{1}{n}].
 The sequence of partial sums for each series is monotone increasing, and we can compare the terms:
 [image: \frac{1}{n - \frac{1}{2}}>\frac{1}{n}>0]
 This inequality holds because [image: n - \frac{1}{2} < n], making [image: \frac{1}{n - \frac{1}{2}}] larger than [image: \frac{1}{n}].
 Therefore, the [image: k]th partial sum [image: S_k] of [image: \displaystyle\sum_{n=1}^{\infty} \frac{1}{n - \frac{1}{2}}] satisfies:
 [image: {S}_{k}=\displaystyle\sum _{n=1}^{k}\frac{1}{n - \frac{1}{2}}>\displaystyle\sum _{n=1}^{k}\frac{1}{n}].
 (See Figure 1 (a) and the following table.)
 Comparing a series with the harmonic series 	[image: k] 	[image: 1] 	[image: 2] 	[image: 3] 	[image: 4] 	[image: 5] 	[image: 6] 	[image: 7] 	[image: 8] 
  	[image: \displaystyle\sum _{n=1}^{k}\frac{1}{n - \frac{1}{2}}] 	[image: 2] 	[image: 2.6667] 	[image: 3.0667] 	[image: 3.3524] 	[image: 3.5746] 	[image: 3.7564] 	[image: 3.9103] 	[image: 4.0436] 
 	[image: \displaystyle\sum _{n=1}^{k}\frac{1}{n}] 	[image: 1] 	[image: 1.5] 	[image: \begin{array}{l}1.8333\hfill \end{array}] 	[image: 2.0933] 	[image: 2.2833] 	[image: 2.45] 	[image: 2.5929] 	[image: 2.7179] 
  
 Since the harmonic series [image: \displaystyle\sum_{n=1}^{\infty} \frac{1}{n}] diverges to infinity, the sequence of partial sums [image: \displaystyle\sum_{n=1}^{k} \frac{1}{n}] is unbounded.
 Consequently, [image: {S_k}] is also unbounded and therefore diverges. We conclude that [image: \displaystyle\sum_{n=1}^{\infty} \frac{1}{n - \frac{1}{2}}] diverges.
 [image: This shows two graphs side by side. The first shows plotted points for the partial sums for the sum of 1/n^2 and the sum 1/(n^2 + 1). Each of the partial sums for the latter is less than the corresponding partial sum for the former. The second shows plotted points for the partial sums for the sum of 1/(n - 0.5) and the sum 1/n. Each of the partial sums for the latter is less than the corresponding partial sum for the former.]Figure 1. (a) Each of the partial sums for the given series is less than the corresponding partial sum for the converging [image: p-\text{series}]. (b) Each of the partial sums for the given series is greater than the corresponding partial sum for the diverging harmonic series.  comparison test
 	Suppose there exists an integer [image: N] such that [image: 0\le {a}_{n}\le {b}_{n}] for all [image: n\ge N].
 If [image: \displaystyle\sum _{n=1}^{\infty }{b}_{n}] converges, then [image: \displaystyle\sum _{n=1}^{\infty }{a}_{n}] converges.
 	Suppose there exists an integer [image: N] such that [image: {a}_{n}\ge {b}_{n}\ge 0] for all [image: n\ge N].
 If [image: \displaystyle\sum _{n=1}^{\infty }{b}_{n}] diverges, then [image: \displaystyle\sum _{n=1}^{\infty }{a}_{n}] diverges.
 
  Proof
 
 We prove part i. The proof of part ii. is the contrapositive of part i. Let [image: \left\{{S}_{k}\right\}] be the sequence of partial sums associated with [image: \displaystyle\sum _{n=1}^{\infty }{a}_{n}], and let [image: L=\displaystyle\sum _{n=1}^{\infty }{b}_{n}]. Since the terms [image: {a}_{n}\ge 0],
 [image: {S}_{k}={a}_{1}+{a}_{2}+\cdots +{a}_{k}\le {a}_{1}+{a}_{2}+\cdots +{a}_{k}+{a}_{k+1}={S}_{k+1}].
  
 Therefore, the sequence of partial sums is increasing. Further, since [image: {a}_{n}\le {b}_{n}] for all [image: n\ge N], then
 [image: \displaystyle\sum _{n=N}^{k}{a}_{n}\le \displaystyle\sum _{n=N}^{k}{b}_{n}\le \displaystyle\sum _{n=1}^{\infty }{b}_{n}=L].
  
 Therefore, for all [image: k\ge 1],
 [image: {S}_{k}=\left({a}_{1}+{a}_{2}+\cdots +{a}_{N - 1}\right)+\displaystyle\sum _{n=N}^{k}{a}_{n}\le \left({a}_{1}+{a}_{2}+\cdots +{a}_{N - 1}\right)+L].
  
 Since [image: {a}_{1}+{a}_{2}+\cdots +{a}_{N - 1}] is a finite number, we conclude that the sequence [image: \left\{{S}_{k}\right\}] is bounded above. Therefore, [image: \left\{{S}_{k}\right\}] is an increasing sequence that is bounded above. By the Monotone Convergence Theorem, we conclude that [image: \left\{{S}_{k}\right\}] converges, and therefore the series [image: \displaystyle\sum _{n=1}^{\infty }{a}_{n}] converges.
 [image: _\blacksquare]
  How to: Apply the Comparison Test
 To use the comparison test for a series [image: \displaystyle\sum_{n=1}^{\infty} a_n], you need to find a suitable comparison series. Since we know the convergence properties of geometric series and [image: p]-series, these are the most commonly used comparison series.
 	Strategy for convergence: If you can show that [image: a_n \leq b_n] for all [image: n \geq N] (for some integer [image: N]), where [image: \displaystyle\sum_{n=1}^{\infty} b_n] is a known convergent series, then [image: \displaystyle\sum_{n=1}^{\infty} a_n] converges.
 	Strategy for divergence: If you can show that [image: a_n \geq b_n] for all [image: n \geq N], where [image: \displaystyle\sum_{n=1}^{\infty} b_n] is a known divergent series, then [image: \displaystyle\sum_{n=1}^{\infty} a_n] diverges.
 
  For each of the following series, use the comparison test to determine whether the series converges or diverges.
 	[image: \displaystyle\sum _{n=1}^{\infty }\frac{1}{{n}^{3}+3n+1}]
 	[image: \displaystyle\sum _{n=1}^{\infty }\frac{1}{{2}^{n}+1}]
 	[image: \displaystyle\sum _{n=2}^{\infty }\frac{1}{\text{ln}\left(n\right)}]
 
 
 Show Solution 	Compare to [image: \displaystyle\sum _{n=1}^{\infty }\frac{1}{{n}^{3}}] Since [image: \displaystyle\sum _{n=1}^{\infty }\frac{1}{{n}^{3}}] is a p-series with [image: p=3], it converges. Further,
  [image: \frac{1}{{n}^{3}+3n+1}<\frac{1}{{n}^{3}}]
 
 
 for every positive integer [image: n]. Therefore, we can conclude that [image: \displaystyle\sum _{n=1}^{\infty }\frac{1}{{n}^{3}+3n+1}] converges.

 	Compare to [image: \displaystyle\sum _{n=1}^{\infty }{\left(\frac{1}{2}\right)}^{n}]. Since [image: \displaystyle\sum _{n=1}^{\infty }{\left(\frac{1}{2}\right)}^{n}] is a geometric series with [image: r=\frac{1}{2}] and [image: |\frac{1}{2}|<1], it converges. Also,
  [image: \frac{1}{{2}^{n}+1}<\frac{1}{{2}^{n}}]
 
 
 for every positive integer [image: n]. Therefore, we see that [image: \displaystyle\sum _{n=1}^{\infty }\frac{1}{{2}^{n}+1}] converges.

 	Compare to [image: \displaystyle\sum _{n=2}^{\infty }\frac{1}{n}]. Since
  [image: \frac{1}{\text{ln}\left(n\right)}>\frac{1}{n}]
 
 
 for every integer [image: n\ge 2] and [image: \displaystyle\sum _{n=2}^{\infty }\frac{1}{n}] diverges, we have that [image: \displaystyle\sum _{n=2}^{\infty }\frac{1}{\text{ln}\left(n\right)}] diverges.

 
 
   [ohm_question hide_question_numbers=1]311398[/ohm_question] 
	

			
			


		
	
		
			
	
		165

		Comparison Tests: Learn It 2

								

	
				Limit Comparison Test
 _*]:min-w-0″> The comparison test works well when we can find a suitable comparison series. However, sometimes finding an appropriate series that satisfies the required inequalities can be challenging.
 Consider the series [image: \displaystyle\sum _{n=2}^{\infty }\frac{1}{{n}^{2}-1}]. It is natural to compare this series with the convergent series [image: \displaystyle\sum _{n=2}^{\infty }\frac{1}{{n}^{2}}].
 
 
 However, we can’t use the regular comparison test because:
 [image: \frac{1}{{n}^{2}-1}>\frac{1}{{n}^{2}}]
 for all integers [image: n \geq 2]. Since our series has larger terms than the convergent comparison series, the comparison test doesn’t give us useful information.
 We could search for a different comparison series, but there’s a better approach: the limit comparison test. This test allows us to compare [image: \displaystyle\sum_{n=2}^{\infty} \frac{1}{n^2 - 1}] and [image: \displaystyle\sum_{n=2}^{\infty} \frac{1}{n^2}] even when the inequality goes the “wrong” way.
 The limit comparison test is particularly useful when:
 	The terms of your series and a known series have similar behavior for large [image: n]
 	The regular comparison test fails because the inequality goes the wrong direction
 	Both series have the same “dominant” behavior in their numerator and denominator
 
  The limit comparison test examines how two series relate to each other asymptotically. For two series [image: \displaystyle\sum_{n=1}^{\infty} a_n] and [image: \displaystyle\sum_{n=1}^{\infty} b_n] with positive terms, we evaluate: [image: \underset{n\to \infty }{\text{lim}}\frac{{a}_{n}}{{b}_{n}}].
 Case 1: Finite, Non-zero Limit
 If [image: \underset{n\to \infty}{\text{lim}} \frac{a_n}{b_n} = L \neq 0], then for sufficiently large [image: n], we have [image: a_n \approx Lb_n]. This means the series behave similarly—either both converge or both diverge.
 Let’s apply this to our example. For [image: \displaystyle\sum_{n=2}^{\infty} \frac{1}{n^2-1}] and [image: \displaystyle\sum_{n=2}^{\infty} \frac{1}{n^2}]:
 [image: \underset{n\to \infty }{\text{lim}}\frac{\frac{1}{\left({n}^{2}-1\right)}}{\frac{1}{{n}^{2}}}=\underset{n\to \infty }{\text{lim}}\frac{{n}^{2}}{{n}^{2}-1}=1].
 Since [image: \displaystyle\sum_{n=2}^{\infty} \frac{1}{n^2}] converges, we conclude that [image: \displaystyle\sum_{n=2}^{\infty} \frac{1}{n^2-1}] converges.
 Case 2: Limit is Zero
 If [image: \underset{n\to \infty}{\text{lim}} \frac{a_n}{b_n} = 0], then [image: {\frac{a_n}{b_n}}] is bounded. This means there exists a constant [image: M] such that [image: a_n \leq Mb_n].
 Therefore, if [image: \displaystyle\sum_{n=1}^{\infty} b_n] converges, then [image: \displaystyle\sum_{n=1}^{\infty} a_n] converges by the comparison test.
 Case 3: Limit is Infinite
 If [image: \underset{n\to \infty}{\text{lim}} \frac{a_n}{b_n} = \infty], then [image: {{a_n}{b_n}}] is unbounded. For every constant [image: M], there exists an integer [image: N] such that [image: a_n \geq Mb_n] for all [image: n \geq N].
 Therefore, if [image: \displaystyle\sum_{n=1}^{\infty} b_n] diverges, then [image: \displaystyle\sum_{n=1}^{\infty} a_n] also diverges.
 limit comparison test
 Let [image: {a}_{n},{b}_{n}\ge 0] for all [image: n\ge 1].
 	If [image: \underset{n\to \infty }{\text{lim}}\frac{{a}_{n}}{{b}_{n}}=L\ne 0], then [image: \displaystyle\sum _{n=1}^{\infty }{a}_{n}] and [image: \displaystyle\sum _{n=1}^{\infty }{b}_{n}] both converge or both diverge.
 	If [image: \underset{n\to \infty }{\text{lim}}\frac{{a}_{n}}{{b}_{n}}=0] and [image: \displaystyle\sum _{n=1}^{\infty }{b}_{n}] converges, then [image: \displaystyle\sum _{n=1}^{\infty }{a}_{n}] converges.
 	If [image: \underset{n\to \infty }{\text{lim}}\frac{{a}_{n}}{{b}_{n}}=\infty] and [image: \displaystyle\sum _{n=1}^{\infty }{b}_{n}] diverges, then [image: \displaystyle\sum _{n=1}^{\infty }{a}_{n}] diverges.
 
  Understanding what each limit case means can help you apply the test more effectively:
 	Finite limit: The series are “the same size” asymptotically
 	Limit is 0: The [image: a_n] series shrinks much faster than [image: b_n]
 	Limit is ∞: The [image: a_n] series grows much faster than [image: b_n]
 
  When the Test Is Inconclusive
 The limit comparison test doesn’t always provide information. It gives no conclusion when:
 [image: \frac{a_n}{b_n} \to 0] and [image: \displaystyle\sum_{n=1}^{\infty} b_n] diverges
 [image: \frac{a_n}{b_n} \to \infty] and [image: \displaystyle\sum_{n=1}^{\infty} b_n] converges
 Consider the [image: p]-series [image: \displaystyle\sum_{n=1}^{\infty} \frac{1}{\sqrt{n}}] and [image: \displaystyle\sum_{n=1}^{\infty} \frac{1}{n^2}].
 We know that:
 [image: \displaystyle\sum_{n=1}^{\infty} \frac{1}{\sqrt{n}}] diverges (since [image: p = \frac{1}{2} \leq 1])
 [image: \displaystyle\sum_{n=1}^{\infty} \frac{1}{n^2}] converges (since [image: p = 2 > 1])
 Now suppose we try to use the convergent [image: p]-series [image: \displaystyle\sum_{n=1}^{\infty} \frac{1}{n^3}] as our comparison series:
 	For the divergent series: [image: \frac{\frac{1}{\sqrt{n}}}{\frac{1}{n^3}} = \frac{n^3}{\sqrt{n}} = n^{5/2} \to \infty] as [image: n \to \infty]
 	For the convergent series: [image: \frac{\frac{1}{n^2}}{\frac{1}{n^3}} = n \to \infty] as [image: n \to \infty]
 
 In both cases, we get [image: \frac{a_n}{b_n} \to \infty] with a convergent comparison series, so the limit comparison test provides no information about either series.
 When the limit comparison test is inconclusive, try a different comparison series. For [image: \frac{1}{\sqrt{n}}], compare with [image: \frac{1}{n}] instead of [image: \frac{1}{n^3}] to get a useful result. For each of the following series, use the limit comparison test to determine whether the series converges or diverges. If the test does not apply, say so.
 	[image: \displaystyle\sum _{n=1}^{\infty }\frac{1}{\sqrt{n}+1}]
 	[image: \displaystyle\sum _{n=1}^{\infty }\frac{{2}^{n}+1}{{3}^{n}}]
 	[image: \displaystyle\sum _{n=1}^{\infty }\frac{\text{ln}\left(n\right)}{{n}^{2}}]
 
 
 Show Solution 	Compare this series to [image: \displaystyle\sum _{n=1}^{\infty }\frac{1}{\sqrt{n}}]. Calculate
  [image: \underset{n\to \infty }{\text{lim}}\frac{\frac{1}{\left(\sqrt{n}+1\right)}}{\frac{1}{\sqrt{n}}}=\underset{n\to \infty }{\text{lim}}\begin{array}{c}\frac{\sqrt{n}}{\sqrt{n}+1}\\ \end{array}=\underset{n\to \infty }{\text{lim}}\frac{\frac{1}{\sqrt{n}}}{1+\frac{1}{\sqrt{n}}}=1].
 By the limit comparison test, since [image: \displaystyle\sum _{n=1}^{\infty }\frac{1}{\sqrt{n}}] diverges, then [image: \displaystyle\sum _{n=1}^{\infty }\frac{1}{\sqrt{n}+1}] diverges.

 	Compare this series to [image: \displaystyle\sum _{n=1}^{\infty }{\left(\frac{2}{3}\right)}^{n}]. We see that
  [image: \underset{n\to \infty }{\text{lim}}\frac{\frac{\left({2}^{n}+1\right)}{{3}^{n}}}{\frac{{2}^{n}}{{3}^{n}}}=\underset{n\to \infty }{\text{lim}}\frac{{2}^{n}+1}{{3}^{n}}\cdot \frac{{3}^{n}}{{2}^{n}}=\underset{n\to \infty }{\text{lim}}\frac{{2}^{n}+1}{{2}^{n}}=\underset{n\to \infty }{\text{lim}}\left[1+{\left(\frac{1}{2}\right)}^{n}\right]=1].
 
 
 Therefore,
 
 [image: \underset{n\to \infty }{\text{lim}}\frac{\frac{\left({2}^{n}+1\right)}{{3}^{n}}}{\frac{{2}^{n}}{{3}^{n}}}=1].
 
 
 Since [image: \displaystyle\sum _{n=1}^{\infty }{\left(\frac{2}{3}\right)}^{n}] converges, we conclude that [image: \displaystyle\sum _{n=1}^{\infty }\frac{{2}^{n}+1}{{3}^{n}}] converges.

 	Since [image: \text{ln}n<n], compare with [image: \displaystyle\sum _{n=1}^{\infty }\frac{1}{n}]. We see that
  [image: {\underset{n\to\infty}\lim} \text{ln}\frac{n}{n^2}\frac{1}{n}= {\underset{n\to\infty}\lim} \frac{\text{ln}n}{n^2}\cdot \frac{n}{1}= {\underset{n\to\infty}\lim} \frac{\text{ln}n}{n}]
 
 
 In order to evaluate [image: \underset{n\to \infty }{\text{lim}}\text{ln}\frac{n}{n}], evaluate the limit as [image: x\to \infty] of the real-valued function [image: \text{ln}\frac{\left(x\right)}{x}]. These two limits are equal, and making this change allows us to use L’Hôpital’s rule. We obtain
 
 [image: \underset{x\to \infty }{\text{lim}}\frac{\text{ln}x}{x}=\underset{x\to \infty }{\text{lim}}\frac{1}{x}=0].
 
 
 Therefore, [image: \underset{n\to \infty }{\text{lim}}\text{ln}\frac{n}{n}=0], and, consequently,
 
 [image: \underset{n\to \infty }{\text{lim}}\frac{\text{ln}\frac{n}{{n}^{2}}}{\frac{1}{n}}=0].
 
 
 Since the limit is [image: 0] but [image: \displaystyle\sum _{n=1}^{\infty }\frac{1}{n}] diverges, the limit comparison test does not provide any information.
 
 Compare with [image: \displaystyle\sum _{n=1}^{\infty }\frac{1}{{n}^{2}}] instead. In this case,
 
 [image: \underset{n\to \infty }{\text{lim}}\frac{\text{ln}\frac{n}{{n}^{2}}}{\frac{1}{{n}^{2}}}=\underset{n\to \infty }{\text{lim}}\frac{\text{ln}n}{{n}^{2}}\cdot \frac{{n}^{2}}{1}=\underset{n\to \infty }{\text{lim}}\text{ln}n=\infty].
 
 
 Since the limit is [image: \infty] but [image: \displaystyle\sum _{n=1}^{\infty }\frac{1}{{n}^{2}}] converges, the test still does not provide any information.
 
 So now we try a series between the two we already tried. Choosing the series [image: \displaystyle\sum _{n=1}^{\infty }\frac{1}{{n}^{\frac{3}{2}}}], we see that
 
 [image: \underset{n\to \infty }{\text{lim}}\frac{\text{ln}\frac{n}{{n}^{2}}}{\frac{1}{{n}^{\frac{3}{2}}}}=\underset{n\to \infty }{\text{lim}}\frac{\text{ln}n}{{n}^{2}}\cdot \frac{{n}^{\frac{3}{2}}}{1}=\underset{n\to \infty }{\text{lim}}\frac{\text{ln}n}{\sqrt{n}}].
 
 
 As above, in order to evaluate [image: \underset{n\to \infty }{\text{lim}}\text{ln}\frac{n}{\sqrt{n}}], evaluate the limit as [image: x\to \infty] of the real-valued function [image: \text{ln}\frac{x}{\sqrt{x}}]. Using L’Hôpital’s rule,
 
 [image: \underset{x\to \infty }{\text{lim}}\frac{\text{ln}x}{\sqrt{x}}=\underset{x\to \infty }{\text{lim}}\frac{2\sqrt{x}}{x}=\underset{x\to \infty }{\text{lim}}\frac{2}{\sqrt{x}}=0].
 
 
 Since the limit is [image: 0] and [image: \displaystyle\sum _{n=1}^{\infty }\frac{1}{{n}^{\frac{3}{2}}}] converges, we can conclude that [image: \displaystyle\sum _{n=1}^{\infty }\frac{\text{ln}n}{{n}^{2}}] converges.
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				 	Compare series to determine convergence using the comparison test
 	Use the limit comparison test to figure out if a series converges
 
  Streaming Service Analysis Using Comparison Tests
 Streaming platforms analyze user engagement to optimize their content libraries. Data scientists at these companies often work with series that model viewing patterns, subscription growth, and content popularity. Understanding convergence helps determine whether certain trends will stabilize or continue growing indefinitely.
 You’re working as a data analyst for a streaming platform, examining various metrics that can be modeled using infinite series. Your analysis will help the company make strategic decisions about content investment and user acquisition.
 [ohm_question hide_question_numbers=1]313490[/ohm_question]
  [ohm_question hide_question_numbers=1]313491[/ohm_question]
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				 	Use the alternating series test to check if an alternating series converges
 	Understand the difference between absolute and conditional convergence
 
  Alternating Series
 Up to this point, we’ve focused on series with positive terms. Now we’ll explore alternating series—series whose terms switch between positive and negative values.
 theorem: alternating series
 An alternating series has terms that alternate between positive and negative values. Any alternating series can be written as:
 [image: \displaystyle\sum_{n=1}^{\infty}(-1)^{n+1}b_n = b_1 - b_2 + b_3 - b_4 + \cdots]
 or
 [image: \displaystyle\sum_{n=1}^{\infty}(-1)^n b_n = -b_1 + b_2 - b_3 + b_4 - \cdots]
 where [image: b_n \geq 0] for all positive integers [image: n].
  Let’s look at two common examples:
 Example 1: [image: \displaystyle\sum_{n=1}^{\infty}\left(-\frac{1}{2}\right)^n = -\frac{1}{2} + \frac{1}{4} - \frac{1}{8} + \frac{1}{16} - \cdots]
 Example 2: [image: \displaystyle\sum_{n=1}^{\infty}\frac{(-1)^{n+1}}{n} = 1 - \frac{1}{2} + \frac{1}{3} - \frac{1}{4} + \cdots]
  The first series is a geometric series with [image: r = -\frac{1}{2}]. Since [image: |r| = \left|-\frac{1}{2}\right| = \frac{1}{2} < 1], this series converges.
 The second series is the alternating harmonic series. While the regular harmonic series [image: \sum_{n=1}^{\infty}\frac{1}{n}] diverges, we’ll discover that this alternating version actually converges.
 The Alternating Series Test
 To understand why the alternating harmonic series converges, we need to examine its sequence of partial sums [image: \left\{{S}_{k}\right\}] (Figure 1). The key insight is to analyze the odd and even partial sums separately, showing that both subsequences converge to the same limit.
 Proof
 
 Consider the odd terms [image: {S}_{2k+1}] for [image: k\ge 0]. Since [image: \frac{1}{\left(2k+1\right)}<\frac{1}{2k}],
 [image: {S}_{2k+1}={S}_{2k - 1}-\frac{1}{2k}+\frac{1}{2k+1}<{S}_{2k - 1}].
  
 Therefore, [image: \left\{{S}_{2k+1}\right\}] is a decreasing sequence. Also,
 [image: {S}_{2k+1}=\left(1-\frac{1}{2}\right)+\left(\frac{1}{3}-\frac{1}{4}\right)+\cdots +\left(\frac{1}{2k - 1}-\frac{1}{2k}\right)+\frac{1}{2k+1}>0].
  
 Therefore, [image: \left\{{S}_{2k+1}\right\}] is bounded below. Since [image: \left\{{S}_{2k+1}\right\}] is a decreasing sequence that is bounded below, by the Monotone Convergence Theorem, [image: \left\{{S}_{2k+1}\right\}] converges. Similarly, the even terms [image: \left\{{S}_{2k}\right\}] form an increasing sequence that is bounded above because
 [image: {S}_{2k}={S}_{2k - 2}+\frac{1}{2k - 1}-\frac{1}{2k}>{S}_{2k - 2}]
  
 and
 [image: {S}_{2k}=1+\left(-\frac{1}{2}+\frac{1}{3}\right)+\cdots +\left(-\frac{1}{2k - 2}+\frac{1}{2k - 1}\right)-\frac{1}{2k}<1].
  
 Therefore, by the Monotone Convergence Theorem, the sequence [image: \left\{{S}_{2k}\right\}] also converges. Since
 [image: {S}_{2k+1}={S}_{2k}+\frac{1}{2k+1}],
  
 we know that
 [image: \underset{k\to \infty }{\text{lim}}{S}_{2k+1}=\underset{k\to \infty }{\text{lim}}{S}_{2k}+\underset{k\to \infty }{\text{lim}}\frac{1}{2k+1}].
  
 Letting [image: S=\underset{k\to \infty }{\text{lim}}{S}_{2k+1}] and using the fact that [image: \frac{1}{\left(2k+1\right)}\to 0], we conclude that [image: \underset{k\to \infty }{\text{lim}}{S}_{2k}=S]. Since the odd terms and the even terms in the sequence of partial sums converge to the same limit [image: S], it can be shown that the sequence of partial sums converges to [image: S], and therefore the alternating harmonic series converges to [image: S].
 It can also be shown that [image: S=\text{ln}2], and we can write
 [image: \displaystyle\sum _{n=1}^{\infty }\frac{{\left(-1\right)}^{n+1}}{n}=1-\frac{1}{2}+\frac{1}{3}-\frac{1}{4}+\cdots =\text{ln}\left(2\right)].
  
 [image: This graph demonstrates the alternating hamanic series in the first quadrant. The highest line 1 is drawn to S1, the next line -1/2 is drawn to S2, the next line +1/3 is drawn to S3, the line -1/4 is drawn to S4, and the last line +1/5 is drawn to S5. The odd terms are decreasing and bounded below, and the even terms are increasing and bounded above. It seems to be converging to S, which is in the middle of S2, S4 and S5, S3, S1.]Figure 1. For the alternating harmonic series, the odd terms [image: {S}_{2k+1}] in the sequence of partial sums are decreasing and bounded below. The even terms [image: {S}_{2k}] are increasing and bounded above.  [image: _\blacksquare]
  The proof above suggests a general pattern. Any alternating series converges under specific conditions, as stated in the following theorem.
 [image: This diagram illustrates an alternating series in quadrant 1. The highest line b1 is drawn out to S1, the next line –b2 is drawn back to S2, the next line b3 is drawn out to S3, the next line –b4 is drawn back to S4, and the last line is drawn out to S5. It seems to be converging to S, which is in between S2, S4 and S5, S3, and S1. The odd terms are decreasing and bounded below. The even terms are increasing and bounded above.]Figure 2. For an alternating series [image: {b}_{1}-{b}_{2}+{b}_{3}-\cdots] in which [image: {b}_{1}>{b}_{2}>{b}_{3}>\cdots], the odd terms [image: {S}_{2k+1}] in the sequence of partial sums are decreasing and bounded below. The even terms [image: {S}_{2k}] are increasing and bounded above.  alternating series test
 An alternating series of the form
 [image: \displaystyle\sum _{n=1}^{\infty }{\left(-1\right)}^{n+1}{b}_{n}\text{or}\displaystyle\sum _{n=1}^{\infty }{\left(-1\right)}^{n}{b}_{n}]
  
 converges if
 	[image: 0\le {b}_{n+1}\le {b}_{n}] for all [image: n\ge 1] (the terms [image: b_n] are decreasing)
 	[image: \underset{n\to \infty }{\text{lim}}{b}_{n}=0] (the terms approach zero)
 
 This is known as the alternating series test.
  This theorem remains true even if the conditions only hold for [image: n \geq N] for some integer [image: N]. The first few terms don’t affect convergence, only the eventual behavior matters. For each of the following alternating series, determine whether the series converges or diverges.
 	[image: \displaystyle\sum _{n=1}^{\infty }\frac{{\left(-1\right)}^{n+1}}{{n}^{2}}]
 	[image: \displaystyle\sum _{n=1}^{\infty }\frac{{\left(-1\right)}^{n+1}n}{\left(n+1\right)}]
 
 
 Show Solution 	Since
 
 [image: \frac{1}{{\left(n+1\right)}^{2}}<\frac{1}{{n}^{2}}\text{ and }\frac{1}{{n}^{2}}\to 0], 
 
 the series converges.
 	Since [image: \frac{n}{\left(n+1\right)}\nrightarrow 0] as [image: n\to \infty], we cannot apply the alternating series test. Instead, we use the nth term test for divergence. Since
 
 [image: \underset{n\to \infty }{\text{lim}}\frac{{\left(-1\right)}^{n+1}n}{n+1}\ne 0], 
 
 the series diverges.
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				Remainder of an Alternating Series
 When working with alternating series, we often need to approximate the infinite sum using partial sums. A key question becomes: how accurate is our approximation? The good news is that for alternating series satisfying the alternating series test, we can easily bound the error.
 Consider an alternating series [image: \displaystyle\sum_{n=1}^{\infty}(-1)^{n+1}b_n] that satisfies the conditions of the alternating series test. Let [image: S] represent the exact sum and [image: {S_k}] be the sequence of partial sums.
 From Figure 2, we can see that for any integer [image: N \geq 1], the remainder [image: R_N] satisfies:
 [image: |{R}_{N}|=|S-{S}_{N}|\le |{S}_{N+1}-{S}_{N}|={b}_{n+1}].
 This observation leads to an important theorem.
 
 theorem: remainders in alternating series
 Consider an alternating series of the form:
 [image: \displaystyle\sum _{n=1}^{\infty }{\left(-1\right)}^{n+1}{b}_{n}\text{or}\displaystyle\sum _{n=1}^{\infty }{\left(-1\right)}^{n}{b}_{n}]
  
 that satisfies the hypotheses of the alternating series test. Let [image: S] denote the sum of the series and [image: {S}_{N}] denote the [image: N\text{th}] partial sum. For any integer [image: N\ge 1], the remainder [image: {R}_{N}=S-{S}_{N}] satisfies:
 [image: |{R}_{N}|\le {b}_{N+1}].
  What This Means: If the alternating series test conditions are met, the error in approximating the infinite series by the [image: N]th partial sum is at most the size of the very next term [image: b_{N+1}]. This makes error estimation remarkably straightforward!  Consider the alternating series
 [image: \displaystyle\sum _{n=1}^{\infty }\frac{{\left(-1\right)}^{n+1}}{{n}^{2}}].
  
 Use the remainder estimate to determine a bound on the error [image: {R}_{10}] if we approximate the sum of the series by the partial sum [image: {S}_{10}].
 
 Show Solution From the theorem stated above,
 [image: |{R}_{10}|\le {b}_{11}=\frac{1}{{11}^{2}}\approx 0.008265].
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				Absolute and Conditional Convergence
 When studying series with both positive and negative terms, we need to consider two different types of convergence behavior.
 Consider any series [image: \displaystyle\sum_{n=1}^{\infty}a_n] and its related series [image: \displaystyle\sum_{n=1}^{\infty}|a_n|] (formed by taking the absolute value of each term). The relationship between these two series reveals important information about convergence.
 Let’s examine two key examples:
 Example 1: The Alternating Harmonic Series
 Consider [image: \displaystyle\sum_{n=1}^{\infty}\frac{(-1)^{n+1}}{n}]. The series of absolute values is: [image: \displaystyle\sum_{n=1}^{\infty}\left|\frac{(-1)^{n+1}}{n}\right| = \sum_{n=1}^{\infty}\frac{1}{n}]
 We know the alternating harmonic series converges, but the harmonic series diverges. This creates an interesting situation. Since the alternating harmonic series converges, but the harmonic series diverges, we say the alternating harmonic series exhibits conditional convergence.
 Example 2: An Alternating [image: p]-Series
 Consider [image: \displaystyle\sum_{n=1}^{\infty}\frac{(-1)^{n+1}}{n^2}]. The series of absolute values is: [image: \displaystyle\sum_{n=1}^{\infty}\left|\frac{(-1)^{n+1}}{n^2}\right| = \sum_{n=1}^{\infty}\frac{1}{n^2}]
 Both series converge in this case. Since both of these series converge, we say the series [image: \displaystyle\sum _{n=1}^{\infty }\frac{{\left(-1\right)}^{n+1}}{{n}^{2}}] exhibits absolute convergence.
 absolute and conditional convergence
 A series [image: \displaystyle\sum _{n=1}^{\infty }{a}_{n}] exhibits absolute convergence if [image: \displaystyle\sum _{n=1}^{\infty }|{a}_{n}|] converges.
 [image: \\]
 A series [image: \displaystyle\sum _{n=1}^{\infty }{a}_{n}] exhibits conditional convergence if [image: \displaystyle\sum _{n=1}^{\infty }{a}_{n}] converges but [image: \displaystyle\sum _{n=1}^{\infty }|{a}_{n}|] diverges.
  The alternating harmonic series demonstrates that a series can converge even when its absolute value series diverges. However, the following theorem shows that absolute convergence guarantees regular convergence.
 theorem: absolute convergence implies convergence
 If [image: \displaystyle\sum _{n=1}^{\infty }|{a}_{n}|] converges, then [image: \displaystyle\sum _{n=1}^{\infty }{a}_{n}] converges.
  Proof
 
 Suppose that [image: \displaystyle\sum _{n=1}^{\infty }|{a}_{n}|] converges. We show this by using the fact that [image: {a}_{n}=|{a}_{n}|] or [image: {a}_{n}=\text{-}|{a}_{n}|] and therefore [image: |{a}_{n}|+{a}_{n}=2|{a}_{n}|] or [image: |{a}_{n}|+{a}_{n}=0]. Therefore, [image: 0\le |{a}_{n}|+{a}_{n}\le 2|{a}_{n}|]. Consequently, by the comparison test, since [image: 2\displaystyle\sum _{n=1}^{\infty }|{a}_{n}|] converges, the series
 [image: \displaystyle\sum _{n=1}^{\infty }\left(|{a}_{n}|+{a}_{n}\right)]
  
 converges. By using the algebraic properties for convergent series, we conclude that
 [image: \displaystyle\sum _{n=1}^{\infty }{a}_{n}=\displaystyle\sum _{n=1}^{\infty }\left(|{a}_{n}|+{a}_{n}\right)\text{-}\displaystyle\sum _{n=1}^{\infty }|{a}_{n}|]
  
 converges.
 [image: _\blacksquare]
  For each of the following series, determine whether the series converges absolutely, converges conditionally, or diverges.
 	[image: \displaystyle\sum _{n=1}^{\infty }\frac{{\left(-1\right)}^{n+1}}{\left(3n+1\right)}]
 	[image: \displaystyle\sum _{n=1}^{\infty }\frac{\cos\left(n\right)}{{n}^{2}}]
 
 
 Show Solution 	We can see that
  [image: \displaystyle\sum _{n=1}^{\infty }|\frac{{\left(-1\right)}^{n+1}}{3n+1}|=\displaystyle\sum _{n=1}^{\infty }\frac{1}{3n+1}]
 
 
 diverges by using the limit comparison test with the harmonic series. In fact,
 
 [image: \underset{n\to \infty }{\text{lim}}\frac{\frac{1}{\left(3n+1\right)}}{\frac{1}{n}}=\frac{1}{3}].
 
 
 Therefore, the series does not converge absolutely. However, since
 
 [image: \frac{1}{3\left(n+1\right)+1}<\frac{1}{3n+1}\text{and}\frac{1}{3n+1}\to 0],
 
 
 the series converges. We can conclude that [image: \displaystyle\sum _{n=1}^{\infty }\frac{{\left(-1\right)}^{n+1}}{\left(3n+1\right)}] converges conditionally.

 	Noting that [image: |\cos{n}|\le 1], to determine whether the series converges absolutely, compare
  [image: \displaystyle\sum _{n=1}^{\infty }|\frac{\cos{n}}{{n}^{2}}|]
 
 
 with the series [image: \displaystyle\sum _{n=1}^{\infty }\frac{1}{{n}^{2}}]. Since [image: \displaystyle\sum _{n=1}^{\infty }\frac{1}{{n}^{2}}] converges, by the comparison test, [image: \displaystyle\sum _{n=1}^{\infty }|\frac{\cos{n}}{{n}^{2}}|] converges, and therefore [image: \displaystyle\sum _{n=1}^{\infty }\frac{\cos{n}}{{n}^{2}}] converges absolutely.

 
 
   _*]:min-w-0″> To understand the fundamental difference between absolute and conditional convergence, we need to explore what happens when we rearrange the terms of a conditionally convergent series.
 Consider the alternating harmonic series [image: \displaystyle\sum_{n=1}^{\infty}\frac{(-1)^{n+1}}{n}], which we know converges conditionally. While rearranging terms in a finite sum doesn’t change the result, infinite series behave very differently.
 
 
 _*]:min-w-0″> We can demonstrate this by rearranging the terms to make the series diverge to infinity.
 Begin by adding enough positive terms to produce a sum larger than some target value [image: M > 0]. For example, let [image: M = 10] and find an integer [image: k] such that:
 [image: 1 + \frac{1}{3} + \frac{1}{5} + \cdots + \frac{1}{2k-1} > 10]
 This is possible because [image: \displaystyle\sum_{n=1}^{\infty}\frac{1}{2n-1}] diverges to infinity. Then subtract [image: \frac{1}{2}].
 Next, add more positive terms until the sum reaches [image: 100]. Find another integer [image: j > k] such that:
 [image: 1 + \frac{1}{3} + \cdots + \frac{1}{2k-1} - \frac{1}{2} + \frac{1}{2k+1} + \cdots + \frac{1}{2j+1} > 100]
 Then subtract [image: \frac{1}{4}]. By continuing this process—alternating between adding enough positive terms to reach increasingly large values and subtracting single negative terms—we create a rearranged series whose partial sums grow without bound and therefore diverges.
 The alternating harmonic series can also be rearranged to converge to entirely different values. In fact, it can be rearranged to converge to any real number [image: r] we choose! We’ll see in the next example how to rearrange the terms to create a series that converges to [image: \frac{3\ln(2)}{2}].
 In general, any series [image: \displaystyle\sum _{n=1}^{\infty }{a}_{n}] that converges conditionally can be rearranged so that the new series diverges or converges to a different real number. A series that converges absolutely does not have this property. For any series [image: \displaystyle\sum _{n=1}^{\infty }{a}_{n}] that converges absolutely, the value of [image: \displaystyle\sum _{n=1}^{\infty }{a}_{n}] is the same for any rearrangement of the terms. This result is known as the Riemann Rearrangement Theorem, which is beyond the scope of this book.
 
 
 Use the fact that
 [image: 1-\frac{1}{2}+\frac{1}{3}-\frac{1}{4}+\frac{1}{5}-\cdots =\text{ln}2]
  
 to rearrange the terms in the alternating harmonic series so the sum of the rearranged series is [image: \frac{3\text{ln}\left(2\right)}{2}].
 
 Show Solution Let
 [image: \displaystyle\sum _{n=1}^{\infty }{a}_{n}=1-\frac{1}{2}+\frac{1}{3}-\frac{1}{4}+\frac{1}{5}-\frac{1}{6}+\frac{1}{7}-\frac{1}{8}+\cdots].
  
 Since [image: \displaystyle\sum _{n=1}^{\infty }{a}_{n}=\text{ln}\left(2\right)], by the algebraic properties of convergent series,
 [image: \displaystyle\sum _{n=1}^{\infty }\frac{1}{2}{a}_{n}=\frac{1}{2}-\frac{1}{4}+\frac{1}{6}-\frac{1}{8}+\cdots =\frac{1}{2}\displaystyle\sum _{n=1}^{\infty }{a}_{n}=\frac{\text{ln}2}{2}].
  
 Now introduce the series [image: \displaystyle\sum _{n=1}^{\infty }{b}_{n}] such that for all [image: n\ge 1], [image: {b}_{2n - 1}=0] and [image: {b}_{2n}=\frac{{a}_{n}}{2}]. Then
 [image: \displaystyle\sum _{n=1}^{\infty }{b}_{n}=0+\frac{1}{2}+0-\frac{1}{4}+0+\frac{1}{6}+0-\frac{1}{8}+\cdots =\frac{\text{ln}2}{2}].
  
 Then using the algebraic limit properties of convergent series, since [image: \displaystyle\sum _{n=1}^{\infty }{a}_{n}] and [image: \displaystyle\sum _{n=1}^{\infty }{b}_{n}] converge, the series [image: \displaystyle\sum _{n=1}^{\infty }\left({a}_{n}+{b}_{n}\right)] converges and
 [image: \displaystyle\sum _{n=1}^{\infty }\left({a}_{n}+{b}_{n}\right)=\displaystyle\sum _{n=1}^{\infty }{a}_{n}+\displaystyle\sum _{n=1}^{\infty }{b}_{n}=\text{ln}2+\frac{\text{ln}2}{2}=\frac{3\text{ln}2}{2}].
  
 Now adding the corresponding terms, [image: {a}_{n}] and [image: {b}_{n}], we see that
 [image: \begin{array}{cc}\hfill \displaystyle\sum _{n=1}^{\infty }\left({a}_{n}+{b}_{n}\right)& =\left(1+0\right)+\left(-\frac{1}{2}+\frac{1}{2}\right)+\left(\frac{1}{3}+0\right)+\left(-\frac{1}{4}-\frac{1}{4}\right)+\left(\frac{1}{5}+0\right)+\left(-\frac{1}{6}+\frac{1}{6}\right)\hfill \\ \\ & +\left(\frac{1}{7}+0\right)+\left(\frac{1}{8}-\frac{1}{8}\right)+\cdots \hfill \\ & =1+\frac{1}{3}-\frac{1}{2}+\frac{1}{5}+\frac{1}{7}-\frac{1}{4}+\cdots .\hfill \end{array}]
  
 We notice that the series on the right side of the equal sign is a rearrangement of the alternating harmonic series. Since [image: \displaystyle\sum _{n=1}^{\infty }\left({a}_{n}+{b}_{n}\right)=\frac{3\text{ln}\left(2\right)}{2}], we conclude that
 [image: 1+\frac{1}{3}-\frac{1}{2}+\frac{1}{5}+\frac{1}{7}-\frac{1}{4}+\cdots =\frac{3\text{ln}\left(2\right)}{2}].
  
 Therefore, we have found a rearrangement of the alternating harmonic series having the desired property.
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				 	Use the alternating series test to check if an alternating series converges
 	Understand the difference between absolute and conditional convergence
 
  _*]:min-w-0″> Social media platforms track user engagement through various metrics that often exhibit alternating patterns. Data scientists analyze these patterns to understand user behavior, optimize content delivery, and predict platform growth. Understanding convergence of alternating series helps determine whether engagement trends will stabilize or continue oscillating.
 
 
 _*]:min-w-0″> You’re working as a data analyst for a social media company, examining engagement metrics that can be modeled using alternating series. Your analysis will help the marketing team understand long-term user behavior patterns.
 [ohm_question hide_question_numbers=1]313495[/ohm_question]
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		Ratio and Root Tests: Learn It 1

								

	
				 	Use the ratio test to check if a series converges absolutely
 	Use the root test to check if a series converges absolutely
 
  You’ve already worked through several convergence tests, and you’ve likely noticed that no single test works for every series. The ratio test and root test complete our toolkit by offering particularly useful methods that don’t require finding a comparable series. The ratio test will prove especially valuable when we explore power series in the next module.
 Ratio Test
 Consider a series [image: \displaystyle\sum_{n=1}^{\infty}{a}{n}]. We know that having [image: \lim{n\to \infty}{a}_{n}=0] is necessary for convergence, but it’s not sufficient. The terms must approach zero quickly enough.
 Think about these two familiar examples:
 	[image: \displaystyle\sum_{n=1}^{\infty}\frac{1}{n}] (harmonic series) diverges
 	[image: \displaystyle\sum_{n=1}^{\infty}\frac{1}{n^{2}}] (p-series with [image: p=2]) converges
 
 Both have terms that approach zero, but [image: \frac{1}{n^{2}}] approaches zero much faster than [image: \frac{1}{n}]. The ratio test provides a systematic way to measure this “speed” of approach to zero.
 ratio test
 Let [image: \displaystyle\sum_{n=1}^{\infty}{a}_{n}] be a series with nonzero terms. Let
 [image: \rho =\lim_{n\to \infty}\left|\frac{a_{n+1}}{a_{n}}\right|]
 Then:
 	If [image: 0\le \rho <1], the series [image: \displaystyle\sum_{n=1}^{\infty}{a}_{n}] converges absolutely
 	If [image: \rho >1] or [image: \rho =\infty], the series [image: \displaystyle\sum_{n=1}^{\infty}{a}_{n}] diverges
 	If [image: \rho =1], the test is inconclusive and does not provide any information
 
  Proof
 
 Let [image: \displaystyle\sum _{n=1}^{\infty }{a}_{n}] be a series with nonzero terms.
 We begin with the proof of part i. In this case, [image: \rho =\underset{n\to \infty }{\text{lim}}|\frac{{a}_{n+1}}{{a}_{n}}|<1]. Since [image: 0\le \rho < 1], there exists [image: R] such that [image: 0 \le \rho < R < 1]. Let [image: \epsilon =R-\rho >0]. By the definition of limit of a sequence, there exists some integer [image: N] such that
 [image: ||\frac{{a}_{n+1}}{{a}_{n}}|-\rho |<\epsilon \text{ for all }n\ge N].
 Therefore,
 [image: |\frac{{a}_{n+1}}{{a}_{n}}|<\rho +\epsilon =R\text{ for all }n\ge N]
 and, thus,
 [image: \begin{array}{l}|{a}_{N+1}| < R|{a}_{N}|\\ |{a}_{N+2}| < R|{a}_{N+1}| < {R}^{2}|{a}_{N}|\\ |{a}_{N+3}| < R|{a}_{N+2}| < {R}^{2}|{a}_{N+1}|<{R}^{3}|{a}_{N}|\\ |{a}_{N+4}| < R|{a}_{N+3}| < {R}^{2}|{a}_{N+2}| < {R}^{3}|{a}_{N+1}| < {R}^{4}|{a}_{N}|\\ \vdots .\end{array}]
 Since [image: R<1], the geometric series
 [image: R|{a}_{N}|+{R}^{2}|{a}_{N}|+{R}^{3}|{a}_{N}|+\cdots]
 converges. Given the inequalities above, we can apply the comparison test and conclude that the series
 [image: |{a}_{N+1}|+|{a}_{N+2}|+|{a}_{N+3}|+|{a}_{N+4}|+\cdots]
 converges. Therefore, since
 [image: \displaystyle\sum _{n=1}^{\infty }|{a}_{n}|=\displaystyle\sum _{n=1}^{N}|{a}_{n}|+\displaystyle\sum _{n=N+1}^{\infty }|{a}_{n}|]
 where [image: \displaystyle\sum _{n=1}^{N}|{a}_{n}|] is a finite sum and [image: \displaystyle\sum _{n=N+1}^{\infty }|{a}_{n}|] converges, we conclude that [image: \displaystyle\sum _{n=1}^{\infty }|{a}_{n}|] converges.
 For part ii.
 [image: \rho =\underset{n\to \infty }{\text{lim}}|\frac{{a}_{n+1}}{{a}_{n}}|>1].
 Since [image: \rho >1], there exists [image: R] such that [image: \rho >R>1]. Let [image: \epsilon =\rho -R>0]. By the definition of the limit of a sequence, there exists an integer [image: N] such that
 [image: ||\frac{{a}_{n+1}}{{a}_{n}}|-\rho |<\epsilon \text{for all}n\ge N].
 Therefore,
 [image: R=\rho -\epsilon <|\frac{{a}_{n+1}}{{a}_{n}}|\text{for all}n\ge N],
 and, thus,
 [image: \begin{array}{l}|{a}_{N+1}|>R|{a}_{N}|\\ |{a}_{N+2}|>R|{a}_{N+1}|>{R}^{2}|{a}_{N}|\\ |{a}_{N+3}|>R|{a}_{N+2}|>{R}^{2}|{a}_{N+1}|>{R}^{3}|{a}_{N}|\\ |{a}_{N+4}|>R|{a}_{N+3}|>{R}^{2}|{a}_{N+2}|>{R}^{3}|{a}_{N+1}|>{R}^{4}|{a}_{N}|.\end{array}]
 Since [image: R>1], the geometric series
 [image: R|{a}_{N}|+{R}^{2}|{a}_{N}|+{R}^{3}|{a}_{N}|+\cdots]
 diverges. Applying the comparison test, we conclude that the series
 [image: |{a}_{N+1}|+|{a}_{N+2}|+|{a}_{N+3}|+\cdots]
 diverges, and therefore the series [image: \displaystyle\sum _{n=1}^{\infty }|{a}_{n}|] diverges.
 For part iii. we show that the test does not provide any information if [image: \rho =1] by considering the [image: p-\text{series}] [image: \displaystyle\sum _{n=1}^{\infty }\frac{1}{{n}^{p}}]. For any real number [image: p],
 [image: \rho =\underset{n\to \infty }{\text{lim}}\frac{\frac{1}{{\left(n+1\right)}^{p}}}{\frac{1}{{n}^{p}}}=\underset{n\to \infty }{\text{lim}}\frac{{n}^{p}}{{\left(n+1\right)}^{p}}=1].
 However, we know that if [image: p\le 1], the [image: p-\text{series}] [image: \displaystyle\sum _{n=1}^{\infty }\frac{1}{{n}^{p}}] diverges, whereas [image: \displaystyle\sum _{n=1}^{\infty }\frac{1}{{n}^{p}}] converges if [image: p>1].
 [image: _\blacksquare]
  When to Use the Ratio Test
 The ratio test works particularly well for series containing factorials or exponentials, where the ratio [image: \frac{a_{n+1}}{a_n}] often simplifies nicely. This makes it convenient since you don’t need to hunt for a comparison series. However, the test has limitations—sometimes it provides no useful information, especially when [image: \rho = 1].
 Before applying the ratio test, let’s review some essential algebra that will make your calculations much smoother.
 Simplifying Exponential Expressions
 For any [image: b > 0] and real numbers [image: m] and [image: n]: [image: \frac{b^m}{b^n} = b^{m-n} = \frac{1}{b^{n-m}}]
 Examples:
 	[image: \frac{e^{n+1}}{e^n} = e]
 	[image: \frac{3^{2n+1}}{3^{2n+3}} = \frac{1}{3^2} = \frac{1}{9}]
 
  Factorial Notation
 The expression [image: n!], called “[image: n] factorial,” is defined as: [image: n! = n(n-1)(n-2)\ldots 3 \cdot 2 \cdot 1]
 Key facts:
 	[image: 5! = 5 \cdot 4 \cdot 3 \cdot 2 \cdot 1 = 120]
 	[image: 0! = 1] (by definition)
 
 Simplifying factorial ratios:
 	[image: \frac{10!}{8!} = \frac{10 \cdot 9 \cdot 8!}{8!} = 10 \cdot 9 = 90]
 	[image: \frac{n!}{(n+2)!} = \frac{n!}{(n+2)(n+1)n!} = \frac{1}{(n+2)(n+1)}]
 
  For each of the following series, use the ratio test to determine whether the series converges or diverges.
 	[image: \displaystyle\sum _{n=1}^{\infty }\frac{{2}^{n}}{n\text{!}}]
 	[image: \displaystyle\sum _{n=1}^{\infty }\frac{{n}^{n}}{n\text{!}}]
 	[image: \displaystyle\sum _{n=1}^{\infty }\frac{{\left(-1\right)}^{n}{\left(n\text{!}\right)}^{2}}{\left(2n\right)\text{!}}]
 
 
 Show Solution 	From the ratio test, we can see that
  [image: \rho =\underset{n\to \infty }{\text{lim}}\frac{\frac{{2}^{n+1}}{\left(n+1\right)\text{!}}}{\frac{{2}^{n}}{n\text{!}}}=\underset{n\to \infty }{\text{lim}}\frac{{2}^{n+1}}{\left(n+1\right)\text{!}}\cdot \frac{n\text{!}}{{2}^{n}}].
 
 
 Since [image: \left(n+1\right)\text{!}=\left(n+1\right)\cdot n\text{!}], 
 
 [image: \rho =\underset{n\to \infty }{\text{lim}}\frac{2}{n+1}=0].
 
 
 Since [image: \rho <1], the series converges.

 	We can see that
  [image: \begin{array}{cc}\rho \hfill & =\underset{n\to \infty }{\text{lim}}\frac{\frac{{\left(n+1\right)}^{n+1}}{\left(n+1\right)\text{!}}}{\frac{{n}^{n}}{n\text{!}}}\hfill \\ & =\underset{n\to \infty }{\text{lim}}\frac{{\left(n+1\right)}^{n+1}}{\left(n+1\right)\text{!}}\cdot \frac{n\text{!}}{{n}^{n}}\hfill \\ & =\underset{n\to \infty }{\text{lim}}{\left(\frac{n+1}{n}\right)}^{n}=\underset{n\to \infty }{\text{lim}}{\left(1+\frac{1}{n}\right)}^{n}=e.\hfill \end{array}]
 
 
 Since [image: \rho >1], the series diverges.

 	Since
  [image: \begin{array}{cc}\hfill |\frac{\frac{{\left(-1\right)}^{n+1}{\left(\left(n+1\right)\text{!}\right)}^{2}}{\left(2\left(n+1\right)\right)\text{!}}}{\frac{{\left(-1\right)}^{n}{\left(n\text{!}\right)}^{2}}{\left(2n\right)\text{!}}}|& =\frac{\left(n+1\right)\text{!}\left(n+1\right)\text{!}}{\left(2n+2\right)\text{!}}\cdot \frac{\left(2n\right)\text{!}}{n\text{!}n\text{!}}\hfill \\ & =\frac{\left(n+1\right)\left(n+1\right)}{\left(2n+2\right)\left(2n+1\right)}\hfill \end{array}]
 
 
 we see that
 
 [image: \rho =\underset{n\to \infty }{\text{lim}}\frac{\left(n+1\right)\left(n+1\right)}{\left(2n+2\right)\left(2n+1\right)}=\frac{1}{4}].
 
 
 Since [image: \rho <1], the series converges.
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				Root Test
 The root test uses a similar approach to the ratio test, but focuses on the [image: n]th root of terms rather than their ratios.
 Consider a series [image: \displaystyle\sum_{n=1}^{\infty}{a}{n}] where [image: \underset{n\to \infty }{\text{lim}}\sqrt[n]{|a_{n}|}=\rho] for some real number [image: \rho]. For sufficiently large [image: N], we have [image: |a_{N}|\approx \rho^{N}].
 This means we can approximate the tail of our series:
 [image: |a_{N}|+|a_{N+1}|+|a_{N+2}|+\cdots \approx \rho^{N}+\rho^{N+1}+\rho^{N+2}+\cdots]
 The right side is a geometric series, which gives us the same convergence pattern as the ratio test.
 root test
 Consider the series [image: \displaystyle\sum_{n=1}^{\infty}{a}_{n}]. Let
 [image: \rho =\underset{n\to \infty }{\text{lim}}\sqrt[n]{|a_{n}|}]
 Then:
 	If [image: 0\leq \rho <1], the series [image: \displaystyle\sum_{n=1}^{\infty}{a}_{n}] converges absolutely
 	If [image: \rho >1] or [image: \rho =\infty], the series [image: \displaystyle\sum_{n=1}^{\infty}{a}_{n}] diverges
 	If [image: \rho =1], the test is inconclusive and does not provide any information
 
  Why the Root Test Sometimes Fails
 For any p-series [image: \displaystyle\sum_{n=1}^{\infty}\frac{1}{n^p}], we get [image: \rho = 1] regardless of the value of [image: p]. Yet we know p-series converge when [image: p > 1] and diverge when [image: p \leq 1]. This shows why [image: \rho = 1] makes the test inconclusive.
  When to Use the Root Test
 The root test works particularly well for series whose terms involve exponentials, especially when [image: |a_{n}|=b_{n}^{n}] for some sequence [image: {b_{n}}]. In these cases, [image: \sqrt[n]{|a_{n}|}=b_{n}], so you only need to evaluate [image: \underset{n\to \infty }{\text{lim}}b_{n}].
 For each of the following series, use the root test to determine whether the series converges or diverges.
 	[image: \displaystyle\sum _{n=1}^{\infty }\frac{{\left({n}^{2}+3n\right)}^{n}}{{\left(4{n}^{2}+5\right)}^{n}}]
 	[image: \displaystyle\sum _{n=1}^{\infty }\frac{{n}^{n}}{{\left(\text{ln}\left(n\right)\right)}^{n}}]
 
 
 Show Solution 	To apply the root test, we compute
  [image: \rho =\underset{n\to \infty }{\text{lim}}\sqrt[n]{\frac{{\left({n}^{2}+3n\right)}^{n}}{{\left(4{n}^{2}+5\right)}^{n}}}=\underset{n\to \infty }{\text{lim}}\frac{{n}^{2}+3n}{4{n}^{2}+5}=\frac{1}{4}].
 
 
 Since [image: \rho <1], the series converges absolutely.

 	We have
  [image: \rho =\underset{n\to \infty }{\text{lim}}\sqrt[n]{\frac{{n}^{n}}{{\left(\text{ln}n\right)}^{n}}}=\underset{n\to \infty }{\text{lim}}\frac{n}{\text{ln}n}=\infty \text{by L'Hôpital's rule}].
 
 
 Since [image: \rho =\infty], the series diverges.
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				Choosing a Convergence Test
 You now have several convergence tests in your toolkit, but no single test works for every series. The key is developing a systematic strategy to choose the most effective test for each situation.
 Problem-Solving Strategy: Choosing a Convergence Test for a Series
 When analyzing a series [image: \displaystyle\sum_{n=1}^{\infty}{a}_{n}], work through these steps:
 Step 1: Check for familiar series Is this a series you recognize?
 	Harmonic series [image: \displaystyle\sum_{n=1}^{\infty}\frac{1}{n}] (diverges)
 	Alternating harmonic series [image: \displaystyle\sum_{n=1}^{\infty}\frac{(-1)^{n+1}}{n}] (converges)
 	Geometric series [image: \displaystyle\sum_{n=1}^{\infty}ar^{n-1}] (check if [image: |r|<1])
 	p-series [image: \displaystyle\sum_{n=1}^{\infty}\frac{1}{n^p}] (check if [image: p>1])
 
 Step 2: Check for alternating series Does the series have terms that alternate in sign?
 	If you only need to know whether it converges, use the alternating series test
 	If you need absolute convergence, proceed to Step 3 using [image: \displaystyle\sum_{n=1}^{\infty}|a_{n}|]
 
 Step 3: Look for comparison opportunities Does the series behave similarly to a p-series or geometric series?
 	Try the comparison test or limit comparison test
 
 Step 4: Check for factorials or exponentials Do the terms contain factorials ([image: n!]) or exponential expressions?
 	If [image: a_{n} = b_{n}^{n}], try the root test first
 	Otherwise, try the ratio test first
 
 Step 5: Use remaining tests
 	Apply the divergence test (if [image: \lim_{n\to\infty}a_{n} \neq 0], the series diverges)
 	If the divergence test is inconclusive, try the integral test
 
  For each of the following series, determine which convergence test is the best to use and explain why. Then determine if the series converges or diverges. If the series is an alternating series, determine whether it converges absolutely, converges conditionally, or diverges.
 	[image: \displaystyle\sum _{n=1}^{\infty }\frac{{n}^{2}+2n}{{n}^{3}+3{n}^{2}+1}]
 	[image: \displaystyle\sum _{n=1}^{\infty }\frac{{\left(-1\right)}^{n+1}\left(3n+1\right)}{n\text{!}}]
 	[image: \displaystyle\sum _{n=1}^{\infty }\frac{{e}^{n}}{{n}^{3}}]
 	[image: \displaystyle\sum _{n=1}^{\infty }\frac{{3}^{n}}{{\left(n+1\right)}^{n}}]
 
 
 Show Solution 	Step 1. The series is not a [image: p-\text{series}] or geometric series.
 
 Step 2. The series is not alternating.
 
 Step 3. For large values of [image: n], we approximate the series by the expression
  [image: \frac{{n}^{2}+2n}{{n}^{3}+3{n}^{2}+1}\approx \frac{{n}^{2}}{{n}^{3}}=\frac{1}{n}].
 
 
 Therefore, it seems reasonable to apply the comparison test or limit comparison test using the series [image: \displaystyle\sum _{n=1}^{\infty }\frac{1}{n}]. Using the limit comparison test, we see that
 
 [image: \underset{n\to \infty }{\text{lim}}\frac{\frac{\left({n}^{2}+2n\right)}{\left({n}^{3}+3{n}^{2}+1\right)}}{\frac{1}{n}}=\underset{n\to \infty }{\text{lim}}\frac{{n}^{3}+2{n}^{2}}{{n}^{3}+3{n}^{2}+1}=1].
 
 
 Since the series [image: \displaystyle\sum _{n=1}^{\infty }\frac{1}{n}] diverges, this series diverges as well.

 	Step 1.The series is not a familiar series.
 
 Step 2. The series is alternating. Since we are interested in absolute convergence, consider the series
  [image: \displaystyle\sum _{n=1}^{\infty }\frac{3n}{\left(n+1\right)\text{!}}].
 
 
 Step 3. The series is not similar to a p-series or geometric series.
 
 Step 4. Since each term contains a factorial, apply the ratio test. We see that
 
 [image: \underset{n\to \infty }{\text{lim}}\frac{\frac{\left(3\left(n+1\right)\right)}{\left(n+1\right)\text{!}}}{\frac{\left(3n+1\right)}{n\text{!}}}=\underset{n\to \infty }{\text{lim}}\frac{3n+3}{\left(n+1\right)\text{!}}\cdot \frac{n\text{!}}{3n+1}=\underset{n\to \infty }{\text{lim}}\frac{3n+3}{\left(n+1\right)\left(3n+1\right)}=0].
 
 
 Therefore, this series converges, and we conclude that the original series converges absolutely, and thus converges.

 	Step 1. The series is not a familiar series.
 
 Step 2. It is not an alternating series.
 
 Step 3. There is no obvious series with which to compare this series.
 
 Step 4. There is no factorial. There is a power, but it is not an ideal situation for the root test.
 
 Step 5. To apply the divergence test, we calculate that
  [image: \underset{n\to \infty }{\text{lim}}\frac{{e}^{n}}{{n}^{3}}=\infty].
 
 
 Therefore, by the divergence test, the series diverges.

 	Step 1. This series is not a familiar series.
 
 Step 2. It is not an alternating series.
 
 Step 3. There is no obvious series with which to compare this series.
 
 Step 4. Since each term is a power of [image: n], we can apply the root test. Since
  [image: \underset{n\to \infty }{\text{lim}}\sqrt[n]{{\left(\frac{3}{n+1}\right)}^{n}}=\underset{n\to \infty }{\text{lim}}\frac{3}{n+1}=0],
 
 
 by the root test, we conclude that the series converges.

 
 
   [ohm_question hide_question_numbers=1]230818[/ohm_question] [ohm_question hide_question_numbers=1]230819[/ohm_question] Summary of Convergence Tests
 The table below summarizes all convergence tests and their applications. Remember that the comparison test, limit comparison test, and integral test require nonnegative terms. If your series has negative terms, apply these tests to [image: \displaystyle\sum_{n=1}^{\infty}|a_{n}|] to check for absolute convergence.
 	Test 	When to Use 	Conclusions 	Key Notes 
  	Divergence Test 	Any series [image: \displaystyle\sum_{n=1}^{\infty}a_{n}] 		If [image: \lim_{n\to \infty}a_{n} \neq 0], series diverges
 	If [image: \lim_{n\to \infty}a_{n} = 0], test is inconclusive
 
  	Cannot prove convergence 
 	Geometric Series 	[image: \displaystyle\sum_{n=1}^{\infty}ar^{n-1}] 		If [image: |r| < 1], converges to [image: \frac{a}{1-r}]
 	If [image: |r| \geq 1], diverges
 
  	Look for constant ratio between terms 
 	p-Series 	[image: \displaystyle\sum_{n=1}^{\infty}\frac{1}{n^p}] 		If [image: p > 1], converges
 	If [image: p \leq 1], diverges
 
  	[image: p = 1] gives harmonic series 
 	Comparison Test 	Nonnegative terms, similar to known series 		If [image: a_n \leq b_n] and [image: \sum b_n] converges, then [image: \sum a_n] converges
 	If [image: a_n \geq b_n] and [image: \sum b_n] diverges, then [image: \sum a_n] diverges
 
  	Need to find good comparison series 
 	Limit Comparison Test 	Positive terms, similar to known series 		If [image: L = \lim_{n\to\infty}\frac{a_n}{b_n}] exists and [image: L \neq 0], both series have same behavior
 	Special cases: [image: L = 0] or [image: L = \infty]
 
  	Often easier than comparison test 
 	Integral Test 	Positive, continuous, decreasing function [image: f] where [image: a_n = f(n)] 	[image: \int_N^{\infty}f(x)dx] and [image: \sum a_n] both converge or both diverge 	Limited to easily integrable functions 
 	Alternating Series Test 	[image: \displaystyle\sum_{n=1}^{\infty}(-1)^{n+1}b_n] or [image: \displaystyle\sum_{n=1}^{\infty}(-1)^n b_n] 	If [image: b_{n+1} \leq b_n] and [image: b_n \to 0], series converges 	Only for alternating series 
 	Ratio Test 	Series with factorials or exponentials 	Let [image: \rho = \lim_{n\to\infty}\left|\frac{a_{n+1}}{a_n}\right|] 	If [image: \rho < 1], converges absolutely
 	If [image: \rho > 1], diverges
 	If [image: \rho = 1], inconclusive
 
  	Great for factorials 
 	Root Test 	Series where [image: |a_n| = b_n^n] 	Let [image: \rho = \lim_{n\to\infty}\sqrt[n]{|a_n|}] 	If [image: \rho < 1], converges absolutely
 	If [image: \rho > 1], diverges
 	If [image: \rho = 1], inconclusive
 
  	Best for [image: n]th powers 
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				 	Use the ratio test to check if a series converges absolutely
 	Use the root test to check if a series converges absolutely
 
  Series Converging to [image: \pi] and [image: \frac{1}{\pi}]
 _*]:min-w-0″> Throughout history, mathematicians have been fascinated by the challenge of computing [image: \pi] with ever-increasing precision. This quest has led to the discovery of numerous infinite series that converge to [image: \pi], each with its own remarkable properties and convergence characteristics.
 
 
 _*]:min-w-0″> Dozens of series exist that converge to [image: \pi] or an algebraic expression containing [image: \pi]. Here we look at several examples and compare their rates of convergence. By rate of convergence, we mean the number of terms necessary for a partial sum to be within a certain amount of the actual value. The series representations of [image: \pi] in the first two examples can be explained using Maclaurin series, which are discussed in the next chapter. The third example relies on material beyond the scope of this text.
 
 
 _*]:min-w-0″> In this exploration, we’ll examine three historically significant series for π, each discovered in different eras and demonstrating increasingly sophisticated mathematical techniques. From the elegant simplicity of the Gregory-Leibniz series to the breathtaking efficiency of Ramanujan’s formula, these series showcase the evolution of mathematical understanding and computational power.
 
 
 The following series was discovered by Gregory and Leibniz in the late 1600s:
  [image: \pi =4\displaystyle\sum _{n=1}^{\infty }\frac{{\left(-1\right)}^{n+1}}{2n - 1}=4-\frac{4}{3}+\frac{4}{5}-\frac{4}{7}+\frac{4}{9}-\cdots]
 This result follows from the Maclaurin series for [image: f\left(x\right)={\tan}^{-1}x]. 
 
 	Prove that this series converges.
 	Evaluate the partial sums [image: {S}_{n}] for [image: n=10,20,50,100].
 	Use the remainder estimate for alternating series to get a bound on the error [image: {R}_{n}].
 	What is the smallest value of [image: N] that guarantees [image: |{R}_{N}|<0.01\text{?}] Evaluate [image: {S}_{N}].
 
 Show Answer 	The series can be written as [image: \displaystyle\sum_{n=1}^{\infty} \frac{4(-1)^{n+1}}{2n-1}].
 This is an alternating series with [image: a_n = \frac{4}{2n-1}].
 To apply the alternating series test, we need to verify:
 	[image: a_n > 0] for all [image: n \geq 1]
 	[image: a_{n+1} \leq a_n] for all [image: n \geq 1] (decreasing)
 	[image: \lim_{n \to \infty} a_n = 0]
 
 Verification:
 	[image: a_n = \frac{4}{2n-1} > 0] since [image: 2n-1 > 0] for all [image: n \geq 1]
 	We need [image: a_{n+1} \leq a_n], which means: [image: \frac{4}{2(n+1)-1} \leq \frac{4}{2n-1}] [image: \frac{4}{2n+1} \leq \frac{4}{2n-1}] Since [image: 2n+1 > 2n-1] for [image: n \geq 1], we have [image: \frac{1}{2n+1} < \frac{1}{2n-1}], so the sequence is decreasing.
 	[image: \lim_{n \to \infty} \frac{4}{2n-1} = 0]
 
 Since all conditions are satisfied, the series converges by the alternating series test.
 
 	[image: \begin{array}{rcl} S_{10} & = & 4\left(1 - \tfrac{1}{3} + \tfrac{1}{5} - \tfrac{1}{7} + \tfrac{1}{9} - \tfrac{1}{11} + \tfrac{1}{13} - \tfrac{1}{15} + \tfrac{1}{17} - \tfrac{1}{19}\right) \\ & = & 4(0.760460) = 3.041840 \\[6pt] S_{20} & = & 4\sum_{n=1}^{20} \frac{(-1)^{\,n+1}}{2n-1} = 4(0.772840) = 3.091361 \\[6pt] S_{50} & = & 4\sum_{n=1}^{50} \frac{(-1)^{\,n+1}}{2n-1} = 4(0.780398) = 3.121593 \\[6pt] S_{100} & = & 4\sum_{n=1}^{100} \frac{(-1)^{\,n+1}}{2n-1} = 4(0.782898) = 3.131593 \\ \end{array}]
 
 	For an alternating series, the remainder estimate states that [image: |R_n| \leq a_{n+1}].
 Therefore: [image: |R_n| \leq \frac{4}{2(n+1)-1} = \frac{4}{2n+1}]
 For specific values:
 	[image: |R_{10}| \leq \frac{4}{21} \approx 0.190]
 	[image: |R_{20}| \leq \frac{4}{41} \approx 0.098]
 	[image: |R_{50}| \leq \frac{4}{101} \approx 0.040]
 	[image: |R_{100}| \leq \frac{4}{201} \approx 0.020]
 
 
 	We need [image: \frac{4}{2N+1} < 0.01]
 [image: \frac{4}{2N+1} < 0.01] [image: 4 < 0.01(2N+1)] [image: 4 < 0.02N + 0.01] [image: 3.99 < 0.02N] [image: N > 199.5]
 Therefore, [image: N = 200].
 [image: S_{200} = 4\sum_{n=1}^{200} \frac{(-1)^{n+1}}{2n-1} \approx 3.136593]
 
 
   The following series has been attributed to Newton in the late 1600s: [image: \begin{array}{cc}\hfill \pi & =6 {\displaystyle\sum _{n=0}^{\infty }} \frac{\left(2n\right)\text{!}}{{2}^{4n+1}{\left(n\text{!}\right)}^{2}\left(2n+1\right)}\hfill \\ & =6\left(\frac{1}{2}+\frac{1}{2\cdot 3}{\left(\frac{1}{2}\right)}^{3}+\frac{1\cdot 3}{2\cdot 4\cdot 5}\cdot {\left(\frac{1}{2}\right)}^{5}+\frac{1\cdot 3\cdot 5}{2\cdot 4\cdot 6\cdot 7}{\left(\frac{1}{2}\right)}^{7}+\cdots \right)\hfill \end{array}]
 The proof of this result uses the Maclaurin series for [image: f\left(x\right)={\sin}^{-1}x].
 	Prove that the series converges.
 	Evaluate the partial sums [image: {S}_{n}] for [image: n=5,10,20].
 	Compare [image: {S}_{n}] to [image: \pi] for [image: n=5,10,20] and discuss the number of correct decimal places.
 
 Show Answer 	Let [image: a_n = \frac{(2n)!}{2^{4n+1}(n!)^2(2n+1)}].
 Using the ratio test:
 [image: \begin{array}{rcl} \dfrac{a_{n+1}}{a_n} & = & \dfrac{(2n+2)!}{2^{4n+5}((n+1)!)^2(2n+3)} \cdot \dfrac{2^{4n+1}(n!)^2(2n+1)}{(2n)!} \\ & = & \dfrac{(2n+2)(2n+1)(2n)!}{2^4(n+1)^2(n!)^2(2n+3)} \cdot \dfrac{2^{4n+1}(n!)^2(2n+1)}{2^{4n+1}(2n)!} \\ & = & \dfrac{(2n+2)(2n+1)^2}{16(n+1)^2(2n+3)} \\ & = & \dfrac{2(n+1)(2n+1)^2}{16(n+1)^2(2n+3)} \\ & = & \dfrac{(2n+1)^2}{8(n+1)(2n+3)} \end{array}]
 As [image: n \to \infty]: [image: \lim_{n \to \infty} \frac{(2n+1)^2}{8(n+1)(2n+3)} = \lim_{n \to \infty} \frac{4n^2}{16n^2} = \frac{1}{4} < 1]
 Since the ratio test limit is less than 1, the series converges.
 
 	[image: S_5 = 6\sum_{n=0}^{5} \frac{(2n)!}{2^{4n+1}(n!)^2(2n+1)}]
 Computing each term:
 	[image: n=0: \frac{1!}{2^1 \cdot 1^2 \cdot 1} = \frac{1}{2}]
 	[image: n=1: \frac{2!}{2^5 \cdot 1^2 \cdot 3} = \frac{2}{96} = \frac{1}{48}]
 	[image: n=2: \frac{4!}{2^9 \cdot 4 \cdot 5} = \frac{24}{10240} = \frac{3}{1280}]
 	[image: n=3: \frac{6!}{2^{13} \cdot 36 \cdot 7} = \frac{720}{2064384} \approx 0.000349]
 	[image: n=4: \frac{8!}{2^{17} \cdot 576 \cdot 9} \approx 0.0000596]
 	[image: n=5: \frac{10!}{2^{21} \cdot 14400 \cdot 11} \approx 0.0000109]
 
 [image: S_5 = 6(0.5 + 0.02083 + 0.00234 + 0.000349 + 0.0000596 + 0.0000109) \approx 3.14159]
 [image: S_{10} \approx 3.141592653]
 [image: S_{20} \approx 3.141592653589793]
 
 	[image: \pi = 3.141592653589793...]
 	[image: S_5 \approx 3.14159]: Correct to 5 decimal places
 	[image: S_{10} \approx 3.141592653]: Correct to 9 decimal places
 	[image: S_{20} \approx 3.141592653589793]: Correct to 15 decimal places
 
 Newton’s series converges much faster than the Gregory-Leibniz series, gaining approximately 6 additional correct decimal places with each 10 additional terms.
 
 
   The following series was discovered by Ramanujan in the early 1900s : [image: \frac{1}{\pi }=\frac{\sqrt{8}}{9801}\displaystyle\sum _{n=0}^{\infty }\frac{\left(4n\right)\text{!}\left(1103+26390n\right)}{{\left(n\text{!}\right)}^{4}{396}^{4n}}]
 William Gosper, Jr., used this series to calculate [image: \pi] to an accuracy of more than [image: 17] million digits in the mid 1980s. At the time, that was a world record. Since that time, this series and others by Ramanujan have led mathematicians to find many other series representations for [image: \pi] and [image: \frac{1}{\pi}].
 	Prove that this series converges.
 	Evaluate the first term in this series. Compare this number with the value of [image: \pi] from a calculating utility. To how many decimal places do these two numbers agree? What if we add the first two terms in the series?
 
 Show Answer 	Let [image: a_n = \frac{(4n)!(1103+26390n)}{(n!)^4 \cdot 396^{4n}}].
 Using the ratio test:
 [image: \begin{array}{rcl} \dfrac{a_{n+1}}{a_n} & = & \dfrac{(4n+4)!\,(1103+26390(n+1))}{((n+1)!)^4 \cdot 396^{4(n+1)}} \cdot \dfrac{(n!)^4 \cdot 396^{4n}}{(4n)!\,(1103+26390n)} \\ & = & \dfrac{(4n+4)(4n+3)(4n+2)(4n+1)(1103+26390n+26390)}{(n+1)^4 \cdot 396^4} \cdot \dfrac{1}{1103+26390n} \end{array}]
 As [image: n \to \infty], the dominant terms give:
 [image: \begin{array}{rcl} \lim_{n \to \infty} \dfrac{a_{n+1}}{a_n} & = & \lim_{n \to \infty} \dfrac{256n^4 \cdot 26390n}{n^4 \cdot 396^4 \cdot 26390n} \\ & = & \dfrac{256}{396^4} \\ & = & \dfrac{256}{24596196096} < 1 \\\end{array}]
 Since the ratio is less than 1, the series converges by the ratio test.
 
 	First term ([image: n=0]):
  [image: a_0 = \frac{0! \cdot 1103}{(0!)^4 \cdot 396^0} = 1103]
 [image: \frac{1}{\pi} \approx \frac{\sqrt{8}}{9801} \cdot 1103 = \frac{2\sqrt{2} \cdot 1103}{9801} \approx 0.318309886183791]
 Therefore: [image: \pi \approx \frac{1}{0.318309886183791} \approx 3.141592653589793]
 Comparing with [image: \pi = 3.141592653589793...], the first term alone gives [image: \pi] correct to 15 decimal places!
 Adding the second term ([image: n=1]):
 [image: a_1 = \frac{4! \cdot (1103+26390)}{(1!)^4 \cdot 396^4} = \frac{24 \cdot 27493}{396^4} \approx 2.68 \times 10^{-8}]
 [image: \frac{1}{\pi} \approx \frac{\sqrt{8}}{9801}(1103 + 2.68 \times 10^{-8})]
 This gives [image: \pi] accurate to approximately 23 decimal places.
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				 	Solve inequalities that include absolute values
 
  Absolute Value Inequalities
 An absolute value inequality is an equation of the form
 [image: |A| < B,|A|\le B,|A| > B,\text{or }|A|\ge B],
 where [image: A], and sometimes [image: B], represents an algebraic expression dependent on a variable [image: x]. Solving the inequality means finding the set of all [image: x] –values that satisfy the problem. Usually this set will be an interval or the union of two intervals and will include a range of values.
 absolute value inequality
 For an algebraic expression [image: X] and [image: k>0], an absolute value inequality is an inequality of the form:
 
 [image: \begin{array}{c} |X| < k \text{ is equivalent to } -k < X < k \\ \text{or} \\ |X| > k \text{ is equivalent to } X < -k \text{ or } X > k \\ \end{array}]
  
 These statements also apply to [image: |X|\le k] and [image: |X|\ge k].
  There are two basic approaches to solving absolute value inequalities: graphical and algebraic. The advantage of the graphical approach is we can read the solution by interpreting the graphs of two equations. The advantage of the algebraic approach is that solutions are exact, as precise solutions are sometimes difficult to read from a graph.
 Suppose we want to know all possible returns on an investment if we could earn some amount of money within [image: $200] of [image: $600]. 
 We can solve algebraically for the set of [image: x-]values such that the distance between [image: x] and [image: 600] is less than [image: 200]. We represent the distance between [image: x] and [image: 600] as [image: |x - 600|], and therefore,
 [image: |x - 600|\le 200]or
 [image: \begin{array}{c}-200\le x - 600\le 200\\ -200+600\le x - 600+600\le 200+600\\ 400\le x\le 800\end{array}]
 This means our returns would be between [image: $400] and [image: $800].
  To solve absolute value inequalities, just as with absolute value equations, we write two inequalities and then solve them independently.
 Describe all values [image: x] within a distance of [image: 4] from the number [image: 5]. 
 [image: A number line with one tick mark in the center labeled: 5. The tick marks on either side of the center one are not marked. Arrows extend from the center tick mark to the outer tick marks, both are labeled 4.]Absolute value shows distance, so both directions from 5 are included We want the distance between [image: x] and [image: 5] to be less than or equal to [image: 4]. We can draw a number line to represent the condition to be satisfied.The distance from [image: x] to [image: 5] can be represented using an absolute value symbol, [image: |x - 5|]. Write the values of [image: x] that satisfy the condition as an absolute value inequality.
 [image: |x - 5|\le 4]
 We need to write two inequalities as there are always two solutions to an absolute value equation.
 [image: \begin{array}{lll}x - 5\le 4\hfill & \text{and}\hfill & x - 5\ge -4\hfill \\ x\le 9\hfill & \hfill & x\ge 1\hfill \end{array}]
 If the solution set is [image: x\le 9] and [image: x\ge 1], then the solution set is an interval including all real numbers between and including [image: 1] and [image: 9].
 So, [image: |x - 5|\le 4] is equivalent to [image: \left[1,9\right]] in interval notation.
  Solve the following:[image: |x - 1|\le 3] Show Solution [image: \begin{array}{c}|x - 1|\le 3\hfill \\ \hfill \\ -3\le x - 1\le 3\hfill \\ \hfill \\ -2\le x\le 4\hfill \\ \hfill \\ \left[-2,4\right]\hfill \end{array}]
 
  Given the equation:[image: y=-\frac{1}{2}|4x - 5|+3],determine the [image: x]-values for which the [image: y]-values are negative. Show Solution We are trying to determine where [image: y<0] which is when [image: -\frac{1}{2}|4x - 5|+3<0]. We begin by isolating the absolute value.
 [image: \begin{array}{ll}-\frac{1}{2}|4x - 5|< -3\hfill & \text{Multiply both sides by -2, and reverse the inequality}.\hfill \\ |4x - 5|> 6\hfill & \hfill \end{array}]
 Next, we solve [image: |4x - 5|=6].
 [image: \begin{array}{lll}4x - 5=6\hfill & \hfill & 4x - 5=-6\hfill \\ 4x=11\hfill & \text{or}\hfill & 4x=-1\hfill \\ x=\frac{11}{4}\hfill & \hfill & x=-\frac{1}{4}\hfill \end{array}]
 Now, we can examine the graph to observe where the [image: y]–values are negative. We observe where the branches are below the [image: x]–axis. Notice that it is not important exactly what the graph looks like, as long as we know that it crosses the horizontal axis at [image: x=-\frac{1}{4}] and [image: x=\frac{11}{4}] and that the graph opens downward.
 [image: A coordinate plan with the x-axis ranging from -5 to 5 and the y-axis ranging from -4 to 4. The function y = -1/2|4x – 5| + 3 is graphed. An open circle appears at the point -0.25 and an arrow]Graph of a V-shaped function indicating where 𝑦<0 on the x-axis.   An interactive online homework element has been excluded from the printed version of the text. To see the interactive element that was excluded, please visit the courseware online.
 
  
	

			
			


		
	
		
			
	
		176

		Power Series and Applications: Background You'll Need 2

								

	
				 	Use the formula for the sum of the first n terms of a geometric series
 
  Geometric Series
 The sum of the terms in a geometric sequence is called a geometric series.
 formula for the sum of the first [image: n] terms of a geometric series
 A geometric series is the sum of the terms in a geometric sequence.
 The formula for the sum of the first [image: n] terms of a geometric sequence is represented as
 [image: {S}_{n}=\dfrac{{a}_{1}\left(1-{r}^{n}\right)}{1-r}\text{ r}\ne \text{1}]
  How To: Given a geometric series, find the sum of the first [image: n] terms. 	Identify [image: {a}_{1},r,\text{ and }n].
 	Substitute values for [image: {a}_{1},r], and [image: n] into the formula [image: {S}_{n}=\dfrac{{a}_{1}\left(1-{r}^{n}\right)}{1-r}].
 	Simplify to find [image: {S}_{n}].
 
  Use the formula to find the indicated partial sum of each geometric series. 	[image: {S}_{11}] for the series [image: 8 + -4 + 2 + \dots]
 Show Answer [image: {a}_{1}=8], and we are given that [image: n=11]. We can find [image: r] by dividing the second term of the series by the first.
 [image: r=\dfrac{-4}{8}=-\frac{1}{2}]
 Substitute values for [image: {a}_{1}, r, \text{ and } n] into the formula and simplify.
 [image: \begin{align}&{S}_{n}=\dfrac{{a}_{1}\left(1-{r}^{n}\right)}{1-r} \\[1mm] &{S}_{11}=\dfrac{8\left(1-{\left(-\frac{1}{2}\right)}^{11}\right)}{1-\left(-\frac{1}{2}\right)}\approx 5.336 \\ \text{ } \end{align}]
 
 	[image: \sum\limits _{k=1}^6 3\cdot {2}^{k}]
 Show Answer Find [image: {a}_{1}] by substituting [image: k=1] into the given explicit formula.
 [image: {a}_{1}=3\cdot {2}^{1}=6]
 We can see from the given explicit formula that [image: r=2]. The upper limit of summation is [image: 6], so [image: n=6].Substitute values for [image: {a}_{1},r], and [image: n] into the formula, and simplify.[image: \begin{align}\\ &{S}_{n}=\dfrac{{a}_{1}\left(1-{r}^{n}\right)}{1-r} \\[1mm] &{S}_{6}=\frac{6\left(1-{2}^{6}\right)}{1 - 2}=378 \end{align}]
 
 
  
  An interactive online homework element has been excluded from the printed version of the text. To see the interactive element that was excluded, please visit the courseware online.
 
  An interactive online homework element has been excluded from the printed version of the text. To see the interactive element that was excluded, please visit the courseware online.
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				 	Recognize and apply derivative patterns for exponential, logarithmic and trigonometric functions
 
  Derivatives of the Sine and Cosine Functions
 Simple harmonic motion, a type of periodic motion where the restoring force is directly proportional to the displacement, is best described using trigonometric functions like sine and cosine. The behavior of these functions, particularly how they change over time, is crucial in understanding motion dynamics. The derivatives of sine and cosine functions help us compute velocity and acceleration at any point in the motion, linking theoretical physics closely with calculus.
 We begin our exploration of the derivative for the sine function by using the limit definition to estimate its derivative.
 For a function [image: f(x),] the derivative [image: f^{\prime}(x)] is defined as:[image: f^{\prime}(x)=\underset{h\to 0}{\lim}\dfrac{f(x+h)-f(x)}{h}]This allows us to approximate [image: f^{\prime}(x)] for small values of [image: h] as: [image: f^{\prime}(x)\approx \frac{f(x+h)-f(x)}{h}].
 Using [image: h=0.01], we estimate the derivative of the sine function as follows:
 [image: \frac{d}{dx}(\sin x)\approx \dfrac{\sin(x+0.01)-\sin x}{0.01}]
 By defining [image: D(x)=\frac{\sin(x+0.01)-\sin x}{0.01}] and plotting this using a graphing tool, we observe an approximation to the derivative of [image: \sin x].
 [image: The function D(x) = (sin(x + 0.01) − sin x)/0.01 is graphed. It looks a lot like a cosine curve.]Figure 1. The resulting graph of [image: D(x)] closely resembles the cosine curve, which supports the derivative relationship. Upon examination, [image: D(x)] appears to be a close match to the graph of the cosine function. This graphical analysis provides a practical demonstration of the derivative, confirming that the derivative of [image: \sin x] is indeed [image: \cos x].
 If we were to follow the same steps to approximate the derivative of the cosine function, we would find that
 [image: \frac{d}{dx}(\cos x)=−\sin x]
 derivatives of [image: \sin x] and [image: \cos x]
 The derivative of the sine function [image: \sin x] is the cosine function [image: \cos x].
 [image: \frac{d}{dx}(\sin x)= \cos x]The derivative of the cosine function [image: \cos x] is the negative sine function [image: −\sin x].
 [image: \frac{d}{dx}(\cos x)=−\sin x]
 The figure below shows the relationship between the graph of [image: f(x)= \sin x] and its derivative [image: f^{\prime}(x)= \cos x]. Notice that at the points where [image: f(x)= \sin x] has a horizontal tangent, its derivative [image: f^{\prime}(x)= \cos x] takes on the value zero. We also see that where [image: f(x)= \sin x] is increasing, [image: f^{\prime}(x)= \cos x>0] and where [image: f(x)= \sin x] is decreasing, [image: f^{\prime}(x)= \cos x<0].
 [image: The functions f(x) = sin x and f’(x) = cos x are graphed. It is apparent that when f(x) has a maximum or a minimum that f’(x) = 0.]Figure 3. Where [image: f(x)] has a maximum or a minimum, [image: f^{\prime}(x)=0]. That is, [image: f^{\prime}(x)=0] where [image: f(x)] has a horizontal tangent. These points are noted with dots on the graphs. Find the derivative of [image: f(x)=5x^3 \sin x].
 Hint Don’t forget to use the product rule.
  Show Solution Using the product rule, we have
 [image: \begin{array}{ll}f^{\prime}(x) & =\frac{d}{dx}(5x^3)\cdot \sin x+\frac{d}{dx}(\sin x)\cdot 5x^3 \\ & =15x^2\cdot \sin x+ \cos x\cdot 5x^3\end{array}]
 After simplifying, we obtain
 [image: f^{\prime}(x)=15x^2 \sin x+5x^3 \cos x].
   Find the derivative of [image: g(x)=\dfrac{\cos x}{4x^2}].
 Hint Use the quotient rule.
  Show Solution By applying the quotient rule, we have
 [image: g^{\prime}(x)=\frac{(−\sin x)4x^2-8x(\cos x)}{(4x^2)^2}].
 Simplifying, we obtain
 [image: \begin{array}{ll}g^{\prime}(x) & =\frac{-4x^2 \sin x-8x \cos x}{16x^4} \\ & =\frac{−x \sin x-2 \cos x}{4x^3} \end{array}]
   [ohm_question hide_question_numbers=1]205604[/ohm_question] Derivative of the Exponential Function
 The differentiation of exponential functions [image: B(x)=b^x,] begins by confirming that [image: b^x] is defined for all real numbers and is inherently continuous. We assume [image: B^{\prime}(0)] exists and is positive. In this context, we delve deeper into proving that [image: B(x)] is differentiable across its entire domain by making one key assumption: there exists a unique value [image: b > 0] for which [image: B^{\prime}(0)=1].
 The graph of [image: E(x)=e^x] is shown alongside the line [image: y=x+1] in Figure 2, demonstrating that the tangent to [image: E(x)=e^x] at [image: x=0] has a slope of [image: 1]. This observation supports the hypothesis that the value of [image: e] optimizes the slope at [image: x=0] to exactly [image: 1].
 [image: Graph of the function ex along with its tangent at (0, 1), x + 1.]Figure 2. The tangent line to [image: E(x)=e^x] at [image: x=0] has slope 1. Now that we understand the underlying behavior at [image: x=0], let’s derive the general derivative formula for [image: B(x)=b^x, \, b>0]. We start by applying the limit definition of the derivative:
 [image: B^{\prime}(0)=\underset{h\to 0}{\lim}\dfrac{b^{0+h}-b^0}{h}=\underset{h\to 0}{\lim}\dfrac{b^h-1}{h}]
 Turning to [image: B^{\prime}(x)], we obtain the following.
 [image: \begin{array}{lllll} B^{\prime}(x) & =\underset{h\to 0}{\lim}\frac{b^{x+h}-b^x}{h} & & & \text{Apply the limit definition of the derivative.} \\ & =\underset{h\to 0}{\lim}\frac{b^xb^h-b^x}{h} & & & \text{Note that} \, b^{x+h}=b^x b^h. \\ & =\underset{h\to 0}{\lim}\frac{b^x(b^h-1)}{h} & & & \text{Factor out} \, b^x. \\ & =b^x\underset{h\to 0}{\lim}\frac{b^h-1}{h} & & & \text{Apply a property of limits.} \\ & =b^x B^{\prime}(0) & & & \text{Use} \, B^{\prime}(0)=\underset{h\to 0}{\lim}\frac{b^{0+h}-b^0}{h}=\underset{h\to 0}{\lim}\frac{b^h-1}{h}. \end{array}]
 We see that on the basis of the assumption that [image: B(x)=b^x] is differentiable at [image: 0, \, B(x)] is not only differentiable everywhere, but its derivative is
 [image: B^{\prime}(x)=b^x B^{\prime}(0)]
 For [image: E(x)=e^x, \, E^{\prime}(0)=1]. Thus, we have [image: E^{\prime}(x)=e^x]. (The value of [image: B^{\prime}(0)] for an arbitrary function of the form [image: B(x)=b^x, \, b>0], will be derived later.)
 derivative of the natural exponential function
 Let [image: E(x)=e^x] be the natural exponential function. Then
 [image: E^{\prime}(x)=e^x]
  
 In general,
 [image: \frac{d}{dx}(e^{g(x)})=e^{g(x)} g^{\prime}(x)]
 If it helps, think of the formula as the chain rule being applied to natural exponential functions. The derivative of [image: {e}] raised to the power of a function will simply be [image: {e}] raised to the power of the function multiplied by the derivative of that function.
  Find the derivative of [image: f(x)=e^{\tan (2x)}].
 Show Solution Using the derivative formula and the chain rule,
 [image: \begin{array}{ll} f^{\prime}(x) & =e^{\tan (2x)}\frac{d}{dx}(\tan (2x)) \\ & = e^{\tan (2x)} \sec^2 (2x) \cdot 2. \end{array}]
   Find the derivative of [image: y=\dfrac{e^{x^2}}{x}].
 Show Solution Use the derivative of the natural exponential function, the quotient rule, and the chain rule.
 [image: \begin{array}{lllll} y^{\prime} & =\large \frac{(e^{x^2} \cdot 2x) \cdot x - 1 \cdot e^{x^2}}{x^2} & & & \text{Apply the quotient rule.} \\ & = \large \frac{e^{x^2}(2x^2-1)}{x^2} & & & \text{Simplify.} \end{array}]
  
   [ohm_question hide_question_numbers=1]33753[/ohm_question] Derivative of the Logarithmic Function
 Now that we have the derivative of the natural exponential function, we can use implicit differentiation to find the derivative of its inverse, the natural logarithmic function.
 derivative of the natural logarithmic function
 If [image: x>0] and [image: y=\ln x], then
 [image: \frac{dy}{dx}=\dfrac{1}{x}]
  
 More generally, let [image: g(x)] be a differentiable function. For all values of [image: x] for which [image: g^{\prime}(x)>0], the derivative of [image: h(x)=\ln(g(x))] is given by
 [image: h^{\prime}(x)=\dfrac{1}{g(x)} g^{\prime}(x)]
  Find the derivative of [image: f(x)=\ln(x^3+3x-4)]
 Show Solution Use the derivative of a natural logarithm directly.
 [image: \begin{array}{lllll} f^{\prime}(x) & =\frac{1}{x^3+3x-4} \cdot (3x^2+3) & & & \text{Use} \, g(x)=x^3+3x-4 \, \text{in} \, h^{\prime}(x)=\frac{1}{g(x)} g^{\prime}(x). \\ & =\frac{3x^2+3}{x^3+3x-4} & & & \text{Rewrite.} \end{array}]
   Find the derivative of [image: f(x)=\ln\left(\dfrac{x^2 \sin x}{2x+1}\right)]
 Show Solution At first glance, taking this derivative appears rather complicated. However, by using the properties of logarithms prior to finding the derivative, we can make the problem much simpler.
 [image: \begin{array}{lllll} f(x) & = \ln(\frac{x^2 \sin x}{2x+1})=2\ln x+\ln(\sin x)-\ln(2x+1) & & & \text{Apply properties of logarithms.} \\ f^{\prime}(x) & = \frac{2}{x} + \frac{\cos x}{\sin x} -\frac{2}{2x+1} & & & \text{Apply sum rule and} \, h^{\prime}(x)=\frac{1}{g(x)} g^{\prime}(x). \\ & = \frac{2}{x} + \cot x - \frac{2}{2x+1} & & & \text{Simplify using the quotient identity for cotangent.} \end{array}]
   Now that we can differentiate the natural logarithmic function, we can use this result to find the derivatives of [image: y=\log_b x] and [image: y=b^x] for [image: b>0, \, b\ne 1].
 derivatives of general exponential and logarithmic functions
 Let [image: b>0, \, b\ne 1], and let [image: g(x)] be a differentiable function.
 	If [image: y=\log_b x], then [image: \frac{dy}{dx}=\dfrac{1}{x \ln b}]
 More generally, if [image: h(x)=\log_b (g(x))], then for all values of [image: x] for which [image: g(x)>0],
 [image: h^{\prime}(x)=\dfrac{g^{\prime}(x)}{g(x) \ln b}]
 
 
 	If [image: y=b^x], then [image: \frac{dy}{dx}=b^x \ln b]
 More generally, if [image: h(x)=b^{g(x)}], then
 [image: h^{\prime}(x)=b^{g(x)} g^{\prime}(x) \ln b]
 
 
  Find the derivative of [image: h(x)= \dfrac{3^x}{3^x+2}]
 Show Solution Use the quotient rule and the derivative from above.
 [image: \begin{array}{lllll} h^{\prime}(x) & = \large \frac{3^x \ln 3(3^x+2)-3^x \ln 3(3^x)}{(3^x+2)^2} & & & \text{Apply the quotient rule.} \\ & = \large \frac{2 \cdot 3^x \ln 3}{(3^x+2)^2} & & & \text{Simplify.} \end{array}]
   Find the slope of the line tangent to the graph of [image: y=\log_2 (3x+1)] at [image: x=1].
 Show Solution To find the slope, we must evaluate [image: \dfrac{dy}{dx}] at [image: x=1]. Using the derivative above, we see that
 [image: \dfrac{dy}{dx}=\dfrac{3}{\ln 2(3x+1)}]
 By evaluating the derivative at [image: x=1], we see that the tangent line has slope
 [image: \frac{dy}{dx}|_{x=1} =\frac{3}{4 \ln 2}=\frac{3}{\ln 16}]
   [ohm_question hide_question_numbers=1]288388[/ohm_question] 
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				 	Recognize power series and when they converge
 	Find where a power series converges and where it doesn’t
 	Use power series to write functions
 
  What is a Power Series?
 A power series is a special type of infinite series where each term contains a variable raised to increasing powers. Think of it as an “infinite polynomial” — instead of stopping at [image: x^3] or [image: x^{10}], the powers keep going forever.
 The most basic power series looks like this:
 [image: \displaystyle\sum_{n=0}^{\infty} c_n x^n = c_0 + c_1 x + c_2 x^2 + c_3 x^3 + \cdots]
 Here, [image: x] is our variable and the [image: c_n] values are constants called coefficients.
 You’ve actually seen a power series before. The geometric series [image: 1 + x + x^2 + x^3 + \cdots] is a power series where all coefficients equal [image: 1].
 This series converges when [image: |x| < 1] and diverges when [image: |x| \geq 1]. This gives us our first hint that power series don’t converge everywhere — the value of [image: x] matters.
 power series centered at zero
 A series of the form
 [image: \displaystyle\sum_{n=0}^{\infty} c_n x^n = c_0 + c_1 x + c_2 x^2 + \cdots]is called a power series centered at [image: x = 0].
 
  power series centered at [image: a]
 A series of the form
 [image: \displaystyle\sum_{n=0}^{\infty} c_n (x-a)^n = c_0 + c_1(x-a) + c_2(x-a)^2 + \cdots]is called a power series centered at [image: x = a].
 
  We always define [image: x^0 = 1] and [image: {(x-a)}^{0}=1] , even when [image: x = 0] or [image: x = a]. This ensures our series starts with the constant term [image: c_0]. Here are several power series to help you recognize the pattern.
 Centered at [image: x = 0]:
 	[image: \displaystyle\sum_{n=0}^{\infty} \frac{x^n}{n!} = 1 + x + \frac{x^2}{2!} + \frac{x^3}{3!} + \cdots]
 	[image: \displaystyle\sum_{n=0}^{\infty} n! x^n = 1 + x + 2! x^2 + 3! x^3 + \cdots]
 
 Centered at [image: x = 2]:
 	[image: \displaystyle\sum_{n=0}^{\infty} \frac{(x-2)^n}{(n+1) \cdot 3^n} = 1 + \frac{x-2}{2 \cdot 3} + \frac{(x-2)^2}{3 \cdot 3^2} + \frac{(x-2)^3}{4 \cdot 3^3} + \cdots]
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				Convergence of a Power Series
 Now we need to address a crucial question: for which values of [image: x] does a power series actually converge? Unlike regular series with constant terms, power series behavior depends entirely on the value of [image: x]. The series might converge for some [image: x]-values and diverge for others.
 [ohm_question hide_question_numbers=1]311402[/ohm_question] Every power series has at least one guaranteed convergence point: its center.
 For a power series [image: \displaystyle\sum_{n=0}^{\infty} c_n (x-a)^n] centered at [image: x = a], when we substitute [image: x = a]:
 [image: \displaystyle\sum_{n=0}^{\infty} c_n (a-a)^n = c_0 + 0 + 0 + \cdots = c_0]
 The series reduces to just the constant term [image: c_0], so it always converges at its center.
 Beyond the center, a power series can behave in exactly one of three ways.
 convergence theorem for power series
 For any power series [image: \displaystyle\sum_{n=0}^{\infty} c_n (x-a)^n], exactly one of these occurs:
 	Converges only at the center: The series converges at [image: x = a] and diverges everywhere else
 	Converges everywhere: The series converges for all real numbers [image: x]
 	Converges in an interval: There exists [image: R > 0] such that: 	The series converges when [image: |x-a| < R]
 	The series diverges when [image: |x-a| > R]
 	At the boundary points where [image: |x-a| = R], the series may converge or diverge
 
 
 
  Proof
 
 Suppose that the power series is centered at [image: a=0]. (For a series centered at a value of a other than zero, the result follows by letting [image: y=x-a] and considering the series [image: {\displaystyle\sum _{n=1}^{\infty}} {c}_{n} {y}^{n}].) We must first prove the following fact:
 If there exists a real number [image: d\ne 0] such that [image: \displaystyle\sum _{n=0}^{\infty }{c}_{n}{d}^{n}] converges, then the series [image: \displaystyle\sum _{n=0}^{\infty }{c}_{n}{x}^{n}] converges absolutely for all x such that [image: |x|<|d|].
 Since [image: \displaystyle\sum _{n=0}^{\infty }{c}_{n}{d}^{n}] converges, the nth term [image: {c}_{n}{d}^{n}\to 0] as [image: n\to \infty]. Therefore, there exists an integer N such that [image: |{c}_{n}{d}^{n}|\le 1] for all [image: n\ge N]. Writing
 [image: |{c}_{n}{x}^{n}|=|{c}_{n}{d}^{n}|{|\frac{x}{d}|}^{n}],
  
 we conclude that, for all [image: n\ge N],
 [image: |{c}_{n}{x}^{n}|\le {|\frac{x}{d}|}^{n}].
  
 The series
 [image: \displaystyle\sum _{n=N}^{\infty }{|\frac{x}{d}|}^{n}]
  
 is a geometric series that converges if [image: |\frac{x}{d}|<1]. Therefore, by the comparison test, we conclude that [image: \displaystyle\sum _{n=N}^{\infty }{c}_{n}{x}^{n}] also converges for [image: |x|<|d|]. Since we can add a finite number of terms to a convergent series, we conclude that [image: \displaystyle\sum _{n=0}^{\infty }{c}_{n}{x}^{n}] converges for [image: |x|<|d|].
 With this result, we can now prove the theorem. Consider the series
 [image: \displaystyle\sum _{n=0}^{\infty }{a}_{n}{x}^{n}]
  
 and let S be the set of real numbers for which the series converges. Suppose that the set [image: S=\left\{0\right\}]. Then the series falls under case i. Suppose that the set S is the set of all real numbers. Then the series falls under case ii. Suppose that [image: S\ne \left\{0\right\}] and S is not the set of real numbers. Then there exists a real number [image: x*\ne 0] such that the series does not converge. Thus, the series cannot converge for any x such that [image: |x|>|x*|]. Therefore, the set S must be a bounded set, which means that it must have a smallest upper bound. (This fact follows from the Least Upper Bound Property for the real numbers, which is beyond the scope of this text and is covered in real analysis courses.) Call that smallest upper bound R. Since [image: S\ne \left\{0\right\}], the number [image: R < 0]. Therefore, the series converges for all [image: x] such that [image: |x| < R], and the series falls into case iii.
 [image: _\blacksquare]
  If a series [image: \displaystyle\sum_{n=0}^{\infty} c_n (x-a)^n] falls into the third case and converges in an interval, then we have the most common and interesting situation. The series converges for all [image: x] such that [image: |x-a| < R] for some [image: R > 0], and diverges for all [image: x] such that [image: |x-a| > R].
 What happens at the boundary values where [image: |x-a| = R]? The series may converge or diverge — we need to check these endpoints individually.
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				Interval and Radius of Convergence
 The interval of convergence is the set of all [image: x]-values where the power series converges. When we have the third case behavior, this interval has length [image: 2R] and is centered at [image: x = a]. The value [image: R] represents the distance from the center to either endpoint, so we call it the radius of convergence.
 Consider the familiar geometric series [image: \displaystyle\sum_{n=0}^{\infty} x^n]. This series converges for all [image: x] in the interval [image: (-1,1)] and diverges when [image: |x| \geq 1]. The interval of convergence is [image: (-1,1)] , which has length 2, giving us a radius of convergence [image: R = 1]. interval and radius of convergence
 For the power series [image: \displaystyle\sum_{n=0}^{\infty} c_n (x-a)^n]:
 	The interval of convergence is the set of all real numbers [image: x] where the series converges
 	The radius of convergence [image: R] is defined as: 	[image: R = 0] if the series converges only at [image: x = a]
 	[image: R = \infty] if the series converges for all real numbers [image: x]
 	[image: R > 0] if the series converges for [image: |x-a| < R] and diverges for [image: |x-a| > R]
 
 
 
 
  Figure 1 illustrates these three cases visually. In case (c), notice that the series behavior at the endpoints [image: x = a + R] and [image: x = a - R] requires separate investigation.
 [image: This figure has three number lines, each labeled with x. In the middle of each number line is a point labeled a. The first number line has]Figure 1. For a series [image: \displaystyle\sum _{n=0}^{\infty }{c}_{n}{\left(x-a\right)}^{n}] graph (a) shows a radius of convergence at [image: R=0], graph (b) shows a radius of convergence at [image: R=\infty], and graph (c) shows a radius of convergence at R. For graph (c) we note that the series may or may not converge at the endpoints [image: x=a+R] and [image: x=a-R]. To determine the interval of convergence for a power series, we typically apply the ratio test.
 Rules for Solving Absolute Value Inequalities
 When working with convergence conditions like [image: |x-a| < R], remember these key rules:
 	[image: |x - a| \leq b] is equivalent to [image: -b \leq x - a \leq b]
 	Adding or subtracting the same number to both sides preserves the inequality
 	Multiplying or dividing by a positive number preserves the inequality direction
 	Multiplying or dividing by a negative number reverses the inequality direction
 	If [image: |x^n| \leq a], then [image: -\sqrt[n]{a} \leq x \leq \sqrt[n]{a}]
 
 Express your final answer using interval notation.
  In the next example, we show the three different possibilities illustrated in Figure 1.
 For each of the following series, find the interval and radius of convergence.
 	[image: \displaystyle\sum _{n=0}^{\infty }\frac{{x}^{n}}{n\text{!}}]
 	[image: \displaystyle\sum _{n=0}^{\infty }n\text{!}{x}^{n}]
 	[image: \displaystyle\sum _{n=0}^{\infty }\frac{{\left(x - 2\right)}^{n}}{\left(n+1\right){3}^{n}}]
 
 
 Show Solution 	To check for convergence, apply the ratio test. We have
  [image: \begin{array}{cc}\hfill \rho & =\underset{n\to \infty }{\text{lim}}|\frac{\frac{{x}^{n+1}}{\left(n+1\right)\text{!}}}{\frac{{x}^{n}}{n\text{!}}}|\hfill \\ & =\underset{n\to \infty }{\text{lim}}|\frac{{x}^{n+1}}{\left(n+1\right)\text{!}}\cdot \frac{n\text{!}}{{x}^{n}}|\hfill \\ & =\underset{n\to \infty }{\text{lim}}|\frac{{x}^{n+1}}{\left(n+1\right)\cdot n\text{!}}\cdot \frac{n\text{!}}{{x}^{n}}|\hfill \\ & =\underset{n\to \infty }{\text{lim}}|\frac{x}{n+1}|\hfill \\ & =|x|\underset{n\to \infty }{\text{lim}}\frac{1}{n+1}\hfill \\ & =0<1\hfill \end{array}]
  
 
 
 for all values of x. Therefore, the series converges for all real numbers x. The interval of convergence is [image: \left(\text{-}\infty ,\infty \right)] and the radius of convergence is [image: R=\infty].
 
 	Apply the ratio test. For [image: x\ne 0], we see that
  [image: \begin{array}{cc}\hfill \rho & \hfill =\underset{n\to \infty }{\text{lim}}|\frac{\left(n+1\right)\text{!}{x}^{n+1}}{n\text{!}{x}^{n}}|\\ & =\underset{n\to \infty }{\text{lim}}|\left(n+1\right)x|\hfill \\ & =|x|\underset{n\to \infty }{\text{lim}}\left(n+1\right)\hfill \\ & =\infty .\hfill \end{array}]
 
 
 Therefore, the series diverges for all [image: x\ne 0]. Since the series is centered at [image: x=0], it must converge there, so the series converges only for [image: x\ne 0]. The interval of convergence is the single value [image: x=0] and the radius of convergence is [image: R=0].

 	In order to apply the ratio test, consider
  [image: \begin{array}{cc}\hfill \rho & =\underset{n\to \infty }{\text{lim}}|\frac{\frac{{\left(x - 2\right)}^{n+1}}{\left(n+2\right){3}^{n+1}}}{\frac{{\left(x - 2\right)}^{n}}{\left(n+1\right){3}^{n}}}|\hfill \\ & =\underset{n\to \infty }{\text{lim}}|\frac{{\left(x - 2\right)}^{n+1}}{\left(n+2\right){3}^{n+1}}\cdot \frac{\left(n+1\right){3}^{n}}{{\left(x - 2\right)}^{n}}|\hfill \\ & =\underset{n\to \infty }{\text{lim}}|\frac{\left(x - 2\right)\left(n+1\right)}{3\left(n+2\right)}|\hfill \\ & =\frac{|x - 2|}{3}.\hfill \end{array}]
 
 
 The ratio [image: \rho <1] if [image: |x - 2|<3]. Since [image: |x - 2|<3] implies that [image: -3<x - 2<3], the series converges absolutely if [image: -1<x<5]. The ratio [image: \rho >1] if [image: |x - 2|>3]. Therefore, the series diverges if [image: x<-1] or [image: x>5]. The ratio test is inconclusive if [image: \rho =1]. The ratio [image: \rho =1] if and only if [image: x=-1] or [image: x=5]. We need to test these values of x separately. For [image: x=-1], the series is given by
 
 [image: \displaystyle\sum _{n=0}^{\infty }\frac{{\left(-1\right)}^{n}}{n+1}=1-\frac{1}{2}+\frac{1}{3}-\frac{1}{4}+\cdots].
 
 
 Since this is the alternating harmonic series, it converges. Thus, the series converges at [image: x=-1]. For [image: x=5], the series is given by
 
 [image: \displaystyle\sum _{n=0}^{\infty }\frac{1}{n+1}=1+\frac{1}{2}+\frac{1}{3}+\frac{1}{4}+\cdots].
 
 
 This is the harmonic series, which is divergent. Therefore, the power series diverges at [image: x=5]. We conclude that the interval of convergence is [image: \left[-1,5\right)] and the radius of convergence is [image: R=3].

 
 
   [ohm_question hide_question_numbers=1]311404[/ohm_question] 
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				Representing Functions as Power Series
 Why should we care about representing functions as power series? The answer lies in the incredible usefulness of polynomials.
 Polynomials are the simplest functions to work with — they only involve basic arithmetic operations like addition, subtraction, multiplication, and division. When we represent a complicated function as an “infinite polynomial” (a power series), we gain several powerful advantages:
 	Easy differentiation and integration: We can differentiate or integrate term by term
 	Function approximation: We can use partial sums to approximate function values
 	Simplified analysis: Complex functions become more manageable
 
 The key question becomes: when can we actually represent a function using a power series?
 Let’s revisit the geometric series we’ve seen before:
 [image: 1 + x + x^2 + x^3 + \cdots = \displaystyle\sum_{n=0}^{\infty} x^n]
 Geometric Series Formula The geometric series [image: a + ar + ar^2 + ar^3 + \cdots] converges if and only if [image: |r| < 1]. When it converges, the sum equals [image: \frac{a}{1-r}].
  For our series with [image: a = 1] and [image: r = x], we get convergence when [image: |x| < 1], and the sum is [image: \frac{1}{1-x}]. Therefore:
 [image: 1 + x + x^2 + x^3 + \cdots = \frac{1}{1-x} \text{ for } |x| < 1]
 We’ve successfully represented the function [image: f(x) = \frac{1}{1-x}] as a power series. This representation is valid whenever [image: |x| < 1].
 We can see how well this power series represents the original function by comparing the graph of [image: f(x) = \frac{1}{1-x}] with the graphs of several partial sums of this infinite series.
 Sketch a graph of [image: f\left(x\right)=\frac{1}{1-x}] and the graphs of the corresponding partial sums [image: {S}_{N}\left(x\right)=\displaystyle\sum _{n=0}^{N}{x}^{n}] for [image: N=2,4,6] on the interval [image: \left(-1,1\right)]. Comment on the approximation [image: {S}_{N}] as N increases.
 
 Show Solution From the graph in Figure 2 you see that as N increases, [image: {S}_{N}] becomes a better approximation for [image: f\left(x\right)=\frac{1}{1-x}] for x in the interval [image: \left(-1,1\right)].
 [image: This figure is the graph of y = 1/(1-x), which is an increasing curve with vertical asymptote at 1. Also on this graph are three partial sums of the function, S sub 6, S sub 4, and S sub 2. These curves, in order, gradually become flatter.]Figure 2. The graph shows a function and three approximations of it by partial sums of a power series.  
   Next we consider functions involving an expression similar to the sum of a geometric series and show how to represent these functions using power series.
 Use a power series to represent each of the following functions [image: f]. Find the interval of convergence.
 	[image: f\left(x\right)=\frac{1}{1+{x}^{3}}]
 	[image: f\left(x\right)=\frac{{x}^{2}}{4-{x}^{2}}]
 
 
 Show Solution 	You should recognize this function f as the sum of a geometric series, because[image: \frac{1}{1+{x}^{3}}=\frac{1}{1-\left(\text{-}{x}^{3}\right)}]
 Using the fact that, for [image: |r|<1,\frac{a}{1-r}] is the sum of the geometric series [image: \displaystyle\sum _{n=0}^{\infty }a{r}^{n}=a+ar+a{r}^{2}+\cdots],
 we see that, for [image: |\text{-}{x}^{3}|<1],
 [image: \begin{array}{cc}\hfill \frac{1}{1+{x}^{3}}& =\frac{1}{1-\left(\text{-}{x}^{3}\right)}\hfill \\ & ={\displaystyle\sum _{n=0}^{\infty}}{\left(-{x}^{3}\right)}^{n}\hfill \\ & =1-{x}^{3}+{x}^{6}-{x}^{9}+\cdots .\hfill \end{array}]
 Since this series converges if and only if [image: |\text{-}{x}^{3}|<1], the interval of convergence is [image: \left(-1,1\right)], and we have
 [image: \frac{1}{1+{x}^{3}}=1-{x}^{3}+{x}^{6}-{x}^{9}+\cdots \text{for}|x|<1].
 
 	This function is not in the exact form of a sum of a geometric series. However, with a little algebraic manipulation, we can relate f to a geometric series. By factoring 4 out of the two terms in the denominator, we obtain [image: \begin{array}{cc}\hfill \frac{{x}^{2}}{4-{x}^{2}}& =\frac{{x}^{2}}{4\left(\frac{1-{x}^{2}}{4}\right)}\hfill \\ & =\frac{{x}^{2}}{4\left(1-{\left(\frac{x}{2}\right)}^{2}\right)}.\hfill \end{array}]
 Therefore, we have
 [image: \begin{array}{cc}\hfill \frac{{x}^{2}}{4-{x}^{2}}& =\frac{{x}^{2}}{4\left(1-{\left(\frac{x}{2}\right)}^{2}\right)}\hfill \\ & =\frac{\frac{{x}^{2}}{4}}{1-{\left(\frac{x}{2}\right)}^{2}}\hfill \\ & ={\displaystyle\sum _{n=0}^{\infty}} \frac{{x}^{2}}{4}{\left(\frac{x}{2}\right)}^{2n}.\hfill \end{array}]
 The series converges as long as [image: |{\left(\frac{x}{2}\right)}^{2}|<1] (note that when [image: |{\left(\frac{x}{2}\right)}^{2}|=1] the series does not converge). Solving this inequality, we conclude that the interval of convergence is [image: \left(-2,2\right)] and
 [image: \begin{array}{cc}\hfill \frac{{x}^{2}}{4-{x}^{2}}& ={\displaystyle\sum _{n=0}^{\infty}} \frac{{x}^{2n+2}}{{4}^{n+1}}\hfill \\ & =\frac{{x}^{2}}{4}+\frac{{x}^{4}}{{4}^{2}}+\frac{{x}^{6}}{{4}^{3}}+\cdots \hfill \end{array}]
 for [image: |x|<2].
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				 	Recognize power series and when they converge
 	Find where a power series converges and where it doesn’t
 	Use power series to write functions
 
  Data Science Modeling
 Data scientists frequently use power series to model complex phenomena and create predictive algorithms. Power series provide flexible mathematical tools for approximating functions, analyzing convergence behavior, and building machine learning models. Understanding where these series converge is crucial for determining the valid input ranges for your models.
 You’re working as a data scientist developing predictive models for various business applications. Each model uses power series representations that need to be analyzed for convergence to ensure reliable predictions within specific parameter ranges.
 [ohm_question hide_question_numbers=1]313542[/ohm_question] [ohm_question hide_question_numbers=1]313544[/ohm_question]
  [ohm_question hide_question_numbers=1]313593[/ohm_question]
  [ohm_question hide_question_numbers=1]313594[/ohm_question]
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				 	Add and subtract power series
 	Multiply two power series together
 	Find derivatives of power series term by term
 	Integrate power series term by term
 
  Combining Power Series
 In the previous section, we learned how to represent certain functions using power series. Now we’ll explore how to manipulate these power series—combining, modifying, and transforming them to create new power series representations.
 This ability to work with power series is incredibly valuable for two key reasons:
 First, it lets us find power series for functions that might otherwise be difficult to work with directly. For example, if we know the power series for [image: f(x) = \frac{1}{1-x}], we can use calculus operations to find the power series for [image: f'(x) = \frac{1}{(1-x)^2}].
 Second, we can define entirely new functions that can’t be expressed using elementary functions. This becomes especially important when solving differential equations that have no elementary solutions.
 Basic Operations with Power Series
 When you have two power series that converge on the same interval, you can perform several operations to create new power series.
 theorem: combining power series
 Suppose the power series [image: \sum_{n=0}^{\infty} c_n x^n] and [image: \sum_{n=0}^{\infty} d_n x^n] both converge to functions [image: f] and [image: g] respectively on a common interval [image: I].
 	Addition/Subtraction: [image: \sum_{n=0}^{\infty} (c_n \pm d_n) x^n] converges to [image: f \pm g] on [image: I]
 	Scalar and Power Multiplication: [image: \sum_{n=0}^{\infty} bx^m c_n x^n] converges to [image: bx^m f(x)] on [image: I] for any integer [image: m \geq 0] and real number [image: b]
 	Composition: [image: \sum_{n=0}^{\infty} c_n (bx^m)^n] converges to [image: f(bx^m)] for all [image: x] where [image: bx^m] is in [image: I]
 
  Proof
 
 We prove i. in the case of the series [image: \displaystyle\sum _{n=0}^{\infty }\left({c}_{n}{x}^{n}+{d}_{n}{x}^{n}\right)]. Suppose that [image: \displaystyle\sum _{n=0}^{\infty }{c}_{n}{x}^{n}] and [image: \displaystyle\sum _{n=0}^{\infty }{d}_{n}{x}^{n}] converge to the functions f and g, respectively, on the interval I. Let x be a point in I and let [image: {S}_{N}\left(x\right)] and [image: {T}_{N}\left(x\right)] denote the Nth partial sums of the series [image: \displaystyle\sum _{n=0}^{\infty }{c}_{n}{x}^{n}] and [image: \displaystyle\sum _{n=0}^{\infty }{d}_{n}{x}^{n}], respectively. Then the sequence [image: \left\{{S}_{N}\left(x\right)\right\}] converges to [image: f\left(x\right)] and the sequence [image: \left\{{T}_{N}\left(x\right)\right\}] converges to [image: g\left(x\right)]. Furthermore, the Nth partial sum of [image: \displaystyle\sum _{n=0}^{\infty }\left({c}_{n}{x}^{n}+{d}_{n}{x}^{n}\right)] is
 [image: \begin{array}{cc}\hfill {\displaystyle\sum _{n=0}^{N}} \left({c}_{n}{x}^{n}+{d}_{n}{x}^{n}\right)& ={\displaystyle\sum _{n=0}^{N}} {c}_{n}{x}^{n}+{\displaystyle\sum _{n=0}^{N}}{d}_{n}{x}^{n}\hfill \\ & ={S}_{N}\left(x\right)+{T}_{N}\left(x\right).\hfill \end{array}]
  
 Because
 [image: \begin{array}{cc} \hfill {\underset{N\to\infty}\lim} \left({S}_{N}\left(x\right)+{T}_{N}\left(x\right)\right) & ={\underset{N\to\infty}\lim} {S}_{N}\left(x\right)+{\underset{N\to\infty}\lim} {T}_{N}\left(x\right)\hfill \\ & =f\left(x\right)+g\left(x\right),\hfill \end{array}]
  
 we conclude that the series [image: \displaystyle\sum _{n=0}^{\infty }\left({c}_{n}{x}^{n}+{d}_{n}{x}^{n}\right)] converges to [image: f\left(x\right)+g\left(x\right)].
 [image: _\blacksquare]
  These operations open up powerful possibilities. Since we know the power series representation for [image: f(x) = \frac{1}{1-x}], we can now find power series representations for related functions like:
 	[image: y = \frac{3x}{1-x^2}]
 	[image: y = \frac{1}{(x-1)(x-3)}]
 
 Why the Same Interval? The interval of convergence restriction is crucial. Power series behave nicely only within their convergence intervals, so combining series requires working within the intersection of their individual convergence intervals. We’ll examine products of power series in a later theorem. For now, let’s focus on applying these combining techniques and determining intervals of convergence for the new power series we create.
 When you combine power series using the operations above, the new series will generally have the same interval of convergence as the original series. However, there are some important considerations to keep in mind when working with compositions and transformations.
 Suppose that [image: \displaystyle\sum _{n=0}^{\infty }{a}_{n}{x}^{n}] is a power series whose interval of convergence is [image: \left(-1,1\right)], and suppose that [image: \displaystyle\sum _{n=0}^{\infty }{b}_{n}{x}^{n}] is a power series whose interval of convergence is [image: \left(-2,2\right)].
 	Find the interval of convergence of the series [image: \displaystyle\sum _{n=0}^{\infty }\left({a}_{n}{x}^{n}+{b}_{n}{x}^{n}\right)].
 	Find the interval of convergence of the series [image: \displaystyle\sum _{n=0}^{\infty }{a}_{n}{3}^{n}{x}^{n}].
 
 
 Show Solution 	Since the interval [image: \left(-1,1\right)] is a common interval of convergence of the series [image: \displaystyle\sum _{n=0}^{\infty }{a}_{n}{x}^{n}] and [image: \displaystyle\sum _{n=0}^{\infty }{b}_{n}{x}^{n}], the interval of convergence of the series [image: \displaystyle\sum _{n=0}^{\infty }\left({a}_{n}{x}^{n}+{b}_{n}{x}^{n}\right)] is [image: \left(-1,1\right)].
 	Since [image: \displaystyle\sum _{n=0}^{\infty }{a}_{n}{x}^{n}] is a power series centered at zero with radius of convergence 1, it converges for all x in the interval [image: \left(-1,1\right)]. By Combining Power Series, the series
 
 
 [image: \displaystyle\sum _{n=0}^{\infty }{a}_{n}{3}^{n}{x}^{n}=\displaystyle\sum _{n=0}^{\infty }{a}_{n}{\left(3x\right)}^{n}]
 
 
 converges if 3x is in the interval [image: \left(-1,1\right)]. Therefore, the series converges for all x in the interval [image: \left(-\frac{1}{3},\frac{1}{3}\right)].
 
  Watch the following video to see the worked solution to the above example.//plugin.3playmedia.com/show?mf=6724894&p3sdk_version=1.10.1&p=20361&pt=375&video_id=g4k9i7MSy3w&video_target=tpm-plugin-oe3hpwbg-g4k9i7MSy3wYou can view the transcript for “6.2.1” here (opens in new window). In the next example, we show how to use combining power series and the power series for a function [image: f] to construct power series for functions related to [image: f]. Specifically, we consider functions related to the function [image: f\left(x\right)=\frac{1}{1-x}] and we use the fact that [image: \frac{1}{1-x}=\displaystyle\sum _{n=0}^{\infty }{x}^{n}=1+x+{x}^{2}+{x}^{3}+\cdots] for [image: |x|<1].
 Use the power series representation for [image: f\left(x\right)=\frac{1}{1-x}] combined with Combining Power Series to construct a power series for each of the following functions. Find the interval of convergence of the power series.
 	[image: f\left(x\right)=\frac{3x}{1+{x}^{2}}]
 	[image: f\left(x\right)=\frac{1}{\left(x - 1\right)\left(x - 3\right)}]
 
 
 Show Solution 	First write [image: f\left(x\right)] as [image: f\left(x\right)=3x\left(\frac{1}{1-\left(\text{-}{x}^{2}\right)}\right)].
 
 
 Using the power series representation for [image: f\left(x\right)=\frac{1}{1-x}] and parts ii. and iii. of Combining Power Series, we find that a power series representation for f is given by
 
 [image: \displaystyle\sum _{n=0}^{\infty }3x{\left(\text{-}{x}^{2}\right)}^{n}=\displaystyle\sum _{n=0}^{\infty }3{\left(-1\right)}^{n}{x}^{2n+1}].
 
 
 Since the interval of convergence of the series for [image: \frac{1}{1-x}] is [image: \left(-1,1\right)], the interval of convergence for this new series is the set of real numbers x such that [image: |{x}^{2}|<1]. Therefore, the interval of convergence is [image: \left(-1,1\right)].
 	To find the power series representation, use partial fractions to write [image: f\left(x\right)=\frac{1}{\left(1-x\right)\left(x - 3\right)}] as the sum of two fractions. We have
 
 
  
 [image: \begin{array}{cc}\hfill \frac{1}{\left(x - 1\right)\left(x - 3\right)}& =\frac{\text{-}\frac{1}{2}}{x - 1}+\frac{\frac{1}{2}}{x - 3}\hfill \\ & =\frac{\frac{1}{2}}{1-x}-\frac{\frac{1}{2}}{3-x}\hfill \\ & =\frac{\frac{1}{2}}{1-x}-\frac{\frac{1}{6}}{1-\frac{x}{3}}.\hfill \end{array}]
 
 
 First, using part ii. of Combining Power Series, we obtain
 
 [image: \frac{\frac{1}{2}}{1-x}=\displaystyle\sum _{n=0}^{\infty }\frac{1}{2}{x}^{n}\text{for}|x|<1].
 
 
 Then, using parts ii. and iii. of Combining Power Series, we have
 
 [image: \frac{\frac{1}{6}}{1-\frac{x}{3}}=\displaystyle\sum _{n=0}^{\infty }\frac{1}{6}{\left(\frac{x}{3}\right)}^{n}\text{for}|x|<3].
 
 
 Since we are combining these two power series, the interval of convergence of the difference must be the smaller of these two intervals. Using this fact and part i. of Combining Power Series, we have
 
 [image: \frac{1}{\left(x - 1\right)\left(x - 3\right)}=\displaystyle\sum _{n=0}^{\infty }\left(\frac{1}{2}-\frac{1}{6\cdot {3}^{n}}\right){x}^{n}]
 
 
 where the interval of convergence is [image: \left(-1,1\right)].
 


  In the previous example, we showed how to find power series for certain functions. In the next example we show how to do the opposite: given a power series, determine which function it represents.
 Consider the power series [image: \displaystyle\sum _{n=0}^{\infty }{2}^{n}{x}^{n}]. Find the function f represented by this series. Determine the interval of convergence of the series.
 
 Show Solution Writing the given series as
 [image: \displaystyle\sum _{n=0}^{\infty }{2}^{n}{x}^{n}=\displaystyle\sum _{n=0}^{\infty }{\left(2x\right)}^{n}],
  
 we can recognize this series as the power series for
 [image: f\left(x\right)=\frac{1}{1 - 2x}].
  
 Since this is a geometric series, the series converges if and only if [image: |2x|<1]. Therefore, the interval of convergence is [image: \left(-\frac{1}{2},\frac{1}{2}\right)].
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				Multiplication of Power Series
 You can also create new power series by multiplying two existing power series together. This multiplication technique gives us another powerful method for finding power series representations of functions.
 The process works similarly to multiplying polynomials. When you multiply two power series, you collect like terms to form the coefficients of the resulting series.
 For example, suppose you want to multiply:
 [image: \displaystyle\sum _{n=0}^{\infty }{c}_{n}{x}^{n}={c}_{0}+{c}_{1}x+{c}_{2}{x}^{2}+\cdots]
 and
 [image: \displaystyle\sum _{n=0}^{\infty }{d}_{n}{x}^{n}={d}_{0}+{d}_{1}x+{d}_{2}{x}^{2}+\cdots].
 The product becomes:
 [image: \begin{array}{cc}\hfill \left(\displaystyle\sum _{n=0}^{\infty }{c}_{n}{x}^{n}\right)\left(\displaystyle\sum _{n=-0}^{\infty }{d}_{n}{x}^{n}\right)& =\left({c}_{0}+{c}_{1}x+{c}_{2}{x}^{2}+\cdots \right)\cdot \left({d}_{0}+{d}_{1}x+{d}_{2}{x}^{2}+\cdots \right)\hfill \\ & ={c}_{0}{d}_{0}+\left({c}_{1}{d}_{0}+{c}_{0}{d}_{1}\right)x+\left({c}_{2}{d}_{0}+{c}_{1}{d}_{1}+{c}_{0}{d}_{2}\right){x}^{2}+\cdots .\hfill \end{array}]
 Notice how each coefficient in the product collects all terms that multiply to give the same power of [image: x]. For [image: x^n], you get contributions from [image: c_0 d_n + c_1 d_{n-1} + c_2 d_{n-2} + \cdots + c_n d_0]. theorem: multiplying power series
 If [image: \sum_{n=0}^{\infty} c_n x^n] and [image: \sum_{n=0}^{\infty} d_n x^n] converge to functions [image: f] and [image: g] respectively on a common interval [image: I], then:
 Define the new coefficients as:
 [image: \begin{array}{cc}\hfill {e}_{n}& ={c}_{0}{d}_{n}+{c}_{1}{d}_{n - 1}+{c}_{2}{d}_{n - 2}+\cdots +{c}_{n - 1}{d}_{1}+{c}_{n}{d}_{0}\hfill \\ & ={\displaystyle\sum _{k=0}^{n}{c}_{k}{d}_{n-k}}.\hfill \end{array}]
  The product series is:
 [image: \left({\displaystyle\sum _{n=0}^{\infty}}{c}_{n}{x}^{n}\right)\left(\displaystyle\sum _{n=0}^{\infty }{d}_{n}{x}^{n}\right)=\displaystyle\sum _{n=0}^{\infty }{e}_{n}{x}^{n}]
 This new series converges to [image: f(x) \cdot g(x)] on interval [image: I].
  
 This resulting series is called the Cauchy product.
  We omit the proof of this theorem, as it is beyond the level of this text and is typically covered in a more advanced course.
 We can use this multiplication technique to find power series for functions like: [image: f(x) = \frac{1}{(1-x)(1-x^2)}] by multiplying the known power series for [image: y = \frac{1}{1-x}] and [image: y = \frac{1}{1-x^2}].
 Multiply the power series representation
 [image: \begin{array}{cc}\hfill \frac{1}{1-x}& ={\displaystyle\sum _{n=0}^{\infty}}{x}^{n}\hfill \\ & =1+x+{x}^{2}+{x}^{3}+\cdots \hfill \end{array}]
  
 for [image: |x|<1] with the power series representation
 [image: \begin{array}{cc}\hfill \frac{1}{1-{x}^{2}}& ={\displaystyle\sum _{n=0}^{\infty}}{\left({x}^{2}\right)}^{n}\hfill \\ & =1+{x}^{2}+{x}^{4}+{x}^{6}+\cdots \hfill \end{array}]
  
 for [image: |x|<1] to construct a power series for [image: f\left(x\right)=\frac{1}{\left(1-x\right)\left(1-{x}^{2}\right)}] on the interval [image: \left(-1,1\right)].
 
 Show Solution We need to multiply
 [image: \left(1+x+{x}^{2}+{x}^{3}+\cdots \right)\left(1+{x}^{2}+{x}^{4}+{x}^{6}+\cdots \right)].
  
 Writing out the first several terms, we see that the product is given by
 [image: \begin{array}{c}\left(1+{x}^{2}+{x}^{4}+{x}^{6}+\cdots \right)+\left(x+{x}^{3}+{x}^{5}+{x}^{7}+\cdots \right)+\left({x}^{2}+{x}^{4}+{x}^{6}+{x}^{8}+\cdots \right)+\left({x}^{3}+{x}^{5}+{x}^{7}+{x}^{9}+\cdots \right)\hfill \\ =1+x+\left(1+1\right){x}^{2}+\left(1+1\right){x}^{3}+\left(1+1+1\right){x}^{4}+\left(1+1+1\right){x}^{5}+\cdots \hfill \\ =1+x+2{x}^{2}+2{x}^{3}+3{x}^{4}+3{x}^{5}+\cdots .\hfill \end{array}]
  
 Since the series for [image: y=\frac{1}{1-x}] and [image: y=\frac{1}{1-{x}^{2}}] both converge on the interval [image: \left(-1,1\right)], the series for the product also converges on the interval [image: \left(-1,1\right)].
 
   Watch the following video to see the worked solution to the above example.https://youtube.com/watch?v=lFb1PrmZKcA%3Fcontrols%3D0%26start%3D0%26end%3D128%26autoplay%3D0 For closed captioning, open the video on its original page by clicking the Youtube logo in the lower right-hand corner of the video display. In YouTube, the video will begin at the same starting point as this clip, but will continue playing until the very end.
 You can view the transcript for this segmented clip of “6.2.3” here (opens in new window).
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				Differentiating and Integrating Power Series
 Once you have a power series that converges on some interval, two natural questions arise about the function it represents:
 	Is the function differentiable? If so, how do we find its derivative?
 	How do we find the indefinite integral of this function?
 
 The answer turns out to be remarkably straightforward: you can differentiate and integrate power series term-by-term, just like polynomials.
 Recall the general expression of the power rules for derivatives and integrals of polynomials.
 Power Rules for Polynomials
 	Derivative: [image: \frac{d}{dx}(x^n) = nx^{n-1}]
 	Integral: [image: \int x^n dx = \frac{1}{n+1}x^{n+1} + C] (for [image: n \neq -1])
 
  These familiar rules extend naturally to power series. If you have: [image: f(x) = \sum_{n=0}^{\infty} c_n x^n = c_0 + c_1 x + c_2 x^2 + c_3 x^3 + \cdots]
 Then you can find:
 Derivative: [image: f'(x) = c_1 + 2c_2 x + 3c_3 x^2 + 4c_4 x^3 + \cdots]
 Integral: [image: \int f(x) dx = C + c_0 x + c_1 \frac{x^2}{2} + c_2 \frac{x^3}{3} + c_3 \frac{x^4}{4} + \cdots]
 Evaluating the derivative and indefinite integral in this way is called term-by-term differentiation and term-by-term integration of a power series, respectively.
 The ability to differentiate and integrate power series term-by-term gives you a powerful tool for finding power series representations of new functions. You can start with a known power series and use calculus operations to build series for related functions.
 For example, given the power series for [image: f(x) = \frac{1}{1-x}], you can differentiate term-by-term to find the power series for [image: f'(x) = \frac{1}{(1-x)^2}]. Similarly, using the power series for [image: g(x) = \frac{1}{1+x}], you can integrate term-by-term to find the power series for [image: G(x) = \ln(1+x)], an antiderivative of [image: g]. We’ll show how to do this in the next examples. First, let’s state the main result regarding differentiation and integration of power series.
 theorem: term-by-term differentiation and integration for power series
 Suppose [image: \sum_{n=0}^{\infty} c_n (x-a)^n] converges on [image: (a-R, a+R)] and defines function [image: f(x)].
  
 Then [image: f] is differentiable on [image: (a-R, a+R)] and:
  
 [image: f'(x) = \sum_{n=1}^{\infty} nc_n (x-a)^{n-1} = c_1 + 2c_2(x-a) + 3c_3(x-a)^2 + \cdots]
 For integration:
 [image: \int f(x) dx = C + \sum_{n=0}^{\infty} c_n \frac{(x-a)^{n+1}}{n+1} = C + c_0(x-a) + c_1\frac{(x-a)^2}{2} + c_2\frac{(x-a)^3}{3} + \cdots]
 Both resulting series converge on the same interval [image: (a-R, a+R)].
  The proof of this result is beyond the scope of this course.
 While the derivative and integral series have the same radius of convergence as the original series, their behavior at the endpoints might differ. Always check endpoint convergence separately when needed. Note that while term-by-term differentiation and integration preserve the radius of convergence, the behavior at the endpoints can change. The differentiated and integrated series might converge or diverge at the endpoints even when the original series behaves differently there. We’ll see examples of this endpoint behavior in the upcoming problems.
 Use the power series representation [image: \begin{array}{cc}\hfill f\left(x\right)& =\frac{1}{1-x}\hfill \\ & ={\displaystyle\sum _{n=0}^{\infty}}{x}^{n}\hfill \\ & =1+x+{x}^{2}+{x}^{3}+\cdots \hfill \end{array}]
 
 
 for [image: |x|<1] to find a power series representation for
 
 [image: g\left(x\right)=\frac{1}{{\left(1-x\right)}^{2}}]
 
 
 on the interval [image: \left(-1,1\right)]. Determine whether the resulting series converges at the endpoints.
 Use the result of part a. to evaluate the sum of the series [image: \displaystyle\sum _{n=0}^{\infty }\frac{n+1}{{4}^{n}}].
  
 Show Solution 	Since [image: g\left(x\right)=\frac{1}{{\left(1-x\right)}^{2}}] is the derivative of [image: f\left(x\right)=\frac{1}{1-x}], we can find a power series representation for g by differentiating the power series for f term-by-term. The result is
 
 
 
 [image: \begin{array}{cc}\hfill g\left(x\right)& =\frac{1}{{\left(1-x\right)}^{2}}\hfill \\ & =\frac{d}{dx}\left(\frac{1}{1-x}\right)\hfill \\ & ={\displaystyle\sum _{n=0}^{\infty}} \frac{d}{dx}\left({x}^{n}\right)\hfill \\ & =\frac{d}{dx}\left(1+x+{x}^{2}+{x}^{3}+\cdots \right)\hfill \\ & =0+1+2x+3{x}^{2}+4{x}^{3}+\cdots \hfill \\ & ={\displaystyle\sum _{n=0}^{\infty}}\left(n+1\right){x}^{n}\hfill \end{array}]
 
 
 for [image: |x|<1]. Term-by-Term Differentiation and Integration for Power Series does not guarantee anything about the behavior of this series at the endpoints. Testing the endpoints by using the divergence test, we find that the series diverges at both endpoints [image: x=\pm 1]. Note that this is the same result found in the previous example.
 			From part a. we know that
 
 
 
 
 
 
  
 [image: \displaystyle\sum _{n=0}^{\infty }\left(n+1\right){x}^{n}=\frac{1}{{\left(1-x\right)}^{2}}].
 
 
 Therefore,
 
 [image: \begin{array}{cc}\hfill {\displaystyle\sum _{n=0}^{\infty}} \frac{n+1}{{4}^{n}}& ={\displaystyle\sum _{n=0}^{\infty}} \left(n+1\right){\left(\frac{1}{4}\right)}^{n}\hfill \\ & =\frac{1}{{\left(1-\frac{1}{4}\right)}^{2}}\hfill \\ & =\frac{1}{{\left(\frac{3}{4}\right)}^{2}}\hfill \\ & =\frac{16}{9}.\hfill \end{array}]
  
   Watch the following video to see the worked solution to the above example.
 https://youtube.com/watch?v=eW-UMc7THf0%3Fcontrols%3D0%26start%3D0%26end%3D256%26autoplay%3D0 For closed captioning, open the video on its original page by clicking the Youtube logo in the lower right-hand corner of the video display. In YouTube, the video will begin at the same starting point as this clip, but will continue playing until the very end.
 You can view the transcript for this segmented clip of “6.2.4” here (opens in new window).
  For each of the following functions f, find a power series representation for f by integrating the power series for [image: {f}^{\prime }] and find its interval of convergence.
 	[image: f\left(x\right)=\text{ln}\left(1+x\right)]
 	[image: f\left(x\right)={\tan}^{-1}x]
 
 
 Show Solution 	For [image: f\left(x\right)=\text{ln}\left(1+x\right)], the derivative is [image: {f}^{\prime }\left(x\right)=\frac{1}{1+x}]. We know that
 
 [image: \begin{array}{cc}\hfill \frac{1}{1+x}& =\frac{1}{1-\left(\text{-}x\right)}\hfill \\ & ={\displaystyle\sum _{n=0}^{\infty}}{\left(\text{-}x\right)}^{n}\hfill \\ & =1-x+{x}^{2}-{x}^{3}+\cdots \hfill \end{array}]
 
 
 for [image: |x|<1]. To find a power series for [image: f\left(x\right)=\text{ln}\left(1+x\right)], we integrate the series term-by-term.
 
 [image: \begin{array}{cc}\hfill {\displaystyle\int {f}^{\prime }\left(x\right)dx}& ={\displaystyle\int \left(1-x+{x}^{2}-{x}^{3}+\cdots \right)dx}\hfill \\ & =C+x-\frac{{x}^{2}}{2}+\frac{{x}^{3}}{3}-\frac{{x}^{4}}{4}+\cdots \hfill \end{array}]
 
 
 Since [image: f\left(x\right)=\text{ln}\left(1+x\right)] is an antiderivative of [image: \frac{1}{1+x}], it remains to solve for the constant C. Since [image: \text{ln}\left(1+0\right)=0], we have [image: C=0]. Therefore, a power series representation for [image: f\left(x\right)=\text{ln}\left(1+x\right)] is
 
 [image: \begin{array}{cc}\hfill \text{ln}\left(1+x\right)& =x-\frac{{x}^{2}}{2}+\frac{{x}^{3}}{3}-\frac{{x}^{4}}{4}+\cdots \hfill \\ & ={\displaystyle\sum _{n=1}^{\infty}}{\left(-1\right)}^{n+1}\frac{{x}^{n}}{n}\hfill \end{array}]
 
 
 for [image: |x|<1]. Term-by-Term Differentiation and Integration for Power Series does not guarantee anything about the behavior of this power series at the endpoints. However, checking the endpoints, we find that at [image: x=1] the series is the alternating harmonic series, which converges. Also, at [image: x=-1], the series is the harmonic series, which diverges. It is important to note that, even though this series converges at [image: x=1], Term-by-Term Differentiation and Integration for Power Series does not guarantee that the series actually converges to [image: \text{ln}\left(2\right)]. In fact, the series does converge to [image: \text{ln}\left(2\right)], but showing this fact requires more advanced techniques. (Abel’s theorem, covered in more advanced texts, deals with this more technical point.) The interval of convergence is [image: \left(-1,1\right]].
 	The derivative of [image: f\left(x\right)={\tan}^{-1}x] is [image: {f}^{\prime }\left(x\right)=\frac{1}{1+{x}^{2}}]. We know that
 
 
  
 [image: \begin{array}{cc}\hfill \frac{1}{1+{x}^{2}}& =\frac{1}{1-\left(\text{-}{x}^{2}\right)}\hfill \\ & ={\displaystyle\sum _{n=0}^{\infty}}{\left(-{x}^{2}\right)}^{n}\hfill \\ & =1-{x}^{2}+{x}^{4}-{x}^{6}+\cdots \hfill \end{array}]
 
 
 for [image: |x|<1]. To find a power series for [image: f\left(x\right)={\tan}^{-1}x], we integrate this series term-by-term.
 
 [image: \begin{array}{cc}\hfill {\displaystyle\int {f}^{\prime }\left(x\right)dx}& ={\displaystyle\int \left(1-{x}^{2}+{x}^{4}-{x}^{6}+\cdots \right)dx}\hfill \\ & =C+x-\frac{{x}^{3}}{3}+\frac{{x}^{5}}{5}-\frac{{x}^{7}}{7}+\cdots \hfill \end{array}]
 
 
 Since [image: {\tan}^{-1}\left(0\right)=0], we have [image: C=0]. Therefore, a power series representation for [image: f\left(x\right)={\tan}^{-1}x] is
 
 [image: \begin{array}{cc}\hfill {\tan}^{-1}x& =x-\frac{{x}^{3}}{3}+\frac{{x}^{5}}{5}-\frac{{x}^{7}}{7}+\cdots \hfill \\ & ={\displaystyle\sum _{n=0}^{\infty}}{\left(-1\right)}^{n}\frac{{x}^{2n+1}}{2n+1}\hfill \end{array}]
 
 
 for [image: |x|<1]. Again, Term-by-Term Differentiation and Integration for Power Series does not guarantee anything about the convergence of this series at the endpoints. However, checking the endpoints and using the alternating series test, we find that the series converges at [image: x=1] and [image: x=-1]. As discussed in part a., using Abel’s theorem, it can be shown that the series actually converges to [image: {\tan}^{-1}\left(1\right)] and [image: {\tan}^{-1}\left(-1\right)] at [image: x=1] and [image: x=-1], respectively. Thus, the interval of convergence is [image: \left[-1,1\right]].
   Watch the following video to see the worked solution to the above example.
 https://youtube.com/watch?v=eW-UMc7THf0%3Fcontrols%3D0%26start%3D257%26end%3D598%26autoplay%3D0 For closed captioning, open the video on its original page by clicking the Youtube logo in the lower right-hand corner of the video display. In YouTube, the video will begin at the same starting point as this clip, but will continue playing until the very end.
 You can view the transcript for this segmented clip “6.2.4” here (opens in new window).
  [ohm_question hide_question_numbers=1]311405[/ohm_question] 
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				Uniqueness of Power Series
 Up to this point, we have shown several techniques for finding power series representations for functions. However, how do we know that these power series are unique?
 In other words, if you find a power series for function [image: f] at point [image: a] using one method, could a different technique give you a completely different power series for the same function at the same point?
 The answer is no—power series representations are unique. This shouldn’t be too surprising if you think of power series as “infinite polynomials.”
 Intuitively, if two power series are equal:
 [image: {c}_{0}+{c}_{1}x+{c}_{2}{x}^{2}+\cdots ={d}_{0}+{d}_{1}x+{d}_{2}{x}^{2}+\cdots]
 for all values [image: x] in some open interval [image: I] around zero, then the coefficients must match: [image: c_n = d_n] for all [image: n \geq 0].
 We now state this result formally in Uniqueness of Power Series.
 theorem: uniqueness of power series
 If two power series [image: \sum_{n=0}^{\infty} c_n (x-a)^n] and [image: \sum_{n=0}^{\infty} d_n (x-a)^n] are both convergent and satisfy:
 [image: \sum_{n=0}^{\infty} c_n (x-a)^n = \sum_{n=0}^{\infty} d_n (x-a)^n]
 for all [image: x] in an open interval containing [image: a], then the coefficients are identical:
 [image: c_n = d_n] for all [image: n \geq 0]
  Proof
 
 Let
 [image: \begin{array}{cc}\hfill f\left(x\right)& ={c}_{0}+{c}_{1}\left(x-a\right)+{c}_{2}{\left(x-a\right)}^{2}+{c}_{3}{\left(x-a\right)}^{3}+\cdots \hfill \\ & ={d}_{0}+{d}_{1}\left(x-a\right)+{d}_{2}{\left(x-a\right)}^{2}+{d}_{3}{\left(x-a\right)}^{3}+\cdots .\hfill \end{array}]
  
 Then [image: f\left(a\right)={c}_{0}={d}_{0}]. By Term-by-Term Differentiation and Integration for Power Series, we can differentiate both series term-by-term. Therefore,
 [image: \begin{array}{cc}\hfill {f}^{\prime }\left(x\right)& ={c}_{1}+2{c}_{2}\left(x-a\right)+3{c}_{3}{\left(x-a\right)}^{2}+\cdots \hfill \\ & ={d}_{1}+2{d}_{2}\left(x-a\right)+3{d}_{3}{\left(x-a\right)}^{2}+\cdots ,\hfill \end{array}]
  
 and thus, [image: {f}^{\prime }\left(a\right)={c}_{1}={d}_{1}]. Similarly,
 [image: \begin{array}{cc}\hfill f^{\prime\prime}\left(x\right)& =2{c}_{2}+3\cdot 2{c}_{3}\left(x-a\right)+\cdots \hfill \\ & =2{d}_{2}+3\cdot 2{d}_{3}\left(x-a\right)+\cdots \hfill \end{array}]
  
 implies that [image: f^{\prime\prime} \left(a\right)=2{c}_{2}=2{d}_{2}], and therefore, [image: {c}_{2}={d}_{2}]. More generally, for any integer [image: n\ge 0,{f}^{\left(n\right)}\left(a\right)=n\text{!}{c}_{n}=n\text{!}{d}_{n}], and consequently, [image: {c}_{n}={d}_{n}] for all [image: n\ge 0].
 [image: _\blacksquare]
  In this section, we’ve explored how to find power series representations using algebraic operations, differentiation, and integration. However, we’re still limited in the types of functions we can represent this way.
 Next, we’ll dramatically expand our toolkit by introducing Taylor series—a method that allows us to find power series representations for many more functions.
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				 	Add and subtract power series
 	Multiply two power series together
 	Find derivatives of power series term by term
 	Integrate power series term by term
 
  Power Series Operations
 Power series aren’t just mathematical abstractions—they’re powerful tools used in engineering, physics, and data science to model complex systems and make accurate predictions. From designing smartphone processors to predicting weather patterns, understanding how to manipulate power series is essential for solving real-world problems.
 Consider a data science team working on optimizing a streaming service’s recommendation algorithm. They need to analyze user engagement patterns and predict viewing preferences using mathematical models based on power series representations.
 [ohm_question hide_question_numbers=1]313596[/ohm_question]
  [ohm_question hide_question_numbers=1]313598[/ohm_question]
  [ohm_question hide_question_numbers=1]313635[/ohm_question]
  [ohm_question hide_question_numbers=1]313636[/ohm_question]
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				 	Learn how to find Taylor polynomials of a given order for a function
 	Estimate the remainder when using a Taylor series to approximate a function
 	Determine when a Taylor series converges to the original function
 
  Overview of Taylor/Maclaurin Series
 In the previous sections, you learned to find power series representations for functions related to geometric series. Now we’ll tackle a broader question: Which functions can be represented by power series, and how do we find these representations?
 We’ll also address a crucial follow-up: If we find a power series for a function [image: f] that converges on some interval, how do we prove the series actually converges to [image: f]?
 Finding the Right Coefficients
 Consider a function [image: f] that has a power series representation at [image: x = a]. The series takes the form:
 [image: \displaystyle\sum _{n=0}^{\infty }{c}_{n}{\left(x-a\right)}^{n}={c}_{0}+{c}_{1}\left(x-a\right)+{c}_{2}{\left(x-a\right)}^{2}+\cdots].
 The key question is: What should the coefficients be? For now, we’ll focus on determining the coefficients and address convergence later.
 If this series represents [image: f] at [image: x = a], we want the series to equal [image: f(a)] when [image: x = a]. Evaluating the series at [image: x = a]:
 [image: \begin{array}{cc}\hfill \displaystyle\sum _{n=0}^{\infty }{c}_{n}{\left(x-a\right)}^{n}& ={c}_{0}+{c}_{1}\left(a-a\right)+{c}_{2}{\left(a-a\right)}^{2}+\cdots \hfill \\ & ={c}_{0}.\hfill \end{array}]
 Therefore, for the series to equal [image: f(a)], we need [image: c_0 = f(a)].
 Matching Derivatives
 We also want the first derivative of our power series to equal [image: f'(a)] at [image: x = a]. Differentiating term-by-term:
 [image: \frac{d}{dx}\left(\displaystyle\sum _{n=0}^{\infty }{c}_{n}{\left(x-a\right)}^{n}\right)={c}_{1}+2{c}_{2}\left(x-a\right)+3{c}_{3}{\left(x-a\right)}^{2}+\cdots].
 At [image: x = a], this becomes:
 [image: \begin{array}{}\\ \\ \hfill \frac{d}{dx}\left(\displaystyle\sum _{n=0}^{\infty }{c}_{n}{\left(x-a\right)}^{n}\right)& ={c}_{1}+2{c}_{2}\left(a-a\right)+3{c}_{3}{\left(a-a\right)}^{2}+\cdots \hfill \\ & ={c}_{1}.\hfill \end{array}]
 So for the derivative to match, we need [image: c_1 = f'(a)].
 Continuing this pattern, the second and third derivatives are:
 [image: \frac{{d}^{2}}{d{x}^{2}}\left(\displaystyle\sum _{n=0}^{\infty }{c}_{n}{\left(x-a\right)}^{n}\right)=2{c}_{2}+3\cdot 2{c}_{3}\left(x-a\right)+4\cdot 3{c}_{4}{\left(x-a\right)}^{2}+\cdots]
 and
 [image: \frac{{d}^{3}}{d{x}^{3}}\left(\displaystyle\sum _{n=0}^{\infty }{c}_{n}{\left(x-a\right)}^{n}\right)=3\cdot 2{c}_{3}+4\cdot 3\cdot 2{c}_{4}\left(x-a\right)+5\cdot 4\cdot 3{c}_{5}{\left(x-a\right)}^{2}+\cdots].
 At [image: x = a], these derivatives evaluate to:
 [image: \begin{array}{cc}\hfill \frac{{d}^{2}}{d{x}^{2}}\left(\displaystyle\sum _{n=0}^{\infty }{c}_{n}{\left(x-a\right)}^{n}\right)& =2{c}_{2}+3\cdot 2{c}_{3}\left(a-a\right)+4\cdot 3{c}_{4}{\left(a-a\right)}^{2}+\cdots \hfill \\ & =2{c}_{2}\hfill \end{array}]
 and
 [image: \begin{array}{cc}\hfill \frac{{d}^{3}}{d{x}^{3}}\left(\displaystyle\sum _{n=0}^{\infty }{c}_{n}{\left(x-a\right)}^{n}\right)& =3\cdot 2{c}_{3}+4\cdot 3\cdot 2{c}_{4}\left(a-a\right)+5\cdot 4\cdot 3{c}_{5}{\left(a-a\right)}^{2}+\cdots \hfill \\ & =3\cdot 2{c}_{3}\hfill \end{array}]
 For these to equal [image: f''(a)] and [image: f'''(a)] respectively, we need:
 	[image: c_2 = \frac{f''(a)}{2}]
 	[image: c_3 = \frac{f'''(a)}{3 \cdot 2} = \frac{f'''(a)}{3!}]
 
 The General Pattern
 Following this pattern, if [image: f] has a power series representation at [image: x = a], the coefficients must be:
 [image: {c}_{n}=\frac{{f}^{\left(n\right)}\left(a\right)}{n\text{!}}]
 This gives us the complete series:
 [image: \displaystyle\sum _{n=0}^{\infty }\frac{{f}^{\left(n\right)}\left(a\right)}{n\text{!}}{\left(x-a\right)}^{n}=f\left(a\right)+{f}^{\prime }\left(a\right)\left(x-a\right)+\frac{f^{\prime\prime}\left(a\right)}{2\text{!}}{\left(x-a\right)}^{2}+\frac{f^{\prime\prime\prime}\left(a\right)}{3\text{!}}{\left(x-a\right)}^{3}+\cdots].
 This power series for [image: f] is known as the Taylor series for [image: f] at [image: a]. If [image: a=0], then this series is known as the Maclaurin series for [image: f].
 Taylor and Maclaurin series
 If [image: f] has derivatives of all orders at [image: x=a], then the Taylor series for the function [image: f] at [image: a] is
 [image: \displaystyle\sum _{n=0}^{\infty }\frac{{f}^{\left(n\right)}\left(a\right)}{n\text{!}}{\left(x-a\right)}^{n}=f\left(a\right)+{f}^{\prime }\left(a\right)\left(x-a\right)+\frac{f^{\prime\prime}\left(a\right)}{2\text{!}}{\left(x-a\right)}^{2}+\cdots +\frac{{f}^{\left(n\right)}\left(a\right)}{n\text{!}}{\left(x-a\right)}^{n}+\cdots].
  
 The Taylor series for [image: f] at [image: 0] is known as the Maclaurin series for [image: f].
  Uniqueness of Taylor Series
 Power series representations are unique, which leads to an important result: if a function [image: f] has a power series at [image: a], then it must be the Taylor series for [image: f] at [image: a].
 theorem: uniqueness of Taylor series
 If a function [image: f] has a power series at [image: a] that converges to [image: f] on some open interval containing [image: a], then that power series must be the Taylor series for [image: f] at [image: a].
  To determine if a Taylor series converges, we need to look at its sequence of partial sums. These partial sums are finite polynomials, known as Taylor polynomials.
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				Taylor Polynomials
 The [image: n]th partial sum of the Taylor series for a function [image: f] at [image: a] is called the [image: n]th Taylor polynomial.
 The first few Taylor polynomials are:
 	[image: p_0(x) = f(a)]
 	[image: p_1(x) = f(a) + f'(a)(x-a)]
 	[image: p_2(x) = f(a) + f'(a)(x-a) + \frac{f''(a)}{2!}(x-a)^2]
 	[image: p_3(x) = f(a) + f'(a)(x-a) + \frac{f''(a)}{2!}(x-a)^2 + \frac{f'''(a)}{3!}(x-a)^3]
 
  These are the [image: 0]th, [image: 1]st, [image: 2]nd, and [image: 3]rd Taylor polynomials of [image: f] at [image: a], respectively. When [image: a = 0], these are called Maclaurin polynomials. We now provide a formal definition of Taylor and Maclaurin polynomials for a function [image: f].
 Taylor polynomial
 If [image: f] has [image: n] derivatives at [image: x = a], then the [image: n]th Taylor polynomial for [image: f] at [image: a] is:
 [image: {p}_{n}\left(x\right)=f\left(a\right)+{f}^{\prime }\left(a\right)\left(x-a\right)+\frac{f^{\prime\prime}\left(a\right)}{2\text{!}}{\left(x-a\right)}^{2}+\frac{f^{\prime\prime\prime}\left(a\right)}{3\text{!}}{\left(x-a\right)}^{3}+\cdots +\frac{{f}^{\left(n\right)}\left(a\right)}{n\text{!}}{\left(x-a\right)}^{n}].
  
 The [image: n]th Taylor polynomial for [image: f] at [image: 0] is known as the [image: n]th Maclaurin polynomial for [image: f].
  Let’s see how to use this definition by finding several Taylor polynomials for [image: f(x) = \ln x] at [image: x = 1].
 Find the Taylor polynomials [image: {p}_{0},{p}_{1},{p}_{2}] and [image: {p}_{3}] for [image: f\left(x\right)=\text{ln}x] at [image: x=1]. Use a graphing utility to compare the graph of [image: f] with the graphs of [image: {p}_{0},{p}_{1},{p}_{2}] and [image: {p}_{3}].
 
 Show Solution To find these Taylor polynomials, we need to evaluate [image: f] and its first three derivatives at [image: x=1].
 [image: \begin{array}{cccccccc}\hfill f\left(x\right)& =\hfill & \text{ln}x\hfill & & & \hfill f\left(1\right)& =\hfill & 0\hfill \\ \hfill {f}^{\prime }\left(x\right)& =\hfill & \frac{1}{x}\hfill & & & \hfill {f}^{\prime }\left(1\right)& =\hfill & 1\hfill \\ \hfill f^{\prime\prime}\left(x\right)& =\hfill & -\frac{1}{{x}^{2}}\hfill & & & \hfill f^{\prime\prime}\left(1\right)& =\hfill & -1\hfill \\ \hfill f^{\prime\prime\prime}\left(x\right)& =\hfill & \frac{2}{{x}^{3}}\hfill & & & \hfill f^{\prime\prime\prime}\left(1\right)& =\hfill & 2\hfill \end{array}]
  
 Therefore,
 [image: \begin{array}{ccc}\hfill {p}_{0}\left(x\right)& =\hfill & f\left(1\right)=0,\hfill \\ \hfill {p}_{1}\left(x\right)& =\hfill & f\left(1\right)+{f}^{\prime }\left(1\right)\left(x - 1\right)=x - 1,\hfill \\ \hfill {p}_{2}\left(x\right)& =\hfill & f\left(1\right)+{f}^{\prime }\left(1\right)\left(x - 1\right)+\frac{f^{\prime\prime}\left(1\right)}{2}{\left(x - 1\right)}^{2}=\left(x - 1\right)-\frac{1}{2}{\left(x - 1\right)}^{2},\hfill \\ \hfill {p}_{3}\left(x\right)& =\hfill & f\left(1\right)+{f}^{\prime }\left(1\right)\left(x - 1\right)+\frac{f^{\prime\prime}\left(1\right)}{2}{\left(x - 1\right)}^{2}+\frac{f^{\prime\prime\prime}\left(1\right)}{3\text{!}}{\left(x - 1\right)}^{3}\hfill \\ & =\hfill & \left(x - 1\right)-\frac{1}{2}{\left(x - 1\right)}^{2}+\frac{1}{3}{\left(x - 1\right)}^{3}.\hfill \end{array}]
  
 The graphs of [image: y=f\left(x\right)] and the first three Taylor polynomials are shown in Figure 1.
 [image: This graph has four curves. The first is the function f(x)=ln(x). The second function is psub1(x)=x-1. The third is psub2(x)=(x-1)-1/2(x-1)^2. The fourth is psub3(x)=(x-1)-1/2(x-1)^2 +1/3(x-1)^3. The curves are very close around x = 1.]Figure 1. The function [image: y=\text{ln}x] and the Taylor polynomials [image: {p}_{0},{p}_{1},{p}_{2}] and [image: {p}_{3}] at [image: x=1] are plotted on this graph.  
   Watch the following video to see the worked solution to the above example.https://youtube.com/watch?v=oQkN46wsyJs%3Fcontrols%3D0%26start%3D331%26end%3D545%26autoplay%3D0 For closed captioning, open the video on its original page by clicking the Youtube logo in the lower right-hand corner of the video display. In YouTube, the video will begin at the same starting point as this clip, but will continue playing until the very end.
 You can view the transcript for this segmented clip of “6.3 Taylor and Maclaurin Series” here (opens in new window).
  [ohm_question hide_question_numbers=1]311963[/ohm_question] We now show how to find Maclaurin polynomials for [image: e^{x}], [image: \sin{x}], and [image: \cos{x}]. As stated above, Maclaurin polynomials are Taylor polynomials centered at zero.
 For each of the following functions, find formulas for the Maclaurin polynomials [image: {p}_{0},{p}_{1},{p}_{2}] and [image: {p}_{3}]. Find a formula for the nth Maclaurin polynomial and write it using sigma notation. Use a graphing utilty to compare the graphs of [image: {p}_{0},{p}_{1},{p}_{2}] and [image: {p}_{3}] with [image: f].
 	[image: f\left(x\right)={e}^{x}]
 	[image: f\left(x\right)=\sin{x}]
 	[image: f\left(x\right)=\cos{x}]
 
 
 Show Solution 	Since [image: f\left(x\right)={e}^{x}], we know that [image: f\left(x\right)={f}^{\prime }\left(x\right)=f^{\prime\prime}\left(x\right)=\cdots ={f}^{\left(n\right)}\left(x\right)={e}^{x}] for all positive integers n. Therefore,
 
 
 [image: f\left(0\right)={f}^{\prime }\left(0\right)=f^{\prime\prime}\left(0\right)=\cdots ={f}^{\left(n\right)}\left(0\right)=1]
 
 
 for all positive integers n. Therefore, we have
 
 [image: \begin{array}{ccc}\hfill {p}_{0}\left(x\right)& =\hfill & f\left(0\right)=1,\hfill \\ \hfill {p}_{1}\left(x\right)& =\hfill & f\left(0\right)+{f}^{\prime }\left(0\right)x=1+x,\hfill \\ \hfill {p}_{2}\left(x\right)& =\hfill & f\left(0\right)+{f}^{\prime }\left(0\right)x+\frac{f^{\prime\prime}\left(0\right)}{2\text{!}}{x}^{2}=1+x+\frac{1}{2}{x}^{2},\hfill \\ \hfill {p}_{3}\left(x\right)& =\hfill & f\left(0\right)+{f}^{\prime }\left(0\right)x+\frac{f^{\prime\prime}\left(0\right)}{2}{x}^{2}+\frac{f^{\prime\prime\prime}\left(0\right)}{3\text{!}}{x}^{3}\hfill \\ & =\hfill & 1+x+\frac{1}{2}{x}^{2}+\frac{1}{3\text{!}}{x}^{3},\hfill \\ \hfill {p}_{n}\left(x\right)& =\hfill & f\left(0\right)+{f}^{\prime }\left(0\right)x+\frac{f^{\prime\prime}\left(0\right)}{2}{x}^{2}+\frac{f^{\prime\prime\prime}\left(0\right)}{3\text{!}}{x}^{3}+\cdots +\frac{{f}^{\left(n\right)}\left(0\right)}{n\text{!}}{x}^{n}\hfill \\ & =\hfill & 1+x+\frac{{x}^{2}}{2\text{!}}+\frac{{x}^{3}}{3\text{!}}+\cdots +\frac{{x}^{n}}{n\text{!}}\hfill \\ & =\hfill & {\displaystyle\sum _{k=0}^{n}}\frac{{x}^{k}}{k\text{!}}.\hfill \end{array}]
 
 
 The function and the first three Maclaurin polynomials are shown in Figure 2.
 
 [image: This graph has four curves. The first is the function f(x)=e^x. The second function is psub0(x)=1. The third is psub1(x) which is an increasing line passing through y=1. The fourth function is psub3(x) which is a curve passing through y=1. The curves are very close around y= 1.]Figure 2. The graph shows the function [image: y={e}^{x}] and the Maclaurin polynomials [image: {p}_{0},{p}_{1},{p}_{2}] and [image: {p}_{3}].  	For [image: f\left(x\right)=\sin{x}], the values of the function and its first four derivatives at [image: x=0] are given as follows:
  [image: \begin{array}{cccccccc}\hfill f\left(x\right)& =\hfill & \sin{x}\hfill & & & \hfill f\left(0\right)& =\hfill & 0\hfill \\ \hfill {f}^{\prime }\left(x\right)& =\hfill & \cos{x}\hfill & & & \hfill {f}^{\prime }\left(0\right)& =\hfill & 1\hfill \\ \hfill f^{\prime\prime}\left(x\right)& =\hfill & -\sin{x}\hfill & & & \hfill f^{\prime\prime}\left(0\right)& =\hfill & 0\hfill \\ \hfill f^{\prime\prime\prime}\left(x\right)& =\hfill & -\cos{x}\hfill & & & \hfill f^{\prime\prime\prime}\left(0\right)& =\hfill & -1\hfill \\ \hfill {f}^{\left(4\right)}\left(x\right)& =\hfill & \sin{x}\hfill & & & \hfill {f}^{\left(4\right)}\left(0\right)& =\hfill & 0.\hfill \end{array}]
 
 
 Since the fourth derivative is [image: \sin{x}], the pattern repeats. That is, [image: {f}^{\left(2m\right)}\left(0\right)=0] and [image: {f}^{\left(2m+1\right)}\left(0\right)={\left(-1\right)}^{m}] for [image: m\ge 0]. Thus, we have
 
 [image: \begin{array}{c}{p}_{0}\left(x\right)=0,\hfill \\ {p}_{1}\left(x\right)=0+x=x,\hfill \\ {p}_{2}\left(x\right)=0+x+0=x,\hfill \\ {p}_{3}\left(x\right)=0+x+0-\frac{1}{3\text{!}}{x}^{3}=x-\frac{{x}^{3}}{3\text{!}},\hfill \\ {p}_{4}\left(x\right)=0+x+0-\frac{1}{3\text{!}}{x}^{3}+0=x-\frac{{x}^{3}}{3\text{!}},\hfill \\ {p}_{5}\left(x\right)=0+x+0-\frac{1}{3\text{!}}{x}^{3}+0+\frac{1}{5\text{!}}{x}^{5}=x-\frac{{x}^{3}}{3\text{!}}+\frac{{x}^{5}}{5\text{!}},\hfill \end{array}]
 
 
 and for [image: m\ge 0], 
 
 [image: \begin{array}{cc}\hfill {p}_{2m+1}\left(x\right)& ={p}_{2m+2}\left(x\right)\hfill \\ & =x-\frac{{x}^{3}}{3\text{!}}+\frac{{x}^{5}}{5\text{!}}-\cdots +{\left(-1\right)}^{m}\frac{{x}^{2m+1}}{\left(2m+1\right)\text{!}}\hfill \\ & ={\displaystyle\sum _{k=0}^{m}}{\left(-1\right)}^{k}\frac{{x}^{2k+1}}{\left(2k+1\right)\text{!}}.\hfill \end{array}]
 
 
 Graphs of the function and its Maclaurin polynomials are shown in Figure 3.
 
 [image: This graph has four curves. The first is the function f(x)=sin(x). The second function is psub1(x). The third is psub3(x). The fourth function is psub5(x). The curves are very close around x=0.]Figure 3. The graph shows the function [image: y=\sin{x}] and the Maclaurin polynomials [image: {p}_{1},{p}_{3}] and [image: {p}_{5}].  
 	For [image: f\left(x\right)=\cos{x}], the values of the function and its first four derivatives at [image: x=0] are given as follows:
  [image: \begin{array}{cccccccc}\hfill f\left(x\right)& =\hfill & \cos{x}\hfill & & & \hfill f\left(0\right)& =\hfill & 1\hfill \\ \hfill {f}^{\prime }\left(x\right)& =\hfill & -\sin{x}\hfill & & & \hfill {f}^{\prime }\left(0\right)& =\hfill & 0\hfill \\ \hfill f^{\prime\prime}\left(x\right)& =\hfill & -\cos{x}\hfill & & & \hfill f^{\prime\prime}\left(0\right)& =\hfill & -1\hfill \\ \hfill f^{\prime\prime\prime}\left(x\right)& =\hfill & \sin{x}\hfill & & & \hfill f^{\prime\prime\prime}\left(0\right)& =\hfill & 0\hfill \\ \hfill {f}^{\left(4\right)}\left(x\right)& =\hfill & \cos{x}\hfill & & & \hfill {f}^{\left(4\right)}\left(0\right)& =\hfill & 1.\hfill \end{array}]
 
 
 Since the fourth derivative is [image: \sin{x}], the pattern repeats. In other words, [image: {f}^{\left(2m\right)}\left(0\right)={\left(-1\right)}^{m}] and [image: {f}^{\left(2m+1\right)}=0] for [image: m\ge 0]. Therefore,
 
 [image: \begin{array}{c}{p}_{0}\left(x\right)=1,\hfill \\ {p}_{1}\left(x\right)=1+0=1,\hfill \\ {p}_{2}\left(x\right)=1+0-\frac{1}{2\text{!}}{x}^{2}=1-\frac{{x}^{2}}{2\text{!}},\hfill \\ {p}_{3}\left(x\right)=1+0-\frac{1}{2\text{!}}{x}^{2}+0=1-\frac{{x}^{2}}{2\text{!}},\hfill \\ {p}_{4}\left(x\right)=1+0-\frac{1}{2\text{!}}{x}^{2}+0+\frac{1}{4\text{!}}{x}^{4}=1-\frac{{x}^{2}}{2\text{!}}+\frac{{x}^{4}}{4\text{!}},\hfill \\ {p}_{5}\left(x\right)=1+0-\frac{1}{2\text{!}}{x}^{2}+0+\frac{1}{4\text{!}}{x}^{4}+0=1-\frac{{x}^{2}}{2\text{!}}+\frac{{x}^{4}}{4\text{!}},\hfill \end{array}]
 
 
 and for [image: n\ge 0], 
 
 [image: \begin{array}{cc}\hfill {p}_{2m}\left(x\right)& ={p}_{2m+1}\left(x\right)\hfill \\ & =1-\frac{{x}^{2}}{2\text{!}}+\frac{{x}^{4}}{4\text{!}}-\cdots +{\left(-1\right)}^{m}\frac{{x}^{2m}}{\left(2m\right)\text{!}}\hfill \\ & ={\displaystyle\sum _{k=0}^{m}}{\left(-1\right)}^{k}\frac{{x}^{2k}}{\left(2k\right)\text{!}}.\hfill \end{array}]
 
 
 Graphs of the function and the Maclaurin polynomials appear in Figure 4.
 
 [image: This graph has four curves. The first is the function f(x)=cos(x). The second function is psub0(x). The third is psub2(x). The fourth function is psub4(x). The curves are very close around y=1]Figure 4. The function [image: y=\cos{x}] and the Maclaurin polynomials [image: {p}_{0},{p}_{2}] and [image: {p}_{4}] are plotted on this graph.  
 
   Watch the following video to see the worked solution to the above example.https://youtube.com/watch?v=oQkN46wsyJs%3Fcontrols%3D0%26start%3D546%26end%3D1086%26autoplay%3D0 For closed captioning, open the video on its original page by clicking the Youtube logo in the lower right-hand corner of the video display. In YouTube, the video will begin at the same starting point as this clip, but will continue playing until the very end.
 You can view the transcript for this segmented clip of “6.3 Taylor and Maclaurin Series” here (opens in new window).
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				Taylor’s Theorem with Remainder
 When we use a Taylor polynomial [image: p_n(x)] to approximate a function [image: f(x)], we need to know how good our approximation is. The remainder [image: R_n(x)] tells us exactly that—it’s the difference between the actual function value and our polynomial approximation:
 [image: {R}_{n}(x)=f(x)-{p}_{n}(x)].
 Think of it this way: if you’re using a Taylor polynomial to estimate [image: f(x)], the remainder is your error. The smaller the remainder, the better your approximation.
 For a Taylor series to converge to [image: f], we need two things:
 	the sequence of Taylor polynomials [image: {p_n}] must converge
 	the remainder [image: R_n] must approach zero as [image: n] increases.
 
 If [image: R_n] doesn’t go to zero, your Taylor series might converge—but not to the function you want! To determine if [image: R_{n}] converges to zero, we introduce Taylor’s theorem with remainder. Not only is this theorem useful in proving that a Taylor series converges to its related function, but it will also allow us to quantify how well the [image: n]th Taylor polynomial approximates the function.
 Let’s start with the simplest case: the [image: 0]th-degree Taylor polynomial. Here, [image: p_0(x) = f(a)], so:
 [image: R_0(x) = f(x) - f(a)]
 If [image: f] is differentiable on an interval containing both [image: a] and [image: x], the Mean Value Theorem tells us there’s some value [image: c] between [image: a] and [image: x] where:
 _*]:min-w-0″> [image: R_0(x) = f'(c)(x - a)]
 
 
 _*]:min-w-0″> Using similar reasoning with higher derivatives, we can show that for an [image: n]-times differentiable function:
 
 
 _*]:min-w-0″> [image: R_n(x) = \frac{f^{(n+1)}(c)}{(n+1)!}(x - a)^{n+1}]
 
 
 _*]:min-w-0″> where [image: c] is some unknown value between [image: a] and [image: x].
 
 
 _*]:min-w-0″> The [image: c] in the remainder formula is NOT the center [image: a]—it’s an unknown value somewhere between [image: a] and [image: x]. We usually can’t find its exact value, but we can still use this formula to bound our error. Since we don’t know the exact value of [image: c], we can’t calculate [image: R_n(x)] exactly. However, if we know that [image: |f^{(n+1)}(x)| \leq M] for all [image: x] in our interval, then:
 
 
 _*]:min-w-0″> [image: |R_n(x)| \leq \frac{M}{(n+1)!}|x - a|^{n+1}]
 
 
 _*]:min-w-0″> This bound is incredibly useful—it tells us the maximum possible error when using a Taylor polynomial.
 
 
 _*]:min-w-0″>
 
 We now state Taylor’s theorem, which provides the formal relationship between a function [image: f] and its [image: n]th degree Taylor polynomial [image: {p}_{n}\left(x\right)]. This theorem allows us to bound the error when using a Taylor polynomial to approximate a function value, and will be important in proving that a Taylor series for [image: f] converges to [image: f].
 theorem: Taylor’s theorem with remainder
 Let [image: f] be a function that can be differentiated [image: n+1] times on an interval [image: I] containing the real number [image: a]. Let [image: p_{n}] be the [image: n]th Taylor polynomial of [image: f] at [image: a] and let
 [image: {R}_{n}\left(x\right)=f\left(x\right)-{p}_{n}\left(x\right)]
  
 be the [image: n]th remainder. Then for each [image: x] in the interval [image: I], there exists a real number [image: c] between [image: a] and [image: x] such that
 [image: {R}_{n}\left(x\right)=\frac{{f}^{\left(n+1\right)}\left(c\right)}{\left(n+1\right)\text{!}}{\left(x-a\right)}^{n+1}].
  
 If there exists a real number [image: M] such that [image: |{f}^{\left(n+1\right)}\left(x\right)|\le M] for all [image: x\in I], then
 [image: |{R}_{n}\left(x\right)|\le \frac{M}{\left(n+1\right)\text{!}}{|x-a|}^{n+1}]
  
 for all [image: x] in [image: I].
  Proof
 
 Fix a point [image: x\in I] and introduce the function g such that
 [image: g\left(t\right)=f\left(x\right)-f\left(t\right)-{f}^{\prime }\left(t\right)\left(x-t\right)-\frac{f^{\prime\prime}\left(t\right)}{2\text{!}}{\left(x-t\right)}^{2}-\cdots -\frac{{f}^{\left(n\right)}\left(t\right)}{n\text{!}}{\left(x-t\right)}^{n}-{R}_{n}\left(x\right)\frac{{\left(x-t\right)}^{n+1}}{{\left(x-a\right)}^{n+1}}].
  
 We claim that g satisfies the criteria of Rolle’s theorem. Since g is a polynomial function (in t), it is a differentiable function. Also, g is zero at [image: t=a] and [image: t=x] because
 [image: \begin{array}{ccc}\hfill g\left(a\right)& =\hfill & f\left(x\right)-f\left(a\right)-{f}^{\prime }\left(a\right)\left(x-a\right)-\frac{f^{\prime\prime}\left(a\right)}{2\text{!}}{\left(x-a\right)}^{2}+\cdots +\frac{{f}^{\left(n\right)}\left(a\right)}{n\text{!}}{\left(x-a\right)}^{n}-{R}_{n}\left(x\right)\hfill \\ & =\hfill & f\left(x\right)-{p}_{n}\left(x\right)-{R}_{n}\left(x\right)\hfill \\ & =\hfill & 0,\hfill \\ g\left(x\right)\hfill & =\hfill & f\left(x\right)-f\left(x\right)-0-\cdots -0\hfill \\ & =\hfill & 0.\hfill \end{array}]
  
 Therefore, g satisfies Rolle’s theorem, and consequently, there exists c between a and x such that [image: {g}^{\prime }\left(c\right)=0]. We now calculate [image: {g}^{\prime }]. Using the product rule, we note that
 [image: \frac{d}{dt}\left[\frac{{f}^{\left(n\right)}\left(t\right)}{n\text{!}}{\left(x-t\right)}^{n}\right]=\frac{-{f}^{\left(n\right)}\left(t\right)}{\left(n - 1\right)\text{!}}{\left(x-t\right)}^{n - 1}+\frac{{f}^{\left(n+1\right)}\left(t\right)}{n\text{!}}{\left(x-t\right)}^{n}].
  
 Consequently,
 [image: \begin{array}{cc}{g}^{\prime }\left(t\right)\hfill & = -{f}^{\prime }\left(t\right)+\left[{f}^{\prime }\left(t\right)-f^{\prime\prime}\left(t\right)\left(x-t\right)\right]+\left[f^{\prime\prime}\left(t\right)\left(x-t\right)-\frac{f^{\prime\prime\prime}\left(t\right)}{2\text{!}}{\left(x-t\right)}^{2}\right]+\cdots \hfill \\ & +\left[\frac{{f}^{\left(n\right)}\left(t\right)}{\left(n - 1\right)\text{!}}{\left(x-t\right)}^{n - 1}-\frac{{f}^{\left(n+1\right)}\left(t\right)}{n\text{!}}{\left(x-t\right)}^{n}\right]+\left(n+1\right){R}_{n}\left(x\right)\frac{{\left(x-t\right)}^{n}}{{\left(x-a\right)}^{n+1}}.\hfill \end{array}]
  
 Notice that there is a telescoping effect. Therefore,
 [image: {g}^{\prime }\left(t\right)=-\frac{{f}^{\left(n+1\right)}\left(t\right)}{n\text{!}}{\left(x-t\right)}^{n}+\left(n+1\right){R}_{n}\left(x\right)\frac{{\left(x-t\right)}^{n}}{{\left(x-a\right)}^{n+1}}].
  
 By Rolle’s theorem, we conclude that there exists a number c between a and x such that [image: {g}^{\prime }\left(c\right)=0]. Since
 [image: {g}^{\prime }\left(c\right)=-\frac{{f}^{\left(n+1\right)}\left(c\right)}{n\text{!}}{\left(x-c\right)}^{n}+\left(n+1\right){R}_{n}\left(x\right)\frac{{\left(x-c\right)}^{n}}{{\left(x-a\right)}^{n+1}}]
  
 we conclude that
 [image: -\frac{{f}^{\left(n+1\right)}\left(c\right)}{n\text{!}}{\left(x-c\right)}^{n}+\left(n+1\right){R}_{n}\left(x\right)\frac{{\left(x-c\right)}^{n}}{{\left(x-a\right)}^{n+1}}=0].
  
 Adding the first term on the left-hand side to both sides of the equation and dividing both sides of the equation by [image: n+1], we conclude that
 [image: {R}_{n}\left(x\right)=\frac{{f}^{\left(n+1\right)}\left(c\right)}{\left(n+1\right)\text{!}}{\left(x-a\right)}^{n+1}]
  
 as desired. From this fact, it follows that if there exists M such that [image: |{f}^{\left(n+1\right)}\left(x\right)|\le M] for all x in I, then
 [image: |{R}_{n}\left(x\right)|\le \frac{M}{\left(n+1\right)\text{!}}{|x-a|}^{n+1}].
  
 [image: _\blacksquare]
  This theorem gives us two powerful tools:
 	A way to prove that a Taylor series converges to [image: f]
 	A method to bound the error when approximating [image: f] with a Taylor polynomial
 
 Notice how the factorial in the denominator grows very quickly as [image: n] increases. This rapid growth often causes the remainder to approach zero, which is exactly what we need for convergence. Not only does Taylor’s theorem allow us to prove that a Taylor series converges to a function, but it also allows us to estimate the accuracy of Taylor polynomials in approximating function values. We begin by looking at linear and quadratic approximations of [image: f\left(x\right)=\sqrt[3]{x}] at [image: x=8] and determine how accurate these approximations are at estimating [image: \sqrt[3]{11}].
 Consider the function [image: f\left(x\right)=\sqrt[3]{x}].
 	Find the first and second Taylor polynomials for [image: f] at [image: x=8]. Use a graphing utility to compare these polynomials with [image: f] near [image: x=8].
 	Use these two polynomials to estimate [image: \sqrt[3]{11}].
 	Use Taylor’s theorem to bound the error.
 
 
 Show Solution 	For [image: f\left(x\right)=\sqrt[3]{x}], the values of the function and its first two derivatives at [image: x=8] are as follows:
  [image: \begin{array}{cccccccc}\hfill f\left(x\right)& =\hfill & \sqrt[3]{x}\hfill & & & \hfill f\left(8\right)& =\hfill & 2\hfill \\ \hfill {f}^{\prime }\left(x\right)& =\hfill & \frac{1}{3{x}^{\frac{2}{3}}}\hfill & & & \hfill {f}^{\prime }\left(8\right)& =\hfill & \frac{1}{12}\hfill \\ \hfill f^{\prime\prime}\left(x\right)& =\hfill & \frac{-2}{9{x}^{\frac{5}{3}}}\hfill & & & \hfill f^{\prime\prime}\left(8\right)& =\hfill & -\frac{1}{144}.\hfill \end{array}]
 
 
 Thus, the first and second Taylor polynomials at [image: x=8] are given by
 
 [image: \begin{array}{ccc}\hfill {p}_{1}\left(x\right)& =\hfill & f\left(8\right)+{f}^{\prime }\left(8\right)\left(x - 8\right)\hfill \\ & =\hfill & 2+\frac{1}{12}\left(x - 8\right)\hfill \\ {p}_{2}\left(x\right)\hfill & =\hfill & f\left(8\right)+{f}^{\prime }\left(8\right)\left(x - 8\right)+\frac{f^{\prime\prime}\left(8\right)}{2\text{!}}{\left(x - 8\right)}^{2}\hfill \\ & =\hfill & 2+\frac{1}{12}\left(x - 8\right)-\frac{1}{288}{\left(x - 8\right)}^{2}.\hfill \end{array}]
 
 
 The function and the Taylor polynomials are shown in Figure 5.
 
 [image: This graph has four curves. The first is the function f(x)=cube root of x. The second function is psub1(x). The third is psub2(x). The curves are very close around x=8.]Figure 5. The graphs of [image: f\left(x\right)=\sqrt[3]{x}] and the linear and quadratic approximations [image: {p}_{1}\left(x\right)] and [image: {p}_{2}\left(x\right)].  
 	Using the first Taylor polynomial at [image: x=8], we can estimate
  [image: \sqrt[3]{11}\approx {p}_{1}\left(11\right)=2+\frac{1}{12}\left(11 - 8\right)=2.25].
 
 
 Using the second Taylor polynomial at [image: x=8], we obtain
 
 [image: \sqrt[3]{11}\approx {p}_{2}\left(11\right)=2+\frac{1}{12}\left(11 - 8\right)-\frac{1}{288}{\left(11 - 8\right)}^{2}=2.21875].
  

 	By the Uniqueness of Taylor Series, there exists a c in the interval [image: \left(8,11\right)] such that the remainder when approximating [image: \sqrt[3]{11}] by the first Taylor polynomial satisfies
  [image: {R}_{1}\left(11\right)=\frac{f^{\prime\prime}\left(c\right)}{2\text{!}}{\left(11 - 8\right)}^{2}].
 
 
 We do not know the exact value of c, so we find an upper bound on [image: {R}_{1}\left(11\right)] by determining the maximum value of [image: f^{\prime\prime}] on the interval [image: \left(8,11\right)]. Since [image: f^{\prime\prime}\left(x\right)=-\frac{2}{9{x}^{\frac{5}{3}}}], the largest value for [image: |f^{\prime\prime}\left(x\right)|] on that interval occurs at [image: x=8]. Using the fact that [image: f^{\prime\prime}\left(8\right)=-\frac{1}{144}], we obtain
 
 [image: |{R}_{1}\left(11\right)|\le \frac{1}{144\cdot 2\text{!}}{\left(11 - 8\right)}^{2}=0.03125].
 
 
 Similarly, to estimate [image: {R}_{2}\left(11\right)], we use the fact that
 
 [image: {R}_{2}\left(11\right)=\frac{f^{\prime\prime\prime}\left(c\right)}{3\text{!}}{\left(11 - 8\right)}^{3}].
 
 
 Since [image: f^{\prime\prime\prime}\left(x\right)=\frac{10}{27{x}^{\frac{8}{3}}}], the maximum value of [image: f^{\prime\prime\prime}] on the interval [image: \left(8,11\right)] is [image: f^{\prime\prime\prime}\left(8\right)\approx 0.0014468]. Therefore, we have
 
 [image: |{R}_{2}\left(11\right)|\le \frac{0.0011468}{3\text{!}}{\left(11 - 8\right)}^{3}\approx 0.0065104].
  

 
 
   Watch the following video to see the worked solution to the example above.https://youtube.com/watch?v=oQkN46wsyJs%3Fcontrols%3D0%26start%3D1223%26end%3D1687%26autoplay%3D0 For closed captioning, open the video on its original page by clicking the Youtube logo in the lower right-hand corner of the video display. In YouTube, the video will begin at the same starting point as this clip, but will continue playing until the very end.
 You can view the transcript for this segmented clip of “6.3 Taylor and Maclaurin Series” here (opens in new window).
  As seen previously, the Maclaurin polynomials for [image: \sin{x}] are given by
 [image: \begin{array}{cc}\hfill {p}_{2m+1}\left(x\right)& ={p}_{2m+2}\left(x\right)\hfill \\ & =x-\frac{{x}^{3}}{3\text{!}}+\frac{{x}^{5}}{5\text{!}}-\frac{{x}^{7}}{7\text{!}}+\cdots +{\left(-1\right)}^{m}\frac{{x}^{2m+1}}{\left(2m+1\right)\text{!}}\hfill \end{array}]
 for [image: m=0,1,2,\dots].
 	Use the fifth Maclaurin polynomial for [image: \sin{x}] to approximate [image: \sin\left(\frac{\pi }{18}\right)] and bound the error.
 	For what values of [image: x] does the fifth Maclaurin polynomial approximate [image: \sin{x}] to within 0.0001?
 
 
 Show Solution 	The fifth Maclaurin polynomial is
  [image: {p}_{5}\left(x\right)=x-\frac{{x}^{3}}{3\text{!}}+\frac{{x}^{5}}{5\text{!}}].
 
 
 Using this polynomial, we can estimate as follows:
 
 [image: \begin{array}{cc}\hfill \sin\left(\frac{\pi }{18}\right)& \approx {p}_{5}\left(\frac{\pi }{18}\right)\hfill \\ & =\frac{\pi }{18}-\frac{1}{3\text{!}}{\left(\frac{\pi }{18}\right)}^{3}+\frac{1}{5\text{!}}{\left(\frac{\pi }{18}\right)}^{5}\hfill \\ & \approx 0.173648.\hfill \end{array}]
 
 
 To estimate the error, use the fact that the sixth Maclaurin polynomial is [image: {p}_{6}\left(x\right)={p}_{5}\left(x\right)] and calculate a bound on [image: {R}_{6}\left(\frac{\pi }{18}\right)]. By the Uniqueness of Taylor Series, the remainder is
 
 [image: {R}_{6}\left(\frac{\pi }{18}\right)=\frac{{f}^{\left(7\right)}\left(c\right)}{7\text{!}}{\left(\frac{\pi }{18}\right)}^{7}]
 
 
 for some c between 0 and [image: \frac{\pi }{18}]. Using the fact that [image: |{f}^{\left(7\right)}\left(x\right)|\le 1] for all x, we find that the magnitude of the error is at most
 
 [image: \frac{1}{7\text{!}}\cdot {\left(\frac{\pi }{18}\right)}^{7}\le 9.8\times {10}^{-10}].
  

 	We need to find the values of [image: x] such that
  [image: \frac{1}{7\text{!}}{|x|}^{7}\le 0.0001].
  
 
 
 Solving this inequality for [image: x], we have that the fifth Maclaurin polynomial gives an estimate to within 0.0001 as long as [image: |x|<0.907].
 
 
 
   Watch the following video to see the worked solution to the example above.https://youtube.com/watch?v=oQkN46wsyJs%3Fcontrols%3D0%26start%3D1693%26end%3D1936%26autoplay%3D0 For closed captioning, open the video on its original page by clicking the Youtube logo in the lower right-hand corner of the video display. In YouTube, the video will begin at the same starting point as this clip, but will continue playing until the very end.
 You can view the transcript for this segmented clip of “6.3 Taylor and Maclaurin Series” here (opens in new window).
  [ohm_question hide_question_numbers=1]311974[/ohm_question] Now that we are able to bound the remainder [image: {R}_{n}\left(x\right)], we can use this bound to prove that a Taylor series for [image: f] at [image: a] converges to [image: f].
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				Convergence of Taylor Series
 We now discuss issues of convergence for Taylor series. We begin by showing how to find a Taylor series for a function, and how to find its interval of convergence.
 Find the Taylor series for [image: f\left(x\right)=\frac{1}{x}] at [image: x=1]. Determine the interval of convergence.
 
 Show Solution For [image: f\left(x\right)=\frac{1}{x}], the values of the function and its first four derivatives at [image: x=1] are
 [image: \begin{array}{cccccccc}\hfill f\left(x\right)& =\hfill & \frac{1}{x}\hfill & & & \hfill f\left(1\right)& =\hfill & 1\hfill \\ \hfill {f}^{\prime }\left(x\right)& =\hfill & -\frac{1}{{x}^{2}}\hfill & & & \hfill {f}^{\prime }\left(1\right)& =\hfill & -1\hfill \\ \hfill f^{\prime\prime}\left(x\right)& =\hfill & \frac{2}{{x}^{3}}\hfill & & & \hfill f^{\prime\prime}\left(1\right)& =\hfill & 2\text{!}\hfill \\ \hfill f^{\prime\prime\prime}\left(x\right)& =\hfill & -\frac{3\cdot 2}{{x}^{4}}\hfill & & & \hfill f^{\prime\prime\prime}\left(1\right)& =\hfill & -3\text{!}\hfill \\ \hfill {f}^{\left(4\right)}\left(x\right)& =\hfill & \frac{4\cdot 3\cdot 2}{{x}^{5}}\hfill & & & \hfill {f}^{\left(4\right)}\left(1\right)& =\hfill & 4\text{!.}\hfill \end{array}]
  
 That is, we have [image: {f}^{\left(n\right)}\left(1\right)={\left(-1\right)}^{n}n\text{!}] for all [image: n\ge 0]. Therefore, the Taylor series for [image: f] at [image: x=1] is given by
 [image: \displaystyle\sum _{n=0}^{\infty }\frac{{f}^{\left(n\right)}\left(1\right)}{n\text{!}}{\left(x - 1\right)}^{n}=\displaystyle\sum _{n=0}^{\infty }{\left(-1\right)}^{n}{\left(x - 1\right)}^{n}].
  
 To find the interval of convergence, we use the ratio test. We find that
 [image: \frac{|{a}_{n+1}|}{|{a}_{n}|}=\frac{|{\left(-1\right)}^{n+1}{\left(x - 1\right)}^{n+1}|}{|{\left(-1\right)}^{n}{\left(x - 1\right)}^{n}|}=|x - 1|].
  
 Thus, the series converges if [image: |x - 1|<1]. That is, the series converges for [image: 0<x<2]. Next, we need to check the endpoints. At [image: x=2], we see that
 [image: \displaystyle\sum _{n=0}^{\infty }{\left(-1\right)}^{n}{\left(2 - 1\right)}^{n}=\displaystyle\sum _{n=0}^{\infty }{\left(-1\right)}^{n}]
  
 diverges by the divergence test. Similarly, at [image: x=0],
 [image: \displaystyle\sum _{n=0}^{\infty }{\left(-1\right)}^{n}{\left(0 - 1\right)}^{n}=\displaystyle\sum _{n=0}^{\infty }{\left(-1\right)}^{2n}=\displaystyle\sum _{n=0}^{\infty }1]
  
 diverges. Therefore, the interval of convergence is [image: \left(0,2\right)].
 
   Watch the following video to see the worked solution to the example above.https://youtube.com/watch?v=oQkN46wsyJs%3Fcontrols%3D0%26start%3D1946%26end%3D2189%26autoplay%3D0 For closed captioning, open the video on its original page by clicking the Youtube logo in the lower right-hand corner of the video display. In YouTube, the video will begin at the same starting point as this clip, but will continue playing until the very end.
 You can view the transcript for this segmented clip of “6.3 Taylor and Maclaurin Series” here (opens in new window).
  We know that the Taylor series found in this example converges on the interval [image: \left(0,2\right)], but how do we know it actually converges to [image: f?] Let’s explore this by rewriting our function:
 [image: f\left(x\right)=\frac{1}{x}=\frac{1}{1-\left(1-x\right)}].
 This representation shows that [image: f] can be expressed as the geometric series [image: \displaystyle\sum_{n=0}^{\infty}(1-x)^n]. Since geometric series converge to [image: \frac{1}{x}] when [image: |1-x| < 1], we’ve confirmed that our Taylor series does indeed converge to [image: f(x) = \frac{1}{x}] on [image: \left(0,2\right)].
 Now for the broader question: If a Taylor series for a function [image: f] converges on some interval, how do we know it converges to [image: f] itself?
 To answer this, remember that a series converges to a value if and only if its sequence of partial sums converges to that value. For a Taylor series centered at [image: a], the [image: n]th partial sum is the [image: n]th Taylor polynomial [image: p_n].
 Therefore, the Taylor series converges to [image: f] when:
 [image: \underset{n\to \infty }{\text{lim}}{p}_{n}\left(x\right)=f\left(x\right)].
 Since the remainder [image: {R}_{n}\left(x\right)=f\left(x\right)-{p}_{n}\left(x\right)], the Taylor series converges to [image: f] if and only if
 [image: \underset{n\to \infty }{\text{lim}}{R}_{n}\left(x\right)=0].
 We now state this theorem formally.
 theorem: convergence of Taylor series
 Suppose that [image: f] has derivatives of all orders on an interval [image: I] containing [image: a]. Then the Taylor series
 [image: \displaystyle\sum _{n=0}^{\infty }\frac{{f}^{\left(n\right)}\left(a\right)}{n\text{!}}{\left(x-a\right)}^{n}]
  
 converges to [image: f\left(x\right)] for all [image: x] in [image: I] if and only if
 [image: \underset{n\to\infty}\lim {R}_{n}\left(x\right)=0]
  
 for all [image: x] in [image: I].
  With this theorem, we can prove that a Taylor series for [image: f] at [image: a] converges to [image: f] if we can prove that the remainder [image: {R}_{n}\left(x\right)\to 0]. To prove that [image: {R}_{n}\left(x\right)\to 0], we typically use the bound from Taylor’s theorem:
 [image: |{R}_{n}\left(x\right)|\le \frac{M}{\left(n+1\right)\text{!}}{|x-a|}^{n+1}]
 where [image: M] is an upper bound for the [image: (n+1)]th derivative on the interval.
 In our next example, we’ll find the Maclaurin series for [image: e^x] and [image: \sin x], then prove these series converge to their respective functions for all real numbers by showing [image: R_n(x) \to 0].
 For each of the following functions, find the Maclaurin series and its interval of convergence. Use Taylor’s Theorem with Remainder to prove that the Maclaurin series for [image: f] converges to [image: f] on that interval.
 	[image: e^{x}]
 	[image: \sin{x}]
 
 
 Show Solution 	Using the nth Maclaurin polynomial for [image: e^{x}] found in the example: Finding Maclaurin Polynomials (a), we find that the Maclaurin series for [image: e^{x}] is given by
  [image: \displaystyle\sum _{n=0}^{\infty }\frac{{x}^{n}}{n\text{!}}].
 
 
 To determine the interval of convergence, we use the ratio test. Since
 
 [image: \frac{|{a}_{n+1}|}{|{a}_{n}|}=\frac{{|x|}^{n+1}}{\left(n+1\right)\text{!}}\cdot \frac{n\text{!}}{{|x|}^{n}}=\frac{|x|}{n+1}],
 
 
 we have
 
 [image: \underset{n\to \infty }{\text{lim}}\frac{|{a}_{n+1}|}{|{a}_{n}|}=\underset{n\to \infty }{\text{lim}}\frac{|x|}{n+1}=0]
 
 
 for all x. Therefore, the series converges absolutely for all x, and thus, the interval of convergence is [image: \left(-\infty ,\infty \right)]. To show that the series converges to [image: e^{x}] for all [image: x], we use the fact that [image: {f}^{\left(n\right)}\left(x\right)={e}^{x}] for all [image: n\ge 0] and [image: e^{x}] is an increasing function on [image: \left(-\infty ,\infty \right)]. Therefore, for any real number [image: b], the maximum value of [image: e^{x}] for all [image: |x|\le b] is [image: e^{b}]. Thus,
 
 [image: |{R}_{n}\left(x\right)|\le \frac{{e}^{b}}{\left(n+1\right)\text{!}}{|x|}^{n+1}].
 
 
 Since we just showed that
 
 [image: \displaystyle\sum _{n=0}^{\infty }\frac{|x{|}^{n}}{n\text{!}}]
 
 
 converges for all x, by the divergence test, we know that
 
 [image: \underset{n\to \infty }{\text{lim}}\frac{{|x|}^{n+1}}{\left(n+1\right)\text{!}}=0]
 
 
 for any real number [image: x]. By combining this fact with the squeeze theorem, the result is [image: \underset{n\to \infty }{\text{lim}}{R}_{n}\left(x\right)=0].

 	Using the nth Maclaurin polynomial for [image: \sin{x}] found in the example: Finding Maclaurin Polynomials (b), we find that the Maclaurin series for [image: \sin{x}] is given by
  [image: \displaystyle\sum _{n=0}^{\infty }{\left(-1\right)}^{n}\frac{{x}^{2n+1}}{\left(2n+1\right)\text{!}}].
 
 
 In order to apply the ratio test, consider
 
 [image: \frac{|{a}_{n+1}|}{|{a}_{n}|}=\frac{{|x|}^{2n+3}}{\left(2n+3\right)\text{!}}\cdot \frac{\left(2n+1\right)\text{!}}{{|x|}^{2n+1}}=\frac{{|x|}^{2}}{\left(2n+3\right)\left(2n+2\right)}].
 
 
 Since
 
 [image: \underset{n\to \infty }{\text{lim}}\frac{{|x|}^{2}}{\left(2n+3\right)\left(2n+2\right)}=0]
 
 
 for all [image: x], we obtain the interval of convergence as [image: \left(-\infty ,\infty \right)]. To show that the Maclaurin series converges to [image: \sin{x}], look at [image: {R}_{n}\left(x\right)]. For each [image: x] there exists a real number [image: c] between 0 and [image: x] such that
 
 [image: {R}_{n}\left(x\right)=\frac{{f}^{\left(n+1\right)}\left(c\right)}{\left(n+1\right)\text{!}}{x}^{n+1}].
 
 
 Since [image: |{f}^{\left(n+1\right)}\left(c\right)|\le 1] for all integers [image: n] and all real numbers [image: c], we have
 
 [image: |{R}_{n}\left(x\right)|\le \frac{{|x|}^{n+1}}{\left(n+1\right)\text{!}}]
 
 
 for all real numbers [image: x]. Using the same idea as in part a., the result is [image: \underset{n\to \infty }{\text{lim}}{R}_{n}\left(x\right)=0] for all [image: x], and therefore, the Maclaurin series for [image: \sin{x}] converges to [image: \sin{x}] for all real [image: x].

 
 
   Watch the following video to see the worked solution to the example above.https://youtube.com/watch?v=oQkN46wsyJs%3Fcontrols%3D0%26start%3D2255%26end%3D2670%26autoplay%3D0 For closed captioning, open the video on its original page by clicking the Youtube logo in the lower right-hand corner of the video display. In YouTube, the video will begin at the same starting point as this clip, but will continue playing until the very end.
 You can view the transcript for this segmented clip of “6.3 Taylor and Maclaurin Series” here (opens in new window).
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		Taylor and Maclaurin Series: Apply It

								

	
				 	Learn how to find Taylor polynomials of a given order for a function
 	Estimate the remainder when using a Taylor series to approximate a function
 	Determine when a Taylor series converges to the original function
 
  Taylor Polynomials and Remainders
 Taylor polynomials aren’t just theoretical constructs—they’re essential tools used throughout science and technology. From GPS navigation systems calculating satellite positions to computer graphics rendering smooth curves, understanding how to construct Taylor polynomials and estimate their accuracy is crucial for solving real-world problems.
 Imagine you’re part of an engineering team designing a new smartphone app that uses motion sensors to track physical activity. The app needs to calculate trigonometric functions quickly and accurately, but the phone’s processor has limited computational power. Your team decides to use Taylor polynomial approximations instead of computing the exact values.
 [ohm_question hide_question_numbers=1]313637[/ohm_question]
  [ohm_question hide_question_numbers=1]313640[/ohm_question]
  [ohm_question hide_question_numbers=1]313643[/ohm_question]
  [ohm_question hide_question_numbers=1]313647[/ohm_question]
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		Applications of Series: Learn It 1

								

	
				 	Write out the terms in a binomial series
 	Find the Taylor series for different functions
 	Use Taylor series to solve differential equations
 	Use Taylor series to evaluate integrals that don’t have elementary antiderivatives
 
  The Binomial Series
 In the preceding section, we defined Taylor series and showed how to find the Taylor series for several common functions by explicitly calculating the coefficients of the Taylor polynomials. In this section we show how to use those Taylor series to derive Taylor series for other functions.
 Our first goal is to determine the Maclaurin series for the function [image: f\left(x\right)={\left(1+x\right)}^{r}] for all real numbers [image: r]. The Maclaurin series for this function is known as the binomial series.
 We begin by considering the simplest case: [image: r] is a nonnegative integer. Let’s look at what happens when we expand [image: f\left(x\right)={\left(1+x\right)}^{r}] for the first few values of [image: r]:
 [image: \begin{array}{}\\ f\left(x\right)={\left(1+x\right)}^{0}=1,\hfill \\ f\left(x\right)={\left(1+x\right)}^{1}=1+x,\hfill \\ f\left(x\right)={\left(1+x\right)}^{2}=1+2x+{x}^{2},\hfill \\ f\left(x\right)={\left(1+x\right)}^{3}=1+3x+3{x}^{2}+{x}^{3},\hfill \\ f\left(x\right)={\left(1+x\right)}^{4}=1+4x+6{x}^{2}+4{x}^{3}+{x}^{4}.\hfill \end{array}]
 The expressions on the right-hand side are known as binomial expansions and the coefficients are known as binomial coefficients.
 binomial coefficients
 For any nonnegative integer [image: r], the binomial coefficient of [image: {x}^{n}] in the binomial expansion of [image: {\left(1+x\right)}^{r}] is given by:
 [image: \left(\begin{array}{c}r\ n\end{array}\right)=\frac{r!}{n!\left(r-n\right)!}]
  Using this formula, we can write the general binomial expansion as:
 [image: \begin{array}{cc}\hfill f\left(x\right)& ={\left(1+x\right)}^{r}\hfill \\ & =\left(\begin{array}{c}r\hfill \\ 0\hfill \end{array}\right)1+\left(\begin{array}{c}r\hfill \\ 1\hfill \end{array}\right)x+\left(\begin{array}{c}r\hfill \\ 2\hfill \end{array}\right){x}^{2}+\left(\begin{array}{c}r\hfill \\ 3\hfill \end{array}\right){x}^{3}+\cdots +\left(\begin{array}{c}r\hfill \\ r - 1\hfill \end{array}\right){x}^{r - 1}+\left(\begin{array}{c}r\hfill \\ r\hfill \end{array}\right){x}^{r}\hfill \\ & ={\displaystyle\sum _{n=0}^{r}}\left(\begin{array}{c}r\hfill \\ n\hfill \end{array}\right){x}^{n}.\hfill \end{array}]
 For example, using this formula for [image: r=5], we see that:
 [image: \begin{array}{cc}\hfill f\left(x\right)& ={\left(1+x\right)}^{5}\hfill \\ & =\left(\begin{array}{c}5\hfill \\ 0\hfill \end{array}\right)1+\left(\begin{array}{c}5\hfill \\ 1\hfill \end{array}\right)x+\left(\begin{array}{c}5\hfill \\ 2\hfill \end{array}\right){x}^{2}+\left(\begin{array}{c}5\hfill \\ 3\hfill \end{array}\right){x}^{3}+\left(\begin{array}{c}5\hfill \\ 4\hfill \end{array}\right){x}^{4}+\left(\begin{array}{c}5\hfill \\ 5\hfill \end{array}\right){x}^{5}\hfill \\ & =\frac{5\text{!}}{0\text{!}5\text{!}}1+\frac{5\text{!}}{1\text{!}4\text{!}}x+\frac{5\text{!}}{2\text{!}3\text{!}}{x}^{2}+\frac{5\text{!}}{3\text{!}2\text{!}}{x}^{3}+\frac{5\text{!}}{4\text{!}1\text{!}}{x}^{4}+\frac{5\text{!}}{5\text{!}0\text{!}}{x}^{5}\hfill \\ & =1+5x+10{x}^{2}+10{x}^{3}+5{x}^{4}+{x}^{5}.\hfill \end{array}]
  We now consider the case when the exponent [image: r] is any real number, not necessarily a nonnegative integer. If [image: r] is not a nonnegative integer, then [image: f\left(x\right)={\left(1+x\right)}^{r}] cannot be written as a finite polynomial. However, we can find a power series for [image: f].
 Specifically, we look for the Maclaurin series for [image: f]. To do this, we find the derivatives of [image: f] and evaluate them at [image: x=0]:
 [image: \begin{array}{cccccccc}\hfill f\left(x\right)& =\hfill & {\left(1+x\right)}^{r}\hfill & & & \hfill f\left(0\right)& =\hfill & 1\hfill \\ \hfill {f}^{\prime }\left(x\right)& =\hfill & r{\left(1+x\right)}^{r - 1}\hfill & & & \hfill f\prime \left(0\right)& =\hfill & r\hfill \\ \hfill f^{\prime\prime}\left(x\right)& =\hfill & r\left(r - 1\right){\left(1+x\right)}^{r - 2}\hfill & & & \hfill f^{\prime\prime}\left(0\right)& =\hfill & r\left(r - 1\right)\hfill \\ \hfill f^{\prime\prime\prime}\left(x\right)& =\hfill & r\left(r - 1\right)\left(r - 2\right){\left(1+x\right)}^{r - 3}\hfill & & & \hfill f^{\prime\prime\prime}\left(0\right)& =\hfill & r\left(r - 1\right)\left(r - 2\right)\hfill \\ \hfill {f}^{\left(n\right)}\left(x\right)& =\hfill & r\left(r - 1\right)\left(r - 2\right)\cdots \left(r-n+1\right){\left(1+x\right)}^{r-n}\hfill & & & \hfill {f}^{\left(n\right)}\left(0\right)& =\hfill & r\left(r - 1\right)\left(r - 2\right)\cdots \left(r-n+1\right)\hfill \end{array}]
 We conclude that the coefficients in the binomial series are given by:
 [image: \dfrac{{f}^{\left(n\right)}\left(0\right)}{n\text{!}}=\dfrac{r\left(r - 1\right)\left(r - 2\right)\cdots \left(r-n+1\right)}{n\text{!}}].
 When [image: r] is a nonnegative integer, the series automatically terminates (since higher derivatives become zero) and our generalized binomial coefficient formula reduces to the familiar [image: \left(\begin{array}{c}r\ n\end{array}\right)=\frac{r!}{n!\left(r-n\right)!}]. This confirms our approach works for both finite and infinite cases. More generally, to denote the binomial coefficients for any real number [image: r], we define:
 [image: \left(\begin{array}{c}r\hfill \\ n\hfill \end{array}\right)=\frac{r\left(r - 1\right)\left(r - 2\right)\cdots \left(r-n+1\right)}{n\text{!}}].
 With this notation, we can write the binomial series for [image: {\left(1+x\right)}^{r}] as:
 [image: \displaystyle\sum _{n=0}^{\infty }\left(\begin{array}{c}r\hfill \\ n\hfill \end{array}\right){x}^{n}=1+rx+\frac{r\left(r - 1\right)}{2\text{!}}{x}^{2}+\cdots +\frac{r\left(r - 1\right)\cdots \left(r-n+1\right)}{n\text{!}}{x}^{n}+\cdots].
 We now determine the interval of convergence for the binomial series using the ratio test:
 [image: \begin{array}{cc}\hfill \dfrac{|{a}_{n+1}|}{|{a}_{n}|}& =\dfrac{{|r\left(r - 1\right)\left(r - 2\right)\cdots \left(r-n\right)|x||}^{n+1}}{\left(n+1\right)\text{!}}\cdot \dfrac{n\text{!}}{|r\left(r - 1\right)\left(r - 2\right)\cdots \left(r-n+1\right)|{|x|}^{n}}\hfill \\ & =\dfrac{|r-n||x|}{|n+1|}.\hfill \end{array}]
  
 Since [image: \underset{n\to\infty}{\text{lim}}\frac{|{a}{n+1}|}{|{a}{n}|}=|x|], we have convergence when [image: |x|<1].
 The interval of convergence for the binomial series is [image: \left(-1,1\right)]. The behavior at the endpoints depends on [image: r]:
 	For [image: r\geq 0]: the series converges at both endpoints
 	For [image: -1 < r < 0]: the series converges at [image: x=1] and diverges at [image: x=-1]
 	For [image: r<-1]: the series diverges at both endpoints
 
 The binomial series does converge to [image: {\left(1+x\right)}^{r}] in [image: \left(-1,1\right)] for all real numbers [image: r].
 the binomial series
 For any real number [image: r], the Maclaurin series for [image: f\left(x\right)={\left(1+x\right)}^{r}] is the binomial series:
 [image: \begin{array}{cc}\hfill {\left(1+x\right)}^{r}& ={\displaystyle\sum _{n=0}^{\infty}}\left(\begin{array}{c}r\hfill \\ n\hfill \end{array}\right){x}^{n}\hfill \\ & =1+rx+\frac{r\left(r - 1\right)}{2\text{!}}{x}^{2}+\cdots +\frac{r\left(r - 1\right)\cdots \left(r-n+1\right)}{n\text{!}}{x}^{n}+\cdots \hfill \end{array}]
 for [image: |x|<1].
  We can use this definition to find the binomial series for [image: f\left(x\right)=\sqrt{1+x}] and use the series to approximate [image: \sqrt{1.5}].
 	Find the binomial series for [image: f\left(x\right)=\sqrt{1+x}].
 	Use the third-order Maclaurin polynomial [image: {p}_{3}\left(x\right)] to estimate [image: \sqrt{1.5}]. Use Taylor’s theorem to bound the error. Use a graphing utility to compare the graphs of [image: f] and [image: {p}_{3}].
 
 Show Solution 		Here [image: r=\frac{1}{2}]. Using the definition for the binomial series, we obtain
 
 
 
 
 [image: \begin{array}{cc}\hfill \sqrt{1+x}& =1+\frac{1}{2}x+\frac{\left(1\text{/}2\right)\left(\text{-}1\text{/}2\right)}{2\text{!}}{x}^{2}+\frac{\left(1\text{/}2\right)\left(\text{-}1\text{/}2\right)\left(\text{-}3\text{/}2\right)}{3\text{!}}{x}^{3}+\cdots \hfill \\ & =1+\frac{1}{2}x-\frac{1}{2\text{!}}\frac{1}{{2}^{2}}{x}^{2}+\frac{1}{3\text{!}}\frac{1\cdot 3}{{2}^{3}}{x}^{3}-\cdots +\frac{{\left(-1\right)}^{n+1}}{n\text{!}}\frac{1\cdot 3\cdot 5\cdots \left(2n - 3\right)}{{2}^{n}}{x}^{n}+\cdots \hfill \\ & =1+{\displaystyle\sum _{n=1}^{\infty}}\frac{{\left(-1\right)}^{n+1}}{n\text{!}}\frac{1\cdot 3\cdot 5\cdots \left(2n - 3\right)}{{2}^{n}}{x}^{n}.\hfill \end{array}]
 	From the result in part a. the third-order Maclaurin polynomial is
  [image: {p}_{3}\left(x\right)=1+\frac{1}{2}x-\frac{1}{8}{x}^{2}+\frac{1}{16}{x}^{3}].
 
 
 Therefore,
 
 [image: \begin{array}{cc}\hfill \sqrt{1.5}& =\sqrt{1+0.5}\hfill \\ & \approx 1+\frac{1}{2}\left(0.5\right)-\frac{1}{8}{\left(0.5\right)}^{2}+\frac{1}{16}{\left(0.5\right)}^{3}\hfill \\ & \approx 1.2266.\hfill \end{array}]
 
 
 From Taylor’s theorem, the error satisfies
 
 [image: {R}_{3}\left(0.5\right)=\frac{{f}^{\left(4\right)}\left(c\right)}{4\text{!}}{\left(0.5\right)}^{4}]
 
 
 for some [image: c] between [image: 0] and [image: 0.5]. Since [image: {f}^{\left(4\right)}\left(x\right)=-\frac{15}{{2}^{4}{\left(1+x\right)}^{\frac{7}{2}}}], and the maximum value of [image: |{f}^{\left(4\right)}\left(x\right)|] on the interval [image: \left(0,0.5\right)] occurs at [image: x=0], we have
 
 [image: |{R}_{3}\left(0.5\right)|\le \frac{15}{4\text{!}{2}^{4}}{\left(0.5\right)}^{4}\approx 0.00244].
 
 
 The function and the Maclaurin polynomial [image: {p}_{3}] are graphed in Figure 1.
 
 [image: This graph has two curves. The first one is f(x)= the square root of (1+x) and the second is psub3(x). The curves are very close at y = 1.]Figure 1. The third-order Maclaurin polynomial [image: {p}_{3}\left(x\right)] provides a good approximation for [image: f\left(x\right)=\sqrt{1+x}] for [image: x] near zero.  
 
   Watch the following video to see the worked solution to the example above.//plugin.3playmedia.com/show?mf=6724921&p3sdk_version=1.10.1&p=20361&pt=375&video_id=nWgiXcz2aL0&video_target=tpm-plugin-lxhj90gz-nWgiXcz2aL0You can view the transcript for “6.4.1” here (opens in new window). [ohm_question hide_question_numbers=1]311966[/ohm_question]  
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		Applications of Series: Learn It 2

								

	
				Common Functions Expressed as Taylor Series
 At this point, we have derived Maclaurin series for exponential, trigonometric, and logarithmic functions, as well as functions of the form [image: f\left(x\right)={\left(1+x\right)}^{r}]. The table below summarizes these important series.
 Maclaurin Series for Common Functions 	Function 	Maclaurin Series 	Interval of Convergence 
  	[image: f\left(x\right)=\frac{1}{1-x}] 	[image: \displaystyle\sum _{n=0}^{\infty }{x}^{n}] 	[image: -1 < x < 1] 
 	[image: f\left(x\right)={e}^{x}] 	[image: \displaystyle\sum _{n=0}^{\infty }\frac{{x}^{n}}{n\text{!}}] 	[image: \text{-}\infty < x < \infty] 
 	[image: f\left(x\right)=\sin{x}] 	[image: \displaystyle\sum _{n=0}^{\infty }{\left(-1\right)}^{n}\frac{{x}^{2n+1}}{\left(2n+1\right)\text{!}}] 	[image: \text{-}\infty < x < \infty] 
 	[image: f\left(x\right)=\cos{x}] 	[image: \displaystyle\sum _{n=0}^{\infty }{\left(-1\right)}^{n}\frac{{x}^{2n}}{\left(2n\right)\text{!}}] 	[image: \text{-}\infty < x < \infty] 
 	[image: f\left(x\right)=\text{ln}\left(1+x\right)] 	[image: \displaystyle\sum _{n=1}^{\infty }{\left(-1\right)}^{n+1}\frac{{x}^{n}}{n}] 	[image: -1 < x\le 1] 
 	[image: f\left(x\right)={\tan}^{-1}x] 	[image: \displaystyle\sum _{n=0}^{\infty }{\left(-1\right)}^{n}\frac{{x}^{2n+1}}{2n+1}] 	[image: -1 < x\le 1] 
 	[image: f\left(x\right)={\left(1+x\right)}^{r}] 	[image: \displaystyle\sum _{n=0}^{\infty }\left(\begin{array}{c}r\hfill \\ n\hfill \end{array}\right){x}^{n}] 	[image: -1 < x < 1] 
  
 The convergence of the Maclaurin series for [image: f\left(x\right)=\ln\left(1+x\right)] at [image: x=1] and for [image: f\left(x\right)={\tan}^{-1}x] at [image: x=\pm 1] relies on Abel’s theorem, which is beyond our current scope. Earlier in the chapter, we showed how you could combine power series to create new power series. Here we use these properties, combined with the Maclaurin series above, to create Maclaurin series for other functions.
 Find the Maclaurin series of each of the following functions by using one of the series listed in the table.
 	[image: f\left(x\right)=\cos\sqrt{x}]
 	[image: f\left(x\right)=\text{sinh}x]
 
 
 Show Solution 	Using the Maclaurin series for [image: \cos{x}] we find that the Maclaurin series for [image: \cos\sqrt{x}] is given by
  [image: \begin{array}{cc}\hfill {\displaystyle\sum _{n=0}^{\infty}}\frac{{\left(-1\right)}^{n}{\left(\sqrt{x}\right)}^{2n}}{\left(2n\right)\text{!}}& ={\displaystyle\sum _{n=0}^{\infty}}\frac{{\left(-1\right)}^{n}{x}^{n}}{\left(2n\right)\text{!}}\hfill \\ & =1-\frac{x}{2\text{!}}+\frac{{x}^{2}}{4\text{!}}-\frac{{x}^{3}}{6\text{!}}+\frac{{x}^{4}}{8\text{!}}-\cdots .\hfill \end{array}]
 
 
 This series converges to [image: \cos\sqrt{x}] for all [image: x] in the domain of [image: \cos\sqrt{x}]; that is, for all [image: x\ge 0].

 	To find the Maclaurin series for [image: \text{sinh}x], we use the fact that
  [image: \text{sinh}x=\frac{{e}^{x}-{e}^{\text{-}x}}{2}].
 
 
 Using the Maclaurin series for [image: {e}^{x}], we see that the [image: n\text{th}] term in the Maclaurin series for [image: \text{sinh}x] is given by
 
 [image: \frac{{x}^{n}}{n\text{!}}-\frac{{\left(\text{-}x\right)}^{n}}{n\text{!}}].
 
 
 For [image: n] even, this term is zero. For [image: n] odd, this term is [image: \frac{2{x}^{n}}{n\text{!}}]. Therefore, the Maclaurin series for [image: \text{sinh}x] has only odd-order terms and is given by
 
 [image: \displaystyle\sum _{n=0}^{\infty }\frac{{x}^{2n+1}}{\left(2n+1\right)\text{!}}=x+\frac{{x}^{3}}{3\text{!}}+\frac{{x}^{5}}{5\text{!}}+\cdots].
  

 
 
   Watch the following video to see the worked solution to the example above.//plugin.3playmedia.com/show?mf=6724922&p3sdk_version=1.10.1&p=20361&pt=375&video_id=bpMzrl8U7Lw&video_target=tpm-plugin-iro0wr30-bpMzrl8U7LwYou can view the transcript for “6.4.3” here (opens in new window). [ohm_question hide_question_numbers=1]311967[/ohm_question] We also showed previously in this chapter how power series can be differentiated term by term to create a new power series. In the next example, we differentiate the binomial series for [image: \sqrt{1+x}] term by term to find the binomial series for [image: \frac{1}{\sqrt{1+x}}]. Note that we could construct the binomial series for [image: \frac{1}{\sqrt{1+x}}] directly from the definition, but differentiating the binomial series for [image: \sqrt{1+x}] is an easier calculation.
 Use the binomial series for [image: \sqrt{1+x}] to find the binomial series for [image: \frac{1}{\sqrt{1+x}}].
 
 Show Solution The two functions are related by
 [image: \frac{d}{dx}\sqrt{1+x}=\frac{1}{2\sqrt{1+x}}],
  
 so the binomial series for [image: \frac{1}{\sqrt{1+x}}] is given by
 [image: \begin{array}{cc}\hfill \frac{1}{\sqrt{1+x}}& =2\frac{d}{dx}\sqrt{1+x}\hfill \\ & =1+{\displaystyle\sum _{n=1}^{\infty}}\frac{{\left(-1\right)}^{n}}{n\text{!}}\frac{1\cdot 3\cdot 5\cdots \left(2n - 1\right)}{{2}^{n}}{x}^{n}.\hfill \end{array}]
  
 
   The ability to differentiate power series term by term makes them a powerful tool for solving differential equations. Lets see how this is accomplished.
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				Solving Differential Equations with Power Series
 Consider the differential equation
 [image: {y}^{\prime }\left(x\right)=y].
 This is a first-order separable equation with solution [image: y=C{e}^{x}]. We can solve this using techniques from earlier chapters.
 For most differential equations, however, we do not yet have analytical tools to solve them. Power series are an extremely useful tool for solving many types of differential equations. In this technique, we look for a solution of the form [image: y=\displaystyle\sum_{n=0}^{\infty}{c}_{n}{x}^{n}] and determine what the coefficients need to be.
 In the next example, we consider an initial-value problem involving [image: {y}^{\prime}=y] to illustrate the technique.
 Use power series to solve the initial-value problem
 [image: {y}^{\prime }=y,y\left(0\right)=3].
  
 
 Show Solution Suppose that there exists a power series solution
 [image: y\left(x\right)=\displaystyle\sum _{n=0}^{\infty }{c}_{n}{x}^{n}={c}_{0}+{c}_{1}x+{c}_{2}{x}^{2}+{c}_{3}{x}^{3}+{c}_{4}{x}^{4}+\cdots].
  
 Differentiating this series term by term, we obtain
 [image: {y}^{\prime }={c}_{1}+2{c}_{2}x+3{c}_{3}{x}^{2}+4{c}_{4}{x}^{3}+\cdots].
  
 If y satisfies the differential equation, then
 [image: {c}_{0}+{c}_{1}x+{c}_{2}{x}^{2}+{c}_{3}{x}^{3}+\cdots ={c}_{1}+2{c}_{2}x+3{c}_{3}{x}^{2}+4{c}_{3}{x}^{3}+\cdots].
  
 Using [link] on the uniqueness of power series representations, we know that these series can only be equal if their coefficients are equal. Therefore,
 [image: \begin{array}{c}{c}_{0}={c}_{1},\hfill \\ {c}_{1}=2{c}_{2},\hfill \\ {c}_{2}=3{c}_{3},\hfill \\ {c}_{3}=4{c}_{4},\hfill \\ \hfill \vdots.\hfill \end{array}]
  
 Using the initial condition [image: y\left(0\right)=3] combined with the power series representation
 [image: y\left(x\right)={c}_{0}+{c}_{1}x+{c}_{2}{x}^{2}+{c}_{3}{x}^{3}+\cdots],
  
 we find that [image: {c}_{0}=3]. We are now ready to solve for the rest of the coefficients. Using the fact that [image: {c}_{0}=3], we have
 [image: \begin{array}{}\\ \\ {c}_{1}={c}_{0}=3=\frac{3}{1\text{!}},\hfill \\ {c}_{2}=\frac{{c}_{1}}{2}=\frac{3}{2}=\frac{3}{2\text{!}},\hfill \\ {c}_{3}=\frac{{c}_{2}}{3}=\frac{3}{3\cdot 2}=\frac{3}{3\text{!}},\hfill \\ {c}_{4}=\frac{{c}_{3}}{4}=\frac{3}{4\cdot 3\cdot 2}=\frac{3}{4\text{!}}.\hfill \end{array}]
  
 Therefore,
 [image: \begin{array}{cc}\hfill y& =3\left[1+\frac{1}{1\text{!}}x+\frac{1}{2\text{!}}{x}^{2}+\frac{1}{3\text{!}}{x}^{3}\frac{1}{4\text{!}}{x}^{4}+\cdots \right]\hfill \\ & =3{\displaystyle\sum _{n=0}^{\infty}}\frac{{x}^{n}}{n\text{!}}.\hfill \end{array}]
  
 You might recognize
 [image: \displaystyle\sum _{n=0}^{\infty }\frac{{x}^{n}}{n\text{!}}]
  
 as the Taylor series for [image: {e}^{x}]. Therefore, the solution is [image: y=3{e}^{x}].
 
   Watch the following video to see the worked solution to the example above.//plugin.3playmedia.com/show?mf=6724949&p3sdk_version=1.10.1&p=20361&pt=375&video_id=EfY0D_M8Nlw&video_target=tpm-plugin-nc450a0h-EfY0D_M8NlwYou can view the transcript for “6.4.4” here (opens in new window). We now consider an example involving a differential equation that we cannot solve using previously discussed methods. This differential equation:
 [image: {y}^{\prime }-xy=0]
 is known as Airy’s equation. It has many applications in mathematical physics, such as modeling the diffraction of light. Here we show how to solve it using power series.
 Use power series to solve
 [image: y^{\prime\prime}-xy=0]
  
 with the initial conditions [image: y\left(0\right)=a] and [image: y^{\prime} \left(0\right)=b].
 
 Show Solution We look for a solution of the form
 [image: y=\displaystyle\sum _{n=0}^{\infty }{c}_{n}{x}^{n}={c}_{0}+{c}_{1}x+{c}_{2}{x}^{2}+{c}_{3}{x}^{3}+{c}_{4}{x}^{4}+\cdots].
  
 Differentiating this function term by term, we obtain
 [image: \begin{array}{ccc}\hfill {y}^{\prime }& =\hfill & {c}_{1}+2{c}_{2}x+3{c}_{3}{x}^{2}+4{c}_{4}{x}^{3}+\cdots ,\hfill \\ \hfill y\text{{\'\'} }& =\hfill & 2\cdot 1{c}_{2}+3\cdot 2{c}_{3}x+4\cdot 3{c}_{4}{x}^{2}+\cdots .\hfill \end{array}]
  
 If y satisfies the equation [image: y^{\prime\prime}=xy], then
 [image: 2\cdot 1{c}_{2}+3\cdot 2{c}_{3}x+4\cdot 3{c}_{4}{x}^{2}+\cdots =x\left({c}_{0}+{c}_{1}x+{c}_{2}{x}^{2}+{c}_{3}{x}^{3}+\cdots \right)].
  
 Using [link] on the uniqueness of power series representations, we know that coefficients of the same degree must be equal. Therefore,
 [image: \begin{array}{c}2\cdot 1{c}_{2}=0,\hfill \\ 3\cdot 2{c}_{3}={c}_{0},\hfill \\ 4\cdot 3{c}_{4}={c}_{1},\hfill \\ 5\cdot 4{c}_{5}={c}_{2},\hfill \\ \hfill \vdots.\hfill \end{array}]
  
 More generally, for [image: n\ge 3], we have [image: n\cdot \left(n - 1\right){c}_{n}={c}_{n - 3}]. In fact, all coefficients can be written in terms of [image: {c}_{0}] and [image: {c}_{1}]. To see this, first note that [image: {c}_{2}=0]. Then
 [image: \begin{array}{}\\ \\ {c}_{3}=\frac{{c}_{0}}{3\cdot 2},\hfill \\ {c}_{4}=\frac{{c}_{1}}{4\cdot 3}.\hfill \end{array}]
  
 For [image: {c}_{5},{c}_{6},{c}_{7}], we see that
 [image: \begin{array}{}\\ \\ {c}_{5}=\frac{{c}_{2}}{5\cdot 4}=0,\hfill \\ {c}_{6}=\frac{{c}_{3}}{6\cdot 5}=\frac{{c}_{0}}{6\cdot 5\cdot 3\cdot 2},\hfill \\ {c}_{7}=\frac{{c}_{4}}{7\cdot 6}=\frac{{c}_{1}}{7\cdot 6\cdot 4\cdot 3}.\hfill \end{array}]
  
 Therefore, the series solution of the differential equation is given by
 [image: y={c}_{0}+{c}_{1}x+0\cdot {x}^{2}+\frac{{c}_{0}}{3\cdot 2}{x}^{3}+\frac{{c}_{1}}{4\cdot 3}{x}^{4}+0\cdot {x}^{5}+\frac{{c}_{0}}{6\cdot 5\cdot 3\cdot 2}{x}^{6}+\frac{{c}_{1}}{7\cdot 6\cdot 4\cdot 3}{x}^{7}+\cdots].
  
 The initial condition [image: y\left(0\right)=a] implies [image: {c}_{0}=a]. Differentiating this series term by term and using the fact that [image: {y}^{\prime }\left(0\right)=b], we conclude that [image: {c}_{1}=b]. Therefore, the solution of this initial-value problem is
 [image: y=a\left(1+\frac{{x}^{3}}{3\cdot 2}+\frac{{x}^{6}}{6\cdot 5\cdot 3\cdot 2}+\cdots \right)+b\left(x+\frac{{x}^{4}}{4\cdot 3}+\frac{{x}^{7}}{7\cdot 6\cdot 4\cdot 3}+\cdots \right)].
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				Evaluating Nonelementary Integrals
 Power series offer a powerful solution when you encounter integrals that can’t be solved with standard techniques. You’ve already seen how power series help solve differential equations—now let’s explore their second major application: evaluating integrals involving functions whose antiderivatives don’t exist in elementary form.
 Consider the integral [image: \displaystyle\int e^{-x^2}dx], which appears frequently in probability theory and statistics. You might try various integration techniques, but you’ll quickly discover that none work. The reason? The antiderivative of [image: e^{-x^2}] cannot be expressed as an elementary function – a function that can be written using a finite number of algebraic combinations or compositions of exponential, logarithmic, trigonometric, or power functions.
 The term “elementary” doesn’t mean “simple”—for instance, [image: f(x) = \sqrt{x^2-3x} + e^{x^3} - \sin(5x+4)] is elementary despite its complexity. When the antiderivative of a function isn’t elementary, we classify the integral as nonelementary.
 nonelementary integrals
 Any integral [image: \displaystyle\int f(x)dx] where the antiderivative of [image: f] cannot be written as an elementary function. These integrals require special techniques beyond basic integration methods.
  When faced with nonelementary integrals, you can use this strategy: express the integrand as a power series, then integrate term by term. This approach transforms an impossible integral into a manageable infinite series.
 We’ll demonstrate this technique using [image: \displaystyle\int e^{-x^2}dx] as our key example.
 	Express [image: \displaystyle\int {e}^{\text{-}{x}^{2}}dx] as an infinite series.
 	Evaluate [image: {\displaystyle\int }_{0}^{1}{e}^{\text{-}{x}^{2}}dx] to within an error of [image: 0.01].
 
 
 Show Solution 	The Maclaurin series for [image: {e}^{\text{-}{x}^{2}}] is given by
  [image: \begin{array}{cc}\hfill {e}^{\text{-}{x}^{2}}& ={\displaystyle\sum _{n=0}^{\infty}}\frac{{\left(\text{-}{x}^{2}\right)}^{n}}{n\text{!}}\hfill \\ & =1-{x}^{2}+\frac{{x}^{4}}{2\text{!}}-\frac{{x}^{6}}{3\text{!}}+\cdots +{\left(-1\right)}^{n}\frac{{x}^{2n}}{n\text{!}}+\cdots \hfill \\ & ={\displaystyle\sum _{n=0}^{\infty}}{\left(-1\right)}^{n}\frac{{x}^{2n}}{n\text{!}}.\hfill \end{array}]
 
 
 Therefore,
 
 [image: \begin{array}{cc}\hfill {\displaystyle\int {e}^{\text{-}{x}^{2}}dx}& ={\displaystyle\int \left(1-{x}^{2}+\frac{{x}^{4}}{2\text{!}}-\frac{{x}^{6}}{3\text{!}}+\cdots +{\left(-1\right)}^{n}\frac{{x}^{2n}}{n\text{!}}+\cdots \right)dx}\hfill \\ & =C+x-\frac{{x}^{3}}{3}+\frac{{x}^{5}}{5.2\text{!}}-\frac{{x}^{7}}{7.3\text{!}}+\cdots +{\left(-1\right)}^{n}\frac{{x}^{2n+1}}{\left(2n+1\right)n\text{!}}+\cdots .\hfill \end{array}]
  

 	Using the result from part a. we have
  [image: {\displaystyle\int }_{0}^{1}{e}^{\text{-}{x}^{2}}dx=1-\frac{1}{3}+\frac{1}{10}-\frac{1}{42}+\frac{1}{216}-\cdots].
 
 
 The sum of the first four terms is approximately [image: 0.74]. By the alternating series test, this estimate is accurate to within an error of less than [image: \frac{1}{216}\approx 0.0046296<0.01].

 
 
   Watch the following video to see the worked solution to the example above.//plugin.3playmedia.com/show?mf=6724950&p3sdk_version=1.10.1&p=20361&pt=375&video_id=ZwX6LAO_TyA&video_target=tpm-plugin-1zdfx8wc-ZwX6LAO_TyAYou can view the transcript for “6.4.5” here (opens in new window). [ohm_question hide_question_numbers=1]311968[/ohm_question] The integral [image: \displaystyle\int e^{-x^2}dx] isn’t just a mathematical curiosity—it plays a crucial role in analyzing real-world data. You’ll encounter this integral when working with normally distributed data sets, where values follow the familiar bell-shaped curve pattern.
 When data is normally distributed with mean [image: \mu] and standard deviation [image: \sigma], you can find the probability that a randomly chosen value falls between [image: x = a] and [image: x = b] using:
 [image: \frac{1}{\sigma \sqrt{2\pi }}{\displaystyle\int }_{a}^{b}{e}^\frac{{\text{-}{\left(x-\mu \right)}^{2}}{\left(2{\sigma }^{2}\right)}}dx].
 This represents the area under the normal curve between the two boundary values. (See Figure 2.)
 [image: This graph is the normal distribution. It is a bell-shaped curve with the highest point above mu on the x-axis. Also, there is a shaded area under the curve above the x-axis. The shaded area is bounded by alpha on the left and b on the right.]Figure 2. If data values are normally distributed with mean [image: \mu] and standard deviation [image: \sigma], the probability that a randomly selected data value is between [image: a] and [image: b] is the area under the curve [image: y=\frac{1}{\sigma\sqrt{2\pi}}{e}^{\frac{-\left(x-\mu\right)^{2}}{\left(2{\sigma}^{2}\right)}}] between [image: x=a] and [image: x=b].  To simplify calculations, statisticians use the substitution [image: z = \frac{x-\mu}{\sigma}]. This quantity [image: z] is called the z-score of a data value—it measures how many standard deviations away from the mean a particular value lies.
 With this substitution, our probability integral becomes the more manageable form:
 [image: \dfrac{1}{\sqrt{2\pi }} {\displaystyle\int}_{\frac{\left(a-\mu \right)}{\sigma}}^{\frac{\left(b-\mu\right)}{\sigma}}{e}^{-z^2\text{/}2}dz]
 This standardized version allows us to work with universal probability tables and makes calculations more efficient. In the next example, we’ll show how to use this integral to calculate actual probabilities.
 Suppose a set of standardized test scores are normally distributed with mean [image: \mu =100] and standard deviation [image: \sigma =50]. Use the equation before this example and the first six terms in the Maclaurin series for [image: {e}^{\frac{\text{-}{x}^{2}}{2}}] to approximate the probability that a randomly selected test score is between [image: x=100] and [image: x=200]. Use the alternating series test to determine how accurate your approximation is.
 
 Show Solution Since [image: \mu =100,\sigma =50], and we are trying to determine the area under the curve from [image: a=100] to [image: b=200], the integral becomes
 [image: \frac{1}{\sqrt{2\pi }}{\displaystyle\int }_{0}^{2}{e}^{\frac{\text{-}{z}^{2}}{2}}dz].
  
 The Maclaurin series for [image: {e}^{\text{-}\frac{{x}^{2}}{2}}] is given by
 [image: \begin{array}{cc}\hfill {e}^{\text{-}{x}^{2}\text{/}2}& ={\displaystyle\sum _{n=0}^{\infty}}\frac{{\left(-\frac{{x}^{2}}{2}\right)}^{n}}{n\text{!}}\hfill \\ & =1-\frac{{x}^{2}}{{2}^{1}\cdot 1\text{!}}+\frac{{x}^{4}}{{2}^{2}\cdot 2\text{!}}-\frac{{x}^{6}}{{2}^{3}\cdot 3\text{!}}+\cdots +{\left(-1\right)}^{n}\frac{{x}^{2n}}{{2}^{n}\cdot n\text{!}}+\cdots \hfill \\ & ={\displaystyle\sum _{n=0}^{\infty}}{\left(-1\right)}^{n}\frac{{x}^{2}{}^{n}}{{2}^{n}\cdot n\text{!}}.\hfill \end{array}]
  
 Therefore,
 [image: \begin{array}{ccc}\hfill \frac{1}{\sqrt{2\pi }}{\displaystyle\int {e}^{\text{-}{z}^{2}\text{/}2}dz}& =\hfill & \frac{1}{\sqrt{2\pi }}{\displaystyle\int \left(1-\frac{{z}^{2}}{{2}^{1}\cdot 1\text{!}}+\frac{{z}^{4}}{{2}^{2}\cdot 2\text{!}}-\frac{{z}^{6}}{{2}^{3}\cdot 3\text{!}}+\cdots +{\left(-1\right)}^{n}\frac{{z}^{2n}}{{2}^{n}\cdot n\text{!}}+\cdots \right)dz}\hfill \\ & =\hfill & \frac{1}{\sqrt{2\pi }}\left(C+z-\frac{{z}^{3}}{3\cdot {2}^{1}\cdot 1\text{!}}+\frac{{z}^{5}}{5\cdot {2}^{2}\cdot 2\text{!}}-\frac{{z}^{7}}{7\cdot {2}^{3}\cdot 3\text{!}}+\cdots +{\left(-1\right)}^{n}\frac{{z}^{2n+1}}{\left(2n+1\right){2}^{n}\cdot n\text{!}}+\cdots \right)\hfill \\ \hfill \frac{1}{\sqrt{2\pi }}{\displaystyle\int _{0}^{2}{e}^{\text{-}{z}^{2}\text{/}2}dz}& =\hfill & \frac{1}{\sqrt{2\pi }}\left(2-\frac{8}{6}+\frac{32}{40}-\frac{128}{336}+\frac{512}{3456}-\frac{{2}^{11}}{11\cdot {2}^{5}\cdot 5\text{!}}+\cdots \right).\hfill \end{array}]
  
 Using the first five terms, we estimate that the probability is approximately [image: 0.4922]. By the alternating series test, we see that this estimate is accurate to within
 [image: \frac{1}{\sqrt{2\pi }}\frac{{2}^{13}}{13\cdot {2}^{6}\cdot 6\text{!}}\approx 0.00546].
  
 
 Analysis
 If you are familiar with probability theory, you may know that the probability that a data value is within two standard deviations of the mean is approximately [image: 95\%]. Here we calculated the probability that a data value is between the mean and two standard deviations above the mean, so the estimate should be around [image: 47.5\text{%}]. The estimate, combined with the bound on the accuracy, falls within this range.
 
  Nonelementary integrals appear in many areas of physics and engineering. One important example comes from analyzing pendulum motion, where the period involves the integral:
 [image: {\displaystyle\int }_{0}^{\frac{\pi}{2}}\frac{d\theta }{\sqrt{1-{k}^{2}{\sin}^{2}\theta }}].
 This integral cannot be evaluated using standard techniques. An integral of this form is known as an elliptic integral of the first kind. These integrals originally arose when mathematicians attempted to calculate the arc length of an ellipse, which explains their name. Elliptic integrals appear throughout physics and engineering—from pendulum periods to planetary motion calculations. Since we can’t solve them analytically, power series provide an essential tool for obtaining numerical approximations.
 We’ll now demonstrate how to use power series techniques to approximate this integral and make it useful for practical calculations.
 The period of a pendulum is the time it takes for a pendulum to make one complete back-and-forth swing. For a pendulum with length [image: L] that makes a maximum angle [image: {\theta }_{\text{max}}] with the vertical, its period [image: T] is given by
 [image: T=4\sqrt{\frac{L}{g}}{\displaystyle\int }_{0}^{\frac{\pi}{2}}\frac{d\theta }{\sqrt{1-{k}^{2}{\sin}^{2}\theta }}]
  
 where [image: g] is the acceleration due to gravity and [image: k=\sin\left(\frac{{\theta }_{\text{max}}}{2}\right)] (see Figure 3). (We note that this formula for the period arises from a non-linearized model of a pendulum. In some cases, for simplification, a linearized model is used and [image: \sin\theta] is approximated by [image: \theta].) Use the binomial series
 [image: \frac{1}{\sqrt{1+x}}=1+\displaystyle\sum _{n=1}^{\infty }\frac{{\left(-1\right)}^{n}}{n\text{!}}\frac{1\cdot 3\cdot 5\cdots \left(2n - 1\right)}{{2}^{n}}{x}^{n}]
  
 to estimate the period of this pendulum. Specifically, approximate the period of the pendulum if
 	you use only the first term in the binomial series, and
 	you use the first two terms in the binomial series.
  [image: This figure is a pendulum. There are three positions of the pendulum shown. When the pendulum is to the far left, it is labeled negative theta max. When the pendulum is in the middle and vertical, it is labeled equilibrium position. When the pendulum is to the far right it is labeled theta max. Also, theta is the angle from equilibrium to the far right position. The length of the pendulum is labeled L.]Figure 3. This pendulum has length [image: L] and makes a maximum angle [image: {\theta }_{\text{max}}] with the vertical.  
 
 
 Show Solution We use the binomial series, replacing [image: x] with [image: \text{-}{k}^{2}{\sin}^{2}\theta]. Then we can write the period as
 [image: T=4\sqrt{\frac{L}{g}}{\displaystyle\int }_{0}^{\frac{\pi}{2}}\left(1+\frac{1}{2}{k}^{2}{\sin}^{2}\theta +\frac{1\cdot 3}{2\text{!}{2}^{2}}{k}^{4}{\sin}^{4}\theta +\cdots \right)d\theta].
  
 	Using just the first term in the integrand, the first-order estimate is
  [image: T\approx 4\sqrt{\frac{L}{g}}{\displaystyle\int }_{0}^{\frac{\pi}{2}}d\theta =2\pi \sqrt{\frac{L}{g}}].
 
 
 If [image: {\theta }_{\text{max}}] is small, then [image: k=\sin\left(\frac{{\theta }_{\text{max}}}{2}\right)] is small. We claim that when [image: k] is small, this is a good estimate. To justify this claim, consider
 
 [image: {\displaystyle\int }_{0}^{\frac{\pi}{2}}\left(1+\frac{1}{2}{k}^{2}{\sin}^{2}\theta +\frac{1\cdot 3}{2\text{!}{2}^{2}}{k}^{4}{\sin}^{4}\theta +\cdots \right)d\theta].
 
 
 Since [image: |\sin{x}|\le 1], this integral is bounded by
 
 [image: {\displaystyle\int }_{0}^{\frac{\pi}{2}}\left(\frac{1}{2}{k}^{2}+\frac{1.3}{2\text{!}{2}^{2}}{k}^{4}+\cdots \right)d\theta <\frac{\pi }{2}\left(\frac{1}{2}{k}^{2}+\frac{1\cdot 3}{2\text{!}{2}^{2}}{k}^{4}+\cdots \right)].
 
 
 Furthermore, it can be shown that each coefficient on the right-hand side is less than [image: 1] and, therefore, that this expression is bounded by
 
 [image: \frac{\pi {k}^{2}}{2}\left(1+{k}^{2}+{k}^{4}+\cdots \right)=\frac{\pi {k}^{2}}{2}\cdot \frac{1}{1-{k}^{2}}],
 
 
 which is small for [image: k] small.

 	For larger values of [image: {\theta }_{\text{max}}], we can approximate [image: T] by using more terms in the integrand. By using the first two terms in the integral, we arrive at the estimate
  [image: \begin{array}{cc}\hfill T& \approx 4\sqrt{\frac{L}{g}}{\displaystyle\int }_{0}^{\frac{\pi}{2}}\left(1+\frac{1}{2}{k}^{2}{\sin}^{2}\theta \right)d\theta \hfill \\ & =2\pi \sqrt{\frac{L}{g}}\left(1+\frac{{k}^{2}}{4}\right).\hfill \end{array}]
  

 
 
   The applications of Taylor series in this section are intended to highlight their importance. In general, Taylor series are useful because they allow us to represent known functions using polynomials, thus providing us a tool for approximating function values and estimating complicated integrals. In addition, they allow us to define new functions as power series, thus providing us with a powerful tool for solving differential equations.
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				 	Write out the terms in a binomial series
 	Find the Taylor series for different functions
 	Use Taylor series to solve differential equations
 	Use Taylor series to evaluate integrals that don’t have elementary antiderivatives
 
  Taylor Series in Engineering: Analysis and Approximations
 You’re working as a consulting engineer for a technology company that designs various systems requiring precise mathematical modeling. Your team regularly encounters problems where standard analytical methods fall short, making Taylor series and power series techniques essential tools. Today, you’re tackling four different projects: approximating square root calculations for a GPS system, modeling population growth with differential equations, evaluating complex integrals for signal processing, and analyzing pendulum motion for a precision timing device. Each project demonstrates how Taylor series transform impossible calculations into manageable engineering solutions.
 [ohm_question hide_question_numbers=1]313695[/ohm_question] [ohm_question hide_question_numbers=1]313696[/ohm_question] [ohm_question hide_question_numbers=1]313697[/ohm_question] [ohm_question hide_question_numbers=1]313698[/ohm_question]
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		Parametric Curves and Their Applications: Background You'll Need 1

								

	
				 	Understand and use the basic rules and relationships in trigonometry
 
  Trigonometric Identities
 Trigonometric identities are the equalities that involve trigonometric functions and are true for any substitution of the variable where the sides of the equation are defined. Mastery of these identities is crucial for solving trigonometric equations, proving other mathematical statements, and is frequently necessary in calculus.
 The main trigonometric identities are listed below.
 Trigonometric Identities
 Reciprocal identities
 [image: \begin{array}{cccc}\tan \theta =\large \frac{\sin \theta}{\cos \theta} & & & \cot \theta =\large \frac{\cos \theta}{\sin \theta} \\ \csc \theta =\large \frac{1}{\sin \theta} & & & \sec \theta =\large \frac{1}{\cos \theta} \end{array}]
 
  
 Pythagorean identities
 [image: \sin^2 \theta +\cos^2 \theta =1\phantom{\rule{2em}{0ex}}1+\tan^2 \theta =\sec^2 \theta \phantom{\rule{2em}{0ex}}1+\cot^2 \theta =\csc^2 \theta]
 
  
 Addition and subtraction formulas
 [image: \sin(\alpha \pm \beta)=\sin \alpha \cos \beta \pm \cos \alpha \sin \beta]
 [image: \cos(\alpha \pm \beta)=\cos \alpha \cos \beta \mp \sin \alpha \sin \beta]
 
  
 Double-angle formulas
 [image: \sin(2\theta)=2\sin \theta \cos \theta]
 [image: \cos(2\theta)=2\cos^2 \theta -1=1-2\sin^2 \theta =\cos^2 \theta -\sin^2 \theta]
  Understanding and remembering these identities can seem daunting at first. However, with consistent practice and some mnemonic devices, they can become second nature. Below are some study tips: 	Association: Link each identity with a visual cue or a part of the unit circle. For example, the sine function starts at zero and goes up, just like a sine wave starts at the middle and rises.
 	Mnemonics: Use phrases to remember relationships, like the mnemonic SOHCAHTOA.
 	Repetition: Regularly practice rewriting the identities from memory. Repetition is key to retention.
 	Flashcards: Create a set of flashcards with each identity on one side and its name or a key hint on the other.
 	Group Study: Discuss and solve problems with peers; explaining concepts to others can reinforce your memory.
 
  When facing a trigonometric identity, verification is key to ensuring the identity holds true for all permissible values of the variable. The process is a methodical one, where you manipulate one side of the equation until it matches the other.
 How to: Given a Trigonometric Identity, Verify that it is True.
  	Work on one side of the equation. It is usually better to start with the more complex side, as it is easier to simplify than to build.
 	Look for opportunities to factor expressions, square a binomial, or add fractions.
 	Noting which functions are in the final expression, look for opportunities to use the identities and make the proper substitutions.
 	If these steps do not yield the desired result, try converting all terms to sines and cosines.
 
  Verify [image: \tan{\theta} \cos{\theta} = \sin{\theta}]. Show Answer We will start on the left side, as it is the more complicated side:[image: \begin{align*} \tan \theta \cos \theta &= (\frac{\sin \theta}{\cos \theta}) \cos \theta && \text{Rewrite} \tan \theta \text{ in terms of} \sin \theta \text{ and} \cos \theta \\ &= \frac{\sin \theta}{\cancel{\cos \theta}} \cancel{\cos \theta} && \text{Multiply by} \cos \theta\text{, then cancel} \\ &= \sin \theta && \text{Simplify} \end{align*}]
  Prove the trigonometric identity [image: 1+\tan^2 \theta =\sec^2 \theta].
 Show Solution We start with the identity
 [image: \sin^2 \theta +\cos^2 \theta =1]
 Dividing both sides of this equation by [image: \cos^2 \theta], we obtain
 [image: \frac{\sin^2 \theta}{\cos^2 \theta}+1=\frac{1}{\cos^2 \theta}]
 Since [image: \frac{\sin \theta }{ \cos \theta} =\tan \theta] and [image: \frac{1}{ \cos \theta} =\sec \theta], we conclude that
 [image: \tan^2 \theta +1=\sec^2 \theta].
  Algebra is very important in verifying trigonometric identities, but it is just as critical in simplifying trigonometric expressions before solving. Being familiar with the basic properties and formulas of algebra, such as the difference of squares formula, the perfect square formula, or substitution, will simplify the work involved with trigonometric expressions and equations.
 The equation [image: (\sin x+1)(\sin x−1)=0] resembles the equation [image: (x+1)(x−1)=0], which uses the factored form of the difference of squares. Using algebra makes finding a solution straightforward and familiar. We can set each factor equal to zero and solve.  How to: Given a Trigonometric Equation, Solve using Algebra. 	Spot Patterns: Look for familiar algebraic cues in the equation, like notable identities or factors.
 	Substitute Variables: Temporarily replace trig expressions with a single variable to simplify the equation.
 	Solve Algebraically: Treat the simplified equation as you would a standard algebraic one.
 	Back-Substitute: Once you’ve solved for the temporary variable, revert to the original trigonometric terms.
 	Find Angles: Use inverse functions to solve for the angle, considering the function’s period and domain.
 	Verify Solutions: Always check that your solutions satisfy the initial equation.
 
  Write the following trigonometric expression as an algebraic expression:[image: 2 \cos^2{\theta} + \cos{\theta} -1] Show Answer Notice that the pattern displayed has the same form as a standard quadratic expression, [image: ax^2+bx+c]. Letting [image: \cos{\theta}=x], we can rewrite the expression as follows:[image: 2x^2+x-1]This expression can be factored as [image: (2x-1)(x+1)]. If it were set equal to zero and we wanted to solve the equation, we would use the zero factor property and solve each factor for [image: x]. At this point, we would replace [image: x] with [image: \cos{\theta}] and solve for [image: \theta]. 
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				Type your Learning Goals text here  Arc Lengths of Curves
 Arc Length of the Curve [image: y] = [image: f]([image: x])
 In previous applications of integration, we required the function [image: f(x)] to be integrable, or at most continuous. However, for calculating arc length we have a more stringent requirement for [image: f(x).] Here, we require [image: f(x)] to be differentiable, and furthermore we require its derivative, [image: {f}^{\prime }(x),] to be continuous. Functions like this, which have continuous derivatives, are called smooth.
 Let [image: f(x)] be a smooth function defined over [image: \left[a,b\right].] We want to calculate the length of the curve from the point [image: (a,f(a))] to the point [image: (b,f(b)).]
 We start by using line segments to approximate the length of the curve.
 For [image: i=0,1,2\text{,…},n,] let [image: P=\left\{{x}_{i}\right\}] be a regular partition of [image: \left[a,b\right].]
 Then, for [image: i=1,2\text{,…},n,] construct a line segment from the point [image: ({x}_{i-1},f({x}_{i-1}))] to the point [image: ({x}_{i},f({x}_{i})).] Although it might seem logical to use either horizontal or vertical line segments, we want our line segments to approximate the curve as closely as possible. The figure below depicts this construct for [image: n=5.]
 [image: This figure is a graph in the first quadrant. The curve increases and decreases. It is divided into parts at the points a=xsub0, xsub1, xsub2, xsub3, xsub4, and xsub5=b. Also, there are line segments between the points on the curve.]Figure 1. We can approximate the length of a curve by adding line segments. To help us find the length of each line segment, we look at the change in vertical distance as well as the change in horizontal distance over each interval.
 Because we have used a regular partition, the change in horizontal distance over each interval is given by [image: \text{Δ}x.] The change in vertical distance varies from interval to interval, though, so we use [image: \text{Δ}{y}_{i}=f({x}_{i})-f({x}_{i-1})] to represent the change in vertical distance over the interval [image: \left[{x}_{i-1},{x}_{i}\right],] as shown below Note that some (or all) [image: \text{Δ}{y}_{i}] may be negative.
 [image: This figure is a graph. It is a curve above the x-axis beginning at the point f(xsubi-1). The curve ends in the first quadrant at the point f(xsubi). Between the two points on the curve is a line segment. A right triangle is formed with this line segment as the hypotenuse, a horizontal segment with length delta x, and a vertical line segment with length delta y.]Figure 2. A representative line segment approximates the curve over the interval [image: \left[{x}_{i-1},{x}_{i}\right].] By the Pythagorean theorem, the length of the line segment is:
 [image: \sqrt{{(\text{Δ}x)}^{2}+{(\text{Δ}{y}_{i})}^{2}}.]
 We can also write this as:
 [image: \text{Δ}x\sqrt{1+{((\text{Δ}{y}_{i})\text{/}(\text{Δ}x))}^{2}}.]
 Now, by the Mean Value Theorem, there is a point [image: {x}_{i}^{*}\in \left[{x}_{i-1},{x}_{i}\right]] such that [image: {f}^{\prime }({x}_{i}^{*})=(\text{Δ}{y}_{i})\text{/}(\text{Δ}x).]
 Then the length of the line segment is given by:
 [image: \text{Δ}x\sqrt{1+{\left[{f}^{\prime }({x}_{i}^{*})\right]}^{2}}.]
 Adding up the lengths of all the line segments, we get:
 [image: \text{Arc Length}\approx \underset{i=1}{\overset{n}{\text{∑}}}\sqrt{1+{\left[{f}^{\prime }({x}_{i}^{*})\right]}^{2}}\text{Δ}x.]
 This is a Riemann sum. Taking the limit as [image: n\to \infty ,] we have:
 [image: \text{Arc Length}=\underset{n\to \infty }{\text{lim}}\underset{i=1}{\overset{n}{\text{∑}}}\sqrt{1+{\left[{f}^{\prime }({x}_{i}^{*})\right]}^{2}}\text{Δ}x={\displaystyle\int }_{a}^{b}\sqrt{1+{\left[{f}^{\prime }(x)\right]}^{2}}dx.]
  We summarize these findings in the following theorem.
 arc length for [image: y] = [image: f]([image: x])
 Let [image: f(x)] be a smooth function over the interval [image: \left[a,b\right].] Then the arc length of the portion of the graph of [image: f(x)] from the point [image: (a,f(a))] to the point [image: (b,f(b))] is given by:
 [image: \text{Arc Length}={\displaystyle\int }_{a}^{b}\sqrt{1+{\left[{f}^{\prime }(x)\right]}^{2}}dx.]
  Note that we are integrating an expression involving [image: {f}^{\prime }(x),] so we need to be sure [image: {f}^{\prime }(x)] is integrable. This is why we require [image: f(x)] to be smooth. The following example shows how to apply the theorem.
 Let [image: f(x)=2{x}^{3\text{/}2}.] Calculate the arc length of the graph of [image: f(x)] over the interval [image: \left[0,1\right].] Round the answer to three decimal places. Show Solution We have [image: {f}^{\prime }(x)=3{x}^{1\text{/}2},] so [image: {\left[{f}^{\prime }(x)\right]}^{2}=9x.] Then, the arc length is
 [image: \begin{array}{cc}\hfill \text{Arc Length}& ={\displaystyle\int }_{a}^{b}\sqrt{1+{\left[{f}^{\prime }(x)\right]}^{2}}dx\hfill \\ & ={\displaystyle\int }_{0}^{1}\sqrt{1+9x}dx.\hfill \end{array}]
 Substitute [image: u=1+9x.] Then, [image: du=9dx.] When [image: x=0,] then [image: u=1,] and when [image: x=1,] then [image: u=10.] Thus,
 [image: \begin{array}{cc}\hfill \text{Arc Length}& ={\displaystyle\int }_{0}^{1}\sqrt{1+9x}dx\hfill \\ & =\frac{1}{9}{\displaystyle\int }_{0}^{1}\sqrt{1+9x}9dx=\dfrac{1}{9}{\displaystyle\int }_{1}^{10}\sqrt{u}du\hfill \\ & ={\dfrac{1}{9}·\frac{2}{3}{u}^{3\text{/}2}|}_{1}^{10}=\frac{2}{27}\left[10\sqrt{10}-1\right]\approx 2.268\text{ units}.\hfill \end{array}]
  Although it is nice to have a formula for calculating arc length, this particular theorem can generate expressions that are difficult to integrate. In some cases, we may have to use a computer or calculator to approximate the value of the integral.
 Let [image: f(x)={x}^{2}.] Calculate the arc length of the graph of [image: f(x)] over the interval [image: \left[1,3\right].] Show Solution We have [image: {f}^{\prime }(x)=2x,] so [image: {\left[{f}^{\prime }(x)\right]}^{2}=4{x}^{2}.] Then the arc length is given by
 [image: \text{Arc Length}={\displaystyle\int }_{a}^{b}\sqrt{1+{\left[{f}^{\prime }(x)\right]}^{2}}dx={\displaystyle\int }_{1}^{3}\sqrt{1+4{x}^{2}}dx.]
 Using a computer to approximate the value of this integral, we get
 [image: {\displaystyle\int }_{1}^{3}\sqrt{1+4{x}^{2}}dx\approx 8.26815.]
 
  Arc Length of the Curve [image: x] = [image: g]([image: y])
 We have just seen how to approximate the length of a curve with line segments. If we want to find the arc length of the graph of a function of [image: y,] we can repeat the same process, except we partition the [image: y\text{-axis}] instead of the [image: x\text{-axis}.]
 The figure below shows a representative line segment.
 [image: This figure is a graph. It is a curve to the right of the y-axis beginning at the point g(ysubi-1). The curve ends in the first quadrant at the point g(ysubi). Between the two points on the curve is a line segment. A right triangle is formed with this line segment as the hypotenuse, a horizontal segment with length delta x, and a vertical line segment with length delta y.]Figure 3. A representative line segment over the interval [image: \left[{y}_{i-1},{y}_{i}\right].] The length of the line segment is [image: \sqrt{{(\text{Δ}y)}^{2}+{(\text{Δ}{x}_{i})}^{2}},] which can also be written as [image: \text{Δ}y\sqrt{1+{((\text{Δ}{x}_{i})\text{/}(\text{Δ}y))}^{2}}.] If we now follow the same development we did earlier, we get a formula for arc length of a function [image: x=g(y).]
 arc length for [image: x] = [image: g]([image: y])
 Let [image: g(y)] be a smooth function over an interval [image: \left[c,d\right].] Then, the arc length of the graph of [image: g(y)] from the point [image: (c,g(c))] to the point [image: (d,g(d))] is given by:
 [image: \text{Arc Length}={\displaystyle\int }_{c}^{d}\sqrt{1+{\left[{g}^{\prime }(y)\right]}^{2}}dy]
  Let [image: g(y)=3{y}^{3}.] Calculate the arc length of the graph of [image: g(y)] over the interval [image: \left[1,2\right].] Show Solution We have [image: {g}^{\prime }(y)=9{y}^{2},] so [image: {\left[{g}^{\prime }(y)\right]}^{2}=81{y}^{4}.] Then the arc length is
 [image: \text{Arc Length}={\displaystyle\int }_{c}^{d}\sqrt{1+{\left[{g}^{\prime }(y)\right]}^{2}}dy={\displaystyle\int }_{1}^{2}\sqrt{1+81{y}^{4}}dy.]
 Using a computer to approximate the value of this integral, we obtain
 [image: {\displaystyle\int }_{1}^{2}\sqrt{1+81{y}^{4}}dy\approx 21.0277.]
 
 Let [image: g(y)=\frac{1}{y}.] Calculate the arc length of the graph of [image: g(y)] over the interval [image: \left[1,4\right].] Use a computer or calculator to approximate the value of the integral. Show Solution [image: \text{Arc Length}=3.15018]
   Area of a Surface of Revolution
 The concepts used to find the arc length of a curve can be extended to find the surface area of a surface of revolution. Surface area is the total area of the outer layer of an object. For objects such as cubes or bricks, the surface area of the object is the sum of the areas of all its faces. For curved surfaces, the situation is a little more complex.
 As with arc length, we can conduct a similar development for functions of [image: y] to get a formula for the surface area of surfaces of revolution about the [image: y\text{-axis}.] These findings are summarized in the following theorem.
 surface area of a surface of revolution
 Let [image: f(x)] be a nonnegative smooth function over the interval [image: \left[a,b\right].] Then, the surface area of the surface of revolution formed by revolving the graph of [image: f(x)] around the [image: x]-axis is given by:
 [image: \text{Surface Area}={\displaystyle\int }_{a}^{b}(2\pi f(x)\sqrt{1+{({f}^{\prime }(x))}^{2}})dx.]
  
 Similarly, let [image: g(y)] be a nonnegative smooth function over the interval [image: \left[c,d\right].] Then, the surface area of the surface of revolution formed by revolving the graph of [image: g(y)] around the [image: y\text{-axis}] is given by:
 [image: \text{Surface Area}={\displaystyle\int }_{c}^{d}(2\pi g(y)\sqrt{1+{({g}^{\prime }(y))}^{2}})dy.]
  Let [image: f(x)=\sqrt{x}] over the interval [image: \left[1,4\right].] Find the surface area of the surface generated by revolving the graph of [image: f(x)] around the [image: x\text{-axis}.] Round the answer to three decimal places. Show Solution The graph of [image: f(x)] and the surface of rotation are shown in the following figure.
 [image: This figure has two graphs. The first is the curve f(x)=squareroot(x). The curve is increasing and begins at the origin. Also on the graph are the vertical lines x=1 and x=4. The second graph is the same function as the first graph. The region between f(x) and the x-axis, bounded by x=1 and x=4 has been rotated around the x-axis to form a surface.]Figure 10. (a) The graph of [image: f(x).] (b) The surface of revolution. We have [image: f(x)=\sqrt{x}.] Then, [image: {f}^{\prime }(x)=\frac{1}{(2\sqrt{x})}] and [image: {({f}^{\prime }(x))}^{2}=\frac{1}{(4x)}.] Then,
 [image: \begin{array}{cc}\hfill \text{Surface Area}& ={\displaystyle\int }_{a}^{b}(2\pi f(x)\sqrt{1+{({f}^{\prime }(x))}^{2}})dx\hfill \\ & ={\displaystyle\int }_{1}^{4}(2\pi \sqrt{x}\sqrt{1+\frac{1}{4x}})dx\hfill \\ & ={\displaystyle\int }_{1}^{4}(2\pi \sqrt{x+\frac{1}{4}})dx.\hfill \end{array}]
 Let [image: u=x+\frac{1}{4}.] Then, [image: du=dx.] When [image: x=1,] [image: u=\frac{5}{4},] and when [image: x=4,] [image: u=\frac{17}{4}.] This gives us:
 [image: \begin{array}{cc}\hfill {\displaystyle\int }_{0}^{1}(2\pi \sqrt{x+\frac{1}{4}})dx& ={\displaystyle\int }_{5\text{/}4}^{17\text{/}4}2\pi \sqrt{u}du\hfill \\ & =2\pi {\left[\frac{2}{3}{u}^{3\text{/}2}\right]|}_{5\text{/}4}^{17\text{/}4}=\frac{\pi }{6}\left[17\sqrt{17}-5\sqrt{5}\right]\approx 30.846.\hfill \end{array}]
  Let [image: f(x)=y=\sqrt[3]{3x}.] Consider the portion of the curve where [image: 0\le y\le 2.] Find the surface area of the surface generated by revolving the graph of [image: f(x)] around the [image: y\text{-axis}.] Show Solution Notice that we are revolving the curve around the [image: y\text{-axis},] and the interval is in terms of [image: y,] so we want to rewrite the function as a function of [image: y]. We get [image: x=g(y)=\left(\frac{1}{3}\right){y}^{3}.] The graph of [image: g(y)] and the surface of rotation are shown in the following figure.
 [image: This figure has two graphs. The first is the curve g(y)=1/3y^3. The curve is increasing and begins at the origin. Also on the graph are the horizontal lines y=0 and y=2. The second graph is the same function as the first graph. The region between g(y) and the y-axis, bounded by y=0 and y=2 has been rotated around the y-axis to form a surface.]Figure 11. (a) The graph of [image: g(y).] (b) The surface of revolution. We have [image: g(y)=\left(\frac{1}{3}\right){y}^{3},] so [image: {g}^{\prime }(y)={y}^{2}] and [image: {({g}^{\prime }(y))}^{2}={y}^{4}.] Then:
 [image: \begin{array}{cc}\hfill \text{Surface Area}& ={\displaystyle\int }_{c}^{d}(2\pi g(y)\sqrt{1+{({g}^{\prime }(y))}^{2}})dy\hfill \\ & ={\displaystyle\int }_{0}^{2}(2\pi (\frac{1}{3}{y}^{3})\sqrt{1+{y}^{4}})dy\hfill \\ & =\frac{2\pi }{3}{\displaystyle\int }_{0}^{2}({y}^{3}\sqrt{1+{y}^{4}})dy.\hfill \end{array}]
 Let [image: u={y}^{4}+1.] Then [image: du=4{y}^{3}dy.] When [image: y=0,] [image: u=1,] and when [image: y=2,] [image: u=17.] Then:
 [image: \begin{array}{cc}\hfill \frac{2\pi }{3}{\displaystyle\int }_{0}^{2}({y}^{3}\sqrt{1+{y}^{4}})dy& =\frac{2\pi }{3}{\displaystyle\int }_{1}^{17}\frac{1}{4}\sqrt{u}du\hfill \\ & =\frac{\pi }{6}{\left[\frac{2}{3}{u}^{3\text{/}2}\right]|}_{1}^{17}=\frac{\pi }{9}\left[{(17)}^{3\text{/}2}-1\right]\approx 24.118.\hfill \end{array}]
  [ohm_question hide_question_numbers=1]15198[/ohm_question]  
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				 	Explain and use the chain rule
 
  The Chain Rule
 The chain rule simplifies the process of differentiating composite functions by breaking down a function into simpler parts. Rather than differentiating the entire composite directly, the chain rule allows us to differentiate each part independently. Specifically, for a composite function [image: h(x)=f(g(x))], the derivative is given by the derivative of the outer function [image: f] evaluated at the inner function [image: g(x)], multiplied by the derivative of the inner function:
 [image: h^{\prime} (x)=f^{\prime} (g(x)) \cdot g^{\prime} (x)]
 To contextualize this, consider [image: h(x)= \sin (x^3)]. First, identify the inner function [image: g(x)=x^3] and the outer function[image: f(u)= \sin u], where [image: u=g(x)]. Applying the chain rule, which states the derivative of a composite function is the derivative of the outer function evaluated at the inner function times the derivative of the inner function, we proceed as follows:
 	Differentiate the inner function [image: g(x)]:[image: g^{\prime} (x) = 3x^2]
 	Differentiate the outer function [image: f(u)] with respect to [image: u]:[image: f^{\prime}(u) = \cos u]
 	Since [image: u=g(x)=x^3], substituting that back in, we get:[image: f^{\prime} (u) = \cos{(x^3)}]
 	Apply the chain rule:[image: h^{\prime} (x)=f^{\prime} (g(x)) \cdot g^{\prime} (x)= \cos{(x^3)} \cdot 3x^2]
 
 Therefore, the derivative of [image: h(x)= \sin (x^3)] is:[image: h^{\prime} (x)= 3x^2\cos{(x^3)}]
 Now that we’ve illustrated how to apply the chain rule with a specific example, let’s explore the general formula of the chain rule and see how it applies to various types of composite functions. An informal proof of this concept will follow at the end of this section.
 the chain rule
 Let [image: f] and [image: g] be functions. For all [image: x] in the domain of [image: g] for which [image: g] is differentiable at [image: x] and [image: f] is differentiable at [image: g(x)], the derivative of the composite function [image: h(x)=(f\circ g)(x)=f(g(x))] is given by:
 [image: h^{\prime}(x)=f^{\prime}(g(x)) \cdot g^{\prime}(x)]
  
 Alternatively, if [image: y] is a function of [image: u], and [image: u] is a function of [image: x], then
 [image: \frac{dy}{dx}=\frac{dy}{du} \cdot \frac{du}{dx}]
  [ohm_question hide_question_numbers=1]288385[/ohm_question]  For more information, check out this interactive on The Intuitive Notion of the Chain Rule.  How to: Apply the Chain Rule 	Identify the Functions: Begin by identifying the inner function [image: g(x)] and the outer function [image: f(u)], where [image: u=g(x)].
 	Derivative of the Outer Function: Compute the derivative of the outer function, [image: f^{\prime}(u)], and evaluate it at [image: g(x)] to obtain [image: f^{\prime}(g(x))].
 	Derivative of the Inner Function: Calculate the derivative of the inner function [image: g^{\prime}(x)].
 	Apply the Chain Rule: Combine these results to find [image: h^{\prime}(x)] as follows: [image: h^{\prime}(x)=f^{\prime}(g(x)) \cdot g^{\prime}(x)]
 
  When applying the chain rule to compositions involving multiple functions, remember that each function contributes to the derivative. Start from the innermost function and work outward, applying the chain rule iteratively. The derivative of a composite involving three functions, for example, involves taking derivatives step by step, moving from the innermost to the outermost function. Importantly, derivatives are not evaluated at derivatives; they are evaluated at functions.  [ohm_question hide_question_numbers=1]206069[/ohm_question]  
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				 	Create and sketch graphs of curves given their parametric equations
 	Convert parametric equations into a regular y = f(x) form by eliminating the parameter
 	Recognize and describe the curve called a cycloid
 
  Parametric Equations and Their Graphs
 Traditional functions like [image: y = f(x)] work well for many curves, but some curves can’t be described this way. What if a curve loops back on itself or is vertical in places? This is where parametric equations become essential.
 In parametric equations, both [image: x] and [image: y] are defined as functions of a third variable called a parameter. This parameter, often denoted as [image: t], acts as an independent variable that controls both coordinates simultaneously.
 parametric equations
 If [image: x] and [image: y] are continuous functions of [image: t] on an interval [image: I], then the equations
 [image: x=x\left(t\right)\text{and}y=y\left(t\right)]
 are called parametric equations and [image: t] is called the parameter.
 [image: \\]
 The set of points [image: (x,y)] obtained as [image: t] varies over the interval [image: I] is called the graph of the parametric equations. The graph of parametric equations is called a parametric curve or plane curve, and is denoted by [image: C].
  Consider Earth’s orbit around the Sun. Earth’s position changes continuously throughout the year, tracing an elliptical path. We can use the day of the year as our parameter [image: t].
 	Day 1 = January 1
 	Day 31 = January 31
 	Day 59 = February 28
 	And so on…
 
 [image: An ellipse with January 1 (t = 1) at the top, April 2 (t = 92) on the left, July 1 (t = 182) on the bottom, and October 1 (t = 274) on the right. The focal points of the ellipse have F2 on the left and the Sun on the right.]Figure 1. Earth’s orbit around the Sun during one year. The point labeled [image: {F}_{2}] is one of the foci of the ellipse; the other focus is occupied by the Sun. As [image: t] (the day) increases from 1 to 365, Earth’s position [image: (x(t), y(t))] traces out its complete orbital path. After 365 days, we return to the starting position and begin a new cycle.
  Think of the parameter [image: t] as time on a stopwatch. As time progresses, both the [image: x] and [image: y] coordinates change according to their respective functions, creating a path through the coordinate plane. It’s crucial to understand that [image: x] and [image: y] serve dual roles in parametric equations:
 	As functions: [image: x(t)] and [image: y(t)] are functions of the parameter [image: t]
 	As variables: [image: x] and [image: y] represent the coordinates of points on the curve
 
 When [image: t] varies over an interval, the functions [image: x(t)] and [image: y(t)] generate ordered pairs [image: (x,y)] that form the parametric curve.
 Sketch the curves described by the following parametric equations:
 	[image: x\left(t\right)=t - 1,y\left(t\right)=2t+4,-3\le t\le 2]
 	[image: x\left(t\right)={t}^{2}-3,y\left(t\right)=2t+1,-2\le t\le 3]
 	[image: x\left(t\right)=4\cos{t},y\left(t\right)=4\sin{t},0\le t\le 2\pi]
 
 
 Show Solution 	To create a graph of this curve, first set up a table of values. Since the independent variable in both [image: x\left(t\right)] and [image: y\left(t\right)] is t, let t appear in the first column. Then [image: x\left(t\right)] and [image: y\left(t\right)] will appear in the second and third columns of the table.
  	t 	[image: x\left(t\right)] 	[image: y\left(t\right)] 
  	−3 	−4 	−2 
 	−2 	−3 	0 
 	−1 	−2 	2 
 	0 	−1 	4 
 	1 	0 	6 
 	2 	1 	8 
  
 
 
 The second and third columns in this table provide a set of points to be plotted. The graph of these points appears in Figure 3. The arrows on the graph indicate the orientation of the graph, that is, the direction that a point moves on the graph as t varies from −3 to 2.
 
 [image: A straight line going from (−4, −2) through (−3, 0), (−2, 2), and (0, 6) to (1, 8) with arrow pointed up and to the right. The point (−4, −2) is marked t = −3, the point (−2, 2) is marked t = −1, and the point (1, 8) is marked t = 2. On the graph there are also written three equations: x(t) = t −1, y(t) = 2t + 4, and −3 ≤ t ≤ 2.]Figure 3. Graph of the plane curve described by the parametric equations in part a.  
 	To create a graph of this curve, again set up a table of values.
  	t 	[image: x\left(t\right)] 	[image: y\left(t\right)] 
  	−2 	1 	−3 
 	−1 	−2 	−1 
 	0 	−3 	1 
 	1 	−2 	3 
 	2 	1 	5 
 	3 	6 	7 
  
 
 
 The second and third columns in this table give a set of points to be plotted (Figure 4). The first point on the graph (corresponding to [image: t=-2]) has coordinates [image: \left(1,-3\right)], and the last point (corresponding to [image: t=3]) has coordinates [image: \left(6,7\right)]. As [image: t] progresses from −2 to 3, the point on the curve travels along a parabola. The direction the point moves is again called the orientation and is indicated on the graph.
 
 [image: A curved line going from (1, −3) through (−3, 1) to (6, 7) with arrow pointing in that order. The point (1, −3) is marked t = −2, the point (−3, 1) is marked t = 0, and the point (6, 7) is marked t = 3. On the graph there are also written three equations: x(t) = t2 − 3, y(t) = 2t + 1, and −2 ≤ t ≤ 3.]Figure 4. Graph of the plane curve described by the parametric equations in part b.  
 	In this case, use multiples of [image: \frac{\pi}{6}] for t and create another table of values:
  	t 	[image: x\left(t\right)] 	[image: y\left(t\right)] 	 	t 	[image: x\left(t\right)] 	[image: y\left(t\right)] 
  	0 	4 	0 	 	[image: \frac{7\pi }{6}] 	[image: -2\sqrt{3}\approx -3.5] 	2 
 	[image: \frac{\pi }{6}] 	[image: 2\sqrt{3}\approx 3.5] 	[image: 2] 	[image: \frac{4\pi }{3}] 	−2 	[image: -2\sqrt{3}\approx -3.5] 
 	[image: \frac{\pi }{3}] 	[image: 2] 	[image: 2\sqrt{3}\approx 3.5] 	[image: \frac{3\pi }{2}] 	0 	−4 
 	[image: \frac{\pi }{2}] 	0 	4 	[image: \frac{5\pi }{3}] 	2 	[image: -2\sqrt{3}\approx -3.5] 
 	[image: \frac{2\pi }{3}] 	−2 	[image: 2\sqrt{3}\approx 3.5] 	[image: \frac{11\pi }{6}] 	[image: 2\sqrt{3}\approx 3.5] 	2 
 	[image: \frac{5\pi }{6}] 	[image: -2\sqrt{3}\approx -3.5] 	2 	[image: 2\pi] 	4 	0 
 	[image: \pi] 	−4 	0 	 	 	 
  
 
 
 The graph of this plane curve appears in the following graph.
 
 [image: A circle with radius 4 centered at the origin is graphed with arrow going counterclockwise. The point (4, 0) is marked t = 0, the point (0, 4) is marked t = π/2, the point (−4, 0) is marked t = π, and the point (0, −4) is marked t = 3π/2. On the graph there are also written three equations: x(t) = 4 cos(t), y(t) = 4 sin(t), and 0 ≤ t ≤ 2π.]Figure 5. Graph of the plane curve described by the parametric equations in part c.  This is the graph of a circle with radius 4 centered at the origin, with a counterclockwise orientation. The starting point and ending points of the curve both have coordinates [image: \left(4,0\right)].

 
 
   Watch the following video to see the worked solution to the example above.https://youtube.com/watch?v=ZEIm-ZV-8Lw%3Fcontrols%3D0%26start%3D44%26end%3D485%26autoplay%3D0 For closed captioning, open the video on its original page by clicking the Youtube logo in the lower right-hand corner of the video display. In YouTube, the video will begin at the same starting point as this clip, but will continue playing until the very end.
 You can view the transcript for this segmented clip of “7.1 Parametric Equations” here (opens in new window).
  [ohm_question hide_question_numbers=1]310277[/ohm_question] 
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				Eliminating the Parameter
 Sometimes you’ll want to convert parametric equations back into a single equation relating [image: x] and [image: y]. This process is called eliminating the parameter, and it helps you identify what type of curve you’re working with. The basic strategy is to solve one parametric equation for the parameter [image: t], then substitute this expression into the other equation.
 Given the parametric equations: [image: x(t) = t^2 - 3, \quad y(t) = 2t + 1, \quad -2 \leq t \leq 3]
 	Step 1: Solve the simpler equation for [image: t] from [image: y = 2t + 1]:
 [image: t = \frac{y - 1}{2}]
 	Step 2: Substitute into the other equation
 [image: x = \left(\frac{y - 1}{2}\right)^2 - 3]
 	Step 3: Simplify
 [image: x = \frac{(y - 1)^2}{4} - 3 = \frac{y^2 - 2y + 1}{4} - 3 = \frac{y^2 - 2y - 11}{4}]
 
 Result: This is a parabola opening to the right with [image: x] as a function of [image: y].
  When you eliminate the parameter, don’t forget about the original restrictions on [image: t]. In the example above, [image: -2 \leq t \leq 3] means the curve only exists between specific endpoints, not as an infinite parabola. Before working through more examples, recall these essential relationships.
 Key Identities
 	Pythagorean Identity: For any angle [image: t], [image: \sin^2 t + \cos^2 t = 1]
 	Circle Equation: A circle of radius [image: a] centered at the origin has equation [image: x^2 + y^2 = a^2]
 
 These identities are particularly useful when your parametric equations involve trigonometric functions, which often describe circular or elliptical curves.
  Eliminate the parameter for each of the plane curves described by the following parametric equations and describe the resulting graph.
 	[image: x\left(t\right)=\sqrt{2t+4},y\left(t\right)=2t+1,-2\le t\le 6]
 	[image: x\left(t\right)=4\cos{t},y\left(t\right)=3\sin{t},0\le t\le 2\pi]
 
 
 Show Solution 	To eliminate the parameter, we can solve either of the equations for t. For example, solving the first equation for t gives
  [image: \begin{array}{ccc}\hfill x& =\hfill & \sqrt{2t+4}\hfill \\ \hfill {x}^{2}& =\hfill & 2t+4\hfill \\ \hfill {x}^{2}-4& =\hfill & 2t\hfill \\ \hfill t& =\hfill & \frac{{x}^{2}-4}{2}.\hfill \end{array}]
 
 
 Note that when we square both sides it is important to observe that [image: x\ge 0]. Substituting [image: t=\frac{{x}^{2}-4}{2}] this into [image: y\left(t\right)] yields
 
 [image: \begin{array}{ccc}\hfill y\left(t\right)& =\hfill & 2t+1\hfill \\ \hfill y& =\hfill & 2\left(\frac{{x}^{2}-4}{2}\right)+1\hfill \\ \hfill y& =\hfill & {x}^{2}-4+1\hfill \\ \hfill y& =\hfill & {x}^{2}-3.\hfill \end{array}]
 
 
 This is the equation of a parabola opening upward. There is, however, a domain restriction because of the limits on the parameter t. When [image: t=-2], [image: x=\sqrt{2\left(-2\right)+4}=0], and when [image: t=6], [image: x=\sqrt{2\left(6\right)+4}=4]. The graph of this plane curve follows.
 
 [image: A curved line going from (−3, 0) through (2, 1) to (4, 13) with arrow going in that order. The point (−3, 0) is marked t = −2, the point (2, 1) is marked t = 0, the point (2 times the square root of 2, 5) is marked t = 2, the point (3 times the square root of 2, 9) is marked t = 4, and the point (4, 13) is marked t = 6. On the graph there are also written three equations: x(t) = square root of the quantity (2t + 4), y(t) = 2t + 1, and −2 ≤ t ≤ 6.]Figure 7. Graph of the plane curve described by the parametric equations in part a.  
 	Sometimes it is necessary to be a bit creative in eliminating the parameter. The parametric equations for this example are
  [image: x\left(t\right)=4\cos{t}\text{and}y\left(t\right)=3\sin{t}].
 
 
 Solving either equation for t directly is not advisable because sine and cosine are not one-to-one functions. However, dividing the first equation by 4 and the second equation by 3 (and suppressing the t) gives us
 
 [image: \cos{t}=\frac{x}{4}\text{and}\sin{t}=\frac{y}{3}].
 
 
 Now use the Pythagorean identity [image: {\cos}^{2}t+{\sin}^{2}t=1] and replace the expressions for [image: \sin{t}] and [image: \cos{t}] with the equivalent expressions in terms of x and y. This gives
 
 [image: \begin{array}{ccc}\hfill {\left(\frac{x}{4}\right)}^{2}+{\left(\frac{y}{3}\right)}^{2}& =\hfill & 1\hfill \\ \hfill \frac{{x}^{2}}{16}+\frac{{y}^{2}}{9}& =\hfill & 1.\hfill \end{array}]
 
 
 This is the equation of a horizontal ellipse centered at the origin, with semimajor axis 4 and semiminor axis 3 as shown in the following graph.
 
 [image: An ellipse with major axis horizontal and of length 8 and with minor radius vertical and of length 6 that is centered at the origin with arrow going counterclockwise. The point (4, 0) is marked t = 0, the point (0, 3) is marked t = π/2, the point (−4, 0) is marked t = π, and the point (0, −3) is marked t = 3π/2. On the graph there are also written three equations: x(t) = 4 cos(t), y(t) = 3 sin(t), and 0 ≤ t ≤ 2π.]Figure 8. Graph of the plane curve described by the parametric equations in part b.  As t progresses from [image: 0] to [image: 2\pi], a point on the curve traverses the ellipse once, in a counterclockwise direction. Recall from the section opener that the orbit of Earth around the Sun is also elliptical. This is a perfect example of using parameterized curves to model a real-world phenomenon.

 
 
   Watch the following video to see the worked solution to the example above.https://youtube.com/watch?v=ZEIm-ZV-8Lw%3Fcontrols%3D0%26start%3D495%26end%3D846%26autoplay%3D0 For closed captioning, open the video on its original page by clicking the Youtube logo in the lower right-hand corner of the video display. In YouTube, the video will begin at the same starting point as this clip, but will continue playing until the very end.
 You can view the transcript for this segmented clip of “7.1 Parametric Equations” here (opens in new window).
  [ohm_question hide_question_numbers=1]311315[/ohm_question] So far we have seen the method of eliminating the parameter, assuming we know a set of parametric equations that describe a plane curve. What if we would like to start with the equation of a curve and determine a pair of parametric equations for that curve? This is certainly possible, and in fact it is possible to do so in many different ways for a given curve. The process is known as parameterization of a curve.
 Find two different pairs of parametric equations to represent the graph of [image: y=2{x}^{2}-3].
 
 Show Solution First, it is always possible to parameterize a curve by defining [image: x\left(t\right)=t], then replacing x with t in the equation for [image: y\left(t\right)]. This gives the parameterization
 [image: x\left(t\right)=t,y\left(t\right)=2{t}^{2}-3].
  
 Since there is no restriction on the domain in the original graph, there is no restriction on the values of t.
 We have complete freedom in the choice for the second parameterization. For example, we can choose [image: x\left(t\right)=3t - 2]. The only thing we need to check is that there are no restrictions imposed on x; that is, the range of [image: x\left(t\right)] is all real numbers. This is the case for [image: x\left(t\right)=3t - 2]. Now since [image: y=2{x}^{2}-3], we can substitute [image: x\left(t\right)=3t - 2] for x. This gives
 [image: \begin{array}{cc}\hfill y\left(t\right)& =2{\left(3t - 2\right)}^{2}-2\hfill \\ & =2\left(9{t}^{2}-12t+4\right)-2\hfill \\ & =18{t}^{2}-24t+8 - 2\hfill \\ & =18{t}^{2}-24t+6.\hfill \end{array}]
  
 Therefore, a second parameterization of the curve can be written as
 [image: x\left(t\right)=3t - 2\text{and}y\left(t\right)=18{t}^{2}-24t+6].
  
 
   Watch the following video to see the worked solution to the example above.https://youtube.com/watch?v=ZEIm-ZV-8Lw%3Fcontrols%3D0%26start%3D848%26end%3D944%26autoplay%3D0 For closed captioning, open the video on its original page by clicking the Youtube logo in the lower right-hand corner of the video display. In YouTube, the video will begin at the same starting point as this clip, but will continue playing until the very end.
 You can view the transcript for this segmented clip of “7.1 Parametric Equations” here (opens in new window).
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		Fundamentals of Parametric Equations: Learn It 3

								

	
				Cycloids and Other Parametric Curves
 Let’s explore a fascinating connection between everyday motion and parametric curves. Picture yourself riding a bicycle down a straight road. As your wheels roll forward, every point on the tire traces a specific path through space. The path traced by a point on the edge of a rolling wheel creates a special curve called a cycloid.
 cycloid
 The curve traced by a point on the edge of a circle as it rolls along a straight line without slipping. For a wheel of radius [image: a], the parametric equations are:
 	[image: x(t) = a(t - \sin t)]
 	[image: y(t) = a(1 - \cos t)]
 
  _*]:min-w-0″> To understand where these equations come from, we’ll break down the motion into two components:
 
 
 _*]:min-w-0″> 1. The wheel’s center motion: As the wheel rolls, its center moves horizontally at a constant height [image: a] (the radius). This gives us:
 	[image: x(t) = at]
 	[image: y(t) = a]
 
 
 
 _*]:min-w-0″> 2. The point’s rotation around the center: A point on the edge rotates clockwise around the center. Relative to the center, this motion is:
 	[image: x(t) = -a\sin t]
 	[image: y(t) = -a\cos t]
 
 
 
 _*]:min-w-0″> The negative signs account for the clockwise rotation (if the wheel moves left to right). If the negative sign were not there, we would have to imagine the wheel rotating counterclockwise.
 
 
 _*]:min-w-0″> Combining these motions gives us the cycloid equations. The point experiences both the forward motion of the center AND the circular rotation around it.
 [image: A series of circles with center marked and a point on the circle drawing out a curve as if the circle was rolling along a plane. The shape made seems to be half an ellipse with height the diameter of the original circle and with major axis the circumference of the circle.]Figure 10. A wheel traveling along a road without slipping; the point on the edge of the wheel traces out a cycloid. 
 
 _*]:min-w-0″> Visualizing the Motion: Think of a piece of gum stuck to your bicycle tire. As you ride forward, the gum moves in two ways simultaneously: forward with the wheel AND around the wheel’s center. The cycloid is the actual path the gum traces through space. What happens if instead of rolling along a straight line, a circle rolls along the inside of a larger circle, as in Figure 11? In this graph, the green circle is traveling around the blue circle in a counterclockwise direction. A point on the edge of the green circle traces out the red graph. The resulting curve is called a hypocycloid.
 [image: Two circles are drawn both with center at the origin and with radii 3 and 4, respectively; the circle with radius 3 has an arrow pointing in the counterclockwise direction. There is a third circle drawn with center on the circle with radius 3 and touching the circle with radius 4 at one point. That is, this third circle has radius 1. A point is drawn on this third circle, and if it were to roll along the other two circles, it would draw out a four pointed star with points at (4, 0), (0, 4), (−4, 0), and (0, −4). On the graph there are also written two equations: x(t) = 3 cos(t) + cos(3t) and y(t) = 3 sin(t) – sin(3t).]Figure 11. Graph of the hypocycloid described by the parametric equations shown. 
 
 _*]:min-w-0″> hypocycloid
 The curve traced by a point on a circle of radius [image: b] as it rolls inside a larger circle of radius [image: a]. The parametric equations are:
 	[image: x(t) = (a-b)\cos t + b\cos\left(\frac{a-b}{b}t\right)]
 	[image: y(t) = (a-b)\sin t - b\sin\left(\frac{a-b}{b}t\right)]
 
  
 
 _*]:min-w-0″>
 
 _*]:min-w-0″> These parametric equations might look complex, but they follow a pattern similar to what we saw with the cycloid. Let’s break down what’s happening.
 div]:bg-bg-000/50 [&_pre>div]:border-0.5 [&_pre>div]:border-border-400 [&_.ignore-pre-bg>div]:bg-transparent [&>div>div>:is(p,blockquote,h1,h2,h3,h4,h5,h6)]:pl-2 [&>div>div>:is(p,blockquote,ul,ol,h1,h2,h3,h4,h5,h6)]:pr-8″> _*]:min-w-0″> _*]:min-w-0″> For a hypocycloid, we have a small circle of radius [image: b] rolling inside a larger circle of radius [image: a]. The center of the rolling circle travels along a circular path of radius [image: a - b], which explains the first term in both the [image: x(t)] and [image: y(t)] equations.
 
 
 _*]:min-w-0″> The period of the second trigonometric function in both equations is [image: \frac{2\pi b}{a-b}]. This period, along with the ratio [image: \frac{a}{b}], determines the shape of the resulting curve.
 the ratio [image: \frac{a}{b}] and cusps
 The ratio [image: \frac{a}{b}] directly controls the number of cusps (sharp points or corners) on the hypocycloid:
 	When [image: \frac{a}{b} = 3]: You get a deltoid with [image: 3] cusps
 	When [image: \frac{a}{b} = 4]: You get an astroid with [image: 4] cusps
 	When [image: \frac{a}{b}] is rational: The curve has a finite number of cusps and closes
 	When [image: \frac{a}{b}] is irrational: The curve has infinite cusps and never closes
 
  
 
 _*]:min-w-0″> Figure 11 shows the classic example where [image: a = 4] and [image: b = 1], producing a four-cusped astroid. Figure 12 displays additional possibilities, including cases where [image: \frac{a}{b}] is irrational.
 
 _*]:min-w-0″> [image: A series of hypocycloids is given. The first is a three pointed star marked a/b = 3. The second is a four pointed star marked a/b = 4. The third is a five pointed star marked a/b = 5. None of these first three figures has lines that cross each other. The fourth figure is a five pointed star but this one has lines which cross each other and looks like the star that children first learn to draw; it is marked a/b = 5/3. A similar sort of star with seven points is next and is marked a/b = 7/3. Then a similar star with eight points is next and is marked a/b = 8/3. The next figure is a complicated series of curves that ultimately creates a small rosette in the middle; this is marked a/b = π. Lastly, there is an even more complicated series of curves that creates a large rosette with sharper florets marked a/b = the square root of 2.]Figure 12. Graph of various hypocycloids corresponding to different values of [image: \frac{a}{b}]. 
 
 _*]:min-w-0″> When the ratio is irrational, something fascinating happens: the hypocycloid never returns to its starting point and creates infinitely many cusps. These curves are examples of space-filling curves—they wind around indefinitely, gradually filling more and more of the enclosed space.
 _*]:min-w-0″> Hypocycloids aren’t just mathematical curiosities. You’ll find them in:
 
 
 _*]:min-w-0″> 	Mechanical engineering: Gear tooth profiles and cam designs
 	Physics: Paths of particles in certain force fields
 	Architecture: Decorative patterns and structural designs
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		Fundamentals of Parametric Equations: Apply It

								

	
				 	Create and sketch graphs of curves given their parametric equations
 	Convert parametric equations into a regular y = f(x) form by eliminating the parameter
 	Recognize and describe the curve called a cycloid
 
  Designing Motion Paths
 You’re working with a local community center to design an interactive art installation that will be accessible to families from all backgrounds. The installation features moving lights that trace beautiful paths in a darkened room, creating patterns that visitors can observe and enjoy together.
 The installation has several components:
 	Linear Light Paths: Some lights move along straight lines
 	Circular and Elliptical Orbits: Other lights follow curved paths
 	Special Pattern Wheels: A mechanical component creates cycloid patterns using rolling wheels
 
 Your job is to analyze the mathematical equations that control these light movements and ensure the installation works as designed.
 [ohm_question hide_question_numbers=1]313699[/ohm_question]
  [ohm_question hide_question_numbers=1]313700[/ohm_question]
  [ohm_question hide_question_numbers=1]313701[/ohm_question]
  [ohm_question hide_question_numbers=1]313702[/ohm_question]
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		Calculus with Parametric Curves: Learn It 1

								

	
				 	Find derivatives and tangent lines for curves written in parametric form
 	Calculate the area underneath a parametric curve
 	Find the length of a parametric curve using the arc length formula
 	Calculate the surface area when a parametric curve is rotated to create a 3D shape
 
  Derivatives of Parametric Equations
 When working with parametric equations, we often need to find the slope of the curve at any point. This is essential for understanding tangent lines, velocity, and rates of change.
 Let’s start with a concrete example.
 Consider the parametric equations:
 	[image: x(t) = 2t + 3]
 	[image: y(t) = 3t - 4]
 	where [image: -2 \le t \le 3]
 
 This represents a line segment from [image: (-1, -10)] to [image: (9, 5)]. The graph of this curve appears in Figure 1.
 [image: A straight line from (−1, −10) to (9, 5). The point (−1, −10) is marked t = −2, the point (3, −4) is marked t = 0, and the point (9, 5) is marked t = 3. There are three equations marked: x(t) = 2t + 3, y(t) = 3t – 4, and −2 ≤ t ≤ 3]Figure 1. Graph of the line segment described by the given parametric equations.  We can find the slope by converting to rectangular form, starting with solving for [image: t] from the [image: x]-equation:
 [image: \begin{array}{ccc}\hfill x\left(t\right)& =\hfill & 2t+3\hfill \\ \hfill x - 3& =\hfill & 2t\hfill \\ \hfill t& =\hfill & \frac{x - 3}{2}.\hfill \end{array}]
 Substituting this into [image: y\left(t\right)], we obtain
 [image: \begin{array}{ccc}\hfill y\left(t\right)& =\hfill & 3t - 4\hfill \\ \hfill y& =\hfill & 3\left(\frac{x - 3}{2}\right)-4\hfill \\ \hfill y& =\hfill & \frac{3x}{2}-\frac{9}{2}-4\hfill \\ \hfill y& =\hfill & \frac{3x}{2}-\frac{17}{2}.\hfill \end{array}]
  
 The slope of this line is given by [image: \frac{dy}{dx}=\frac{3}{2}].
 There’s a more direct approach –  calculating [image: {x}^{\prime }\left(t\right)] and [image: {y}^{\prime }\left(t\right)]. This gives [image: {x}^{\prime }\left(t\right)=2] and [image: {y}^{\prime }\left(t\right)=3]. Notice that [image: \frac{dy}{dx}=\frac{\frac{dy}{dt}}{\frac{dx}{dt}}=\frac{3}{2}].
 Both methods give the same answer—but the second method is often much more efficient!
 theorem: derivative of parametric equations
 For parametric equations [image: x = x(t)] and [image: y = y(t)]:
 [image: \frac{dy}{dx}=\frac{\frac{dy}{dt}}{\frac{dx}{dt}}=\frac{{y}^{\prime }\left(t\right)}{{x}^{\prime }\left(t\right)}].
 Important condition: [image: x'(t) \neq 0]
  Proof
 
 This theorem can be proven using the Chain Rule. In particular, assume that the parameter t can be eliminated, yielding a differentiable function [image: y=F\left(x\right)]. Then [image: y\left(t\right)=F\left(x\left(t\right)\right)]. Differentiating both sides of this equation using the Chain Rule yields
 [image: {y}^{\prime }\left(t\right)={F}^{\prime }\left(x\left(t\right)\right){x}^{\prime }\left(t\right)],
  
 so
 [image: {F}^{\prime }\left(x\left(t\right)\right)=\frac{{y}^{\prime }\left(t\right)}{{x}^{\prime }\left(t\right)}].
  
 But [image: {F}^{\prime }\left(x\left(t\right)\right)=\frac{dy}{dx}], which proves the theorem.
 [image: _\blacksquare]
  Why This Formula Works
 Think of the chain rule: As [image: t] changes, both [image: x] and [image: y] change. The ratio of their rates of change gives us the slope of the curve.
 This is particularly useful when eliminating the parameter would result in a complicated expression!
  The parametric derivative formula works for any parametric curve—even curves that loop or cross themselves and can’t be written as [image: y = f(x)].
 Recall that a critical point of a differentiable function [image: y=f\left(x\right)] is any point [image: x={x}_{0}] such that either [image: {f}^{\prime }\left({x}_{0}\right)=0] or [image: {f}^{\prime }\left({x}_{0}\right)] does not exist. The parametric approach gives us the slope at any point along the curve, regardless of how complicated the path might be.
 Calculate the derivative [image: \frac{dy}{dx}] for each of the following parametrically defined plane curves, and locate any critical points on their respective graphs.
 	[image: x\left(t\right)={t}^{2}-3,y\left(t\right)=2t - 1,-3\le t\le 4]
 	[image: x\left(t\right)=2t+1,y\left(t\right)={t}^{3}-3t+4,-2\le t\le 5]
 	[image: x\left(t\right)=5\cos{t},y\left(t\right)=5\sin{t},0\le t\le 2\pi]
 
 
 Show Solution 	To apply the theorem , first calculate [image: {x}^{\prime }\left(t\right)] and [image: {y}^{\prime }\left(t\right)\text{:}] 
  [image: \begin{array}{c}{x}^{\prime }\left(t\right)=2t\hfill \\ {y}^{\prime }\left(t\right)=2.\hfill \end{array}]
 
 
 Next substitute these into the equation:
 
 [image: \begin{array}{c}\frac{dy}{dx}=\frac{\frac{dy}{dt}}{\frac{dx}{dt}}\hfill \\ \frac{dy}{dx}=\frac{2}{2t}\hfill \\ \frac{dy}{dx}=\frac{1}{t}.\hfill \end{array}]
 
 
 This derivative is undefined when [image: t=0]. Calculating [image: x\left(0\right)] and [image: y\left(0\right)] gives [image: x\left(0\right)={\left(0\right)}^{2}-3=-3] and [image: y\left(0\right)=2\left(0\right)-1=-1], which corresponds to the point [image: \left(-3,-1\right)] on the graph. The graph of this curve is a parabola opening to the right, and the point [image: \left(-3,-1\right)] is its vertex as shown.
 
 [image: A curved line going from (6, −7) through (−3, −1) to (13, 7) with arrow pointing in that order. The point (6, −7) is marked t = −3, the point (−3, −1) is marked t = 0, and the point (13, 7) is marked t = 4. On the graph there are also written three equations: x(t) = t2 − 3, y(t) = 2t − 1, and −3 ≤ t ≤ 4.]Figure 2. Graph of the parabola described by parametric equations in part a.  
 	To apply the theorem, first calculate [image: {x}^{\prime }\left(t\right)] and [image: {y}^{\prime }\left(t\right)\text{:}] 
  [image: \begin{array}{c}{x}^{\prime }\left(t\right)=2\hfill \\ {y}^{\prime }\left(t\right)=3{t}^{2}-3.\hfill \end{array}]
 
 
 Next substitute these into the equation:
 
 [image: \begin{array}{c}\frac{dy}{dx}=\frac{\frac{dy}{dt}}{\frac{dx}{dt}}\hfill \\ \frac{dy}{dx}=\frac{3{t}^{2}-3}{2}.\hfill \end{array}]
 
 
 This derivative is zero when [image: t=\pm 1]. When [image: t=-1] we have
 
 [image: x\left(-1\right)=2\left(-1\right)+1=-1\text{and}y\left(-1\right)={\left(-1\right)}^{3}-3\left(-1\right)+4=-1+3+4=6],
 
 
 which corresponds to the point [image: \left(-1,6\right)] on the graph. When [image: t=1] we have
 
 [image: x\left(1\right)=2\left(1\right)+1=3\text{and}y\left(1\right)={\left(1\right)}^{3}-3\left(1\right)+4=1 - 3+4=2],
 
 
 which corresponds to the point [image: \left(3,2\right)] on the graph. The point [image: \left(3,2\right)] is a relative minimum and the point [image: \left(-1,6\right)] is a relative maximum, as seen in the following graph.
 
 [image: A vaguely sinusoidal curve going from (−3, 2) through (−1, 6) and (3, 2) to (5, 6). The point (−3, 2) is marked t = −2, the point (−1, 6) is marked t = −1, the point (3, 2) is marked t = 1, and the point (5, 6) is marked t = 2. On the graph there are also written three equations: x(t) = 2t + 1, y(t) = t3 – 3t + 4, and −2 ≤ t ≤ 2.]Figure 3. Graph of the curve described by parametric equations in part b.  
 	To apply the theorem, first calculate [image: {x}^{\prime }\left(t\right)] and [image: {y}^{\prime }\left(t\right)\text{:}] 
  [image: \begin{array}{c}{x}^{\prime }\left(t\right)=-5\sin{t}\hfill \\ {y}^{\prime }\left(t\right)=5\cos{t}.\hfill \end{array}]
 
 
 Next substitute these into the equation:
 
 [image: \begin{array}{c}\frac{dy}{dx}=\frac{\frac{dy}{dt}}{\frac{dx}{dt}}\hfill \\ \frac{dy}{dx}=\frac{5\cos{t}}{-5\sin{t}}\hfill \\ \frac{dy}{dx}=-\cot{t}.\hfill \end{array}]
 
 
 This derivative is zero when [image: \cos{t}=0] and is undefined when [image: \sin{t}=0]. This gives [image: t=0,\frac{\pi }{2},\pi ,\frac{3\pi }{2},\text{and}2\pi] as critical points for t. Substituting each of these into [image: x\left(t\right)] and [image: y\left(t\right)], we obtain
 
 	[image: t] 	[image: x\left(t\right)] 	[image: y\left(t\right)] 
  	0 	5 	0 
 	[image: \frac{\pi }{2}] 	0 	5 
 	[image: \pi] 	−5 	0 
 	[image: \frac{3\pi }{2}] 	0 	−5 
 	[image: 2\pi] 	5 	0 
  
 
 
 These points correspond to the sides, top, and bottom of the circle that is represented by the parametric equations (Figure 4). On the left and right edges of the circle, the derivative is undefined, and on the top and bottom, the derivative equals zero.
 
 [image: A circle with radius 5 centered at the origin is graphed with arrow going counterclockwise. The point (5, 0) is marked t = 0, the point (0, 5) is marked t = π/2, the point (−5, 0) is marked t = π, and the point (0, −5) is marked t = 3π/2. On the graph there are also written three equations: x(t) = 5 cos(t), y(t) = 5 sin(t), and 0 ≤ t ≤ 2π.]Figure 4. Graph of the curve described by parametric equations in part c.  
 
 
   Watch the following video to see the worked solution to the example above.https://youtube.com/watch?v=bDvDdC2Wpu8%3Fcontrols%3D0%26start%3D71%26end%3D465%26autoplay%3D0 For closed captioning, open the video on its original page by clicking the Youtube logo in the lower right-hand corner of the video display. In YouTube, the video will begin at the same starting point as this clip, but will continue playing until the very end.
 You can view the transcript for this segmented clip of “7.2 Calculus of Parametric Curves” here (opens in new window).
  Find the equation of the tangent line to the curve defined by the equations
 [image: x\left(t\right)={t}^{2}-3,y\left(t\right)=2t - 1,-3\le t\le 4\text{ when }t=2].
  
 
 Show Solution First find the slope of the tangent line using the theorem, which means calculating [image: {x}^{\prime }\left(t\right)] and [image: {y}^{\prime }\left(t\right)\text{:}]
 [image: \begin{array}{c}{x}^{\prime }\left(t\right)=2t\hfill \\ {y}^{\prime }\left(t\right)=2.\hfill \end{array}]
  
 Next substitute these into the equation:
 [image: \begin{array}{c}\frac{dy}{dx}=\frac{\frac{dy}{dt}}{\frac{dx}{dt}}\hfill \\ \frac{dy}{dx}=\frac{2}{2t}\hfill \\ \frac{dy}{dx}=\frac{1}{t}.\hfill \end{array}]
  
 When [image: t=2], [image: \frac{dy}{dx}=\frac{1}{2}], so this is the slope of the tangent line. Calculating [image: x\left(2\right)] and [image: y\left(2\right)] gives
 [image: x\left(2\right)={\left(2\right)}^{2}-3=1\text{ and }y\left(2\right)=2\left(2\right)-1=3],
  
 which corresponds to the point [image: \left(1,3\right)] on the graph (Figure 6). Now use the point-slope form of the equation of a line to find the equation of the tangent line:
 [image: \begin{array}{ccc}\hfill y-{y}_{0}& =\hfill & m\left(x-{x}_{0}\right)\hfill \\ \hfill y - 3& =\hfill & \frac{1}{2}\left(x - 1\right)\hfill \\ \hfill y - 3& =\hfill & \frac{1}{2}x-\frac{1}{2}\hfill \\ \hfill y& =\hfill & \frac{1}{2}x+\frac{5}{2}.\hfill \end{array}]
  
 [image: A curved line going from (6, −7) through (−3, −1) to (13, 7) with arrow pointing in that order. The point (6, −7) is marked t = −3, the point (−3, −1) is marked t = 0, and the point (13, 7) is marked t = 4. On the graph there are also written three equations: x(t) = t2 − 3, y(t) = 2t − 1, and −3 ≤ t ≤ 4. At the point (1, 3), which is marked t = 2, there is a tangent line with equation y = x/2 + 5/2.]Figure 6. Tangent line to the parabola described by the given parametric equations when [image: t=2].  
   Watch the following video to see the worked solution to the example above.https://youtube.com/watch?v=bDvDdC2Wpu8%3Fcontrols%3D0%26start%3D468%26end%3D581%26autoplay%3D0 For closed captioning, open the video on its original page by clicking the Youtube logo in the lower right-hand corner of the video display. In YouTube, the video will begin at the same starting point as this clip, but will continue playing until the very end.
 You can view the transcript for this segmented clip of “7.2 Calculus of Parametric Curves” here (opens in new window).
  [ohm_question hide_question_numbers=1]311317[/ohm_question] 
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				Second-Order Derivatives
 The second derivative of a function [image: y = f(x)] is simply the derivative of the first derivative:
 [image: \frac{d^2y}{dx^2} = \frac{d}{dx}\left[\frac{dy}{dx}\right]]
 For parametric equations, we already know that [image: \frac{dy}{dx} = \frac{\frac{dy}{dt}}{\frac{dx}{dt}}]. To find the second derivative, we treat [image: \frac{dy}{dx}] itself as a function that depends on [image: t], then apply the chain rule:
 [image: \frac{d^2y}{dx^2} = \frac{d}{dx}\left(\frac{dy}{dx}\right) = \frac{\frac{d}{dt}\left(\frac{dy}{dx}\right)}{\frac{dx}{dt}}]
 second derivative for parametric functions
 If [image: x = f(t)] and [image: y = g(t)], then:
 [image: \frac{d^2y}{dx^2} = \frac{\frac{d}{dt}\left(\frac{dy}{dx}\right)}{\frac{dx}{dt}}]
  When you know [image: \frac{dy}{dx}] as a function of [image: t], this formula becomes straightforward to apply—just differentiate with respect to [image: t] and divide by [image: \frac{dx}{dt}].  Calculate the second derivative [image: \frac{{d}^{2}y}{d{x}^{2}}] for the plane curve defined by the parametric equations [image: x\left(t\right)={t}^{2}-3,y\left(t\right)=2t - 1,-3\le t\le 4].
 
 Show Solution From the example: Finding the Derivative of a Parametric Curve we know that [image: \frac{dy}{dx}=\frac{2}{2t}=\frac{1}{t}]. Using our above equation, we obtain
 [image: \frac{{d}^{2}y}{d{x}^{2}}=\frac{\left(\frac{d}{dt}\right)\left(\frac{dy}{dx}\right)}{\frac{dx}{dt}}=\frac{\left(\frac{d}{dt}\right)\left(\frac{1}{t}\right)}{2t}=\frac{-{t}^{-2}}{2t}=-\frac{1}{2{t}^{3}}].
  
 
   Watch the following video to see the worked solution to the example above.https://youtube.com/watch?v=bDvDdC2Wpu8%3Fcontrols%3D0%26start%3D583%26end%3D697%26autoplay%3D0 For closed captioning, open the video on its original page by clicking the Youtube logo in the lower right-hand corner of the video display. In YouTube, the video will begin at the same starting point as this clip, but will continue playing until the very end.
 You can view the transcript for this segmented clip of “7.2 Calculus of Parametric Curves” here (opens in new window).
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				Integrals Involving Parametric Equations
 Now that we can find derivatives of parametric curves, let’s tackle finding the area under these curves. Consider the cycloid defined by [image: x(t) = t - \sin t] and [image: y(t) = 1 - \cos t]. How do we find the area of the shaded region below?
 [image: A series of half circles drawn above the x-axis with x intercepts being multiples of 2π. The half circle between 0 and 2π is highlighted. On the graph there are also written two equations: x(t) = t – sin(t) and y(t) = 1 – cos(t).]Figure 7. Graph of a cycloid with the arch over [image: \left[0,2\pi \right]] highlighted.  To find the area under a parametric curve defined by [image: x = x(t)] and [image: y = y(t)] for [image: a \le t \le b], we’ll use the familiar rectangle approximation method.
 Start by partitioning the interval [image: [a, b]] into [image: n] subintervals: [image: t_0 = a < t_1 < t_2 < \cdots < t_n = b].
 [image: A curved line is drawn in the first quadrant. Below it are a series of rectangles marked that begin at the x-axis and reach up to the curved line; the rectangle’s height is determined by the location of the curved line at the leftmost point of the rectangle. These lines are noted as x(t0), x(t1), …, x(tn).]Figure 8. Approximating the area under a parametrically defined curve.  For each rectangle:
 	Height: [image: y(\overline{t}_i)] for some [image: \overline{t}_i] in the [image: i]th subinterval
 	Width: [image: x(t_i) - x(t_{i-1})]
 
 The area of the [image: i]th rectangle becomes:
 [image: {A}_{i}=y\left(x\left({\overline{t}}_{i}\right)\right)\left(x\left({t}_{i}\right)-x\left({t}_{i - 1}\right)\right)].
 The total approximate area is:
 [image: {A}_{n}=\displaystyle\sum _{i=1}^{n}y\left(x\left({\overline{t}}_{i}\right)\right)\left(x\left({t}_{i}\right)-x\left({t}_{i - 1}\right)\right)].
 To convert this into a form we can integrate, multiply and divide by [image: \Delta t = t_i - t_{i-1}]:
 [image: {A}_{n}=\displaystyle\sum _{i=1}^{n}y\left(x\left({\overline{t}}_{i}\right)\right)\left(\frac{x\left({t}_{i}\right)-x\left({t}_{i - 1}\right)}{{t}_{i}-{t}_{i - 1}}\right)\left({t}_{i}-{t}_{i - 1}\right)=\displaystyle\sum _{i=1}^{n}y\left(x\left({\overline{t}}_{i}\right)\right)\left(\frac{x\left({t}_{i}\right)-x\left({t}_{i - 1}\right)}{\Delta t}\right)\Delta t].
 Taking the limit as [image: n] approaches infinity gives:
 [image: A=\underset{n\to \infty }{\text{lim}}{A}_{n}={\displaystyle\int }_{a}^{b}y\left(t\right){x}^{\prime }\left(t\right)dt].
 As [image: n] approaches infinity, the change in [image: x] over smaller and smaller time intervals becomes the instantaneous rate of change [image: x'(t)]. This transformation relies on the Mean Value Theorem.
 Mean Value Theorem
 [image: \\]
 If [image: f] is continuous on [image: [a,b]] and differentiable on [image: (a,b)], then there exists at least one point [image: c \in (a,b)] such that: [image: f'(c) = \frac{f(b) - f(a)}{b - a}]
 This theorem guarantees that the average rate of change equals the instantaneous rate of change at some point in the interval.
  The preceding result leads to the following theorem.
 theorem: area under a parametric curve
 For a non-self-intersecting plane curve defined by:
 	[image: x = x(t)], [image: y = y(t)] where [image: a \le t \le b]
 	[image: x(t)] is differentiable
 
 The area under the curve is:
 [image: A = \int_a^b y(t) \cdot x'(t) dt]
 Important: This formula assumes the curve doesn’t cross itself and that [image: x(t)] increases as [image: t] increases from [image: a] to [image: b].
  Find the area under the curve of the cycloid defined by the equations
 [image: x\left(t\right)=t-\sin{t},y\left(t\right)=1-\cos{t},0\le t\le 2\pi].
  
 
 Show Solution Using the theorem, we have
 [image: \begin{array}{cc}\hfill A& ={\displaystyle\int }_{a}^{b}y\left(t\right){x}^{\prime }\left(t\right)dt\hfill \\ & ={\displaystyle\int }_{0}^{2\pi }\left(1-\cos{t}\right)\left(1-\cos{t}\right)dt\hfill \\ & ={\displaystyle\int }_{0}^{2\pi }\left(1 - 2\cos{t}+{\cos}^{2}t\right)dt\hfill \\ & ={\displaystyle\int }_{0}^{2\pi }\left(1 - 2\cos{t}+\frac{1+\cos2t}{2}\right)dt\hfill \\ & ={\displaystyle\int }_{0}^{2\pi }\left(\frac{3}{2}-2\cos{t}+\frac{\cos2t}{2}\right)dt\hfill \\ & ={\frac{3t}{2}-2\sin{t}+\frac{\sin2t}{4}|}_{0}^{2\pi }\hfill \\ & =3\pi .\hfill \end{array}]
  
 
   Watch the following video to see the worked solution to the example above.https://youtube.com/watch?v=bDvDdC2Wpu8%3Fcontrols%3D0%26start%3D718%26end%3D855%26autoplay%3D0 For closed captioning, open the video on its original page by clicking the Youtube logo in the lower right-hand corner of the video display. In YouTube, the video will begin at the same starting point as this clip, but will continue playing until the very end.
 You can view the transcript for this segmented clip of “7.2 Calculus of Parametric Curves” here (opens in new window).
  [ohm_question hide_question_numbers=1]311319[/ohm_question] 
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				Arc Length of a Parametric Curve
 Besides finding areas, we often need to calculate the arc length of parametric curves. Arc length measures the actual distance along a curve—if a particle travels from point A to point B along a curve, the arc length tells us exactly how far that particle traveled. To develop a formula for arc length, we start with an approximation by line segments as shown in the following graph.
 [image: A curved line in the first quadrant with points marked for x = 1, 2, 3, 4, and 5. These points have values roughly 2.1, 2.7, 3, 2.7, and 2.1, respectively. The points for x = 1 and 5 are marked A and B, respectively.]Figure 9. Approximation of a curve by line segments.  For a plane curve defined by [image: x = x(t)], [image: y = y(t)] where [image: a \le t \le b], we’ll approximate the curve using line segments.
 Start by partitioning [image: [a,b]] into [image: n] equal subintervals: [image: t_0 = a < t_1 < t_2 < \cdots < t_n = b], where each subinterval has width [image: \Delta t = \frac{b-a}{n}].
 Using the distance formula, we can calculate the length of each line segment:
 [image: \begin{array}{}\\ {d}_{1}=\sqrt{{\left(x\left({t}_{1}\right)-x\left({t}_{0}\right)\right)}^{2}+{\left(y\left({t}_{1}\right)-y\left({t}_{0}\right)\right)}^{2}}\hfill \\ {d}_{2}=\sqrt{{\left(x\left({t}_{2}\right)-x\left({t}_{1}\right)\right)}^{2}+{\left(y\left({t}_{2}\right)-y\left({t}_{1}\right)\right)}^{2}}\text{etc}.\hfill \end{array}]
 The approximate arc length [image: s_n] is the sum of all these segments:
 [image: s\approx \displaystyle\sum _{k=1}^{n}{s}_{k}=\displaystyle\sum _{k=1}^{n}\sqrt{{\left(x\left({t}_{k}\right)-x\left({t}_{k - 1}\right)\right)}^{2}+{\left(y\left({t}_{k}\right)-y\left({t}_{k - 1}\right)\right)}^{2}}].
 If [image: x(t)] and [image: y(t)] are differentiable, the Mean Value Theorem tells us that in each subinterval [image: [t_{k-1}, t_k]], there exist points [image: \hat{t}_k] and [image: \tilde{t}_k] where:
 [image: \begin{array}{}\\ x\left({t}_{k}\right)-x\left({t}_{k - 1}\right)={x}^{\prime }\left(\hat{t}_{k}\right)\left({t}_{k}-{t}_{k - 1}\right)={x}^{\prime }\left(\hat{t}_{k}\right)\Delta t\hfill \\ y\left({t}_{k}\right)-y\left({t}_{k - 1}\right)={y}^{\prime }\left(\tilde{t}_{k}\right)\left({t}_{k}-{t}_{k - 1}\right)={y}^{\prime }\left(\tilde{t}_{k}\right)\Delta t.\hfill \end{array}]
 Substituting these expressions into our sum and factoring out [image: \Delta t]:
 [image: \begin{array}{cc}\hfill s& \approx {\displaystyle\sum _{k=1}^{n}}{s}_{k}\hfill \\ & ={\displaystyle\sum _{k=1}^{n}}\sqrt{{\left({x}^{\prime}\left(\hat{t}_{k}\right)\Delta t\right)}^{2}+{\left({y}^{\prime}\left(\tilde{t}_{k}\right)\Delta t\right)}^{2}}\hfill \\ & ={\displaystyle\sum _{k=1}^{n}}\sqrt{{\left({x}^{\prime}\left(\hat{t}_{k}\right)\right)}^{2}{\left(\Delta t\right)}^{2}+{\left({y}^{\prime}\left(\tilde{t}_{k}\right)\right)}^{2}{\left(\Delta t\right)}^{2}}\hfill \\ & =\left({\displaystyle\sum _{k=1}^{n}}\sqrt{{\left({x}^{\prime}\left(\hat{t}_{k}\right)\right)}^{2}+{\left({y}^{\prime}\left(\tilde{t}_{k}\right)\right)}^{2}}\right)\Delta t.\hfill \end{array}]
 This sum is a Riemann sum approximating the arc length over the partition of [image: [a,b]]. As [image: n \to \infty] and assuming the derivatives are continuous, we get:
 [image: \begin{array}{cc}\hfill s& ={\underset{n\to\infty}\lim} {\displaystyle\sum _{k=1}^{n}} {s}_{k}\hfill \\ & = {\underset{n\to\infty}\lim}\left({\displaystyle\sum _{k=1}^{n}}\sqrt{{\left({x}^{\prime}\left(\hat{t}_{k}\right)\right)}^{2}+{\left({y}^{\prime}\left(\tilde{t}_{k}\right)\right)}^{2}}\right)\Delta t\hfill \\ & ={\displaystyle\int_{a}^{b}}\sqrt{{\left({x}^{\prime }\left(t\right)\right)}^{2}+{\left({y}^{\prime }\left(t\right)\right)}^{2}}dt.\hfill \end{array}]
 As the partition gets finer, [image: \hat{t}_k] and [image: \tilde{t}_k] both lie in the same shrinking interval of width [image: \Delta t], so they converge to the same value.
 We can summarize this method in the following theorem.
 theorem: arc length of a parametric curve
 For a plane curve defined by [image: x = x(t)], [image: y = y(t)] where [image: t_1 \le t \le t_2], with [image: x(t)] and [image: y(t)] differentiable then:
 [image: s={\displaystyle\int }_{{t}_{1}}^{{t}_{2}}\sqrt{{\left(\frac{dx}{dt}\right)}^{2}+{\left(\frac{dy}{dt}\right)}^{2}}dt].
 This formula gives the exact arc length of the parametric curve.
  Find the arc length of the semicircle defined by the equations
 [image: x\left(t\right)=3\cos{t},y\left(t\right)=3\sin{t},0\le t\le \pi].
  
 
 Show Solution The values [image: t=0] to [image: t=\pi] trace out the red curve in Figure 9. To determine its length, use the theorem:
 [image: \begin{array}{cc}\hfill s& ={\displaystyle\int }_{{t}_{1}}^{{t}_{2}}\sqrt{{\left(\frac{dx}{dt}\right)}^{2}+{\left(\frac{dy}{dt}\right)}^{2}}dt\hfill \\ & ={\displaystyle\int }_{0}^{\pi }\sqrt{{\left(-3\sin{t}\right)}^{2}+{\left(3\cos{t}\right)}^{2}}dt\hfill \\ & ={\displaystyle\int }_{0}^{\pi }\sqrt{9{\sin}^{2}t+9{\cos}^{2}t}dt\hfill \\ & ={\displaystyle\int }_{0}^{\pi }\sqrt{9\left({\sin}^{2}t+{\cos}^{2}t\right)}dt\hfill \\ & ={\displaystyle\int }_{0}^{\pi }3dt={3t|}_{0}^{\pi }=3\pi .\hfill \end{array}]
  
 Note that the formula for the arc length of a semicircle is [image: \pi r] and the radius of this circle is 3. This is a great example of using calculus to derive a known formula of a geometric quantity.
 [image: A semicircle is drawn with radius 3. There is an arrow pointing counterclockwise. On the graph there are also written three equations: x(t) = 3 cos(t), y(t) = 3 sin(t), and 0 ≤ t ≤ π.]Figure 10. The arc length of the semicircle is equal to its radius times [image: \pi].  
   Watch the following video to see the worked solution to the example above.https://youtube.com/watch?v=bDvDdC2Wpu8%3Fcontrols%3D0%26start%3D893%26end%3D993%26autoplay%3D0 For closed captioning, open the video on its original page by clicking the Youtube logo in the lower right-hand corner of the video display. In YouTube, the video will begin at the same starting point as this clip, but will continue playing until the very end.
 You can view the transcript for this segmented clip of “7.2 Calculus of Parametric Curves” here (opens in new window).
  [ohm_question hide_question_numbers=1]311320[/ohm_question] 
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				Surface Area Generated by a Parametric Curve
 Recall that when we revolve a function [image: y = f(x)] around the [image: x]-axis from [image: x = a] to [image: x = b], the surface area is:
 [image: S=2\pi {\displaystyle\int }_{a}^{b}f\left(x\right)\sqrt{1+{\left({f}^{\prime }\left(x\right)\right)}^{2}}dx].
 Now let’s find the surface area when we revolve a parametric curve around the [image: x]-axis, as shown in the following figure.
 [image: A curve is drawn in the first quadrant with endpoints marked t = a and t = b. On this curve, there is a point marked (x(t), y(t)). There is a circle with an arrow drawn around the x-axis that seems to indicate a rotation about the x axis, and there is a shape that accompanies that curve that seems to be what you would obtain if you rotated the curve about the x axis.]Figure 11. A surface of revolution generated by a parametrically defined curve.  For a parametric curve [image: x = x(t)], [image: y = y(t)] where [image: a \le t \le b], the analogous formula is:
 [image: S=2\pi {\displaystyle\int }_{a}^{b}y\left(t\right)\sqrt{{\left({x}^{\prime }\left(t\right)\right)}^{2}+{\left({y}^{\prime }\left(t\right)\right)}^{2}}dt]
 This formula requires that [image: y(t) \ge 0] on [image: [a,b]]—the curve must lie on or above the [image: x]-axis. Notice that the expression [image: \sqrt{[x'(t)]^2 + [y'(t)]^2}] is the arc length element we just learned, so we’re essentially multiplying the circumference [image: 2\pi y(t)] by the arc length differential.
 surface area of revolution (parametric form)
 When revolving a parametric curve [image: x = x(t)], [image: y = y(t)] around the [image: x]-axis for [image: a \le t \le b]:
 [image: S = 2\pi \int_a^b y(t) \sqrt{[x'(t)]^2 + [y'(t)]^2} dt]
 Requirement: [image: y(t) \ge 0] on [image: [a,b]]
  Find the surface area of a sphere of radius [image: r] centered at the origin.
 
 Show Solution We start with the curve defined by the equations
 [image: x\left(t\right)=r\cos{t},y\left(t\right)=r\sin{t},0\le t\le \pi].
  
 This generates an upper semicircle of radius r centered at the origin as shown in the following graph.
 [image: A semicircle is drawn with radius r. On the graph there are also written three equations: x(t) = r cos(t), y(t) = r sin(t), and 0 ≤ t ≤ π.]Figure 12. A semicircle generated by parametric equations.  When this curve is revolved around the [image: x]-axis, it generates a sphere of radius [image: r]. To calculate the surface area of the sphere, we use the above equation:
 [image: \begin{array}{cc}\hfill S&=2\pi {\displaystyle\int_{a}^{b}} y\left(t\right)\sqrt{{\left({x}^{\prime }\left(t\right)\right)}^{2}+{\left({y}^{\prime}\left(t\right)\right)}^{2}}dt\hfill \\ &=2\pi {\displaystyle\int_{0}^{\pi}} r\sin{t}\sqrt{{\left(-r\sin{t}\right)}^{2}+{\left(r\cos{t}\right)}^{2}}dt\hfill \\ &=2\pi {\displaystyle\int }_{0}^{\pi }r\sin{t}\sqrt{{r}^{2}{\sin}^{2}t+{r}^{2}{\cos}^{2}t}dt\hfill \\ &=2\pi {\displaystyle\int }_{0}^{\pi }r\sin{t}\sqrt{{r}^{2}\left({\sin}^{2}t+{\cos}^{2}t\right)}dt\hfill \\ &=2\pi {\displaystyle\int_{0}^{\pi}{r}^{2}\sin{t}dt}\hfill \\ &=2\pi{r}^{2}\left(-\cos{t}|_{0}^{\pi}\right)\hfill \\ & =2\pi {r}^{2}\left(-\cos\pi +\cos0\right)\hfill \\ & =4\pi {r}^{2}.\hfill \end{array}]
  
 This is, in fact, the formula for the surface area of a sphere.
 
   Watch the following video to see the worked solution to the example above.https://youtube.com/watch?v=bDvDdC2Wpu8%3Fcontrols%3D0%26start%3D1040%26end%3D1263%26autoplay%3D0 For closed captioning, open the video on its original page by clicking the Youtube logo in the lower right-hand corner of the video display. In YouTube, the video will begin at the same starting point as this clip, but will continue playing until the very end.
 You can view the transcript for this segmented clip of “7.2 Calculus of Parametric Curves” here (opens in new window).
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				 	Find derivatives and tangent lines for curves written in parametric form
 	Calculate the area underneath a parametric curve
 	Find the length of a parametric curve using the arc length formula
 	Calculate the surface area when a parametric curve is rotated to create a 3D shape
 
  Arc Length and Speed of Parametric Curves
 Suppose we would like to represent the location of a baseball after the ball leaves a pitcher’s hand. If the position of the baseball is represented by the plane curve [image: (x(t),y(t))], then we should be able to use calculus to find the speed of the ball at any given time. Furthermore, we should be able to calculate just how far that ball has traveled as a function of time.
 Ignoring the effect of air resistance (unless it is a curve ball!), the ball travels a parabolic path. Assuming the pitcher’s hand is at the origin and the ball travels left to right in the direction of the positive [image: x]-axis, the parametric equations for this curve can be written as
 [image: x(t)=140t,y(t)=-16{t}^{2}+2t]
 where [image: t] represents time. We first calculate the distance the ball travels as a function of time. This distance is represented by the arc length. We can modify the arc length formula slightly. First rewrite the functions [image: x\left(t\right)] and [image: y\left(t\right)] using [image: v] as an independent variable, so as to eliminate any confusion with the parameter [image: t:]
 [image: x\left(v\right)=140v,y\left(v\right)=-16{v}^{2}+2v].
 Then we write the arc length formula as follows:
 [image: \begin{array}{cc}\hfill s\left(t\right)& ={\displaystyle\int }_{0}^{t}\sqrt{{\left(\frac{dx}{dv}\right)}^{2}+{\left(\frac{dy}{dv}\right)}^{2}}dv\hfill \\ & ={\displaystyle\int }_{0}^{t}\sqrt{{140}^{2}+{\left(-32v+2\right)}^{2}}dv.\hfill \end{array}]
 The variable [image: v] acts as a dummy variable that disappears after integration, leaving the arc length as a function of time [image: t]. To integrate this expression we can use a formula from Appendix A,
 [image: \displaystyle\int \sqrt{{a}^{2}+{u}^{2}}du=\frac{u}{2}\sqrt{{a}^{2}+{u}^{2}}+\frac{{a}^{2}}{2}\text{ln}|u+\sqrt{{a}^{2}+{u}^{2}}|+C].
 We set [image: a=140] and [image: u=-32v+2]. This gives [image: du=-32dv], so [image: dv=-\frac{1}{32}du]. Therefore
 [image: \begin{array}{cc}\hfill {\displaystyle\int \sqrt{{140}^{2}+{\left(-32v+2\right)}^{2}}dv}& =-\frac{1}{32}{\displaystyle\int \sqrt{{a}^{2}+{u}^{2}}du}\hfill \\ & =-\frac{1}{32}\left[\begin{array}{c}\frac{\left(-32v+2\right)}{2}\sqrt{{140}^{2}+{\left(-32v+2\right)}^{2}}\hfill \\ +\frac{{140}^{2}}{2}\text{ln}|\left(-32v+2\right)+\sqrt{{140}^{2}+{\left(-32v+2\right)}^{2}}|\hfill \end{array}\right]+C\hfill \end{array}]
 and
 [image: \begin{array}{cc}\hfill s\left(t\right)& =-\frac{1}{32}\left[\frac{\left(-32t+2\right)}{2}\sqrt{{140}^{2}+{\left(-32t+2\right)}^{2}}+\frac{{140}^{2}}{2}\text{ln}|\left(-32t+2\right)+\sqrt{{140}^{2}+{\left(-32t+2\right)}^{2}}|\right]\hfill \\ & +\frac{1}{32}\left[\sqrt{{140}^{2}+{2}^{2}}+\frac{{140}^{2}}{2}\text{ln}|2+\sqrt{{140}^{2}+{2}^{2}}|\right]\hfill \\ & =\left(\frac{t}{2}-\frac{1}{32}\right)\sqrt{1024{t}^{2}-128t+19604}-\frac{1225}{4}\text{ln}|\left(-32t+2\right)+\sqrt{1024{t}^{2}-128t+19604}|\hfill \\ & +\frac{\sqrt{19604}}{32}+\frac{1225}{4}\text{ln}\left(2+\sqrt{19604}\right).\hfill \end{array}]
 This function represents the distance traveled by the ball as a function of time. To calculate the speed, take the derivative of this function with respect to t. While this may seem like a daunting task, it is possible to obtain the answer directly from the Fundamental Theorem of Calculus:
 [image: \frac{d}{dx}{\displaystyle\int }_{a}^{x}f\left(u\right)du=f\left(x\right)].
 Therefore:
 [image: \begin{array}{cc}\hfill {s}^{\prime }\left(t\right)& =\frac{d}{dt}\left[s\left(t\right)\right]\hfill \\ & =\frac{d}{dt}\left[{\displaystyle\int }_{0}^{t}\sqrt{{140}^{2}+{\left(-32v+2\right)}^{2}}dv\right]\hfill \\ & =\sqrt{{140}^{2}+{\left(-32t+2\right)}^{2}}\hfill \\ & =\sqrt{1024{t}^{2}-128t+19604}\hfill \\ & =2\sqrt{256{t}^{2}-32t+4901}.\hfill \end{array}]
 One third of a second after the ball leaves the pitcher’s hand, the distance it travels is equal to
 [image: \begin{array}{cc}\hfill s\left(\frac{1}{3}\right)& =\left(\frac{\frac{1}{3}}{2}-\frac{1}{32}\right)\sqrt{1024{\left(\frac{1}{3}\right)}^{2}-128\left(\frac{1}{3}\right)+19604}\hfill \\ & -\frac{1225}{4}\text{ln}|\left(-32\left(\frac{1}{3}\right)+2\right)+\sqrt{1024{\left(\frac{1}{3}\right)}^{2}-128\left(\frac{1}{3}\right)+19604}|\hfill \\ & +\frac{\sqrt{19604}}{32}+\frac{1225}{4}\text{ln}\left(2+\sqrt{19604}\right)\hfill \\ & \approx 46.69\text{feet}.\hfill \end{array}]
 This value is just over three quarters of the way to home plate. The speed of the ball is
 [image: {s}^{\prime }\left(\frac{1}{3}\right)=2\sqrt{256{\left(\frac{1}{3}\right)}^{2}-16\left(\frac{1}{3}\right)+4901}\approx 140.34\text{ft/s}].
  
 This speed translates to approximately 95 mph—a major-league fastball.
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				 	Solve quadratic equations by completing the square.
 
  Completing the Square
 Not all quadratic equations can be factored or can be solved in their original form using the square root property. In these cases, we may use other methods for solving a quadratic equation. One method of solving quadratic equation is known as completing the square.
 Using this process, we add or subtract terms to both sides of the equation until we have a perfect square trinomial on one side of the equal sign. We then apply the square root property. To complete the square, the leading coefficient, [image: a], must equal [image: 1]. If it does not, then divide the entire equation by [image: a]. Then, we can use the following procedures to solve a quadratic equation by completing the square.
 completing the square
 The goal of completing the square is to transform a quadratic equation of the form [image: ax^2+bx+c = 0] into a perfect square trinomial:
 [image: (x-h)^2 = k],
 which can easily be solved by taking square roots.
  How to: Solve a quadratic equation by completing the square 	Rearrange your equation so that it is in standard form: [image: ax^2 + bx + c = 0]. Divide by [image: a] if [image: a \neq 1].
 	Isolate the constant term by moving it to the right side of the equation.
 	Add [image: (\frac{b}{2})^2] on both sides of the equation.
 	Form the perfect square trinomial.
 	Solve for [image: x] using the square root property.
 
  Perfect Square Trinomials: 	[image: a^2 + 2ab + b^2 = (a + b)^2]
 	[image: a^2 - 2ab + b^2 = (a - b)^2]
 
  We will use the example [image: {x}^{2}+4x+1=0] to illustrate each step. 	Given a quadratic equation that cannot be factored and with [image: a=1], first add or subtract the constant term to the right sign of the equal sign. [image: {x}^{2}+4x=-1]
 
 	Multiply the b term by [image: \frac{1}{2}] and square it. [image: \begin{array}{l}\frac{1}{2}\left(4\right)=2\hfill \\ {2}^{2}=4\hfill \end{array}]
 
 	Add [image: {\left(\frac{1}{2}b\right)}^{2}] to both sides of the equal sign and simplify the right side. We have [image: \begin{array}{l}{x}^{2}+4x+4=-1+4\hfill \\ {x}^{2}+4x+4=3\hfill \end{array}]
 
 	The left side of the equation can now be factored as a perfect square. [image: \begin{array}{l}{x}^{2}+4x+4=3\hfill \\ {\left(x+2\right)}^{2}=3\hfill \end{array}]
 
 	Use the square root property and solve. [image: \begin{array}{l}\sqrt{{\left(x+2\right)}^{2}}=\pm \sqrt{3}\hfill \\ x+2=\pm \sqrt{3}\hfill \\ x=-2\pm \sqrt{3}\hfill \end{array}]
 
 	The solutions are [image: x=-2+\sqrt{3}], [image: x=-2-\sqrt{3}].
 
  Remember that we are permitted, by the properties of equality, to add, subtract, multiply, or divide the same amount to both sides of an equation. Doing so won’t change the value of the equation but it will enable us to isolate the variable on one side (that is, to solve the equation for the variable).The square root property gives us another operation we can do to both sides of an equation, taking the square root. We just have to remember when taking the square root (or any even root, as we’ll see later), to consider both the positive and negative possibilities of the constant. Solve the quadratic equation by completing the square:[image: {x}^{2}-3x - 5=0] Show Answer First, move the constant term to the right side of the equal sign by adding [image: 5] to both sides of the equation.
 [image: {x}^{2}-3x=5]
 Then, take [image: \frac{1}{2}] of the [image: b] term and square it.
 [image: \begin{array}{l}\frac{1}{2}\left(-3\right)=-\frac{3}{2}\hfill \\ {\left(-\frac{3}{2}\right)}^{2}=\frac{9}{4}\hfill \end{array}]
 Add the result to both sides of the equal sign.
 [image: \begin{array}{l}\text{ }{x}^{2}-3x+{\left(-\frac{3}{2}\right)}^{2}=5+{\left(-\frac{3}{2}\right)}^{2}\hfill \\ {x}^{2}-3x+\frac{9}{4}=5+\frac{9}{4}\hfill \end{array}]
 Factor the left side as a perfect square and simplify the right side.
 [image: {\left(x-\frac{3}{2}\right)}^{2}=\frac{29}{4}]
 Use the square root property and solve.
 [image: \begin{array}{c}\sqrt{{\left(x-\frac{3}{2}\right)}^{2}}=\pm \sqrt{\frac{29}{4}}\hfill \\ \left(x-\frac{3}{2}\right)=\pm \frac{\sqrt{29}}{2}\hfill \\ x=\frac{3}{2}\pm \frac{\sqrt{29}}{2}\hfill \end{array}]
 The solutions are [image: x=\frac{3}{2}+\frac{\sqrt{29}}{2}], [image: x=\frac{3}{2}-\frac{\sqrt{29}}{2}].
   Solve the quadratic equation using completing the square:[image: 3x^2-6x-9=0] Show Answer [image: \begin{align*} \text{Divide by the coefficient of } x^2: & \quad \frac{3x^2 - 6x - 9}{3} = 0 \\ & \quad x^2 - 2x - 3 = 0 \\ \text{Isolate the constant term:} & \quad x^2 - 2x = 3 \\ \text{Add } \left(\frac{-2}{2}\right)^2 = (-1)^2 = 1 \text{ on both sides}: & \quad x^2 - 2x + 1 = 3 +1 \\ \text{Form the perfect square trinomial:} & \quad (x - 1)^2 = 3 +1 \\ \text{Simplify and solve:} & \quad (x - 1)^2 = 4 \\ & \quad x - 1 = \pm 2 \\ & \quad x = 1 \pm 2 \\ & \quad x = 1 + 2 = 3 \text{ and } x = 1 - 2 = -1 \end{align*}]
  Note that when solving a quadratic by completing the square, a negative value will sometimes arise under the square root symbol. Later, we’ll see that this value can be represented by a complex number (as shown in the video help for the problem below). We may also treat this type of solution as unreal, stating that no real solutions exist for this equation, by writing DNE. An interactive online homework element has been excluded from the printed version of the text. To see the interactive element that was excluded, please visit the courseware online.
 
  An interactive online homework element has been excluded from the printed version of the text. To see the interactive element that was excluded, please visit the courseware online.
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				 	Use the distance formula and the Pythagorean theorem
 
  Distance Formula
 [image: This is an image of a triangle on an x, y coordinate plane. The x and y axes range from 0 to 7. The points (x sub 1, y sub 1); (x sub 2, y sub 1); and (x sub 2, y sub 2) are labeled and connected to form a triangle. Along the base of the triangle, the following equation is displayed: the absolute value of x sub 2 minus x sub 1 equals a. The hypotenuse of the triangle is labeled: d = c. The remaining side is labeled: the absolute value of y sub 2 minus y sub 1 equals b.]Triangle with sides labeled on an x,y coordinate plane Derived from the Pythagorean Theorem, the distance formula is used to find the distance between two points in the plane. The Pythagorean Theorem, [image: {a}^{2}+{b}^{2}={c}^{2}], is based on a right triangle where [image: a] and [image: b] are the lengths of the legs adjacent to the right angle, and [image: c] is the length of the hypotenuse.
 The relationship of sides [image: |{x}_{2}-{x}_{1}|] and [image: |{y}_{2}-{y}_{1}|] to side d is the same as that of sides a and b to side c. We use the absolute value symbol to indicate that the length is a positive number because the absolute value of any number is positive. (For example, [image: |-3|=3]. ) The symbols [image: |{x}_{2}-{x}_{1}|] and [image: |{y}_{2}-{y}_{1}|] indicate that the lengths of the sides of the triangle are positive. To find the length c, take the square root of both sides of the Pythagorean Theorem.
 [image: {c}^{2}={a}^{2}+{b}^{2}\rightarrow c=\sqrt{{a}^{2}+{b}^{2}}]
 It follows that the distance formula is given as
 [image: {d}^{2}={\left({x}_{2}-{x}_{1}\right)}^{2}+{\left({y}_{2}-{y}_{1}\right)}^{2}\to d=\sqrt{{\left({x}_{2}-{x}_{1}\right)}^{2}+{\left({y}_{2}-{y}_{1}\right)}^{2}}]
 distance formula
 The distance formula is a mathematical equation used to determine the exact distance between two points ([image: \left({x}_{1},{y}_{1}\right)] and [image: \left({x}_{2},{y}_{2}\right)]) on a coordinate plane.
 [image: \text{Distance}: d=\sqrt{{\left({x}_{2}-{x}_{1}\right)}^{2}+{\left({y}_{2}-{y}_{1}\right)}^{2}}]
  Find the distance between the points [image: \left(-3,-1\right)] and [image: \left(2,3\right)]. Show Answer Let us first look at the graph of the two points. Connect the points to form a right triangle.
 [image: This is an image of a triangle on an x, y coordinate plane. The x-axis ranges from negative 4 to 4. The y-axis ranges from negative 2 to 4. The points (-3, -1); (2, -1); and (2, 3) are plotted and labeled on the graph. The points are connected to form a triangle]Triangle with points labeled on an x,y, coordinate plane Then, calculate the length of d using the distance formula.
 [image: \begin{array}{l}d=\sqrt{{\left({x}_{2}-{x}_{1}\right)}^{2}+{\left({y}_{2}-{y}_{1}\right)}^{2}}\hfill \\ d=\sqrt{{\left(2-\left(-3\right)\right)}^{2}+{\left(3-\left(-1\right)\right)}^{2}}\hfill \\ =\sqrt{{\left(5\right)}^{2}+{\left(4\right)}^{2}}\hfill \\ =\sqrt{25+16}\hfill \\ =\sqrt{41}\hfill \end{array}]
 
  An interactive online homework element has been excluded from the printed version of the text. To see the interactive element that was excluded, please visit the courseware online.
 
  Using the Pythagorean Theorem
 The Pythagorean Theorem is a special property of right triangles that has been used since ancient times. It is named after the Greek philosopher and mathematician Pythagoras who lived around [image: 500] BCE.
 Remember that a right triangle has a [image: 90^\circ] angle, which we usually mark with a small square in the corner. The side of the triangle opposite the [image: 90^\circ] angle is called the hypotenuse, and the other two sides are called the legs.
 [image: Three right triangles, each with a box representing the right angle. The first one has the right angle in the lower left corner, the next in the upper left corner, and the last one at the top. The two sides touching the right angle are labeled]Figure 1. These right triangles have two legs and a hypotenuse  
 The Pythagorean Theorem tells how the lengths of the three sides of a right triangle relate to each other. It states that in any right triangle, the sum of the squares of the two legs equals the square of the hypotenuse.
 the Pythagorean Theorem
 In any right triangle [image: \Delta ABC],
 [image: {a}^{2}+{b}^{2}={c}^{2}]
  
 where [image: c] is the length of the hypotenuse [image: a] and [image: b] are the lengths of the legs.
  
 [image: A right triangle, with the right angle marked with a box. Across from the box is side c. The sides touching the right angle are marked a and b.] 
 
  To solve problems that use the Pythagorean Theorem, we will need to find square roots. Recall the notation [image: \sqrt{m}] and that it is defined in this way:
 [image: \text{If }m={n}^{2},\text{ then }\sqrt{m}=n\text{ for }n\ge 0]
 For example, [image: \sqrt{25}] is [image: 5] because [image: {5}^{2}=25].
 We will use this definition of square roots to solve for the length of a side in a right triangle.
 
  Use the Pythagorean Theorem to find the length of the hypotenuse.
 [image: Right triangle with legs labeled as 3 and 4.] Show Solution 	Step 1. Read the problem. 	 
 	Step 2. Identify what you are looking for. 	the length of the hypotenuse of the triangle 
 	Step 3. Name. Choose a variable to represent it. 	Let [image: c=\text{the length of the hypotenuse}] [image: Right triangle with legs labeled 3 and 4 and the hypotenuse labeled c]
 
 	Step 4. Translate. Write the appropriate formula. Substitute.
 	[image: {a}^{2}+{b}^{2}={c}^{2}] [image: {3}^{2}+{4}^{2}={c}^{2}]
 
 	Step 5. Solve the equation. 	[image: 9+16={c}^{2}] [image: 25={c}^{2}]
 [image: \sqrt{25}={c}^{2}]
 [image: 5=c]
 
 	Step 6. Check. 	[image: {3}^{2}+{4}^{2}={\color{red}{5}}^{2}] [image: 9+16\stackrel{?}{=}25]
 [image: 25+25\checkmark]
 
 	Step 7. Answer the question. 	The length of the hypotenuse is [image: 5]. 
  
   An interactive online homework element has been excluded from the printed version of the text. To see the interactive element that was excluded, please visit the courseware online.
 
  Use the Pythagorean Theorem to find the length of the longer leg.
 [image: A right triangle with one leg labeled as 5 and hypotenuse labeled as 13.]  Show Solution 	Step 1. Read the problem. 	 
 	Step 2. Identify what you are looking for. 	The length of the leg of the triangle 
 	Step 3. Name. Choose a variable to represent it. 	Let [image: b=\text{the leg of the triangle}] Label side b
 [image: A right triangle with one leg labeled as 5, the other leg labeled as b, and hypotenuse labeled as 13.]
 
 	Step 4. Translate. Write the appropriate formula. Substitute.
 	[image: {a}^{2}+{b}^{2}={c}^{2}] [image: {5}^{2}+{b}^{2}={13}^{2}]
 
 	Step 5. Solve the equation. Isolate the variable term. Use the definition of the square root. Simplify.
 	[image: 25+{b}^{2}=169] [image: {b}^{2}=144]
 [image: {b}^{2}=\sqrt{144}]
 [image: b=12]
 
 	Step 6. Check. 	[image: {5}^{2}+{\color{red}{12}}^{2}\stackrel{?}{=}{13}^{2}] [image: 25+144\stackrel{?}{=}169]
 [image: 169=169\checkmark]
 
 	Step 7. Answer the question. 	The length of the leg is [image: 12]. 
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				 	Apply substitution methods to find definite integrals
 
  Substitution for Definite Integrals
 Substitution can be used with definite integrals. However, using substitution to evaluate a definite integral requires a change to the limits of integration. If we change variables in the integrand, the limits of integration change as well.
 substitution with definite integrals
 Let [image: u=g(x)] and let [image: {g}^{\text{′}}] be continuous over an interval [image: \left[a,b\right],] and let [image: f] be continuous over the range of [image: u=g(x).] Then,
 [image: {\displaystyle\int }_{a}^{b}f(g(x)){g}^{\prime }(x)dx={\displaystyle\int }_{g(a)}^{g(b)}f(u)du]
 
  Although we will not formally prove this theorem, we justify it with some calculations here. From the substitution rule for indefinite integrals, if [image: F(x)] is an antiderivative of [image: f(x),] we have
 [image: \displaystyle\int f(g(x)){g}^{\prime }(x)dx=F(g(x))+C]
 Then
 [image: \begin{array}{cc}{\displaystyle\int }_{a}^{b}f\left[g(x)\right]{g}^{\prime }(x)dx\hfill & ={F(g(x))|}_{x=a}^{x=b}\hfill \\ & =F(g(b))-F(g(a))\hfill \\ & ={F(u)|}_{u=g(a)}^{u=g(b)}\hfill \\ \\ \\ & ={\displaystyle\int }_{g(a)}^{g(b)}f(u)du,\hfill \end{array}]
 and we have the desired result.
 Use substitution to evaluate [image: {\displaystyle\int }_{0}^{1}{x}^{2}{(1+2{x}^{3})}^{5}dx.] Show Solution Let [image: u=1+2{x}^{3},] so [image: du=6{x}^{2}dx.]
 Since the original function includes one factor of [image: x^2] and [image: du=6{x}^{2}dx,] multiply both sides of the du equation by [image: \frac{1}{6}.]
 Then,
 [image: \begin{array}{ccc}du\hfill & =\hfill & 6{x}^{2}dx\hfill \\ \frac{1}{6}du\hfill & =\hfill & {x}^{2}dx.\hfill \end{array}]
 To adjust the limits of integration, note that when [image: x=0,u=1+2(0)=1,] and when [image: x=1,u=1+2(1)=3.]
 Then,
 [image: {\displaystyle\int }_{0}^{1}{x}^{2}{(1+2{x}^{3})}^{5}dx=\frac{1}{6}{\displaystyle\int }_{1}^{3}{u}^{5}du.]
 Evaluating this expression, we get
 [image: \begin{array}{}\frac{1}{6}{\displaystyle\int }_{1}^{3}{u}^{5}du\hfill & =(\frac{1}{6})(\frac{{u}^{6}}{6}){|}_{1}^{3}\hfill \\ & =\frac{1}{36}\left[{(3)}^{6}-{(1)}^{6}\right]\hfill \\ & =\frac{182}{9}.\hfill \end{array}]
 Watch the following video to see the worked solution to this example.
 https://youtube.com/watch?v=Ak_y3lsBNfE%3Fcontrols%3D0%26start%3D519%26end%3D664%26autoplay%3D0For closed captioning, open the video on its original page by clicking the Youtube logo in the lower right-hand corner of the video display. In YouTube, the video will begin at the same starting point as this clip, but will continue playing until the very end.
 You can view the transcript for this segmented clip of “5.5 Substitution” here (opens in new window).
  Use substitution to evaluate [image: {\displaystyle\int }_{0}^{1}x{e}^{4{x}^{2}+3}dx.] Show Solution Let [image: u=4{x}^{3}+3.] Then, [image: du=8xdx.]
 To adjust the limits of integration, we note that when [image: x=0,u=3,] and when [image: x=1,u=7.]
 So our substitution gives,
 [image: \begin{array}{cc}{\displaystyle\int }_{0}^{1}x{e}^{4{x}^{2}+3}dx\hfill & =\frac{1}{8}{\displaystyle\int }_{3}^{7}{e}^{u}du\hfill \\ \\ & =\frac{1}{8}{e}^{u}{|}_{3}^{7}\hfill \\ & =\frac{{e}^{7}-{e}^{3}}{8}\hfill \\ & \approx 134.568.\hfill \end{array}]
  Substitution may be only one of the techniques needed to evaluate a definite integral. All of the properties and rules of integration apply independently, and trigonometric functions may need to be rewritten using a trigonometric identity before we can apply substitution. Also, we have the option of replacing the original expression for [image: u] after we find the antiderivative, which means that we do not have to change the limits of integration. These two approaches are shown in the following examples.
 Use substitution to evaluate [image: {\displaystyle\int }_{0}^{\pi \text{/}2}{ \cos }^{2}\theta d\theta .] Show Solution Let us first use a trigonometric identity to rewrite the integral. The trig identity [image: { \cos }^{2}\theta =\frac{1+ \cos 2\theta }{2}] allows us to rewrite the integral as
 [image: {\displaystyle\int }_{0}^{\pi \text{/}2}{ \cos }^{2}\theta d\theta ={\displaystyle\int }_{0}^{\pi \text{/}2}\frac{1+ \cos 2\theta }{2}d\theta .]
  
 Then,
 [image: \begin{array}{cc}{\displaystyle\int }_{0}^{\pi \text{/}2}\left(\frac{1+ \cos 2\theta }{2}\right)d\theta \hfill & ={\displaystyle\int }_{0}^{\pi \text{/}2}\left(\frac{1}{2}+\frac{1}{2} \cos 2\theta \right)d\theta \hfill \\ \\ \\ & =\frac{1}{2}{\displaystyle\int }_{0}^{\pi \text{/}2}d\theta + \frac{1}{2}{\displaystyle\int }_{0}^{\pi \text{/}2} \cos 2\theta d\theta .\hfill \end{array}]
  
 We can evaluate the first integral as it is, but we need to make a substitution to evaluate the second integral. Let [image: u=2\theta .] Then, [image: du=2d\theta ,] or [image: \frac{1}{2}du=d\theta .] Also, when [image: \theta =0,u=0,] and when [image: \theta =\pi \text{/}2,u=\pi .] Expressing the second integral in terms of [image: u], we have
 [image: \begin{array}{}\\ \\ \frac{1}{2}{\displaystyle\int }_{0}^{\pi \text{/}2}d\theta +\frac{1}{2}{\displaystyle\int }_{0}^{\pi \text{/}2} \cos 2\theta d\theta \hfill & =\frac{1}{2}{\displaystyle\int }_{0}^{\pi \text{/}2}d\theta +\frac{1}{2}(\frac{1}{2}){\displaystyle\int }_{0}^{\pi } \cos udu\hfill \\ & =\frac{\theta }{2}{|}_{\theta =0}^{\theta =\pi \text{/}2}+\frac{1}{4} \sin u{|}_{u=0}^{u=\theta }\hfill \\ & =(\frac{\pi }{4}-0)+(0-0)=\frac{\pi }{4}.\hfill \end{array}]
 Watch the following video to see the worked solution to this example.
 https://youtube.com/watch?v=Ak_y3lsBNfE%3Fcontrols%3D0%26start%3D774%26end%3D978%26autoplay%3D0For closed captioning, open the video on its original page by clicking the Youtube logo in the lower right-hand corner of the video display. In YouTube, the video will begin at the same starting point as this clip, but will continue playing until the very end.
 You can view the transcript for this segmented clip of “5.5 Substitution” here (opens in new window).
  [ohm_question hide_question_numbers=1]211747[/ohm_question]  
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				 	Plot points using polar coordinates (r,θ)
 	Switch back and forth between polar and rectangular (x,y) coordinates
 	Draw polar curves from their equations
 	Identify when polar curves have symmetry
 
  Polar Coordinates
 The rectangular coordinate system maps points to ordered pairs using perpendicular axes. The polar coordinate system offers an alternative approach that can be more useful in certain situations, particularly when dealing with circular or rotational patterns.
 Instead of describing a point’s location using horizontal and vertical distances, polar coordinates use:
 	Distance from the origin (called [image: r])
 	Angle from the positive [image: x]-axis (called [image: \theta])
 
 The rectangular coordinate system (or Cartesian plane) provides a means of mapping points to ordered pairs and ordered pairs to points. This is called a one-to-one mapping from points in the plane to ordered pairs. The polar coordinate system provides an alternative method of mapping points to ordered pairs. In this section we see that in some circumstances, polar coordinates can be more useful than rectangular coordinates.
 Defining Polar Coordinates
 Consider any point [image: P] in the coordinate plane with rectangular coordinates [image: \left(x,y\right)].
 To find its polar coordinates, we measure the radius [image: r] as the distance from the origin to point [image: P], and the angle [image: \theta] as the angle between the positive [image: x]-axis and the line segment from the origin to [image: P]. This creates a one-to-one mapping between points and the ordered pair [image: (r,\theta )], just as rectangular coordinates use [image: \left(x,y\right)].
 polar coordinate system
 Each point in the plane corresponds to an ordered pair [image: (r,\theta )], where [image: r] is the distance from the origin and [image: \theta] is the angle from the positive [image: x]-axis.
  Converting Between Coordinate Systems
 The connection between rectangular and polar coordinates relies on right triangle relationships. When you draw a line from the origin to point [image: P], you create a right triangle where the hypotenuse equals [image: r], the horizontal leg equals [image: x], the vertical leg equals [image: y], and one angle equals [image: \theta].
 [image: A point P(x, y) is given in the first quadrant with lines drawn to indicate its x and y values. There is a line from the origin to P(x, y) marked r and this line make an angle θ with the x axis.]Figure 1. An arbitrary point in the Cartesian plane.  Recall: Right Triangle Trigonometry
 [image: \\]
 Given a right triangle with an acute angle of [image: \theta]: [image: \begin{align}&\sin \left(\theta \right)=\frac{\text{opposite}}{\text{hypotenuse}} \\ &\cos \left(\theta \right)=\frac{\text{adjacent}}{\text{hypotenuse}} \\ &\tan \left(\theta \right)=\frac{\text{opposite}}{\text{adjacent}} \end{align}]
 A common mnemonic for remembering these relationships is SohCahToa: Sine is Opposite over Hypotenuse, Cosine is Adjacent over Hypotenuse, Tangent is Opposite over Adjacent.
 The side lengths of the right triangle with legs [image: a] and [image: b] and hypotenuse [image: c] are related through the Pythagorean Theorem: [image: a^2 + b^2 = c^2]
  _*]:min-w-0″> Using the right triangle formed by point [image: P], the origin, and the coordinate axes, we can derive relationships between rectangular and polar coordinates.
 
 
 _*]:min-w-0″> From the basic trigonometric ratios, we get:
 
 
 [image: \cos\theta =\frac{x}{r}\:\:\text{so}\:\:x=r\cos\theta]
 [image: \sin\theta =\frac{y}{r}\:\:\text{ so }\:\:y=r\sin\theta].
 Additionally, the Pythagorean theorem and tangent ratio give us:
 [image: {r}^{2}={x}^{2}+{y}^{2}\text{ and }\tan\theta =\frac{y}{x}].
 These relationships allow us to convert any point [image: \left(x,y\right)] in rectangular coordinates to polar coordinates [image: \left(r,\theta \right)]. The first coordinate [image: r] is called the radial coordinate, and the second coordinate [image: \theta] is called the angular coordinate.
 converting points between coordinate systems
 For a point [image: P] with rectangular coordinates [image: \left(x,y\right)] and polar coordinates [image: \left(r,\theta \right)]:
 	Polar to Rectangular: [image: x=r\cos\theta \:\text{and}\:y=r\sin\theta]
 	Rectangular to Polar: [image: {r}^{2}={x}^{2}+{y}^{2}\:\text{and}\:\tan\theta =\frac{y}{x}]
 
 These formulas can be used to convert from rectangular to polar or from polar to rectangular coordinates.
  The equation [image: \tan\theta =\frac{y}{x}] has infinitely many solutions for any point [image: \left(x,y\right)]. However, when we restrict solutions to values between [image: 0] and [image: 2\pi], we can find a unique angle that places the point in the correct quadrant. This ensures that the corresponding value of [image: r] is positive.
 Notice that we don’t simply write [image: \theta = \tan^{-1}\left(\frac{y}{x}\right)]. This is because the inverse tangent function has a restricted range that can lead to incorrect quadrant placement.
 Recall: Using The Inverse Tangent Function in the coordinate plane The inverse tangent function has range [image: \left(-\frac{\pi}{2}, \frac{\pi}{2}\right)], so it only produces angles in Quadrants I and IV.
 	For Quadrants I and IV: If [image: -\frac{\pi}{2} < \theta < \frac{\pi}{2}], then [image: \theta = \tan^{-1}\left(\frac{y}{x}\right)]
 	For Quadrants II and III: If [image: \frac{\pi}{2} < \theta < \frac{3\pi}{2}], then [image: \theta = \tan^{-1}\left(\frac{y}{x}\right) + \pi]
 
 When the point [image: \left(x, y \right)] is in Quadrant II or III, you must add [image: \pi] to the inverse tangent result to get the correct angle.
  Convert each of the following points into polar coordinates.
 	[image: \left(1,1\right)]
 	[image: \left(-3,4\right)]
 	[image: \left(0,3\right)]
 	[image: \left(5\sqrt{3},-5\right)]
 
 Convert each of the following points into rectangular coordinates.
 	[image: \left(3,\frac{\pi}{3}\right)]
 	[image: \left(2,\frac{3\pi}{2}\right)]
 	[image: \left(6,\frac{-5\pi}{6}\right)]
 
 
 Show Solution 	Use [image: x=1] and [image: y=1] in the theorem:
  [image: \begin{array}{ccccccc}\begin{array}{ccc}\hfill {r}^{2}& =\hfill & {x}^{2}+{y}^{2}\hfill \\ & =\hfill & {1}^{2}+{1}^{2}\hfill \\ \hfill r& =\hfill & \sqrt{2}\hfill \end{array}\hfill & & & \text{and}\hfill & & & \begin{array}{ccc}\hfill \tan\theta & =\hfill & \frac{y}{x}\hfill \\ & =\hfill & \frac{1}{1}=1\hfill \\ \hfill \theta & =\hfill & \frac{\pi }{4}.\hfill \end{array}\hfill \end{array}]
 
 
 Therefore this point can be represented as [image: \left(\sqrt{2},\frac{\pi }{4}\right)] in polar coordinates.

 	Use [image: x=-3] and [image: y=4] in the theorem:
  [image: \begin{array}{ccccccc}\begin{array}{ccc}\hfill {r}^{2}& =\hfill & {x}^{2}+{y}^{2}\hfill \\ & =\hfill & {\left(-3\right)}^{2}+{\left(4\right)}^{2}\hfill \\ \hfill r& =\hfill & 5\hfill \end{array}\hfill & & & \text{and}\hfill & & & \begin{array}{ccc}\hfill \tan\theta & =\hfill & \frac{y}{x}\hfill \\ & =\hfill & -\frac{4}{3}\hfill \\ \hfill \theta & =\hfill & -\text{arctan}\left(\frac{4}{3}\right)\hfill \\ & \approx \hfill & 2.21.\hfill \end{array}\hfill \end{array}]
 
 
 Therefore this point can be represented as [image: \left(5,2.21\right)] in polar coordinates.

 	Use [image: x=0] and [image: y=3] in the theorem:
  [image: \begin{array}{ccccccc}\begin{array}{ccc}\hfill {r}^{2}& =\hfill & {x}^{2}+{y}^{2}\hfill \\ & =\hfill & {\left(3\right)}^{2}+{\left(0\right)}^{2}\hfill \\ & =\hfill & 9+0\hfill \\ \hfill r& =\hfill & 3\hfill \end{array}\hfill & & & \text{and}\hfill & & & \begin{array}{ccc}\hfill \tan\theta & =\hfill & \frac{y}{x}\hfill \\ & =\hfill & \frac{3}{0}.\hfill \end{array}\hfill \end{array}]
 
 
 Direct application of the second equation leads to division by zero. Graphing the point [image: \left(0,3\right)] on the rectangular coordinate system reveals that the point is located on the positive y-axis. The angle between the positive x-axis and the positive y-axis is [image: \frac{\pi }{2}]. Therefore this point can be represented as [image: \left(3,\frac{\pi }{2}\right)] in polar coordinates.

 	Use [image: x=5\sqrt{3}] and [image: y=-5] in the theorem:
  [image: \begin{array}{ccccccc}\begin{array}{ccc}\hfill {r}^{2}& =\hfill & {x}^{2}+{y}^{2}\hfill \\ & =\hfill & {\left(5\sqrt{3}\right)}^{2}+{\left(-5\right)}^{2}\hfill \\ & =\hfill & 75+25\hfill \\ \hfill r& =\hfill & 10\hfill \end{array}\hfill & & & \text{and}\hfill & & & \begin{array}{ccc}\hfill \tan\theta & =\hfill & \frac{y}{x}\hfill \\ & =\hfill & \frac{-5}{5\sqrt{3}}=-\frac{\sqrt{3}}{3}\hfill \\ \hfill \theta & =\hfill & -\frac{\pi }{6}.\hfill \end{array}\hfill \end{array}]
 
 
 Therefore this point can be represented as [image: \left(10,-\frac{\pi }{6}\right)] in polar coordinates.

 	Use [image: r=3] and [image: \theta =\frac{\pi }{3}] in the theorem:
  [image: \begin{array}{ccccccc}\begin{array}{ccc}\hfill x& =\hfill & r\cos\theta \hfill \\ & =\hfill & 3\cos\left(\frac{\pi }{3}\right)\hfill \\ & =\hfill & 3\left(\frac{1}{2}\right)=\frac{3}{2}\hfill \end{array}\hfill & & & \text{and}\hfill & & & \begin{array}{ccc}\hfill y& =\hfill & r\sin\theta \hfill \\ & =\hfill & 3\sin\left(\frac{\pi }{3}\right)\hfill \\ & =\hfill & 3\left(\frac{\sqrt{3}}{2}\right)=\frac{3\sqrt{3}}{2}.\hfill \end{array}\hfill \end{array}]
 
 
 Therefore this point can be represented as [image: \left(\frac{3}{2},\frac{3\sqrt{3}}{2}\right)] in rectangular coordinates.

 	Use [image: r=2] and [image: \theta =\frac{3\pi }{2}] in the theorem:
  [image: \begin{array}{ccccccc}\begin{array}{ccc}\hfill x& =\hfill & r\cos\theta \hfill \\ & =\hfill & 2\cos\left(\frac{3\pi }{2}\right)\hfill \\ & =\hfill & 2\left(0\right)=0\hfill \end{array}\hfill & & & \text{and}\hfill & & & \begin{array}{ccc}\hfill y& =\hfill & r\sin\theta \hfill \\ & =\hfill & 2\sin\left(\frac{3\pi }{2}\right)\hfill \\ & =\hfill & 2\left(-1\right)=-2.\hfill \end{array}\hfill \end{array}]
 
 
 Therefore this point can be represented as [image: \left(0,-2\right)] in rectangular coordinates.

 	Use [image: r=6] and [image: \theta =-\frac{5\pi }{6}] in the theorem:
  [image: \begin{array}{ccccccc}\begin{array}{ccc}\hfill x& =\hfill & r\cos\theta \hfill \\ & =\hfill & 6\cos\left(-\frac{5\pi }{6}\right)\hfill \\ & =\hfill & 6\left(-\frac{\sqrt{3}}{2}\right)\hfill \\ & =\hfill & -3\sqrt{3}\hfill \end{array}\hfill & & & \text{and}\hfill & & & \begin{array}{ccc}\hfill y& =\hfill & r\sin\theta \hfill \\ & =\hfill & 6\sin\left(-\frac{5\pi }{6}\right)\hfill \\ & =\hfill & 6\left(-\frac{1}{2}\right)\hfill \\ & =\hfill & -3.\hfill \end{array}\hfill \end{array}]
 
 
 Therefore this point can be represented as [image: \left(-3\sqrt{3},-3\right)] in rectangular coordinates.

 
 
   Watch the following video to see the worked solution to the example above.https://youtube.com/watch?v=m_wIuLZn03U%3Fcontrols%3D0%26start%3D72%26end%3D510%26autoplay%3D0 For closed captioning, open the video on its original page by clicking the Youtube logo in the lower right-hand corner of the video display. In YouTube, the video will begin at the same starting point as this clip, but will continue playing until the very end.
 You can view the transcript for this segmented clip of “7.3 Polar Coordinates” here (opens in new window).
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				Plotting Points in the Polar Plane
 One key difference between polar and rectangular coordinates is that polar coordinates are not unique. A single point can be represented by infinitely many polar coordinate pairs.
 Consider the point [image: \left(1,\sqrt{3}\right)] in rectangular coordinates. This same point can be expressed in polar form as:
 	[image: \left(2,\frac{\pi }{3}\right)]
 	[image: \left(2,\frac{7\pi }{3}\right)]
 	[image: \left(-2,\frac{4\pi }{3}\right)]
 
 Let’s verify that [image: \left(-2,\frac{4\pi }{3}\right)] represents [image: \left(1,\sqrt{3}\right)]:
 [image: \begin{array}{ccccccc}\begin{array}{ccc}\hfill x& =\hfill & r\cos\theta \hfill \\ & =\hfill & -2\cos\left(\frac{4\pi }{3}\right)\hfill \\ & =\hfill & -2\left(-\frac{1}{2}\right)=1\hfill \end{array}\hfill & & & \text{and}\hfill & & & \begin{array}{ccc}\hfill y& =\hfill & r\sin\theta \hfill \\ & =\hfill & -2\sin\left(\frac{4\pi }{3}\right)\hfill \\ & =\hfill & -2\left(-\frac{\sqrt{3}}{2}\right)=\sqrt{3}.\hfill \end{array}\hfill \end{array}]
  This confirms that negative values of [image: r] are allowed in polar coordinates. While every point has infinitely many polar representations, each point has only one representation in rectangular coordinates.
 The polar coordinate system has a clear visual interpretation. The value [image: r] represents the directed distance from the origin to the point, while [image: \theta] measures the angle that the line segment makes with the positive [image: x]-axis.
 In the polar plane, the horizontal line extending right from the center is called the polar axis (equivalent to the positive [image: x]-axis). The center point is the pole or origin, corresponding to [image: r=0]. Concentric circles represent points at fixed distances from the pole. The equation [image: r=1] describes all points one unit from the pole, [image: r=2] describes points two units away, and so on. Line segments radiating from the pole correspond to fixed angles.
 [image: A series of concentric circles is drawn with spokes indicating different values between 0 and 2π in increments of π/12. The first quadrant starts with 0 where the x-axis would be, then the next spoke is marked π/12, then π/6, π/4, π/3, 5π/12, π/2, and so on into the second, third, and fourth quadrants. The polar axis is noted near the former x-axis line.]Figure 2. The polar coordinate system. How to: Plot Polar Points:
 	Start with the angle [image: \theta]. Measure counterclockwise from the polar axis if positive, clockwise if negative.
 	If [image: r > 0], move that distance along the terminal ray of the angle.
 	If [image: r < 0], move that distance along the ray opposite to the terminal ray.
 
  
 Plot each of the following points on the polar plane.
 	[image: \left(2,\frac{\pi }{4}\right)]
 	[image: \left(-3,\frac{2\pi }{3}\right)]
 	[image: \left(4,\frac{5\pi }{4}\right)]
 
 
 Show Solution The three points are plotted in the following figure.
 [image: Three points are marked on a polar coordinate plane, specifically (2, π/4) in the first quadrant, (4, 5π/4) in the third quadrant, and (−3, 2π/3) in the fourth quadrant.]Figure 3. Three points plotted in the polar coordinate system.  
   Watch the following video to see the worked solution to the example above.https://youtube.com/watch?v=m_wIuLZn03U%3Fcontrols%3D0%26start%3D557%26end%3D664%26autoplay%3D0 For closed captioning, open the video on its original page by clicking the Youtube logo in the lower right-hand corner of the video display. In YouTube, the video will begin at the same starting point as this clip, but will continue playing until the very end.
 You can view the transcript for this segmented clip of “7.3 Polar Coordinates” here (opens in new window).
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				Polar Curves
 Just as we graph functions [image: y=f(x)] in the rectangular coordinate system, we can graph functions [image: r=f(\theta)] in the polar coordinate system to create curves.
 The process for graphing polar curves follows the same fundamental approach as rectangular graphing. You start with values for the independent variable [image: \theta], calculate corresponding values of the dependent variable [image: r], then plot and connect the resulting points.
 Since many polar functions are periodic, you often need to evaluate only a limited range of [image: \theta] values to capture the complete curve pattern.
 Problem-Solving Strategy: Plotting a Curve in Polar Coordinates
 	Create a table with columns for [image: \theta] and [image: r]
 	Choose appropriate [image: \theta] values (consider the function’s period)
 	Calculate the corresponding [image: r] values for each [image: \theta].
 	Plot each ordered pair [image: \left(r,\theta \right)] on the coordinate axes.
 	Connect the points and identify any patterns in the curve
 
  Graph the curve defined by the function [image: r=4\sin\theta]. Identify the curve and rewrite the equation in rectangular coordinates.
 
 Show Solution Because the function is a multiple of a sine function, it is periodic with period [image: 2\pi], so use values for [image: \theta] between 0 and [image: 2\pi]. The result of steps 1–3 appear in the following table. Figure 5 shows the graph based on this table.
 	[image: \theta] 	[image: r=4\sin\theta] 	 	[image: \theta] 	[image: r=4\sin\theta] 
  	[image: 0] 	[image: 0] 	 	[image: \pi] 	[image: 0] 
 	[image: \frac{\pi }{6}] 	[image: 2] 	[image: \frac{7\pi }{6}] 	[image: -2] 
 	[image: \frac{\pi }{4}] 	[image: 2\sqrt{2}\approx 2.8] 	[image: \frac{5\pi }{4}] 	[image: -2\sqrt{2}\approx -2.8] 
 	[image: \frac{\pi }{3}] 	[image: 2\sqrt{3}\approx 3.4] 	[image: \frac{4\pi }{3}] 	[image: -2\sqrt{3}\approx -3.4] 
 	[image: \frac{\pi }{2}] 	[image: 4] 	[image: \frac{3\pi }{2}] 	[image: 4] 
 	[image: \frac{2\pi }{3}] 	[image: 2\sqrt{3}\approx 3.4] 	[image: \frac{5\pi }{3}] 	[image: -2\sqrt{3}\approx -3.4] 
 	[image: \frac{3\pi }{4}] 	[image: 2\sqrt{2}\approx 2.8] 	[image: \frac{7\pi }{4}] 	[image: -2\sqrt{2}\approx -2.8] 
 	[image: \frac{5\pi }{6}] 	[image: 2] 	[image: \frac{11\pi }{6}] 	[image: -2] 
 	 	 	[image: 2\pi] 	[image: 0] 
  
 [image: On the polar coordinate plane, a circle is drawn with radius 2. It touches the origin, (2 times the square root of 2, π/4), (4, π/2), and (2 times the square root of 2, 3π/4).]Figure 5. The graph of the function [image: r=4\sin\theta] is a circle.  This is the graph of a circle. The equation [image: r=4\sin\theta] can be converted into rectangular coordinates by first multiplying both sides by [image: r]. This gives the equation [image: {r}^{2}=4r\sin\theta]. Next use the facts that [image: {r}^{2}={x}^{2}+{y}^{2}] and [image: y=r\sin\theta]. This gives [image: {x}^{2}+{y}^{2}=4y]. To put this equation into standard form, subtract [image: 4y] from both sides of the equation and complete the square:
 [image: \begin{array}{ccc}\hfill {x}^{2}+{y}^{2}-4y& =\hfill & 0\hfill \\ \hfill {x}^{2}+\left({y}^{2}-4y\right)& =\hfill & 0\hfill \\ \hfill {x}^{2}+\left({y}^{2}-4y+4\right)& =\hfill & 0+4\hfill \\ \hfill {x}^{2}+{\left(y - 2\right)}^{2}& =\hfill & 4.\hfill \end{array}]
  
 This is the equation of a circle with radius 2 and center [image: \left(0,2\right)] in the rectangular coordinate system.
 
   Watch the following video to see the worked solution to the example above.https://youtube.com/watch?v=m_wIuLZn03U%3Fcontrols%3D0%26start%3D668%26end%3D930%26autoplay%3D0 For closed captioning, open the video on its original page by clicking the Youtube logo in the lower right-hand corner of the video display. In YouTube, the video will begin at the same starting point as this clip, but will continue playing until the very end.
 You can view the transcript for this segmented clip of “7.3 Polar Coordinates” here (opens in new window).
  The graph in the previous example was that of a circle. The equation of the circle can be transformed into rectangular coordinates using the coordinate transformation formulas in the theorem.
 Rewrite each of the following equations in rectangular coordinates and identify the graph.
 	[image: \theta =\frac{\pi }{3}]
 	[image: r=3]
 	[image: r=6\cos\theta -8\sin\theta]
 
 
 Show Solution 	Take the tangent of both sides. This gives [image: \tan\theta =\tan\left(\frac{\pi}{3}\right)=\sqrt{3}]. Since [image: \tan\theta =\frac{y}{x}] we can replace the left-hand side of this equation by [image: \frac{y}{x}]. This gives [image: \frac{y}{x}=\sqrt{3}], which can be rewritten as [image: y=x\sqrt{3}]. This is the equation of a straight line passing through the origin with slope [image: \sqrt{3}]. In general, any polar equation of the form [image: \theta =K] represents a straight line through the pole with slope equal to [image: \tan{K}].
 	First, square both sides of the equation. This gives [image: {r}^{2}=9]. Next replace [image: {r}^{2}] with [image: {x}^{2}+{y}^{2}]. This gives the equation [image: {x}^{2}+{y}^{2}=9], which is the equation of a circle centered at the origin with radius 3. In general, any polar equation of the form [image: r=k] where k is a positive constant represents a circle of radius k centered at the origin. (Note: when squaring both sides of an equation it is possible to introduce new points unintentionally. This should always be taken into consideration. However, in this case we do not introduce new points. For example, [image: \left(-3,\frac{\pi }{3}\right)] is the same point as [image: \left(3,\frac{4\pi}{3}\right)].)
 	Multiply both sides of the equation by [image: r]. This leads to [image: {r}^{2}=6r\cos\theta -8r\sin\theta]. Next use the formulas
  [image: {r}^{2}={x}^{2}+{y}^{2},x=r\cos\theta ,y=r\sin\theta].
 
 
 This gives
 
 [image: \begin{array}{ccc}\hfill {r}^{2}& =\hfill & 6\left(r\cos\theta \right)-8\left(r\sin\theta \right)\hfill \\ \hfill {x}^{2}+{y}^{2}& =\hfill & 6x - 8y.\hfill \end{array}]
 
 
 To put this equation into standard form, first move the variables from the right-hand side of the equation to the left-hand side, then complete the square.
 
 [image: \begin{array}{ccc}\hfill {x}^{2}+{y}^{2}& =\hfill & 6x - 8y\hfill \\ \hfill {x}^{2}-6x+{y}^{2}+8y& =\hfill & 0\hfill \\ \hfill \left({x}^{2}-6x\right)+\left({y}^{2}+8y\right)& =\hfill & 0\hfill \\ \hfill \left({x}^{2}-6x+9\right)+\left({y}^{2}+8y+16\right)& =\hfill & 9+16\hfill \\ \hfill {\left(x - 3\right)}^{2}+{\left(y+4\right)}^{2}& =\hfill & 25.\hfill \end{array}]
 
 
 This is the equation of a circle with center at [image: \left(3,-4\right)] and radius 5. Notice that the circle passes through the origin since the center is 5 units away.

 
 
   Watch the following video to see the worked solution to the example above.https://youtube.com/watch?v=m_wIuLZn03U%3Fcontrols%3D0%26start%3D938%26end%3D1176%26autoplay%3D0 For closed captioning, open the video on its original page by clicking the Youtube logo in the lower right-hand corner of the video display. In YouTube, the video will begin at the same starting point as this clip, but will continue playing until the very end.
 You can view the transcript for this segmented clip of “7.3 Polar Coordinates” here (opens in new window).
  The tables below summarize several important families of polar curves, where [image: a] and [image: b] are arbitrary constants.
 	[image: This table has three columns and 3 rows. The first row is a header row and is given from left to right as name, equation, and example. The second row is Line passing through the pole with slope tan K; θ = K; and a picture of a straight line on the polar coordinate plane with θ = π/3. The third row is Circle; r = a cosθ + b sinθ; and a picture of a circle on the polar coordinate plane with equation r = 2 cos(t) – 3 sin(t): the circle touches the origin but has center in the third quadrant.]Figure 7.  	[image: This table has three columns and 3 rows. The first row is Spiral; r = a + bθ; and a picture of a spiral starting at the origin with equation r = θ/3. The second row is Cardioid; r = a(1 + cosθ), r = a(1 – cosθ), r = a(1 + sinθ), r = a(1 – sinθ); and a picture of a cardioid with equation r = 3(1 + cosθ): the cardioid looks like a heart turned on its side with a rounded bottom instead of a pointed one. The third row is Limaçon; r = a cosθ + b, r = a sinθ + b; and a picture of a limaçon with equation r = 2 + 4 sinθ: the figure looks like a deformed circle with a loop inside of it. The seventh row is Rose; r = a cos(bθ), r = a sin(bθ); and a picture of a rose with equation r = 3 sin(2θ): the rose looks like a flower with four petals, one petal in each quadrant, each with length 3 and reaching to the origin between each petal.]Figure 8.  
  
 A cardioid is a special case of a limaçon (pronounced “lee-mah-son”) that occurs when [image: a=b] or [image: a=-b]. The heart-shaped cardioid gets its name from the Greek word for heart.
 The rose curves display fascinating petal patterns that depend on the coefficient of [image: \theta]. For example, [image: r=3\sin2\theta] produces four petals, while [image: r=3\sin3\theta] creates three petals.
 Rose Petal Rule:
 	If the coefficient of [image: \theta] is even, the graph has twice as many petals as the coefficient
 	If the coefficient of [image: \theta] is odd, the number of petals equals the coefficient
 
  When the coefficient of [image: \theta] is not an integer, interesting behaviors emerge. If the coefficient is rational, the curve eventually closes by returning to its starting point. However, if the coefficient is irrational, the curve never closes completely.
 The graph of [image: r=3\sin(\pi\theta)] demonstrates this phenomenon. While it appears closed at first glance, closer examination reveals that the petals near the positive [image: x]-axis are slightly thicker because the curve never quite returns to its exact starting point. This creates a space-filling curve that would eventually occupy the entire circle of radius 3 if plotted completely.
 [image: This figure has two figures. The first is a rose with so many overlapping petals that there are a few patterns that develop, starting with a sharp 10 pointed star in the center and moving out to an increasingly rounded set of petals. The second figure is a rose with even more overlapping petals, so many so that it is impossible to tell what is happening in the center, but on the outer edges are a number of sharply rounded petals.]Figure 10. Polar rose graphs of functions with (a) rational coefficient and (b) irrational coefficient. Note that the rose in part (b) would actually fill the entire circle if plotted in full.  Any polar curve [image: r=f(\theta)] can be converted to parametric equations in rectangular coordinates using the conversion formulas:
 [image: \begin{array}{c}x=r\cos\theta \hfill \\ y=r\sin\theta ,\hfill \end{array}]
 It is possible to rewrite these formulas using the function:
 [image: \begin{array}{c}x=f\left(\theta \right)\cos\theta \hfill \\ y=f\left(\theta \right)\sin\theta .\hfill \end{array}]
 This gives us a parametrization of the curve using [image: \theta] as the parameter. For instance, the spiral [image: r=a+b\theta] becomes:
 [image: \begin{array}{c}x=\left(a+b\theta \right)\cos\theta \hfill \\ y=\left(a+b\theta \right)\sin\theta .\hfill \end{array}]
 As [image: \theta] ranges from [image: -\infty] to [image: \infty], these equations generate the complete spiral curve.
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				Symmetry in Polar Coordinates
 Just as we analyze symmetry in rectangular coordinates to understand function behavior, we can examine symmetry in polar curves to reveal important properties and simplify graphing.
 Symmetry in Rectangular Coordinates:
 	Even functions: [image: f(-x) = f(x)] creates [image: y]-axis symmetry
 	Odd functions: [image: f(-x) = -f(x)] creates origin symmetry
 
  Polar curves exhibit three main types of symmetry, each corresponding to reflection across a different line or point.
 symmetry in polar curves and equations
 For a curve [image: r=f\left(\theta \right)] in polar coordinates, we can test for three types of symmetry:
 	Polar Axis Symmetry (horizontal line symmetry) 	If point [image: \left(r,\theta \right)] is on the graph, then [image: \left(r,-\theta \right)]  is also on the graph
 	Test: Replace [image: \theta] with [image: -\theta] in the equation
 
 
 	Pole Symmetry (origin symmetry) 	If point [image: \left(r,\theta \right)] is on the graph, then [image: (r,\pi + \theta)] is also on the graph
 	Test: Replace [image: r] with [image: -r], or replace [image: \theta] with [image: \pi + \theta]
 
 
 	Vertical Line Symmetry (line [image: \theta = \frac{\pi}{2}])
 
 	If point [image: \left(r,\theta \right)] is on the graph, then [image: (r,\pi - \theta)] is also on the graph
 	Test: Replace [image: \theta] with [image: \pi - \theta] in the equation
 
  Understanding these symmetries helps you graph polar curves more efficiently. If you can establish that a curve has certain symmetries, you only need to plot points in one region and then reflect them to complete the entire graph.
 The following table shows examples of each type of symmetry.
 [image: This table has three rows and two columns. The first row reads]Figure 11. Find the symmetry of the rose defined by the equation [image: r=3\sin\left(2\theta \right)] and create a graph.
 
 Show Solution Suppose the point [image: \left(r,\theta \right)] is on the graph of [image: r=3\sin\left(2\theta \right)].
 	To test for symmetry about the polar axis, first try replacing [image: \theta] with [image: -\theta]. This gives [image: r=3\sin\left(2\left(-\theta \right)\right)=-3\sin\left(2\theta \right)]. Since this changes the original equation, this test is not satisfied. However, returning to the original equation and replacing [image: r] with [image: -r] and [image: \theta] with [image: \pi -\theta] yields
  [image: \begin{array}{}\\ -r=3\sin\left(2\left(\pi -\theta \right)\right)\hfill \\ -r=3\sin\left(2\pi -2\theta \right)\hfill \\ -r=3\sin\left(-2\theta \right)\hfill \\ -r=-3\sin2\theta .\hfill \end{array}]
 
 
 Multiplying both sides of this equation by [image: -1] gives [image: r=3\sin2\theta], which is the original equation. This demonstrates that the graph is symmetric with respect to the polar axis.

 	To test for symmetry with respect to the pole, first replace [image: r] with [image: -r], which yields [image: -r=3\sin\left(2\theta \right)]. Multiplying both sides by −1 gives [image: r=-3\sin\left(2\theta \right)], which does not agree with the original equation. Therefore the equation does not pass the test for this symmetry. However, returning to the original equation and replacing [image: \theta] with [image: \theta +\pi] gives
  [image: \begin{array}{cc}\hfill r& =3\sin\left(2\left(\theta +\pi \right)\right)\hfill \\ & =3\sin\left(2\theta +2\pi \right)\hfill \\ & =3\left(\sin2\theta \cos2\pi +\cos2\theta \sin2\pi \right)\hfill \\ & =3\sin2\theta .\hfill \end{array}]
 
 
 Since this agrees with the original equation, the graph is symmetric about the pole.

 	To test for symmetry with respect to the vertical line [image: \theta =\frac{\pi }{2}], first replace both [image: r] with [image: -r] and [image: \theta] with [image: -\theta]. 
  [image: \begin{array}{}\\ -r=3\sin\left(2\left(-\theta \right)\right)\hfill \\ -r=3\sin\left(-2\theta \right)\hfill \\ -r=-3\sin2\theta .\hfill \end{array}]
 
 
 Multiplying both sides of this equation by [image: -1] gives [image: r=3\sin2\theta], which is the original equation. Therefore the graph is symmetric about the vertical line [image: \theta =\frac{\pi }{2}].

 
 This graph has symmetry with respect to the polar axis, the origin, and the vertical line going through the pole. To graph the function, tabulate values of [image: \theta] between 0 and [image: \frac{\pi}{2}] and then reflect the resulting graph.
 	[image: \theta] 	[image: r] 
  	[image: 0] 	[image: 0] 
 	[image: \frac{\pi }{6}] 	[image: \frac{3\sqrt{3}}{2}\approx 2.6] 
 	[image: \frac{\pi }{4}] 	[image: 3] 
 	[image: \frac{\pi }{3}] 	[image: \frac{3\sqrt{3}}{2}\approx 2.6] 
 	[image: \frac{\pi }{2}] 	[image: 0] 
  
 This gives one petal of the rose, as shown in the following graph.
 [image: A single petal is graphed with equation r = 3 sin(2θ) for 0 ≤ θ ≤ π/2. It starts at the origin and reaches a maximum distance from the origin of 3.]Figure 12. The graph of the equation between [image: \theta =0] and [image: \theta =\frac{\pi}{2}].  Reflecting this image into the other three quadrants gives the entire graph as shown.
 [image: A four-petaled rose is graphed with equation r = 3 sin(2θ). Each petal starts at the origin and reaches a maximum distance from the origin of 3.]Figure 13. The entire graph of the equation is called a four-petaled rose.  
   Watch the following video to see the worked solution to the example above.https://youtube.com/watch?v=m_wIuLZn03U%3Fcontrols%3D0%26start%3D1580%26end%3D1886%26autoplay%3D0 For closed captioning, open the video on its original page by clicking the Youtube logo in the lower right-hand corner of the video display. In YouTube, the video will begin at the same starting point as this clip, but will continue playing until the very end.
 You can view the transcript for this segmented clip of “7.3 Polar Coordinates” here (opens in new window).
  [ohm_question hide_question_numbers=1]311324[/ohm_question] 
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				 	Plot points using polar coordinates (r,θ)
 	Switch back and forth between polar and rectangular (x,y) coordinates
 	Draw polar curves from their equations
 	Identify when polar curves have symmetry
 
  Applications of Polar Coordinates: Natural Spirals
 The chambered nautilus is a fascinating creature. This animal feeds on hermit crabs, fish, and other crustaceans. It has a hard outer shell with many chambers connected in a spiral fashion, and it can retract into its shell to avoid predators. When part of the shell is cut away, a perfect spiral is revealed, with chambers inside that are somewhat similar to growth rings in a tree.
 [image: A photo of a cross section of a seashell that spirals from big chambers to smaller and smaller ones.]The chambered nautilus is a marine animal that lives in the tropical Pacific Ocean. Scientists think they have existed mostly unchanged for about 500 million years.(credit: modification of work by Jitze Couperus, Flickr)  This creature displays a spiral when half the outer shell is cut away. It is possible to describe a spiral using rectangular coordinates. Figure 1 below shows a spiral in rectangular coordinates. How can we describe this curve mathematically?
 [image: A spiral starting at the origin and continually increasing its radius to a point P(x, y).]Figure 1. How can we describe a spiral graph mathematically?  
 As the point [image: P] travels around the spiral in a counterclockwise direction, its distance d from the origin increases. Assume that the distance [image: d] is a constant multiple [image: k] of the angle [image: \theta] that the line segment [image: OP] makes with the positive [image: x]-axis. Therefore [image: d\left(P,O\right)=k\theta], where [image: O] is the origin. Now use the distance formula and some trigonometry:
 [image: \begin{array}{ccc}\hfill d\left(P,O\right)& =\hfill & k\theta \hfill \\ \hfill \sqrt{{\left(x - 0\right)}^{2}+{\left(y - 0\right)}^{2}}& =\hfill & k\text{arctan}\left(\frac{y}{x}\right)\hfill \\ \hfill \sqrt{{x}^{2}+{y}^{2}}& =\hfill & k\text{arctan}\left(\frac{y}{x}\right)\hfill \\ \hfill \text{arctan}\left(\frac{y}{x}\right)& =\hfill & \frac{\sqrt{{x}^{2}+{y}^{2}}}{k}\hfill \\ \hfill y& =\hfill & x\tan\left(\frac{\sqrt{{x}^{2}+{y}^{2}}}{k}\right).\hfill \end{array}]
 Although this equation describes the spiral, it is not possible to solve it directly for either [image: x] or [image: y]. However, if we use polar coordinates, the equation becomes much simpler. In particular, [image: d\left(P,O\right)=r], and [image: \theta] is the second coordinate. Therefore the equation for the spiral becomes [image: r=k\theta]. Note that when [image: \theta =0] we also have [image: r=0], so the spiral emanates from the origin. We can remove this restriction by adding a constant to the equation. Then the equation for the spiral becomes [image: r=a+k\theta] for arbitrary constants [image: a] and [image: k]. This is referred to as an Archimedean spiral, after the Greek mathematician Archimedes.
 Another type of spiral is the logarithmic spiral, described by the function [image: r=a\cdot {b}^{\theta }]. A graph of the function [image: r=1.2\left({1.25}^{\theta }\right)] is given in Figure 2. This spiral describes the shell shape of the chambered nautilus.
 [image: This figure has two figures. The first is a shell with many chambers that increase in size from the center out. The second is a spiral with equation r = 1.2(1.25θ).]Figure 2. A logarithmic spiral is similar to the shape of the chambered nautilus shell. (credit: modification of work by Jitze Couperus, Flickr)  
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		Area and Arc Length in Polar Coordinates: Learn It 1

								

	
				 	Calculate the area of regions when they’re described in polar coordinates
 	Find the length of a curve that’s given in polar form
 
  Areas of Regions Bounded by Polar Curves
 In rectangular coordinates, you calculate the area under a curve [image: y = f(x)] from [image: x = a] to [image: x = b] using the definite integral [image: A = \int_a^b f(x) dx]. You also found arc length using [image: L = \int_a^b \sqrt{1 + (f'(x))^2} dx].
  Fundamental Theorem of Calculus: The definite integral [image: \int_a^b f(x) dx] gives the exact area under the curve [image: y = f(x)] when [image: f(x) > 0] on the interval [image: [a,b]]. The key insight is adapting the Riemann sum approach. For rectangular coordinates, we used rectangles to approximate area. For polar curves, we use circular sectors instead.
 Consider a polar curve [image: r = f(\theta)] where [image: \alpha \leq \theta \leq \beta]. Here’s how we build the area formula:
 Divide [image: [\alpha, \beta]] into [image: n] equal subintervals, each with width: [image: \Delta\theta = \frac{\beta - \alpha}{n}]
 The partition points are: [image: \theta_i = \alpha + i\Delta\theta]
 Each [image: \theta_i] creates a line through the origin, dividing our region into sectors. The radius of each sector is [image: r_i = f(\theta_i)].
 [image: On the polar coordinate plane, a curve is drawn in the first quadrant, and there are rays from the origin that intersect this curve at a regular interval. Every time one of these rays intersects the curve, a perpendicular line is made from the ray to the next ray. The first instance of a ray-curve intersection is labeled θ = α; the last instance is labeled θ = β. The intervening ones are marked θ1, θ2, …, θn−1.]Figure 1. A partition of a typical curve in polar coordinates.  The line segments are connected by arcs of constant radius, creating sectors whose areas we can calculate using a geometric formula. We’ll use these sector areas to approximate the area between successive line segments.
 [image: A circle is drawn with radius r and a sector of angle θ. It is noted that A = (1/2) θ r2.]Figure 2. The area of a sector of a circle is given by [image: A=\frac{1}{2}\theta {r}^{2}].  A full circle has area [image: \pi r^2] and central angle [image: 2\pi]. A sector represents the fraction [image: \frac{\theta}{2\pi}] of the full circle, so:
 [image: A=\left(\frac{\theta }{2\pi }\right)\pi {r}^{2}=\frac{1}{2}\theta {r}^{2}].
 Since the radius of each sector is [image: r_i = f(\theta_i)], the area of the [image: i]th sector becomes:
 [image: {A}_{i}=\frac{1}{2}\left(\Delta \theta \right){\left(f\left({\theta }_{i}\right)\right)}^{2}].
 _*]:min-w-0″> The Riemann sum that approximates the total area is:
 
 
 [image: {A}_{n}=\displaystyle\sum _{i=1}^{n}{A}_{i}\approx \displaystyle\sum _{i=1}^{n}\frac{1}{2}\left(\Delta \theta \right){\left(f\left({\theta }_{i}\right)\right)}^{2}].
 Taking the limit as [image: n \to \infty], we get the exact area:
 [image: A=\underset{n\to \infty }{\text{lim}}{A}_{n}=\frac{1}{2}{\displaystyle\int }_{\alpha }^{\beta }{\left(f\left(\theta \right)\right)}^{2}d\theta].
 This derivation leads us to our main theorem.
 area of a region bounded by a polar curve
 Suppose [image: f] is continuous and nonnegative on the interval [image: \alpha \le \theta \le \beta] with [image: 0<\beta -\alpha \le 2\pi]. The area of the region bounded by the graph of [image: r=f\left(\theta \right)] between the radial lines [image: \theta =\alpha] and [image: \theta =\beta] is:
 [image: A=\frac{1}{2}{\displaystyle\int }_{\alpha }^{\beta }{\left[f\left(\theta \right)\right]}^{2}d\theta =\frac{1}{2}{\displaystyle\int }_{\alpha }^{\beta }{r}^{2}d\theta].
  Remember the factor of [image: \frac{1}{2}]! This comes from the sector area formula and is easy to forget when setting up polar area problems. 
 Recall: Solving Trigonometric Equations
 [image: \\]
 When finding intersection points for polar curves, you’ll often need to solve trigonometric equations. Follow these steps: 	Use trigonometric identities to rewrite the expression in terms of a single trigonometric function, if necessary.
 	Use algebra to isolate the trigonometric expression.
 	Identify all angles on the unit circle that satisfy the equation.
 	Note the period of the function to state all possible solutions for the angle.
 	Solve for the variable in the angle expression, and identify the angles that lie within the desired interval.
 
 For example, to solve the equation [image: 1 + 3\cos 2\theta = 5 \cos 2\theta] on the interval [image: \left[0, 2\pi \right)]
 	Subtract the [image: 3\cos 2\theta] term and then divide both sides of the equation by [image: 2]:
 
 [image: \cos 2\theta = \frac{1}{2}]
 	There are two angles on the unit circle where cosine is [image: \frac{1}{2}]:
 
 [image: 2\theta = \frac{\pi}{3}] and [image: 2\theta = \frac{5\pi}{3}]
 	Since [image: \cos x] has a period of [image: 2\pi], all possible solutions are given by:
 
 [image: 2\theta = \frac{\pi}{3} + 2\pi k, 2\theta = \frac{5\pi}{3} + 2\pi k] for any integer [image: k].
 	Divide by [image: 2] to isolate [image: \theta]:
 
 [image: \theta = \frac{\pi}{6} + \pi k, \theta = \frac{5\pi}{6} + \pi k] for any integer [image: k]
 	The possible values for [image: k] that result in angles within the interval [image: \left[0, 2\pi \right)] are [image: k = 0 \: \text{and} \: 1], yielding the solution:
 
 [image: \theta = \frac{\pi}{6}, \frac{5\pi}{6}, \frac{7\pi}{6}, \frac{11\pi}{6}]
  Find the area of one petal of the rose defined by the equation [image: r=3\sin\left(2\theta \right)].
 
 Show Solution The graph of [image: r=3\sin\left(2\theta \right)] follows.
 [image: A four-petaled rose with furthest extent 3 from the origin at π/4, 3π/4, 5π/4, and 7π/4.]Figure 3. The graph of [image: r=3\sin\left(2\theta \right)].  When [image: \theta =0] we have [image: r=3\sin\left(2\left(0\right)\right)=0]. The next value for which [image: r=0] is [image: \theta =\frac{\pi}{2}]. This can be seen by solving the equation [image: 3\sin\left(2\theta \right)=0] for [image: \theta]. Therefore the values [image: \theta =0] to [image: \theta =\frac{\pi}{2}] trace out the first petal of the rose. To find the area inside this petal, use the theorem with [image: f\left(\theta \right)=3\sin\left(2\theta \right)], [image: \alpha =0], and [image: \beta =\frac{\pi}{2}\text{:}]
 [image: \begin{array}{cc}\hfill A& =\frac{1}{2}{\displaystyle\int }_{\alpha }^{\beta }{\left[f\left(\theta \right)\right]}^{2}d\theta \hfill \\ & =\frac{1}{2}{\displaystyle\int }_{0}^{\frac{\pi}{2}}{\left[3\sin\left(2\theta \right)\right]}^{2}d\theta \hfill \\ & =\frac{1}{2}{\displaystyle\int }_{0}^{\frac{\pi}{2}}9{\sin}^{2}\left(2\theta \right)d\theta .\hfill \end{array}]
  
 To evaluate this integral, use the formula [image: {\sin}^{2}\alpha =\frac{\left(1-\cos\left(2\alpha \right)\right)}{2}] with [image: \alpha =2\theta \text{:}]
 [image: \begin{array}{cc}\hfill A& =\frac{1}{2}{\displaystyle\int }_{0}^{\frac{\pi}{2}}9{\sin}^{2}\left(2\theta \right)d\theta \hfill \\ & =\frac{9}{2}{\displaystyle\int }_{0}^{\frac{\pi}{2}}\frac{\left(1-\cos\left(4\theta \right)\right)}{2}d\theta \hfill \\ & =\frac{9}{4}\left({\displaystyle\int }_{0}^{\frac{\pi}{2}}1-\cos\left(4\theta \right)d\theta \right)\hfill \\ & =\frac{9}{4}{\left(\theta -\frac{\sin\left(4\theta \right)}{4}\right)}_{0}^{\frac{\pi}{2}}\hfill \\ & =\frac{9}{4}\left(\frac{\pi }{2}-\frac{\sin2\pi }{4}\right)-\frac{9}{4}\left(0-\frac{\sin4\left(0\right)}{4}\right)\hfill \\ & =\frac{9\pi }{8}.\hfill \end{array}]
  
 
   Watch the following video to see the worked solution to the example above.https://youtube.com/watch?v=F10azktoCBI%3Fcontrols%3D0%26start%3D38%26end%3D258%26autoplay%3D0 For closed captioning, open the video on its original page by clicking the Youtube logo in the lower right-hand corner of the video display. In YouTube, the video will begin at the same starting point as this clip, but will continue playing until the very end.
 You can view the transcript for this segmented clip of “7.4 Area and Arc Length in Polar Coordinates” here (opens in new window).
  [ohm_question hide_question_numbers=1]311325[/ohm_question] The previous example showed how to find area inside one curve. You can also find the area between two polar curves using the same formula, but this requires some additional steps.
 When finding the area between two polar curves, you need to:
 	Find the intersection points of the curves
 	Determine which curve is the outer curve and which is the inner curve in each region
 	Set up the integral as: [image: A = \frac{1}{2}\int_{\alpha}^{\beta} [r_{\text{outer}}^2 - r_{\text{inner}}^2] d\theta]
 
 Identifying outer vs. inner curves: At any given angle [image: \theta], the curve with the larger [image: r]-value is the outer curve. This can change between intersection points, so check each region separately. Find the area outside the cardioid [image: r=2+2\sin\theta] and inside the circle [image: r=6\sin\theta].
 
 Show Solution First draw a graph containing both curves as shown.
 [image: A cardioid with equation r = 2 + 2 sinθ is shown, so it has its upper heart part at the origin and the rest of the cardioid is pointed up. There is a circle with radius 6 centered at (3, π/2). The area above the cardioid but below the circle is shaded orange.]Figure 4. The region between the curves [image: r=2+2\sin\theta] and [image: r=6\sin\theta].  To determine the limits of integration, first find the points of intersection by setting the two functions equal to each other and solving for [image: \theta \text{:}]
 [image: \begin{array}{ccc}\hfill 6\sin\theta & =\hfill & 2+2\sin\theta \hfill \\ \hfill 4\sin\theta & =\hfill & 2\hfill \\ \hfill \sin\theta & =\hfill & \frac{1}{2}.\hfill \end{array}]
  
 This gives the solutions [image: \theta =\frac{\pi }{6}] and [image: \theta =\frac{5\pi }{6}], which are the limits of integration. The circle [image: r=3\sin\theta] is the red graph, which is the outer function, and the cardioid [image: r=2+2\sin\theta] is the blue graph, which is the inner function. To calculate the area between the curves, start with the area inside the circle between [image: \theta =\frac{\pi }{6}] and [image: \theta =\frac{5\pi }{6}], then subtract the area inside the cardioid between [image: \theta =\frac{\pi }{6}] and [image: \theta =\frac{5\pi }{6}\text{:}]
 [image: \begin{array}{cc}\hfill A& =\text{circle}-\text{cardioid}\hfill \\ & =\frac{1}{2}{\displaystyle\int }_{\frac{\pi}{6}}^{\frac{5\pi}{6}}{\left[6\sin\theta \right]}^{2}d\theta -\frac{1}{2}{\displaystyle\int }_{\frac{\pi}{6}}^{\frac{5\pi}{6}}{\left[2+2\sin\theta \right]}^{2}d\theta \hfill \\ & =\frac{1}{2}{\displaystyle\int }_{\frac{\pi}{6}}^{\frac{5\pi}{6}}36{\sin}^{2}\theta d\theta -\frac{1}{2}{\displaystyle\int }_{\frac{\pi}{6}}^{\frac{5\pi}{6}}4+8\sin\theta +4{\sin}^{2}\theta d\theta \hfill \\ & =18{\displaystyle\int }_{\frac{\pi}{6}}^{\frac{5\pi}{6}}\frac{1-\cos\left(2\theta \right)}{2}d\theta -2{\displaystyle\int }_{\frac{\pi}{6}}^{\frac{5\pi}{6}}1+2\sin\theta +\frac{1-\cos\left(2\theta \right)}{2}d\theta \hfill \\ & =9{\left[\theta -\frac{\sin\left(2\theta \right)}{2}\right]}_{\frac{\pi}{6}}^{\frac{5\pi}{6}}-2{\left[\frac{3\theta }{2}-2\cos\theta -\frac{\sin\left(2\theta \right)}{4}\right]}_{\frac{\pi}{6}}^{\frac{5\pi}{6}}\hfill \\ & =9\left(\frac{5\pi }{6}-\frac{\sin2\left(\frac{5\pi}{6}\right)}{2}\right)-9\left(\frac{\pi }{6}-\frac{\sin2\left(\frac{\pi}{6}\right)}{2}\right)\hfill \\ & \text{-}\left(3\left(\frac{5\pi }{6}\right)-4\cos\frac{5\pi }{6}-\frac{\sin2\left(\frac{5\pi}{6}\right)}{2}\right)+\left(3\left(\frac{\pi }{6}\right)-4\cos\frac{\pi }{6}-\frac{\sin2\left(\frac{\pi}{6}\right)}{2}\right)\hfill \\ & =4\pi .\hfill \end{array}]
  
 
   Watch the following video to see the worked solution to the example above.https://youtube.com/watch?v=F10azktoCBI%3Fcontrols%3D0%26start%3D260%26end%3D650%26autoplay%3D0 For closed captioning, open the video on its original page by clicking the Youtube logo in the lower right-hand corner of the video display. In YouTube, the video will begin at the same starting point as this clip, but will continue playing until the very end.
 You can view the transcript for this segmented clip of “7.4 Area and Arc Length in Polar Coordinates” here (opens in new window).
  In the previous example, we found the area inside the circle and outside the cardioid by first finding their intersection points. When we solved [image: 2 + 2\sin\theta = 6\sin\theta] directly, we got two solutions: [image: \theta = \frac{\pi}{6}] and [image: \theta = \frac{5\pi}{6}].
 However, looking at the graph reveals three intersection points. The third intersection point is the origin.
 The reason why this point did not show up as a solution is because the origin is on both graphs but for different values of [image: \theta].
 For the cardioid [image: r = 2 + 2\sin\theta]: [image: 2 + 2\sin\theta = 0] [image: \sin\theta = -1] [image: \theta = \frac{3\pi}{2} + 2n\pi] (where [image: n] is any integer)
 For the circle [image: r = 6\sin\theta]: [image: 6\sin\theta = 0] [image: \theta = n\pi] (where [image: n] is any integer)
 These two solution sets have no values in common, yet the curves still intersect at the origin.
  Always check for intersection at the origin! When polar curves pass through the origin, they may do so at different [image: \theta] values, so the origin won’t appear when you solve [image: r_1(\theta) = r_2(\theta)] algebraically. 
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		Area and Arc Length in Polar Coordinates: Learn It 2

								

	
				Arc Length in Polar Curves
 When you need to find the length of a curve defined in polar coordinates, you can adapt the familiar arc length formula from rectangular coordinates.
 Rectangular Arc Length: For a parameterized curve [image: (x(t), y(t))], arc length is [image: L = \int_a^b \sqrt{\left(\frac{dx}{dt}\right)^2 + \left(\frac{dy}{dt}\right)^2} dt] To derive the polar formula, we start with the conversion equations:
 [image: x=r\cos\theta =f\left(\theta \right)\cos\theta \:\:\text{and} \:\:y=r\sin\theta =f\left(\theta \right)\sin\theta],
 Taking derivatives with respect to [image: \theta]:
 [image: \begin{array}{c}\frac{dx}{d\theta }={f}^{\prime }\left(\theta \right)\cos\theta -f\left(\theta \right)\sin\theta \hfill \\ \frac{dy}{d\theta }={f}^{\prime }\left(\theta \right)\sin\theta +f\left(\theta \right)\cos\theta .\hfill \end{array}]
 Now we substitute these into the arc length formula, replacing the parameter [image: t] with [image: \theta]:
 [image: \begin{align} L &= \int_{\alpha}^{\beta} \sqrt{\left(\frac{dx}{d\theta}\right)^2 + \left(\frac{dy}{d\theta}\right)^2} d\theta \\ &= \int_{\alpha}^{\beta} \sqrt{\left(f'(\theta)\cos\theta - f(\theta)\sin\theta\right)^2 + \left(f'(\theta)\sin\theta + f(\theta)\cos\theta\right)^2} d\theta \end{align}]
 Expanding the terms under the square root and using the identity [image: \cos^2\theta + \sin^2\theta = 1]:
 [image: \begin{align} L &= \int_{\alpha}^{\beta} \sqrt{[f'(\theta)]^2(\cos^2\theta + \sin^2\theta) + [f(\theta)]^2(\cos^2\theta + \sin^2\theta)} d\theta \\ &= \int_{\alpha}^{\beta} \sqrt{[f'(\theta)]^2 + [f(\theta)]^2} d\theta \\ &= \int_{\alpha}^{\beta} \sqrt{r^2 + \left(\frac{dr}{d\theta}\right)^2} d\theta \end{align}]
 This gives us the following theorem.
 arc length of a curve defined by a polar function
 Let [image: f] be a function whose derivative is continuous on [image: [\alpha, \beta]]. The length of the curve [image: r = f(\theta)] from [image: \theta = \alpha] to [image: \theta = \beta] is:
 [image: L={\displaystyle\int }_{\alpha }^{\beta }\sqrt{{\left[f\left(\theta \right)\right]}^{2}+{\left[{f}^{\prime }\left(\theta \right)\right]}^{2}}d\theta ={\displaystyle\int }_{\alpha }^{\beta }\sqrt{{r}^{2}+{\left(\frac{dr}{d\theta }\right)}^{2}}d\theta].
  Find the arc length of the cardioid [image: r=2+2\cos\theta]. Show Solution When [image: \theta =0,r=2+2\cos0=4]. Furthermore, as [image: \theta] goes from [image: 0] to [image: 2\pi], the cardioid is traced out exactly once. Therefore these are the limits of integration. Using [image: f\left(\theta \right)=2+2\cos\theta], [image: \alpha =0], and [image: \beta =2\pi], the theorem equation becomes
 [image: \begin{array}{cc}\hfill L& ={\displaystyle\int }_{\alpha }^{\beta }\sqrt{{\left[f\left(\theta \right)\right]}^{2}+{\left[{f}^{\prime }\left(\theta \right)\right]}^{2}}d\theta \hfill \\ & ={\displaystyle\int }_{0}^{2\pi }\sqrt{{\left[2+2\cos\theta \right]}^{2}+{\left[-2\sin\theta \right]}^{2}}d\theta \hfill \\ & ={\displaystyle\int }_{0}^{2\pi}\sqrt{4+8\cos\theta +4{\cos}^{2}\theta +4{\sin}^{2}\theta }d\theta \hfill \\ & ={\displaystyle\int }_{0}^{2\pi }\sqrt{4+8\cos\theta +4\left({\cos}^{2}\theta +{\sin}^{2}\theta \right)}d\theta \hfill \\ & ={\displaystyle\int }_{0}^{2\pi }\sqrt{8+8\cos\theta }d\theta \hfill \\ & =2{\displaystyle\int }_{0}^{2\pi }\sqrt{2+2\cos\theta }d\theta .\hfill \end{array}]
  
 Next, using the identity [image: \cos\left(2\alpha \right)=2{\cos}^{2}\alpha -1], add 1 to both sides and multiply by 2. This gives [image: 2+2\cos\left(2\alpha \right)=4{\cos}^{2}\alpha]. Substituting [image: \alpha =\frac{\theta}{2}] gives [image: 2+2\cos\theta =4{\cos}^{2}\left(\frac{\theta}{2}\right)], so the integral becomes
 [image: \begin{array}{cc}\hfill L& =2{\displaystyle\int }_{0}^{2\pi }\sqrt{2+2\cos\theta }d\theta \hfill \\ & =2{\displaystyle\int }_{0}^{2\pi }\sqrt{4{\cos}^{2}\left(\frac{\theta }{2}\right)}d\theta \hfill \\ & =2{\displaystyle\int }_{0}^{2\pi }2|\cos\left(\frac{\theta }{2}\right)|d\theta .\hfill \end{array}]
  
 The absolute value is necessary because the cosine is negative for some values in its domain. To resolve this issue, change the limits from [image: 0] to [image: \pi] and double the answer. This strategy works because cosine is positive between [image: 0] and [image: \frac{\pi }{2}]. Thus,
 [image: \begin{array}{cc}\hfill L& =4{\displaystyle\int }_{0}^{2\pi }|\cos\left(\frac{\theta }{2}\right)|d\theta \hfill \\ & =8{\displaystyle\int }_{0}^{\pi }\cos\left(\frac{\theta }{2}\right)d\theta \hfill \\ & =8{\left(2\sin\left(\frac{\theta }{2}\right)\right)}_{0}^{\pi }\hfill \\ & =16.\hfill \end{array}]
  
 
   Watch the following video to see the worked solution to the example above.https://youtube.com/watch?v=F10azktoCBI%3Fcontrols%3D0%26start%3D654%26end%3D1077%26autoplay%3D0 For closed captioning, open the video on its original page by clicking the Youtube logo in the lower right-hand corner of the video display. In YouTube, the video will begin at the same starting point as this clip, but will continue playing until the very end.
 You can view the transcript for this segmented clip of “7.4 Area and Arc Length in Polar Coordinates” here (opens in new window).
  [ohm_question hide_question_numbers=1]169532[/ohm_question] 
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		Area and Arc Length in Polar Coordinates: Apply It

								

	
				 	Calculate the area of regions when they’re described in polar coordinates
 	Find the length of a curve that’s given in polar form
 
  Polar Coordinates in Weather Radar Coverage
 You’re working with meteorologists to design a new weather radar system that will help protect communities from severe storms. The radar system uses rotating antennas that sweep across different coverage areas to detect precipitation, wind patterns, and storm systems. This technology is crucial for providing early warnings to all residents, regardless of their location or background.
 The radar system has several scanning components:
 	Primary radar sweeps that create circular coverage zones
 	Storm detection patterns with specialized rose-shaped scanning paths
 	Cable routing that requires precise measurement along curved antenna paths
 	Overlapping coverage areas where multiple radar beams intersect for enhanced accuracy
 
 Your task is to calculate coverage areas and cable lengths for the radar installation, ensuring complete weather monitoring coverage for the region.
 [ohm_question hide_question_numbers=1]313703[/ohm_question]
  [ohm_question hide_question_numbers=1]313704[/ohm_question]
  [ohm_question hide_question_numbers=1]313705[/ohm_question]
  [ohm_question hide_question_numbers=1]313706[/ohm_question]
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				 	Write the equation of a parabola when you know its focus and directrix
 	Write the equation of an ellipse when you know its foci
 	Write the equation of a hyperbola when you know its foci
 	Identify which type of conic section you have based on its eccentricity value
 	Write polar equations for conic sections using eccentricity
 
  _*]:min-w-0″> Conic Sections
 
 
 Conic sections have fascinated mathematicians for over 2,000 years. Ancient Greek mathematicians like Menaechmus, Apollonius, and Archimedes studied these curves as early as 320 BCE, with Apollonius writing an entire eight-volume treatise on the subject. Today, you encounter conic sections in many real-world applications. They’re essential in designing radio telescopes, satellite dish receivers, and architectural structures. Understanding these curves gives you powerful tools for modeling everything from planetary orbits to the path of a thrown baseball.
 The name “conic sections” comes from their origin—they’re literally sections cut from a cone. A cone consists of two identically shaped parts called nappes. You’re probably familiar with one nappe, which looks like a party hat.
 conic sections
 Curves formed when a plane intersects a cone. The four basic types are circles, ellipses, parabolas, and hyperbolas.
  To visualize a complete cone, imagine revolving a line through the origin around the [image: y]-axis. For example, revolving the line [image: y = 3x] around the [image: y]-axis creates the cone shown in Figure 1.
 [image: The line y = 3x is drawn and then rotated around the y-axis to create two nappes, that is, a cone that is both above and below the x axis.]Figure 1. A cone generated by revolving the line [image: y=3x] around the [image: y] -axis.  The type of conic section you get depends entirely on how the intersecting plane cuts through the cone:
 	Hyperbola: The plane is parallel to the axis of revolution (the [image: y]-axis)
 	Parabola: The plane is parallel to the generating line
 	Circle: The plane is perpendicular to the axis of revolution
 	Ellipse: The plane intersects one nappe at any angle other than [image: 90°]
 
 [image: This figure has three figures. The first figure shows a plain cone with two nappes. The second figure shows a cone with a plane through one nappes and the circle at the top, which creates a parabola. There is also a circle, which occurs when a plane intersects one of the nappes while parallel to the circular bases. There is also an ellipse, which occurs when a plane insects one of the nappes while not parallel to one of the circular bases. Note that the circle and the ellipse are bounded by the edges of the cone on all sides. The last figure shows a hyperbola, which is obtained when a plane intersects both nappes.]Figure 2. The four conic sections. Each conic is determined by the angle the plane makes with the axis of the cone.   
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				Parabolas
 A parabola forms when a plane intersects a cone parallel to the generating line. Unlike other conic sections, the plane intersects only one nappe of the cone.
 parabola
 A parabola is the set of all whose distance from a fixed point (the focus) equals the distance from a fixed line (the directrix).
  The vertex of a parabola is the point halfway between the focus and the directrix. This point represents the parabola’s turning point.
 [image: A parabola is drawn with vertex at the origin and opening up. A focus is drawn as F at (0, p). A point P is marked on the line at coordinates (x, y), and the distance from the focus to P is marked d. A line marked the directrix is drawn, and it is y = − p. The distance from P to the directrix at (x, −p) is marked d.]Figure 3. A typical parabola in which the distance from the focus to the vertex is represented by the variable [image: p]. Using the distance definition and the distance formula, we can derive the equation of a parabola.
 Distance Formula: For points [image: P(x_1, y_1)] and [image: Q(x_2, y_2)], the distance is [image: d(P,Q) = \sqrt{(x_2-x_1)^2+(y_2-y_1)^2}]. From Figure 3, we apply the parabola definition: the distance from focus [image: F] to point [image: P] equals the distance from [image: P] to point [image: Q] on the directrix.
 [image: \begin{array}{ccc}\hfill d\left(F,P\right)& =\hfill & d\left(P,Q\right)\hfill \\ \hfill \sqrt{{\left(0-x\right)}^{2}+{\left(p-y\right)}^{2}}& =\hfill & \sqrt{{\left(x-x\right)}^{2}+{\left(-p-y\right)}^{2}}.\hfill \end{array}]
  
 Squaring both sides and simplifying:
 [image: \begin{array}{ccc}\hfill {x}^{2}+{\left(p-y\right)}^{2}& =\hfill & {0}^{2}+{\left(-p-y\right)}^{2}\hfill \\ \hfill {x}^{2}+{p}^{2}-2py+{y}^{2}& =\hfill & {p}^{2}+2py+{y}^{2}\hfill \\ \hfill {x}^{2}-2py& =\hfill & 2py\hfill \\ \hfill {x}^{2}& =\hfill & 4py.\hfill \end{array}]
 Recall: Transformations of graphs
 [image: \\]
 For function [image: y = f(x)], the graph [image: y = f(x - h) + k] shifts vertically by [image: k] units and horizontally by [image: h] units. 	Positive [image: k]: shift up; negative [image: k]: shift down
 	Positive [image: h]: shift right; negative [image: h]: shift left
 
 The equation [image: y = f(x - h) + k] is equivalent to [image: y - k = f(x - h)]. When you replace [image: y] with [image: y - k] and [image: x] with [image: x - h] in any equation, the graph shifts according to these rules.
  What if the vertex isn’t at the origin? We use coordinates  [image: \left(h,k\right)] to represent the vertex location. When the focus sits directly above the vertex, it has coordinates [image: (h, k+p)] and the directrix becomes the line [image: y = k - p].
 Using the same derivation process gives us [image: {\left(x-h\right)}^{2}=4p\left(y-k\right)]. Solving for [image: y] leads to our key theorem.
 standard form of a parabola
 Given a parabola opening upward with vertex located at [image: \left(h,k\right)] and focus located at [image: \left(h,k+p\right)]], the equation is:
 [image: y=\frac{1}{4p}{\left(x-h\right)}^{2}+k].
  
 This is the standard form of a parabola.
  Parabolas can open in four directions: up, down, left, or right. Each orientation has its own standard form equation, as shown in Figure 4.
 [image: This figure has four figures, each a parabola facing a different way. In the first figure, a parabola is drawn opening up with equation y = (1/(4p))(x − h)2 + k. The vertex is given as (h, k), the focus is drawn at (h, k + p), and the directrix is drawn as y = k − p. In the second figure, a parabola is drawn opening down with equation y = −(1/(4p))(x − h)2 + k. The vertex is given as (h, k), the focus is drawn at (h, k − p), and the directrix is drawn as y = k + p. In the third figure, a parabola is drawn opening to the right with equation x = (1/(4p))(y − k)2 + h. The vertex is given as (h, k), the focus is drawn at (h + p, k), and the directrix is drawn as x = h − p. In the fourth figure, a parabola is drawn opening left with equation x = −(1/(4p))(y − k)2 + h. The vertex is given as (h, k), the focus is drawn at (h – p, k), and the directrix is drawn as x = h + p.]Figure 4. Four parabolas, opening in various directions, along with their equations in standard form.  You'll also encounter parabolas written in general form, where the values of [image: h], [image: k], and [image: p] aren't immediately visible:
 	Vertical parabolas (opens up/down): [image: ax^2 + bx + cy + d = 0]
 	Horizontal parabolas (opens left/right): [image: ay^2 + bx + cy + d = 0]
 
 Converting to Standard Form: Use completing the square to convert from general form to standard form. This reveals the vertex coordinates and makes graphing much easier. Put the equation [image: {x}^{2}-4x - 8y+12=0] into standard form and graph the resulting parabola.
 
 Show Solution Since y is not squared in this equation, we know that the parabola opens either upward or downward. Therefore we need to solve this equation for y, which will put the equation into standard form. To do that, first add [image: 8y] to both sides of the equation:
 [image: 8y={x}^{2}-4x+12].
  
 The next step is to complete the square on the right-hand side. Start by grouping the first two terms on the right-hand side using parentheses:
 [image: 8y=\left({x}^{2}-4x\right)+12].
  
 Next determine the constant that, when added inside the parentheses, makes the quantity inside the parentheses a perfect square trinomial. To do this, take half the coefficient of x and square it. This gives [image: {\left(\frac{-4}{2}\right)}^{2}=4]. Add 4 inside the parentheses and subtract 4 outside the parentheses, so the value of the equation is not changed:
 [image: 8y=\left({x}^{2}-4x+4\right)+12 - 4].
  
 Now combine like terms and factor the quantity inside the parentheses:
 [image: 8y={\left(x - 2\right)}^{2}+8].
 Finally, divide by 8:
 [image: y=\frac{1}{8}{\left(x - 2\right)}^{2}+1].
  
 This equation is now in standard form. Comparing this to equations for parabolas gives [image: h=2], [image: k=1], and [image: p=2]. The parabola opens up, with vertex at [image: \left(2,1\right)], focus at [image: \left(2,3\right)], and directrix [image: y=-1]. The graph of this parabola appears as follows.
 [image: A parabola is drawn with vertex at (2, 1) and opening up with equation x2 – 4x – 8y + 12 = 0. The focus is drawn at (1, 3). The directrix is drawn at y = − 1.]Figure 5. The parabola in [link].  
   Watch the following video to see the worked solution to the example above.https://youtube.com/watch?v=AF_0mpKk4-Y%3Fcontrols%3D0%26start%3D255%26end%3D490%26autoplay%3D0 For closed captioning, open the video on its original page by clicking the Youtube logo in the lower right-hand corner of the video display. In YouTube, the video will begin at the same starting point as this clip, but will continue playing until the very end.
 You can view the transcript for this segmented clip of "7.5 Conic Sections" here (opens in new window).
  [ohm_question hide_question_numbers=1]311327[/ohm_question] The axis of symmetry of a vertical parabola is a vertical line passing through the vertex. This creates a powerful reflective property that makes parabolas incredibly useful in real-world applications. When parallel rays (like light or radio waves) enter a parabola parallel to its axis of symmetry, they all reflect to a single point—the focus.
  
 [image: A parabola is drawn with vertex at the origin and opening up. Two parallel lines are drawn that strike the parabola and reflect to the focus.]Figure 7. This reflective property explains why parabolic shapes appear in so many technologies—from car headlights to radio telescopes to solar collectors.
 Parabolas collect parallel rays to the focus, but they send rays from the focus out in parallel beams. This dual property makes them perfect for both receiving signals (satellite dishes) and projecting light (flashlights). Satellite Dishes: A parabolic dish aims directly at a satellite in space, with a receiver positioned at the focus. Radio waves from the satellite reflect off the parabolic surface and concentrate at the receiver. This design allows a small receiver to gather signals from a wide area of sky.
 Flashlights and Headlights: These devices work using the same principle in reverse. The light bulb sits at the focus, and the parabolic mirror behind it focuses the light rays into a concentrated beam straight ahead. This allows a small light bulb to illuminate a wide angle of space in front of the flashlight or car.
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				Ellipses
 An ellipse has two foci (plural of focus) and two directrices (plural of directrix). We’ll examine the directrices in detail later in this section.
 ellipse
 An ellipse is the set of all points for which the sum of their distances from two fixed points (the foci) is constant.
  [image: An ellipse is drawn with center at the origin O, focal point F’ being (−c, 0) and focal point F being (c, 0). The ellipse has points P and P’ on the x-axis and points Q and Q’ on the y axis. There are lines drawn from F’ to Q and F to Q. There are also lines drawn from F’ and F to a point A on the ellipse marked (x, y). The distance from O to Q and O to Q’ is marked b, and the distance from P to O and O to P’ is marked a.]Figure 8. A typical ellipse in which the sum of the distances from any point on the ellipse to the foci is constant.  Figure 8 shows a typical ellipse with its essential components labeled. Understanding these parts will help you work with ellipse equations and solve related problems. Let’s examine each component and its coordinates in this standard position.
 	The Foci: Points [image: F] and [image: F'] are both the same distance [image: c] from the origin. Their coordinates are [image: F(c,0)] and [image: F'(-c,0)].
 	The Major Axis: The longest distance across the ellipse. Points [image: P] and [image: P'] mark the ends of the major axis with coordinates [image: \left(a,0\right)] and  [image: \left(-a,0\right)]. The major axis length is [image: 2a].
 	The Vertices: Points [image: P] and [image: P'] are called the vertices of the ellipse—the endpoints of the major axis.
 	The Minor Axis: The shortest distance across the ellipse, perpendicular to the major axis. Points [image: Q] and [image: Q'] mark its ends with coordinates [image: \left(0,b\right)] and [image: \left(0,-b\right)].
 
 The major axis can be horizontal or vertical—whichever is longer. The minor axis is always perpendicular to the major axis and represents the shorter dimension. Now we’ll use these components to derive the standard form equation of an ellipse. According to the ellipse definition, the sum of distances from any point on the ellipse to the two foci remains constant. Let’s use point [image: P] to find this constant sum.
 Since [image: P] has coordinates [image: \left(a,0\right)], the sum of the distances is
 [image: d\left(P,F\right)+d\left(P,{F}^{\prime }\right)=\left(a-c\right)+\left(a+c\right)=2a].
 This means for any arbitrary point [image: A(x,y)] on the ellipse, the sum also equals [image: 2a]. Using the distance formula:
 [image: \begin{array}{ccc}\hfill d\left(A,F\right)+d\left(A,{F}^{\prime }\right)& =\hfill & 2a\hfill \\ \hfill \sqrt{{\left(x-c\right)}^{2}+{y}^{2}}+\sqrt{{\left(x+c\right)}^{2}+{y}^{2}}& =\hfill & 2a.\hfill \end{array}]
 To solve for the ellipse equation, we’ll eliminate the radicals through careful algebra. Subtract the second radical from both sides and square:
 [image: \begin{array}{ccc}\hfill \sqrt{{\left(x-c\right)}^{2}+{y}^{2}}& =\hfill & 2a-\sqrt{{\left(x+c\right)}^{2}+{y}^{2}}\hfill \\ \hfill {\left(x-c\right)}^{2}+{y}^{2}& =\hfill & 4{a}^{2}-4a\sqrt{{\left(x+c\right)}^{2}+{y}^{2}}+{\left(x+c\right)}^{2}+{y}^{2}\hfill \\ \hfill {x}^{2}-2cx+{c}^{2}+{y}^{2}& =\hfill & 4{a}^{2}-4a\sqrt{{\left(x+c\right)}^{2}+{y}^{2}}+{x}^{2}+2cx+{c}^{2}+{y}^{2}\hfill \\ \hfill -2cx& =\hfill & 4{a}^{2}-4a\sqrt{{\left(x+c\right)}^{2}+{y}^{2}}+2cx.\hfill \end{array}]
 Isolate the radical and square again:
 [image: \begin{array}{ccc}\hfill -2cx& =\hfill & 4{a}^{2}-4a\sqrt{{\left(x+c\right)}^{2}+{y}^{2}}+2cx\hfill \\ \hfill 4a\sqrt{{\left(x+c\right)}^{2}+{y}^{2}}& =\hfill & 4{a}^{2}+4cx\hfill \\ \hfill \sqrt{{\left(x+c\right)}^{2}+{y}^{2}}& =\hfill & a+\frac{cx}{a}\hfill \\ \hfill {\left(x+c\right)}^{2}+{y}^{2}& =\hfill & {a}^{2}+2cx+\frac{{c}^{2}{x}^{2}}{{a}^{2}}\hfill \\ \hfill {x}^{2}+2cx+{c}^{2}+{y}^{2}& =\hfill & {a}^{2}+2cx+\frac{{c}^{2}{x}^{2}}{{a}^{2}}\hfill \\ \hfill {x}^{2}+{c}^{2}+{y}^{2}& =\hfill & {a}^{2}+\frac{{c}^{2}{x}^{2}}{{a}^{2}}.\hfill \end{array}]
 Rearrange the variables on the left-hand side of the equation and the constants on the right-hand side:
 [image: \begin{array}{}\\ \hfill {x}^{2}-\frac{{c}^{2}{x}^{2}}{{a}^{2}}+{y}^{2}& =\hfill & {a}^{2}-{c}^{2}\hfill \\ \hfill \frac{\left({a}^{2}-{c}^{2}\right){x}^{2}}{{a}^{2}}+{y}^{2}& =\hfill & {a}^{2}-{c}^{2}.\hfill \end{array}]
 Divide both sides by [image: {a}^{2}-{c}^{2}]. This gives the equation:
 [image: \frac{{x}^{2}}{{a}^{2}}+\frac{{y}^{2}}{{a}^{2}-{c}^{2}}=1].
 _*]:min-w-0″> Looking back at Figure 8, each green line segment from point [image: Q] to a focus has length [image: a]. This happens because the sum of distances from [image: Q] to both foci equals [image: 2a], and these segments have equal length. These segments form a right triangle with hypotenuse [image: a] and legs of length [image: b] and [image: c]. Using the Pythagorean theorem: [image: a^2 = b^2 + c^2], which gives us [image: b^2 = a^2 - c^2].
 
 
 _*]:min-w-0″> Substituting this relationship into our equation [image: \frac{x^2}{a^2}+\frac{y^2}{b^2}=1],we get:
 
 
 [image: \frac{{x}^{2}}{{a}^{2}}+\frac{{y}^{2}}{{b}^{2}}=1].
  
 When the center moves from the origin to point [image: \left(h,k\right)], we get standard form of an ellipse.
 standard form of an ellipse
 The standard form depends on whether the major axis is horizontal or vertical.
  
 Ellipse with Horizontal Major Axis: Center at [image: \left(h,k\right)], horizontal major axis of length [image: 2a], vertical minor axis of length [image: 2b]:
 [image: \frac{(x-h)^2}{a^2}+\frac{(y-k)^2}{b^2}=1]
 	Foci: [image: (h \pm c, k)] where [image: c^2 = a^2 - b^2]
 	Directrices: [image: x = h \pm \frac{a^2}{c}]
 
 Ellipse with Vertical Major Axis: Center at [image: \left(h,k\right)], vertical major axis of length [image: 2a], horizontal minor axis of length [image: 2b]:
 [image: \frac{(x-h)^2}{b^2}+\frac{(y-k)^2}{a^2}=1]
 	Foci: [image: (h, k \pm c)] where [image: c^2 = a^2 - b^2]
 	Directrices: [image: y = k \pm \frac{a^2}{c}]
 
  An ellipse is called horizontal when its major axis is horizontal, and vertical when its major axis is vertical.
 In standard form, the larger denominator indicates the major axis direction. If [image: a^2] is under the [image: x]-term, the major axis is horizontal. If [image: a^2] is under the [image: y]-term, the major axis is vertical. The general form of an ellipse is [image: Ax^2 + By^2 + Cx + Dy + E = 0], where [image: A] and [image: B] are both positive or both negative. To convert from general to standard form, use completing the square.
 Put the equation [image: 9{x}^{2}+4{y}^{2}-36x+24y+36=0] into standard form and graph the resulting ellipse.
 
 Show Solution First subtract 36 from both sides of the equation:
 [image: 9{x}^{2}+4{y}^{2}-36x+24y=-36].
  
 Next group the x terms together and the y terms together, and factor out the common factor:
 [image: \begin{array}{ccc}\hfill \left(9{x}^{2}-36x\right)+\left(4{y}^{2}+24y\right)& =\hfill & -36\hfill \\ \hfill 9\left({x}^{2}-4x\right)+4\left({y}^{2}+6y\right)& =\hfill & -36.\hfill \end{array}]
  
 We need to determine the constant that, when added inside each set of parentheses, results in a perfect square. In the first set of parentheses, take half the coefficient of x and square it. This gives [image: {\left(\frac{-4}{2}\right)}^{2}=4]. In the second set of parentheses, take half the coefficient of y and square it. This gives [image: {\left(\frac{6}{2}\right)}^{2}=9]. Add these inside each pair of parentheses. Since the first set of parentheses has a 9 in front, we are actually adding 36 to the left-hand side. Similarly, we are adding 36 to the second set as well. Therefore the equation becomes
 [image: \begin{array}{}\\ 9\left({x}^{2}-4x+4\right)+4\left({y}^{2}+6y+9\right)=-36+36+36\hfill \\ 9\left({x}^{2}-4x+4\right)+4\left({y}^{2}+6y+9\right)=36.\hfill \end{array}]
  
 Now factor both sets of parentheses and divide by 36:
 [image: \begin{array}{}\\ \hfill 9{\left(x - 2\right)}^{2}+4{\left(y+3\right)}^{2}& =\hfill & 36\hfill \\ \hfill \frac{9{\left(x - 2\right)}^{2}}{36}+\frac{4{\left(y+3\right)}^{2}}{36}& =\hfill & 1\hfill \\ \hfill \frac{{\left(x - 2\right)}^{2}}{4}+\frac{{\left(y+3\right)}^{2}}{9}& =\hfill & 1.\hfill \end{array}]
  
 The equation is now in standard form. Comparing this to the theorem equation gives [image: h=2], [image: k=-3], [image: a=3], and [image: b=2]. This is a vertical ellipse with center at [image: \left(2,-3\right)], major axis 6, and minor axis 4. The graph of this ellipse appears as follows.
 [image: An ellipse is drawn with equation 9x2 + 4y2 – 36x + 24y + 36 = 0. It has center at (2, −3), touches the x-axis at (2, 0), and touches the y-axis at (0, −3).]Figure 9. The ellipse in [link].  
   Watch the following video to see the worked solution to the example above.https://youtube.com/watch?v=AF_0mpKk4-Y%3Fcontrols%3D0%26start%3D671%26end%3D953%26autoplay%3D0 For closed captioning, open the video on its original page by clicking the Youtube logo in the lower right-hand corner of the video display. In YouTube, the video will begin at the same starting point as this clip, but will continue playing until the very end.
 You can view the transcript for this segmented clip of “7.5 Conic Sections” here (opens in new window).
   [ohm_question hide_question_numbers=1]310449[/ohm_question] Ellipses appear throughout nature and human-made structures, creating fascinating phenomena that affect everything from planetary motion to architectural acoustics.
 Planetary Orbits: According to Kepler’s first law of planetary motion, planets orbit the Sun in elliptical paths with the Sun at one focus (Figure 11a). This means Earth’s distance from the Sun varies throughout the year. Other celestial objects follow elliptical orbits too. Comets like Halley’s Comet, moons orbiting planets, and satellites orbiting Earth all travel in elliptical paths.
 Whispering Galleries: Ellipses have a remarkable reflective property: a light ray from one focus reflects off the ellipse and passes through the other focus. Sound waves behave the same way, creating “whispering galleries.” The National Statuary Hall in the U.S. Capitol demonstrates this acoustic property perfectly. This elliptical room served as the House of Representatives meeting place for nearly fifty years. Floor marks identify the two foci, and people standing on these spots can hear each other clearly across the room, even when it’s crowded.
 [image: There are two figures labeled a and b. In figure a, the earth is drawn orbiting the sun, with January and July marked. The distance from the sun to the earth marked January is 147 million km, while the distance from the sun to the earth marked July is 152 million miles. In figure b, a room is shown with curved walls.]Figure 11. (a) Earth’s orbit around the Sun is an ellipse with the Sun at one focus. (b) Statuary Hall in the U.S. Capitol is a whispering gallery with an elliptical cross section.  
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				Hyperbolas
 Like ellipses, hyperbolas have two foci and two directrices. However, hyperbolas also feature two asymptotes—lines the curve approaches but never touches.
 hyperbola
 A hyperbola is the set of all points where the difference between their distances from two fixed points (the foci) is constant.
  Notice the key difference from an ellipse: hyperbolas use the difference of distances, while ellipses use the sum of distances. Figure 12 shows the essential parts of a hyperbola that you’ll need to understand for working with hyperbola equations.
 	The Transverse Axis: Also called the major axis, this passes through both foci and vertices. The hyperbola intersects this axis at two points called vertices.
 	The Conjugate Axis: Also called the minor axis, this is perpendicular to the transverse axis and passes through the center. Unlike ellipses, the hyperbola doesn’t intersect the conjugate axis.
 	The Asymptotes: Two diagonal lines that the hyperbola approaches but never touches. These lines help determine the hyperbola’s shape and orientation.
 
 [image: A hyperbola is drawn with center at the origin. The vertices are at (a, 0) and (−a, 0); the foci are labeled F1 and F2 and are at (c, 0) and (−c, 0). The asymptotes are drawn, and lines are drawn from the vertices to the asymptotes; the intersections of these lines are connected by other lines to make a rectangle; the shorter axis is called the conjugate axis and the larger axis is called the transverse axis. The distance from the x-axis to either line forming the rectangle is b.]Figure 12. A typical hyperbola in which the difference of the distances from any point on the ellipse to the foci is constant. The transverse axis is also called the major axis, and the conjugate axis is also called the minor axis.  _*]:min-w-0″> The derivation of a hyperbola’s equation follows the same process as for an ellipse, with one important difference in the definition. For a hyperbola, we consider the difference between two distances rather than the sum. Since this difference could be positive or negative, we use absolute value:
 
 
 [image: |d\left(P,{F}_{1}\right)-d\left(P,{F}_{2}\right)|=\text{constant}]
 To simplify the derivation, let’s assume point [image: P] is on the right branch of the hyperbola, which allows us to drop the absolute value bars. The vertex of the right branch has coordinates [image: \left(a,0\right)], giving us:
 [image: d\left(P,{F}_{1}\right)-d\left(P,{F}_{2}\right)=\left(c+a\right)-\left(c-a\right)=2a].
 For any point [image: P(x,y)] on the hyperbola:
 [image: \begin{array}{ccc}\hfill d\left(P,{F}_{1}\right)-d\left(P,{F}_{2}\right)& =\hfill & 2a\hfill \\ \hfill \sqrt{{\left(x+c\right)}^{2}+{y}^{2}}-\sqrt{{\left(x-c\right)}^{2}+{y}^{2}}& =\hfill & 2a.\hfill \end{array}]
 Add the second radical to both sides and square:
 [image: \begin{array}{ccc}\hfill \sqrt{{\left(x-c\right)}^{2}+{y}^{2}}& =\hfill & 2a+\sqrt{{\left(x+c\right)}^{2}+{y}^{2}}\hfill \\ \hfill {\left(x-c\right)}^{2}+{y}^{2}& =\hfill & 4{a}^{2}+4a\sqrt{{\left(x+c\right)}^{2}+{y}^{2}}+{\left(x+c\right)}^{2}+{y}^{2}\hfill \\ \hfill {x}^{2}-2cx+{c}^{2}+{y}^{2}& =\hfill & 4{a}^{2}+4a\sqrt{{\left(x+c\right)}^{2}+{y}^{2}}+{x}^{2}+2cx+{c}^{2}+{y}^{2}\hfill \\ \hfill -2cx& =\hfill & 4{a}^{2}+4a\sqrt{{\left(x+c\right)}^{2}+{y}^{2}}+2cx.\hfill \end{array}]
 Isolate the radical and square again:
 [image: \begin{array}{ccc}\hfill -2cx& =\hfill & 4{a}^{2}+4a\sqrt{{\left(x+c\right)}^{2}+{y}^{2}}+2cx\hfill \\ \hfill 4a\sqrt{{\left(x+c\right)}^{2}+{y}^{2}}& =\hfill & -4{a}^{2}-4cx\hfill \\ \hfill \sqrt{{\left(x+c\right)}^{2}+{y}^{2}}& =\hfill & -a-\frac{cx}{a}\hfill \\ \hfill {\left(x+c\right)}^{2}+{y}^{2}& =\hfill & {a}^{2}+2cx+\frac{{c}^{2}{x}^{2}}{{a}^{2}}\hfill \\ \hfill {x}^{2}+2cx+{c}^{2}+{y}^{2}& =\hfill & {a}^{2}+2cx+\frac{{c}^{2}{x}^{2}}{{a}^{2}}\hfill \\ \hfill {x}^{2}+{c}^{2}+{y}^{2}& =\hfill & {a}^{2}+\frac{{c}^{2}{x}^{2}}{{a}^{2}}.\hfill \end{array}]
 Rearrange the variables on the left-hand side of the equation and the constants on the right-hand side:
 [image: \begin{array}{}\\ \hfill {x}^{2}-\frac{{c}^{2}{x}^{2}}{{a}^{2}}+{y}^{2}& =\hfill & {a}^{2}-{c}^{2}\hfill \\ \hfill \frac{\left({a}^{2}-{c}^{2}\right){x}^{2}}{{a}^{2}}+{y}^{2}& =\hfill & {a}^{2}-{c}^{2}.\hfill \end{array}]
 Dividing both sides by [image: a^2 - c^2]:
 [image: \frac{{x}^{2}}{{a}^{2}}+\frac{{y}^{2}}{{a}^{2}-{c}^{2}}=1].
 For hyperbolas, [image: c > a] (unlike ellipses where [image: a > c]). This makes [image: a^2 - c^2] negative. We define [image: b^2 = c^2 - a^2], so [image: a^2 - c^2 = -b^2].
 Substituting this relationship:
 [image: \frac{{x}^{2}}{{a}^{2}}-\frac{{y}^{2}}{{b}^{2}}=1].
  
 When the center moves from the origin to point [image: \left(h,k\right)], we get the standard form of a hyperbola.
 standard form of a hyperbola
 The standard form depends on whether the transverse axis (major axis) is horizontal or vertical.
  
 Hyperbola with Horizontal Transverse Axis: Center at [image: \left(h,k\right)]:
 [image: \frac{(x-h)^2}{a^2}-\frac{(y-k)^2}{b^2}=1]
 	Foci: [image: (h \pm c, k)] where [image: c^2 = a^2 + b^2]
 	Asymptotes: [image: y = k \pm \frac{b}{a}(x-h)]
 	Directrices: [image: x = h \pm \frac{a^2}{c}]
 
 Hyperbola with Vertical Transverse Axis: Center at [image: \left(h,k\right)]:
 [image: \frac{(y-k)^2}{a^2}-\frac{(x-h)^2}{b^2}=1]
 	Foci: [image: (h, k \pm c)] where [image: c^2 = a^2 + b^2]
 	Asymptotes: [image: y = k \pm \frac{a}{b}(x-h)]
 	Directrices: [image: y = k \pm \frac{a^2}{c}]
 
  A hyperbola is called horizontal when its transverse axis is horizontal, and vertical when its transverse axis is vertical.
 For hyperbolas, [image: c^2 = a^2 + b^2]. This differs from ellipses, where [image: c^2 = a^2 - b^2]. The relationship [image: c > a] always holds for hyperbolas. The general form of a hyperbola is [image: Ax^2 + By^2 + Cx + Dy + E = 0], where [image: A] and [image: B] have opposite signs. To convert from general to standard form, use completing the square.
 Put the equation [image: 9{x}^{2}-16{y}^{2}+36x+32y - 124=0] into standard form and graph the resulting hyperbola. What are the equations of the asymptotes?
 
 Show Solution First add [image: 124] to both sides of the equation:
 [image: 9{x}^{2}-16{y}^{2}+36x+32y=124].
  
 Next group the x terms together and the y terms together, then factor out the common factors:
 [image: \begin{array}{ccc}\hfill \left(9{x}^{2}+36x\right)-\left(16{y}^{2}-32y\right)& =\hfill & 124\hfill \\ \hfill 9\left({x}^{2}+4x\right)-16\left({y}^{2}-2y\right)& =\hfill & 124.\hfill \end{array}]
  
 We need to determine the constant that, when added inside each set of parentheses, results in a perfect square. In the first set of parentheses, take half the coefficient of [image: x] and square it. This gives [image: {\left(\frac{4}{2}\right)}^{2}=4]. In the second set of parentheses, take half the coefficient of y and square it. This gives [image: {\left(\frac{-2}{2}\right)}^{2}=1]. Add these inside each pair of parentheses. Since the first set of parentheses has a 9 in front, we are actually adding 36 to the left-hand side. Similarly, we are subtracting 16 from the second set of parentheses. Therefore the equation becomes
 [image: \begin{array}{}\\ 9\left({x}^{2}+4x+4\right)-16\left({y}^{2}-2y+1\right)=124+36 - 16\hfill \\ 9\left({x}^{2}+4x+4\right)-16\left({y}^{2}-2y+1\right)=144.\hfill \end{array}]
  
 Next factor both sets of parentheses and divide by 144:
 [image: \begin{array}{}\\ \hfill 9{\left(x+2\right)}^{2}-16{\left(y - 1\right)}^{2}& =\hfill & 144\hfill \\ \hfill \frac{9{\left(x+2\right)}^{2}}{144}-\frac{16{\left(y - 1\right)}^{2}}{144}& =\hfill & 1\hfill \\ \hfill \frac{{\left(x+2\right)}^{2}}{16}-\frac{{\left(y - 1\right)}^{2}}{9}& =\hfill & 1.\hfill \end{array}]
  
 The equation is now in standard form. Comparing this to the theorem gives [image: h=-2], [image: k=1], [image: a=4], and [image: b=3]. This is a horizontal hyperbola with center at [image: \left(-2,1\right)] and asymptotes given by the equations [image: y=1\pm \frac{3}{4}\left(x+2\right)]. The graph of this hyperbola appears in the following figure.
 [image: A hyperbola is drawn with equation 9x2 + 16y2 + 36x + 32y – 124 = 0. It has center at (−2, 1), and the hyperbolas are open to the left and right.]Figure 13. Graph of the hyperbola in [link].  
   Watch the following video to see the worked solution to the example above.https://youtube.com/watch?v=AF_0mpKk4-Y%3Fcontrols%3D0%26start%3D1076%26end%3D1381%26autoplay%3D0 For closed captioning, open the video on its original page by clicking the Youtube logo in the lower right-hand corner of the video display. In YouTube, the video will begin at the same starting point as this clip, but will continue playing until the very end.
 You can view the transcript for this segmented clip of “7.5 Conic Sections” here (opens in new window).
  [ohm_question hide_question_numbers=1]311328[/ohm_question] Hyperbolas have a unique reflective property that makes them valuable in optical and radio applications. A ray directed toward one focus of a hyperbola reflects off the hyperbolic surface toward the other focus.
 [image: A hyperbola is drawn that is open to the right and left. There is a ray pointing to a point on the right hyperbola marked]Figure 15. A hyperbolic mirror used to collect light from distant stars.  This reflective property has several important applications:
 Radio Direction Finding: Since the difference in signal arrival times from two radio towers remains constant along hyperbolic paths, this principle helps determine the location of signal sources. Navigation systems use this property to triangulate positions.
 Telescope Construction: Hyperbolic mirrors inside telescopes redirect light from the primary parabolic mirror to the eyepiece. This design allows for more compact telescope construction while maintaining optical precision.
 Comet Trajectories: When a comet enters our solar system with sufficient speed to escape the Sun’s gravitational pull, its trajectory follows a hyperbolic path. The comet approaches the Sun along one branch of the hyperbola, swings around, and departs along the other branch. Objects with enough energy to escape a gravitational field follow hyperbolic paths (like some comets), while those with insufficient escape energy follow elliptical orbits (like planets and many asteroids).
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				Eccentricity and Directrix
 An alternative way to describe a conic section involves the directrices, the foci, and a new property called eccentricity. The value of a conic’s eccentricity can uniquely identify which type of conic section it is.
 eccentricity
 The eccentricity [image: e] of a conic section equals the distance from any point on the conic to its focus, divided by the perpendicular distance from that point to the nearest directrix. This ratio remains constant for all points on the conic.
  
 The eccentricity value determines the conic type:
 	If [image: e=1], the conic is a parabola.
 	If [image: e<1], it is an ellipse.
 	If [image: e>1], it is a hyperbola.
 	If [image: e = 0], it is a circle (special case of ellipse)
 
 
  The directrix of a conic section is the line that, together with the focus, helps define the conic. Parabolas have one focus and one directrix, while ellipses and hyperbolas have two foci and two associated directrices. The three conic sections with their directrices appear in the following figure.
 [image: This figure has three figures. In the first is an ellipse, with center at the origin, foci at (c, 0) and (−c, 0), half of its vertical height being b, half of its horizontal length being a, and directrix x = ±a2/c. The second figure is a parabola with vertex at the origin, focus (a, 0), and directrix x = −a. The third figure is a hyperbola with center at the origin, foci at (c, 0) and (−c, 0), vertices at (a, 0) and (−a, 0), and directices at x = ±a2/c.]Figure 16. The three conic sections with their foci and directrices.  Let’s verify these eccentricity relationships by examining each conic type.
 For parabolas, by definition, the distance from any point on a parabola to the focus equals the distance to the directrix. Therefore, [image: e = \frac{\text{distance to focus}}{\text{distance to directrix}} = 1].
 For ellipses, consider a horizontal ellipse with directrices at [image: x = \pm \frac{a^2}{c}]. The right vertex is at [image: \left(a,0\right)] and the right focus is [image: \left(c,0\right)]. Therefore the distance from the vertex to the focus is [image: a-c] and the distance from the vertex to the right directrix is [image: \frac{{a}^{2}}{c}-c]. This gives the eccentricity as:
 [image: e = \frac{a-c}{\frac{a^2}{c}-a} = \frac{c(a-c)}{a^2-ac} = \frac{c(a-c)}{a(a-c)} = \frac{c}{a}]
 Since [image: c < a] for ellipses, we have [image: e < 1].
 For hyperbolas, the directrices are also at [image: x = \pm \frac{a^2}{c}], and similar calculations give [image: e = \frac{c}{a}]. However, for hyperbolas [image: c > a], so [image: e > 1].
 Determine the eccentricity of the ellipse described by the equation
 [image: \frac{{\left(x - 3\right)}^{2}}{16}+\frac{{\left(y+2\right)}^{2}}{25}=1].
 
 Show Solution From the equation we see that [image: a=5] and [image: b=4]. The value of c can be calculated using the equation [image: {a}^{2}={b}^{2}+{c}^{2}] for an ellipse. Substituting the values of a and b and solving for c gives [image: c=3]. Therefore the eccentricity of the ellipse is [image: e=\frac{c}{a}=\frac{3}{5}=0.6].
 
   Watch the following video to see the worked solution to the example above.https://youtube.com/watch?v=AF_0mpKk4-Y%3Fcontrols%3D0%26start%3D1477%26end%3D1546%26autoplay%3D0 For closed captioning, open the video on its original page by clicking the Youtube logo in the lower right-hand corner of the video display. In YouTube, the video will begin at the same starting point as this clip, but will continue playing until the very end.
 You can view the transcript for this segmented clip of “7.5 Conic Sections” here (opens in new window).
  [ohm_question hide_question_numbers=1]311329[/ohm_question] [ohm_question hide_question_numbers=1]311330[/ohm_question]   
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				Polar Equations of Conic Sections
 Sometimes it is useful to write or identify the equation of a conic section in polar form. To do this, we need the concept of the focal parameter.
 focal parameter
 The focal parameter [image: p] of a conic section is the distance from a focus to the nearest directrix.
  The following table shows the focal parameters for different types of conics, where [image: a] is the length of the semi-major axis (half the length of the major axis), [image: c] is the distance from the origin to the focus, and [image: e] is the eccentricity. For parabolas, [image: a] represents the distance from the vertex to the focus.
 <table id="fs-id1167794069945" summary="This table has three columns and four rows. The first row is a header row and reads from left to right Conic, e, and p. After the header, the first column reads Ellipse, Parabola, and Hyperbola. The second column reads 0 < e 1. The third column reads (a2 – c2)/c = a(1 – e2)/c, 2a, and (c2 – a2)/c = a(e2 – 1)/e.”>
 Eccentricities and Focal Parameters of the Conic Sections Conic [image: e] [image: p] Ellipse [image: 0 < e < 1] [image: \frac{{a}^{2}-{c}^{2}}{c}=\frac{a\left(1-{e}^{2}\right)}{c}] Parabola [image: e=1] [image: 2a] Hyperbola [image: e > 1] [image: \frac{{c}^{2}-{a}^{2}}{c}=\frac{a\left({e}^{2}-1\right)}{e}] Using the definitions of the focal parameter and eccentricity of the conic section, we can derive an equation for any conic section in polar coordinates. In particular, we assume that one of the foci of a given conic section lies at the pole. Then using the definition of the various conic sections in terms of distances, it is possible to prove the following theorem.
 polar equation of conic sections
 The polar equation of a conic section with focal parameter [image: p] is:
 [image: r = \frac{ep}{1 \pm e\cos\theta}] or [image: r = \frac{ep}{1 \pm e\sin\theta}]
 	Left equation: horizontal major axis (cosine term)
 	Right equation: vertical major axis (sine term)
 
  To analyze a conic section written in polar form, follow these steps:
 	Step 1: Make the constant term in the denominator equal to [image: 1]. Divide both numerator and denominator by the constant that appears in front of the [image: \pm] sign.
 	Step 2: Identify the eccentricity [image: e] as the coefficient of the trigonometric function in the denominator.
 	Step 3: Determine the conic type using the eccentricity value and orientation using the trigonometric function: 	If cosine appears: horizontal orientation
 	If sine appears: vertical orientation
 	If both appear: the axes are rotated
 
 
 
 The center of the conic is not necessarily at the origin. The center is at the origin only when the conic is a circle (when [image: e = 0]). Identify and create a graph of the conic section described by the equation
 [image: r=\dfrac{3}{1+2\cos\theta }].
  
 
 Show Solution The constant term in the denominator is 1, so the eccentricity of the conic is 2. This is a hyperbola. The focal parameter p can be calculated by using the equation [image: ep=3]. Since [image: e=2], this gives [image: p=\frac{3}{2}]. The cosine function appears in the denominator, so the hyperbola is horizontal. Pick a few values for [image: \theta] and create a table of values. Then we can graph the hyperbola (Figure 17).
 	[image: \theta] 	[image: r] 	[image: \theta] 	[image: r] 
  	0 	1 	[image: \pi] 	−3 
 	[image: \frac{\pi }{4}] 	[image: \frac{3}{1+\sqrt{2}}\approx 1.2426] 	[image: \frac{5\pi }{4}] 	[image: \frac{3}{1-\sqrt{2}}\approx -7.2426] 
 	[image: \frac{\pi }{2}] 	3 	[image: \frac{3\pi }{2}] 	3 
 	[image: \frac{3\pi }{4}] 	[image: \frac{3}{1-\sqrt{2}}\approx -7.2426] 	[image: \frac{7\pi }{4}] 	[image: \frac{3}{1+\sqrt{2}}\approx 1.2426] 
  
 [image: Graph of a hyperbola with equation r = 3/(1 + 2 cosθ), center at (2, 0), and vertices at (1, 0) and (3, 0).]Figure 17. Graph of the hyperbola described in [link].  
   Watch the following video to see the worked solution to the example above.https://youtube.com/watch?v=AF_0mpKk4-Y%3Fcontrols%3D0%26start%3D1665%26end%3D1820%26autoplay%3D0 For closed captioning, open the video on its original page by clicking the Youtube logo in the lower right-hand corner of the video display. In YouTube, the video will begin at the same starting point as this clip, but will continue playing until the very end.
 You can view the transcript for this segmented clip of “7.5 Conic Sections” here (opens in new window).
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				 	Write the equation of a parabola when you know its focus and directrix
 	Write the equation of an ellipse when you know its foci
 	Write the equation of a hyperbola when you know its foci
 	Identify which type of conic section you have based on its eccentricity value
 	Write polar equations for conic sections using eccentricity
 
  Satellite Communication Systems
 You’re working as an engineer for a telecommunications company that’s designing a new satellite communication network. Your team needs to understand the mathematical properties of conic sections to optimize antenna designs, predict satellite orbits, and plan communication coverage areas. Each conic section plays a crucial role in modern satellite technology—from the parabolic dishes that focus radio signals to the elliptical orbits that satellites follow around Earth.
 [ohm_question hide_question_numbers=1]313707[/ohm_question]
  [ohm_question hide_question_numbers=1]313708[/ohm_question]
  [ohm_question hide_question_numbers=1]313709[/ohm_question]
  [ohm_question hide_question_numbers=1]313710[/ohm_question]
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Internal Server Error


The server encountered an internal error or
misconfiguration and was unable to complete
your request.


Please contact the server administrator at 
 webmaster@localhost to inform them of the time this error occurred,
 and the actions you performed just before this error.


More information about this error may be available
in the server error log.
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Internal Server Error


The server encountered an internal error or
misconfiguration and was unable to complete
your request.


Please contact the server administrator at 
 webmaster@localhost to inform them of the time this error occurred,
 and the actions you performed just before this error.


More information about this error may be available
in the server error log.
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Internal Server Error


The server encountered an internal error or
misconfiguration and was unable to complete
your request.
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 and the actions you performed just before this error.


More information about this error may be available
in the server error log.
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